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ITocTpoeHnue penieHUsi YypaBHEHUH TEOPUH YIIPYTOCTH CJAOMCTOM MOJIOCHI
HA OCHOBE NPHHIIMIIA C)KATHIX 0TOOPaKEeHNH
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Hcropus ctaTbu AHHoTanus. J[aHO cUCTEMAaTUYECKOE U3I0KEHHE MOAU(UIMPOBAHHOIO KIac-
TocTynuna B pexaumio: 28 anpens 2023 r. crdeckoro nomyobpataoro Merona CeH-BenaHa kak HTepallMOHHOTO Ha MPUMe-
JlopaGorana: 18 asrycra 2023 r. pe mocTpoeHus pemieHus nuddepeHuuanbHbIX ypaBHEHUH TEOpPUH YNPYTroCTH
Ipunsita K my6nukauun: 28 asrycra 2023 T. IUIL JUIMHHOM cJIoUCTOH monochl. JuddepeHunansupie ypaBHEHHS IEpPBOTO

nopsiaka TIOCKOM 3aJja4yd CBOJATCA K 6e3pa3MepHOMy BUAY U 3aMCHSIOTCSA UH-

TeTPaIbHBIMU YPAaBHEHHSMH OTHOCHTENIHHO MOIEPEYHON KOOPIUHATHI NOZOOHO
TOMY, Kak 3TO JAeJaeTcs B MeToJie MpocThIX nrepanuil [lukapa. Ilpu 3Tom B uH-
TErpanbHbIX YPABHEHMSX IIEpe]l 3HAKOM MHTErpaa MOSBISAETCS KaK MHOXHUTEIb
ABTOpBI 3asIBIIIOT 00 OTCYTCTBHH MaJIblii TapaMeTp, C MOMOIIBI0 KOTOPOro 00ecreunBaeTcs CXOJUMOCTh pellle-
KOH(JIMKTA HHTEPECOB. HUI B COOTBETCTBHHM C IPHHIMIIOM CXKATBHIX 0TOOpaxkeHui banaxa. YpaBHeHHs
U COOTHOIICHHUS YNPYTOCTH MPeoOpa3oBBIBAIOTCS K BUAY, IO3BOJISIONIEMY BbI-

3asBiieHHe 0 KOH(JIUKTE HHTEPecoB

YHCIIATh HEU3BECTHBIE IIOCIEI0BATEIBHO, TAKUM 00pa30M, YTO BBIYUCICHHBIE B
Bxiiax aBTopos OJIHOM YPaBHCHHMH HCU3BECTHBIC SBJISIOTCS BXOJSIIMMMU JJISL CJICAYIOLIETO YpaB-
HepasaenbHoe coaBTOpCTBO. HEHuUs U T.J. BellojgHeHne rpaHUYHbIX YCJIOBUH Ha JUIMHHBIX KpasX IPUBOJUT K
OOBIKHOBEHHBIM AU GEPEHIIUANBHBIM YPABHEHUSIM IS MEAJIEHHO U OBICTPO
MEHSIOINXCS CHHTYIISIPHBIX KOMIIOHEHT PEIICHHUS C IIeCTHAANAThI0 3 (eKTHB-
HBIMH KO3 UIEHTaMH KECTKOCTH, ONPENeICHHBIMU UHTETPalaMU OT 3aJlaH-
HBIX KaK CTyneHuartas QyHKIs Monyner FOHra kaxxmoro cmos. VHTerpuposa-
HHE 3TUX OOBIKHOBEHHBIX MU(hepeHIaIbHBIX YpaBHEHHH 03BOJISIET 3alIUCaTh
(bopMyITBI IT BCEX MCKOMBIX HEM3BECTHBIX 33/1aUl, B TOM UHCJIE HE OIpeeNs-
eMble B KJIaCCHYECKOH TeopuH Oallky IMOIEpedHble HANpPsDKEHUs U PEeIleHUs
THITA KpaeBoro 3 ¢dexra, U BBIMOIHUTS BCE TPAaHUYHBIE YCIOBHS 3a/[a9H TEOPHU
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YIPYroCcTH Ha KOPOTKUX CTOpoHax. [IpeacraBieHo pelieHue Tpex KpaeBbIX 3a-
Jla4 TEOpUH YIPYTOCTH IOJIOCHL: JBYXCIIOWHAS I10JI0CA CO CIOSMHU OJJMHAKOBOMH
TOJIIMHBI U PA3IMYHOM TOJIIMHBI M I0J0CA C IPOU3BOJIBHBIM YHCIOM CIIOEB.
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1. Beeaenue

N3yueHue pa3nUyHBIX MOJXOJOB K IMOCTPOCHUIO TEOPUN TOHKOCTEHHBIX TENl TMO3BOJIAET paccMaTpUBAThH
TUTACTHUHBI, KPUBOJIMHEWHBIEC U IJIOCKHE OAlIKM KaK YaCTHBIE CITy4ad HEKOTOPBIX OOIIUX MMOCTPOCHUM. 3a MmoCIe/-
HUE YeThIpe NECATHIETHS OBUIO MPENCTaBICHO 3HAYMTEIHHOE KOJMYECTBO TEOPHA KOMITO3UTHBIX MHOTOCIION-
HBIX TOHKOCTEHHBIX TEJ. DTU TEOPHH MOXKHO KJIaCCU(DHUIIMPOBATE IO Pa3HBIM MOJEIISM, TAKIM KaK SKBHUBAJICHT-
HBIC OJIHOCIIOMHBIC, KBA3UCIIOHHBIC U TIOCTIOWHBIC Moeiu. [Ipu 3ToM Teopuu pa3padaThIBAIKCh B OCHOBHOM IS
TUTACTHH, PeXKe I 000JI0UEK U B MEHBIICH Mepe [T TAKOTO Teja, Kak Oaka.

W3oTponHble M aHU30TPOIHBIE OAJTKH M IUTUTHl HAXOMAT HMIMPOKOE MPUMEHEHHE B KOHCTPYKIUSX, MOIBEP-
KEHHBIX Pa3JIMIHBIM HArpy3KaM B CYpOBBIX TEPMHUYECKUX YCIOBHUSX, CO3IAIONINX B HUX JOMOJHUTEIHHBIC BBI-
COKHE TEepPMHYECKHE HampspkeHus. UToOBI omucaTh MPABWIBHYIO TEPMUYECKYIO PEAKIUI0 TOHKHX U TOJICTHIX
TUTACTHH, BKITIOYast 3QpeKThl nehopMaIuu CABHUra, TpeOYIOTCsS YTOYHeHHbBIE Teopun. CUUTACTCS, YTO KJIacCHU4e-
CKas TeOpHsl TUIACTUH HETOYHA JUIS TOJICTHIX TUTACTHUH M3-32 MPEHEOPEKCHHS HANPSKEHUSIMH cABUra. UToObI
MPEOA0JIETh OTPAaHUYEHUS KIIACCHYECKON TEOPHH, OOBIYHO YYHUTHIBAECTCS CABUTOBas NeOopMaIis ¢ IMOMOIIBIO
JTOTIOJTHUTENBHBIX YJICHOB B TIEPEMEIICHHUSX.

Mertonnka 0oOpa3oBaHHs YTOYHEHHOH CIBUTOBON TeOpHHU 0alioK W IiacTUH Obuia pazpaboraHa PeliccHepom
[1] 1 Munamuaom [2]. IIoCKONBKY B 3THX TEOPUSX MONEPEUHOE pacIpeiesieHne HaMpsHKeHUS CABUTA OepeTcs
MOCTOSTHHBIM IO TOJNIIUHE, B yTOYHCHHOW CIIBUTOBOM TECOPHH IUIACTHH, TPEOYETCS MOMPABOYHBIN KO3 PUIIMESHT
CABHTa, KOTOPBIH CUMTAETCS HEealeKBaTHBIM IS TPEACKa3aHUs TOYHBIX PEIICHU, HApUMeEp, U TOJCTOH H30-
TPOITHOW TUTACTHHBI WJIM TOHKOM, HO aHW30TpomHOH. OTCIoa Ienaercss BBIBOJ, YTO HEOOXOIUMO TOCTPOCHHE
TEOpHUH, YUYUTHIBAIOLINX CIBUTOBYIO NedopMaIiio 0ojiee BHICOKOTO mopsaka. KpoMe TOro, ZOCTYIHO MHOXe-
CTBO HCCJICIOBAHUU IO MOCTPOCHUIO YTOUYHEHHBIX CIIBUTOBBIX TEOPUM BBICOKOTO IMOPSIAKA JJIA CIOUCTHIX IUTa-
cTuH, HanpuMep [3; 4], C TOMOIIBIO TaK HA3bIBAEMOM THIIEPOOIMYECKON CABUTrOBOM Teopuu. B [5; 6] npemioxke-
HBI YTOUYHEHHBIE TEOPUH TUTACTHUH SKCIMOHEHIIMAIBHOTO THMA. B [7] BcTpedaeTcs n3y4yeHne BIUSHUS TEOPUH Je-
dhopmanmu TUTIEpOOTMIECKOTO CABUTA Ha N3TUO U30TPOITHBIX OAJIOK.

Craruueckoe moBeneHrne 0aJoK M3 KOMIIO3HUIIMOHHOTO MaTepuaja MPHU HCIONIh30BAHUU Pa3IUIHBIX YTOU-
HEHHBIX CIBUTOBBIX TCOPHH MPOU3BEICHO C MOMOIIBI0 METO/a KOHEUHBIX 3jIeMeHTOB B [§; 10]. B [11-13] mo-
CTPOCHBI YTOYHECHHBIC TEOPUU IS PEIICHUS 3a]ad IUIACTUH U 000JI0YEK, B TOM YHCIIC MHOTOCIOWHBIX, Tepe-
MEHHOH TOJILIUHBL, U IPUBEACHO PELICHUE Psiia NpUMepoB. 3a uckiItoueHueM [ 10—12] ucnonp3yroTcs THIOTE3bI
Kupxrodda ams mepexona k 3amagaM yMEHBIICHHOH pa3MEpHOCTH. DTO TPUBOIUT K TPOOIEeMaM P BHITIOJIHE-
HUW TPAaHUYHBIX YCIOBHM, TaK KaK BCICICTBUE MPUOIIKEHHOTO onucanus AuddepeHInanbHbple YpaBHCHUS 3a-
Jlad YMEHBIIIEHHOHN pa3MEPHOCTH HE YOBJICTBOPSIOT BCEM IPAHUYHBIM YCIOBUSM U UMEIOT PEIICHHUS, B KOTOPBIX
MOTYT HaOJIOIaThCS Pa3PBIBBI, OBICTPHIC MEPEXO0/IbI, HEOTHOPOIHOCTH H T. II.

[onmkenune nopsaka nuddepeHnnaIbHIX YpaBHEHUN MPUOIMKEHHBIX TEOPUH B COYETAaHUH C TIOTepel Ya-
CTU I'PaHUYHBIX YCIOBUN MPUBOIUT K U3YUCHHUIO ACUMITOTUYCCKUX SIBICHUH. L{enh acCHMOTOTUYECKOTO aHaIu3a
3324y 3aKJII0YaeTCs] B OMMCAHNU peIleHUs TPaHUYHOM 3a7aun BHyTpH nepexoaHoro cios [13]. [lorpebHocTs B
TaKUX YTOYHEHHBIX TEOPHAX CBS3aHA C HEOOXOIMMOCTHIO 0OJ€e MONHOTO MOHWMAaHHS CaMON KIACCHYECKOW
TEOPHUH TOCIIE TOTO, KaK CTAHOBATCS BUIHKI e¢ 0000IIeHNs. Y TOUHEHHBIE TEOPHH TO3BOJISAIOT JIyUIlle OXapaKTe-
PHU30BaTh MOTPEIIHOCTh KIACCUYECKUX Teopuil. OHAKO MOCTPOCHUE TEX WM MHBIX TEOPHUH MOCIIe0BATEIbHBIX
MPUOIMKEHUI B CMBICIIC YU€Ta BCEX MAJIBIX OJHOTO MOPSAKA KpaiHe TPYIHO OCYIIECCTBUTE, HE pacroaras pe-
TYJIIpHBIMH MeTonamu [14].

Cuurtaercs, YTO BO3HUKAIOIIUE PU MMOCTPOCHUN TEOPUU TUTACTUH U 000JI0YEK TIPOTHBOPEUYHUS OTCYTCTBYIOT
B 3a/la4y€ MOCTPOCHUS TEOPUM M3rHba CTepKHA. B OCHOBE TakOro MpEICTABICHUS JICKHUT Pa3iMuue B METOAAX
MOCTPOEHUS KJIACCHUYECKUX OTpPENeIoMNX ypaBHeHHH. Ecian mocTtpoeHne Teopuid miacTUH U 00O0JOYeK OCy-
MIECTBISUIOCH Ha OCHOBE MAaTeMaTHYECKOW TEOPHUH YIPYTOCTH IMyTEeM YIPOIICHHS €€ ypaBHEHHH C ITOMOIIBIO
runote3 Kupxrodda, To mocrpoeHue Teopun 6aJ0K BHIITOJIHEHO Ha OCHOBE (PM3UYECKUX M TE€OMETPHUECKUX CO-
oOpakeHUl B yCHIIMSAX U MOMEHTaX 0€3 UCIOJIb30BaHUsl YpaBHEHUH Teopuu ynpyroctu. OHAKO, €ClId 3TH TEO-
pUH TOHKOCTEHHBIX TeJ, OAJIOK, TUTACTUH U 00O0JIOYEK CTPOUTH HAa OJHONW MAaTEMaTHYECKOW OCHOBE C MOMOIIBIO
METO/Ia TIPOCTHIX UTEPAIHHA, yIOBICTBOPSAIONIETO MPUHITUITY CXKATBIX OTOOpaXECHUH, U HE TIEPEXOIUTh OT ypaB-
HEHHH B HAPSDKEHUAX K ypPaBHEHHSAM B YCHIIMSAX U MOMEHTaX, pa3nuane ucuesaer [15].

Hcrokn Merona MpOCTHIX WUTEpaIfii MpH JKEIaHWU MOXHO HAaWTH emie W B moiyoopatHoMm Mertone CeH-
Benana [16]. Ecnu B meTone Cen-Benana ucnosip30oBath OOBIYHO MPUHSTHIE AOMYIIEHUS B KAYeCTBE BEITHMYWH
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HAYaJIHHOTO MPUOIMKEHHUS, 10 KOTOPBIM BBIYUCISAIOTCS OCTAbHBIE MCKOMbIE HEM3BECTHBIE, MOKHO MO TOJY-
YCHHBIM BCJIMYMHAM BBIYWCJIHWTH IIOIMPAaBKy K BECJIMYMHAM HadaJlbHOI'O HpI/I6JII/I)KeHI/IH, " 110 TOMY, SABJIACTCA JIU
3Ta MOMpaBKa CYNICCTBEHHOW WM MallOi, CACNaTh BBIBOA O MPHUMEHUMOCTH MCXOJHBIX JIOMyIIeHUH. ManocTh
MOTPABKU TOBOPHUT O TOM, YTO HauaIbHBIC BEIMYMHEI BBIOPAHBI YaYHO U JAHHBIC BEIYHUCICHUS MOTYT OBITH pac-
CMOTpPEHBI KaK HyJeBOE MPUOIIKEHHE HEKOTOPOrO UTEPallMOHHOTO Tporiecca. [locTpoeHHBIN TakuM 00pazom
WTEpaIMOHHBIN TIpollece HyXAaeTcs B 00O0CHOBaHMH cBoel cxoammocTd. [lockonmpky Cen-Benan mpumeHm
CBOIO UACHKO K PCIICHUIO 3aJa4r KPYUCHUSA U n3ruda JJIAHHOT'O U Y3KOT'O CTCPIKHA, MOXXHO OLICHUTH CXOAUMOCTH
BBIUMCIICHUN K HEKOTOPOMY PELICHHIO, UCTIOIb3YsI HATMYUE MPUCYIIETO CTEPIKHIO MAJIOTO MapaMerpa, odecte-
YHBAFOIIETO ACHMIITOTUYECKYHO CXOJIUMOCTh. TakuM 00pa3oM, MPUXOIUM K METOIy MPOCTHIX UTEpaIuil, MPHH-
Uy CXKAThIX 0TOOpakeHWH u TeopemMe baHaxa o HETIOABIKHOM TOYKE.

Teopema banaxa ucronedyercst B Teopun auddepeHnnanbHbpIX ypaBHEHUH IS TOKa3aTEbCTBA CYIIECTBO-
BaHUS M €IWHCTBEHHOCTH PEIIEHUS HEKOTOPBIX KIACCOB KPaeBBIX 33j1ad. B Teopnn MHTETpajIbHBIX YpaBHEHUH
TeopeMa MCIOIB3YETCs IS JOKa3aTeIhCTBA CYIISCTBOBAHUS U €AMHCTBEHHOCTH PEIICHHS] HEOTHOPOIHOTO JIH-
HEHHOTO MHTETPaIbHOTO ypaBHEHHS DpenroasMa 2-To pojia, HHTErpaJbHOTO ypaBHEHHSI BonbTeppsl 2-T0 pona,
HEKOTOPBIX BUOB HEIWHEHHBIX MHTETpalbHBIX ypaBHeHuid. [Ilupokoe nmpuMeHeHHe TeopeMa HaXOIUT B YHC-
JICHHBIX METO/axX, TaKuX kKak meron Skobu, meron ['aycca — 3eiimens. Meron HeloToHa Takke MOXKHO pac-
CMaTpUBaTh C MO3UIMU TeopeMbl baHaxa W MOHUMATh Kak a0CTPakTHYI0 (OPMYJIUPOBKY METOMA MOCIEI0Ba-
TenbHBIX puOmmkennii [Tukapa [17; 18].

Bormpocsl, cBs3aHHBIE C CYIIECTBOBAHHEM W €IUHCTBEHHOCTHIO PEUICHHWH YpaBHEHHHA, (OPMYIHPYIOTCS B
(YHKIIMOHAIEHOM aHaJN3e B BHJIE BOMPOCA O CYIIECTBOBAHWU W €AMHCTBEHHOCTH HETOJABM)KHON TOUYKHU TIPH HE-
KOTOPOM OTOOpaX€HHH COOTBETCTBYIOIIETO METPHUIECKOTO MPOCTPaHCTBA B ceOs1. Cpean pa3IiuHBIX KPUTEPUEB
CYIIECTBOBAaHUS W €IWHCTBEHHOCTH HETIOABIDKHOW TOYKHM HamOoJee OOLIMM SBISIETCS MPHHIUI CHKATBIX 0TOO-
paxenwuii [19].

Oto6paxenue ¥ = Ay merpuaeckoro npoctpanctsa M B ce6s Ha3bIBAaETCS CKMMAKOIMM OTOOPAKEHHEM,
€CIIM CYLIECTBYET Takoe uucino €<1, 4ro s mroObIX ABYX Touek X, VE M BHINONHAETCS HEPaBEHCTBO
p(Ax, Ay) < z—:p(x, y) , Te P — Mmerpuka npoctpanctsa M . Touka ) Ha3blBaeTCs HEMOABMKHON TOUKOM
otoOpaxenus, ecnu V= Ay . Vinade roBOps, HEMOABMKHBIE TOYKU — 3TO peluenus ypasuenus y = Ay . Ure-
paIMOHHBIN TPOIeCC HAYWHAETCS, UCXOAS U3 HEKOTOPOTO HAYaIhbHOTO MPUOIMKEHUS Yoy Ecnu oneparop A

SIBJIICTCA C)KUMAIOIINM, MpoHcaypa CXOAUTCS K HCKOTOPOMY PCHICHUIO y , HE3aBUCHUMO OT BBI60pa BCJIIMYHHBI

Ha4yaJIbHOT'O HpI/I6J'II/I)K€HI/IH. HOCJ’IGI{OBaTeHLHBIe HpI/I6J'IPI)KeHI/I$I y(l)’ y(z),y(3) HaxogAaTCsa ¢ MIOMOIIBIO (l)OpMy—

ML Y ) = Ay(n).
Hcnonp3yemblii B HACTOsIICH pabOTe METO/ MPOCTHIX UTEPAIMil CBOAUTCS K IOCIICIOBATCIBHOMY MPUME-
HeHuro Merona [lukapa s pemenus audQepeHIMaTLHON0 YpaBHEHHS TIEPBOTO MOPSIKa y' =f (x, y) , pa3pe-

HIEHHOTO OTHOCHTENBHO MPOM3BOJAHOH. JTo nuddepeHnuanbHoe ypaBHEHHE C yCIOBUEM y(to) =), PaBHO-

CHJIbHO MHTETPAIbHOMY YPaBHEHHIO
y(x)= [ £t (p(2)) e+, (1)

Jly1a HEeTo Ha OCHOBaHWHM MPHHIIUIA CXKATBHIX OTOOPaKEHHH CTPOUTCS UTEPAIMOHHBIA MPOIlecC MO CIETYT0-
el cxeMme:

Vireny (%) = I.f[t’ (y(n) (f))}df"'yo :

MCTOI[ MO3BOJISICT MOCTPOUTH MOCJICA0BATCIBHOCTD (PYHKL[I/II‘/'I y(n) (t) , CXOOANIUXCAd K PCHICHHUIO YpaBHC-

HUA, U OTH (i)yHKLII/II/I MOJIy4arOTCA INNIaAKUMU.
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Hmxe MeTos mpocThIX UTEpaIyii, C MOMOIIHI0 KOTOPOTO PEIIeH Psf 3a/1ad TEOPUH YIIPYTOCTH TOHKOCTEH-
HeIX Tea [20-23], onuckiBacTcst kak oOmuit Mmeton Cen-Benana — Ilukapa — banaxa (SVPB) na npumepe
HauboJee MPOCTON 3ajau I MPSMOYTONBHAKA — NedopMaIiy JUTHHHON TOHKOH YIIPYTo# CIOMCTOM MOJIOCHI,
ypaBHEHHUSI KOTOPOH cozepKaT Maiblil mapamerp, 00ecleunBarOIMni aCHMIITOTHYECKYI0 CXOUMOCTh METO/a B
COOTBETCTBHH C IMPUHITUIIOM CXKATHIX OTOOPaKEHUH.

2. IIpou3B0JILHO HATPY KEHHAs! N0 JJIMHHBIM CTOPOHAM CJIOMCTasI 10JI0Ca

o * *
I[HHHHBH HpHMoyFOHBHaH I1oJjoca paCCManI/IBaeTCH B HpHMoyFOHBHOH CUCTEME KOOpZ[I/IHaT X ,Z , TaK 4ToO

% % *
0<x </, —h<z <h. InuuHBIe CTOPOHBI NIOJOCH Z =1/ HecyT NMPOU3BOJBHYIO HArPy3Ky, KOPOTKHE CTO-

POHBI MOJIOCHI MOTYT OBITh 3aKpETJICHbI MM HAarpyXeHbl. 3BeCTHBIE ypaBHEHHUS IUIOCKOH 3a/1a4i TEOPHUHU YIIPY-
TOCTH, 3aIICaHHbIE B OTMEUEHHBIX 3BE3704YKON pa3MEPHBIX BEIUIMHAX

d6° 9T do. o1

ox° oz 0z"  ox

E'e, =0 -vo_, E'e =0, —vo,, Y:TTs
ou’ ow' ou" ow'

Sx = x® 2 82 = P Y: * + P
ox oz Jz°  ox

OIKCHIBAIOIINE HAMPSKEHHO-Ie)OPMHUPOBAHHOE COCTOSHUE TAKOHM MOJIOCHI B O€3pa3MEpHBIX KOOpIMHATAX

* * * * o * *
x=x/l, z=z /h, nepememenusx u=u /h, w=w /h Boons oceli X ,Z , COOTBETCTBEHHO, U HOp-

* * *
Manbibix 6, =6,/ E, 6. =0,/ E nxacarenshpix T=T / E HanpshkeHUsX IPHHUMAIOT BU:

8(5 ’ 81: ’
~+et =0, —+eo, =0;
74 0z
o, = ! ~(e, +Vve,), 1:=—1 Y, O, = ! ~(e, +ve,); ()
1-v 2(1+v) 1-v
€ aW e e ’ ’Y au te ’
=—, =&u , = — w
ooz ¢ 0z ’
rne £ — monyns ynpyroctu; V. — xosduuuent Ilyaccona, CauTaromKMecs 1y aHU30TPOITHOTO MIIM KOMIIO-

3UTHOTO MaTepuana QyHKIHUAMH KOOpAMHAT; € , € — Oe3pa3MepHbIe MPOOJIbHAS U TonepeuHas aedopMalum;
Y — casur. llITpuxom o6o3HaueHa omeparus audhepeHIPOBaHUS 0 0e3pa3MepHOMY apryMEHTyY X, U BBe-

JeHo 0603HAYCHHE VIS MalToro napamerpa €= A/l .

IIpumem
E'=E (z) E,,
rie £, — HekoTopoe XxapakTepHOE MOCTOSHHOE CpeiHee 3HaueHue Moxyns Oura; E (z) — Oe3pa3MepHas

cTyneHuaTas GyHKIWs, 3anaHHas 1o cnosm, E(z) ~ £°. Bxonsammit B cooTHOMmeRHe yrpyrocT Ge3pa3mMepHbIii
koddPurment [lyaccona Takke MOKHO B OOILIEM CITydae CUMTATh 3aJaHHBIM CTYIEHYaTOW (YHKLIUEH V =V (z) .

Pacnonoxus YpaBHCHUA CUCTCMbI (2) B OHpCZ[CJ'ICHHOfI noCJICAOBATCIIBHOCTH M 3aJaB B Ka4C€CTBC H3BCCT-
HBIX BCJIIMYHMH HA4YaJIbHOT'O HpI/IGHI/I)I(eHI/Iﬂ

W) =Wo (x). Ty =T (x), €)
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MOYXHO CBECTH BBIYHCJICHUS K METOIY ITOCIEAOBATEIHHBIX HPHOIMKEHUH B COOTBETCTBHHU CO CIICTyIOMIEH
CXEMOM:

dutgy , 2(14V) I o
. =—ew, + 7 Ty, >, =—€1, , €,0) = Elyg)
_ 2
O 0) = EE0) TVO. ()0 &) = VE,() F G0 )
ow ot Jdo
0 _ W _ (1) ,
3 0 T, T % T T

rIie MPOU3BOTHBIE M0 KOOPJIUHATE Z IIOMEIIECHBI B JIEBBIX YacTsaX AuddepeHInalbHbIX YpaBHEHHH W B HUX HET
MaJIbIX I1apaMeTpPOB, HO OHHM €CTh B MpaBbIX. HIDKHUM MHAEKCOM B CKOOKax 37ech U Janee 00O3HAYeH HOMEp
MIPUOITKCHUS.

Bribop BenmuunH HavanbHOTO MPUOMIKEHHS B (Gopme (3) BHITEKACT M3 TeX COOOpaKEHHi, YTO, 3alHcaB
ypaBHeHus (2) B MHTETpajibHOM opme
2 z
u= —SI wdz + M‘l:dz +u, (x),
0 o £

’

¥4
I4
o, =—ejrdz+czo(x), € =€u,
0

2

o, =Fke +vo,, € =-Vve + c.,

z

w:jezdz+w0(x), rz—ejcx'dz+ro(x),
0 0

¥4
o, :—sjr'dz+cszo (x), -,
0

ToJTygaeM pOu3BOIBI HHTerpupoBanus u, (x), 6, (x), w,(x), T,(x), MOOIX ABYX M3 KOTOPHIX IOCTATOY-

HO JIJIs1 OpTaHU3aIINH UTEPAMOHHOTO TIporiecca Buaa (1).
B CUJIy HC3aBHCHUMOCTU BCJIWYUH HA4YaJILHOTI'O HpI/I6JII/I)I(eHI/I$I OT Z , BCC HCU3BCCTHBIC BBIYUCIIAIOTCA B pEC-

3yJIbTaTC HHTCIPUPOBAHUA 110 Z :

, r2(1+

gy = —EW, Z+TOJ.MdZ+u0 (x),
0
” ’Z 2 1 ’
€0 = €W, z+81:0j ( +V)dz+8u0 ,
0 ®)

G0 =-£1, 240, (x),

s o [ 2(14) :
S) =—-Ee'w, z+€T, EIsz—VZ + Eeu, +Vo_,,

0
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” A F2(1 —v? , 1=V?
gz(o) :ngwo z—E€T, V!: ( +V)dZ—1 EV Z |—VEu, +1 A O,
a7 ’ I 1-v ) h 1_V2 ’Z
Wy, = €W, J.Vzdz—ETO J. zdz+jvj dzdz |+0_, 7 dz —€u, J.de+w0 (x),
0 0 0

Ty = 83w0’”iEde—8217 j j[z (+v) dZdZ—j[VZdZ —ezuo”j.Edz—eczo'jvdzﬂo (x).
0 0 0 0 0 0
O, =—€ ””ijzdde+8 T, j.jEj.z (+v) dzdzdz—j.jlvzdzdz +
00 00

0

+ehu, ”Ea’zdz+sc ”vdzdz €1,z +0.,

00

Humwxuum unpexcom 0 6e3 cko00k 0003HaY€HbI NPOM3BOJILHBIE (DYHKLIMHM MHTETPMPOBAHUA U, = U, (x),

G, =0, (x) > Wy =W, (x) , Ty =T, (x) , 3ABUCSILKE TOJIBKO OT IIPOJOJILHOM KOOpAUHATEL. J[Be U3 HUX W, T,

ObUIM paHee BBIOpAaHbI B Ka4eCTBE BEJIMYMH HAuaJIbHOTO MPHUOIIKEHUS (3) B MEPBBIX JBYX YPABHEHUSAX CUCTE-
MEI (4).
B cnucke dopmyn (5) 3amaHHBIE BEJIMYMHBI HAYAIbHOTO NPUOIMKEHUS W, (x) u T, (x) BBIUNCIISIFOTCS

TaKk)Ke B IEPBOM MPHUOIIKEHUN W (x) u T, (x) C TeM, YTOOBI BBIYHCIUTH TIOMPABKY K BEIMYNHAM HYJIEBOTO
(HayaIbHOTO) MPHUOIMKEHUS W BBITIOJIHUTH TPAaHWYHBIE YCIOBHSA HA JUIMHHBIX CTOPOHAX C MOMOIIBIO BBIpaKe-
HMH, COJEpKAIlMX BCE HOBBIE OCHOBHBIC HEM3BECTHBIE T,, O, ,W,, U,. Benumunnel T, G,, W 3anucaHbl B
MEePBOM TPHUOIIHKCHIH, OCTaIbHBIC — B HyJeBOM. [Ipy 3TOM BCe HEHM3BECTHBIC BBHIPAKCHBI B 3aBUCHMOCTH OT
IPOU3BOJIBHBIX (DYHKIUMI HUHTErPUPOBAHMA T, (x), C., (x) "W, (x) , U (x) , OTHOCHUTEIBHBIC MOPSIAKH KOTO-

pBIX 0 € OyAyT OmpeseNeHbl U3 TPAaHHYHBIX YCIOBUI Ha JUIMHHBIX CTOPOHAX M KOHIIAX MOJIOCHI.

3. BoinoJiHeHHe TPAHUYHBIX YCJIOBHA HA JIMHHBIX CTOPOHAX MOJIOCHI

Ha JIMICBBIX MOBEPXHOCTAX ITOJOCHI z :ih JAOJIKHBI YAOBJICTBOPATHCA T'PaHUYHBIC YCJIOBHA, COOTBCT-
CTBYIOLIUC YCJIOBUAM HArpyKEHUs.
B 663p33M6pHOM BHUJC OTH YCJIOBUA 3alIUCBIBAOTCA KAaK

o0,=Z,(x),t=X,(x) npu z=1,

V4

0,=Z_(x),t=X_(x) npu z=-1, (6)

z

rae Ge3pasMepHbIC HArpy3KH IOJTy4eHBI IIyTeM JACICHHUS Pa3MEPHBIX Ha XKECTKOCTh E, . Harpysku cumtarorcs

MEIJICHHO M3MEHSIOMUMUCA (QYHKIUSIMUA KOOpPIMHATHI X . YcioBusi (6) OyaeM yIOBIETBOPATH BEIMYWHAMH
MEPBOTO MPHUOIIKEHUS U3 OOIMMX pemeHuil (5), B MPeAnosokeHnd, YT0 OHU C JOCTAaTOYHON TOYHOCTBIO arl-
MIPOKCHMUPYIOT UCKOMbIE BeTUYMHBEL. [lomyueHHast TakuM oOpa3oM cUCTeMa ypaBHEHHH

2(1+v)

SWO J‘Ezdz S’C IEI dzdz—j[vzdz —ezuo”j‘EdZ—EGZo’j.vderTO=X+,
0 0 0

m;[ Ezdz - 8210” ] Ej;le_H})dzdz - Ivzdz - 827,,0”:([1 Edz — EGzo,Ide +T,=X_,

0
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j~2 1+v

—€ WO””J. I Ezdzdz + €1, jj- E dzdzdz - j. j‘vzdzdz +
00 0

0

+£3u0"'f I Edzdz + szczo”j ivdzdz —e1, +0., =27, , ?
00 00

—£ WOW].I j Ezdzdz +¢€’ T ]1 j. E _Z[ 2( 1;_ v dzdzdz — ]1 j.vzdzdz +
00 0 00

-1z -1z

+&'u,” [ [ Edzdz+€%0.," [ [vdzdz +e1) +0.,, =7
00 00

MOXET OBITH paspeuicHa OTHOCUTCIILHO OCHOBHBIX HCU3BCCTHBIX TO (x) . Gzo (X) » Wy ()C) s Uy (x) IIOCJIC BbI-

YHUCJICHUA B O6]J.[€M ClIy4dac HICCTHAAUATH MHTCTPAJIbHBIX KO3(I)(I)I/ILII/ICHTOB

j Ezdz j E j 2 (1; v ) dzdz — Ivzdz j- Edz jva’z
0 0 0 0
]l Ezdz ]1 E j. 2 (1; V) dzdz — J. vzdz ]1 Edz ]lvdz
0 0 0 (8)

Ezdzdz

ey —

0
Z j; Edzdz

jEj. 2(1+V) dzdzdz — J.J.VZdZdZ
0 0

S S

'Z[ vdzdz
0

S S——
S LS
S ——

0

M dzdzdz — ]1 jvzdzdz ]1 i Edzdz ]1 jvdzdz
E 00 00 00

-1z

j JEzdde E
00

ot |
O ey
O ey 1y

OT 3aJaHHBIX QYHKIUH F (z) uv (z) .

4. JIByxcJoiiHasi 10J0ca CO CJOAMH OJJMHAKOBOI TOJIHHBI

PaccMmoTpuM citydaif moIoCkl, COCTOSIIEH U3 IBYX CIIO€B OJUHAKOBOM TOIMIIHHEI (puc. 1).

Z

E T x
E,

Puc. 1. ITonoca u3 1ByX C10€B OJUHAKOBOM TOJIIMHBI
Figure 1. Strip of two layers with equal thickness

[pumem, uro BepxHuii cioii pu 0 <z <1, 0<x <1 nmeer xecrkocts E, 1 B 001mem ciayuae ko3pduuu-
enr Ilyaccona V, , Hiwkauii npu 0 <z <—1, 0<x <1 numeer xecrrkocts E, u xodpduuuent [lyaccona v,, E,
0 .

u E, — xoHcrautsl, E|, E, ~€ . [1o10XNUM 11 COKpAILCHUS BBIYHMCICHHI V4 = V, = V = cONnst. Broruuc-

JIMM BXOASIINE B ypaBHeHU (7) HHTETpanbHbie KOd(UIHEHTH (8):
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j;Elzdz %El,iElf I;I_V)dzdz ijdz—2+V J.Edz l,j).vdzzv,

‘([IEzzdz— £E2i2 IE-ZV)dzdz IVZdz—2+V jEdz_ Ez,jvdz__
HElzdzdz:éEl, iIE@Z(ITTV)dZdZdZ—HVZdde:%, iiEldzdz:%El, ﬂvdzdz__
I:[Ezzdzdz:—%Ez HEZF 1E+2V dzdzdz—:fJZVzdzdz=—2%,J}jEzdzdz—— :fl'z[vdzdz—g

1 NMOJACTaBUM HX B YPABHCHUSA

3 m 1 ) n2+V a7 ’ _
ew, E—-¢€1, T_S u, £, —veo_, +1,=X_,

7’ 1 ” 2+V
e'w, E,——g1, ——+¢€'u, E,+VeG,, +T,=X_,

”nn 1 ” 2+V ” 1 ” 1 ’
—e*w, E—+¢€t, ——+¢€'u, E,—+ve’o, ——¢€1, +6,,=Z,,
6 2
’ 1 m2+V 1 »1
‘w,E,——¢&'t, “——+¢&'u, E,—+Vve’c,, —+e1, +6,,=2..
2

e'w, —

C0XHUB U BBIUTS [omnapHoO IEPBBIC ABA U MOCJICAHNUC JIBA YPABHCHUA U MOMCHSIB MOPAAOK 3allUCH YpaBHEC-

HUM, MOJTYy4YUM

e'w, ”’;(E +E)-(2+v)e’t, —e'u, (E,—E,)+2t,=X, +X_,
4 ”nn 1 1 3 7 3 7 1 4
—€'w 6(E +E,)+ 3(2+v).s T, +eu, E(EI—EZ)—281:O =Z -7,
e'w, ;(E ~E,)—¢'u, (E +E,)-2veo,, =X, - X _,
—etw," = ! (E,—E )+%£3uo'”(E1 +E,)+ve’s,, +26,,=Z, +7 .

[IpuMeM B COOTBETCTBHHM ¢ ommcanueM merona SVPB [23] T, =T, +7T, B nepsoii nape ypaBHeHuil, rie

T, — MEMWICHHO MeHsomasicss GpyHKuus, Ty — ObICTPo MeHsomasicss GyHKius. (MeUIeHHO MeHsoLeics
. . d

(dyHKLUMEH Ha3pIBaeTCs Takas pyHKIHS, TPUMEHEHHE K KOTOPOii oreparopa d_ HE MEHSET €€ aCUMIITOTHYECKO-
X

d

ro nopsiaka rno €. beicTpo MeHstomIeics pyHKIMel Ha3pIBaeTCs Takas, IpUMEHEeHHe K KOTOpOii orepaTopa Ed—
X

TAKXXC HE MCHACT €€ aCUMIITOTUYCCKOIO MMOPAAKa 110 € )
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£3w0'”%(E1 +E)-(2+V)e't) —(2+v)et —€u, (E,—E,)+2T)+2t! =X, + X _,

—.s“wo"”%(E1 +E2)+%(2 +v)e'ty +(2+v)elT +83u0m%(E1 —E,)-2et) —2et! =(Z,-Z).

U 3alyieM ux pasacibHO g 6BICTpO MCHAIOMIUXCS
’”
—(2+v)e’ty +21 =0,

(2+v)e'ty —6etd =0, ©

OTMCUCHHBIX BEPXHUM NHJACKCOM q , 1 MCAJICHHO MCHAIOIMINXCA HCU3BCCTHBIX
S LB S E )= (B —E) 420 =X + X
e'w, 5( +E,)-€u, (E-E,)+21,=X,+X_,

—84w°'””é(E +E2)+£3ugm%(El ~E,)-2etv) =(Z,-Z),

(10)
K 2. s s/
W E(EI—EZ)—S uy (E,+E,)-2vecl, =X, - X_,

—*w” %(E1 ~E,) +%s3ug”’ (E,+E,)+26%,=Z +Z,

OTMCUYCHHBIX BEPXHUM MHICKCOM S. HepBLIC ABa YpaBHCHUA NAKOT

7 l

e'w; E(El +E,)- e3ug”’ !

E(El _Ez) :(Z+ _Z—)+8(X+’+X—,)'

W3 4eTBEpTOro ypaBHEHHS CJIELYET, uTo Ohy ~ £5U3 A £*wy. [o3TOMy B TpeTheM ypaBHEHHMH BeTHYHHA

S 6
2VEG), ~ €Uy AE'W, U MOXKET OBbITh OTOPOINCHA KAaK Majas BTOPOTO NOPSJIKA IO CPABHEHHIO C INIABHBIMH

yieHaMH. Toraa 3To ypaBHEHHE

R 1

83Wo E(El_Ez)_gzug”(El"'Ez):)ﬂ_Xf (11)

4
C OTOPOLICHHBIM WICHOM 2VEG,, H TpeThe u3 cucteMs! (10) CBOMITCS K ABYM pa3pelIaroIuM

e“ng"":Z+—Z_+8(X+'+X_')—eﬂ(X+'—X_'), (12)
2(E +E,)
2
rie C=1(E1 +E2) 1—3(E1—_E2)2 u
3 4(E +E,)
ey’ (B, + ) =ew] (B =)= (X. - X.), (13)
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Ecnu B ypaBaenuu (12) oT6pocuTh MPOU3BOAHBIC OT MPOJOILHOI Harpy3ku u npuusith Z_ =X =X, =0,

s o 4 ”n
Z,=p, E =E =E,w, =y, n01y4uM KIacCH4ecKoe ypaBHECHHE U3rnbda H30TPOIHOH Oanku € EEy =p,
HAarpy’XCHHOI PacIpe/Ie/ICHHOM Harpy3koi P, rae W, — NepeMelleHUe MONEePeYHOro CeUCHMs MOJIOChl KaK

JKECTKOro ncjioro ajs (l)I/IKCI/IPOBaHHOFO 3HAYUCHUS apTyMCHTAa Z 3aMCHCHO BEIIUYHMHOM nporn6a ocu Oanku y .

HensBectHble G, U T, HaxOAsTCs U3 IIEPBOTO M YETBEPTOro ypaBHeHHil cuctemsl (10)

7 1 s

26%, =7, +7Z_+¢&'w; g(15‘1—152)—%83:,,0 (E +E,),

(14)
2, =X, +X_ —83w3m%(E1 +Ez)+32”3”(E1 _Ez)

MPSIMBIMH TEACTBUSIMH 0€3 HHTCTPUPOBAHUSI.
U3 ypasaenwuii (12)—(14) BrITEKaIOT ACUMITOTHUECKHUE OIICHKU UCKOMBIX BETUYMH OTHOCUTENIBHO HATPY3KU

Z (mpu X, =X =0):

4

s -4 s s -3 s s 3,5
Wy ~€ Z,uy~EW,AE L,0, ~2L,Ty~EW, . (15)

st ypasuenuii (12), (13) Hamo cdopmynupoBaTh ycnosus Ha KoHIax nonockl X =0 u x =1. [Ipumem ux
KaK yCIIOBMS JKECTKOIO 3amemieHus: nepeMenienus u =w =0 B kaxmoi touke z€ —1;1 momepeunoro xpas

x=0,1. C nomoupro popmy (8) 3anuiuiem yciaoBus

ol :—ewo'z+2(l+v)rof%dz+u0 =0,
’ 0
e A p1=v? ot t1-v? '
Wl €W Ivzdz—ero I Z ZdZ+IVI2(1+V)dZdZ +0,_, sz—&:uo IVdZ+Wo:0-
’ 0 0 0 0 0 0

DTUMH BBIPAKEHUAMH 33al0TCA epeMenienus kak npu z = 0:

, o 2(1+v)

—ew, z+ Tz +u, =0,

+

2 2 2 (16)
» nZ 1=V z 1-v ’
VETW, et T+2V(1+V) 5 +0x z—Veu,z+w, =0,

+

Tak uipu z <0

’ 2(1+v ” 2 /| 1= 2 2 1- 2
SWOZ—%TOZ+MOZOV82WO %—ero v +2v(1+v) %—020 v

’
z+Veu, z+w,=0. (17)
Tenepb noTpebyeM oOpaleHus Kaxa0ro KodGGuIMenTa pu pa3inyHbIX CTENEHSIX Z B HOJIb B BBIPAKEHHU-
ax (16) mpu z >0

u, =0, (18)

Lo 2(4y)
ey +———1, =0, (19)
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w, =0, (20)
2
201 Y —veu, =0, 1)
2 ” ’ 1_V2
ve'w, —eT, T+2V(1+V) =0, (22)

u(17) mpu z<0

u,=0, (23)
’ 2(1+V)

Ew, —TTO = 0, (24)

w,=0, (25)

-0, +veu, =0, (26)
P ’ I—VZ

ve'w, —eT, —+2v(1+v)|=0. (27)

Hepenumuem yenous (19) u (22) ¢ yuerom Toro, uto T, =T, +T¢,

s 2(1+v)
—ew, +%(rb+rg):0, (28)

1-v?

+

velw, —e(erg' +£tg'){ +2v (1 +v)} =0 (29)

¥ 06paTM BHUMaHHE Ha TO, YTO HAa OCHOBAHWM MOCIEAHEH OLeHKH u3 (15) wieHsl ¢ T, MOryT ObITh OTOpOLIE-

’
HbI KaK MaJIbI€ BTOPOT'O IMOPAAKa MO CPaBHCHUIO C I'NIABHBIMU B obonx YpPaBHCHUAX. B 10 xke BpeMs Tg u STg

SBIISIIOTCS BETMYMHAMHU OJHOTO Topsaka. st Toro utoOsl ypaBHeHus (28) u (29) ObuM COBMECTHBIMH, HAJO0
’

NPUHSTD ‘rg ~ £2w,. U Torma taxKke Gyner Erg ~ &£2w,. CrenoBatensHo, B ypaBHEHUH (28) wileH T¢ MOXHO

’
OTOPOCHUTB KaK MaJIblii 110 CPAaBHEHHMIO C NIEPBBIM €W, . IlomyueHHas onenka ObICTPO MEHSIOMIEHCS HEM3BECTHOM

'

eTd ~ e?wyVe2Z (30)

JIOTIOJTHSIET paHee MOIy4YeHHbIE OleHKH (15) Mt MeayieHHO MEHSFOIINXCS] HEN3BECTHBIX.
OxonuarenbHO yenoBus (28) u (29) npu z = 0 nepenumryTes Tak:

w, =0, (31)

”n /7 1_
vetw, —sr@{ EY +2v(1+v)}:0. (32)
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TouHO Takue Ke PacCysKACHUS CIPaBeUIUBbI 11 yenouii (24) u (27) mpu z <0.
Venosus (20), (25), 31) mpu x =0,1 umeror oxny u Ty e 3amuck uipu z =0, unpu z <0, 06pazoBbiBast

TakuM 00pa3oM BMecTe ¢ ypaBHeHHeM (12) paspemumyro W-3amady. Tak, HalpuMmep, MPUHSAB, YTO BEPXHHMA
Kpaili Z =1 HeceT TONBEKO paBHOMEPHO PACIIPENENEHHYIO HATPY3Ky Z, = P, IOJNY4YNM PENICHUE W-3a/1aun:

. ) R R
Wy == —
eC 24 12 24
u copmupoBaHHOi u3 ypaBHeHus (13) ¢ ycaosusamu (18) u (24) pemenue u-3anaun

b E-E (¥ X x
0 3 :
e'C2(E +E,)

6 4 12

Ilpu U3BECTHBIX W, U U, BbpakeHus (14) NpUHAMAIOT BUJ

1 p
26, = p—-—L(E -E,),
20— P IZC(I 2)
1 _ 2
21:5——L[x——j(El+E2) 2
2eC 2 E +E,

’
. . -3
BKJ1aJ1 BEMUMHEL G,y ~ €07 B BHIIOIHEHHE yCiI0BHi (21) 1 (26) 110 CPABHEHHIO C BEIHYHHOI gu, =€ 72

4
B pPacCMaTPUBAEMOM IIPUOIMKEHUH peHeOpexknM. MOXKHO T0Ka3aTh, 4To ycinoBHs #, =(0 MOXHO BBIONHHUTH

B CIICAYIOIIEM MTPUOJIHMKEHIH, TIC MOSBIIICTCS €Ie OTHO OBICTPOMEHSIONMEECS PEIICHUE ug .

Yenoust Buaa (32) BBIIOIHAIOTCS 3@ CUET BENYMHBI KpaeBoro sddexra Tj , ABISIOEHCS PeLIeHHEM Tep-
Boro ypaBHeHHs (9). Cremys [23], 3amuIeM ero penieHue:

_ Clexp(—kx/a) npu x =0 )
%= ¢y oxp(k(1-x)fe) mpu vt © A (2HY) (33)

qst yaactka kpas x=0, z2>0
+
10" = C, exp(—kx/¢e)
u juis yuactka kpas x =0, z<0

10" = C, exp(—kx/e).

’
[oncrasus €10 B ycnosue (32), HOIy4UM

+

+ VpE
Cf=- :
126”Ck (1+v)(1-v+2vE™)

1

TakuM xe MyTEeM HaxoJum
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VpE~
Cl=—— —.
126”Ck (1+v)(1=v+2VE™)

Honcrasus C,” u C, B BeIpaskenue (33) mis T¢ , moyunM BeIpaKeHHe 1ist Kpaesoro sddekra

_E
vp 1-v+2vE"
T =——-—"F——exp| ——
" 128°Ck(1+V) p[ sj E
1-v+2VE~

Ha 3ameMieHHoM kparo X =0 . Penrenne kpaeBoro s¢dexra Ha kparo X =1 3ammceiBaeTcsi aHATOTHYHO.
W3 nocnenneit GopMyIisl clieayeT aCHMIITOTHYECKAs! OLIEHKa KpaeBoro s dexra
(34

q __ -2
Ty ~ €°p.
HaunGonpmmmii Bkiaag kpaeBoro ddexra uMeeT MeCTO B HalpsbKeHHH O, . BKIagoM B ocTajbHbIE HCKOMBIE

BEJIMYMHBI MOKHO npeHeOpeub [23] . OkoHuaTensHo 11 G, UMeeM (GopMyJIbL:

npu z >0
2 1 , E_E 2 1 ’
0. ="E" f I lver (2+Vv)z+E* f 12 Y T, hve,
eCc\l2 2 12 eC2(E+E) 2 2 12
unpu z<0
’ , E—-E (x ’
Gx(O):_E_ ;D x__f'i'L Z+8'tg_ (2+V)Z+E_ 2p 1 2 x——£+L +VGZO
eCc\2 2 12 eC2(E+E,) 2 2 12

JTaeT BKJAJl, COM3MEPUMBIN C MEpPBBIM 4YJeHOM B cuily ycioBus (32). M3 3TuX BhIpa)KeHUH ClEQyeT OIeHKa

q+ q- _ -2
T, AT, g p.
IloncraHoBKa BBIYKCIEHHBIX BEJIWYWH wg, ug ’cf), O., B dopmynsl (5) naer BbIpakeHHs Ul BCeX

OCTaJIHBIX HEM3BECTHBIX PACCMOTPEHHOTO MIPUMEpa: HaNpsDKEHUH, AedopManuil ¥ IepeMeIeHui:

Cx E+E E~E,) 2 2(1
(0):_3L e Z+p( *E) —1+( 1 2)2 (x—ljj—( +V)dz+
gcle 4 12 4eC (E +E,) N TE

2 _ 2 z
[x X IJZ+P(E1+Ez) 1+(E1 E) Iz(I;V)dZ+9
0
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:_—p(E‘+E2){—1+—(E‘_E2)2}+p(l—ﬁj,

4 1
O Tecl2 2 12 te E+EY || 3
g P (E -E,) x_z_f_i_i +V£(1—El Ez]’
22°C(E+E)\ 2 2 12) 2 12C
2 E +E E-E) || 201 —V?
Sz(o)zvzi L E L _plEtE) —1+( — "j L) e
gcl2 2 12 4C (E,+E,) || %
—v p (El_EZ) x_z_f_i_i l_VZE(l_El_Ezj
26°C (E,+E,)\ 2 2 12) E 2 12¢ )
p E+E,) 2

2 z E_E zZ1_ 2 z z
w(l)zz_(x__£+ijj.vzdz—p( 15 —1+( ! 2)2 Dl v zdz+J.VJ.2(1+v)dzdz}+
eCl2 2 12)) 4C (E+E) |1 E !
2

_ z1_ E —E 2 z 4 3 2
21 BBy p (BB Ly, p X X, x0
2 12C E 26°C (E,+E,)\ 2 2 12); g'Cl24 12 24

_E )iz E +E E—-EY _
+£( 1 Z)IIEdZdZ—p( tHE,) _1+( 1 2)2 Z+£(1_E1 Ezj.
) 4C (E,+E,) 2 12C

5. /IByXCJI0iHAA 10/10CA €O CJAOSAMHU PA3IHYHOMN TOJIHUHBI

PaCCMOTpI/IM cnyqaﬁ IIOJIOCHI, COCTOHH.IGﬁ H3 IBYX CJIOCB paSHH‘{HOﬁ TOJIIIUHBI, KaK Ha pHUC. 2.

z

L,

=

E X

1

Puc. 2. Ilonoca u3 aByX €l10EB pa3InuHON TOJILUHbBI
Figure 2. Strip made of two layers with different thickness
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IIpumem, uro HmwkHHH cimoit mpu —1<z<z , 0<x<I] wumeer xectkocts FE,, BepXHHil CcIOW mpu

0
z,£z<1,0<x<1 nmeer xectxkocts E,; E, u E, — xoHcrautsl, £, E, ~€ . [lonoxuM omsTh Ui CO-
KpallleHus] BBRIYUCIICHHH V = COnst Bo Bcell mosoce. Berancaum Bxoasmue B ypaBHeHUS (7) HHTETpaTbHBIE KO-
3¢ durmenTs (8) MpH HCKOMBIX HEU3BECTHBIX W, U,, T, 1 O, npu z =0:

+V

1 1
+V) dzdz—.[VZdz :27 ,
0

J’Ezdz (E - E)£+E— jEj

1 1
J.Edzz(El -E,)z,+E,, Ivdzzv;
0

npu z <0

IEZdZ—— _[ I 2(1+v) dzdz—fvzdz-zi IEdZ——El,IVdZ——
0

0

npu z = ()

2 3 1z z
EZdZde(E —E) A4 A4 \4E l, E 2(1+V)dzdzdz VZdZdZ—ﬂ,
Pl 2 3 ) e E 6

O N O

1z
Edzd =%(E1 —-E))(2-2z)z +E2%, !!dedzz%\/;
npu z < ()
].lj.EZdZdzz—lEl, ].lj.Ej-Z (1+v) dzdzdz—]lj-\/zdzdz-—zﬂ J-lj.Eldde— El,:[lj-vdza'Z—l
00 6 00 0 2 2

Y TIOJICTaBUM UX B ypaBHeHU: (7)
/// 2 1 »2+V ” ’
[(E ~E)2 S HES —£’1, T—Szuo [(E,—E,)z,+E, |-veo,) +1,= X,

n2+Vv
1, T+8 u, E +veo , +1,=X_,

e'w, EIE—S
3 ”’r 1 1 2 lll ’

+&'u, E(EI—EZ)(z z)z,+E,— 25 +ve'o,, 5 E +6.,=27,,
1 /Il ’

—+€u, E15+ve o, §+8T0 +0,,=7Z_.
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CIIOKUB M BBIUTS UX IornapHo, MOJIy4YruM, USMEHHUB IMOPAIO0K 3allCH, YPAaBHCHUSA

2

e3w0”[(151 —Ez)%+(E1 +E2)ﬂ—(z+v)g%0” —’u) (E, —E,)(z,+1)+21,= X, + X_,

2 3

1 z z 1 m2+V
—*w, {(El—Ez)[?—?JJF(EﬁEz)g}FS}To —~

”r 1

+€lu, E(El ~E,)(2z,-z"-1)-2¢1)=2,-Z

+ —>

[IpumeM T, =T, +T; B IIEPBOii ape ypaBHECHHUIA

£3w0'”%[(E1 —E,)z” +(E, +E2)]—(2+v)s2 (rg”ﬂg”)_
—€'u) [(E,—E,)z,+E,+E, |[+2(T,+1) )= X, + X_|

10 Z 2 z 3 1 2+v N 7
—'w, [(E1 —Ez)(?—?lj"’(ﬂ +E2)E}FTE3 (r‘o +71! )+
+83u0m%(E1 —Ez)(2z1 —z’ —1)—28(13’ +1:g') =Z -Z .

U 3alUIIeM HX, KaK U B MPEIbIAYIIEeM maparpade, pa3IebHo s ObICTPHIX
14
—(2+v)e’ty +21¢ =0,
v 4 4
(2+v)e’ty —6ety =0
1 MCOJICHHBIX HCU3BCCTHBIX

N

2
& [(a—E»%wz+E2>ﬂ‘82us"[<a—E2>ZI+E1+EJ+213=X++X.,

3

(35)

2
—e*w"” {(E1 —E, )(%—%J+(El +E2)ﬂ +83u3m%(E1 ~E,)(2z,-z7-1)-2et) =Z,-Z_, (36)

+

Wy E(El ~E,)(z’-1)-€u) [(E,~E,)z +(E, +E,)]-2vec}, =X, - X_,
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2 3
—e*w”" (E, - E)(z__—é}s V(E-E)(2-z2)z+(E+E,)]+206,,=Z,+Z..  (38)

’
Ipoxuddepenuupyem neppoe ypaBHeHHE 10 X ¥ yMHOXKUM Ha € . 3aTeM HCKIIOYUM T, U3 IEPBBIX ABYX

=(z, —Z_)+s(X+’+X_’),

(39)

s 3. s 4 5
Tak >xe xak U B npeabLAyieM Haparpa(be, 13 YCTBCPTOr'0 YpaBHCHUA (3 8) CJICAYECT, YTO GzO ~& uo AE WO .
s 7 4. s 6. s
HOSTOMY B YpaBHCHUHU (37) BEJIIMYHHA VSGZO ~ & MO NE WO 1 MOXET OBITH 0T6pOH_ICHa KakK Majiasd BTOpPOro
rnmopsaaka 1o CpaBHEHUIO C I'NIaBHBIMU YJICHAMU. TOFI[a 9TO YpaBHCHHUE

3 s ].

2(_E ~E)(z’-1)-&u) [(E,—E,)z+(E +E,)]=X, - X_

’
C OTOPOLICHHBIM WICHOM 2VEGC,, BMeCTe ¢ ypaBHeHHEeM (39) CBOAATCS K ABYM Pa3pelIaroliiM

2. s 3 ”/1
€u, |:(E1_E2)Zl+(E1+E2)]: 2(E E)( 1)_(X+_X—>’ (40)

II//

e'ow” = (2, -7 )ve(X. + X )+

2 X o x (41)
{(EI‘E”(”I‘%‘%}(EI+E2>}( adnd

E, _EZ)ZI +(E1+E2) ,

rIe

C=(E +E)+(E, —Ez)l(zl3 —Z—;}%{(El —Ez)(2zl —2—2—%]—(& +E2)}( (£ -E)(z-1)

3 EI_EZ)ZI+(E1+E2).

ITonyuennusie ypaBaeHus (40) u (41) IMEIOT TOT Ke CMBICH, 9TO 1 ypaBHEeHMSI (12) 1 (13).
HeunsBectHble O}, U T, HaxO[iTCs U3 ypaBHeHHit cucteMs (35) u (38):

2

2T =X, +X_ —s%;j”[(El —Ez)%+(El +Ez)ﬂ+szug”[(El ~E,)z,+E+E, ],

(42)

2 3

S 4 1 S
26, =7, +Z +&'w, (EI—EQ)(?—?—E)— [(E-E,)(2-z)z+(E +E,)]

NPSMBIMU IEHCTBUSAMH 0€3 MHTETPUPOBAHUS. 3aMETHM, YTO U B 3TOM CIIy4ae OCTAIOTCS CIIPABEIJIMBBIMHU OLICHKH
OCHOBHBIX HEH3BECTHBIX W, U,, Ty, O., 10 hopmynam (15). Pemenne ypasuenuii (40) u (41) Haxoaures, Tak

JKe KaK U B IIpelbIayIieM naparpade, mpyu COOTBETCTBYIOIMX I'PAHUYHBIX YCIOBHSAX.
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6. ITostoca ¢ MPOU3BOJBbHBLIM KOJIUY€CTBOM CJIOEB pa3.]'ll/[‘{H0ﬁ TOJIIUHBbI

[Monocy oTHeceM, Kak U B MPEABIAYIIMX IpUMEpax, K cCHcTeMe 0e3pa3MEpHBIX MPSIMOYTOIBHBIX KOOPIUHAT
X,z (puc. 3), cuntas, uto ee BepxHss yacthb npu 0< z <1 cocTout U3 7 C10€B pasIMUHBIX TOJIMIMH U Pa3iny-

HBIX JKecTKocTell FE,, i=1+n, rpaHuipl KOTOPBIX 3afaHbl KOOpAMHATAMU Z, =Z,+Zz,. Ilpu stoM Oyzmer
z,=0 u z, =1. Ilpumem, uto HwKHss yacTs nonocsl —1< z <0 cocTouT U3 M CI0EB Pa3IMYHBIX TOJIMH U
pasnuuHbIX XkecTkoctedl F,, i =1+m, rpaHuIBl KOTOPBIX 3aJaHbl KOOPAMHATAMU Z, = (—zo)+(—zm ) [pu

9TOM 6y)1€T z, = —1. To ecTs 3HaYeHHUA KOOpAWHAT 6Cp}/'TC$I MO0 MOAYJII0 U NIPHUCBAUBACTCA 3HAK MUHYC.

Z

X

Puc. 3. Ilonoca ¢ mpou3BOIBHBIM KOJIMYECTBOM CJIOEB PA3IMYHON TOIIMHBI
Figure 3. Strip of an arbitrary number of layers with different thickness

s perieHust cucTeMbl ypaBHeHHH (7) HalO BBIYUCIUTH KOAPPUIMEHTH (§) A Ciiydas MPOU3BOIBHOTO

qucina cioeB. [IpeanonaokuM, Kak 1 B peAblayIux maparpadax, 4ro kodadduuuent [lyaccona V He 3aBUCUT OT
1 1 1z

KoOopAMHATEl z . TakuM 00pa3oM OCTAeTCs BBIYUCIMTL YETHIpE Kod(duimeHTa jEdZ, jEZdZ, J- Edzdz,
0 0 00
-1 -1 -1z

Ezdzdz nns sepxueii uactu mosnocsl npu 1>z >0 1 COOTBETCTBEHHO YETHIPE '[ Edz, '[ Ezdz, I '[ Edzdz
0 0 00

Sy S——

z
|
V4
J. Ezdzdz nna mmxueit yactu —1<z < 0. [ocie BBIYMCIEHUH U1 HUX MOKHO 3aIUcarh cieayromue Gop-
00
MYyJIBL:
E? —jEzdz— : Zn:Ehz E* —jEdz—Zn:Eh :
: 0 2 i=1 o 0 i=1 n

-1

Ez_ :J.Ede:%iEihiz, E_ :IEdZ:_ZEihi;
0 i=1 0 i=1
~ 1z Z3 Z2 1
E’ :!).-([Ezdzdzz(El—Ez) ?+?hz +Ezg;
(43)

z e Zl3 leh E 1
- = ([ Ezdedz =—(E, - E,)| 2o+ 2 b, |- E, =~
ZOI').ZZZ(IZ)6 277 %

1z
1 1
E* = [ Edzdz :5E1}112+E1h1h2+5E2h22;

-1z
1 1
E = | [ Edzdz =EE1h12 +Ehh, +EE2h22.

Z0 %o
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3anumrem ypaBHeHHs (7), BOCITOJNIB30BABIINCH BBEACHHBIMA O0O3HAUCHUSAMH [JISI HHTETPATBHBIX KO3 hU-
I[IUCHTOB:

” =~ ” 1 ” ~ ’

ew, Ef—¢'1, §(2+v)—.‘32u0 E*-veo , +1,=X,,

{ (44)
”r =~ ” ” ~_ ’

ew, E —¢'1, E(2+V)+82u0 E +veo,, +T,=X_;

z

+9

"= w1 1 m = 1 ” ’
—e'w, E'+€t, —(2+4Vv)+=¢€uy, E*+=¢€’vo,, —£1, +0,,=Z
6 2 2 (45)

mr = m 1 1 m = 1 ” ’
e'w, E.—€1, —(2+V)+=¢€u, E'+—¢€’vo,, +€e1, +0,,=2Z_.
6 2 2

C0XMM M BBIYTEM IIE€PBbIC J[Ba U IOCJICAHUE /1BA YPABHEHUS IIONAPHO W 3alHIIEM UX B CIEAYIOIIEM IIO-
psake:

e'w,” (E+ +EZ_)—(2+V)82’EO” —&%u, (E+ —E‘)+2*c0 =X, +X_,
(46)

—tw, (E* +E‘)+%(2+v)s3rom +ehu, (E+ —E“*)—Zs:ro' =Z,-7_;

z z +

e'w,” (E-E.)-€u, (E"+E )-2veo, =X, - X_,

z

(47)

4 ”n :+ :7 3 ” 1 3 7’ :+ :+ 2 ” _
—&*w, (E —E; )+e T, §(2+v)+e u, (E +E"|+€e°vo, 426 ,=Z.+Z .
IIpumeM, Tak e Kak U B CIydyae ¢ JBYXCIOHHOW MOJOCOH, B COOTBETCTBUU € omucaHueM metoga SVPB
T, =T, +7T¢ B mepBoil mape ypaBHeHuil, rae T, — MEUICHHO MeHsowascs GyHKIus, Ty — OBICTPO MEHSIO-

miasicst QyHKIus:

e'w,” (E: +E )_(2+V)(8213”+8213”)—82M0"(E+ —ET)+2(Ty+1)= X, + X,

mr [ = = 1 "7 ” m( = = ’ ’
—e'w, ( :+E‘)+§(2+v)s3(ezrg +e’t! )+£3u0 (E+—E+)—2(erf) +arg)=Z+—Z_

U 3alyIIeM YpaBHEHHUS U151 ObICTPO MEHSIOIUXCS (QYHKIUH

~(2+v)e’ty +21 =0,

(48)
(2+v)e’t!” —6et! =0
1 MEIJICHHO MCHAIOIUXCA
ew (E: + E;)—Szug” (E+ —E_)+ 2t =X, + X,
(49)

—a“wg""(ﬁ;+§;)+a3u3'"(}§7+—E:+)—2£‘cf)':Z -Z,

+ —
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ew, (EX-E.)-¢€uy (E"+E )-2veo), =X, - X

+ -

S/II/

—tw) (Ej ~E; ) +etu)” (E* +E ) +e’ve, +26°, =7, +7Z_.

U3 nepBBIX IBYX ypaBHEHUH MMOJTydaeM

4 ‘J//I

ew! (E;+E;—E;—E;)—ehg"’(ﬁf*—E‘—E*+E*):Z+—Z_+s(X+’+X_’). (50)
W3 ueTBepToro ypaBHeHHs, Kak ¥ paHee B II. 3, CIEAyeT, YTO (5‘;0 ~ 83u(‘§ A 84W(‘; . ITosTomy B TpeTbeM ypas-

’ L4 6
HEHHH BelHYHHA 2VEGC,, ~ € Uy AE W, U MOXeT ObITb OTOpOIICHA KaK Majas BTOPOrO MOpsIKA IO CPaBHE-

HHIO C TJIAaBHBIMH WIeHaMH. Torma 31o YpaBHECHUEC

ew, (EX-E.)-€u) (E"+E )=X,-X

z z

. 7
C OTOPOILICHHBIM WICHOM 2VEC,, U ypaBHeHHe (50) CBOAATCS K ABYM pa3pelIaroliuM

777 ’ ’ 1 4 ’
84CW8 :Z+—Z_+8(X+ +X_)+SW(X+ —X_), (51)
~ ~ =z =z E*—E /-~ ~ =z =z
rre C = ( ;+E;—E;—E;)+ﬁ(E*—E——E*+E*)
+
u
euy (E'+E )=¢'w)" (EI -E.)—(X,-X_). (52)

HeussectHble G, U T, HaXOA’TCs U3 IIEPBOTO M YETBEPTOrO ypaBHEHHUIA cucTeMbl (49):

26°, =2, +Z_+e'w” (E; _E- ) —eu” (E +E* )
7”7 ~ ~ ” ~ ~ (53)
2T =X, +X_—e'w, (EI+E.)+&'u, (E"-E")

MIPSMBIMH  TeCTBUSIME 0e3 MHTeTrpupoBaHus. Britekaromme n3 dopmyn (51)—(53) OImeHKHM OCHOBHBIX HEH3-
BECTHBIX COBIAJAIOT C OLICHKaMU B BeIpaxkeHUU (15).

7. YciaoBus Ha KOPOTKUX CTOPOHAX IOJIOCHI

Ipumep. PaccMOTPHM KOHCOJIBHYIO TOJIOCY, XKECTKO 3aKkperuieHHyto Ha konie X =0. Konen x =1 Oynem
CUMTATh CBOOOIHBIM OT KakoH-mu60 Harpysku. Bepxuuii kpait z =1 Hecer Toibko paBHOMEPHO pacnpejieieH-
HYI0 Harpy3ky Z, = p. JJist IpOCTOTHI M3JIOKEHUSI PACCMOTPHM YETBHIPEXCIOHHYIO HOI0Cy (PHC. 4) U IpUMeM

OJTMHAKOBBIMU K03 unreHTs [TyaccoHa Kaxaoro cios.
Pazpematomue ypapaenws (51)—(53) npuBoasATcs K BUIY

/777

e'Cw) =p, (54)
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’” 777 EZ+ - EZ_

2 s A3
€Uy =W, Fr b (55)
26°, = p+e'w” (E; ~E; ) —e*u” (E* + E“) ,
(56)

2ty = —e'wy (B +E.)+e'u, (E"—E)

B

- Iy

EC x
-05 2
I
-1
z, =1
4
(= Q
z,=0
Puc. 4. KonconpHas monoca
Figure 4. Cantilever strip
Ha konne x =0 nHa ocHoBanuu (opMy (5) 3amKIEM YCIOBHUS 3aIllEMICHUSL
z
— ’ 1 —
g x_o_|:_£WOZ+102(1+V)J.EdZ+u0:| =0, (57)
0 x=0

¥4

2 2 4
xzo:{vezwo"%—ero'{(1—vz)j%zdz+2v(1+v)%}+(1—\/2)GZOI%dZ—SMOIVZ+Wo} =0 (58)
0

0

"o

x=0

U Ha KOHLE X =1 — ycroBust cBOGOAHOrO Kpas

{[—Eszwo”+8‘CO’(2+V)J2+E£u0’+V620} =0, (59)

x=1

2

3 ///Z o7 z 2 //Z ’
12{8 W, .([Ezdz—e T, (2+V)7—8 u, }[Edz—veczoz+to} =0. (60)
x=1

T

xX=

Barmmurem ycnosus (57), (58) as nepsoro cinost z, <z <z, npu x=0:

{—ewo'+2(l+v)ro EL}(z-ZO)MO -0, 61)

1

no a1 Pozy 1 ,
{vazw0 —e1, {E(l—vz)+2V(1+V)}}[%—%j+{(l—vz)czoE—Veuo}(z—zo)+w0=0 (62)

1 1
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¥ U1 BToporo ciost z, <z <z, npu x=0:

’ 1 1
—EW, I:(zl—ZO)+(Z—21):|+2(1+V)TO{F(zl—ZO)+F(Z_21)}+MO =0, 63)
1 2
ngwo” i_i + Z_z_Z_lz _
2 2 2 2
! 2 1 le 202 1 ZZ le le 202 22 212
E\2 2) El2 2 2 2 )2 2

+[(1—v2)020 —VE%I}{%(% —zo)+%(z—zl)}uw0 =0.

1 2

Beruutas n3 ypaBHeHus (63) ypaBHenue (61) u u3 ypaBHeHus (64) ypaBHeHue (62) npu Z = z;, HOIy4uM

yCJIOBHUA Ha KOHIIE X = 0 IJIL BTOPOTO CJIOA:

2

{—ewol+2(1+v)10%}(z—zl)+uo=0, (65)

2 2
V82w0”—810,|:(1_vz)%+2V(1+V)} (%—%j+[(l—v2)czo—VSMO'J%(2—21)+WO =0. (66)

2 2

CpasHuBas ycinoBus (61), (62) ¢ ycnousimu (65), (66), 3amedaeM, YTO OHHU OJHOTUIHBI. TO €CTh YCIOBUS
3allleMJICHUS CTaBATCS JUIS KOKAOTO CJI0sl. JIeTKO BUAETH, YTO 3TH PacCyKACHUS MOTYT OBITh MPOJOIDKEHBI JUIS
HOJIOCHI ¢ TPOU3BOJILHBIM YUCIOM ¢10eB Kak npu Z >0, tak u pu z <0,

Taxum 06pazom, uts cioes pu Z >0 uMeeM BoceMb yCIIOBHI Ha KOHIAX TTOJIOCHL:

u, =0, (67)
s 2(14v) ,
—ew, +—El~+ (ty+19)=0,i=12, (68)
w, =0, (69)
o————Vveu, =0, i=12, (70)

i

2

+
i

vazwo”—(etf)#stg'){ +2v(1+v)}=0, i=12, (71)

rae yemosus (68), (70), (71) 3anucaHbl A1 IEPBOTO U BTOPOTO CIIOEB. 311eCh, KaK U paHee, MPEAToIaraeTcs, 9To
T, =T, +T". U3 Beipaxenus (56) cieayer, uto T, ~ € W, H N0dTOMy B ypasHenusx (68) u (71) wien T, mo-

2 S
JKET OBITH OT6p0HIeH KaK BCJIMYMWHA MOpAaKa € mo CpPaBHCHUIO C W(; . KpOMe TOr0, MOCKOJIbKY B YpaBHCHUUN

’ 2 7 o
(71) €1} ~ve“w, , B ypaBHeHuu (68) BTOpOil WieH T TaKXe HMMOKET OBITh OTOPOLICH. DTO JaeT BO3MOXK-
HOCTB HCIOJIb30BATh YCIIOBHS
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W0:W0 :1,[020 (72)

Ha KoHlle X =0 mpu HaxoKJAeHHH peleHus ypaBHenuii (54), (55).
VYcnosus crobomHoro kpas (59), (60) B paccMaTpuBaeMOM MPHOJIMIKEHUH MPEACTABIISIFOTCS B CICIYIOIIEM
BUJIC:

~Eg'w, +et! (2+v)=0,i=12, (73)

Egu, +v6_,=0,i=1,2, (74)

T, +7T5 =0, (75)

—Szuo”j.EdZ —veo, z=0, (76)
0

e3w0"'jEzdz—ezrg"(2+v)§ =0, (77)
0

311ech, Kak 1 paHee, B yCIOBHAX JKECTKOTO 3aIleMIICHUs WieH T, orOpouieH B ycnosusx (73) u (77) kak Be-
2 ; o3 ,
nuYMHA € 10 CPaBHEHHIO C W, , IOCKOIBKY B CHily oueHok (15) uy ~€°Z, ., ~ Z , B ycnosuu (74) Benndu-
7
Ha G, MOXET ObITh OTOPOILIEHA [0 CPaBHEHHIO ¢ €1, . 13 Takux ke coobpaxkeHuii B ycinosuu (76) BenuunHa

4 2 ”
€0, MOXeT ObITh OTOPOIICHA 110 CPABHEHUIO C €71, . Ilocie oTOpackIBaHUS U BBIYHCICHUS UHTEIPAIIOB MO-

Ty4UM:
~Eg’w, +et! (2+v)=0mpu 0<z<z, (78)
—E,&*w, +et! (2+v)=0 npu z, <z <1, (79)
Eleuo’ =0,mpun 0<z<z, (80)
Eyeu, =0 npn z, <z <1, 1)
T,+7T¢ =0 mpn 0<z<1, (82)
—’u, E,=0 npu 0<z<z, (83)
—Szuo”E2 =0 mpu z, <z<1, (84)
ew, E —-€71) (2+v)=0mpn 0<z<z, (85)
e'w, E —€1! (2+Vv)=0 npu z, <z <1, (86)

4
VYenosus (83) u (84) BeimonssAtoTes, eciau #, =0, 4To Ha ocHOBaHUU (GOPMYIIBI (55) IPUBOIHUT K YCIOBUIO

w, =0. (87)
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ITocne 3Toro nepenuiem ycaosus (78)—(86), cnpasennupbie Ha konne ais X =1 npu 0<z<1:

w, =0, (88)
u, =0, (89)
T, =0, (90)
T =0. oD

IMocnenHee ycnoBre MOKA3bIBAET, YTO KpaeBoi 3(dekT Ha cBOOOIHOM Kparo OTCyTcTByeT. YcnoBue (90) B
criy cooTHomeHus (55) coBmagaet ¢ ycimoBueM (87). B utore ocraBmmxcs Tpex ycmosuit (87)— (90) Ha koHITE
x=1 u tpex ycnoswuii (72) Ha konne X =0 1OCTATOYHO MJIs ONPENETEHNUS MECTH MOCTOSHHBIX HHTETPUPOBA-

HUs ypaBHeHu# (54) u (55). [locne BeIYHCICHUI TOTyYUM OCHOBHBIE HEM3BECTHBIE

gtcl24 6 4 SCE+E 6 12 3
s P o+ S s P fTr_N_
=———(x-1)E + 6, ==—|1+—= 2
=g DE A E) 0= C

[loncranoBka 3THX BhIpaskeHHH B (hOpMyJbl (5) IaeT BBIpaXKEHUS U BCEX HEU3BECTHBIX PACCMOTPEHHOIO
npuMepa: HanpspDKeHuH, aedopmanuii 1 nepeMeneHni:

Z(O)_E = ZZ+1+ 22 = .
AL 1 P (E*+E7)(2
o ="ESa| T g z—%( THED)(24V)z+

(92)

2 .. 22(1+v -V’
Ez(o):VzL S Z_i(E:Jr 7) j ( )dz_l oz |-
eC\ 2 4 2C 0
~v-2 % e GENEE S S Y |
eCE+E (2 6 3 E 2 C
2 2 z 2 2
W(l):lz_v x .1 Z_+£(Ez++~z‘) Il v zdz+2V(1+V)Z— +
e’C| 2 4)2 2C . E 2
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Z+_:_ Z1_ 42 ~+_~_ 2 - . 5 ,
+2 1+Ez E; J-l V dr— f 1? ]?2_ x_x 1 Ide+4L X x>
2 cC |3 E e€CE+E\2 6 3)) Cloa 6 2

- 2
T _zi(x—l)J.Ezdz—ezrg”(2+V)Z——
eC
P - .
e'c D57 +E dz_zg_cx D(E:+E;),
zZ Z 3
_ P 3 g Z
G ——E_([l‘ Ezdzdz + €1} (2+V)z+
+ZL@;~:HE‘ZZ"’Z+£(E;+Ez_)—81:‘0"z+£ 1+EZ -E ’
eCE +E 43 2C ST e

B KOTOPBIX BBIYMCIICHHBIC 110 (hopMytaM (43) KodQPHUIIMEHTHI KECTKOCTH UMEIOT 3HAYCHUS
o 1
B! = [ Ezdz = (/W + Eh’ jEdz E'h+Esh,,

0

E-:_lezd :i(Eh +Eh}), E° :TEdz:—El‘hl—Ez‘hz,
0 0

3 2 1

1z
E:!! Ezdzdz = —E;)%+(E;—E;)%hZ+E;E,

Et = jEdzdz_lEh +E'hh +1E he,
2 2

20 20

~ -1z 3 2 1

E = H Ezdzdz =— (Ef—E;)%—(E{—E;)%hz—Ez’g,

-1z
E-—”Edzdz_lE h?+E hh, +— E h?.
2 2

Zo 2o

8. 3akaouenne

[MonyoOparueiii MeToq CeH-Benana mpeanonaraeT MOCTPOCHHE PEIICHUS YPaBHEHUN TCOPHH YIPYTOCTH
MyTeM 3aJIaHUs YaCTH HEM3BECTHBIX M3 KAKUX-IN00 COOOPaKECHHUI M BBIYMCICHUS TI0 HUM OCTaJbHBIX HEH3BECT-
HBIX. B cTaTtbe OH MPOJOMKEH A0 UTEPAIMOHHOTO, COBMAIAIONIETO C METOJOM IPOCTHIX HTepanuid. (s aToro
OTIepaToOp UCXOIHBIX YpaBHEHHUI MpeoOpa3oBaH TakK, YTOOBI OH MO3BOJISII BBEIYHCIATH HEM3BECTHHIC BEITUIMHBI
IMOCJIEAOBATC/IbHO: BBIYMCIICHHBIC B OAHOM YPaBHCHHUU BCIIMYMHBI BXOJAT B CICAYIOIICC YPAaBHCHUE KaK U3BCCT-
HBIC, TIPYU 3TOM YMHOXXCHHBIC Ha Mallblii mapaMeTp. Takas MmociieZoBaTeIbHOCTh 00ECIIEYNBACTCS ONEPATOPaMHU
[Mukapa u BEIOOpPOM BETMYMH HAYAILHOTO MPUOIMKECHHS, HE 3aBUCIINX OT TMOMEPEYHONH KOOPIUHATHI, Ha3bIBa-
eMbIMHU Tunote3amMu Kupxrodda wimu rumoreszamu HemehopMupyeMoil HopMmanu. B TeueHue omgHOW HTepanuu
BBIYUCIAIOTCA ITYTEM IIPAMOT'O UHTCTPUPOBAHUA BCE€ HEM3BECTHERIC 3aJa4n, COACPKAIINE YCThIPE IMPONU3BOJILHBIC
(YHKUIUM UHTETPUPOBAHUS, 3aBUCSIIIE OT MPOAOJIFHON KOOPAMHATHI M UTpAoLIre poib K03 (UIIEHTOB B MO-
JIMHOMAX IO CTEMEHSAM MOMEPEeYHOM KOOPAMHATHL. B ciiyyae M30TpomHOro MaTepuaia ypaBHEHUS, OMHUCHIBAIO-
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e M3TH0 M PacTsHKEHHE — CXKaTHe, Pa3AeysioTcs. 3aMeTUM, YTO IS CIIydasi POU3BOJIBHOTO CIIOMCTOTO Ma-
Tepuasa pa3JesieHUs He TPOUCXOANT.

B nporecce mocneaoBaTenbHOrO BEIYUCICHUS HEU3BECTHBIX B TCUCHUE HYJIEBOM UTEPALIMU UMEET MECTO Ye-
TBIPEXKPATHOE MHTEIPUPOBAHHUE TI0 MOIEPEUHON KOOPAUHATE U YEeThIpeXKpaTHOe nuHepeHIIMpOBaHUE O TPO-
nmonsHOU. OmHAKo 310 AudQepeHIpoBaHe UMEET CHMBOJIIMYECKHI XapaKTep, TaK KaK MpH BBIIOJIHEHUH Tpa-
HUYHBIX YCJIOBUU Ha IJIMHHBIX CTOPOHAX IMPOU3BOJHBIC IPUPABHUBAOTCS K HArpy3Ke, KOTOPAask CYUTACTCS BENH-

YUHOHN O( 1), ¥ COOTBETCTBYIOIIIE yPABHCHHS HHTEIPUPYIOTCS, 0OECIICUNBAs BMECTE C OJHOPOIHBIME CHHIY-

JIIPHO BO3MYILEHHBIMU YPaBHEHUSMHU HETIPEPHIBHOCTh U OIPAaHMYEHHOCTH pelleHus B Jrobom ciayuae. Ipormecc
BBIYHCIICHUS] MOJKHO TPAKTOBAaTh KaK paclieIICHUe UCXOJHOTO CI0KHOTO OTlepaTropa Ha YeThIpe OnepaTopa OT-
HOCHUTETHHO TIONIEPEYHON KOOPAUHATHI M YEThIPE — OTHOCHTENBHO MPOONBbHON. BIH30CTh MOMyUYeHHOTo pere-
HUSl K TOYHOMY PEIICHUI0 OLEHUBAETCS IMOPSIIKOM MEPBOT0 OTOpoIIeHHOTo WwieHa o €. [IpemioxxenHoe perire-
HHUE CBOOOJTHO OT HEJOCTATKOB KIIACCHYECKOW TEOPUH, MOCTPOCHHOW Ha THITOTE3aX U JIOMYIICHUSX

1) B BO3MOXHOCTH TPEHEOPEIKESHUS MOMEPSUHBIMH HANPSKCHUSIMU;

2) «TUNOTE3bI MPAMOU HOPMAJIN JJIs IEPEMEIICHHH B TI0JI0CE;

3) 00 SKBHBAJICHTHOCTH 3aMCHBI HANIPSDKEHUEM UCXOMHOM 3a7]auu Ha MPUHSTHIC B COMPOTHUBICHUH MaTepua-
JIOB YCHJIUSL 1 MOMCHTHI;

4) B BO3MOKHOCTH MpeHEeOPEKEeHUS TPAHUYHBIMU YCIIOBUSMHU Ha JUTMHHBIX CTOPOHAX;

5) B mpeHeOpeKeHUH OBICTPO 3aTYXAIONMMU KOMIIOHEHTAMH PEIICHHI Ha TOPIIEBBIX MTOBEPXHOCTSIX;

6) B mpeHeOpeKEHUH MOHIKCHUS TIOPSAAKAa CHCTEMBI TH(GEPEHINATFHEIX YPaBHEHUH W HEBBITIOJHEHUH
YaCTH MPAaHUYHBIX YCIOBUI BCICICTBUE 3TOTO;

7) B cuny OoJbIleii OOIIHOCTH OMUCAHHBIA METO] MO3BOJISIET OJTHOOOPA3HO PacCMATPUBATL HOBBIC 337a4H
KaK JUTsl ©30TPOITHOT0, TAK aHU30TPOITHOTO U KOMITO3UI[MOHHOTO MaTepuaia.
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Abstract. Studies of several metal ribbed-ring large-span domes on computer models have
been carried out. All elements of the dome frames are made of steel I-beams. The dome
frames have the same number of ribs and rings, but they have different size of the upper
ring. The frame elements cross-sections are oriented normally to the dome surfaces, with
the exception of the upper ring. The joints of the frame elements with each other are
assumed to be rigid in the normal direction and hinged in the tangential direction. The
frames are mounted on support nodes at the level of the lower ring pivotally. All the domes
are subjected to the same nodal loads from the weight of the enclosing structures and the
weight of snow. The snow load is assumed to be asymmetrical, located only on one side of
the dome. Under the combined action of these loads, the dimensions of the upper ring of the
domes influence the stress-strain state of their frames. As a result of the research, graphs
have been generated representing the stress level in the meridional ribs and in the upper
rings of the domes. The conclusion has been made that the stress state of metal dome frames
depends on the size of the upper ring. The necessity of increasing the cross-section of the
upper ring with an increase in its size has been noted.
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Binsinue pa3Mepa BepXHero KoJibla Ha HANIPSIKEHHOE COCTOSTHHE
pedpHUCTO-KOJIbIEBOI0 METAJIMYECKOT0 KYII0J1a

E.B. Jleoenn V=

HanmonanbsHelit uccienoBarenbckuii MOCKOBCKHI TOCYIapCTBEHHBIN CTPOUTENBHBIN yHUBEPCUTET, Mockea, Poccuiickas Dedepayus
X evglebed@mail.ru

HUcropus cratbu AHHOTauusl. BBIIONHEHBl HCCIENOBaHUS HECKOJBKHX PEOPHUCTO-KONBLEBBIX
[Moctynuna B peAaxuuio: 6 urons 2023 r. METAJUIMYECKUX OOJBIIETIPOIETHBIX KYIIOJOB Ha KOMIIBIOTEPHBIX Monensix. Bee
TNopa6orana: 27 centsiops 2023 . 2JIEMEHTHI KYTOJIBHBIX KAPKAaCOB NMPHUHATHI U3 CTAJIbHBIX BYTaBpoB. KymnosbHbie
[punsara x ny6nuxanun: 30 centsiopsa 2023 r. KapKachl UMEIOT OJIMHAKOBOE KOJMYECTBO pedep M KOJiell, HO OTINYAoTCA APYT

OT JIpyra pa3MepoM BepxHero koibla. CeueHust 2JIeMEHTOB KapKacoB OpPUCHTH-

pOBaHBl HOPMAJIBHO K KYIOJbHBIM MOBEPXHOCTSIM, 32 MCKJIIOUEHHEM BEPXHETO
konpua. ConpspkeHHs 3J€MEHTOB KapKaca JpyT ¢ JpyroM NPHHATHI )KECTKUMH B
HOpPMaJIbHOM HAIpPaBJICHWU M HIAPHUPHBIMH B TAHT€HLMAIBHOM HAaIlpaBJICHUU.
Kapxkacel ycTaHOBNIEHBI Ha ONOPHBIE y3JIbl B YPOBHE HMJKHETO KOJblLia IIAPHUP-
Ho. Ha Bce kymomna npuiokeHbsl OJJMHAKOBBIE Y3JIOBbIE HArPy3KH OT BECa Orpak-
JTAIOIMX KOHCTPYKIMH W Beca cHera. CHeroBas Harpyska NPHHATa HECUMMET-
PYYHOM, PACIIONIOKEHHOM TOJIBKO C OJHOW cTOpoHBI Kymnoia. [Ipu coBmecTHOM
JIEMCTBUM 3TUX Harpy3o0K pasMepbl BEPXHETO KOJblla KyIOJIOB OTPAXArOTCsA Ha
HaInpsHKEHHO-1e()OPMHUPOBAHHOM COCTOSIHMM MX KapkKacoB. B pesynbrare uccie-
JOBaHUH MOCTPOEHBI TPadMKH, OTPAXKAIOIINE YPOBEHb HANPSDKECHUH B MEPHUANO-
HaJILHBIX peOpax ¥ B BEPXHUX KOJIbIaxX KyrnosioB. CrenaH BbIBOJ O 3aBUCUMOCTH
HaIpPsHKEHHOTO COCTOSHMSA KapKacoB METAJUIMYECKUX KYIOJIOB OT Pa3MepoB
BepxHHUX Kousel. OTMedeHa HeOOXOIUMOCTh YBEIMUYCHHS CEUYCHUS BEPXHETO
KOJIbLIA C YBEJIMUEHUEM €T0 pa3Mepa.

3asiBiieHHe 0 KOH(DJIUKTE HHTEPECOB

ABTOD 3asBIsIeT 00 OTCYTCTBHH
KOH()INKTa UHTEPECOB.

KuroueBble ci10Ba: peOpUCTO-KOJIBIEBOM KyIOJI, MEpPUANOHAIIBHOE pedpo, BepX-
Hee KOJbII0, KOMIIBIOTEPHAsl MOJENb, CTATUYECKUI pacyeT, HAPsHKEHHOE COo-
CTOSIHUE

H.]'lﬂ HUTUPOBAHUSA

Lebed E.V. Influence of the size of the upper ring on the stressed state of the ribbed-ring metal dome // CtpourtenbHas MexaHuKa
UHXEHEPHBIX KOHCTpYyKLuil u coopyxenuil. 2023. T. 19. Ne 5. C. 450-458. http://doi.org/10.22363/1815-5235-2023-19-5-450-458

1. Introduction

Domes are used as coverings of buildings and structures both because of the expressiveness of their
geometric shape and reliability of their structural systems. Due to their spatial rigidity and cost-effective metal
consumption, they occupy a leading position among spatial coverings [1-3].

Geometric schemes of metal dome frames are diverse, depending on the overlapping spans and the purpose
of the structure [4; 5]. Also, there can be different geometrical schemes of frames in ribbed-ring domes, for
example, related to the number of sectors or tiers. One of the essential features of this difference is the size of the
upper ring. Although the size of the upper ring often depends on the aesthetic or technological concept of a
designer.

Many publications considered various aspects of ribbed-ring domes by means of various computer
programs. For example, stress state of the dome frame was analyzed with changing parameters of its geometric
scheme [6], with different dome height-to-diameter ratios for different spans [7], when brick filling of the frame
cells between steel ribs and rings [8], with different dome height ratios and different cross-sections of core
elements [9], and with different heights compared to the span of the dome frame with connections [10].
However, there are no publications devoted to the study of ribbed-ring domes with relatively different sizes of
the upper ring.

Jledeov Eezenuii Bacunveeuy, KaHIuAAT TEXHUIECKUX HAYK, JOLECHT Kadeapbl METAUINUECKUX U JEPEBsIHHBIX KOHCTPYKIMi, HaunonansHeIil nccnenona-
TenbCcKUH MOCKOBCKHI TOCYIapCTBEHHBIH CTPOMTEIbHBIH yHUBepcuTeT, MockBa, Poccuiickas ®enepamus; ORCID: 0000-0003-3926-8701; E-mail:
evglebed@mail.ru
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Asymmetric load has the greatest influence on the stress-strain state of the frames of spatial structures. This
load includes the second variant of the snow load on the dome cover'. It determines the required cross-sections
of the main bearing elements of the dome frames.

Six frames of spherical ribbed-ring domes with a curvature radius of 23 m, a span of 39.3 m and a height
of 11.0 m (h/D = 0.28) were considered as objects of the research. Domes’ frames consisted of 24 ribs, had 6

tiers, and differed from each other by the size of the upper ring. The smallest ring had a diameter of 4 m (d,;, ),

the largest one had a diameter of 14 m (d,,, ), and the step of changing the diameter of the upper ring was 2 m.

Due to the increase in the diameter of the upper ring, the lengths of the meridional ribs elements between the
rings varied from 3.42 m to 2.75 m. The length of the upper ring elements varied from 0.78 m to 1.81 m.

All elements of the dome frames were made of steel I-beams: the ribs are made of I 5011, the upper ring
was made of I 501114, the remaining rings were made of I 2011I1. The cross sections of the frame elements were
oriented normally to the dome’s surfaces, with the exception of the upper ring, a cross section of which was
oriented vertically (Figure 1). It was assumed that the conjugations of the upper ring to the meridional ribs, as
well as conjugations of the other rings to the ribs, are rigid in the normal direction and hinged in the tangential
direction. The frames are pivotally mounted on the supporting nodes at the level of the lower ring.

Figure 1. Investigated models of dome frames

' CR 20.13330.2016. Loads and impacts. Updated version of CNR 2.01.07-85*. Moscow: Ministry of Construction of Russia, 2016.
(In Russ.) Available from: https://www.minstroyrf.gov.ru/docs/13673/
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2. Methodology

The study of the stress state of the ribbed-ring dome’s frame was carried out in the SCAD program [11]
using computer models of spatial rod systems [12]. The study of dome type rod systems is usually carried out by
scientists in various computer programs. Previously, the author performed a comparative study of ribbed-ring
domes with various mounting methods [13; 14], as well as on the number of installed connections between
meridional ribs [15]. The material presented in this paper has been obtained by the author in full compliance with
the generally accepted principles of research for similar states in spatial rod systems.

Dome frames are spatial rod systems pivotally mounted on supports under the meridional ribs at the level of
the lower ring. It is with such computational models that they were presented in these computer studies. All
computer models of domes differed from each other only in the size of the upper ring. The same nodal loads
were applied to all dome frames: from the weight of the enclosing structures, which was symmetrical relative to
the axis of the domes; from the weight of snow, located only on one side of the domes and being asymmetrical
(Figure 2).

d=4m — d=6m e
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Figure 2. Asymmetric snow load on the dome frames

The combined effect of these loads creates a stress-strain state of the dome frames, which determine their
bearing capacity. Despite the fact that the loads are the same, the stress-strain states in the elements of the dome
frames with different sizes of the upper ring of the domes differ from each other.

The outlines of deformed schemes of dome frames with different sizes of the upper rings do not differ from
each other, but the values of deformations are not the same. If the maximum deflection in the most loaded part of
the dome with the smallest size of the upper ring (d,;, ) is equal to f'=9.5 cm , then it increases by 1.6 times in

the dome with the largest size of the upper ring (d,,, ) (Figure 3).

The graphs of longitudinal forces N in the elements of dome frames with different sizes of the upper rings
differ from each other insignificantly. And the diagrams of bending moments in the elements of dome frames
with different sizes of upper rings show significant differences. These differences are associated with a change in

the ratio between the values of moments M , in the upper rings and those at the meridional ribs (Figure 4).
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Figure 4. Diagrams of bending moments M » in elements of dome frames
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3. Example

With an increase in the size of the upper rings, the values of bending moments M, and longitudinal
forces N in the meridional ribs change, but these changes are different and insignificant in magnitude (Figure 5):
M, first increases within 11% of the initial value, then decreases; N first decreases, then stabilizes within 19%.

N M,

1.50 . :
.N[Irlr "Ir ,N(-'Irnﬁn 1.00 __.é:——.l_——*k—__.—'-——._

‘Mn’,- / Md '_".‘—\———-.—-——.—_.
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4 6 8 10 12 14
Diameter of the upper ring ;. m

Figure 5. The ratio of forces N d; /N din and M d; /M
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Figure 6. The ratio of forces N, d; /' N, drin and M d; /M dinin

in the upper rings at § = 0°

A different pattern of changes in bending moments M, and longitudinal forces N, as well as in moments M,,,

is observed in the upper ring. At the same time, the internal forces along the axis of the one-sided asymmetric
snow load (B = 0°) and in the direction perpendicular to this axis (B = 90°) differ from each other. For
B = 0° as the size of the upper rings increases, the bending moments M increase significantly, reaching the

value that is 3.1 times more than the moments at d,,, than the moments at d_ ;. (Figure 6). At the same time,

max
the longitudinal forces N and moments M, decrease, reaching values of 0.38 N and 0.26 M, compared to the
For B = 90° with an increase in the size of the upper rings, the bending moments M . also
min (Figure 7). At

of 0.46 N and

forcesat d .. .

increase significantly, reaching 2.7 times higher values at d,, compared to the moments at d

the same time, the longitudinal forces N and moments M,, decrease, reaching values at d ..

0.38 M, compared to the forces at dp;y.
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in the upper rings at § = 90°

Since the internal forces N, M,, M, in the meridional ribs and in the upper rings of the dome frames

change differently when the size of the rings is changed, the studies of the normal stresses o; in them were car-
ried out. The stress values were determined by the formula:

‘Alx,ii My,i .

W,.;, W

X,1 Vi

N;
A;
With an increase in the size of the upper rings in the dome frames, the initial stresses ( 12.51 kN/cm?)

at d,;, in the meridional ribs change insignificantly, within 9% with no tendency to rise (Figure 8). The initial

n
stresses ( 15.05 kN/cm?) in the upper rings at d.;, change significantly, within 26% and have a tendency to

increase (see Figure 8).
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——.—
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in the elements of the dome frames
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4. Conclusions

1. As a result of the research, it has been shown that with an increase in the size of the upper rings in the
frames of ribbed-ring domes, the bending moments in the vertical plane in these rings increase several times, but
the longitudinal forces and moments from the vertical plane decrease.

2. The normal stresses in the meridional ribs increase slightly at first, then decrease without reaching the
initial values. The normal stresses in the upper rings increase significantly with an increase in their size, with a
tendency to further increase.

3. With increasing the size of the upper rings in metal ribbed-ring domes, it is necessary to increase their
cross-section. The reliability of metal domes mainly depends on calculations for a combination of loads consid-
ering asymmetric force influences.
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1. BBenenune

Teopusi yCTOMYMBOCTH HIPACT KITIOYEBYIO POJIb B COBPEMEHHOM MH)KEHEPHOM JIelie, TaK KaK IIOYTH BCE U3-
BECTHbIE KOHCTPYKTHUBHBIE pa3pyLICHHs cOIEpXaT B ceOe IIEMEHTH SIBICHHS HEYCTOHYHMBOCTH PAaBHOBECHS.
[ToHuMaHue TOKPUTHYECKOTO M MOCICKPUTHYECKOTO MOBEICHHUS TOHKOCTEHHBIX 3JIEMEHTOB KOHCTPYKLUM MO3-
BOJISICT OLICHUBATh MX PEAIbHYIO HECYIIYH CIIOCOOHOCTb, a TaKKE€ YyBCTBUTEIHHOCTHh K HAa4aJIbHBIM HECOBEP-
HICHCTBaM. 3a MOCIeIHUE TPU ACCATHIICTUS MPOBEACHBI OOIIMPHBIC YHCICHHBIE U IKCIIEPUMEHTAIbHBIC UCCIIe-
JOBaHUs YCTOMYNBOCTH U IPEAEIBbHON HeCyllel ClOCOOHOCTH TOHKHUX MOAKPEIUICHHBIX TUIACTHH C MPOAOJIBHbI-
Mu pebOpamu kecTKoCTH [1-3]. OmgHONW W3 OCHOBOMIOJATAIOMIMX pPa0OT IO TAHHOW TeMeE SIBISICTCS CTaThs
B. TBeprapza [4], B KOTOpO# paccMOTpeHO paBHOBecHE OECKOHEYHO IIUPOKOH TacTuHbI, yuensie LIAT'U [5; 6]
3a MOCJeIHHE OBl MPOBENU P YUCICHHBIX M OKCHEPHUMEHTAIBHBIX PacyeToB YCTOMYMBOCTH M B3aHMMOJCH-
CTBHS COOCTBEHHBIX (POPM CTPHUHIEPHBIX MaHEJCH M3 YITEIUIACTHKA C YUETOM BJIMSHHS HadaJbHBIX HECOBEP-
IIEHCTB, aBTOpaMu [7—12] nccnenoBaHo JOKPUTHYECKOE U HadalbHOE MOCIEKPUTUIECKOE paBHOBECHE YIIPYTHX
TOHKHX TOAKPEIUICHHBIX TIACTUH C YYETOM B3aMMOJCHCTBUS COOCTBEHHBIX (OpPM, a TaKKe MpeIcTaBiIeHa Kiac-
cu(UKanus HEJIMHEHHBIX PEIICHUH 3aaull yCTOMYMBOCTH YIIOMSIHYThIX IIJIACTHH.

Hecmotps Ha Gosblioe KOMM4ecTBO pabOT B 3TOM HAIIPABICHUH, PELICHUS 10 M3MEHEHHIO I€OMETPUHU Ta-
KHAX CHCTEM C LIEJIBIO CHIKEHHS YyBCTBUTEIBHOCTH KPUTUYECKON HArpy3KH K BIHMSHUIO HAadaIbHBIX HECOBEP-
HICHCTB METAJUTMUECKUX MOJKPEIJICHHBIX TIACTHUH MoKa3aHbl He Obuth. B [13] mpuBoAsTCS HHTEPECHBIE DKCIIe-
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pUMEHTAJIbHBIE MCCIEAOBAHUS CHKATBIX MOIKPEIUICHHBIX IIAcTHH, B [14—17] moka3aHsl OCHOBBI YHCIEHHOTO H
AQHAJIMTUYECKOTO METOJOB pacyeTa Ha YCTOMYMBOCTh MOJKPEIUICHHBIX MacTvH, B [18] mokas3aHbl perieHus 3a-
Jlad YCTORYMBOCTH ISl TIOAKPETUICHHBIX TUIACTHH KOHEYHBIX Pa3MEPOB IIPH HATPYKEHUHU CIKUMAIOIIMMH CHUIIAMHU
Y U3THOAIOITNM MOMEHTOM, B [19] mccienoBansl MOAKPEIUICHHBIE TUIACTHHEI ¢ pedpaMu Z-00pa3HOTO CEUCHUS,
MOJTYYEHBI MAaTPHIIBI )KECTKOCTH JUTS PELICHUS KPAaeBBIX 3ajad.

Cornacao acumnrorudeckoi Teopun B.T. Koiitepa [20] paznuuatoTr cieayromue ciiydad MOTEpU yCTOWUH-
BOCTH:

® TpOCTOE BBHIMyYMBaHHE (HECBA3aHHOE), KOTZAa OJHOMY COOCTBEHHOMY 3HAUCHHMIO COOTBETCTBYET OJHA
coOcTBeHHast popma;

® CJIOXXHOE BBITyYHMBaHUE (CBSA3aHHOE), KOT/Ia JIB€ WM Oojiee COOCTBEHHBIX ()OPM MMEIOT OJTHO WX OJHU3-
KHe COOCTBEHHBIE 3HAUCHHUSI.

PaszButHe sBIEHWS CIOXXKHOTO (CBS3aHHOTO) BBIMYYHBAHMSA B Pe3yJbTaTe B3aWMOJICHCTBHS COOCTBEHHBIX
(GopM 3a4acTyio SBISIETCS MPUYMHONW HEYCTOWYHMBOTO TOCICKPUTHYECKOTO MOBEJICHUS TOHKOCTEHHBIX CHCTEM.
B3anmopeiicTBue GopM MOpoKAaET OONBIIYIO YyBCTBUTEIBHOCTh K HAYaIbHBIM T€OMETPHUECKIM HECOBEPILCH-
cTBaM. DTO Pe3KO CHIXKAET HECYIIYI CIIOCOOHOCTh CUCTEMBI, YTO OCOOCHHO 3aMETHO B 33/1a4aX YCTOWYHMBOCTH
TOHKUX MOJKPEIUIEHHBIX IacTuH. Bo m30exanne maHHOTO 3(pdexTa MpemIokeH aIropuTM H3MEHEHHS Iua-
TpaMM PaBHOBECHBIX COCTOSHUI, KOTOPBIN 3aKITIOYAETCS B CICAYIOMIEM:

1) mepeHecTd TOYKH OuypKaluy, COOTBETCTBYIOIIME MECTHOMY BOJHOOOPAa30BAaHMIO, BBIIIE 3HAYCHUA
KPUTHYECKOW Harpy3ku Oudypkaunnu, oTBeqarouield oo1ei notepe yCTOMYMBOCTH, IyTEM COOTBETCTBY-
IOIIETO N3MEHEHHUS TEOMETPHUYECKUX ITapaMeTPOB MOJAKPEIUICHHBIX TUIACTHH;

2) MpOBECTH OLIEHKY KPUTHUYECKUX HATPY30K U3 IMHEHHOTO pacueTa, COOTBETCTBYIOIINX 00Imel Gopme 1mo-
TEepH YCTOWYMBOCTU W MecTHOH (hopme BOHOOOpa3oBaHWs (B pebpax wiu TuiactuHe). Kputnueckas
HarpysKka, COOTBETCTBYIOIAs MECTHOH (opMe NOTEpH YCTOHUNBOCTH, JOKHA OBITH BBIIIE MO 3HAYECHUIO
KPUTHUYECKON HArpy3Kd, COOTBETCTBYIOIIEH obmiel hopme. Uem Oolee CyliecTBEHHA pa3sHHUIIA MEXIY
KPUTHYIECKON Harpy3koi BoIHOOOpa3oBaHUs (B peOpax WM IUIACTHHE) IO OTHOIICHHUIO K KPUTHICCKOM
Harpy3ke oOmel GopMbl, TeM MeHee BhIpakeH () (PeKT BIUSHUS B3aUMOIeHCTBHSA (hOpM.

[Momxom kK MOCTPOCHUIO AUAarpaMM PaBHOBECHBIX COCTOSHHI (MEpEeHOC TOYKH OH(ypKaIlliH, COOTBETCTBYIO-

IIeH BOJIHOOOPa30BaHUIO pedep U IUIACTHHBI) MOKa3aH Ha puc. 1 u 2.

IIpu permeHnN TaHHBIX 3a7a9 YYUTHIBAIOCH B3aUMOACHCTBHE 00IIEeH (OPMEI TOTEPH YCTOHIHMBOCTH C KaXK-

JIO MECTHOH (pOpMOH B OTHAECIHEHOCTH.

;J;..'Ll

at

Puc. 1. [IpencraBnenue noaxona K HOCTPOSHHIO TUarpaMM PaBHOBECHBIX COCTOSTHUI
(mepeHoc Touku 6uypKalKy, COOTBETCTBYIOLIEH BOIHOOOPa30BaHUIO pebep)

Figure 1. Representation of the approach to the generation of equilibrium state diagrams
(transposition of the bifurcation point corresponding to the wave formation in ribs)
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Puc. 2. IIpencrasienue moaxoa K MOCTPOCHUIO JUArpaMM PAaBHOBECHBIX COCTOSTHUIN
(mepeHoc Touku 6u(ypKaIKy, COOTBETCTBYOLICH BOIHOOOPAa30BaHHUIO ILIACTUHBI)

Figure 2. Representation of the approach to the generation of equilibrium state diagrams
(transposition of the bifurcation point corresponding to the wave formation in a plate)

2. MeToabl 1 MaTepuaJibl

PaccmarpuBaeTcs OECKOHEUHO IIUPOKasi peryiisipHasi MOIKPEIJIeHHas MmacTuHa (cM. puc. 1), ckaras 1eH-
TPajIbHO MIPUIIOKEHHBIMH CHUJIAMH.

dusnyeckue XapakTepucTuku Matepuana: E = 2 - 10%kr/cm?,v = 0,3.

['pannyHbIe yCcIOBUS: MIACTHHA MIAPHUPHO OIEPTa IO TOpLAM, IPOIOJIbHbIE Kpasi — CBOOOAHBIE.

OTO HO3BOJISIET UCCIEN0BATh YCTONUUBOCTh MOAKPEIUIEHHON IJIACTUHBI IIPY IIOMOIIX aHAIN3a PaBHOBECHS
onHOro peryispHoro T-oOpasHoro gparmenra (o ananoruu ¢ B. Teeprapmom u A.M1. ManeBuuem [4; 21], paB-
HOYCTOMYHMBOTO C OCTaNbHBIMH T-00pa3HbiMu (parMeHTaMu (puc. 3).

Puc. 3. Ilonepeunoe ceueHne NOAKPEILICHHON ILIACTUHBI
Figure 3. Cross-section of a strengthened plate

Pasmeprr T-00pa3HoOro gparMeHTa IIacTUHBI ClieAytonue: b — mupuHa (paccTosTHUE MeXay pedpamu B
ocsix), § — TONIIMHA IIACTUHBL, by — BBICOTa pedpa, t; — TonmuHa pedpa, L — anuHa ¢pparmMeHTa (MOAKpen-
JICHHOW TJTACTHHBI).

I'pannunsle ycnoBust T-oOpazHoro (yparMeHTa IUIACTUHBL: MIAPHUPHOE OMMPAHUE BIOJb KOPOTKUX CTOPOH,
BJIOJIb JUIMHHBIX CTOPOH — IUIABAIONINeE 33/1eNKu. Harpyska nmpuoskeHa B BUE COCPEIOTOUYCHHON CHIIBI B IICH-

Tpe TsDKeCcTH ceueHus (puc. 4).
Ll ¥ 1

Puc. 4. 'pannunsble ycinoBus U Harpyxenue T-oOpa3Horo ¢parmenra
Figure 4. Boundary conditions and loading of the T-shaped fragment
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Brenem 6e3pa3zmMepHbIi TapaMeTp:

My o= (1)

rzie A — HapaMeTp Harpy3k, A, — KPUTHYECKHI ITapaMeTp Harpy3KH, HOIyYeHHBII U3 IMHEWHOTo pacyera Ui
o0mieit GopMbI BBITyYHUBAHHS IO THITY JHIICPOBON CTOWKH.

PaccMmoTrpum npuMep peanusanuu NOCTPOEHUS HOBBIX JUAIPAMM PABHOBECHBIX COCTOSIHUM C LIEJIBIO CHUXKE-
HUSl YYBCTBUTEIBHOCTH KPUTHUECKHX HArpy30K MOAKPEIUIEHHBIX IUIACTMH K Ha4YaJbHBIM HECOBEPIIECHCTBAM.
HcxonHpIME F€OMETPUYECKUMU COOTHOIIEHUSIMH T-00pa3Horo parMeHTa sBIsIIOTCA:

b by _ bit; 1 L

ho 2% g - 20 T

IIpu maHHBIX TeOMETpHUECKHUX MapameTpax T-oOpa3Horo (parMeHTa MepBOH KPUTHICCKON HArpy3KOH Io-
TepH YCTOWYMBOCTH SIBJISIETCA Harpy3Ka, COOTBETCTBYIOIAs MECTHOI (opme BoTHOOOpa3oBaHus B pedpe, a cie-
Jylollel — Harpyska, COOTBETCTBYomas o0miell popMe MOTepH yCTOMYMBOCTH, OTHOCHTENbHAS HArpyskKa, co-

OTBETCTBYIOIIAsl YUCIICHHOMY HEJIMHEHHOMY pellleHuto, coctaBuia |, = 0,758. byaem BapsupoBaTh COOTHOILIE-
b L

b L
HUA -1 7 CooTtHomIecHUE 7, YIpaBieT (hopMoit BOTHOOOpa30BaHUs, a COOTHOIICHUE 5 YIPaBIAeT KPUTHIECKOM
Harpy3Ko#, COOTBETCTBYIOMIEH 00mmelt ¢hopme. B uTore mMoydyuM HOBBIC COOTHONICHHS TEOMETPUUYSCKUX Tapa-
METPOB, MPH KOTOPHIX MEPBOH MO BEJTMYMHE SIBIISCTCS KPUTHUECKAsi HArpy3ka oomiei GopMbI OTEPH YCTOMUH-
BOCTH (Pip = 980,91 kH), a cneayromias KpUTHYECKas Harpy3ka COOTBETCTBYET BOJHOOOpa3zoBaHMs pedpa
(Pgp = 1655,61 kH).

b_ b _ 0 bty 1 L_.
hoo t, bh 5’ b "

Y HOBBIE TeOMETPHUECKHE mapameTpbl T-00pa3Horo gpparMeHTa:
h=1cm, b=35cm, t; =0,6 cM, b; =12 cMm, L = 245 cm.

< .b L
N3menenue TCOMCTPUUCCKUX MMapaMETPOB € NIOMOIIBIO Baprualiluid COOTHOICHUN ; n ; IMO3BOJIMJIO MTOJTYYHTDH

pasHHIly 3HAUYEHHI KPUTHUYECKUX HArpy30K oOmielt popMbl IOTEpH YCTOWYMBOCTH U MECTHOH (POPMBI BOTHOOO-
pasoBaHus B peOpe B 1,7 pasa.

AHaNOrMYHOE MPEACTaBICHHE TCOMETPHUECKUX MapaMeTPOB PETYJSIPHOrO (hparMeHTa peain30BaHO IS
citydasi B3auMoJIeHCTBYsI 001Iel GopMbI HOTEpH YCTOWYMBOCTH C MECTHOH (hOpMOI BOJTHOOOpa30BaHUS IJIACTH-
HBI.

HcxonHBIMU T€OMETPHUECKIMH COOTHOLICHUSIMH T-00pa3Horo ¢gparmenra siBIstOTCS

b—100- bl—zo- bity 1. L—667
hoo t, bh 5’ b
COOTHOIIEHUS TEOMETPHUIECKHIX ITapaMeTPOB C YUCTOM BapbHPOBAHUS % u %:
b b, bt; 1 L
— =90; — = 20; =, - =10.
p =0 t, 0; bh 5’ p = 10

Hosrle reomerpudeckue mapameTpsl T-o0pa3HOro (parMeHTa MOAKPETUICHHOM TUIACTHHBI JJIS CITy4asi, KO-
I71a OCYLIECTBIICH MEPEHOC TOYKH OM]ypKaLuu BOIHOOOPa30BaHUs TACTHHBL:

h=1cm b=90cMm, t; =0,95¢cmM, by =19 cM, L =900 cm.

W3 nuHeiHOrO pacyera MONyYeHBI 3HAYCHUS] KPUTHYECKUX HArpy3oK. 3HaYeHUE Harpy3KH, COOTBETCTBYIO-
miee o0riei hopMe moTepu yCTOHINBOCTH, COCTABUIIO Pap = 465,6 kH.
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Jlns mecTHOH (OpMBI BOTHOOOPAa30BaHUs IUIACTHHBI 3HAYEHME KPUTHYECKOH Harpysku Py, = 681,60 kH.

N3MmeHeHne reoMeTpUYEeCKUX MapaMeTPOB MO3BOJWIIO TOJYUYUTh PAa3HMIYy 3HAYEHUM KPUTUYECKUX HArpy3o0K B
1,5 paza.

3. Pe3yabTaThl U 00CyxKAeHHE

Pemenne B mporpaMMHOM KOMITIEKCE C YYETOM T€OMETPHUECKON HETMHEWHOCTH MTOKA3aI0 CIICIYIOIIUE pe-
3YJIBTaThl: Harpy3ka B NpeenbHol Touke Py, Ha puc. 5. 3Ha4YeHHs KPUTMYECKUX HArPY30K M3 JMHEHHBIX pacye-
T0B npezicTaBnens B [9]. Py, = 979,21 kH (u; = 0,998). Ilporu6 pasusaetcs B cTOpoHy TmacTuHbL. Cremo-
BaTeNIbHO, peOPO OKa3hIBACTCA B CHKATOH 30HE, OJHAKO OM(ypKaruy BOITHOOOpa3oBaHMs HEe HAOIIOMAETCs, TakK
KaK OHa JIOCTaTOYHO JJAJICKO. 3HAYCHHUE MAaKCUMAIILHOTO MPOruda B MpeesibHOM ToUKe cocTaBmio & = —1,5 cMm.
Jls mocTpoeHusT KpUBON PaBHOBECHU B3STa TOYKA Ha OCH CUMMETpUU T-00pa3HOro ¢parMeHTa B CEpeMHE
TIacTHHBL. J[eopMHUPOBAHHBIN BU/I TUTACTHHBI U KPUBAsk PABHOBECHBIX COCTOSTHHUI MPEICTABICHBI HA PUC. 5.

-0,34

0,61

-0,9!

Pxp

)
[~
3]
~14
wm

0 5.5 11 16,5 33

Percent of Load

Puc. 5. [lepopMupoBaHHbIN BHI IUNIACTHHBI M KPUBasi PABHOBECHBIX COCTOSIHUH M3 PEIICHHUS 3a1a4n
C y4eTOM M3MEHEHHMS TeOMETPHYECKUX napameTpoB T-o0pa3zHoro ¢pparmenra
(uckmrouenne 6ugypkamu pedep)

Figure 5. Deformed view of the plate and the equilibrium curve from the solution of the problem
with account of changes in the geometric parameters of the T-shaped fragment
(excluding rib bifurcations)

B Tabn. 1 mpuBeneHs! 3HaUYEHUS] OTHOCHTEIBHBIX HArpy30K [l; B 3aBHCHMOCTH OT BEITHYHMHBI HAYAITHHOTO
nmporuda, MOlydeHHBIE B Pe3yibTaTe YMCICHHBIX HEMMHEWHBIX PEHIeHWH I JABYX BapHaHTOB COOTHOIICHWH

b L
TEOMETPUICCKUX MapaMeTpoB T-o0pa3Horo ¢hparMenTa (MCXOMHOTO U C YIETOM BapbUPOBAHUS P Z)' Ha pwuc. 6

MIPUBEJICHB! KPUBbIE YYBCTBUTEIBHOCTH KPUTHUYECKUX HArpy30K K HaualbHBIM HECOBEPIIEHCTBAM B 3aBUCUMO-
CTH OT MX aMIUTUTY[, IOCTPOCHHBIE IO PE3yJIbTaTaM YUCICHHBIX HEITMHEWHBIX PELICHHH IMPH HCXOAHBIX Mapa-
MeTpax, U pelIeHns IJis IUIUTHI ¢ TTapaMeTpaMi, U3MEHEHHBIMU TIPH TIOMOIIY TPEJI0KEHHOTO alropuTMa.

[IpoBenemM aHajIOrM4YHOE MCCIEAOBAHHE UYYBCTBUTEIBHOCTH KPHUTHYECKHX HArpy30K BOJHOOOpa30BaHUS
IUTACTUHBI K HAaYaJIbHBIM T€OMETPUYECKUM HECOBEPUIEHCTBAM M CPAaBHUM PE3YJIBTAThl YNCICHHBIX HEITMHEHHBIX
pelieHuil s IByX BapHaHTOB T€OMETPHYECKHUX cOoTHoIeHuil T-o0pasHoro ¢parmMeHTa MoAKpeIrUIeHHON Ma-
CTHHBI.

st npyroil miacTHHbBI pEeICHUE TOHM K€ 3aa4d B N€OMETPUYECKU HEJIMHEHHOH IOCTAaHOBKE IO3BOJIAIIO
TOJIYYUTh 3HAYCHUE KPUTHUECKOH HArpy3KH B MpPENENbHOM Touke: Py, = 456,25 kH, 1y = 0,979. Ilporu6 pas-
BUBAETCs B CTOPOHY peOpa. Takum 00pa3oM, MIacTHHA OKa3bIBAETCS B CXKaToil 30He. MakcHUMaIbHOE 3HAUYCHHE
nporu6a B MpelesbHONW TOYKe COCTaBHIO: & = 14,7 cM. [Insg mocTpoeHus: KpUBOW paBHOBECHH B3ATa TOYKa Ha
ocu cumMmeTpun T-00pazHoro ¢parMeHTa B cepeuHe miacTuHbl. JedhopMupoBaHHBIN BUJ TIACTHHBI U KPUBAs
PaBHOBECHBIX COCTOSIHUM M3 PELICHUS 3aJaudl ¢ yU4eTOM M3MEHEHUS T€OMETPUIECKUX IapaMeTpoB T-o0pa3Horo
¢dparmenTa (McKitoueHNe OnQypKaIluy IUTACTHHBI) PEICTaBIICHBI HA pUC. 7.
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Tabauya 1/ Table 1
3Ha4yeHUs] OTHOCHTEJbHBIX HATPY30K |1 / Values of relative loads 14

3
0 | o3 | o5 | 08 | 1

[Ipu ncxomHBIX reoMeTpUIecKuX cooTHomeHU X / At the initial geometrical ratios

M1
0,758 0,48 0,417 0,384 0,319

[Ipu u3MeHeHHBIX reoMeTprueckux cooTHouieHusx / At the modified geometrical ratios

H1
098 | 0853 | o816 | 0767 | 0686
A
1
b 5
0,998 0[}.3.3 0.316 -
0.8 __’_—7—0._,__7___ 0,767
=Y ——
0.758 e
0.6 0.686
0.48
e~ o4 i
0.4 -“'7__*————3____7
0.319
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
£<0

Puc. 6. Kpusble 1yBCTBUTEIBHOCTH KPUTHIECKHUX HArPy30K
K Ha4daJbHBIM HECOBEPIICHCTBAM B 3aBHCUMOCTH OT HX aMIUTHTY/]
Figure 6. Curves of critical loads sensitivity
to initial imperfections as a function of their amplitudes
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Puc. 7. lebopMupoBaHHbIH BHJ INTACTUHEI ¥ KPUBasi PABHOBECHBIX COCTOSHUM
Figure 7. Deformed view of the plate and the equilibrium curve
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B Tabmn. 2 NPUBCACHBI 3HAYCHUA OTHOCHUTCIBHBIX HArpy3oK Wi B 3aBUCMMOCTHU OT BCIIMYMHBI HAa4aJIbHOI'O
npom6a, MOJIYYCHHBIC B PE3YJIbTATC YHCJICHHBIX HCIUHEHHBIX pe]_HeHI/Iﬁ OJid ABYX BapHUaHTOB COOTHOIICHUM

b L
reOMETPHUYECKHX MapamMeTpoB T-o0pa3Horo (parMeHTa; HCXOAHOTO U C yUYETOM BapbUPOBAHUS PR Ha puc. 8

MPUBEACHBI KPUBLIC YYBCTBUTCIIBHOCTH KPUTUYCCKUX HArPy30K K HaYaJIbHBIM HECOBCPHICHCTBAM B 3aBUCUMO-
CTHU OT UX aMIIJIUTY [, HOCTPOCHHBLIC IO PEC3yJIbTaTaM YUCICHHBIX peIHeHI/Iﬁ IIpU UCXOAHBIX MapaMeTpax U peiIc-
HUA 1UIA IJIMTHI C TapaMEeTpaMi, USMCHECHHBIMU IIPHU ITOMOIIU IPEIIONKEHHOI0 aJlroOpUuT™Ma.

Tabauya 2 / Table 2

3HaYeHHs] OTHOCHTEJILHBIX HATPY30K |11 B 3aBUCHMOCTH OT BeJIMYHHbI HAYAJbHOTO Mporuda /
Values of relative loads |1; depending on the value of the initial deflection

&
0 | 03 | 0,5 | 0.8 | 1

[Ipu rcxomHBIX TeOMETpHUYECKHX cooTHOMIEHHX / At the initial geometrical ratios

M1
078 | o732 | o7t | 0687 | 0672

[Tpn u3MeHeHHBIX TeoMeTpHYecKuX cooTHoIeHusX / At the modified geometrical ratios

M1
0979 | 0952 | 0921 | 0894 | 088
MM
0.979 0,952 2
e --_,.2‘9:1 0.894 0.883
o oss
0.8 ¢ -
—_—
0,785 a2 o ———————2
0.6 R i 0,687 0.672
0.4
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
>0

Puc. 8. KpI/IBBIe YYBCTBUTCIBHOCTU KPUTHICCKUX HAI'PY30K
K Ha4aJIbHBIM HECOBEPHIICHCTBAM B 3aBUCUMOCTH OT UX aMIUIUTY

Figure 8. Curves of critical loads sensitivity to initial imperfections as a function of their amplitudes

4. 3akaouyenue

AHanmu3upyst pe3yibTaThl, MPUXOAUM K BBIBOJY, YTO MEPEHOC TOYKW OM(YpKAIMK BOIHOOOpPA30BaHUS B
peOpe MO3BOJINIT MOTYYUTh KPUBYIO YYBCTBUTEIBHOCTH KPUTHYECKHX HArPY30K K HAYATILHBIM HECOBEPILICHCTBAM
C MEHee BBIPa)KEHHBIM aJICHUEM KPUTHYECKUX HAarpy30K.

1. INagenne KpUTHYECKOW HArpy3KH s T-00pa3Horo ¢pparMeHTa MoAKPEIIICHHONW IACTHHBI ¢ UCXOTHBIME

TeOMETPUYECKUMH MapaMeTpaMu cocTaBmiio 57,92 %, Toraa kKak majeHne KpUTHYEeCKON Harpy3KH C H3-
MEHEHHBIMHM F€OMETPHUYECKUMH NTapaMeTpaMu cocTtaBuio 31,26 %.
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2. AHamOTWYHBIC PE3yJIBTATHI MMOYUYSHBI TIPH MTepeHOCe ToUeK OM(ypKaIuy BOJTHOOOPA30BaHUS TUIACTHHBI
(cm. puc. 2). [NageHne kpuTHYecKoi Harpy3ku ais T-o0pa3HOTO (pparMeHTa MOAKPEIUIEHHOW TUTACTHHBI
C UCXOJHBIMU I'€OMETPUUYECKUMU MapameTpamu coctaBuiio 11,34 %, Torna kak nmajgeHUEe KpUTUUECKOM
HArpy3Kd ¢ U3MEHEHHBIMH T'€OMETPUUYCCKUMH MapaMeTpaMu cocTaBuio 9,8 %.
DTO0 MOKAa3bIBAET, YTO MOJKPEIUICHHAS TUIACTHHA, B KOTOPOI BO3MOXKHO BOJHOOOpa30BaHKE B OOIIMBKE, Me-
Hee YyBCTBUTEJIbHA K BIUSHUIO HA9aILHBIX HECOBEPIICHCTB, YeM aHAJIOTUYHAS TJIACTHHA, B KOTOPOI BO3MOYKHO
BOJIHOOOpa3oBaHue B pedpax.
Tem He MeHee Pe3yNbTATHl PEIICHUS ¢ YISTOM MepeHoca TOUeK OnypKaIuy BOITHOOOpA30BaHUS TOKA3aIH,
YTO YeM BHINIE 3HAUYEHUE HArpy3KH MECTHOH IMOTepH YCTOWYMBOCTH BOJHOOOpa30BaHHSA IO OTHOIICHHIO K
Harpy3ke oormiel (opMbl, TeM MeHbIIe 3(Q]ekT B3anmoaeicTBus (HOpM U, COOTBETCTBEHHO, YyBCTBUTEIHLHOCTh
YIOMSHYTOH TUTACTUHBI K BIUSHUIO HAYaJIbHBIX HECOBEPIICHCTB.
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1. BBenenune

B mocnennue ronbl mpu NIpOSKTUPOBAHUY CIIOKHBIX 3MaHUM U coopyxeHuil [1-7] kak OoJbIINX MeXaHUYe-
CKHX CHUCTEM BCe 0OJjIblliee BHUMaHUE yAeIsIeTca OlleHKaM MX JTUHAMHYECKOTO TIOBEJEHHs 0]l Harpy3KaMu, U3-
MCHSIOIMUMHCS BO BpeMeHH [8—15]. [Ipu 3TOoM BaKHBIMH TTPOEKTHO-KOHCTPYKTOPCKAUMHU OTPAHHYCHUSIMH SIBIISI-
I0TCsI TIPENENbHO OMyCTUMBIE NeOpMalui U HaNpsDKEHUS B KOHCTPYKTHBHBIX dieMeHTax. HambGomee mocrto-
BEpHBIE OIEHKH MOJAIBHBIX MapaMeTPOB KOHCTPYKIHUH MOTYT OBITh ITOJNyYEHBI SKCIIEPUMEHTAIGHBIM ITyTEM.
C 3T0i1 1IeNbI0 UCTIONB3YIOTCA KOHCTPYKIMUA-TIPOTOTHITBI, CO3/IAl0TCS CIIOKHBIE SKCIIEPHIMEHTAIBHBIE YCTAHOBKU
W M3MEpHTENIbHBIE KOMIUIEKChL. OTHAKO OCOOCHHOCTh IKCIIEPUMEHTANBHBIX UCCIIETOBAHUN COCTOUT B TOM, YTO
UX pe3yJbTaThl OKa3bIBAIOTCS BEPHBIMH JIUIIE AJIs1 KOHKPETHBIX ycaoBuil [16-23]. O6o0mmenue morydyaeMbIx pe-
3yJIBTATOB U WX PACIPOCTpaHEHNE Ha OOBEKTH C HOBHIMH KOHCTPYKTHBHBIMH PEIICHUSMH, Pa3IMIHBIMH Tpa-
HUYHBIMU YCJIOBHSMH, HArpy3KaMH M (PHU3UKO-MEXaHUIECKUMHU XapaKTEPUCTUKAaMH MaTEpHaOB OKa3bIBAIOTCS
BeChbMa 3aTpyIHUTEIbHBIMU. YKa3aHHas IpoOjeMa MOXKeT ObITh pellleHa MMyTeM MH)KEHEPHOTO aHalln3a TpeX-
MepHBIX (3D) KOHEeYHO-31IeMEHTHBIX Mojeneid. OHaKko Heo0X0quMasi TOYHOCTh PacYeTHBIX OIIEHOK HE MOXKET
OBITH TapaHTHpOBaHa anpuopu. [1lo 3Toi mpUYHMHE JIydIIMM BapUaHTOM pEIIeHUS MPOOJIEMBI SBIISIETCS COBMECT-
HOE MCTIOJB30BAHUE PACUETHOTO M IKCIIEPUMEHTAIHHOIO METOAOB HccieaoBanuil [24—27]. KoneuHo-3neMeHTHAS
MOJIeNIb 00ecIeurBaeT HEOOXOMUMYIO TIOTHOTY, KOMIUIEKCHOCTh U MHOTOBAPHAHTHOCTh WH)KEHEPHOTO aHaIn3a
MUTHAMUKY CTPOUTEIHHOr0 00BekTa. MCIONMB3ys pe3yabTaThl SKCIEPUMEHTOB [28, 29], MOKHO OTKOPPEKTHPO-
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BaTh XapaKTEPUCTUKU MOEIH VI TOrO, YTOOBI clesiaTh €e 0ojiee TOYHOH M MaKCHMajbHO IPUCIIOCOOICHHOM
JUISL pacuyeTHOTO KOHCTPYHPOBAaHUS M NMPOTHO3MPOBAHMA IMHAMUKH TMOBEIEHHUS CTPOUTENHHOTO O0BEKTa TOTrO
WJIN MHOTO THIIA.

Hacrosimee nccienoBanye MOCBSILEHO BOIIPOCAM MOCTPOCHUS M aHAIN3a IUHAMUKU IOBEACHUS KOHEUHO-
3JIEMEHTHON MOJEIHM OOJIBLICTIPOJICTHOTO 31aHus ¢ NWIMHAPO-IUTHBIM (LIIT) mokpeitueM. [fenv pabomul 3a-
KJII04anach B OTPaOOTKE METOAMKH MOJAlbHOTO aHalW3a KOHCTPYKLUMH 3[JaHMs KakK OOJBIIOW MEXaHWYeCKOH
CHCTEMBI ¢ OOJIBIIUM YHCIIOM CTeneHeld cBoOoabl. OcoOBIi HHTEPEC K aHATN3y AWHAMHUKH YKa3aHHOTO 00BEKTa
BO3HHK B CBSI3U C HEOOXOIUMOCTBIO BBISBICHUS HaNOOIEe «OMACHBIX» PE30HAHCHBIX 4aCTOT U ()OPM KOHCTPYK-
Ui ykazaHHoro Tumna. Onpene’eHHBIH HAyYHBIM MHTEpec ObUI CBS3aH TaKKe C aHAIW30M YyBCTBUTEIBLHOCTH
TUHAMHYECKUX PEaKIIii KOHCTPYKIIUU K pa3HOOOpa3HBIM KOHCTPYKTUBHBIM N3MeHeHUsM 31anus [30; 31].

1.1. Obuwan xapakmepucmuka 601buIenPoOIEMHO20 30AHUA
C UUTUHOPO-NIAUMHBIM HOKPbIHUEM

lenTpanpHast yacTh 3/IaHUS MPEACTaBIsICT COOOM B TUTaHE NMPSIMOYTOJIBHUK ¢ pazmepamu 40(B) x 84(L) m.
[IpocTpaHCTBEHHBIM MOKPHITHEM IIEHTPATFHONW YacTH BEIOpaHa MOHOIUTHAS JKele300eTOHHAS [UIHHIpHYECKas
000JI0YKa HYJICBOW T'ayCCOBOM KpPWUBH3HBI (1103. 2), MMetomas BeicoTy A =4 M, Tommuuy 6 = 0,15 M u paguyc
KPUBH3HBI, paBHbI R = 52 M. BopToBBIMH 3NIeMEeHTaMU LUIMHAPHUYECKONH OOOJOUYKH SIBISIOTCS JBE TOPLEBBHIC
JKeJIe300€TOHHBIE apKH U MPOJIOJIbHBIE Oallku MPSIMOYTOIILHOTO cedeHus ¢ pasmepamu b = 0,5 M. 1= 0,8 m. Ilo
KOHTYPY 3aHUSl yCTAHOBIIEHBI OTIOPHBIE KOJIOHHBI (T103. 1) KBaZpaTHOTO MOIEPEYHOr0 CEYCHHS C IIaroM 6 M.
BricoTa KOJIOHH B MPOIOJIEHOM HaIlpaBlieHUH (110 AJIHHE MPsMOYTOJIbHUKA) IPUHATA paBHOI 12 M, a B momepey-
HOM HamnpaBlieHUUu — oT 12 1o 16 m.

K menTpanpHO# YacTu 30aHAS C IBYX CTOPOH MPUMBIKAIOT ABYXATAXXHBIE TOMEIIEHHS C TUTUTAMH TUTOCKOTO
MOKpBITHSL. BpicoTa kaxkaoro staka paBHa 6 M. TONIIMHBI jKeI€300€TOHHBIX IUIUT MOKPHITHH U NEepeKpBITHI
(mo3. 3) mpuHATH paBHBIMY ¢ = 0,2 M. [INUTHI Takke OMUPAIOTCS Ha KOJOHHHI (1103. 1), YCTaHOBICHHBIE C LIArOM
1 BbIcOTOM H = 6 M. B mpo1opHOM 1 TIOTIEPEYHOM HAIIPABIIEHUH B IIEHTPE M MO TOPIAM 3IaHUS PACTIOIOKEHBI
nuadparMbl )KECTKOCTH B BHJIE MOHOJHUTHBIX JKeJIe300€TOHHBIX cTeH (1103. 4). Mx tommmHa pasua 0,5 M, 1uHa
6 u 12 M. B kxpaifHUX OMEIICHHUSAX 3/IaHUS PACTIONIO0KECHBI JTU(PTOBBIC MIAXThI. TOIMHA UX MOHOJIMTHBIX JKEJe-
300eToHHBIX cTeH npuHATa 0,5 M. ToNmMHAa MOHONHMTHBIX KeJNe300€TOHHBIX TUIOMIAIOK JISCTHUYHBIX KIIETOK
coctapisiet ¢ = 0,2 M, a TOJIIMHA JISCTHUIHBIX Maprieit — ¢ = 0,22 m [30-33].

Puc. 1. bonsmenponerHoe 3nanue ¢ WUIHHAPO-IIUTHBIM (L) mokpeiTuem:
a — o0Iui BUJI 31aHKsT; 6 — KOHEYHO-3JIEMEHTHAst Mozieb Ne 1 «3/1aHue — KeCTKast 3a/1ejKay,;
1 — KONOHHBI; 2 — HWIMHApUYECKas 000I0UKa HyJIEBOH rayCCOBOW KPUBU3HBL;
3 — IJINTHI IUIOCKOTO MOKPBITHS U NIEPEKPBITHS, 4 — MPOJOJbHBIE H TIONICPEeYHbIe 1uadparMsl;
5 — snement tuna Rigid; 6 — secTkas 3anenka! onopHoro ysna (master node)

Figure 1. Large-span building with a cylinder — and — slab roof:
a — General view of the building; 6 — Finite Element Model No. 1 “Superstructure — Fixed-end”;
1 — columns; 2 — cylindrical shell of zero Gaussian curvature; 3 — fat slabs and floor slabs;
4 — longitudinal and transverse diaphragms; 5 — Rigid element; 6 — Fixed-master node

! BepTUKalbHbIE JIEMEHTHI: KOJIOHHBI (1103. 1) ¥ auadparmsl (1103. 4) COEIMHEHBI ¢ OMOLIBIO KECTKOro sneMenTa Rigid (1o3. 5).
OnopHsIi (IeHTpabHBIH) y3en 1 (1mo3. 6) 3akperuieH xecTko mo Bcem Hanpasnenusm: TX, TY, TZ, RX, RY, RZ.
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2. MarepuaJbl 1 METOAbI

B pacueTHOM HccnenOBaHMM WCIONB30BaHbl MCXOJHbBIC JAHHbBIC, aHAJTOTHYHBIC AaHHBIM paHee OIMyOIUKO-
BaHHBIX pabor [30-33]. LmmuHapo-TUIMTHOE TMOKPBITHE W KapKac 3[aHWs BBIMIONHEHBI U3 TsDKEJIOoro OeToHa
kimacca B25. PacueTHble XapaKTepHCTHKH OETOHA MPHUHATHI B COOTBETCTBHH ¢ poccuiickumu HopMmamu CII
63.13330.2018 «BeToHHBIE U KeNe300eTOHHbIE KOHCTPYKIHMY. [110THOCTh Tskesnoro Gerona p = 2500 kr/m’
(1. 6.1.1). Moaymb ynpyrocTu Tsxenoro 6etona B25 npu cxaruu u pactsxennu Ep = 30x10°MIla (mpussT mo
tabmuue 6.11), Momayns casura Getona Gj=0,4E,=0,4x30x10°=12x10°MIIa (1. 6.1.15). Kospdurment
Ilyaccona 6etona v=10,2 (m. 6.1.17).

BHemnue mocTosHHBIE M BpeMEHHBIE NOIEpPEYHbIe HArPY3KH Ha MWIMHAPO-IUNIMTHOE MOKPBITHE OOJNbIIe-
TIPOJIETHOTO 3JaHHs IPUHSATH U3 cTaThi [32; 33] (ompenenens B coorsercTeuu ¢ CIT 17.13330.2017° «Kposmm»
u CIT 20.13330.2016 «Harpysku u Bo3zeicTBus» ).

Meton xoneuHbx 3neMeHTOB (MKD) sBnsieTcs yHUBepcalbHBIM CPEACTBOM YHCIECHHOTO WH)KEHEPHOTO
aHanm3a OOJIBIINX MPOCTPAHCTBEHHBIX MeXaHn4eckux cucteM [34; 35]. OH mo3BosieT KOMOMHUPOBATh B MOJIe-
JIX CTEepKHEBBIe (Beam wm Bar), mnactuauathie (oOonodeunsie) (Plate) m oobemunle (Volume Elements twrma
Solid) xoHeUHbIC 3JIEMEHTHI C Pa3IMYHBIMH AIMPOKCUMHUPYIONIMMH (QYHKIMAMH T0JIei nepememnenuit [36; 37].
B uccnenoBaHumM pacyeTHBIX MOAENEH OOJBIICHPOJICTHOrO 3MaHHUs aBTOPaMHU NMPUMEHEH PacdeTHBIH KOMIUIEKC
Femap with NX Nastran, pealn3yomuid BeChMa IMUPOKHH HAaOOP pacueTHBIX MOAXO0JI0B M METOIOB WHKEHEPHO-
ro aHanu3a. KoHcTpyKkuus 31aHus anmpokcuMupoBana komouHarueil u3 30 348 koHeuHbIX smeMeHToB ¢ 30 469
y3J1aMH C IIECThIO CTENEHSIMH CBOOOIBI B KaXIOM. B KOHEUHO-3JIEMEHTHOM MOJAEIH NPEACTaBICHBI BCE OCHOB-
HbIE KOHCTPYKTHUBHBIE Y3JIbI PEaIbHOIO OOBEKTA.

JuHaMuyeckuil aHaaM3 OCHOBBIBAETCS HAa PEIIEHHHM OOIIEro ypaBHEHHS ABIDKEHHUS HCCIeAyeMON KOH-
CTPYKIMU 3AaHUs (KaK CHCTEMbI CO MHOTHMH CTETIEHSMH CBOOOJIBI), KOTOpOE B MaTpH4YHOI (opme nMmeeT crie-
nytouuii Bua [36]:

[M iy +[Ca}+[K {u}={f®)}, (1)
rae [M ] — MaTpula MacCc KOHCTPYKLIUH; [C] — Marpula AeMnpUpOBaHuUS; [K] — MaTpula >KEeCTKOCTH;
{ f } — W3BECTHBIM BEKTOP BHEIIHEH HATPY3KH, 3aBUCAILUN OT BPEMEHH f; {u} — HEU3BECTHBIN BEKTOP y3J10-

BBIX TEPEMEIICHUI KOHEYHO-3JICMECHTHOU MOJIETH, 3aBUCAIINI OT BPEMECHH. AHAJIOTHYHOE YpaBHEHHUE, TONY-
YeHHOE IyTeM npeoOpa3oBanus (1) U3 BpeMeHHO o0nacTu B 001acTh nepeMeHHbIX Jlamnaca (p) mpu HYJIEBbIX
HaYyaJIbHBIX YCIOBUIX, MOXKHO IIPEICTABUTDH TaK:

(p’ M+ p[Cl+[K]D{X(p)} ={F(p)}, 2)

rae {F(r)} — BexTop BHemmeit Harpy3ku; {X (p)} — BEKTOp OTKIHMKA (PEAKIUH).

JvHamuyeckuil aHanu3 paszzenseTcsa Ha ABa dTana. Ha mepBoM 3Tare BBIMOJHIETCS MOJAIbHbIN aHaln3, pe-
3yJbTaTaMH KOTOPOTO SBIISIOTCS YacTOTHBIE (MOJANbHBIE) XapaKTEPUCTUKN CHCTEMBI: COOCTBEHHBIE (POPMBI U
4acTOThl. PacyeTHOMY aHanmM3y MOJBEPracTcs TAaKKe JOJICBOW BKJIAJ KaXI0H MOJBI B KOJIeOATEeIbHBIN MPOIIECC
(> dexTrBHAT MOTATBHAS Macca).

[ocTpoeHne MaTpuIl KECTKOCTH, MacChl U JIeMII(UPOBaHUs, a TAK)KE BKIIOYEHUE WX B 000OLICHHOE YpaB-
HEHHE JBUKCHHUE CHCTEMBbI MO3BOJIIOT PEIIaTh 3aJlady IO OMPEACICHUI0 YacTOT COOCTBEHHBIX KOJEOaHWU B
cienytoueM Buge [38]:

o] [Mm]]_|-[m] [o]

ONEIMRORTI] .

2 CI1 63.13330.2018. beronnble U *kene306eToHHbIe KOHCTpyKiuK. OcHoBHbIe nonoxkenus [Concrete and reinforced concrete struc-
tures. General provisions]. Akryanu3zupoBaunas pegakius CHull 52-01-2003. Mocksa: Crpoitnadopm, 2019.

3 CII 17.13330.2017. Kposnu [The roofs]. Akryanusuposannas penaxuus CHull 11-26-76. Mocksa, 2017

4 CIT 20. 13330.2016. Harpysku u Bo3zaeiictus [Loads and actions]. Axryanusuposannas penaxuus CHull 2.01.07-85%. Mocksa.
2016.
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CoOcTBeHHBIC 3HAUCHHSI HAXOMATCS ITyTEM PACKPBITHS OMPEICITUTENS CIECIyIONETro BUa:

o] [m]],[-Im] [o]]_
) (el o k)T @

Pemenuem (4) sBisieTcs psa COOCTBEHHBIX 3HAYECHHUHI B BUJIE KOMIUICKCHO-CONPSKEHHBIX Map BUAAA  + i@,

(r = 1=N, rne N — gucio crerneHeit cBo0oIbl), conepkaiimne ko3hOUIMEHTH 3aTyXaHus U COOCTBEHHBIC YacTO-
Thl. KaxkioMy cOOCTBEHHOMY 3HAYCHHUIO COOTBETCTBYET BEKTOP (opMbIL. [locnenHue 3HAUCHUST TaKKe SIBISIOTCS
KOMILTEKCHO-CONPsDKeHHBIMU. COOCTBEHHBIE BEKTOPBI HAXOIATCS ITyTEM PEIICHUS CICAYIOIIET0 YPaBHEHHU:

(A2 [M ]+, [C]+[K]){wy, ={0}-

B Hacrosimeit pabote coOCTBEeHHBIE YAaCTOTHI M (OPMBI KoJeOaHni ObIIM ompeneneHsl MetonoM Jlanmorma
(Lanczos) (B coctaBe mporpaMMHOT0O KoMIutekca Femap with NX Nastran), coueTaromyuM Jy4lllie CBOMCTBA Me-
TOJIa 0OpaTHOH CTENEHH, MOTU(PHULIUPOBAHHOIO MeToaa 00paTHOi crenenu LllTypmana u METOAOB IPUBEACHUS,
Takux Kak Metoa I'mBeHca, meTon Xaycxoiaepa, MoauduimpoBaHHelii MeToa I'uBeHca, MOIU(DUITMPOBAHHBIIA
Meroa Xaycxonzaepa [31; 36].

Ha BTOopoM 3Tane BBIIONHAETCS aHAJIW3 YaCTOTHOTO OTKJIMKA HA yCTAHOBHUBILEECS KOJieOaTenpHOE BO30YXK-
JIeHHe, oTpe/elieHHOe B 4acTOTHOW oOnactu. Ilo cymiecTBy, pedb UAET O YUCIEHHOM JKCIEPHUMEHTE, pean3y-
IOIIEM TEXHHUKY «(a30BOTr0 pe30HAHCa», KOTOpasl 3aKJII0YaeTCsl B IOOUEPEAHOM BO30YKIECHHH pacdeTHON MoJie-
JM Ha KOXKIOW M3 «BAXKHBIX» PE30HAHCHBIX YaCTOTaX U ONPEAETICHUH COOTBETCTBYIOIIMX OTKIMKOB CHCTEMBI
[36]. IIpuoxkenHas Harpy3ka 3agaeTcst B (hopMe BBIHY)KJIEHHBIX YCKOPEHHH W HOCUT CHHYCOMAAIBHBIA Xapak-
Tep. B pesynpTaTte aHanu3a onpeAensoTCs CMELEHMs, CUIIBI U HAIIPsDKEHUS 3JIEMEHTOB. BrIuncnsemMble OTKIMKH
NPEACTaBISAIOT COOOH KOMIUIEKCHBIE YMCIIA, ONpeAessieMble Kak BeIMIMHA U (a3a (110 OTHOLICHHUIO K IPUIIOKEH-
HOHU Harpyske). B aHamu3e 4acTOTHBIX XapaKTEpUCTUK aJbTEPHATUBHBIMU PELICHUSAMH SIBISIOTCS MPAMON U MO-
JaTbHBIA METOMHI [36].

Ipsamvim memodom PeLIaroTCcsl CBA3aHHbIC YPAaBHEHUS ABHKCHUS B 3aBUCHMOCTH OT YacTOTHI BO3ACHCTBUSL.
B ciyuae ¢ nemndupoBanreM, MOICTUPYIONIAM PAacCeSTHUE YHEPTHU B KOHCTPYKITUSAX 3MaHUs, o0mmi kKodhdu-
UECHT CTPYKTypHOTro aemndupoBanuss G u KodQQUIUEHT 3IEMEHTHOTO CTPYKTypHOTO AemndupoBanus G,
oTpeieNiieMbIil B CBOMCTBaX CTPOMTENHHOTO MaTepHaia, (OPMHUPYIOT KOMIUIEKCHYIO MAaTpHIy >KECTKOCTHU Clie-
IYIOLIETO BUAA!

N
[K,]=(+iG)[K]+i) G/[ K} ], (5)
Jj=1
rac [KE] — MaTpuna KXKECTKOCTU KOHCYHOT'O 3JICMCHTA. Takum 06pa30M, B aHAJIM3¢C NpAMOro 4aCTOTHOIo OT-

KJIMKa CTPYKTYPHBII OTKJIMK BBIYHMCIIACTCS Ha NTUCKPETHBIX YacTOTaX BO3OYXKIEHHS IyTeM PEIICHUS CHUCTEMBI
CBSI3aHHBIX MaTPUYHBIX YPaBHEHHH C HCIIOIB30BAaHHEM KOMIUICKCHOW anreOphl. YpaBHEHHS JIBIKCHUS Ha KaX-
JI0fl BXOJHOW YAacTOTE pEMIAIOTCS CIIOCOOOM, AHAJTOTHYHBIM 3aJadye CTATHKH, C HCHOJNB30BAHHEM CII0KHON
apu(METHKH.

Mooanenwiti memoo MCToNb3yeT cOOCTBEHHBIE (OPMBI CTPYKTYpHl. B pesynbraTe ypaBHEHHs ABHKECHHS
pacmanaoTcs, a o0lee aHAIM3UPYyEeMOe MX YHCIIO yMeHbIIaeTcs. IIpu 3ToM pemeHne Ui 3agaHHOM 4acTOTHI
BO3/ICHCTBHS (POPMHUPYETCS IyTEM CYMMHPOBAHHS 3aJaHHBIX MOJATBHBIX OTKIMKOB. @OpMBI MOJI (TOHOB) pac-
CUMTHIBAIOTCS 3apaHee. PacueTHas mpakTHKa TMOKasana, YTO YpaBHEHHs IBHKEHHUS B MOJANbHOH ¢opme ¢ ya-
CTOTHOH XapaKTEPHCTHKOHW pElIaloTcs ropa3fo OBICTpee, B CPABHEHHWHM C PEUICHHEM INPSMBIM METOJO0M, II0-
CKOJIBKY PAacuyeTHOMY aHAIN3y IO/BEPraeTcs Cepusl HECBA3AHHBIX CHCTEM C OIHOW cTemeHbio cBoOomsl. [Ipm
peLlIeHNH paccMaTpUBacMOM 3aaul OBUIO MCHOJIB30BaHO CTPYKTYpHOE JIeMI(pUpoBaHHE, YTO YCTPAHsIO CBOM-
CTBO OPTOTOHAJIBHOCTH (popM. MomanbHBIIl YaCTOTHBIH 1MOX0/] TIO3BOJIMII PEIIUTh CBSI3aHHYIO IPOOIEMy B Tep-
MHHaX MOJAJIBHBIX KOOPJIMHAT C HCIIOJIb30BaHUEM ITPSIMOT0 YaCTOTHOTO MOAXO0/a.

3. Pe3yabTaTsl

B pesynbrare MomansHOrO ananu3a Moaenu Ne 1 «3ganne — jKecTkas 3aJ1e7IKay ObUIH OMPE/IEICHbl 4acTo-
TH f; (I'm) 1 popmer (Mode) coOCTBEHHBIX KOJIeOaHWH KOHCTPYKITUU C YIETOM BCEX IIECTH Y3JOBBIX CTCTICHEH

LVHAMUKA KOHCTPYKLIIA 11 COOPYXXEHUM 473



Kuzhakhmetova E.R., Sutyrin V.I. Structural Mechanics of Engineering Constructions and Buildings. 2023;19(5):469-490

cBoOoel: octynatenbHbIX (T1, T2, T3) Baoas oceit X, V, Z, a Takoke BpamarensHbix (R1, R2, R3), Bokpyr yka-
3aHHBIX ocel [31].

Ha puc. 2 s pacyeTHBIX PE30HAHCHBIX YaCTOT JOMOJHUTENLHO YKa3aHbl COOTBETCTBYIONIME d3(PPEKTUBHBIC
MAacchl B IOJIAX OT CyMMapHO# Maccel, mpuHsAToi 3a 1 (100 %).
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—— Cymmapnan macca R3 ¥aen 0 (12) / Mass SUM R3 Node 0(12)
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Puc. 2. Mogenps Ne 1 «3nanne — xectkas 3agenka». [ papuk « CymMmapHbIe Macchbl — MOJBI COOCTBEHHBIX KOJICOAHMIT»:
a — nepemerenne y3na T1, T2, T3 mo ocu X, V, Z; 6 — nmoBopor B y3ne R1, R2, R3 Bokpyr ocu X, V, Z

Figure 2. Model No. 1 “Superstructure — Fixed-end”. Graphic “Mass Summary — Mode”:
a— T1(X), T2(Y), T3(Z) Translation; 6 — R1(X), R2(Y), R3(Z) Rotation

CornacHo ceiicMuueckuM crpoutenbHsiM Hopmam CIT 14.13330.2018°, neiictByrommum B PO npu pacuere
YCUIIMH B KOHCTPYKLMSX 3JaHUN M COOPYXEHHUI, MPOCKTUPYEMBIX Ul CTPOUTENILCTBA B CEHCMHUYECKUX paiio-
HaX, PEKOMEHAYETCS YUUTHIBaTh (POPMBI COOCTBEHHBIX KOJEOAHWM ¢ CyMMapHOH 3()QeKTHBHON MOIaTbHOU
Maccoii, cocrapisitomiei He meHee 90 % o01Iel Macchl CUCTEMBI [Tl TOPU3OHTAIBHBIX BO3JICHCTBUI 1 HE MEHEe
75 % — nist BepTHKaJIbHOTO Bo3aeiicTBus. [Ipu 3TOM TOMKHBI OBITH YYTEHBI Bce (DOPMBI COOCTBEHHBIX KoJeOa-
HuH, 3¢ dexTuBHAsT MOAambHas Macca KOTOpBIX mpeBbimraeT 5 %. Ha puc. 3 0603Ha4eH ypOBEHb OTCEKAaeMBIX
¢dbopM paccMaTpuBaeMON KOHCTPYKIUH IO KPUTEPUIO MHHUMAaIbHBIX 3(p(EeKTUBHBIX Macc, y4acTBYIOIIUX B KO-
nebGanusax. Mogpl (ToHa) ¢ HanboJiee BEBICOKUMH 3HAYeHUSIMU 3P QEeKTHBHON Macchl cBeaeHsl B Tabn. 1. CooTBer-
CTBYIOLINE UM (POPMBI COOCTBEHHBIX KOJI€OaHNH KOHCTPYKLNH 31aHHS IPEACTABIEHBI Ha pUc. 4-9.

5 CII 14.13330.2018. CTpouTensCTBO B ceificMudeckux paiionax [Seismic building design code]. AxTyamusupoBaHHas pemakiys
CHull 1I-7-81*. Mocksa: Ctangaptuadopm, 2018. 122 c.
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Puc. 3. Monenb Ne 1 «3nanne — sxectkas 3anenkay». I'paduk « b hekTHBHBIE MAacChl — MOJIbI COOCTBEHHBIX KOJICOAHUII»:
a — nepemerienne y3na T1, T2, T3 mo ocu X, V, Z; 6 — nmoBopor B y31e R1, R2, R3 Bokpyr ocu X, V, Z

Figure 3. Model No. 1 “Superstructure — Fixed-end”. Graphic “Effective Masses Fraction — Mode™:
a— T1(X), T2(Y), T3(Z) Translation; 6 — R1(X), R2(Y), R3(Z) Rotation

Tabnuya 1/ Table 1

Haun6oap1mue MogajabHble 3¢ ¢eKTHBHbIE MACChI KOHCTPYKIUH 30aHus /
The largest modal effective masses of a building structure

HO;;?)‘;S?” Hanpasienue nepememiennsi / | Yacrora fi, I'n/ JddpexTuBHAs Macca/
Direction of movement Frequency fi , Hz | Effective Masses Fraction, %
Number mode
[epememienue mo ocu Z (T3) /
Displacement along Z axis (T3) 2,5279 34,0
1
[ToBopot Bokpyr ocu X (R1) /
Rotation around X-axis (R1) 2,5279 2,6
IMepemenienue no ocu X (T1) /
2 Displacement along X-axis (T1) 2,5825 12,7
IMoBopot Bokpyr ocu X (R1) /
4 Rotation around X-axis (R1) 3,7019 277
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Oxonuanue ma6bn. 1/ Ending of the table 1

HO(“;‘:)I:{SO/HH Hanp.a BJICHHE NIEPEMEIICHHST /| Yacrora fi, '/ DddexTuBHan macca/
Number mode Direction of movement Frequency fi, Hz | Effective Masses Fraction, %
Diplacement long sis (1) | 511489 508
6| Rotation around ¥ ais (R2) 51489 316
Rottion around 2 avi (R3) 51489 20,7
T | Ditplacementalong Zais (13) | 32803 60
16| Displacoment slong Zais (19 | 657 05
2% | Diplacementalong Vaxis 12y | 68054 303
Lo | Rotaion ound s (R2) 70154 29
Rotation around Z axis (R3) 70184 192

0000281

Z -2,47E-6 -0,000658
Ofitpy Set: Mode 2, 2. 58253 He
I ed(0,000788): Total Translation -0,000049

Elemental Contour; T1 Translation

Z
Ofitpry Set: Mode 6, 5.148898 Hz
D ed(0,000878 ) Total Translation
Elemental Contour: T1 Translation -0,000878

-0,000768

-0,0000969

a 0

Puc. 4. Ilepemenienne T1 no ocu X. Mozsl 1 4acTOTH COOCTBEHHBIX KoyebaHmit ne)oOpMUPOBAHHON MOJIENH:
a — Mopa 2, yacrora f2 = 2,58253 I'i, adppextrBHAs cymmapHas macca — 12,7 %;
6 — Mopa 6, gacrora fo = 5,148898 I'i, s dexTrBHAsS cymmapHas macca — 50,8 %

Figure 4. T1 Translation. Modes and frequencies of natural oscillations of the deformed model:
a — Mode 2, Frequency f> = 2.58253 Hz, Mass Frac — 12.7 %;
6 — Mode 6, Frequency fs = 5.148898 Hz, Mass Frac — 50.8 %
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00000467 =

~0,0000236 000000438

-0,0000216

-0,0000376

Z
Ofitput Set: Mode 1, 2.527898 Hz -
1ed(0,000865): Total Translation -0,000051
Elemental Contour: R1 Rotation

Oftput Set: Mode 4, 3.701951 Hz
D med(0,000877): Total Translation
Elemental Contour: R1 Rotation _0.0000735

-0,0000476

=0, 0000657

a 0

Puc. 5. IToeopot R1 Bokpyr ocu X. @opMbI 1 4acTOTHI COOCTBEHHBIX KOebaHuil eh)OpMUPOBAHHON MOICIIH:
a— Mopa 1, yactora fi = 2,527898 I', s pexruBnas cymmapuas macca — 9,6 %;
6 — Mopa 4, gacrtora f4 = 3,701951 I'nt, s pextuBHAT cymmapHas macca — 27,7 %

Figure 5. R1 Rotation. Modes and frequencies of natural oscillations of the deformed model:
a— Mode 1, Frequency fi = 2.527898 Hz, Mass Frac — 9.6 %;
6 — Mode 4, Frequency fa = 3.701951 Hz, Mass Frac — 27.78 %
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Puc. 6. ITepemenienrie T2 1o ocu Y. Mobl 1 4acTOTB COOCTBEHHBIX KosebaHuit n1eh)opMUpPOBaHHON MOJIENH:
a— Mopa 16, yactora fis = 6,597294 T'n, apdexruBHas cymmapHas macca — 30,5 %;
6 — Mopa 24, yactora f24 = 6,80543 I'y, a¢pexTuBHas cymmapHas Macca — 30,8 %

Figure 6. T2 Translation. Modes and frequencies of natural oscillations of the deformed model:
a — Mode 16, Frequency fic = 6.597294 Hz, Mass Frac — 30.5 %;
6 — Mode 24, Frequency f24 = 6.80543 Hz, Mass Frac — 30.8 %
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D ed(0,00462): Total Translation -0,000676
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Puc. 7. IToopot R2 Bokpyr ocu Y. @opMbl 1 4acTOTHI COOCTBEHHBIX KoJicOaHH 1e(OPMUAPOBAHHON MOIEITH:
a — Mopa 6, gacrora fo = 5,148898 ', addexTuBHAsS cymmapHas Mmacca — 31,6 %;
6 — Mopna 25, gacrora f25 = 7,018378 ', 3¢ dexTrBHAsS cymmapHas Mmacca — 2,9 %

Figure 7. R2 Rotation. Modes and frequencies of natural oscillations of the deformed model:
a — Mode 6, Frequency fs = 5.148898 Hz, Mass Frac — 31.6 %;
b — Mode 25, Frequency f25 = 7.018378 Hz, Mass Frac — 2.9 %
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Puc. 8. Ilepememenne T3 mo ocu Z. MoJb!l 1 9acTOTHI COOCTBEHHBIX KoJieOaHUH 1eOpMUPOBAHHON MOAEIIN:
a—Mona 1, gactora fi = 2,527898 I'i, 3¢ pekTuBHAs cymMmapHas Macca — 34 %;
6 —Mopa 7, gacrorta f7 = 5,280518 I'ni, apdpexTrBHAs cymmapHas Mmacca — 6 %

Figure 8. T3 Translation. Modes and Frequencies of Natural oscillations of the Deformed model:
a — Mode 1, Frequency fi = 2.527898 Hz, Mass Frac — 34 %j;
6 — Mode 7, Frequency f7 = 5.280518 Hz, Mass Frac — 6 %
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a 6

Puc. 9. IToopot R3 Bokpyr ocu Z. @opMbl 1 4aCTOTHI COOCTBEHHBIX KOJeOaHUH 1eOPMUPOBAHHON MOJIENH:
a— Mopa 6, gactora fo = 5,148898 I'r1, s pextuBHAsT cymmapHas macca — 29,7 %;
6 — Mopga 25, wacrtora f25 = 7,018378 I', a3 exTuBHAs cymmapHast macca — 19,2 %

Figure 9. R3 Rotation. Modes and frequencies of natural oscillations of the deformed model:
a — Mode 6, Frequency f¢ = 5.148898 Hz, Mass Frac — 29.7 %;
6 — Mode 25, Frequency f2s = 7.018378 Hz, Mass Frac — 19.2 %

B mporecce npoekTrpoBaHus 34aHUST COOCTBEHHBIE YaCTOTHI U (DOPMBI MOTYT CITY>KUTh OCHOBOW IUISL OIICH-
KM BIUSHUS COENMHEHHS 3aHUS C IPYTHMMH CTPOUTEIHHBIMU KOHCTPYKIMAMH, a TAKXKe ISl ONTHMH3ALNN €r0
JTUHAMHYECKOTO noBeAeHus. [Ipu aToM MOXKeT pemaThbest psi MpaKTUYeCKH BaKHBIX 3afad. Hanmpuwmep, B ciydae
MOIU(HKALNHU CYIIECTBYIOIIEro MPOEKTa 3AaHUS BaKHBI BIMSHUS KOHCTPYKTUBHBIX M3MEHEHHH Ha JTUHAMHUKY
CUCTEMBI B LieJoM. UHCIeHHBIN aHaIn3 KOHEYHO-3JIEMEHTHON MOAETN MOXET MoKa3aTh, KaKhe MOJalbHbIE Ma-
paMeTpbl B HauOOMbILEH Mepe U3MEHSIOTCS BCIEACTBHE NPUHATHIX U3MEHEHHH KOHCTPYKUMH. bosnbioe npakTu-
YEeCcKOe 3HaYCHNUE MOXKET UMETh OTCTPOMKA CHCTEMBI OT BO3MOXHBIX PE30HAHCOB.

Omnpenenenue MOJAIBHBIX NAPAMETPOB CHUCTEMBI (PE30HAHCHBIX YacTOT U COOCTBEHHBIX ()OPM) MO3BOJISIET
HIPUCTYIHTH K O0Jiee MOTHOMY M3YyUEHHIO €€ AMHAMHYECKOTO MOBEACHUSI. AKTYaJIbHOCTh IPUOOPETAIOT OLECHKH
peaxuuii KOHCTPYKIMY Ha Harpy3Kd JUHAMUYECKOro xapakrepa. Hampumep, ocoOblil HHTEpeC NpOeKTUPOBILINKA
MOXeT OBITh CBSI3aH:

% C ompejieNieHheM MaKCHMAJIbHBIX YCKOPCHUI 1 HANPSHKEHUH B KOHKPETHBIX TOUKAX KOHCTPYKIIHH B DKC-
TPEMAaJIbHBIX YCIOBUSAX HArpy>KeHUs (CEHCMUUYECKHEe U BETPOBHIE BO3/ICHCTBHS);

% C BBIABJICHHEM NPEOOIIAI0NINX PE30HAHCOB B PEAKLIUSIX CUCTEMBI,

% BEJIMYMHOI U XapakTepoM AedopMalMii Ha TOW MM MHOM 4acToTe KOJIeOaHUH U JIp.

B kauecTBe mpumepa MpHUBEACHBI PE3yIbTaThl YAaCTOTHOIO aHAJIM3a TapMOHHYECKOTO OTKIHMKA MOJIENU
«37IaHHe — KecTKas 3a]elkay. BHEIHAs eMHUYHAs HATpy3Ka (B BUJE eIMHHUYHOTO ycKopeHus lg = 9,8m/c?)
NPUKJIaapIBaIach B HEHTPaIbHOM Touke (y3en 1) oCHOBaHMSA, CTSHYTOH C OMOPHBIMH TOYKaMU KOJIOHH IpH TO-
MOIIM cTepykHed Trmma Rigid, mociemoBaTenbHO TI0 HampaBieHuto ocelt X, Y, Z. Ha puc. 10-24 npuBeneHbI 3aBH-
CHUMOCTH T'apMOHHMYECKHX OTKIMKOB B BUJE aMIUIMTYIHBIX 3HaYeHUH peakTwBHbIX cui (H) u peakTuBHBIX MO-
meHTOB (HM™M) B omopHOM y3ne 1, a Taxke HampsHKEHHH B XapaKTEPHBIX TOYKAaX KOHCTPYKLHHU OT YaCTOTHI BBI-
HYX/Ialoliel Harpy3ku. YacTtoTa BEIHYKIAIOIIEH CHIIbl M3MeHsuiach B auana3oHe ot 0 mo 8,5 I'm. O6mwmii kosd-
¢unueHT crpykrypHoro nemmndupoBanus npuanMaincs G = 0,05. Jlanee npeacraBieHbl pe3yabTaThl IHHAMAYEC-
CKOT0 pacueTa OONbILENPOJIETHOTO 3AaHuUsl IUIMHIPO-TUIUTHOTO MOKPBITUS Ha TAPMOHUYECKOE BO3JEHCTBUE IO
ocam X, V, Z.

3.1. Eounuunoe zapmonuteckoe gvinydicoarouiee yckopenue no ocu X

Ha puc. 10 nokasan rpaduk «OmnopHast cuna, H — gacrora, ['», KOTOpBIH IEMOHCTPUPYET OIACHBIE OT-
KUK 1o ocsiM X, V, Z. Tlpu vactore 5,1489 ' makcumanbHast onopHast cuiia o ocu X cocrtasuia 503 491 kH.
AmHanoruyHo, ¢ rpadukom «OnopHeif MoMeHT, HM — gactoTta, I'm» (puc. 11).

Cyns 1o pe3yibpTaTaM MoJanbHOro ananu3a [31], Hanboee onmacHEIME COOCTBEHHBIME (POpMaMHU BIIOJIb OCH
X sBisitorest Mode 2 ¢ addextuBHOM Maccoii 13% u coOcTBeHHO# uacToToi f, = 2,58253 't u Mode 6 ¢ s dek-
THUBHOU Maccoii 51 % u codcTBeHHOM YacToToH f> = 5,148898 't (cm. puc. 12).
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Puc. 10. 'apmonnyeckast Harpy3ka 1o ocu X. 3aBUCUMOCTb aMIUIMTY Ikl CHJIBI OIIOPHOTO y3ia 1
B ocsax (T1)X, (T2)Y, (T3)Z ot 4acTOThI IPUIIOKEHHOM HArpy3KU.

Figure 10. Harmonic Load AX. (T1).X, (T2)Y, (T3)Z Constraint Force (Node 1) vs Frequency
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Puc. 11. M'apmonndeckas Harpy3ka 1o ocu X. 3aBUCHMOCTb OIIOPHOTO MOMEHTa y37a |
B ocsax (R1)X, (R2)Y, (R3)Z or yacTOTHI PUIIOKEHHOW HArpy3KH

Figure 11. Harmonic Load AX. (R1)X, (R2)Y, (R3)Z Constraint Moment (Node 1) vs Frequency
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Puc. 12. Haubonee onacHbie cOOCTBEHHBIE ()OPMBI B 3[JaHUU 10 OCH X:
a — Mopa 2; addextuBnas macca — 13 %; f> =2.58253Hz;

6 — Mopna 6; abdexTuBHas macca — 51 %; fo = 5.148898Hz
Figure 12. The most dangerous Modes in the building along the X-axis:
a— Mode 2; Mass FRAC — 13 %; f2 = 2.58253Hz;

6 — Mode 6; Mass FRAC — 51 %; fo=5.148898Hz
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Jlanee mpuBeneH rpaduk «Yckopenue, M/c> — gactora, ['» ams y31a 857 B KonoHHe U y31a 22 194 B -
TUHApUYeckor obonouke (puc. 13). I[Ipu MakcumanbHO# wactote 5,01649 'y 06onouku y3na 22 194 momydyeHo
yckopenue 26,1289m/c* =2,7 g. Jlnsg KONOHHBI y371a 857 HpH MakcHMalbHOM yactota 5,23853T1 yckopeHne
coctasuno 189,309 m/c? = 19 g. Ha puc. 14 npesicTaBieH YacTOTHBIH OTKINK HATIPSDKEHHS B BEPXHHUX M HIDKHHX
BOJIOKHAX IMJIMHAPHUYECKON 00OJOYKM HYJIEBOM raycCOBOM KpHUBHU3HBEI B y3i1e 22 194 ¢ MakcuMalbHBIM Tepe-
MmenreHueM 0,000788 m 1 koJI0OHHHI B y371€ 857 ¢ MakcumanbHbIM niepemenenueM 0,000878 m.
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Puc. 13. 'apmonndeckas Harpy3ka o ocu X. 3aBucumoctsb yckoperus mo ocu (T1)X y3mos 857, 22194 ot wacToThI
Figure 13. Harmonic Load AX. (T1)X Acceleration (Nodes: 857, 22194) vs Frequency

=] I = 2 F al

& 80000 _ : 5,1489, 764364

A 2,58253, 689993 m
T UooToLo|

g 70000 o=
Z 60000 49 Y
= 50000 '
40000
30000

20000 o ome .

=
(=}
(=4
(=]

6,26743,1524,29

Hanpsoxenne, 1

[8,4837,959,728]
©0 oo 090 ;

=]

[}
(]
¥
s
L
v
¥

55 6 6,5 7 7.5 8 8.5 9
Yacrora, I'u / Frequency, Hz

Hanpamenne B kononne (anement 857): Macnrrat: 0,001 /

BarEndA P12 Bend Stress (Element 857) vs Set Value: Seale Factor: 0,001

Hanps:xenne B Bepxunx BosokHax obonouky (anement 22194): Macmrrab: 0,001 /

Plate Bot VonMises Stress (Element 22194) vs Set Value: Scale Factor: 0,001

Hanpssenwe 8 uuamx sonokxax oGomouky (wement 22194); Macwrrab: 0,001 /

Plate Tot VonMises Stress (Element 22194) vs Set Value; Scale Factor: 0,001

Puc. 14. 'apmonudeckas Harpyska 1o ocu X.
3aBUCHMOCTB HaNpsDKeHHUs B KosioHHE (857), 06onouku (22194) ot yacToTh

Figure 14. Harmonic Load AX. Bar Stress (Element 857), Plate VonMises Stress (Element 22194) vs Frequency

3.2. EOunuunoe 2apmoHuueckoe 8vlHyxycoaroujee yckopenue no ocu Y

B nmanHOM pacdete k omopHOMY y3iy | mpritokeHa rapMOHWYECKas CHila 1o ocu Y ¢ yckopenuem 1 g. Ha
puc. 15 u 16 uzo0pakens! cneayromue 3aBucuMoctu: «OmnopHas cuna, H — wactota, ['m» u «OnopHslil Mo-
MeHT, HM — wacrota, ['m». Ha puc. 17 — onacusie dopmer (Mode 16 1 Mode 24) u uX 9acTOTBI COOCTBEHHBIX
KoJIeOaHU 1o OcH Y, KOTOpbIe B JalbHEHIIEM ONpeAeisiFoT MAKCUMAaJIbHBIA YaCTOTHBIA OTKIIMK YCKOPEHHS H
HanpspkeHus B y3nax 740 u 772 KOJOHH.

Ha puc. 18 u 19 npuBeneHsl MakcHMalbHBIE OTKIHKH ycKopeHns (616,547 m/c’ = 63 g) ¥ HOpPMAIEHOTO
Hanpspkenus (136750 kH) xononn B y3nax 740 u 772 npu yactote 6,67627 I'n. Ilo cytu rpaduk «yckopenne —
4acTOTay SIBJISETCS PAcUeTHBIM KO3 PUIMEHTOM ANMHAMUYHOCTHU 3 — OTHOIICHUE 3HAYEHUH AMHAMHYECKOTO K
CTaTUYECKOMY pacueTy (OTHOLICHHE YacTOThI BO30YKIAIOIIEH CHITBI K YaCTOTE COOCTBEHHBIX KOJICOAaHMIA).
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Puc. 15. M'apmoHnyeckast Harpy3ka 1o ocu Y. 3aBUCUMOCTb aMIUTUTY/IbI CUJIbI OIIOPHOTO y3ia /
B ocsax (T1)X, (T2)Y, (T3)Z ot 4acTOThI IPUIIOKEHHOH HArpy3KU.

Figure 15. Harmonic Load AY. (T1).X, (T2)Y, (T3)Z Constraint force (Node 1) vs frequency
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Puc. 16. 'apmonmdeckast Harpy3ka 1o ocH Y. 3aBHCHMOCTb OIIOPHOTO MOMEHTA y371a [
B ocsix (R1)X, (R2)Y, (R3)Z ot yacToTHI NPUIOKEHHON HATPY3KH

Figure 16. Harmonic Load AY. (R1).X, (R2)Y, (R3)Z Constraint moment (Node 1) vs Frequency
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Puc. 17. Hau6onee onacHbie coOCTBEHHBIE (YOPMBI B 3[aHUH 110 OCH Y:
a — Mopa 16; s dextusnas macca — 30,5 %; fis = 6.597294Hz;

6 — Mopa 24; s dextuBHas macca — 30,8 %; f24 = 6.80543Hz
Figure 17. The most dangerous Modes in the building along the Y-axis:
a — Mode 16; Mass FRAC — 30,5 %; fis = 6.597294Hz;

6 — Mode 24; Mass FRAC — 30,8 %; f24 = 6.80543Hz
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Puc. 18. 'apmonnyeckas Harpyska 1o ocu Y. 3aBucuMocTb yckopeHus 1o ocH (T2)Y y3nos 740 u 772 oT 4acToThI
Figure 18. Harmonic Load AY. T2 Acceleration (Element 740 and 772) vs Frequency
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Puc. 19. 'apmonnyeckas Harpy3ka o ocu Y. 3aBHCHUMOCTb HanpspKeHHs y3710B 740 1 772 OT 4acTOTHI
Figure 19. Harmonic Load AY. Bar EndA PI1 Bend Stress (Element 740 and 772) vs Frequency
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Puc. 20. "'apmoHnyeckast Harpy3ka 1o ocu Z. 3aBUCUMOCTb aMIUTUTYIbI CUJIbI OIIOPHOTO y31a /

B ocsix (T1)X, (T2)Y, (T3)Z ot 4acTOTHI MPUIIOKEHHOH HArPY3KU
Figure 20. Harmonic Load AZ. (T1)X, (T2)Y, (T3)Z Constraint force (Node 1) vs Frequency
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Puc. 21. 'apmonndeckast Harpy3ka 1o ocu Z. 3aBHCUMOCTb OIIOPHOTO MOMEHTa y37a [
B ocsix (R1)X, (R2)Y, (R3)Z or yacTOTHI NPIIOKEHHON HArpy3KH.

Figure 21. Harmonic Load AZ. (R1).X, (R2)Y, (R3)Z Constraint moment (Node 1) vs Frequency
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Figure 22. The most dangerous Mode 1 in the building along the Z-axis;
Mass FRAC — 33,8 %; fi=2.527898Hz
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Puc. 23. 'apmonunyeckast Harpy3ka 1o ocu Z. 3aBUcUMOCTb yckopeHus 1o ocu (T3)Z y3mna 31360 ot yactoTs
Figure 23. Harmonic Load AZ. T3 Acceleration (Node 31360) vs Frequency
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Figure 24. Harmonic Load AZ. Plate VonMises Stress (Element 31360) vs Frequency

4. O6cyxnenue

B HacrosmeM ucciaenoBaHUM BBHITIONHEH aHAW3 COOCTBEHHOW M BBIHYKICHHON BHOpalMu KOHCTPYKIIMH
HAJ36MHON YacTH OONBIIETPONIETHOTO 3/IaHUS C UJIMHIPO-TUIMTHBIM TOKphITHEM. llpn 3TOM OmOpHBIE KOH-
CTPYKTHBHBIC 3JIEMEHTHI (KOJIOHHBI U TUadparMbl )KECTKOCTH) 3IaHHUS UMEJH JKECTKYIO 3a/IeJIKy Ha YpOBHE 00-
pe3a ¢pyHnamenTa. [lonydeHHbIC TaHHBIE MOTYT XapaKTepU30BaTh TMHAMUYECKOE MMOBEACHUE PeaIbHON CHCTEMBI
JIUIIG B IEPBOM TPUOITMKEHUH.

Kak n3BecTHO, CymiecTBeHHOE BIUSHIE HA PE3yNbTaThl pacyeTa IWHAMHUKH 3/aHUS OKa3bIBAIOT TPaHUYHBIC
YCIIOBHSI, ONpEieTisieMble CBOMCTBAMH OCHOBaHUS (TPYHTa Ha TUIOIIA/IKE CTPOUTENLCTBA) U PyHAaMeHTa (MENKO-
TO WM TIIyOOKOTO 3aJI0KEHUS ), B3aUMOJIEHCTBYIOIIETO C TPYHTOBBIMU MAacCHBaMU pa3iuyHoi peonoruu [30;
31]. ITo aTO¥ pUUYMHE Ha CIEAYIOIMIEM dTalle HCCISAOBAHNN aBTOPHI INIAHUPYIOT MIEPEUTH K pacdyeTaM ITOTHOH
cucteMbl — Mojenu Ne 2 «31anne — (QyHAaMeHT — ocHoBaHHe». OCO0YIO CI0KHOCTh MPU 3TOM MPEICTABIISACT
y4eT (hM3UKO-MEXaHUYECKUX W JUCCHITATUBHBIX (IEeMI(UPYIONINX) CBOHCTB IPYHTA, KOTOPHIC JOKHBEI OBITh
YYTEHBI MIPY BBITIOJTHEHUH PACUETOB BBIHYXICHHBIX KOJIEOAHWH KOHCTPYKTHBHBIX PEIISHHH paccMaTpUBAEMBbIX
3MaHUN TP CEMCMHUYECKNX Harpy3kax. YKa3zaHHBIC CBOMCTBA MOTYT OBITh OTPEIEICHBI JIUIIH C TIOMOIIBIO KOM-
TUIEKCA HKCIEPUMEHTAIbHBIX HccienoBanuil [24-29, 39-63]. BBox B pacueT ymnpolIeHHBIX (ampUOPHBIX) Ipa-
HUYHBIX YCJIOBH, HE YYMTHIBAIOIIUX CBOWCTBA U XapaKTEPUCTUKH PEabHBIX (PYyHAAMEHTOB U TPYHTOB, MOXKET
MPUBOINTH K CEPHE3HBIM OIMMOKaM. DKCIIEPUMEHTAIbHbIE MCCIEI0BAHM TOMOTYT YTOYHUTH MapaMeTphl pac-
YEeTHOM MOJIeNT KOHCTPYKIIUH, CAeNaTh MOJENb 0oJiee MPUTOAHOMN A MIPAKTUKH PacYeTHOTO KOHCTPYHUPOBAHUS
3JIaHUM YKa3aHHOTO THUIIA.

ITockonpKy pacdeTHOE KOHCTPYHPOBAHHE CBSI3aHO C MHOTOBAPHAHTHBIM TIepeOOpPOM BO3MOKHBIX KOHCTPYK-
THUBHBIX PEIICHUH 11eJ1IeCO00pa3HbIM SIBJIIETCS MpeoOpa3oBaHue (YIPOILECHUE) pACUCTHONW CXEMbI 31aHus 0e3 To-
TEpU TOYHOCTH PE3ynbTaToB [64]. DdPeKTUBHBIM pElIeHHEM MOXKET OKa3aThCsd NPUMEHEHHE BHEIIHETO Cymep-
JJIEMEHTa Ha TPaHUIIEe MOJ3EMHOM YacTH 3aHUs C €ro HaJ3eMHON 4YacThio. J|OTONHHUTENBHBIM YIPOIIEHHUEM
MOXXET CTaTh HCIIOH30BAHUE OTPAaHMYCHHOTO YHCJIA PACUCTHHIX Y3JI0B (0000IEHHBIX Macc), paclpeaesIeHHBIX
M0 TMOKPBITHIO 3/IaHUSl C TaKUM PacyeToM, YTOOBI TOJydaeMas NpeoOpa3oBaHHAs PacyeTHas CXeMa C MaKCH-
MaJIbHOH TOYHOCTBIO OTCIIEKHUBAJIa MOAALHBIE ()OPMBI B JMANTa30HE «OMACHBIX)» PE30HAHCHBIX YacCTOT.

5. 3akiaouenue
1. IIpuMeHeHre YHCIEHHBIX METO/OB, PEAM30BaHHBIX B COBPEMEHHBIX NpOrpaMMHBIX Komiuiekcax CAE-
KJIacca, TO3BOJIAET MOIYYUTh OOOCHOBAaHHBIC OICHKH JWHAMHKH ITOBEICHUS KOHCTPYKIIMU 3JIaHHS C IAIHHIPO-

IIJIATHBIM IMMOKPBITUEM KaK OOIIBIION MEXaHUYECKON CHCTEMBL.
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2. B pesynbrare MOJAILHOTO aHATN3a KOHEYHO-3JIEMEHTHOW MOJIEITH 37aHUs TIOy4eH CIIEKTP €€ COOCTBEH-
HBIX (PE30HAHCHBIX) YAacTOT, a TAK)KE COOTBETCTBYIOMNX 3 dekTuBHBIX Macc. [lomyueHHbIe OIICHKU MO3BOJISIFOT
HCKIOYUTh BO3MOXHBIC ONIMOKH PAcYCTOB BBIHYXKJICHHOW BHOpAIMM KOHCTPYKIIMH 3aHHS MOJATbHBIM METO-
JIOM, CBSI3aHHBIE C MPOTTYCKOM psifia 3HAYMMBIX e¢ PopM COOCTBEHHBIX KOJICOAHMIA.

3. Pe3ynbTaThl JAHHOTO MUCCIIEIOBAHUS MOTYT OBITh YUTEHBI IPU MPOCKTUPOBAHUN U MOJAM(UKALIUY 3TaHUi
YKa3aHHOTO THUIIA.
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AJITOPUTM pacyeTa 3a1a4¥ 0JJHOCTOPOHHEI0 KOHTAKTA C TPEHHEM
C HApPaCTAIIUM NAapaMeTPOM BHeEIIHell HATPY3KHU
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TuxooKeaHCKHI TOCYAapCTBEHHBIN YHUBEPCUTET, Xabaposck, Poccutickas ®edepayus
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Hcropust cratbu AnHoTanus. [IpeameToM nccienoBaHus SBISETCS KOHTAKTHOE B3auUMOJEH-
cTBHE Ae(POPMUPYEMBIX BIIEMEHTOB CTPOUTEIbHBIX KOHCTpyKuuil. ns perue-
HUS 3aJ1a9¥ MOJEIMPOBAHUS OJHOCTOPOHHETO B3aMMOJIEHCTBHUS C YIETOM Tpe-
HUS B 30HE KOHTAKTa Yalle BCET0 MCIOJIb3yIOTCS BapHallMOHHbIE MOCTAHOBKHU.
IIpennaraercst anpTepHaTHBA MOMYJSIPHBIM ITOCTAHOBKAM TUCKPETH30BAaHHBIX

Iocrynuna B penakuuto: 12 urons 2023 r.
Jlopaborana: 27 aBrycra 2023 r.
IMpunsra k myonaukamuu: 15 centadps 2023 r.

3aga4 u I/ITCpa]_Il/IOHHbIM MeTOo4aM HUX pemex—ma. 33.[[3.‘{3 KOHTAaKTa C TpCHI/ICM
3asiBiieHue 0 KOH(JIUKTE HHTEPECOB pacimpsieTcst B BHJE JIMHEHHOM 3a1aud JONOJHHUTEIbHOCTH. J{s perieHus
JIMHEWHOW 3a/a4 JTOMOJHUTENBHOCTH MpUMeHseTcs MeTo JIeMke ¢ BBeACHH-
€M HapacTalollero rnapaMerpa BHEIIHEro HarpyxeHus. B mpeanaraemom noj-
XOJIe peIlaeTcsl BRIPOXKICHHAS MaTpPHUIA 32 KOHEYHOE YHUCIIO IIAaroB, MPHU 3TOM
pa3MEepHOCTh 3aJa4ll OrpaHHWYeHa 00JacThi0 KOHTakTa. [y peumieHus 3anadu
(dbopmupyertcs HauanbHas Tabiuia Meroaa JIeMke ¢ UCIOJIb30BAHHEM KOHTAKT-

ABTOpBI 3asBIAIOT 00 OTCYTCTBUM KOH(IUKTA
HHTEPECOB.

HOW MaTpHIIbl )KECTKOCTH M KOHTAaKTHOTO IPy30BOr0 BeKTopa. B kauecTBe He-
W3BECTHBIX B 3ajJjaue€ BBICTYIAIOT B3aMMHBIC NEPEMELICHUS U yCHUJIMS B3aUMO-
HepaszgenbHoe cOaBTOPCTBO. JEHCTBUS KOHTAKTUPYIOIIUX Map To4ek, aedhopmupyembix tei. [Ipeanaraemprit
IIOJIXOJ] TIO3BOJISIET OLICHUTh CMEHY pabOuYuX CXeM 10 Mepe pocTa mapamerpa
BHEIIHEro Bo3/eHcTBHs. [loka3aHbl OCOOCHHOCTH MpeajaraeMoi MOCTaAHOBKH
3aJla4ud, pPacCMOTPEHbl KPUTEPUU OCTAHOBKHM WIArOBOTO IPOIECCa PELICHUs
TaKOBBIX 3a1ad4. [IpuBeneHbl MOAENbHBIE MPUMEPHI AN TPeIaraeMoro airo-
pUTMa. AJIrOpUTM IOKa3al CBOIO 3((GEKTUBHOCTh B IPUMEHEHUH, B TOM YHCIIE
1 Ha CIIOXHBIX MOAEJBHBIX 3a/1auaX. JlaHbl peKOMEHIALUH 110 UCIIOIb30BAHHIO
IIpeaaraeMoro MoAxXoaa.

Bkuiag aBTopoB

KiroueBble cji0Ba: CTPOUTEIbHBIE KOHCTPYKIMU, KOHCTPYKTHBHAsI HEJIMHEH-
HOCTb, OJHOCTOPOHHME CBS3H, JIMHEHHAs 3a/a4a JOMOJHHUTEIBHOCTH, YUCIIECH-
HBIE MOJIENIH, METOJ] KOHEYHBIX 3JIEMEHTOB, HAPACTAIOLIAsA HATPy3Ka

I[JISI HUTUPOBAHUSA

Popov A.N., Lovtsov A.D. Algorithm for calculating the problem of unilateral frictional contact with an increscent external load
parameter // CTpouTenbHas MEXaHWKa WH)KCHEPHBIX KOHCTPYKIMHA U coopyxkenuit. 2023. T. 19. Ne 5. C. 491-501. http://doi.org/
10.22363/1815-5235-2023-19-5-491-501

1. Introduction

One of the important tasks of the strength calculation of building structures is the task of determining the
parameters of the stress-strain state (SSS) while changing the parameters of external loading [1]. The object of
this study is the contact interaction of deformable building structures under increscent external load.

Constructively nonlinear problems have been popular since 1970s in works of Kravchuk, Bathe, Kikuchi,
Glowinski [2—6]. Klarbring, Hlavacek and Cottle considered variational formulations [7—10]. A step-by-step
algorithm is used in the most popular software systems in case of force incrimination problems for non-linear
calculation of building structures. According to this algorithm the loading process is divided by the user into
several stages (the method of successive loadings). Iterative methods are used at each stage of loading to
determine the increments of the structure’s SSS parameters. It is necessary to solve the problem of contact
interaction in these problems at each stage. Such tasks have been popular since the 1980s [11-15] and have

ITonoe Anexcanop Huxonaesuy, npenogaBaTeb-HCCICOBATEIb BBICIICH MIKOJIBI MPOMBIIUIEHHOTO M IPAXIaHCKOTO CTPOUTENBCTBA, THXOOKCAHCKHUIL
TOCYAapCTBEHHbIH yHUBEpCUTET, Xabaposck, Poccuiickas @enepanus; ORCID: 0000-0001-6762-5476; E-mail: SanyaPov@mail.ru
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maintained their popularity until the present [16-20]. These problems are stated in the form of variational
inequalities [21-24], and the following numerical methods were used to solve them: Lagrange multipliers [25—
27], penalty functions [28; 29] and their combinations [30-32]. And other methods using contact finite elements
[32-33]; quadratic programming approach [34-36]; finite element methods (Spigot-algorithms) [37-39]; and
other [40—46].

The user should specify the following parameters at the stage of a problem modeling:

1. The final value of the external load.

2. The number of loading stages (the value of load increment).

3. Method for solving the contact problem and its parameters.

The purpose of this work is to create an algorithm that allows tracking the change of working schemes at the
parametric increment in external load. The problem expansion parameter, whose physical meaning was the
“tightening weight” in contact pairs, was used in [47] in the algorithm for solving the linear complementarity
problem (LPC). In this paper, it was proposed to take the external load growth parameter as the parameter of the
problem expansion. This approach enables automating the process of load splitting into stages, within each of
them a linear problem can be solved. The following tasks arising from this:

1. Program implementation of the algorithm for solving similar problems.

2. Description of the solution peculiarities.

3. Testing the algorithm.

2. Methods

The formulation of the calculation of frictional contact problems proposed below considers a node-to-node
contact (contact pair). Let m denote the number of contact pairs. It is assumed that the points in each contact pair
are connected by unilateral constraints. The constraint that is normal to the contact zone works only on
compression and is enabled when these points are in contact and disabled otherwise. Tangential connection to
the contact zone is enabled if the interaction forces are less than the ultimate friction forces and disabled if the
interaction forces are equal to the ultimate friction forces. This means that slippage of the contact pair points is
not possible when the connection is on, whereas it is possible when the connection is off.

The following rule for the use of signs has

been adopted: 2 >0
> for forces and displacements normal to L] ﬁ

the contact surface: compressive force of inter- T ——— = >

action of points of the contact pair X,; >0; z,>0x,>0 2y >0, >0 2 >0

mutual displacement of points of the contact pair « b ¢

z.; > 0 (Figure 1, a);
n (Fig @), Figure 1. Unilateral constraints.

» for forces and displacements tangential to The signs’ rule for interaction forces x and mutual displacements z
the contact surface: if the points of the contact pair

are conditionally separated normally to the contact zone, then the interaction forces x,; > 0 will create a pair of

forces with a clockwise moment; mutual displacement z; >0, if it coincides in direction with x, >0

(Figure 1, b, ¢).
Papers [47] and [48] proposed a LCP formulation for frictional contact considering initial gaps:

Xn Rnn Rn‘r - Rm' Zy

X: =| R+ / Rpy Rer+/ Ryr  —Rpr—f Ry |- Z: +

X; _R‘m +f'Rnn _R‘r'r"'f'Rn‘r R‘r‘r_f'Rn'r Z;
Rpn =Rpp 1M

+| Rpp+/ (Rpy —Rpp M) —Ryeom |
_RFT+f'(RFn_Rnn'“)+Rnr'n

. - -0
2, 20; x,20; z, -x, =0;

(1

X:ZO; X, 20; Z:ZO; Z; 20; Z:T~X:=0; Z;T-x;=0,
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where: X,,Z, are vectors [mx1] of interaction forces and mutual displacements of contact pairs along the normal
to the contact zone; X, = (XJTr —X.)/2 is the vector [mx1] of interaction forces of contact pairs along the

tangent to the contact zone; z, = (Z: —2.)/2 is the vector [mx1] of mutual displacements of contact pairs

tangentially to the contact zone; Ry, is the contact stiffness matrix (CSM) [mxm] for the constraints in the
contact pairs along the normal to the assumed contact zone from a single dislocation of nodes of contact pairs
along the normal to the specified contact zone; R, is the CSM [mxm)] for the links introduced in the contact

pairs tangential to the contact zone from the unit dislocation of the contact pairs nodes tangentially to the contact
zone; f is a coefficient of friction between the nodes of the contact pair; Ry, is a contact load vector (CLV)
[mx1] for the links which are normal to the contact zone; R, is a CLV for the links which are tangential to the
contact zone; 1] is a vector of mutual initial gaps in the contact zone. Thus, three non-negative variables are

required to determine the parameters of the stress-strain state (SSS) in the contact pair: one is responsible for the
interaction along the normal and two are responsible for the interaction along the tangent.
The system of equations and inequalities (1) can be written in the following reduced form:

x=R-z+Ryg; 2
ZZO;XZO;ZT~X=O.
It was assumed that the external influences are: force influence Ry, kinematic influence Rjand

temperature influence R¢ . The external influence was divided as follows:
Ry +Ry +R =R+ p Ry,

where: pis the vector increment parameter; Ry,R; are vectors of contact loads from any combination of
external influences.

Therefore, assuming that Ry =Rgand R, =Rj +R¢ =0, the parametric incrimination of the force load is
modeled. It is proposed to extend the formulation (2) by introducing the parameter p of force load increment:

x=R-z+p-Ry;

zZO;xZO;zT-x:O;pZO.

To solve the problem, we use the Lemke method [49], [50]. Then, the initial table of the Lemke method
takes the form:

X
[E R -R,]|z|=0
p

b

where E is a diagonal identity matrix [3mx3m].

To initialize the solution process (selection of the leading row), an artificial compression (tightening weight)
pc of all unilateral links is introduced, and the initial table takes the form:

X
[E R -R,]|z|=pce, 3)
p

where: e =[1,1,...,,1] is a vector with dimension [3m x1].
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There are peculiarities of the solution by the Lemke algorithm with an increasing parameter of the external
influence. First, it is necessary to select R,, as the leading column. The leading row is chosen by the rule of

minimum ratio. Then the standard steps of Lemke algorithm are performed. There are two criteria for stopping
the stepped process of the solution:

Criterion 1. Suppose that at step K the parameter became more than one: p > 1. The criterion is used if it is
necessary to obtain a solution for a given load value (the load at which the contact load vector R, was formed).

In order to get a solution to the linear complementarity problem (LCP) it is necessary to return to the previous
step; take p out of the basis and determine the values of basis variables by the formula — p-R,,, where p=1.

Criterion 2. Suppose that at step k a ray solution is obtained (including the first step of the algorithm) for
any non-negative value of P. In this case, in order to get a solution to LCP it is necessary to take the parameter

p out of the basis by choosing the corresponding leading line.
» If the leading element is not equal to zero, then p should be removed from the basis6 and the values of

the basis variables should be determined by formula —p-R,,, where p> py. From physical point of view, the
result obtained should be interpreted as impossibility to change the working scheme at further load increment.
If the ray solution is obtained at Py <1, and the solution is to be obtained for a given load value, then the
parameter p=1.

» If the leading element is equal to zero, then removing the parameter p from the basis leads to the
undefined basis variables. In this case, at the current step, the values of the basic variables should be obtained
as: — p-R,, . From physical point of view, obtained result is interpreted as the transformation of the system into
a mechanism in case of a further increment of the load. We obtain the ultimate value of the load parameter
corresponding to the transition of the system into a mechanism.

3. Results and discussions

Many test problems have been solved to verify the algo- EA=1N lFVZl N
rithm’s operation. Some of the problems with the description of El=1Nm?
the algorithm operation are given below. AN AN AN

Example 1. The scheme of the problem is a beam on three
unilateral supports (Figure 2). The load is a vertical concentrated ‘ ‘ ‘
force in the middle of the right span. The algorithm with an e Lm e 02m,|, 05m |
increment external influence parameter is implemented within 2 Figure 2. Scheme of the beam
steps. To initialize the stepped process, an artificial compression with unilateral supports
is introduced in each assumed contact pair F,=1.

Leading rows and columns are highlighted in gray in all the tables below, the initial table of the problem is
shown in Table 1.
At the first step (Figure 3, a), the parameter increases to p=10.(6) (Table 2). At this value of the parameter

of the external load, the moment of detachment of the left support occurs (X is eliminated from the basis),
which indicates that the interaction force Xy is equal to zero.

At the second step, Zy should be introduced into the basis. The components of the leading column are neg-

ative with the exception of two small positive values. These values are the result of round-off errors, so they are
assumed to be equal to zero. Thus, there are no positive components in the leading column, so it means that a ray
solution is obtained. In this case, the ray solution can be represented as the impossibility of changing the working
scheme with further increase of the load parameter (Figure 3, b). To obtain the solution, the parameter p should
be taken out of the basis, and only the variable part of the external influence should be considered: p-F,; F.=0.
The final table is shown in Table 3.

For this example, it is possible to obtain the solution of the problem for any value of parameter p. For
example: for load p-FK, =1, after removing the parameter p from the basis, it is possible to take P=1 and obtain

the basis variables respectively —1-R,, =1 (Figure 3, C). As can be seen from Table 2, round-off errors can lead to

values that are close to zero. In order to stop the algorithm in time, a user-defined parameter of the problem
accuracy [47] is introduced.
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Initial table of Lemke algorithm

Table 1

Basis | Xa1  Xn2  Xa3 Xt xXe2©  Xxo Xr©  Xe2© X3 Zn1 Zn2 Zn3 zat ot zat Zr1 7 Zy pRv Rc  Min ratio
0 1 0 0 0 0 0 0 0 0 -0.1875 0.375 -0.1875 0 0 0 0 0 0 0.09375 1 10.6666
1 0 1 0 0 0 0 0 0 0 0.375 -0.75 0.375 0 0 0 0 0 0 —0.688 1
2 0 0 1 0 0 0 0 0 0 -0.1875 0.375 -0.1875 0 0 0 0 0 0 —0.4063 1
3 0 0 0 1 0 0 0 0 0 -0.1125 0.225 -0.1125 -0.5 0.5 0 0.5 -0.5 0 0.05625 1 17.7777
4 0 0 0 0 1 0 0 0 0 0.225 —0.45 0.225 0.5 -1 0.5 -0.5 1 —0.5 —0.413 1
5 0 0 0 0 0 1 0 0 0 —0.1125 0.225 —0.1125 0 0.5 -0.5 0 —0.5 0.5 —0.2438 1
6 0 0 0 0 0 0 1 0 0 -0.1125 0.225 —0.1125 0.5 -0.5 0 -0.5 0.5 0 0.05625 1 17.7777
7 0 0 0 0 0 0 0 1 0 0.225 —0.45 0.225 -0.5 1 -0.5 0.5 -1 0.5 —-0.413 1
8 0 0 0 0 0 0 0 0 1 -0.1125 0.225 -0.1125 0 -0.5 0.5 0 0.5 -0.5 —0.2438 1

Table 2
Table for Step 1 of Lemke algorithm

Basis Xn1 Xn2  Xn3  Xal X2t X3 Xi1©  Xt2 Xo3 Zn1 Zn2 Zn3 't 2t zt za Zr z3  pRy R. Min ratio
19 10.667 0 0 0 0 0 0 0 0 -2 4 -2 0 0 0 0 0 0 1 10.667
1 7.3333 1 0 0 0 0 0 0 0 -1 2 -1 0 0 0 0 0 0 0 8.3333
2 4.3333 0 1 0 0 0 0 0 0 -1 2 -1 0 0 0 0 0 0 0 5.3333
3 -0.6 0 0 1 0 0 0 0 0 1E-17 0 0 -0.5 0.5 0 0.5 -0.5 0 0 0.4
4 4.4 0 0 0 1 0 0 0 0 —0.6 1.2 | 0.6 0.5 -1 0.5 -0.5 1 -0.5 0 5.4
5 2.6 0 0 0 0 1 0 0 0 -1 1.2 -1 0 0.5 -1 0 -1 0.5 0 3.6
6 -0.6 0 0 0 0 0 1 0 0 1.4E-17 0 0 0.5 -0.5 0 -0.5 0.5 0 0 0.4
7 4.4 0 0 0 0 0 0 1 0 -0.6 1.2 | -0.6 | -0.5 1 -0.5 0.5 -1 0.5 0 5.4
8 2.6 0 0 0 0 0 0 0 1 -1 1.2 -1 0 -1 0.5 0 0.5 -1 0 3.6

Table 3
Table for Step 2 of Lemke algorithm

Basis Xnl Xiz  Xm3 Xt X2t Xt X X2 X3 Zm Zn2 Zn3 b7 S 7% M 7 M 7 W 25 S 2 3 pRy Rc Min ratio
9 -5.33333 0 0 0 0 0 0 0 0 1 -2 1 0 0 0 0 0 0 -0.5 -5.33333
1 2 1 0 0 0 0 0 0 0 0 4E-15 ~7TE-16 0 0 0 0 0 0 -0.5 3
2 -1 0 1 0 0 0 0 0 0 0 -3.1E-15 1.33E-15 0 0 0 0 0 0 -0.5 —1.8E-15
3 -0.6 0 0 1 0 0 0 0 0 0 3E-17 —1E-17 —0.5 0.5 0 0.5 | -0.5 0 7E-18 0.4
4 1.2 0 0 0 1 0 0 0 0 0 3E-15 —3E-16 0.5 -1 0.5 | -0.5 1 -0.5 -0.3 2.2
5 -0.6 0 0 0 0 1 0 0 0 0 —2E-15 8E-16 0 0.5 -0.5 0 -0.5 0.5 -0.3 0.4
6 -0.6 0 0 0 0 0 1 0 0 0 3E-17 -0 0.5 -0.5 0 -0.5 0.5 0 7E-18 0.4
7 1.2 0 0 0 0 0 0 1 0 0 3E-15 -0 -0.5 1 -0.5 0.5 -1 0.5 -0.3 2.2
8 -0.6 0 0 0 0 0 0 0 1 0 —2E~15 8E-16 0 -0.5 0.5 0 0.5 | -0.5 -0.3 0.4
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Example 2. An analytical solution of the following
frictional contact problem at known friction limit forces
was obtained in [1]. A cantilevered beam of length
L=260 m was considered, which was placed on a rigid
base (Figure 4, a). The load is a constant pressing
vertical uniformly distributed load ¢=3975N/m, the

longitudinal force at the right end F, =243750N was

considered as a load with increasing parameter.

The analytical solution is compared with the
numerical solution obtained by the proposed method.
The foundation is modeled by a set of discrete rigid
supports. A plane frame finite element (FE) with three
degrees of freedom at a node is used to model the
console. The cantilevered beam is divided into » =10
elements. The FE nodes contact the supports according
to the Coulomb friction scheme. The concentrated
vertical pressing force in the node is

Fc=q-§=114833.33N.

The friction coefficient is assumed to be /' =0.3.

The results for the longitudinal displacements of the
beam are shown in Figure 4, b.

The dependence of the error on the number of
accepted elements is shown in Table 4. The error is
calculated by the formula:

U, = abs(analytical — numerical)/ analytical .

Due to round-off errors, there is no clear correlation.
Table 4
Error calculation

n 5 10 20 40 80 160
U, error, % | 0.016 | 0.085 | 0.036 | 0.91 | 0.021 | 0.84

Example 3. The problem of plane deformation of a
sheet pile wall in soil with an underlying layer of rocky
soil is considered (Figure5). The sheet pile wall
interacts with the soil on its two sides according to the
Coulomb friction scheme. The sheet pile wall and the
soil are conventionally separated in Figure 5. A hori-
zontal concentrated force at the top of the sheet pile wall
is taken as a variable load, which is affected by the
increasing external load parameter; the dead weight of
the soil is not considered. Horizontal displacements for
the soil are forbidden on the sides, vertical and
horizontal displacements are forbidden at the base, and
the pile has a hinge immobile support at the base.

A frame element of plane problem with 3 degrees
of freedom at a node is used to model the sheet pile
wall, and a 4 node element of plane problem of elasticity
theory is used for soil. The coefficient of friction
between steel and soil is assumed to be f=0.4.
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Figure 3. Mutual displacements (z)
and forces of interaction (x) in a beam
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Figure 5. Scheme of sheet piling in soil
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2

The area of cross section of one meter of sheet pile is Ap =1.831-1072 m?, modulus of elasticity is

Ep = 210! P4, moment of inertia I,=1.016 107> m*. For soil modulus of elasticity is £=4.5-10" Pa,
Poisson's ratio is £ =0.27, soil thickness is t =1m .
In this example, the external load parameter increases until a ray solution is obtained at p-F,=213518V.

The zones of sheet pile detachment from soil appear at the top of the sheet to the left and at the bottom of the
sheet pile to the right. Zones of contact appear at the top of the sheet pile to the right and at the bottom of the
sheet pile to the left. In this case, the adhesion zone occurs only on the left side in two nodes. On the right, the
soil slides along the sheet pile (Figure 6).

X{N], z{m] Xn[N], Zs[m] pF,=213518 N Xn[N], za[m] x{N], z{m]

I — | ]
2.236e-4 / 950.202 ! 380.081 | 2.679e-5

L ] ——
1.862e-4 / 843.283 337.313 | 2.720e-5
1.518e-4 / [366.082 146.432 ] 3.277e-5

—
1.215e-4 / 88.026 35.210 | 3.607e-5
—— =/ —

9.546e-5 / 4.161e-6 3.619e-5
7.332e-5 [1.081le5 3.459e-5
5.480e-5 iL.rlles 3.265e-5
3.958e-5 2.230e-5 friction forces 3.067e-5

— —————— . —
2.736e-5 2.604e-5 are ultimate 2.870e-5

= — . —
1.781e-5] 2.826e-5 slippage 2.675e-5

——— —
1.064e-54 22030 | 2.482e-5
5.526e-6 | 2.851e-5 2.288e-5

————— — |
2.186e-6 2.689e-5 | 2.091e-5
3.35e-7 2.439e-5 1.889e-5

e — —
. 18.231 2.128e-5 1.681e-5
adhesion ect—— — | =
25.612 1.782e-5 |_1.462¢-5
2a.- -
22.706 M1000:1 1.423e-5 :1.2308 5
16.920 [1.068¢e-5 [ 0.822e-6
11.478 ;.2498-6 7.119e-6
== u}

6.670 3.996e-6 4.019 e-6

- 2
I Interaction forces, N

I:I Mutual displacements, m

Figure 6. Results for Problem 3. Interaction forces x, mutual displacements z

It should be noted that according to the results of solving the testing problems, the following feature of the
algorithm was revealed. During the step-by-step process of the Lemke algorithm, the problem of comparison
with zero arises. The occurrence of small values is due either to the “physics” of the problem (small load incre-
ment leading to a change in the working scheme of the structure) or to round-off errors. This leads to the prob-
lem of finding a criterion for the difference of these small values from zero. For this purpose, a single artificial
parameter for the accuracy of stopping the step-by-step process was introduced. It determines how much the ob-

tained value of the ultimate desired external load p-F,, will differ from the exact value within the framework of

the discretized problem.

The necessity of comparison with zero appears, as a rule: 1) at the last stage if several variables, including
the parameter p, tend to leave the basis simultaneously; 2) in the case if the values are close to zero in the lead-
ing column or close to zero and negative in the load column. In the first case, one should act according to Crite-
rion 2 for stopping the step-by-step process. In the second case, small values are interpreted as the result of
round-off errors and should be assumed to be zero. It has been experimentally determined that the optimum

range for the value of the parameter is from 107 to 10 in the most difficult cases. This describes an absolute
error in external load increment parameter.

The examples presented in the paper have been selected, among other reasons, to show the effect of
round-off errors on the interpretation of the algorithm’s solution results. Thus, in Example I (Table 2) small
values appeared in the leading column, and in Example 2 (Table 4) the tendency of the numerical solution to the
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analytical one is not monotonous. due to rounding errors. The value of the external load that gives the ray
solution in Example 3 due to the accumulation of round-off errors, it was necessary to decrease the parameter for

stopping the step process to 107 , which did not affect the accuracy of the solution.

4. Conclusions

An algorithm for tracking the change of working schemes at parametric increment of external load for
structurally nonlinear contact problems with friction has been developed. The algorithm has shown its
effectiveness in solving problems with large contact interaction forces. The physical meaning of the algorithm is
a sequential change of working schemes (differing one from another by switching of unilateral constraints) at
parametric increment of force load. This enables to automate the process of load dividing into stages, within each
of which a linear problem is solved. The use of the proposed approach makes it possible to fulfill strictly the
condition of mutual non-penetration of contacting bodies. However, if there is a frequent change of working
schemes with a small increase in the parameter of external influence, then this leads to the accumulation of
round-off errors and to the complication of determining of the criterion for stopping the step process. The
algorithm shows good results for problems with a small contact area and large interaction forces in the assumed
contact area. The accuracy of calculating the results remains high enough even in difficult conditions for the
algorithm.

In the process of the work the following tasks have been fulfilled:

1. A Python program has been written that implements the Lemke algorithm with an increment parameter of
external influence.

2. A number of features of the algorithm solution have been described, i.e., the beginning of the step process
of the solution, its completion and interpretation.

3. The process of solution has been shown and described for a number of testing problems. The peculiarities
of the algorithm operation have been identified and shown in examples.
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Hcropus ctatbn AHHOTAaUUsA. AKTYaJbHOCT TEMBI HCCIEJOBaHMS OOYCIIOBIEHa NpodieMamu,
TocTymuia B pexakuuio: 29 mas 2023 r BO3HMKAIOIIMMHU B HECYIIMX 3MaHHUAX IPH MOXKapax, Koraa OeToH TepsieT 0ouib-
Jlopaborana: 24 asrycra 2023 r LIYIO YaCTh CBOMX MEXaHWYECKUX CBOMCTB M, CIEIOBATEIBHO, BEIXOJHUT U3 CTPOSL.

ITockoIbKy PEKOHCTPYKIHS TOBPEXKICHHBIX 31aHUN TpeOyeT BBICOKUX (pUHAHCO-

[punsita k mybmukaun: 28 aBrycra 2023 r.
BBIX 3aTpar, HEOOXOAMMO COCPENOTOYUTHCS Ha BOCCTAHOBIICHUH IOBPEXIECHHBIX

OETOHHBIX 3JEMEHTOB C HCIIOJIb30BAHHUEM HAJEKHBIX METO/OB M JIOKa3aHHOW
3¢ PEKTUBHOCTU C TOYKH 3PEHUSI BOCCTAHOBJICHHSI IIPOYHOCTH OETOHA U MOBBIILIE-
ABTOpBI 3a5IBIISIIOT 00 OTCYTCTBUH HUSl YCTOWYMBOCTH K BBICOKMM TEMIIEpaTypaMm. B HcclieioBaHMM YHCIEHHO HC-
KOH(IIMKTa HHTEPECOB. cienyercs ucrnonb3oBanue yriemnactuka CFRP, mist BoccranoBnenust pasmmu-

HBIX CTPYKTYPHBIX OETOHHBIX 3JIEMEHTOB, TAKHX KakK OaiKu, KOJOHHBI U IUIHTHI,

3asBiieHHe 0 KOH(JIUKTE HHTEPecoB

TOBPEKJIEHHBIX B PE3yJbTaTe MoyKapa, Ul ABYX THUIIOB HOPMAJbHOIO M BBICOKO-

Bxian aBTopos MPOYHOro OETOHa, a TAK)KE M3y4yaeTcs TIoBeAeHNE OETOHA MOCIIE YKPEMIEHUs ET0

HepasenbHoe COaBTOPCTBO. JIMCTaMHU YIJIENIacThuKa. Pe3ynbTaTsl MoKa3aiH, YTO HECYIIas CIOCOOHOCTb, MH-
JeKC KECTKOCTU M MHJIEKC SHEPIUH MOTNIOLIEHNS ObUIM YIydIIeHbl IPU HCIOIb-
30BaHMH YIJIEIIACTHKA 110 CPABHEHHIO C HEMOBPEXKJEHHBIMH M MOBPEKAECHHBIMU
OTHEM DJIEMEHTaMHU.

KiroueBblie ciioBa: Ganka, KOJOHHA, TUINTA, YTIICTUIACTHK, OCTOH
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1. Introduction

Concrete is the most often used man-made material and the second most consumed substance in the world,
next to water, due to its necessity for various construction applications and the long-term demand for them [1].
Concrete is a composite material comprised of various components, including aggregates, water, cement, and
other cementitious elements as binder ingredients [2].

Concrete’s preserved qualities after cooling from being subjected to high temperatures are typically referred
to as residual properties. The period of exposure, the features, and the material composition of concrete can all
have an impact on how these properties change significantly within the high temperature range associated with
an exposed fire [3]. Compressive strength, tensile strength, elastic modulus, and stress-strain response are the
principal mechanical parameters of concrete that are of interest after exposure to high temperatures. These
characteristics are frequently used to evaluate how much strength concrete loses and degrades at high
temperatures [4].

When heated to 300 °C, concrete loses around 25 % of its initial compressive strength, and when subjected
to temperatures beyond 600 °C, it loses about 75 % [5; 6]. The tensile strength decreases in concrete with an
increase in temperature [7]. The mechanical property of concrete that is commonly regarded as being most
impacted by exposure to high temperatures is its modulus of elasticity. In comparison to compressive and tensile
strength, the degradation of elastic modulus occurs much more quickly [8]. While considering the critical heating
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level for residual mechanical strength characteristics of fiber-reinforced concrete, Eidan et al. [9] showed that, at
400 °C, the residual factors for fiber-reinforced concrete are often better than those of plain concrete.

At high temperatures under 1000 °C, the compressive strength significantly decreased, but steel fiber-
reinforced concrete with a 1 % addition outperformed non-steel fiber-reinforced concrete [10]. Moghadam &
Izadifard [11] compared the impact of steel fiber and glass fiber on the strength of concrete at high temperatures.
While no chemical changes were observed at this temperature range, both for steel and glass fiber at tested
temperatures up to 800 °C, they noticed that the compressive strength of normal, steel, and glass fiber concrete
decreased as the temperature rose to 100 °C.

Fixing damaged concrete members frequently involves building an external reinforced concrete support or
concrete jacket or epoxy-bonding metal plates for damaged component, among other methods [12]. Using a
laminate made of fiber-reinforced composite materials, such as carbon and glass fiber-reinforced polymers, in
place of the steel plates is a unique technology. In structural repairs and the restoration of reinforced concrete
components, the use of high-performance fiber-reinforced cementitious composites has gained significance [13].
The CFRP has been extensively employed to strengthen various structural elements, such as beams, columns,
and slabs, from the outside [14]. Due to the low weight, corrosion-resistance, and tensile strength of FRP
materials, which were employed in the space industry in the 1970s, this application became quite popular. The
RC columns are passively contained by the CFRP jacket, which is only stressed when a column is subjected to
an additional axial force that produces dilatation. Several factors affect the degree of confinement and the overall
improvement in strength of confined concrete columns’ sizes, shapes, and fiber modulus, as well as their
thickness and fiber rupture strain (circular, square, or rectangular) [15].

Several scholars, for example, Ashteyat et al. [16], Shehata et al. [17], and Mhanna et al. [18], have
thoroughly studied carbon fiber-reinforced polymers. They investigated the effects of corner roundness, column
height, cross-section form, layer count, and wrapping method (full or partial) on the strength and ductility of the
RC column. They discovered that when the corner radius was rounded until it approached the circular section,
and as the CFRP’s thickness rose, the strength improved. When exposed to repeated loading, CFRP has the
benefit of displaying a much higher tensile strength. They can also be easy to use on site without the need for
specialized tools or labor and are highly resistant to corrosive effects due to the many properties of CFRP,
including mechanical properties, spacing, dimensions, and configuration [16—18].

According to the previous analysis of the literature, it should be noted that while numerous studies have
been conducted to examine the behavior of concrete members when exposed to fire, little is known about the
behavior of these members when strengthened with CFRP. Hence, this study is devoted to the effectiveness of
employing CFRP to repair damaged concrete elements.

2. Methodology

The obtained results from the numerical simulation for the beam, slab, and column under ambient
temperatures, elevated temperatures, and, lastly, after strengthening the fire-damaged concrete element, will be
included in this study. Each concrete element has two concrete strength types (normal 25 MPa and high 65 MPa),
in addition to two thicknesses for CFRP. The simulations shall be divided into the referenced undamaged
models, the fire-damaged models, and the strengthened models. ABAQUS offers a variety of material attributes
that reflect how those materials behave under various simulations. The Poisson’s ratio and the modulus of
elasticity are two parameters that are frequently used to describe the elastic phase in isotropic materials. The
concrete damaged plasticity model CDP is utilized in this study to characterize the concrete plastic phase
because of its effectiveness in predicting the behavior of the concrete under a variety of conditions, including
monolithic and repeated loadings, plain and reinforced concrete, and application, which depends on the material
loading rate.

In this paper, the behavior of the various concrete elements under various thermal conditions and repair
techniques will be presented and discussed in detail, showing the level of degradation and improvement in the
elements’ performance in terms of various flexural indices. Each concrete member category was designated
according to the type of the element.

The concrete beam has a full-scale dimension of 5500 mm in length, 300 mm in width, and 500 mm in
thickness, which is one of the three main concrete components that make up the majority of such constructions.
The beam was strengthened with three steel bars, top and bottom, using 16 mm steel bars, stirrups along the
length of the beam with consistent spacing using steel bars with a diameter of 10 mm each at 200 mm, and three
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steel bars at the top and bottom using 16 mm steel bars. While for the concrete column element, the dimensions
were selected to ensure that the column is classified as a short column, and the failure will occur due to concrete
crushing.

The concrete column cross section dimensions are 300 mm by 400 mm and the length is 3000 mm; the
longitudinal steel reinforcement was six bars with a diameter of 16 mm; and the transverse reinforcement (ties)
was steel bars with a diameter of 10 mm and 200 mm spacing.

The slab’s concrete proportions were also chosen to guarantee that its behavior qualifies as a two-way action
slab. The slab’s thickness was 200 mm, its aspect ratio was 1, and its dimensions were 5500 mm by 5500 mm.
Two steel bar meshes (top and bottom) with a 12 mm diameter and a 200 mm spacing made up the embedded
steel reinforcement.

Each member’s concrete strength needs to be examined, as each type of concrete member shows a varied
level of fire temperature decrease. The thermal destruction carried on by subjecting the faces of the concrete
elements to the ISO-834 standards differs since there are four, three, and one subjected face in column, beam,
and slab elements, respectively. The effects of high temperatures also differ depending on the type of concrete.
The temperature starts to rise from the bottom of the exposed face [19].

3. CFRP material’s characterization and modeling

In ABAQUS, the damage initiation criteria for fiber-reinforced composites are based on Hashin’s theory
(see Hashin and Rotem, 1973). The Hashin damage model predicts anisotropic damage in elastic-brittle materials
[21]. It is primarily intended for use with fiber-reinforced composite materials and takes into account four
different failure modes: fiber tension, fiber compression, matrix tension, and matrix compression [20]. Below are
the equations for these failure modes (ABAQUS manual).

Fiber tensile failure criteria:

(&) +(22) = 160, > 0). M

O1u T12u

Fiber compressive failure criteria:

'a—jl = 1(0y < 0). )
O1u

Matrix tensile failure criteria:

2
<ﬂ> + (Ti)z = 1(0, > 0). 3)

t
Osy T12u

Matrix compressive failure criteria:

o, \2 oS, \° o Tqo \2
a2 <[ ey -+
2Ty3y 2Ty3y O2u T12u

where o) is the stress in direction 1, ojut is the ultimate tensile stress in direction 1 (maximum tensile
longitudinal strength), o uc is the ultimate compressive stress in direction 1 (maximum compressive longitudinal
strength), o, is the stress in direction 2, o,ut is the ultimate tensile stress in direction 2 (maximum tensile
transversal strength), o>uc is the ultimate compressive stress in direction 2 (maximum compressive transversal
strength), o3 is the stress in 3 direction 3, 7;3 is the shear stress in plane 1-3, 723 is the shear stress in plane 2-3,
T3u is the inter laminar ultimate shear strength in plane 2-3 (maximum shear strength in plane
2-3), 712 is the shear stress in plane 1-2, 7i,u is the ultimate shear stress in plane 1-2 (maximum shear strength
in plane 1-2).

Such a model requires defining the elastic properties matrix, such as the elastic and shear modulus for both
directions (E1, E2, G11, G13, and G23), in addition to the longitudinal and transverse Poisson ratio of the
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composite. The damage initiation can be defined by assigning the damage variables as listed in Table 1, they are
the longitudinal and transverse values for tensile, compressive, and shear strength. In total, six parameters should
be assigned to define the elastic properties in addition to six parameters to define the damage initiation response
of the CFRP sheet.

Table 1
Elastic and failure parameters of used CFRP laminate [22]

Parameter Quantity

Elastic modulus of fabric, E4, E,, respectively 230 and 16.58GaPa

Longitudinal and transverse Poisson's ratio 0.30

Shear modulus G4, G;3, G,3, respectively 9188.5, 12259 and 5911 MPa

Longitudinal tensile and compressive strength 3900 and 3120 MPa

Transverse tensile and compressive strength 210.6 and 64.5 MPa

Longitudinal and transverse shear strength 210.6 and 276.9 MPa

In this study, the obtained results shall be presented in detail in the main part. This part includes the results
of the numerical simulation after the verification process for the beam, slab, and column under different
conditions, i.e., phase 1, under ambient temperatures; phase 2, under elevated temperatures, and finally, phase c,
after strengthening of the fire damaged concrete element. The simulation works shall be divided into three
phases or stages: Phase 1 for the referenced undamaged models, Phase 2 for the fire-damaged models, and
finally Phase 3 for the strengthened models.

4. Analysis and Results

The indicators (ultimate load capacity, stiffness, ductility, and toughness) were tested at each of the three
stages of work for all structural elements and for both types of concrete (NSC and HSC). The ultimate load
capacity results of the reference and fired and after strengthening of normal and high strength concrete for three
elements (beam, column, slab) are illustrated in Table 2. (R) refers to the reference undamaged concrete
member, and (F) refers to the concrete member after exposure to fire.

Table 2
The effect of high temperature on ultimate load capacity

Ultimate load capacity
Structural member cases Column Beam Slab
NSC HSC NSC HSC NSC HSC
R 4783.3 8480 2521.2 4181.4 5941.6 10190.5
F 2582.6 7179.7 1236.8 2937.0 4143.7 8411.1
CFRP 1.5 3040 9676 1787.2 3666.8 5080.7 9599.9
CFRP 2.5 3826 10945 1975.8 4011.4 6405 11149.8

In HSC beams, the enhancement in stiffness is higher than the fire-damaged beam by about 150%. While an
enhancement in stiffness was found to be approximately the same in terms of NSC beams, in the case of the
stiffness index in slabs, neither the NSC slabs nor the HSC slabs succeed in recovering the initial stiffness, so it
can be concluded that even with increasing the CFRP sheet layer thickness to 166 %, the stiffness was the same.
For NSC columns, increasing CFRP layer thickness by 166 % resulted in increasing the level of performance by
130 %. While for the HSC column, increasing the CFRP layer thickness by 166 % resulted in increasing the
level of performance by 175 %. For both of the concrete strength classes, the stiffness index results of the
reference, fired, and post-strengthened elements (beam, column, slab) are illustrated in Table 3.
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Table 3
The effect of high temperature on stiffness index
Stiffness index
Structural Column Beam Slab
member cases
NSC HSC NSC HSC NSC HSC

R 790.67 1716.67 143.10 188.74 216.53 376.14

F 2493 1188.46 54.85 98.39 115.42 300.75
CFRP 1.5 603 1798 56.36 155.61 115.87 299.65
CFRP 2.5 699 1922 69.08 140.94 116.74 300.36

CFRP has a greater impact on the ductility performance of the beam in normal-strength concrete beams than
in the high-strength class. On the other hand, for high-strength concrete, a 166 % increase in the thickness of the
CFRP layer resulted in an 188 % increase in column ductility. Compared to normal-strength concrete, which
received no benefit from the increase, for both normal and high-strength concrete slabs, the 1.5 mm CFRP layer
thickness had the same efficiency. Compared to the 2.5 mm thickness, which showed that the improvement in
the normal strength was nearly 1.5 times greater than the high-strength slab. These findings regarding the
ductility index on the CFRP-treated columns reveal that a notable improvement has been made with this
treatment, and full recovery of the column’s ductility has been achieved for both types of concrete strength. The
ductility index results of the reference and fired and after strengthening of normal and high-strength concrete for
three elements (beam, column, slab) are illustrated in Table 4.

Table 4
The effect of high temperature on ductility index
Ductility index
Structural Column Beam Slab
member cases

NSC HSC NSC HSC NSC HSC
R 2.07 1.68 2.63 2.79 4.54 3.46
F 2.09 1.99 2.79 3.12 3.71 3.15
CFRP 1.5 3.13 4.20 3.69 3.02 3.65 3.20
CFRP 2.5 2.81 7.93 6.02 3.77 8.24 4.62

The CFRP-strengthened members have sufficiently improved for normal-strength concrete when compared
to the fire-damaged beam type. Furthermore, in high-strength concrete, the improved beams’ toughness was
approximately 138 % and 117 %, respectively, higher than the reference undamaged beam. In terms of columns,
the absorption energy has been recovered successfully for both types of concrete strengths. Moreover, for normal
and high-strength concrete slabs, respectively, increasing the CFRP layer thickness by 166 % increased the
slab’s capacity for absorption energy by around 581 and 238 %, respectively. The absorption energy index
results of the reference and fired and after strengthening of normal and high-strength concrete for three elements
(beam, column, slab) are illustrated in Table 5.

Table 5
The effect of high temperature on absorption energy index

Absorption energy index
Structural Column Beam Slab
member cases
NSC HSC NSC HSC NSC HSC

R 39.199 51.335 84.352 189.001 513.427 591.032

F 23.120 43.956 48.188 133.99 314.974 491.251
CFRP 1.5 51.318 118 166.444 261.718 278.399 509.853
CFRP 2.5 200.310 385 413.190 221.522 1617.729 1217.200
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5. Conclusion

The use of CFRP as effective reinforcement and repair techniques for improving the characteristics of
various reinforced concrete members both before and after exposure to high temperatures was discussed in this
research. We draw the following conclusions from this study:

1. HSC fire damaged columns, confined with 1.5 and 2.5 mm of CFRP layer thickness, improved the load
capacity significantly by about 134 and 152 %, respectively. While NSC Column, confined with 1.5 and 2.5 mm
CFRP layer thickness resulted in improving the load capacity significantly by about 117 and 148 % respectively.

2. The load carrying capacities were enhanced by about 144 and 159 % for 1.5 mm and 2.5 mm CFRP
strengthened NSC beams, respectively. The 1.5 and 2.5 mm CFRP strengthened HSC beams have reflected load
capacities higher than the fire damaged beam by about 124 and 136 %, respectively.

3. It can be noticed that the load capacity has been recovered in the NSC slab by about 122 % and fully
recovered by 154 % for the 1.5 and 2.5 mm CFRP thickness layers, respectively. While in HSC slabs, load
capacity has been recovered to about 114 % and fully recovered to 132 % for 1.5 and 2.5 mm CFRP thickness
layers.
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1. BBeaenue

B nacrosimee Bpemsi B CBSI3M C TIOABIIEHHEM HOBBIX MaTEPHAaJIOB M TEXHOJOTHHA B CTPOUTEIHCTBE CTAJIO BO3-
MOKHO OoJiee MIMPOKOe BHEPEHHE HOBBIX (POPM, B UACTHOCTH, B BUJIC aHATUTHYECKHX TOBepxHOCcTeH. C mosiB-
nenreM 3D-npuHTEPOB, pa3IMYHBIX 100ABOK I OETOHOB C 3aJlaHHBIMH XapaKTEepPUCTUKAMH, CYIIECTBYIOINMH
BO3MOXKHOCTSMH TOPKPETUPOBAHMsI, YCOBEPIIICHCTBOBAHUS TEXHOJIOTUU TEHTOBBIX COOPYXKEHHI MHOTHE apXH-
TEKTOPHI U MPOEKTUPOBIINKHN YCHUIEHHO Pa3BUBAIOT TEMY IOMCKa HOBBIX T€OMETPUYECKHX (OpPM IS pelIeHus
KaK yTWIHTaPHBIX, TAK H 3CTETHUECKHX 3a/1a4, C TeM 4YTOOBI 0TOOpaTh HanboJiee yaaqHble ONTUMAIbHBIE KOHPH-
Typalyiil COOPYKEHHI [T TPUMEHEHHUs Ha NpakTuke. [lomyduB ypaBHEHE HOBO MMOBEPXHOCTH, MPEICTABISIET-
Csl MIHTEPECHBIM TPOBECTH MPOYHOCTHON pacyeT ISl MPeIBapUTEIHHOTO MPOSKTHPOBAHHUS M aHaIM3a pabOTHI
TaKol KOHCTPYKIMH Mo Harpy3koil. B [1] mpeanoxkens! 1y BHEAPEHHS NATh TUIIOB JIMHEHYATHIX anredpande-
CKHX MOBEPXHOCTEH C INIABHBIM KapKacoM M3 TPeX CYNEp3JUINIICOB.

Cymnepammunc npeacTaBiseT co0oi 3aMKHYTYI0 KPUBYIO, COCTOSIIIYIO M3 YEThIPEX YT, CAMMETPHYHYIO OT-
HOCHUTEILHO OOJNBINON 1 Mayioi momyocei [2]. Jyru MoryT OBITh BBIMYKJIBIMH WM BOTHYTHIMH. CyTepasuTuIic
HAXOIUTCS BHYTPH NPSAMOYTOJbHHKA. SIBHBIE M MapaMeTpHUUECKUE YpPaBHEHHsI alreOpanyecKhX MOBEPXHOCTEH
0011ero BuIa C TIIaBHBIM KapKacoM M3 TPeX CYNepaJLIUIICOB oay4yeHsl B [3—5]. Ha ocHOBe 3TuX ypaBHEHUH, KaKk
YaCTHBIE CIy4aw, OydeHbl JINHEHYaThIe anredpandeckue MOBEPXHOCTH.

Ecnu 3agath 1iockue KpHUBbIE IIIaBHOTO KapKaca IMOBEPXHOCTEH B BUIE:

» kpuBas | (BaTepiuHHS B CyJOCTPOCHUH) PACIIONI0KEHA B IIOCKOCTH z = 0

i =wr (1-55), ()

Lt

» KpuBas 2 (MUIENBIINAHTOYT B CyJOCTPOCHUH) PACIIONIOKEHA B TNIOCKOCTH X = (:

2" =T (1 - w) (2)

wm
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» KkpuBas 3 (KWieBas JIMHHS B CYJOCTPOCHHHN) PACIIONOKEHA B IIIOCKOCTH Y = 0:

e =7+ (1-5F), G

T7ie Ui BBIMYKIIBIX KPUBBIX 7, ¢, 1, m, S, k > 1; I BOTHYTBIX KPUBBIX 7, t, n, m, S, k < 1, TO sIBHbIC ypaBHEHHS
TPOWKH anreOpanmdecKuX MOBEPXHOCTEH ¢ 3aaHHbIM KapkacoM (1)—(3) OyxyT umets Bux [3]:
¢ o0pa3yronmM CeMEHCTBOM CeUeHUN X = const:

12 = T(1 = |xl*/26) [0 = ly/wim /(1= e/eiymir]™, )
¢ 00pa3yrommM CeMEHCTBOM CeUeHUH y = const:

2l = T(1 = IyI™ WY1 = /L1 (1= [y/wry<e] (5)
U ¢ 00pa3yIoIUM CEMEHCTBOM CEUCHHH z = const:

Yl = W = |27/ T (1= |x/LIE/ (L= |2/TID] (©)
rie— L<x<L -W<y<W,0<z<T.

SIBHBIE ypaBHEHUs TOBEpXHOCTEH (4)—(6) MOXKHO MEPEBECTH B ITapaMeTpUIecKyto GopMy 3amaHus:

x =x(u)==ul, y=y(uv)=vW[1 - 'l z=z(uv) = 11 — u"]"™[1 - |v|'”]1/” , (4a)

x =x(u,v) =vL[1 —u'1", y=y(u)=+uW, z=z(u)="T[1-u"]""[1 -], (52)

x =x(u,v) = vL[1 =],y = y(u,v) = £ W1 —u"T""[1 = V1", z =2(u) = uT, (6a)

rne0<u <1, -1 £v<1;u, v— Ge3pa3MepHbIe TapaMeTPHI.
Ecmu npunsite r =t =1,n =m =1, s = k = 1, To xpussie (1)—~(3) BBIpOXKIAIOTCS B MPSIMBIE JINHUHU, OOBEIH-
HEHHEIE B pOMO.

2. MeTtoa

2.1. Ilens uccnedosanusn. YIuThiBas aKTUBHOE BHEAPECHUE HOBBIX (hOpM OOOJOUEUHBIX CTPYKTYp [6; 7] B
paMKax COBPEMEHHBIX apXUTEKTYPHBIX CTHIICH 00onouek (mapamerpudeckas [8], aururanbHas [9], HenuHeWHas
[10] apxuTekTypa, apXuTeKTypa MHOTOTpaHHUKOB [11], apxuTekTypa cBOOOTHBIX OpPM U Ap.), TIOSABICHHE HO-
BBIX IMTOBEPXHOCTEH, MPUTOTHBIX IS CTPOUTENBHBIX OOJBIIETIPOJIETHBIX CTPYKTYP, IPUBETCTBYETCS apXUTEKTO-
pamu [12]. B Hacrosmieil crarbe M3ydaeTcsi BO3MOXKHOCTh MCIOJIB30BAHUS JTUHEHYATHIX anreOpandecKux Io-
BEPXHOCTEH ¢ KapKacoM M3 JBYX POMOOB M OAHOW MPOM3BONBHOW IIOCKOH KPHBOH B apXUTEKTYPE CTPOUTEIb-
HBIX oOonouek. [laercs mHpOpPMANKSA O CTATHYECKOM pacdeTe Ha MPOYHOCTh TOHKHUX 000JI0ueK B dopMme pac-
CMAaTpPUBAEMBbIX JIMHEHYATHIX TOBEPXHOCTEH.

2.2. I'eomempuueckue uccie008anus nOGEPXHOCMU 0N CIYUAs 8bIPONHCcOeHUs cynepinnuncos (1) u (2)
6 pomobl. PaccMoTpuM nMHeWYaThle ITOBEPXHOCTH KaK YaCTHBIM ciy4aid moBepxHocTed (4a)—(6a). Ilycts
cynepaumric (1) BeIpoxkaaeTcst B poMO, TO ecTh # = ¢ = 1, cymepammuic (2) BRIPOXKIASTCSA B MPSMBIC JIHMHUH, TO
ectb n =m = 1, a kpuBas (3) ocraercss 6e3 M3MeHeHHH (puc. 1), TOrAa UMeeM TpU MOBEPXHOCTH HA IJIOCKOM
POMOHMYECKOM IUTaHE:

z=T(1 - x|*/1¥)°[1 = |y/W /(1 = |x/LD], )
z=T( = |y|/W)[1— |x/LI*/(1 — |y/W]F]*/s, (8)
lyl = W(1—z/T)[1 - |x/L|/(1 — z5/T*)V¥], ©)
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KkpuBas 3 /

the third curve KpuBas 2 /

the second curve

-L KkpuBas 1 / /4
the first curve

Puc. 1. Kapkac paccmaTpuBaeMbIx OBEPXHOCTEH
Figure 1. The frame of the considered surfaces

SIBHBIE ypaBHEeHUs TOBEpXHOCTEH (7)—(9) MOKHO IEpEBECTH B MMapaMeTPUIECKYIO (hopMy 3aTaHusl:

x =x(u)=%ul,y =y(u,v) =vW[1 —ul], z==zuv)=T[1-u"7"[1 -] (puc. 2, a), (7a)
x =x(u,v) =vL[1 —ul, y=yu)==uW, z=z(u)="T1-ul[l -] (puc. 2, 6), (8a)
x = x(u,v) = vL[1 — "%, y = y(u,v) = £ W[1 —u][1 — ], z = z(u) = uT (puc. 2, 6). (9a)

Puc. 2. [ToBepXHOCTH Ha IJIOCKOM POMOMYECKOM ILIaHe:
a — 10 ypaBHEHHIO 7a; 6 — 10 ypaBHeHHUI0 70; 6 — 10 ypaBHeHuro 7B [1]

Figure 2. Surfaces on a plane rhombic base:
a — according to equation 7a; 6 — according to equation 76; ¢ — according to equation 78 [1]

[Ipu mocTpoeHuN MOBEPXHOCTEH, MOKa3aHHBIX HA PUC. 2, MPEANOaraiochk, 9YTo JUIMHA MIOBEPXHOCTH BIOJIb
ocu Ox 2L = 12 m, ee mupuHa Baosib ocu Oy 2W = 10 m u BeicoTa 7 = 5 M. Bce moBepxHocTH HMEIOT § = k = 2.
CrnenoBatesibHO, KUJIEBasl IMHUS SIBIISETCS MOTYJUIUIICOM.

Omnpenennm nopsAoK anredpandecknx ypaHeHui (7)—(9) mpu s = k = 2, 111 4ero 3amuiieM 3TH YpaBHEHUS
B BUJIE

(1)~ (1-5) (12 22) -2 1) o ™
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S -0-5) ()50 -0 @
Gr-1+9 () -50-P -0 o9

Teneps oueBHIHO, uTO TOBepXHOCTH (70)—(90) 3-ro mopsaka (cMm. puc. 2, a — 2, 6). Ho xo1s Bce moBepx-
HOCTH OJIHOT'O TIOPSAIKA, OMMCHIBAIOT 3TH YPaBHEHHUS pa3HbIE alNreOpanuecKie MOBEPXHOCTH.

Ko>ddpHImenTs 0CHOBHBIX KBafApaTHUHBIX hopMm A% B, F, L, M, N moBepxHocreii (7a)—(9a) 6yayT umeTsh
BHII JUIA Caydas s = k= 2:

» 0ns nosepxnocmu (7a):

A =L+ VW + TP (1 — vy’ /(1 —u?), F = T(1 —v)u —vIW?(1 —u), B> = W2(1 —u)* + T*(1 — u?),
A’B? — PP =[] —u)* + T(1 —u®)] + WPTX (1 —u)(v + u)*/(1 + u);

L ==«TWL[(1 - W)(1 —u)/(1 —u?)*?|/( A*B* — F*)"?,

M = [£LTW(1 —u)/(1 —u*)"*)/( A*B* - FH)'*, N=0;

» ons nosepxnocmu (8a):

A=V + WP+ T (1 =), F=(1 — (T — L3, B> = L(1 — u)* + T*(1 — w1 —?),
APB? — F* = (1 —u)* L’ [W? + T /(1 =),

L=M=0,N=+WLT(1 — u)/[( A2B> — F¥)"2(1 —*)*2],

» 05 nosepxnocmu (9a):

A* =T+ WX — )* LA (1 =), F = W2(1 = )1 — u) — uvL? B> = L*(1 — u?) + WX (1 — u)?,
L =£WTL(1 — u)v/[(4*B* — F*)"(1 —u?)*?,

M = £WTL(u — 1)/[(4*B* - F)"*(1 —u*)'?], N=0.

CrneioBaTellbHO, KPUBOJUHEHHBIC KOOPAMHATHI U, V HAa PACCMATPUBACMBIX MOBEPXHOCTSIX OYIyT HEOPTOTO-
HanbHEIME (F # 0) 1 ans noBepxHoctel (7a), (9a) — HeconpspkeHHBIMHE (M # 0).
[Tnomank ¢hparMeHTa WK Beel CPEAMHHOM MOBEPXHOCTH 000JI0YKH MOXKHO BBIYUCIIUTH 110 (hopMyJie

S=[[VA2B2 — F2 dudv.

KoopaunatHele TUHUM Vv HAa TOBEPXHOCTH, M300pakKeHHOM Ha pHcC. 2, @, OyIyT cOBHanaTh C MPAMOIUHEH-
HBIMU oOpasyromumu nosepxHocTu (N = 0). KoopauHaTHBIE THHUM Vv Ha MOBEPXHOCTH, M300paKCHHOH Ha
puc. 2, 8, TO)E COBIIAAIOT C MPSIMOJIHMHEHHBIMU 00pa3yromuMu mosepxaoctu (N = 0), a KoopAUHATHBIE JIH-
HUW u Ha IoBepxHOCTH (82a) (puc. 2, 6) OyayT COBIANATh C MPSIMBIMHA Ha TIOBEPXHOCTH.

Iayccopa kpusmsHa K = (LN — M?)/( A*B* — F?) nosepxHocTH (8a) (puc. 2, 6) paBHA HYIIO, CI€0BATENb-
HO — 3TO KoHyc. Kpome Toro, 3ta moBepxHoCTh mipu T’ = L Oyner umets F = 0, ciiejoBaTeIbHO, KPUBOIHHEHHAS
KOOpJIWHATHAS CETh U, V Ha Hell OyIeT B IMHUAX KPUBU3H, Tak Kak F'= 0 u M = 0. Takoe moioxeHnue BO3HUKHET,
€CJI KUJIEBYIO JUHHUIO (3) B3ATh B BUE OKPYKHOCTH.

OueBuAHO, YTO HA OCHOBE MTOBEPXHOCTEH, N300paKEHHBIX Ha pUC. 2, a, 2, O U 2, 6, JIETKO 3allPOEKTHPOBAThH
TEHTOBOE TOKPBITHE, YUYHUTHIBAs, YTO MOBEPXHOCTh O0pa3oBaHa CEeMEHCTBOM MpAMBIX NuHHK [13], a moBepx-
HOCTb, IPEACTaBICHHAsA Ha PUC. 2, 6, TIOJIHOCTHIO Pa3BEPTHIBAETCS Ha TIOCKOCTb.

MecTto paccMaTpUBaeMbIX JTHHEHYATHIX MOBEPXHOCTEH B KiacCU(UKAINU JTMHEHYATHIX TOBEPXHOCTEH MOKa
He ompeneneHo [5—14]. [IBe moBepXHOCTH, H300paXeHHbBIE Ha PUC. 2, @, U 2, 8, MOKHO OTHECTH K KOHOUAaM [6—
15], a moBepXHOCTh Ha pHC. 2, 6 — K KOHMYECKUM TTOBEPXHOCTSIM.

Ha pwuc. 3 moka3aHbl TOBEpXHOCTH, 33aJaBaeMble ypaBHeHUsIMH (7a)—(9a), C reoOMeTpUIeCKUMH MapamMmeTpa-
Ma: T'=L=6m, W=3ms5s=k=0,8.

Ha puc. 4 noka3aHbI TOBEpXHOCTH, 3a7aBaeMble ypaBHEeHUIMHA (70)—(90), C reoOMETpUISCKUMHE ITapamMeTpa-
mMu: L=6m, W=6m,T=8Mm,s =k=1,5.
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Figure 4. Surfaces corresponding to equations (76)—(906), with parameters L=6 m, W=6m, T=8m,s =k=1.5

2.3. Cmamuueckuii pacuem 0007104€K co cpedunnvimu nosepxnocmanu (7a)—(9a). Jlns pacuera Ha co0-
CTBEHHBIN BeC OBLTH BRIOpPAHBI TPU O00OJIOYKH, MMOCTPOSHHBIE coriacHo dopmynam (7a)—(9a), ¢ reoMeTpUIECKH-
Mmu napameTrpamu ' =L =6 M, W=3 M, s = k= 1,5 (cm. puc. 4). Komnsrorepasiii kommiekc ANSYS APDL xo-
POIIIO 3apeKOMEHJIOBAN ce0s B paHee MPOBEICHHBIX HCCIEeNOBaHMUIX aBTopa [16; 17], mo3ToMy OH ObLT BRIOpaH
JUTSL CCIICIOBaHMSI pacCMaTPUBACMBIX JIMHEHYATHIX 000JI09eK. BplIH MocTpoeHbl MOJeNT 000I04eK B IPOrpaM-
me ANSYS APDL, k MozaensiM npuioKeHa Harpy3Ka B BHJE COOCTBEHHOTO Beca. XapaKTepPHCTHKH MaTepuana:
YCIIOBHBIN kene300eToH ¢ mozayiaem ympyroctd E =325 000 MIla, koaddunuent Ilyaccona v=0.17, miot-
HOCTB 2 500 Kr/m’.

Tonmmaa 060mouku 12 cM. [ MOCTpOCHUST MOAETH MPUMEHSINCH 000J0YCYHbIC KOHEUHBIC SJIEMEHTEI
tuma shell181, koHEUHBIE IIEMEHTHI IPYTOTO THIIA MPUMEHSITUCH B [16—18].

3. Pe3yabTaThl U 00Cy:KIeHUE

HpI/I pacyeTe OLCHNUBAIIUCH MaKCHUMAaJIbHBIN HpOFI/I6 060J'IO‘IKI/I, HOPMAJIbHBIC HANIPSAXKCHUA 110 PAa3HBIM OCAM
1 DOKBUBAJICHTHBIC HAIIPSIXKCHUA.

3.1. Obonouxa co cpeOunHoll NOGEPXHOCHIbIO, NOKA3AHHOU Ha puc. 3, 6 (mun 1)

MaxkcumanbHOe SKBHBaleHTHOe Hampsikenue 216 257 H/m?. Pacnipesienenne HanpsykKeHHi OTIHYAETCS OT-
HOCUTENIbHOW PAaBHOMEPHOCTHIO.

M30mnoi1st BEpTUKAIIBHBIX NEPEMELIEHUN MPEICTABICHBI HA PUC. 5, @ U30MO0JS SKBUBAJICHTHBIX HANPSKEHUM
Ha puc. 6.

3.2. Obonouxa co cpeOuHHOl nOBEPXHOCHbIO, NOKA3aHHOU Ha puc. 4 (mun 2). [lonydeH MakCUMaTbHBIN
nporu6 0,26x10 m, MakcumansHOe Hanpsbkenue 313 726 H/v?.

M3omnons BepTUKAIbHBIX NEPEMEIICHNH NpeACcTaBIeHbl Ha PUC. 7, a U30MOJs SKBUBAJICHTHBIX HaNpsSKEHUH
Ha puc. 8.
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3.3. Obonouka co cpedunHoii nogepxHocmoio, nokazannoil Ha puc. 4 (mun 3). lloxydeHs MaKCUMalbHBIC

BepTHKaNbHbIE nepemernenus 0,693x107 m.
MaxkcuManbHbIe SKBUBaeHTHbIE Hanpskerus 401 179 H/m?,
W3omons BepTUKAIbHBIX NEPEMEIIEHUH IPEACTaBICHBI HA pHUC. 9, a N30I0JI KBUBAJICHTHBIX HANPSDKCHUN

Ha puc. 10.

- ROV 10 2022 s T 2n22
;?‘E—: (aVE} 02:sz:al :Ki (ave) mwué?s;?;;
RE¥E=0 DMK =_S5Q01E-04
DMK =.591E-04 SMN =954.159
8MN =-_347E-04 SMX =21€257
SMK =_447E-05

B — L - — - 354.153 487953 56444 144483 192335
-.303E-04 -.216E-04 -.13sE-08 -.433E-0% L447E-05 2 7 72721.8 120567 168412 216257
Puc. 5. U3omons nepeMenieHuii BAOIb OCH Z.
MaxcumanbHbIi nporu6 0,347 x 1074 m. Puc. 6. 130105151 5KBUBAJICHTHBIX HANPSHKEHUN
Figure 5. Isofields of deflections along the z-axis. Figure 6. Isofields of equivalent stresses
The maximum deflection is 0.347 x 10 m.
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Puc. 7. U3omons nepemenieHuii BIOIb OCH Z.
MakcumanbHbIi nporu6 0,260 x 104 m Puc. 8. 130105151 5KBUBaJICHTHBIX HANPSIKEHHUH.
Figure 7. Isofields of deflections along the z-axis. Figure 8. Isofields of equivalent stresses
The maximum deflection is 0.260 x 104 m
— o7 =
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Puc. 9. [lepemenieHus B10JIb HEMOBUXKHOM OCH Z.
MakcumanbHbii poru6 0,219 x 104 m. Puc. 10. M3omons 3KBUBAJIEHTHBIX HAMPSHKEHUI.

Figure 9. Isofields of deflections along the fixed z-axis. Figure 10. Isofields of equivalent stresses
The maximum deflection is 0.219 x 10 m.

516 ANALYSIS OF THIN SHELLS



Tynukosa E.M. CTponTenbHast MexaHuKa HXEHEepHbIX KOHCTPYKLMA 1 coopyxeHnit. 2023. T.19. Ne 5 C. 510-519

CpaBHeH#He TOKa3ajio, 9TO BCe 000IOYKH NMEIOT BEIpaKEHHBIE MAKCIMYMBI ITepeMenieHnid. MakciuMmanbHbIe
HanpsDKEHHst Yy 000J104€eK 2 ¥ 3 CKOHIEHTPUPOBAHBI M 3HAYMTEIBHO MPEBBIAIOT CPEIHUE 110 BCel TOBEPXHOCTH
B BEpXHEW 4acTH OKOJIO pedep, y obomouku |1 pacrpenerneHbl O6oiee paBHOMEPHO, YTO MOXKHO CUUTATh Oolee
BBITOIHBIM TS TIPAKTHYECKOTO MPUMEHEHHSI.

Haubonpime HanpskeHUs U MPOruObl MOTyYeHbl B 000JI0YKE TPEThEro THUIA, MUHUMAJbHBIE B 000JIOYKE
BTOPOTO THUIIA.

B [19] ormedaercs, 9TO BCE BBIIAIOIIUECS COOPYKEHUS, IIOCTPOCHHBIE U MOIYYUBIIHE W3BECTHOCTH B II0-
cIemHee BPEeMsI, SIBISIFOTCS TOHKHMMH 000JIOUYKaMH WIH 000JI0YedHBIME CTpykTypamu. A.B. Koporuu [20] mpen-
JlaraeT MCIOJb30BaTh JIMHEHYAThIe TOBEPXHOCTH B KaUyecTBE MOIYJICH IS CO3AaHMUSI HOBBIX CIIOXKHBIX apXHTEK-
TypHBIX (hopM. BeposTHO, Kak BapraHT JTMHEHYATOTO MOAYJIS MOXXHO IPUMEHUTh U pPacCMaTpUBaeMbIe B TaHHOU
craThe JuHedaTeie oBepxHOCcTH (7)—(9). UccnenoBanusaM 000JI0UEK, TPUMEHSIONINXCS B CyIOCTPOSHUH, T10-
CBSIIIICHHI cTaThh [21-25].

4. 3akJoueHue

1. MccnemoBana reoMeTpus OJHOTO M3 BUIOB JMHEWYATHIX alreOpanveckux MOBEPXHOCTEH HA pOMOOBUI-
HOM ITJIaHe.

2. JlokazaHO W NPOUJUTIOCTPUPOBAHO, UYTO, UMESI OJIMHAKOBBIM TIJIaBHBIM KapKac MOBEPXHOCTH, MOXKHO TO-
CTPOUTH TPU PA3HBIC NNOBEPXHOCTH. Bzas 3t TPpU PA3HBIC JIMHEWYaThIe IMOBECPXHOCTU B KAUCCTBE CPCAMHHBIX
MOBEPXHOCTEH TOHKUX CTPOMTEIBHBIX 000JO0YECK, MOKHO PACIHIMPUTH YUCIIO apXUTEKTYPHBIX (hOpM, IpUEMIIe-
MBIX JIJISl CTPOUTENBHOM MPaKTHKH.

3. ITokazaHa BO3MOXXHOCTh CTAaTHYECKOTO PacyeTa paccMaTPUBAaEMbIX 000JIOUEK W HAMEUYCHBI MyTH BhIOOpA
ONTUMATBHBIX (DOPM JIMHEHYATHIX 000JI0UEK BEIOPAHHOTO TUIIA B aBTOMATH3UPOBAHHOM PEKUME.
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ckoit denepauu ¢ y4eTOM WX MPUHAIICKHOCTH K PA3TUUYHBIM KIMMATHYSCKHM
3oHaM. [IpoBeneHHas OlCHKA MMOKa3aja, YTO SKOHOMHMS 3aTpar Ha mpuolpere-
aue [1I'P moxeT nocturars 29,1%.
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1. BBegenune

[Ipumenenune ruapododusnpyromux nponuTok (nanee — ['@II) Ha a3poAPOMHBIX TOKPBITHAX CIIOCOOCTBY-
€T MOBBIIICHUIO WX CTOWKOCTH K BO3ACUCTBUIO BHEITHUX KIMMATHYECKHX (PAKTOPOB 3a CUET YIydIIeHHs (HU3H-
KO-MEXaHHMYECKUX XapaKTEPHUCTUK TOCIEIHNX, TAKWX KaK: BOJOMIOTIIOIIEHHE, BOJOTPOHUIIAEMOCTh H MOPO30-
CTOMKOCTH [1-3]. YiydineHue NaHHBIX XapaKTEPUCTUKH, B KOHEYHOM HUTOTE, MPUBOJNUT K BO3PACTAHUIO JTOJITO-
BEYHOCTH a3pOJPOMHBIX MOKPHITHI [4—6].

CHukeHHe 3aTpaT Ha JKCIUTyaTalMOHHOE COJIepKaHNe a3pOAPOMOB Ha CETOAHSIIHUEI AeHb 0COOEHHO aKTy-
aJBHO TIO TMPUYMHE aKTUBHO PACTyIIed WHTEHCUBHOCTH ITOJICTOB BO3AYIIHBIX CYJIOB, a 3HAYUT M MHTEHCUBHOCTH
HCITOJIB30BaHUS a3pOAPOMHBIX TOKPHITHI [7-9].

BOHpOC TOBBIIICHUA JOJI'OBEYHOCTHU HeMeHTO6eTOHHLIX HOKpI)ITI/Iﬁ aspoapoOMOB HaI/I6OJ'Iee Ba’XC€H B CBA3U C
TEM, 4YTO IIOCIICAHUEC, B OTIIMNYHUEC OT OETOHHBIX KOHCTPYKI_[I/II\/‘I OKCITYaTUPYEMBIX B JIPYIrUX OTpacCIAX, IIOABEPIKE-
HBI BO3JICHCTBUIO 3HAYUTEILHO OOJIBIIET0 YKCIa HETATUBHBIX (PaKTOPOB: MHTCHCUBHOE BO3JICUCTBUE yIbTpadu-
OJIETOBOTO OOJTyYeHUs, YBIAKHEHNE 32 CYET aTMOC(HEPHOU BJIaru U TPYHTOBBIX BOJ C MOCIEAYIONINM BBICYIIIH-
BaHHMEM; BO3JICHCTBHE arpECCUBHEIX CPEXl B BHJIE MPOTUBOTOJIONICTHEIX peareHToB (mamee — I[1I'P), mpoTtnB0o006-
JIEZICHUTEIIbHBIX JKUJIKOCTEH, IPOJIMBOB TOIUIMBA U MAILIMHHOI'O Macila, paCTBOPOB MOIOIIUX CPEICTB, HCIIONb3Y-
C€MBIX IIpU yAaJICHUUN OTJIOKEHUH PE3MHbI Ha Yy4YaCTKaX TOPMOXKCHHSA BO3AYUIHBIX CYyAOB; 3aMOpPaXUBAHUIO-
OTTaWBaHUIO B 3UMHUH MEPHOJ; BO3JCHCTBUIO TOPSIYUX PEAKTUBHBIX CTPYH OT pabOTHI JBUTATENEH BO3IYIIHBIX
cyznos [10-12].

3a OCHOBHOH 0Obekm ucciedo8anus NAHHOW pabOTHl MPHHATO KOMIDICKCHOE B3aMMOICHCTBHE THIAPO(]O-
OM3UPYIOIIEeH MPONMUTKA M MPOTHBOTOJIOIEIHBIX PEareHTOB B TPaHYJIMPOBAHHOM U KHAKOM BHJE Ha IPOLECC
00pa30BaHus JIbJIa M €T0 yaJeHue.

OcnosHas yenv UCCIEIOBAHUS — MPOBEPKA BO3MOKHOCTH COKpAIIEHHsI pacxoa IPOTUBOTOJIOIEAHBIX pea-
TeHTOB TPH UX MPHUMEHEHUH Ha I[EMEHTOOETOHHBIX MOKPBITUSIX, 00pabOTaHHBIX TUAPOPOOU3UPYIONIMMHU TIPO-
MUTKAaMH B CpaBHEHUH C aHAJTOTMYHBIMU MOKPBITHAMH, HO HE 00pab0TaHHBIMU THIPOGHOON3UPYIOIUMH TPOTIHT-
KaMU [IPH pean3aliy mpolecca yaaieHus JIbI1000pa30oBaHHi.

Jiist MOCTHKEHMSI LIENU TIOCTABJICHBI CIICAYIOIINE 3a1auu:

» aHaJu3 CYIIECTBYIOIIUX METOJIOB MOBBIIICHUS 3KCILTyaTallMOHHBIX CBOWCTB OCTOHHBIX MOKPBITUH a3po-
IIpoMoOB 3a cueT 00padoTku nocienuux I'®I1 u Be16op Hanbonee 3pHEeKTUBHBIX U3 HUX;

» TpOBEJICHUE CEPHU SKCIICPUMEHTOB M0 YJAICHHIO JThJI000Pa30BaHUIl C TOBEPXHOCTH IEMEHTOOETOHHBIX
MTOKPBITUH 00paboTaHHBIX 1 HeoOpaboTaHHBIX ['DIT pu Bappupyemom kommdecTBe I1I'P 1 olteHKa moTydeHHBIX
pe3yNbTaToB;

» HUCCcleoBaHUE JOCTHTaeMOro 3KOHOMHYeckoro 3¢dekra 3a cuer Bo3moxkHoro cHmwxenus [II'P Ha me-
MEHTOOETOHHBIX MMOKPBITHSIX a3pOAPOMOB, 00paboTaHHbIx [ DII.

B coBpeMeHHBIX yCIOBHX CONEPKaHUS a3pOIPOMHBIX TTOKPHITHH HAKOTIIEH OOTATHINA OTBIT MOBHIIIEHUS UX
3aIIATHBIX CBOMCTB 3a cUeT MpuMeHeHHs pa3nudHbiX TUIIOB ' DII. B xauecTBe 0cHOBHBIX ['DI1 00BIYHO HCITOINE-
3yI0T KpeMHuiopranndeckue coenunenus (qanee — KOC) nByx kiaccos:

» pacTBOPHUMBIE B BOJIC CUJIMKOHATHI, UCTIOIb3yEMbIC B BHJIC BOJHBIX pacTBOpOB [13];

» HEpaCTBOPUMBIC B BOJIC CHJIOKCAHBI, CHIIAHBI, CHIMKOHBI, HCTIOJIb3YEMbIC B BUJC BOJHBIX SMYJIbCUN WIH
pacTBOPOB Ha OpraHMYECKOM pacTBopuTeie [14—16].

Mmuoronetauit onsIT mpoBepku ['PII Ha ocHOBe KOC pa3nuuHBIX MPOWU3BOIUTENCH, HAKOTUICHHBIH B AO
«[IMuHNHN BT «JleHaspompoeKT», JOKa3bIBAET TE3UC O TOM, YTO 00pabOTKa MOBEPXHOCTH IEMEHTOOETOHHBIX
MOKpbITHIA a3poipoMoB KOC mOBBIIIAET UX IKCIUTyaTallMOHHBIC CBONCTBA.

B Tabn. 1 B xauecTBe nmpuMepa MoKazaHO, KaKue U3MEHEHUS MTPOUCXOMAST C IEMEHTOOETOHHBIM MTOKPBITHEM
nocite ero o6padotku I'®I1 Ha ocHOBe KOC. M3 aHanm3a pe3yiabTaToB CPaBHUTEIBHBIX HCIBITAHHN IIEMEHTOOE-
TOHHBIX 00pa3ioB, oOpabotanuex ['®II Ha ocHOBe KOC, ¢ 00pasmamu, He OABEPraBITUMUCS 00paboTKe, cie-
IyeT, 4TO Tuapododu3annonHas 00paboTKa IIeMEHTOOETOHA IPUBOIUT K CYIIECTBEHHOMY YIYUIICHHIO ero (u-
3MYEeCKO-MEXaHUYECKUX CBOHCTB.

OcHoguble nokaszamenu, XapaKTepU3yIOIIE CTEIICHb MOBBIIICHUS (HU3NKO-MEXaHMYECKUX CBONCTB IIEMEH-
TOOETOHHBIX TOKPBITHI: MOPO30CTOMKOCTH, BOJOTIOTIIONIEHHE, BOJTOHETIPOHUIIAEMOCTh, TITyOWHA MTPOHUKHOBE-
Hust ['OI1 BHYTph 11eMeHT00eTOHHOTO TTOKPHITHA. M Tak Kak ruapododusupyromme Marepuans Ha ocHoBe KOC
HE SIBJISIOTCS TUIGHKOOOPa3yIOUIMMH, TaKOH BaKHBIM IMOKa3aTelbh IIEMEHTOOETOHOB, KaK €ro HapoIpoHHIAC-
MOCTb, TPAaKTUYECKU HE U3MEHSCTCA.
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IToMuMO OCHOBHBIX (PHM3UKO-MEXAaHMUYECKHX CBOMCTB, IPUBEAEHBI OONONHUMENbHbIE NOKA3amenu, Heo0Xo-
JTUMBIE JUIs OIleHKH TpurogHocT I'PII k mprMeHeHHIo Ha a’3pOIPOMHBIX MOKPBHITHAX (cM. Tabm. 1). IIpomomxu-
TEJIBHOCTh COXPaHEHHs THAPOGOOH3UPYIOLUINX CBOHCTB a3pOJPOMHBIX MOKPBITHH 3aBUCUT OT COIEpXaHuUs IO-
JIe3HBIX KPEeMHUHOPraHWYECKUX COEIMHEHUI B KOHIEHTpaTe. be3omacHOCTh 3KCIIyaTaluy a3poAPOMHOIO II0-

KpBITHS 00eCIIednBaeT MoKa3areilb yMeHbIIeHHS K03 uUIeHTa clerieHrs Ha MOKpOW TTOBEPXHOCTH.

Tabauya 1
I[Ipumep pe3yabTaToB HCNBITAHMI 00pa3OB ¢ rUAPO(OOU3NPYIOLIEH TPONUTKOMI
Tun " DaKkTHYeCKOEe
. HaumeHoBaHue noka3sareJiei
nokasareJeii 3HaYeHHe
CHWXeHHEe BEeIMYMHBI BOIOTOTIIOMICHHS [IEMEHTOOeTOHa TpH 00paboTke ruapodo- 55
Ousnpyromeil NponuTKoH, pa3 ’
VBenudenue napaMerpa BOJOHEHNPOHHIAEMOCTH [IEMEHTOOETOHA Mociie 00paboTKu 3
MIPOIIUTKOM, pa3
OCHOBHBIE . . 2,1
OTHOIIEHHE BEIMYNHEI MOPO30CTOMKOCTH IIEMEHTOOETOHHOH ITOBEPXHOCTH, 00Opa- (MOPO30CTORKOCTS
0OTaHHOU MPOMUTKON IO OTHOIICHHIO K HEOOPaOOTaHHOMW, MMEIOIEH MOPO30CTOi- P
TIOBEPXHOCTHOTO CIIOS
koctb F200, pa3
nokpeitus 6osee F300)
I'my6una nporukaoBenus ['OI1, mm 10,3
CopaeprkaHue MOJIE3HBIX KPEMHUHOPraHUIECKHX COSANHEHHH B KOHIIEHTpaTe, % 55
JlonoyHUTEIbHBIC

Ymensuienne ko3 dunnenta CuenieHust Ha MOKpOH TOBEPXHOCTH

be3 camkenns

Example of test results of specimens with hydrophobic impregnation

Table 1

Type of indicators

Name of indicators

Actual value

Decrease in the amount of water absorption of cement concrete after treatment with

hydrophobic impregnation, times 33
Increase in the waterproofness parameter of cement concrete after treatment by 3
impregnation, times
Main 2.1
Ratio of frost resistance value of cement concrete surface treated with impregnation (frost resistance
in comparison with untreated surface with frost resistance F200, times of the surface layer of the
coating is more than F300)
HPI penetration depth, mm 10.3
. The content of useful silicon-organic compounds in the concentrate, % 55
Additional

Reduction of the adhesion coefficient on wet surfaces

No reduction

B [17-19] npu oOcyxneHnn MoaoXuTeNbHBIX 3 dekToB, nocTHraeMbIx nocie oopadbotku nokpertuit ['OI1,

0TMEYAeTCsl, YTO MPHUIAHUEC NMOBEPXHOCTH MOKPBITUS THAPO(OOHBIX CBONCTB MPUBOAUT TAKKE U K CHIDKECHHUIO
aZre3ny Jbaa K JaHHOH moBepxHocTH. [locnenHee, B cBOIO odepenb, MOKET CIOCOOCTBOBATh CHIKEHHIO PAcXo-
na [P B mporiecce ynaneHus jibpaoo0pa3oBaHuii. J{is mpoBEepKH AaHHOTO NPEINOI0KECHUS MPOBEICHA CepUs
71a00PaTOPHBIX MCCIICTIOBAHMIA.

2. MeToanl

B kadectBe MeToma miccieoBaHms 3aBUCUMOCTH pacxona I1I'P B mportecce ynanenus 1p1000pa30BaHUNA OT
COCTOSIHHSI IIEMEHTOOCTOHHOTO TMOKPBITHS (TUAPOPOOU3NPOBAHHOTO U HErHIpO(OOU3UPOBAHHOTO) TPOBEICH
abopaTOPHBINA SKCIIEPUMEHT, IMHTUPYIOIIHA MPOLIeCC 00pa30BaHus JIEITHOW KOPKU U €€ MOCIeAyIoIee yaa-
JICHHE 3a cueT ucnonk3oBanus I11'P.

st MozteTpoBaHus Mporiecca YIAICHHS JIbIa ¢ TOBEPXHOCTH IIEMEHTOOETOHHOTO TIOKPHITHS U3TOTOBICHBI
JIBa 00pasiia eMeHTOOCTOHHBIX IUIUT U3 OeToHa kiacca B30 pasmepom 400x450 MM u TonmuHoi 25 mM. Cxema
nabopaTopHON yCTaHOBKH TpECTaBIeHA Ha puC. 1.
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B xoze akcmiepuMenTa 0THa U3 TUIAT MTOABEpraizach oopadboT- SSSISNS SSSSSNSST SIS
ke ['®II. B kauectBe I'DII ncnonp3oBanack NponuTKa HA OCHOBE
KOC c¢ xapakrepuctukamu, npenctaBieHHBIMU B Tabm. 1. Komu-
yecTBO ['®II nmpu 06paboTke 1eMEeHTOOETOHHBIX IUIUT ONpEeACs-
JIOCh MCXOJSl U3 MHCTPYKIMU TI0 €€ MPUMEHEHUIO0 U COCTABIISIO
0,35 Kr/M%, 9TO COOTBETCTBOBATO 63 TpaMMaM MPONUTKH Ha TI0-
BEPXHOCTH IUTUTHI TuToMIaabi0 0,18 M.

Ilepen HauwanoMm wuchbiTaHuil 00paboTaHHBIE U HE 00pabo- e e T
TaHHBbIC THAPO(YOOH3UPYIOIIEH MPOMUTKON ILIUTHI TOJBEPTIIUCH 1 / 2 / 3 / 4 / 5 /
MOJTHOMY BOJIOHAcHIIeHH0. [locne 3aBepuienns mporecca Boao-

HACBIILICHNS HAa KaXAYI M3 IUIUT PAaBHOMEPHO BBUIMBAJIOCH U Puc. 1. Cxema 1a60paTOpHOii yCTaHOBKH:
pacripenensuiochk 250 T Boasl. ITocie 3TOTO TUINTHI TOMENTATNCH B I — xamepa xonona, Tena u aru KXTB-1.0;

KXTB-1.0 2 — eMKOCTb AJ1s1 00pa3LoB;
KaMepy XOJioJa TeIljia U BJiaru ( -1. ), A€ OHU OXJIaXIa- 3—06pa3ubl [IeMEHTOBETOHHBIX [UINT;
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mick npu Temneparype —15°C B Tedenne 1 4. Ilo mcTedeHuu 4 — nessTHAs KOPKa; 5 — KIIeeBOil OypTHK
JAHHOTO BPEMEHHU MPOHUCXOAMIO 00pa30BaHUE JIEASHON KOPKH Ha Figure 1. Diagram of the laboratory equipment:
HOBerHOCTI/I HeMeHTO6eTOHHBIX IIJIUT (pI/IC. 2) 11— COld, heat and moisture chamber CHMC-IO,

2 — container for specimens;
3 — specimens of cement concrete slabs;
4 — ice crust; 5 — adhesive edge

ITocne oGpa3oBaHus JEATHOW KOPKH €€ MOBEPXHOCTH TIOI-
Beprajgach 00pabOTKe MPOTHUBOTOJIOICAHBIME peareHTamMu. B ka-
yectBe [I['P wucnonb3oBaHbl 3()PEKTHBHBIE C TOYKH 3PEHUS HX
TUTaBsIIIed COCOOHOCTH MaTepuajbl Ha OCHOBE collell KapOoHO-
BBIX KHCIIOT — TPaHyJINPOBAHHBIA TPOTHBOTOJIONEIHBIA peareHT
Y KUJIKUH TipoTuBorofionennsid pearent. Kunkuit III'P B konu-
yectBe 10 r u rpanynuposannsiii [II'P B xonmuectBe 50 r HaHe-
CeHbl U PABHOMEPHO paclpeiesicHbl MO0 TOBEPXHOCTH O0CHX
TUTHT.

Jamee o0pa3mpl MINT ¢ HAHECEHHBIMH HAa HUX peareHTaMu
BHOBb IOMEIIAINCh B KIUMATHYECKYI0 KaMepy U BBIICpKHUBa-

Puc. 2. Jlensnas kopka nocie 3aMOpaKuBaHus

nuck B Hel B Teyenue 40 munyT mpu Temmeparype —5 °C. Ilo 1wt npu Temmepatype —15 °C B Tedenne 1 u.
MPOMIECTBUU YKa3aHHOTO BPeMEeHU 00pa30BaBIIUICS «Paccoin U3 Figure 2. Ice crust after freezing of slabs
CMecH pacIlIaBIeHHOro jbaa u ocratkoB III'P cnmsancd, a mo- at temperature of —15 °C during 1 hour
BEPXHOCTh I[EMEHTOOETOHHBIX IUTUT CYMINAJIACH JKECTKOW IIEeT-

KOH.

KauecTBo mpomecca ynaneHns ipAa ¢ TOBEPXHOCTH TUTUT OIIEHWBAIOCH IO TIOKA3aTeI0 MacChl yIaIeHHOTO
b2 M, paccuuThiBaeMoro 1o gopmyne

MJI = MJr}n - Mgg’r’ (1)

rae Mjj, — Macca IUTUTHI C JIeATHOM KOpKOH, T; MpS' — Macca IUIMTHI ocie yOadeHUs «paccoiay M OCTaTKOB

II'P.

B xone npoBeneHus SKCIEPUMEHTa YCTaHOBJICHO, YTO KOJIMYECTBO yJAJIEHHOTO JIbAA Ha IUIUTe, 00paboTaH-
Hoit ['®II, B 1,6 pa3a BhIlllc aHATOTMYHOTO KOJMYECTBA Ha TUIMTE, He 00pabdoranHou ['®II. [y uccinenoBaHus
3aBUCHUMOCTH MaccChl yIaJI€HHOT0 JpAa oT pacxona I1I'P skcneprMeHT NoBTOpsUICA MIPH MMOCTOSTHHOM KOJINYECTBE
[II'P na HermapogoOM3MPOBAHHON TUTHTE W BapbHpyeMoM KoimdecTBe TBepaoro III'P Ha ruapodobm3npoBan-
HOU TuTe. BapeupoBaHue KoinuyecTBa HAHOCUMOTO rpanyipoBanHoro [1I'P Ha ruapodoOu3npoBaHHYIO IUTHTY
OCYILECTBIISIOCH B Anana3oHe oT 35 xo 50 r. CooTHOWmEHH TpanyIupoBanHoro u sxkuakoro [1I'P ot 3,5/1 mo 5/1
B3STHI U3 OIBITA SKCIUTyaTalluu a3poIpOMOB.

3. PesyabTaThl M 06CyKIeHHE

[TorydeHHbIC B X0/ UCCIICIOBAHUHN PE3yJIBTAThI IPECTABICHBI B Ta0. 2 U HA puC. 3.

B pesynbrare mpoBefieHHOTO 1a00paTOPHOTO AKCIIEPUMEHTa YCTAHOBIIEHO, YTO BCIIEACTBUE OCIAOICHUS
CHJI CIEIUICHUS JIbJa ¢ THAPOPOON3MPOBAHHON MMOBEPXHOCTHIO MIEMEHTOOSTOHHOTO TTOKPHITHS pacxox I1I'P co-
Kpalaercsi Mo CPaBHEHHIO C aHAIOTHYHBIM PAcXOJOM JJisi HETUAPO(HOOU3UPOBAHHBIX LIEMEHTOOETOHHBIX II0-
KpeITUi Ha 35 %.
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Tabauya 2
Pe3yibTaThl HCIBITAHUN 110 YIAJICHHIO JILAA

Homep 3xcniepuMenTa | JTal 3KCIIEPUMEHTA O6pazen niautel | Cymmapuas macca [IP,r | M, ,r My, T M, r
CT oIl 60 13373 13247 126
: Be3 I'dIT 60 13079 12999 80
CToII 55 13368 13256 112
: 2 Be3 I'dIT 60 13079 12999 80
CroI 45 13358 13264 94
’ Be3 I'DIT 60 13079 12999 80
CroI 60 13371 13248 123
: be3 I'OIT 60 13079 13000 79
CT oIl 55 13367 13257 110
? ? be3 I'OIT 60 13079 13000 79
CToII 45 13357 13265 92
’ be3 I'OIT 60 13079 13000 79
CToII 60 13374 13246 128
: Be3 I'dIT 60 13080 12999 81
CIoIl 55 13370 13256 114
} 2 Be3 I'dIT 60 13080 12999 81
CroI 45 13358 13263 95
’ Be3 I'DIT 60 13080 12999 81

Table 2

Results of ice removal tests

Test number Stage of test Specimen of a slab | Total weight of DIR, gr ML, gr wr,er | M gr
With HPI 60 13373 13247 126
! Without HPI 60 13079 12999 80
With HPI 55 13368 13256 112
: 2 Without HPI 60 13079 12999 80
With HPI 45 13358 13264 94
: Without HPI 60 13079 12999 80
With HPI 60 13371 13248 123
: Without HPI 60 13079 13000 79
With HPI 55 13367 13257 110
? 2 Without HPI 60 13079 13000 79
With HPI 45 13357 13265 92
. Without HPI 60 13079 13000 79
With HPI 60 13374 13246 128
! Without HPI 60 13080 12999 81
With HPI 55 13370 13256 114
: 2 Without HPI 60 13080 12999 81
With HPI 45 13358 13263 95
: Without HPI 60 13080 12999 81
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---------- JlnHeiiHaA HHTePHOIAILA (Bume_?lmem 2)/ oo JlnHeliHASA IHTEPIIOMALIL (DKCTIepHMeHT 3)/
Linear Interpolation (Experiment 2) Linear Interpolation (Experiment 3)

Puc. 3. 3aBucuMoCTs Macchl yIAIEHHOTO JbJa Ha IBYX oOpa3max
LIEMEHTOOETOHHBIX IUTUT OT MAacChl IPaHyJIMPOBAHHOTO peareHTa

Figure 3. Dependence of the weight of the removed ice on two specimens
of cement concrete slabs on the weight of the granular reagent

OCHOBBIBASICH Ha pPe3yJbTaTax 3KCIIEPUMEHTOB, ITOCTABJICHA 3a/1a4a OLIEHKH YKOHOMUYECKOro 3¢ ¢eKTa oT
BO3MOKHOTO cokpaieHus pacxonoB [II'P 11 nemMeHTOOETOHHBIX a’3pOAPOMHBIX HMOKPBITHH, 00pabOTaHHBIX
['®II.

st OLEHKH BO3MOXHOTO 3KOHOMHUecKoro 3¢ddekra mpoBeneH aHanu3 pacxoja npumeHsembix [II'P nHa
rpaXJAaHCKHX a’poapomax Poccuiickoit @enepannu 3a 2021-2022 rox ¢ y4eToM MX NPUHAIIEKHOCTH K pas-
JTUIHBIM KITMMaTHIeCKUM 30HaM (puc. 4, Tadi. 3).

Kapma cpeonezoooson memnepamyput ¢ Poccuiickou @edepayuu
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Puc. 4. Kapra cpeaneronoBoii remnepatypsl B Poccuiickoit @eneparnmun
Uctounuk: https://geographyofrussia.com/temperatura-vozduxa/ (nara obpamenus: 12.02.2023 r.)

Figure 4. Map of the average annual temperature in the Russian Federation
Source: https:/geographyofrussia.com/temperatura-vozduxa/ (accessed: 12.02.2023)
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Tabnuya 3
Kosmm4ecTBo HCIO/IB3yeMbIX IPOTUBOI0JI0/IC¢IHBIX PEATEHTOB Ha ajpoapomax P®
CpenHeroaoBas Aspoxpom KosnuuectBo pacxvouyeMor? are
Temmnepatypa, °C (rpaHyJIMpOBaHHBIN/KUAKMIA), T/TOX
SkyTck 0/68
Anpoca 0/50
Huxe —4
CaberTa 0/136
AHaIBIph 39/137
CapatoB 46/51
UYepemnosen 167/161
Ot —4 1o +6 Caukr-IletepOypr 1940/1645
Mocksa (BHykoBo) 2807/1869
Baprayn 91/51
Bonrorpan 120/100
PocroB-Ha-/lony 110/88
Bbrimie +6
I'poswubiii (CeBepHBIii) 40/28
Amnana (Butsseso) 47/0

Table 3
The amount of deicing reagents used on airfields of the Russian Federation
Average annual . Amount of consumable DIR
Airfield name L.
temperature, °C (granular/liquid), tons per year
Yakutsk 0/68
Alrosa 0/50
Less than 4

Sabetta 0/136
Anadyr 39/137
Saratov 46/51
Cherepovets 167/161

From —4 to +6 Saint-Petersburg 1940/1645
Moscow (Vnukovo) 2807/1869
Barnaul 91/51
Volgograd 120/100
Rostov-on-Don 110/88

More than +6
Grozny (Northern) 40/28
Anapa (Vityazevo) 47/0

W3 cBoaHOM Tab. 4 BUIHO, YTO B KJIMMAaTUYECKUX 30HAX CO CPEIHEr0A0BOM TeMieparypoit Huxe —4 °C s
00pBOBI ¢ JIbI00Opa30BaHUEM B MPe00IalaloieM KOIMYECTBE UCTIOb3YIoTCs xuakue [1I'P. B knuMatuueckux
30HaxX €O CpeAHeroJoBoM TemmepaTypoil oT —4 no +6 °C B cpenHem rpanyiupoBaHHbIX [II'P mcnons3yercs
Oonbliie, YeM XKXUAKHX. B perruoHax co cpemHerooBoi TeMmnepaTypoil Beiiie +6 °C Gonblie UCMoab3yIoTCs Tpa-
HyaupoBaHHble [1I'P.

XapakTep NpUMEHEHUS KUAKUX U TpaHyJIupoBaHHbIX III'P CymecTBEHHO 3aBUCHT OT KJIIMMAaTUYECKUX YCIIO-
BUI perroHa pacroyIoKeHHUsI a3popoMa U COCTOSHHUS adpOJPOMHBIX MOKPHITUNA B MEPHOBI BO3MOXHOTO IOSB-
neHust Hanenu. B ciydae oOpasoBaHMs Hajdequ MpU HU3KOH BIaKHOCTH MPUMEHSIOTCS Kak xuakue [1I'P, tak u
KOMOWHAITUS KUIKUX U Tpa”yiaupoBaHHbixX [II'P. B cirydae BeImameHus: TBEPABIX OCAIKOB M B CIIydae MOBBIIICH-
HOM BIIQYKHOCTH MPUMEHSIOT rpanyiaupoBanHsie [11'P.

Cymmapusbiii 06beM mpuMmeHseMbix [II'P cymiecTBeHHO 3aBUCHUT OT MHTCHCUBHOCTH TIOJIETOB BO3IYITHBIX
CyJOB, 4YTO BHIHO U3 Tabm. 3. B cBs3M ¢ 3TUM B JambHEUIIEM MPOIIECCe SKOHOMUYECKOTO aHaIM3a IeIecoodpas-
HO a3pOAPOMEI C BEICOKOH M YMEPEHHOW MHTEHCHBHOCTBIO TOJIETa BO3YIIHBIX CYJIOB PACCMaTPUBATh OTIENBHO.
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Tabnuya 4
IkoHomu4eckuii 3gdexr o1 cokpamenus pacxoaa III'P
IIpoaoKUTELHOCTH IKOHOMHYECKHIT .
IKOHOMHYeCKMit
Aspoapom coxpaHeHus ruaApo¢oou3upyoImNX apdexr, o
o 3¢ ek, %
CBOJNCTB, I MJIH pyO0.
1 45,6 11,5
2 180,9 23,3
A3pOnopThl ¢ BEICOKOH HHTEHCHBHOCTBIO MOJETOB
3 316,2 27,2
4 451,6 29,1
1 -4.,5 —66,9
. 2 -0,1 -15,9
ADdpOTIOPTHI ¢ YMEPEHHON HHTEHCUBHOCTBIO II0JICTOB
3 4.4 1,0
4 8,9 9,5
Table 4
The economic effect due to reduction of DIR consumption
Airfield Duration of preservation Economic effect, Economic
of hydrophobic properties, year million rubles effect, %
1 45.6 11.5
Airports with hich flicht intensit 2 180.9 233
irports with hi ight intensi
P gne Y 3 316.2 27.2
4 451.6 29.1
1 —4.5 —66.9
Airports with medium flicht intensit 2 0.1 -15.9
irports with medium flight intensi
P £ Y 3 4.4 1.0
4 8.9 9.5

MexaHn3M BO3/ICHCTBUS KaK XKHUJIKHUX, TaKk U TpanynupoBaHHbiX [II'P Ha mponecc ynanenus mpa0o00pa3oBa-
HUU HA IPAKTUKE Majo OTJIMYAeTCs APYT OT Apyra. [1o aToit mpuuuHe npu JanbHEHIIUX pacyeTax MPUHUMAIOCH,
YTO BeJM4YMHA cokpaieHus pacxona III'P, monydenHas B Xxoe SKCIEpUMEHTAIBHBIX UCCIEOBAHUHN [ TpaHy-
nmuposasHbIX [II'P, pacnpocTpansercs Takxke u Ha xujakue [1I°P.

[Tocnemyromasi SJKOHOMHYECKask OIEHKAa OCHOBBIBAETCS HA LIEHOBBIX MOKA3aTeNAX, MPUHSITHIX U3 OIbITA 3KC-
wryatanun a’poapoMoB P@. Ilpu pacuere skoHOMHYeckoro 3¢ ¢ekra OT BO3MOKHOTO COKpAIICHHS pacxojia
[II'P mpuMEHUTENBHO K a3POIPOMHBIM MOKPHITHAM, 00padboTanasiM ['®I1, yunteiBancs yaensHbri pacxon ['OI1
Ha €IMHUIY IUIOLIaAH a3pOAPOMHBIX MOKPBITUH, cpeansist ctouMmocth [II'P u I'®II, nponomkuTensHOCTh coXpa-
HEeHUs TUAPO(POOU3UPYIOMINX CBOMCTB a3pOAPOMHBIX MOKPHITHH, 00padoTanubix ['®II, cpennuii romoBoit pac-
xox III'P, mmomaau a3poapomos.

B cBs13u ¢ TeM YTO POAOIKUTENFHOCTD COXpaHeHUs THAPOPOOUNPYIOLINX CBOMCTB a3POJAPOMHBIX MOKPHI-
T, o6padotanneix ['®II, 3aBHCHUT OT MHOTHX (AKTOPOB M HE TIOATBEPKAACTCS IKCIIEPUMEHTAIILHO B X0OJI€ MPO-
Bepok [II'P Ha WX MpUTOAHOCTH K MPUMEHEHHIO, OIICHKA Cpoka odepemHoi obpadotku I'®DII mpemcrapisercs
3aTpyAHUTEILHON. BO3MOXKHBI CHTyaIuy, Korma TuapohoOH3upyOMe CBOWCTBA IMMOKPHITHH YK€ YTpadeHBI, a
CpoK ouepenHoi 00paboTku nokpeituii ['DII eme He HacTynwi. B aToM ciydae Bo3moskeH pocT pacxona [1I'P, a
€ro BeJINYMHA JIOJDKHA ONPENEIAThCA B XO€ JAIbHEHIINX pacuyeToB.

[Iporno3upyemasi MpOAOIKUTENBHOCTE COXPaHEHHs THAPO(POOH3UPYIONINX CBOMCTB, IpUHUMaeMas K pac-
YeTy, UMEET IHaIa3oH 3HaueHuit ot 1 1o 4 met, ucxomst u3 pekoMeHaanuii npousoguteneit ['®I1 u ompiTa ux
MIPUMEHEHHS Ha a3pOIpOMax.

OxoHoMuuecknid 3P dekT oT cokparierus pacxoma III'P Ha a’poapOMHBIX MOKPHITHAX, HE 00pabOTaHHBIX
I'®I1, mmH py6., paccUUTHIBAETCS U3 CIEAYIOMIETO BHIPAKEHUS:

_ plIl'P Ire
Q= P6e3[‘(‘DH — ICcror- (2)
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rae Pg'el;l;q,n — cymmapsas ctouMocTs III'P miis a’spoapoMHBIX TOKpHITHH, HE 00padboTanHsx I'OII, mutH pyo.;
PC“FI;};H — cymmapsas crouMmocTs III'P u I'®IT s adspoapoMHBIX TOKPBITHH, 00padoTanHbIx I ®I1, MiH pyo.
OTHOCUTENBHBIN YKOHOMUYECKUN 3PPeKT oT cokpameHus pacxona [II'P mis aspoapoMHBIX TOKPHITHH, HE

obpabotanubix ['®I1, %:

Qy, = Pn%mo %. 3)

6e3['PIl

Cymmapnas croumocts [1I'P my1s a3poapoMHBIX MOKpeITHiL, He 00padoTanubix ['®I1, MiH pyo.:

TP _ 17 KII'P pXKII'P TTrP pITITP

P6e3[‘(‘DH - (V p +V P )Ta (4)
N .y . pXIIP __ .
e pacxon xwunkoro III'P B rox, T/rom; P CTOMMOCTH TOHHBI Xuakoro III'P, mmH. pyo.;
VP pacxon rparymposanroro IITP 8 rox, T/rox; PP — cronmocts TorHBI rpanymmposarsoro ITP,
MIH py0.; T — NPOAOIDKUTENBHOCTh COXpaHEHUs! THAPO(OOUUPYIOMINX CBOMCTB a’pOIPOMHBIX MOKPBITHH,
rox.

Cymmapnas croumocts [1I'P u I'®IT myis aspoapoMHBIX IOKpeITHH, 00padoTaHHbx [ DI, miH pyo.:
PP — (1 _ kaq))(v)}(HFPP)KHFP + VFI'[FPPFI'IFP)T + glngapren 5)

e kyq — Kodhduiment sddexrusrocTr cokpauenus pacxona [II'P npu npumenennn 'L, npuHATHIA 110
pe3yJbTaTaM 3KCIEPUMEHTA, Kyg = 0,35; q"®" — ynenpHsbIii pacxox I'DI, 1/mM%; S4 — momans o6padaTsiBae-

MOTo a3poapoMuoro mokpeitus, M2 PTPT — cronmocts T'®II, py6./m.

Pe3ynbraThl pacdeToB MpeACTaBICHBI B BUAE CBOAHOM TaONHIbI U TPapUKOB 3aBUCHMOCTH SKOHOMUYECKOTO
addexra oT cokpamenus pacxona I1I'P npu oTcyreTBun ruapodoOU3NpyIOMNX CBOMCTB a9pOAPOMHBIX TOKPHI-
TUH B 3aBUCUMOCTH OT €TO CPOKa CIIyKObI (CcM. Tab. 4, puc. 5).
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TIpoaomAITeIBHOCTE COXp ritpodobisnpyromtix ceoiicts, roa/ duration of TIpodoTANTENBHOCTS COX] riztpodrobinnpytonux csoficts, roa/ duration of
preservation of hydrophobic properties, vear preservation of hydrophobic properties, year
A3POTIOPTH ¢ BHCOKOT IHTEHCHBHOCTRIO noneTos (Cankt-Tlerepdypr, Mocksa) / S Asponoprsl ¢ Brcokoil nHTencnsrocTeio noteton (Cankr-TletepSypr, Mocksa)
Adirports with high flight intensity (Saint Petersburg, Moscow) Airports with high flight intensity (Saint Petersburg, Moscow)
A3pOTOPTH ¢ YMePEHHOI ITHTEHCHBHOCTRIO MoneTos ( AKyTck, Anpoca, CabeTTa, AHAIBIPE, A3PONOpPTH ¢ YMEPEHHOI IHTEHCIBHOCTEIO noneToB ( AxyTek, Anpoca, Caberra, AHAIBIPb,
Capatos, Yepenoseu, bapuayz, Boarorpan, Poctos-ua-/lory, ['posusiil, Anana) Capatos, HUepenoseu, Bapaayn, Boarorpaz, Pocros-sa-Tlouny, Ipoanstii, Axana)
Airports with low flight intensity (Yakutsk, Alrosa, Sabetta, Anadyr, Saratov, Airports with low flight intensity (Yakutsk, Alrosa, Sabetta, Anadyr, Saratov,
Cherepovets, Bamaul. Volgograd, Rostov-on-Don, Grozny, Anapa) Cherepovets, Bammaul, Violgograd, Rostov-on-Don, Grozny, Anapa)
a 0

Puc. 5. Oxonomudeckuii 23Q(heKT Ipu COKpaIeHUH pacxoaa
HPOTHBOTOJIONIETHBIX PEareHTOB OT UCIIOIb30BaHus Tuapodobu3arTopa:
a— B MJIH py0.; 6 — B %
Figure 5. The economic effect from reducing deicing reagents when using a hydrophobizer:
a — in mln rubles; 6 — in %

ITo pe3ynbTaTaM MpPOBEACHHBIX UCCIACAOBAHUI YCTAHOBIECHO, YTO HAUOOJBIINNA SKOHOMUYCCKUE 3PPEKT OT
cokpamenus pacxona [II'P nnst aspoapomusix mokpeiTuii, o0paborannsix ['®II, nocturaercst Ans a3poAPOMOB ¢
BBICOKON MHTEHCUBHOCTBIO MIOJIETA BO3AYIIHBIX CY/IO0B.
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J1s a3pogpoMOB C YMEPEHHOH MHTEHCHBHOCTBIO IIOJIETOB BO3AYLIHBIX CYJOB IIOJOXHUTENbHBINA 3P PEKT 10-
CTHTaeTCsl TOJNBKO B TOM clly4ae, €CH NPOAOJDKHUTEILHOCTh COXpaHEeHUs TUAPO(oOH3UpPYIONINX CBOWCTB a3po-
JIPOMHBIX MTOKPBITHI, 00padoTanHbix ['DI1, cocTaBnseT He MeHee 3 JieT.

[TomMuMoO mOMyUYEeHHOTO B pe3ynbTare UCCiel0Ba-

HUI MOJOXHUTEIBHOTO SKOHOMHUYECKOro 3ddexra oT [Fg=so=

cHkeHusa pacxona III'P s a»poapOMHBIX TOKpPHI-
Tui, oopadoTanubix ['®II, HeoOX0IMMO yKa3aTh U Ha
JOTIOJTHUTEIIbHBIN TOJNIOKUTENBHBIA 3PPEeKT — Imo-
BBHIILICHHE KOPPO3MOHHON CTOWKOCTH LIEMEHTOOETOH-
HBIX a3poApoMHBIX NOKpeiTuil [20-22]. Ilocnennee
HauOosee aKTyallbHO B TeX ClydasxX, KOTAa s
00pBOBI € JIBI000pa30BaHUEM TTPUMEHSIOTCS KOHTpAa-
¢daxtueie [II'P, a taxxe [P, He mpomexnmmue mpo-
BEPKY Ha KOPPO3UOHHYIO CTOMKOCTh OE€TOHOB. Brico-
kast arpeccuBHOcTh [I['P k OeToHamM mnpuUBOAUT K
HETaTUBHBIM (DaKTOpaM B BHJE pa3pylIeHUI MOBepX-

HOCTHOI'O CJIOSi LIEMEHTOOETOHHOIO HOKpBITHA [23— Puc. 6. Buj ieMeHTOGETOHHBIX 06PA3II0B [OCIIE [IPOBEAEHHMS HC-
25]. Ha puc. 6 mpencraBieH xapakTep pa3pylICHHMA NBITAaHUH HA KOPPO3HOHHYIO CTOHKOCTB
UCMCHTOOCTOHHEIX 00pasloB B XOfe MpOBCACHMA 6(°6Pa3m’1 /-3 nonsepramich soctierno TP, oGpasipt

o —6 MOIBEPTATINCH BO3ICHCTBHIO acTBOpA MIOBAPEHHOU COJU
ucneitanuit B U AO «IIMuHUU BT «Jlenaspomnpo- ABCP . ,ﬂ °p p . P )

TP o Figure 6. View of cement concrete specimens

C€KT» OOAHOTO U3 C IiOppOSI/IOHHBIMI/I CBONCTBaAMH, after corrosion resistance tests
COI/I3MepI/IMBIMI/I CO CBOUCTBaAMH 5 % paCTBOpa I10Ba- (Specimens 1-3 were exposed to DIR,
peHHof/'I COJIN. specimens 4—6 were exposed to 5% salt solution)

4. 3akjIouyeHnune

1. IlonyueHHbIe pe3yiabTaThl UCCIEAOBAHUN MOATBEPXKIAIOT MPEANOIOKEHUE O BO3MOXHOM COKpAIlCHUU
pacxona I1I'P mpuMeHUTENFHO K IEMEHTOOETOHHBIM TTOBEPXHOCTSIM ILIHT, 00padotanHbix ['®II. B pesynbrare
71a00paToOpHOro PKCIEPUMEHTA, UMUTHPYIOLIETO TpoLEecC JIbA000pa30BaHMs U MOCISAYIOIIETr0 yAaIeHUs Jens-
HOM KOpku ¢ npuMeHenueM III'P, ycraHoBieHO, UTO BEIMYMHA BO3MOXKHOTO cokpaiieHus pacxoaa III'P na ne-
MEHTOOCTOHHBIX IUTUT, 00paboTanHbix ['DII, nocturaer BeauuuHbl 35 % MO OTHOIICHUIO K aHAJIOTMYHOMY pac-
xony [II'P myist ieMeHTOOCTOHHBIX ILIUT, He 00padoTanHbIx I1I'P.

2. Pe3yabTaThl OMEHKHU JOCTHTAEMOT0 dKOHOMHUYECKOro 3ddekra or cokpamenus pacxona III'P mis aspo-
JPOMHBIX MOKPBITHH, oOpaboranubix ['®II, mokazanu, 4yro HambonpLmMi 3KoHOMHUYECKHH 3ddext 29,1 % no-
CTUTaeTCsl IPUMEHUTENBHO K a3pOJpOMaM C BBICOKOW MHTEHCHUBHOCTBIO MOJIETOB BO3AYIUHBIX cyAoB. s aspo-
JPOMOB C YMEPEHHOH WHTEHCHBHOCTBIO TIOJIETOB BO3IYIIHBIX CYAOB MOJOXKHUTEIBHBI SKOHOMUUECKUHA dPPeKT
JOCTHTaeTCsl MPH YCIOBHH TOTO, YTO MPOJODKUTEIBHOCTh COXpaHeHHS TUAPO(HOOM3ZNPYIOINX CBOHCTB a3po-
JIPOMHBIX MMOBEpXHOCTEH, 00padoTanHbix ['DI1, OymeT cocTaBiATh HE MEHee 3 JIeT.

3. B cBs3u ¢ TeM, 4TO B HACTOSAIIEE BpPeMsI OTCYTCTBYIOT OOBEKTHBHBIE CBEIEHHS O MPOJOIKHUTEIHHOCTH
coxpaHeHUs THAPOPOOUZHPYIONTNX CBOWCTB JUIS IIEMEHTOOCTOHHBIX IOKPBITHH, oOpaboranubix I'®II, mox-
TBEPKACHHBIC PE3YNIbTATAMH HE3aBUCHUMBIX HCIBITAHUN HAa KIMMAaTUYECKUX YCTAaHOBKAaX, CTAHOBUTCS aKTyalb-
HOM 3a7ja4ya MPOBENCHUS TAKUX UCCIEIOBAHUM.

4. Ilpu mpoBeAEHUH HCCIEIOBAaHMN Ha KIMMAaTHMYECKUX YCTAaHOBKaX, MMUTHPYIOIIMX MPOLECCHl BO3JEH-
CTBHS HETaTUBHBIX (PaKTOPOB OKPY’KAIOIICH Cpelbl, C LENbI0 ONPEACICHUs PealbHbIX CPOKOB COXPaHEHUS TH-
pohoOU3UPYIOIUX CBOWCTB adpPOAPOMHBIX MOKPHITHIT HEOOXOAUMO TaKXkKe MPeayCMOTPETh BOBMOKHOCTh HCCIIe-
noBaHus pakropa xummudeckoit comectumoctd [1I'P u I'®II. [Tocnennee, B cBOIO o4yepeib, MO3BOIUT HE TOJIBKO
MaKCHMAaJbHO MPHOIM3UTH 3KCIIEPUMEHTAIBHBIE YCIOBHS C PeabHBIMU, HO M CAENaTh OOJiee TOYHOM OIEHKY
JIOCTUTAEMOT0 SKOHOMHYECKOTO 3 eKTa.
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1. Introduction

The most widely used building material in the world is concrete. Structures made of cement are more
immune to environmental exposure than those built with different materials, for example, lumber or steel [1].
Concrete is used in many projects, from small ones like sidewalks and home foundations to some of the world’s
largest and most difficult engineering projects. Steel rebar cages are typically used to reinforce concrete and can
be designed to withstand various scenarios, but their application has some restrictions. If structural elements are
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details may not be sufficient to withstand severe impact like seismic or blast loading. In addition, pouring
concrete into rebar cages with high reinforcing bar ratios is challenging and takes a lot of time and effort. Steel
reinforcement is also costly and has a significant carbon footprint [2]. Utilizing fibers is yet another method for
enhancing the properties of cementitious composites [3—10]. However, controlling how the fibers in fiber-rein-
forced composites are distributed isn’t easy. Furthermore, fiber orientation is affected by execution boundaries,
for example, the size of the underlying member and the bearing of the substantial stream during projecting [11].

An alternative method for creating intricate geometries that can be used as reinforcement in concrete has
recently emerged. Small and large-scale fabrication of three-dimensional elements from various materials is
made possible by the additive manufacturing (AM) process, which is also referred to as “3D printing” [12—14].
Thanks to recent advancements [15], complex geometries can now be created for polymers using 3D printing
techniques like Fused Deposition Modeling (FDM). The digitally controlled processes by which material is
joined to create a new object are the foundation of 3D printing. Low costs, safety, the ability to print
aesthetically pleasing structures in any design, and minimizing environmental impact are just a few benefits of
3D construction printing [16]. For instance, the reinforcing Cementitious Backfill Composite (CBC) with a
variety of 3D Printed Polymeric Lattice (3D-PPL) shapes increases its ductility [17]. The researchers used the
digital image correlation technique and found that 3D-PPL can make CBC’s brittle behavior ductile without
affecting its hardening properties. Farina and others [18] carried out Three Point Bending Tests (TPBT) on a
cement mortar reinforced with polymeric and metallic 3D-printed fibers with various surface morphology and
roughness. It was claimed that samples reinforced with fibres with a high surface roughness had a stronger
interfacial connection compared to samples that were left unreinforced and samples reinforced with smooth
fibres.

Another uniform testing technique was introduced in view of consolidated Twist Hub force (TORAX) test
for accurate reflection of mechanical properties of 3D-printed cement and mortar [19]. It was discovered that
3D-printed concrete lacks the characteristics of cast concrete because the shear stress is only transferred through
the adhesive properties of the cement matrix. The three distinct types of fibers (carbon, glass, and basalt) were
used to reinforce 3D-printed concrete and various tests were conducted on the fiber-reinforced specimens [20].
It was found that the samples’ flexural performance was significantly improved by a 1 % volumetric fraction of
carbon fibers aligned along the printing direcion. In contrast, glass and basalt fibers had no effect. The results
also showed that the improved combination’s flexural and compressive strength rises up to 30 and 80 MPa
respectively. Different authors showed that 3 percent by volume of carbon fibers with a length of 3 millimeters
can significantly increase the flexural strength of concrete up to 120 MPa [21]. Similarly, a study shows that
3D-printable Ultra-High-Performance Concrete (UHPC) had a lower compressive strength (32-56 %) than
mold-cast UHPC [22].

Printed specimens may have a compressive strength of up to 22 % lower than those placed in molds [23]. In
a previous study, the mechanical characteristics of high-performance printing concrete with steel fibre
reinforcement of varied lengths and volume contents were examined [24]. It was found that printed concrete had
lower compressive and flexural strengths than the cast concrete. As such, the compressive and flexural qualities
of printed concrete were in the range of 70—111 MPa and 615 MPa, respectively, while the compressive and
flexural qualities of cast concrete were 90—-113 MPa and 11-14 MPa. The steel fiber orientation distribution in
3D-printed UHPC is quantitatively investigated [25]. According to this, the fibre alignment parallel to the
printing direction was greatly enhanced by the large fibre volume percentage. The mechanical performance of the
printed specimens was superior to that of the mold-cast ones because of this fiber alignment. Various spatial
distributions of 3D-printed fibers were analyzed to show how reinforcement orientation and distribution affected
created reinforcement networks of interconnected photopolymer resin fibers [26]. Subsequently, it was shown
that when a triangulated reinforcing structure with a denser mesh was utilized in places with higher tensile
stresses, the peak flexural strength rose. However, they were unable to observe the ductile behavior in the
samples because it only utilised a small percentage of polymer reinforcement in their studies. The study
improved the cementitious material’s performance by using bio-inspired polymeric structures that were 3D-
printed as reinforcement for cement mortar [27]. The impact of 3D-printed spatial support on flexural properties
of conventional mortar was studied [28]. The study discovered that the flexural behavior of specimens is
significantly affected by the shape and size of a spatial 3D-printed element.

However, concrete's Modulus of Elasticity (ME) and Energy Absorption Capacity (EAC) are two crucial
deformation parameters. ME is an important parameter in the design of concrete structures because it shows the
material’s resistance to deformation under load. ME of concrete is a good indicator of strength because it
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measures the stiffness of the concrete. The concrete is more rigid the higher the ME value. ME is influenced by
various factors, including the concrete's density, moisture content, the Interfacial Transition Zone (ITZ)
thickness, mixture homogeneity, reinforcement material, cement matrix, bonding between aggregates, and
porosity in each part. EAC measures the material’s capacity to absorb energy during deformation. Particularly in
locations where concrete structures are subjected to frequent loads and seismic activity, the energy-absorbing
properties of concrete can beneficially reduce the likelihood of their failure. In addition, impact loads must be
protected against important infrastructure buildings, such as nuclear power plants and smaller technical facilities,
as failure can result in significant damage. Thus, common fields are interested in a suitable structure material
with an extraordinary energy retention limit.

As previously stated, there is a lot of interest in utilizing AM methods to create reinforcing elements that
conventional steel cages or fibers could replace. Despite these efforts, additional research is required to
strengthen concrete using 3D printing. A novel approach to strengthening concrete was utilized in this study by
using 3D printing technology. The present study uses 3D-printed shell Polylactic Acid (PLA) structures as
UHPC reinforcements, focusing on a unique class of composites. It examined the fracture characteristics,
deformation parameters, and mechanical features like compressive, tensile, and flexural strengths of UHPC
reinforced with 3D-printed PLA shells. Using FDM, a popular 3D printing technique, the reinforcement was
created in the shape of a shell.

2. Methods, Materials, and Sample Preparation

2.1. Methods. Even though 3D-printing concrete has received the most attention in civil engineering, there
has recently been a lot of interest in 3D-printing reinforcements. The mechanical properties (such as
compressive, tensile, and flexural strengths), as well as the fracture mechanism of various samples, were
analyzed in this paper after UHPC was reinforced with 3D-printed PLA. The approach taken in this study is
depicted in Figure 1. The 3D-printed reinforcement shells were initially plotted using 3D Max and Rhino 6
software. The FDM process produced the PLA materials, which were then inserted into the molds. The samples
were cured after the UHPC mixture was poured into the molds in the subsequent step. The samples were then
subjected to various tests, and the results were examined and discussed.

New
Idea y
UHPC
* Fabrication * Experiment
* Mixture
D Design
Printing T
: FDM Method : A““’“"R o
2d Rhino6 '
~ Max
Figure 1. The methodology of the current study Figure 2. Design of shell reinforcement

The 3D Max and Rhino 6 software were utilized to design the shell reinforcement. The concept was initially
created in 3D Max before being completed using the architectural software Rhino 6. The honeycomb openings
were provided on the shell surface to allow concrete mixture penetrate through them before its setting. In
addition, Figure 2 shows how the concrete mixture can adhere appropriately to the shell surface and fill these
holes. These honeycombs were chosen to be small enough to be incorporated into the shell surface and to allow
the concrete mix to flow readily through it. Honeycombs are made topologically by connecting regular or
random polygons with a specific thickness in a plane. The honeycomb structure has the advantages of simplicity,
high porosity, lightweight, and simple manufacturing, all indicating high impact resistance potential.

In most cases, structures use honeycomb or honeycomb-like shells as their core to increase their capacity for
carrying loads and absorbing energy. As a result, it is necessary to investigate the mechanical properties of
honeycombs or honey-comb-composed composite structures under various loading conditions. In addition, one
of the goals of using UHPC is to reduce the amount of cement and CO, emissions required for a particular load
[29]. As a result, utilizing a reinforcement strategy with a significant non-cementitious volume fraction can also

CTPOUTENLHGIE MATEPUATTI M USLENNS 537



Hematibahar M. et al. Structural Mechanics of Engineering Constructions and Buildings. 2023;19(5):534-547

significantly enhance this advantage. The ongoing review examines UHPC's behavior, supported with a 3D-
printed honeycomb PLA shell structure under compressive, tensile, and flexural loads.

Three samples were taken into consideration for each of the compressive and tensile tests. Two of the
samples were reinforced using the 3D-printing method, and one of the samples was unreinforced concrete. The
first reinforced 3D-printed sample had more honeycomb holes at the shell’s top, while the second sample had
more honeycomb holes at its bottom. The purpose of considering this modification to the arrangement of the
holes was to investigate the effect of the bonding that existed between the aggregates and the cement matrix in
the 3D-printed shell structure. The proper movement of the concrete mixture through these holes required
consideration of various hole sizes. For flexura tests, two examples were considered. One was unreinforced, and
another was built up using a 3D-printing technique.

The thickness of the shells was 2 cm, and their dimensions were 8x8x8 cm®for compressive, 8x8x13 cm?®
for tensile, and 58x8x8 cm?for flexural strength tests, as sown in Figure 3.

Figure 3. Dimensions of shell reinforcements for:
a—compressive; b — tensile; ¢ — flexural strength tests

PLA materia was printed using the FDM 3D- . . Table 1
printing method to create concrete reinforcement. This The mechanical properties of PLA [31]
study C_hose PLA b_ecause of its approp_ri_ate meChanical M aterial Ultimate Tensile Yield Strength, Maximum,
properties, such asits excellent printability, mechanical aerial - grength, MPa MPa Strain, %
properties, and environmental friendliness. Because LA 5716 £0.35 52474035 2354 0.05

being reinforced with a polymeric substance rather
than steel, polymer-reinforced constructions are
stronger, lighter, and more thermally insulated [30]. Table 1 shows the mechanical properties of PLA. PLA
reinforcement meshes were made using Quantum, a commercialy available FDM 3D-printer. The model is printed
layer by layer, bottom to top, using FDM. The printing parameters may affect the fina structure’s mechanical
characteristics. As aresult, they remained constant throughout this investigation. At 60 °C for the build platform
and 190 °C for the extruder, al parts were printed with identical parameters. The stress transfer and, ultimately,
the sample’s overall mechanical characteristics may be impacted by the specified printing path, which
substantially impacts the mechanical behavior of printed reinforcements.

Figure 4 shows the process of fabricating 3D-printed reinforcements. The shell formation is constructed
layer by layer using 3D-printed PLA materials. Figure 5 demonstrates the completed forms of the shells.

Figure 4. The 3D-printing process of reinforcements for:
a— compressive; b — tensile; ¢ — flexural strength tests
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Figure 5. The completed 3D-printed shells for:
a— compressive; b — tensile; ¢ — flexural strength tests

2.2. Materials and Sample Preparation. Ordinary Portland Cement (OPC) from Sabzevar factory, Sabzevar,
Iran, micro silica manufactured by Novolipetsk Company (NLMK), Novolipetsk, Russia, quartz sand (as fine
aggregates), crushed granite (as coarse aggregates) superplasticizer and tap water were used to prepare concrete
samples. The OPC compositions are depicted in Table 2. It should be noted that the initial and final setting time
of the OPC was 30 and 600 min, respectively. Besides, due to its micro-filling property, microsilica was used to
fill the voids between the 3D-printed structure and the cementitious matrix [32; 33]. Table 3 presents the
chemical constituents of microsilica. Fine aggregates with a specific gravity of 2.38 and coarse aggregates with a
specific gravity of 2.65 were collected from the Semnan region, Iran. Figure 6 shows the gradation curves of fine
and coarse aggregates.

100 ——fine aggregates ﬁ' /
< = COal'Se aggregates
S 80 I
2 60 /
e 40
2
F 20
0 T T
0,01 0,1 1 10 100
Grain size (mm)
Figure 6. Gradation curves of fine and coarse aggregates
Table 2
Chemical composition of OPC
Oxide, % . o )
- Blaine, m%kg Specific Gravity
SOz FexOs MgO SOs Al20s CaO K20 L.O.l.
19.52 4.04 4.36 2.89 4.81 62.18 0.6 1.62 387 3.14
The UHPC was selected in this study as the concrete material due Table 3

to its superior strength to normal concrete. Although UHPC has been

. . . : Chemical composition of micro silica
commercially available for over a decade, the knowledge of its use in

3D-printing is just beginning to become more widely available. UHPC Chemical Composition  Value, %
is more brittle than normal concrete, and thus it may be expected to be Silicon dioxide (SIO) 90-92
more difficult to improve its ductility using 3D-printed reinforcement. It Alumina (Al20s) 0.68
is, therefore, necessary to investigate whether the same degree of Iron oxide (Fe203) 0.69
ductility improvement can be obtained in UHPC as in normal concrete Calcium oxide (Ca0) 158
or not. The water/cement ratio was 0.25 in the preparation of this type Magnesium oxide (MgO) 1.01
of concrete, according to the suggestion of Chen et al. [34]. Besides, the Sodium oxide (Na2O) 0.61
micro silicato cement percentage was selected to be 15 %, as it was the Potassium oxide (K20) 123
optimum percentage based on paper [35]. Table 4 shows the mixture Carbon (C) 0.98
design of UHPC in the present research. Sulfur (S) 0.26
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The mentioned materials were mixed using a pan mixer at a constant rate of 48 rpm. For this purpose,
aggregates were mixed with each other for about 2 min. Then, water, cement, silica fume, and superplasticizer
were added and mixed until a homogeneous mix was achieved. Next, the molds were polished with oil, and the
3D-printed shell reinforcements were positioned inside them. For cylindrical samples, molds with diameters of
100 mm and heights of 200 mm were applied. Moreover, for cubic and prismatic samples, molds with
dimensions of 100 x 100 x 100 mm* and 600 x 100 x 100 mm® were utilized, respectively (Figure7). The
prepared mixture was poured into the molds (Figure 8). The samples were placed in a water tank at a
temperature of about 20 °C to cure the concrete specimens (Figure 9). After curing for 28 days, 3D-printed
reinforced UHPC samples were tested for determination of their compressive, flexural, and tensile strengths
based on Russian State Standard GOST 10180-2012 “Concretes’?, Standard Test Method for Flexura
Strength of Concrete ASTM C293/C293M?, and ASTM C496°, respectively.

Table 4
Mixture design of UHPC
Material Cement, | Microsilica, | Sand, | Gravel, | Superplasticizer, | Water,
kg/m3 kg/m3 kg/m® | kg/m?d kg/m3 kg/m?
UHPC 420 65 945 635 105 105

Figure 7. Concrete molds: a — cube; b — cylinder; c — prism

3. Results and Discussion

3.1. Compressive Strength. Table 5 presents the compressive strength values of the samples. As seen from
the table, the unreinforced sample had the maximum compressive strength value.

Table5
Compressive strength values
Specimen Unreinforced sample | First reinforced sample | Second reinforced sample

Ultimate Strength, MPa 36 33.2 275

As shown in Figure 8, the compressive properties of the 3D-printed reinforced UHPC were lower than those
of the unreinforced concrete. Nonetheless, it showed a more expanded el axation curve.

There may be various reasons why 3D-printed reinforced specimens have alower compressive strength than
unreinforced specimens. One reason is the existence of weak boundary connections between concrete and 3D-

1 GOST10180 Concretes. Methods for Determination of Strength by Control Samples. Standartinform: Moscow, Russia. 2013. (In
Russ.) https://docs.cntd.ru/document/1200100908 (accessed: 14.03.2023).

2ASTM C293/C293M-16 Standard Test Method for Flexural Strength of Concrete (Using Simple Beam with Center-Point
Loading). American Society for Testing of Materials: West Conshohocken PA USA 2016.

3ASTM C496 Standard Test Method for Splitting Tensile Strength of Cylindrica Concrete Specimens. American Society for
Testing of Materials: West Conshohocken PA USA, 2017.
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printed reinforcement. Compared to the unreinforced sample, this may result in material fracture under
compression at lower stress levels. Printed reinforcement may introduce numerous interfacial zones between the
matrix and reinforcement, facilitating the crack initiation in reinforced specimens. In addition, the spacing
regions of the printed reinforcement make matrix compaction slightly more challenging in the reinforced
specimens, possibly resulting in more imperfections than in the unreinforced specimens. One more justification
for the lower strength of reinforced specimens in comparison with the unreinforced one might be because of the
weak bond between the reinforcement surface and the cement.

40
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Figure 8. Variation of compressive stress with strain for cubic samples

It should be noted that the printed shell exhibited only natural roughness because no specific measures were
taken to improve the bond in the tests. However, if necessary, printing the reinforcement with a specific surface
roughness and morphology will undoubtedly increase the bond significantly. In previous research, it was also
found that reinforced samples had a lower compressive strength. Salazar et al., for example [29] utilized 3D-
printed polymeric lattices made of either Acrylonitrile Butadiene Styrene (ABS) or PLA to reinforce UHPC.
Their findings demonstrated that the reinforced sample had a lower compressive strength than the unreinforced
sample. The strength was decreased because less of the high compressive-modulus UHPC was incorporated into
the specimens due to using lattice reinforcement.

In contrast to the unreinforced sample, the reinforced sample’s core did not yield, and only the cover was
separated from the reinforced portion, as shown in Figure 9. The 3D-printed reinforcement had the possibility to
help the center of the specimen. In addition, the first reinforced sample had a stronger connection to the
cementitious matrix than the second. In the first reinforced specimen, because the lower part of the support has
fewer openings, most of the aggregates are in the center and inside the shell. However, additional holes are at the
bottom of the reinforcement in the second case. As a result, most of the aggregates will be found in the center of
the sample because the concrete was poured through the holes. Consequently, the strength will be greater if more
aggregates are in the sample center.

-

c

Figure 9. Sample after compression tests:
a — unreinforced; b — first reinforced; ¢ — second reinforced
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3.2. Tensile Strength. Because the printed PLA shell in reinforced specimens constitutes a part of the cross-
section in tension tests, Table 6 demonstrates that the unreinforced sample has the highest tensile strength value
of all the samples. As a result, reinforced specimens have a lower tensile strength because the matrix’s actual
cross-section area is smaller than the unreinforced specimen. In addition, because the reinforced specimens were
shaken externally to eliminate internal air bubbles and evenly distribute the mixture throughout the mold, the
reinforced sample has less compaction than the unreinforced specimen. Be that as it may, for the unreinforced
example, the mixture layers were compacted with steel bars. Other possible explanations for the higher tensile
strength of the unreinforced specimen in comparison to the reinforced ones include the printed reinforcement’s
higher geometrical variability and less homogenous microstructure.

Table 6
The values of tensile strength
Specimens Unreinforced sample | First reinforced sample | Second reinforced sample
Tensile strength, MPa 5.49 4.11 2.86

The unreinforced specimen split into two different fragments, as depicted in Figure 10. The fragments
demonstrate the brittle nature of the unreinforced specimen, which fractures catastrophically and without
warning. However, because the reinforcement was 3D-printed, the reinforced samples’ cores remained intact,
only the concrete cover failed. In other words, when subjected to tension, the unreinforced specimen displayed
the typical brittle behavior of cementitious materials. It only developed one crack and has a low strain capacity.
However, specimens reinforced with a 3D-printed PLA shell can withstand greater strains. The concrete
samples’ ductility significantly increased due to the 3D-printed PLA reinforcement’s ability to prevent complete
splitting. It very well may be likewise seen that a single shear plane developed in the unreinforced specimen.

\

Figure 10. Sample after tension tests:
a — unreinforced; b — first reinforced; ¢ — second reinforced

In contrast, reinforced specimens contained many longitudinal cracks oriented parallel or nearly parallel to
the external tensile stresses near the failure zone. Cementitious composites’ deflection and tensile strain capacity
were significantly increased when PLA reinforcement was used compared to the control specimen. Zhang et al.’s
findings are consistent with this finding [36]. By conducting Brazilian splitting tests, it was demonstrated that
3D-PP reinforced cemented tailings backfill (CTB) samples have higher strains. In addition, the study discovered
that adding 3D-PP effectively mitigates the damage process inherent in conventional CTB and enhances the
strength property of the backfill. In another review, Mechtcherine et al. [37] also showed that the tensile strength
of 3D-printed steel bars was about 20 % lower than that of conventional reinforcement bars. However, 3D-
printed steel bars outperformed conventional bars in terms of yielding and strain capacity.

3.3. Flexural Strength. Figure 11 shows the variation of flexural stress with strain for prismatic samples. As
seen from the figure, the inclusion of 3D-printed reinforcement does not fundamentally alter the behavior of the
UHPC prior to the maximum stress, but it significantly enhances the post-cracking behavior of UHPC. The
conventional concrete had linear behavior, while the reinforced concrete had nonlinear behavior. Figure 12
shows that the deformation of the reinforced was more than conventional concrete.
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Figure 12. The deformation versus curve

The flexural strength of the unreinforced sample was greater than that of the 3D-printed reinforcement
sample, as shown in Table 7. Compared to the unreinforced sample, the neutral axis of the reinforced sample is
shifted closer to the sample’s top side due to the reinforcement’s lower elastic modulus than the cementitious
matrix. Consequently, the reinforced sample’s bottom side will experience higher tensile stress at the same
bending moment. Likewise, because the reinforced specimen might contain imperfections, for example, trapped
air voids because of poorly performed vibration, the flexural resistance strength in the unreinforced specimen is
generally higher than the reinforced one. Similarly, Le et al. [38] demonstrated that 3D-printed reinforcement
had lower strength values (compressive strength of 75—-102 MPa and flexural strength of 6—17 MPa). In contrast,
unreinforced concrete had high strengths (107 MPa in compression and 11 MPa in bending).
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Table 7
The values of flexural strength
Specimens Unreinforced sample Reinforced sample
Flexural Strength (KN) 248 147

Figure 13 demonstrates the failure of an unreinforced prismatic
sample. The failure of this sample during the flexure test was
immediate. The sample was broken into two parts after cracks
appeared as the load increased. In other words, it showed classic brittle
material behavior. The fracture was catastrophic and sudden at low
deformation, with failure characterized by one full-depth crack near
the center of the beam.

The gradual failure of the 3D-printed reinforcement sample is
shown in Figure 14. There was a time lag between the cracks "
appearing and the sample failure. On the sample’s surface, the crack ' @
propagation can be seen. The crack had a narrow width at the start of .
the loading. The cracks spread throughout the sample and got wider as
the loading progressed. As it moved toward the compression zone, the
numerous cracks widen in the tension zone. The observed cracks begin Figure 13. Unreinforced sample after failure
in the middle of the beam’s span and move upward. The bottom of the
reinforced specimen experiences significant tensile stresses during the flexural process. Cracks will appear when
the material reaches its tensile strength. One of the multiple cracks eventually becomes the dominant crack,
significantly decreasing the sample’s load capacity. The failure occurred in the reinforced specimen without the
sample collapsing, making it challenging to distinguish the two sections from one another. This response clearly
demonstrates that the reinforcement significantly altered the brittle cracking failure of cementitious mortar to
ductile failure. Cracking and tortuous crack paths are associated with the ductility-enhancing mechanisms that
occur during bending. 3D-printed shell can restrict the spread of breaks and give the concrete, effective
resistance against more intense loadings after the presence of breaks (Figure 15). The findings are consistent
with those of previous investigations. Salazar and others [29] stated that the 3D-printed reinforcement
successfully converted the UHPC’s brittle behavior into a ductile one. Mechtcherine and others [37]
demonstrated that using 3D-printed steel bars in concrete enhanced ductility and strain capacity compared to
conventional bars. Farina and others [18] concluded that the unreinforced specimens fail brittlely and have no
residual strength after the crack has begun.

In contrast, specimens reinforced with polymeric and metallic 3D-printed fibers demonstrated residual load
carrying capacity. Flexural studies by Xu and Savija [1] revealed that unreinforced specimens displayed a brittle
response with a comparatively modest deflection at failure. Then again, all specimens built up with 3D-printed
polymeric lattices could withstand considerably higher displacement. Xu et al. [39] utilized 3D-printed
polymeric octet cross-section structures to reinforce cementitious composites and noted higher flexibility
compared to the unreinforced test.

a b c d
Figure 14. 3D-printed reinforced sample:
a — cracking moment; b — crack propagation; ¢ — appearance of more cracks; d — failure
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Figure 15. The 3D-printed reinforcement specimen failure mode

4. Conclusions

The main goal of the current study was to improve the mechanical properties and fracture mechanism of
concrete by using 3D-printed reinforcement instead of steel bars, etc. For this purpose, the compressive, tensile,
and flexural strength values of different 3D-printed reinforcement and unreinforced samples were determined
and analyzed. The achieved findings of this research can be summarized as follows:

1. The UHPC samples with 3D-printed reinforcements showed poor mechanical properties compared to the
unreinforced ones. The compressive, tensile, and flexural strengths of reinforced samples were less than those of
unreinforced.

2. The reinforced samples indicated ductile behavior, while the behavior of the unreinforced samples was
brittle. In other words, although the 3D-printed samples had weaker mechanical properties than the unreinforced
ones, they could carry a load even after failure. The weakness of 3D-printed polymer reinforcement can be they
by creating a very complicated spatial shape with artificially created roughness of its surfaces. Such spatial
reinforcement, the creation of which is not possible using steel bars, would match the strength properties of steel
cages.

3. The fracture mechanism of concrete improved by using 3D-printed reinforcement. The ductility of UHPC
can be efficiently increased with 3D-printed reinforcement made from PLA, which is widely utilized in AM and
is available at a reasonable cost.

4. The current study presents a new method for reinforcing concrete. The obtained results prove that 3D-
printing can convert ideas into reality.

Hence, it can be concluded that using a 3D-printed honeycomb PLA shell structure as reinforcement in
concrete results in energy absorption improvement, weight reduction, and good symmetry. It should be noted
that the polymer required for a 3D-printer can also be obtained from waste polymers. Utilization of large
amounts of recycled polymer for 3D-printed reinforcements would be advantageous in terms of both the
construction industry and environmental protection. Furthermore, it allows to control the reinforcement distri-
bution within a structure precisely.
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