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advantage of the problem formulation in stresses is direct determination of
stresses in the cross-section, unlike the classical formulation, when the result
of the approximate solution is the Prandtl stress function values, and the
determination of stresses is brought down to numerical differentiation. The
boundary integral equation of the second kind is obtained to formulate the
problem with respect to stresses. The procedure for solving the problem by
the boundary elements method is described, the system of solving equations
is compiled. Solutions of test problems on torsion of rods with rectangular
and channel cross-sections are presented. Comparison of the calculation
results with known analytical solutions illustrates the reliability and
permissible engineering accuracy of the obtained solutions.
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AHHOTaHI/Iﬂ. HpI/IBOHI/ITCﬂ IMNOCTAaHOBKaA 3aJa4u O KPYUCHHUU OTHOCHUTCIBHO
HaHpH)KeHI/Iﬁ " €€ pCIICHUC METOAOM I'PAaHUYHBIX 3JIECMCHTOB. OCHOBHBIM J0-
CTOMHCTBOM ZlaHHOﬁ IMOCTAaHOBKHU 3aJ1avuM SABJIACTCS HCTIOCPECACTBEHHOE OIIpe-
JACJICHUC Hal'[pﬂ)KeHHfI B CCUCHHHU, B OTIIMYUC OT KJIACCHYECKOM IIOCTAaHOBKH,

IZie pe3yabTaTOM NPHOIMKEHHOTO PELICHHs SIBISIIOTCS 3HaYeHUs (HYHKIHU
HanpsbkeHu# [Ipanaris, a onpeneiacHUe HaNpsHKEHUM CBOAUTCS K YUCIIEH-
HOMY AnddepeHnrpoBanuio. {1t TOCTaHOBKYU 3a/ladyll OTHOCUTENBHO HaIlps-
JKEHHUH ITOJIy4eHO TpPaHWYHOE MHTErpajibHOe ypaBHEHUE BTOporo poxa. Omnu-
CaHa MpoLeaAypa PelIeHHUs 331a4l METOJIOM TPAHUYHBIX JIEMEHTOB, COCTAB-
JIeHa CUCTEMa pa3peliaomux ypaBHeHui. [IpeacraBnens! peneHns TeCTOBBIX
3a7la4 O KPYYCHUHU CTEep)KHEH MPAMOYIOJILHOIO M IIBEJJIEPHOIO CEUEHHM.
ComnocraBieHue pe3yIbTaToB pacyeTa ¢ U3BECTHBIMHU aHATUTUYECKUMHU peLie-
HUSMH WIIIOCTPUPYET IOCTOBEPHOCTh M JOMYCTHUMYI HHXKEHEPHYIO TO4-
HOCTb IOJIyYEHHBIX PEIICHUH.
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HHTErpajbHOE NPECTaBICHUE HANPSKEHUH, TPaHUYHOE UHTETPAIbHOE yPaB-
HEHUe, UHTEerpajibHOE YPaBHEHUE BTOPOTO poJa

1. Introduction

The torsion problem for elastic prismatic rods is one of the oldest problems in the theory of elasticity. It was
mathematically formulated by Saint-Venant in the middle of the 19th century. Before the broad spread of ECM,
many problems for bars with relatively simple shapes of cross-section were solved analytically. The obtained
solutions were summarized in the monograph [1].

With the creation of ECM, it became possible to obtain numerical solutions to the problem of torsion for
bars with an arbitrary cross-section. This led to the rapid development of numerical methods for solving torsion
problems and problems of potential theory that are similar in their mathematical formulation. In spite of their
considerable age, these problems are still the subject of research for many scientists and engineers. These works
contain formulations and methods for solving problems for inhomogeneous bars [2; 3], nanosized bars [4],
problems of dynamics [5] and others.

One of the widely used numerical methods for solving torsion problems is the boundary elements method
(BEM) [7-13]. This method has been actively developed since the 70s of the 20th century, but up to now its new
formulations continue to appear, including those for torsion problems of bars [14—18].

The traditional mathematical formulation of the torsion problem consists of finding the stress function'
[1; 19], and the stresses themselves are subsequently found by differentiation of the stress function [20; 21]. From
the point of view of determining the stresses in a cross-section in numerical solution, the formulation of the
problem regarding the stress function has two significant disadvantages. Since the result of the approximate
solution of the problem in such a formulation is actually the values of the stress function in the nodes of boundary
elements, then the determination of stresses is reduced to numerical differentiation. This leads to an additional
source of computational error. The second reason reducing the accuracy of the solution is the fact that the boundary
integral equation regarding the stress function is a numerically unstable equation of the first kind®.

Janun Bnaoumup Braodumupoguy, TOXTOp TEXHUYECKHX HAyK, podeccop BrIcIiei Kol MPOMBIIUICHHO-TPAKAAHCKOTO M JOPOXKHOTO CTPOUTEIbCTBA
WmxenepHo-cTpouTenbHoro nHerturyrta, Cankr-IletepOyprekuii monurexuudeckuid yausepeuret [lerpa Benukoro, Cankr-IletepOypr, Poccuiickas dene-
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This paper presents a formulation of the torsion problem in stresses, derives the boundary integral equation
regarding stresses, and describes the procedure for solving the problem by the boundary elements method. In
difference from the classical formulation, the proposed formulation leads to an integral equation of the second
kind, and its numerical algorithm is a stable one’. The verification of the methodology was carried out on the
example of two cross-sections by means of comparing the numerical solution of the problem with the known
analytical one.

2. Methods
Formulation of the torsion problem regarding stresses

Consider the problem of torsion for a prismatic bar of an arbitrary cross-section under the action of two
external moments which lie in the plane of its outermost cross-sections. We consider the volumetric forces to be
equal to zero and the lateral surface to be free of external loads.

The following coordinate system has been choosen: the z-axis coincides with the axis of torsion, i.e., the axis
that remains unmoved when the bar is twisted; the x- and y-axes are mutually orthogonal and located randomly in
the plane of the cross-section.

The problem of torsion of a bar with cross-section S and contour 7/, is formulated in terms of the Prandtl
stress function F in the following way® [24]:

S:AF = =2, (1)

I': F = const, (2)

— N2 2 . = i = i
where A = 0y + 0y is Laplace operator on a plane; 0, = e 9y = 3y

If the area confined by the contour is single-linked, then the constant in equation (2) can be assumed to be
an arbitrary one, since it does not affect the values of stresses. Hereinafter we take F' at the boundary /" to be equal
to zero.

Required tangential stresses 7,, and 7,,, are expressed via the function F' by the formulas:

Ty = GOO,F, T,y = —GOOF, 3)

where G is the shear modulus; @ is an angle of the bar twisting per the unit of length.

In the numerical solution of problem (1), the determination of stresses will require numerical differentiation
according to formulas (3). The next step is to state the problem formulation, where the unknowns will be stresses
directly.

Equation (1) can be rewritten using equation (3):

0xTzy — 0yT, = 2G6. 4)
The functions 7,y and 7,, should satisfy the equation of equilibrium
OxTzx + 0y T4, = 0. (5)

Boundary condition on the surface /™
NyTy +NyT4 =0, (6)
where n, and n,, are projections of the vector of unit external normal to the contour 7.

Finally, the following formulation of the torsion problem relative to stresses is obtained:

3 Alexandrov A.V., Potapov V.D. Fundamentals of the theory of elasticity and plasticity. Moscow: Vysshaya shkola Publ.; 1990. (In
Russ.)
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. { OxTzx + 0yTzy =0 e
C0xTyy — 0y T,y = 2GO

I:nyT, +ny7,, =0. (8)

Then it is possible to find the tangential stresses in the cross-section without finding the values of the stress
function F by solving the system of equations (7)—(8).

The vector notation of the formulation (7)—(8) was given below with necessary explanations. It was supposed
that vector T with components 7y, 7.y, V is a gradient operator in the plane, n is a vector of external unit normal
to the boundary I, vector T is a vector 7. rotated by 7/2 clockwise when viewed from the z-axis. Thus, the
formulation of the problem (7)—(8) acquires the following form:

. V-t=0
5 {V-i': 2G6 ©)

rnt=t,=0. (10)

Boundary integral equations regarding the stress function

Let &, B be two arbitrary points in the plane, Rg, Rg are their radius vectors. Then the following notations
can be introduced:

R=R;—Rg, R=|R|=VRR. (11)

Also, the function v(x, y) were introduced, which is the fundamental solution of the Laplace equation in the
plane*:

v = [nR. (12)
By definition of a fundamental solution:

Asv = —278(E, B), (13)

where A is the Laplace operator, with differentiation on the coordinates of the point ¢; §(§, 8) is a Dirac delta
function with the following basic property [7]:

| a®rs.pase) = g, (14)
S

Here g(B) is an arbitrary continuous function; the notation dS () underlines that integration was performed
on the coordinates of the point £:

1, §ES,
c§) = {0,5, SEr, (15)
0, £¢S+T.

The next step was to write the second Green’s formula for the functions v(x, y) and F(x, y) [25]:
ov oF
f, [=v(AF) + FAv] dS = [, (FE - va) dr. (16)

The following form was obtained using equations (13)—(14):

4Tikhonov A.N., Samarsky A.A. Equations of mathematical physics: 6th ed. Moscow: House of Moscow State University Publ.;
1999. (In Russ.)
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2 ()F()——f (AF)dS+:f( ad Fav)dF
meGIF() = v Von on '
s r
Let us place the point & on the boundary of I, and take the value of the function c(¢) according to (15):
oF ov
nF(€)=f—v(AF)dS+f<v——F—) dr. (17)
an on
s r

The sought function in equation (17) in solving the torsion problem is the normal derivative of the stress
function £ at the boundary /". Thus, equation (17) with respect to Z—Z is a Fredholm equation of the first kind. The

numerical solution of the equation of the first kind can lead to highly inaccurate results, since equations of this
type are predominantly poorly specified and numerically unstable”.

Boundary integral equations regarding stresses

To obtain the boundary integral equations regarding stresses, it is necessary to have an integral representation
on the plane for the stress vector .
Suppose a is a unit tensor in the plane, ¢ is a basis co-symmetric tensor in the plane. If ey, e, are orthants

of the Cartesian coordinate system, then the introduced tensors have the following dyadic representation:
a=e.e,+ee, C=ee,—e.e,.

The main property of the introduced tensors:
a-b=b, c-b=Dh,

where b is an arbitrary vector.
Let us write the following representation of the Laplacian from an arbitrary vector ¢:

Ap=V-(aV-@+cV-9). (18)
Equation (18) was multiplied scalarly by the arbitrary vector f, transforming the right part using equality

[19]:
f-v-Qe=v-(@Q-f)-Q"-vf, (19)

where @ is an arbitrary tensor of the second rank; symbol “--” means the double scalar product of two tensors [19].
The obtained equation has the form:

fRo=V-(fV-@+fV-$)-V-@V-f-V -9V f. (20)
By integrating (20) over area S and using the formula of Ostrogradsky-Gauss [19]

fV-dezfn-de", (21
S r

which is valid for any vector b, the following formula was obtained:

jf -A<pd5=f(fnv-<p+ftV-?p)dr—f(v-fv-(p+V-iv-zp)ds, (22)
S r S

where f, =n-f, f; = t- f are projections of the vector f'on the normal and tangent to the contour /.

5 Bakhvalov N.S., Zhidkov N.P., Kobelkov G.M. Numerical methods. Moscow: Laboratoriya znanij Publ.; 2020. (In Russ.)
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If using equations (11)—(13) and assuming that ¢ = bInR in equality (22), where b is an arbitrary constant
vector, then the following formula for vector ¢ is got:

- R - R
Substituting this formula into (22) and using property (14), the next equation was obtained (if discarding an
arbitrary vector b)):

e @ = [ (g~ fige ) r @)+ [ (gzv T =77 ) aso) 049
N

r

Equality (24) is the required integral representation of an arbitrary vector f'in the plane. After replacing the
arbitrary vector f by the vector of tangential stresses T and using equations (9), (10), formula (24) can be written
in the form:

2nc(&)T(é) = —f dl"(ﬁ) +f — 266 dS(B). (25)

r

Using formula (25), it is possible to determine the value of vector T at any point of cross-section § if its
tangent projection 7, is known at the boundary /". To find the function 1, it is necessary to multiply (25) scalarly
by the vector t; (that is a unit vector tangent to the contour /" at the point §) and impose the condition ¢ € I'. Thus,

the following integral equation with respect to the function 7, (¢ - R= —n; * R) can be obtained:

(26)

1 n:-R 1
W@ - [ wdr) = -

r S

R2

Equation (26) is an integral equation of the second kind, unlike the formulation with the use of the stress
function £ (17).
The next step is to convert the integral in the right part of equation (26) into an integral over the contour:

S S r

As aresult, equation (26) takes the form:

n(f)—%f - Ggfn; ngln R dr (B). (27)

r r

The solution of equation (27) is the tangential stresses on the contour I, and one of them is the maximum
tangential stress in the section [19].

Boundary elements method

After that the discrete form of the integral equation (27) is written, using the so-called “constant” boundary
elements. The nodes, where the values of the unknown function are calculated, are in the middle of each element.
The value of the sought function within one boundary element is assumed to be constant. The boundary was
divided into N elements, and equation (27) was transformed into the form:

} ir; j=1r;
where i is the number of the boundary element.
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The function 7;; in equation (28) under the sign of the integral has the constant values in the area of each
element and, therefore, can be taken out of the sign of integral:

N N
1 n-Ry 26O _
T~ E T¢j f%dr(]) =-— E fni'"j'lnRijdr(])-
o ij —
j=1 rj J=1r;

If points i and j are located on the same element, then the integral

-R::
f i _ ”dl"(])
ry

is identically equal to zero due to orthogonality of vectors n;, R;;, and the integral

ij>

Lj
can be calculated analytically:
10 one . 11 q
nifnjlnRide(j)=§lf lnTEdf=El flnzd§+f In|é|dé | =
1 -1 -1 -1
-£ 1
—1l 2ll li l d Inéd —1l21l 2lim(¢&l )1)—lll 1
=gl| 2ing + g f nlél f+f ngdg | | =51 (2mg+ 2imEng ~O) = 1(1ng—1)
-1 €

The following notations were introduced:

1 n;: Rl] .
H;; = 6&;; —gj Rz dr@,
Fj Y

2GO . l
B = =22 |5\t Jy mi ey InRydr () + 1 (ms-1)6,.

i+j

where §;; is the Kronecker delta.
The obtained system of equations can be represented in a matrix form:

H T =B,
il Al Al
NXNNX1  Nx1

where T is a vector, whose components are unknown values of tangential stresses at the boundary.

3. Results and discussion

The calculations for two cross-sections (a rectangular and channel ones) were performed in order to verify
the described formulation of the problem. The dimensions of these cross-sections are shown in Figure 1.

To simplify the interpretation of the results, it was assumed that the values of the angle of section’s torsion &
(rad/cm) and shear modulus G (N/cm?) are equal to one, since their values do not affect the distribution of stresses
in the cross-section. The distribution of maximum tangential stresses along the boundaries of the cross-sections
was studied next. Only a part of the boundaries was considered due to the symmetrical distribution of stresses
along the cross-section: there are two edges for a rectangular cross-section (from point 1 to point 3, according to
Figure 1), and four edges for a channel section (from point 1 to point 5, according to Figure 1).
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The results of the calculation were compared with the
known analytical solution of the Poisson equation describing 1 3 —
the torsion of bars with constant profile® [1]. The calculations
were performed with consecutive reduction of the boundary
element size: 1, 0.5, 0.25 cm. < T_>
Figure 2 shows the results of the calculation of the
rectangular cross-section. ' H
Figure 3 presents the results of the calculation for the 1 2 —

channel cross-section. T L s ]

The table contains the comparative values of stresses for

1)

several nodes of the calculated cross-sections. Figure 1. Dimensions of design sections, cm
3,5
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I 2,5 F
N N
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X (cm) y (em)
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Figure 2. Distribution of tangential stresses along the boundary of a rectangular cross-section:
a — edge between points 1 and 2; b — edge between points 2 and 3
® __ analytical solution; —* — — 0.25 cm mesh; — 0.5 cm mesh; — 1 cm mesh
1,2
0,8
[ ]
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Figure 3. Distribution of tangential stresses along the boundary of a channel cross-section:

a — edge between points 1 and 2; b — edge between points 2 and 3;
¢ — edge between points 3 and 4; d — edge between points 4 and 5;

® __ analytical solution; —#*— — 0.25 cm mesh; — 0.5 cm mesh; — 1 cm mesh

¢ Timoshenko S.P., Goodyear D. Theory of elasticity. Moscow: Nauka Publ.; 1975. (In Russ.)
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Values of tangential stresses at the boundaries of design cross-sections

. Coordinate of node Size of boundary element Analytical solution Relative inaccuracy
Cross-section . . .
X, cm y, em 1cm 0.5 cm 0.25 cm of the Poisson equation | of the numerical method, %
-1.5 -3 1.582 - - 1.648 4
Rectangle 2 0.25 - 3.345 - 3.378 1
2 0.125 - - 3.371 3.387 0.5
1.5 0 1.022 - - 1.004 1.8
3 0.75 - 0.647 - 0.610 1.5
Channel
1.125 1 - - 1.232 1.242 0.8
1 1.125 - - 1.241 1.260 1.5

The analysis of the obtained results demonstrates the acceptable inaccuracy for solving the problem by the
method of boundary elements in stresses. On the basis of comparison of the calculation results with the analytical
solution, it has been shown that satisfactory accuracy was achieved on the coarsest mesh of boundary elements. It
has also been shown that acceptable accuracy was achieved in the nodes that are most important from the point of
view of evaluating the strength of the cross-section, which are located in the zones of extreme stresses along the
cross-section.

4. Conclusion

In this paper we have presented a formulation of the torsion problem in stresses, have derived the boundary
integral equation regarding stresses, and have described the procedure for solving the problem by the boundary
elements method. The main results are:

1. The integral representation of an arbitrary vector f'in the plane.

2. The integral representation of a stress vector T in the rod torsion problem.

3. The boundary integral equation of the second kind for the rod torsion problem.

4. The procedure for solving the proposed formulation using the boundary elements method.

5. The verification of the method on the example of two cross-sections.

It has been shown that the numerical solution satisfactory accuracy was achieved in comparison with the
analytical solution.
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Hcropus craTbu AnHoTanug. llens vccnenoBaHus — pa3sBUTHE BapHAlMOHHOTO METOJA pac-
Iloctymuna B penakuuto: 7 staBaps 2023 T. YyeTa TPEXMEPHBIX KOHCTPYKIHA HAa OCHOBE allpPOKCUMHUPYHOUMX (QYHKIHH C
Jopaborana: 24 mas 2023 r. KOHEYHBIMHM HOCUTEISIMM IMPOU3BOIBHOM CTENEHH alNnpoKcuMalnuu. B paHHux
Ipunsta k nyonukamuu: 27 mas 2023 r. paboTax aBTOPOB METOJ IIPEICTABIIIICS B IMHEHHOM TOCTaHOBKE, IIPUYeM ObITa

M0Ka3aHa BO3MOXHOCTb Pacyera, KaKk TPEXMEPHBIX COCTABHBIX KOHCTPYKIIHM,
TaK U TOHKUX 0001104eK. IIpeioxkeH alnropuT™ pacuera Ha IPOYHOCTh TOJICTBIX
U TOHKHMX 00O0JIOYEK, B KOTOPBIX BO3HHUKAIOT YIIpyroulacTuueckue aedopma-
. ['eomeTpust 000I09eK OMICHBACTCS B KPHBOJIHMHEHHONM OPTOTOHAIIBHOM CH-
CTeMe KOOPAUHAT; B HWINHAPUUECKOH, cheprueckoil uiau KoHu4eckoi. B me-
TOJMKE pacyeTa HCIOJNb30BAHBl OCHOBHBIE COOTHOILEHUS MajbIX yNpPYroIuia-
cTHYecKuX Aedopmaruii 11 KpUBOIMHEHHOH cHCTeMbl KOOpAUHAT. B anro-
PUTM pacyera 3aK/IaiblBalach MOJENb MaTepuaa C JIMTHEHHbIM yIIPOUHEHUEM.
Jnst momydenus paspelaroniel cucteMbl HEITMHEWHBIX YpaBHEHUH UCHOIb3Y-
eTcs BapHalMOHHBIM npuHuun Jlarpawxka. 3azaua pemiaeTcss MTEPALIMOHHO.
IlepBas urepanus cOOTBETCTBYET JIMHEWHOMU 3ana4e. Ha kaxxqoi urepauuu no-
Clle pa3pelleHUs] CUCTEMbl ypaBHEHUI MOJCUUTHIBAIOTCA MHTEHCHBHOCTH [€-
(dhopmanuii B KaKI0i TOYKE MHTETPUPOBAHUS. DTH WHTEHCHUBHOCTHU jaedopma-
LMY NOJCTABIIAIOTCA B MATPULBI YIIPYTOCTH Ha NOCIEAYIONIMUX UTepanusix. Mre-
PaLMOHHBINA IPOLECC XapAKTEPU3YETCs IEPECYEeTOM MAaTpHIbl YIPYroCTH Ha
Ka)KI0H UTEpalliy B Ka)KJOU TOUKe HHTerpupoBanus. Mccienosanus nokasanu
YCTOHYMBYIO CXOMMOCTh UTEPALIMOHHOTO npouecca. [IponsBonunocs TecToBoe
peleHe 3ajad ynpyrolacTU4ecKoro AehOpMUpPOBaHUS TOJICTOH TpyObl U
TOHKOH 0005109KH. Pe3yIbTaTel pacdeToB XOPOIIO COTIACOBBIBANIICH C PE3YITb-
TaTaMy, HOTy4EHHBIMH KaK I10 KJIacCCUYeCKUM (opMyiaM As yIpyromaacTuie-
CKOTO Ie(hOpPMHPOBAHHH, TAK U C PE3yIbTaTAMH PACUETOB B IIporpamMme Ansys
Mechanical.
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Elastic-plastic analysis of shells by variational method
on the basis of high-degree polynomials
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Article history Abstract. The purpose of the research is to develop a variational method for
Received: January 7, 2023 calculation of three-dimensional structures based on approximating functions
Revised: May 24, 2023 with finite carriers of an arbitrary degree of approximation. In the early papers
Accepted: May 27, 2023 of the authors, the method was presented in a linear formulation, and the

possibility of calculating both three-dimensional compound structures and thin
shells was shown. This paper proposes an algorithm for strength calculation
of thick and thin shells with elastic-plastic deformations. The geometry of
shells is described in a curvilinear orthogonal coordinate system, e.g., in
cylindrical, spherical, or conical ones. The calculation method uses the basic
equations of small elastic-plastic deformations for the curvilinear coordinate
system. The calculation algorithm was based on a model of material with
linear strengthening. To obtain a resolving system of nonlinear equations,
the Lagrange variational principle is used. The problem is solved by means
of iteration. The first iteration corresponds to a linear problem. At each
iteration, after solving the system of equations, the intensities of deformations
at each point of integration are calculated. These intensities of deformations
are substituted into the matrices of elasticity at the following iterations. The
process of iteration is characterized by recalculation of the elasticity matrix
at each iteration in each integration point. The researche have shown a stable
convergence of the process of iteration. A testing solution of elastic-plastic
deformation problems of a thick pipe and a thin shell was carried out. The
calculation results were in good agreement with the results obtained both by
classical formulas for elastic plastic deformation and with the results of
calculations in the Ansys Mechanical program.

For citation

Khayrullin F.S., Sakhbiev O.M. Elastic-plas-
tic analysis of shells by variational method
on the basis of high-degree polynomials.
Structural Mechanics of Engineering Con-
structions and Buildings. 2023;19(4):349-
361. (In Russ.) http://doi.org/10.22363/1815-
5235-2023-19-4-349-361

Keywords: clastic-plastic deformations, three-dimensional solid, finite carriers,
finite elements

1. Beeaenue

B [1-3] aBTOpamu OBUT MPEACTABICH METOJA ONpEICICHUS HaNpsKEHHO-Te()OPMHUPOBAHHOTO COCTOSHUS
TpeXMEPHBIX KOHCTpYKLUH. [Ipy BBIBOIE OCHOBHBIX COOTHOIIIEHHUH MPENoIarajiock, YTo nepeMenieHus u aedop-
Manuu Maibl. Kak ObII0 MOKa3aHo B 3TUX padOTax MPelCTaBICHHYI0 METOANKY BO3MOKHO UCIIONIB30BaTh Kak JUIs
TPEXMEPHBIX KOHCTPYKIIMHA, TaK W IJIS pacdeTa TOHKUX IIACTHH M obOonouek. OHAKO KPYT 3ajad, periaeMbIX
BapHuallMOHHBIM METOAOM pacy€Ta, OCHOBAHHBIM Ha (bYHKHI/ISIX HpOPI3BOJ'IBHOI71 CTCIICHU aIlllIpOKCUMAaIl1 C KOHCY-
HBIMH HOCHUTEJISIMH, OTPaHUYMBANICS JIUILIb PELICHUEM JHHEHHBIX 3a1ad. DTO OrpaHHYeHHE OBbLIO MPEOIOJICHO B
[4], Tme OpLTa MOKa3aHA BO3MOXHOCTh IIPUMEHEHHS MTPEICTABICHHOW METOUKH ISl pacdeTa Ha IMPOYHOCTh Mac-
CHBHEBIX TEJI C y9eTOM (PM3UIeCKOM HEMMHCHHOCTH MaTepraia. B manHoi paboTe mpeacTaBieH alrOpuTM pacuera,
B KOTOPOM OIpEEINSAIONINE YpaBHEHNS 33/1al0TCA B KPUBOJIMHEHHONW OpPTOTOHAIBHON CHUCTEME KOOpJAMHAT, YTO
JTAeT BO3MOXKHOCTh YAOOHOTO OMHCAaHUsI TEOMETPUU 000JI0YEK, B YACTHOCTH, [IJIUHAPHUIECKUX, CPEPUISCKUX U
KOHUYECKHX.

CoBepIICHCTBOBAHNE METOIUK yIPYTOIUTACTHUSCKUX PACUETOB SIBJISETCS aKTyalbHON M BaXKHOU 3amadei,
YTO TOATBEPKAAETCS MHOKECTBOM CBEKHX PadOT MO JaHHOW Tematuke [5—7]. BHumanue uccnenoBareneii yae-
JISIETCsI pacdyeTaM TOHKOCTEHHBIX 3JIEMEHTOB KOHCTPYKIWH B HENIMHEHHON MOCTaHOBKe [8], pacueraM OOIBIINX
nporu6oB [9], a Taxke pacueTaM KeJle300€TOHHBIX IEMEHTOB KOHCTPYKILUH C y4eToM (pU3MUecKoil HeInHen-
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HoctH [10]. OmeHKa MpOYHOCTHBIX XapaKTEPUCTUK C YIETOM HEIMHEHHOCTH MOBENEHUS MAaTepHAIIOB ITO3BOJIIET
0oJiee TOYHO OMPENENATh MPEeAeTbHBIC JOMYCTUMBIC HATPY3KH UISI MIPOCKTUPYEMBIX m3aenuii. CyIiecTBeHHOE
YBEJIIMYCHHUE MMPOYHOCTH JICTAJICH U3 METAUIOB MOXKHO JIOOMTHCS METOJaMH MHTEHCHBHOTO TIACTUYECKOTO Jie-
¢dopmupoBanus. Bormpocam ontuMansHOro GOpMHPOBAHUS CBEPXTOHKHX MAaTEPHAIOB METOIaMHU TUIACTHIECKOTO
negopMupoBanus mocBseHb! padoter [11; 12]. Takue marepuanbl, Kak IpaBuiio, 00IanaloT cyOyIbTPaMenKo-
3epHUCTOH cTpyKTypoii [13]. B Takux 3aauax oueHb Ba)KHBI METOJUKU OIEHKH IIACTUYECKOTo aedopMupoBa-
Husl. B [14] olleHMBarOTCS BEIMYMHBI HAYadIbHON TUTACTUYECKOH AedopMannu, U U3ydaeTcs BIUSHUAE HadalbHON
nedopmaliy Ha mocienyroriee ynpounenue. B [15] paccMaTpuBaroTcst HEKOTOpbIE aCTIEKTH KOMITBIOTEPHOTO MO-
JIETUPOBAHUS PA3BUTHS MEJIKO3EPHHUCTHIX CTPYKTYP B Marepuanie. JJoctatogHo moApoOHbIH aHaIN3 METOIUK WH-
TEHCUBHOTO TUIACTUYECKOTO JedhopMupoBanus npuBoautcs B [16]. B [17] pa3paboran moaxon K OMpPEeICHUI0
HANPSHKEHHOTO COCTOSHUS MIapOoOOpa3HBIX 3aTOTOBOK B 3aKPBITOI MaTpHIle MPH MIACTHYECKOM jaedopmupoBa-
Huu. TakuM 00pa3oM, pa3pabOTKa U COBEPIICHCTBOBAHUE METOIUKHU YIPYTOIIACTUYECKUX PACYCTOB IS TPOU3-
BOJIGHOUM (DOPMBI KOHCTPYKIIUM U JCTaNCH SBISICTCS aKTyaabHOW 3aJaucii U MO3BOJSACT MOJydaTh OoJiee SKOHO-
MUYHBIE PEIICHUSI.

2. MeToabl uccJIe0BaAHUA

Hedopmarmn £ , 3aJlaHHbIC B OPTOTOHAIBHON KPUBOIMHEHHON CHCTEME KOOPIAUHAT O, &, , Oy, Ompesiers-

10TCs o hopmyram [4]:

1 du,
gii :——a L +kl]l/l] +ki1ul,
4, 9o
1 ou, 1 Ju, = (1
Vi=2-§ “Loa 49 ki — kg, =13,
4; 905 4, 00
rne u; (i =13) — KOMNOHEHTHI mepemeleHus; k,; — TaBHbIE KPUBU3HBL ¥y, Y35 )51 — YIUIBI C/IBUTA,

A — xo>ddunmentst JIsame, B EBOIT 4aCTH COOTHONIEHHH HET CyMMUPOBAHHUS 10 MHAEKCAaM, MHAEKCH J,/ mo-

JTy9aroTCs KPYTOBOM epeCTaHOBKOM MHIEKCOB I, /,/ .

JUid monydeHus: pa3pelaroliuX ypaBHEHUH BOCIOJIb3YeMCSl U3BECTHBIMU TMIIOTE3aMU U3 TEOPUH MAaJIBIX
YIPYTOIIACTHYECKUX Medopmartuii [18].

JeBuaTop HanpsLKEHUIMA DU BEIpaXkaeTcs uepe3 JaeBuatop aedopmaruit Dg CIEYIOIINUM 00pa3oM:
Daz_'_'Ds’ (2)

rie O, — UHTEHCUBHOCTb HAINpshKeHUil; £, — MHTEHCUBHOCTB Ae(OopMaliii, KOTOpbIE ONpeaestoTcs 1o Gop-

MyJiam:

1 2 2 2 2 2 2
O-OZE\/(O-II_O-ZZ) +(O'22_O-33) +(O-33_O-11) +6'(O-12 +0); +0y, ),

V2 ; SRR
:T\/(g”—822)2+(822—g33)2+(g33—g”) +6:(8, +&; +&;),

0

rae 0y, £;,i =13, j=1,3 — COOTBETCTBECHHO KOMIIOHCHTBI TCH30POB HAIPSDKCHHI 1 IehOopMaLlHii.

3anumieM paBeHCTBO (2) B KOMITIOHCHTHOM BHJIE:

2
(O-u_o-c):_'o-o (81‘1‘_80)5
3 &g,
o ..
Oy =5 Yy 1% 3)
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0-11 + 622 + 0-33

3neck HeT cymmupoBanus I, j =123, i#j o, = 3 — CcpeHee HOPMAaJIbHOE HarpshKe-
_EnTEy T E, :
HUE, £, = f — cpenHss gedopmans, KOTOpble CBI3aHBI H3BECTHBIM COOTHOIIEHHEM [ 18]:
o.=K-0=K-3-¢, 4)
K= 3(1—2) — MoayJIb 00bEMHON fAedopmanuu; £ — Moaynb ynpyrocty; V — koadduiuent [lyac-

COHa.
VHTEHCUBHOCTD HANIPSHKEHUH O, sABIAETCS QYHKLUMEH HHTEHCUBHOCTH Aedopmanuii £, NpH TOOBIX BUAAX
HaIpsHKEHHOTO cocTosTHYS [ 18]:

o, =P(¢,). ()

Hcrnionp3ys cootHomeHus (4), (5) cooTHOmEeHU (3) MOKHO 3aIiicaTh B CIEIYIONIEM BHIIC:

o, =§-@(8")(£‘” -£)+3-K-¢€,,
0, :%Cb(g")(gzz—gc)+3-K-gc,
Oy :%%?)(8” -£)+3-K-¢€,,
0= 2, 0, =2 6, = PED ©)

PaccmaTpuBaeTcs ympyromiacTu4eckuii MaTepuan ¢ JUHEWHBIM ynpouHeHueM (puc. 1, 2). Henuneitnas
9acTh IUarpaMmbl O — € Ui TAKOTO MaTepuala 3aMeHseTCs JMHEHHON YacThio (pHc. 1) ¢ 1enblo ynpoleHus

pacueToB. J[11 Takoro Marepuana Tak)kKe 1 pacueTHas Juarpamma B ocax O, — &, UMEET aHAJIOTHYHbIHA KyCOYHO-

JUHEWHBIH BUJ (pHUC. 2) TIO TEM K€ IPUIHHAM.

G Go

Gor B"

Clo
=
€1 €s < Sor e
Puc. 1. CxemarnuHas quarpaMma pacTsDKCHHUSI MaTepuana:
@ — YCIIOBHas IMarpaMma; 6 — pacdeTHas quarpamMmma Puc. 2. Jlnarpamma nehopMupoBaHus MaTepuana
Figure 1. Schematic diagram of the material tension: Figure 2. Material deformation diagram

a — conditional diagram; 6 — calculation diagram
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Mesxny yriamu Hakiona &, 3, ¢, 3, Momynem ynpyroctn  E, MoOmyneM MIacTHYECKOTO YPOYHEHHS

npu pactsokeHun  E, , MOZyJIeM IUIacTUdecKoro ynpoudenus E,' u ynpyroii mocrostunoit  E,, cymectyior

3aBHCHMOCTH:
E=tg(), E,=tg(p), E,=tg(q), E,)=tg(f) E—ELE E'—L
=i8lQ), Lrp=1ig(p), L,=18(G), Ly =18(/%), 075 A+v) 0_1_1_2.1/‘&'
3 E

C y4eToM 3THUX COOTHOIICHHH [ MaTepuala ¢ JIMHEHHBIM yIPOYHEHHUEM COOTHOIIEHHE (5) MOXKHO 3aIu-
caTh B cienyromieM Buze [19]:

o, =D(e,)=E,-¢&,-[1-a(&,)]. 7)
3nech
0, ecam E S &y
E = E
&) A=), ecn &, > €&y
&
E' 2
_ 0 _ _
A _1_?’ Eor 3 (I+Vv)-&, 0y =0y,
0
e &,y ¥ Oy — COOTBETCTBEHHO MHTEHCUBHOCTH JiehOpMaImii 1 HAIPSHKEHHU, TP KOTOPBIX BO3HUKAIOT TIa-

cTuueckue aedopmanuu.

B kauecTBe yCIOBHUS TUIACTHYHOCTH HCIOB3YETCS YCIIOBHE utacTuaHocTh ['ybepa — Museca. CornacHo
9TOM TMIIOTE3€e, B MaTepHajie BO3HUKAIOT IIaCTHUECKUE AehOopMaIiu, KOT/1a HHTEHCHBHOCTD HAMPSDKCHUH JT0CTH-
raeT BEJIMYMHBI, PABHOM NpeieNly TeKy4eCTH:

o, =0;.
TpexmepHas KOHCTPYKIMs pazOuBaeTcs Ha nogobnacta V, (puc. 3), KOTOpbIe NPECTaBIAIT cOO0H KpH-

BOJIMHEIHBIE IECTUTPAHHHUKHU C TPAaHAMM B BUJIE KyCOYHO-TJIA/IKUX MoBepXHocTer (2,7 =1,6).

Os

Oz os=F, ((ll,(j,z)(ﬁ) lct.z: El(a"a')
. O '
P,
@ (“}{ ©)]
UJ:F{(CIZ,G))

i .
—=B1 B
\ r ] )
O =F1(0.1,011)_\/ - @

©) =
@, ®

Puc. 3. Hymepanus y3noB nogo0iacti
Figure 3. Numbering of nodes in the subsection

VY371BI, TPaHU U CTOPOHBI HYMEPYIOTCS, KaK yKa3aHo Ha puc. 3. BBoasarcs rmobanbHast JeKapToBas CUCTEMa
KOOp/IMHAT X,V,Z M OPTOrOHaJbHAs KPUBOIMHEHAS cucTeMa KoopauHat &, ,0/; TaK, uToObl ypaBHEHMUS
rpaHeil MOKHO OBLIO 3a/1aTh OTHOCUTEILHO COOTBETCTBYIOLIMX KOOPAMHATHBIX IUIOCKOCTEH B CIEAYIONIEM BUE

[4]:
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122 :E(alaaz), 122 =F2(051,062), a, =F3(Ot3,051), a, :Et(awal)a
o7 =F5(052,063), Q =F6(052,053),

rae F,, i =1,6 — ogHo3HayHble QYHKIMY Ki1acca Cc'.

JLtst TOHKHX 000JI0YEK CHCTEMBI KOOPAMHAT OOBITHO BEIOMPAFOTCS TAKUM 00pa3oM, 9TOOBI ABE TIPOTHBOIIO-
JIO’KHBIE TPaHU TOI00JIACTH COBITAIAH C IIOBEPXHOCTSAMHU 0O0IOUKH.

Jltst kaxkoi mooGnactu V), BBozmTCs KpHBONHHEIHas cucteMa koopauHar 3, f3,, ;. B obwewm ciyuae

9Ta CUCTEMa KOOpAWHAT HE ABJISACTCA OpTOFOHaHBHOfI M 3aJ1a€TCS C IIOMOIIIBIO COOTHOIIICHHMIA:

o, = Fy( 05 (B, B,) 005 (B, 8.)) (1= )+ Fy (0 (Br, B )t (o B)) B+ 000 (B B B)
o, = F (00, (8. 8,) 05 (B, 8)) (1= B)+ Fl o, (BB, ews (B B,) o+ 0y (BB ), (®)

o, =F (e, (8.0 (B, 8,)) (1= B)+ F s (B, 8. )00 (B, B.)) B+ 00 (B, B B ),

rae GyHKIUHH Oy (ﬂz . bs )9 s (ﬂz Py )s 2 (151 B, By ) CrenHanbHO MOA00paHHbIe QyHKIH [4].

CoorHourenus (8) 3a1aHbI TaK, 4T00bI B Tog06MacTy V', Beimomwsiiucs yenosust 0 < 3, B,, B, < 1,rpanu
Q. 3anasanuch ypapuenusmu S, =0 uwm S, =1,1= 1,_3 , TPAHUYHbIC JINHUM J; 3a[aBaJINCh TOJIBKO OXHOM
xoopyuHatoit f3;, j = 13.

[epemelenus, 3aJaHHbIE B TIOOATBHON CHCTEME KOOPJMHAT X, V,Z , B TpaHuIax nogodnactu V, 3amu-

meM € IOMOIIBI0 alllIPpOKCUMAaIlluu:

ZDl'l:lml tl (:Bl)tm (ﬂZ)tn (ﬂ3 ), i=13, ©)

=1

M=

N
u, = Z
n=1 1

3
]

e t,(B) — ¢ynxum  Qopwme, nmeiomme cnexyiommit  sum:  4,(8,)=1-8.,6,(8)=p,,
t,(B)=1t,(8)1t, (B2, (l = 3,_L), D/} = — HeN3BECTHBIC KOHCTAHTBI.

inml

AmnmnpoxcuManuio (9) MOXXHO 3amucaTh B MAaTpUUHON opme:

i} =[p e (10)

Ay ko, ok k .

rae {t } ={t1 N SR } — (¢yskmun ¢op, 3agaHHBIE B JIOKATHHOH CHCTEME KOOpPIUHAT ,31, ﬂz, ,33;
kU~~~

{u k} = {ul,uz,u3}, [ D] — MaTpHIla HEM3BECTHBIX MOCTOSHHBIX pasMepHocThio 3XJ , J=N-M- L.

[lepemerieHus: B JOKaJIbHOH KPHBOIMHEHHON cuCTeMe KOOpauHAT & ,X,,Q; BBIPAXKAIOTCA C IOMOLIBIO

MaTPHIIBl HATPABIAIOMNX KOCHHYCOB [C*] yepes mepeMenieHus B II00aabHON JeKapTOBOW chCcTeMe KOOPAWHAT

%,7,% [20]:
i }= - (11)

B nanpHeiimeM MHIEKC K, KOTOPBIA yKa3plBa€T HA NMPUHANJIEKHOCTL K 00nactu V, , OyleM yIycKaTh Ui

yA00CTBa U3TIOKCHHSIL.
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KomrmoneHTsI TeH30pa nedopmariuy 3amichiBaeM Yepe3 mepeMerieHus B I3BECTHOM MaTpHIHOM Buze [21]:
{e} =[4ful, (12)

T T
rie {8} :{511a822a€33a N2> V3o 7/13}3 {u} ={ul,u2,u3}, Yo =260 1y =2 €33, =2 €53 =2+ E3;
[A] — u3BectHas nuddepennmanpHas Marpuna [4].

[Moxcrarnsist B cooTHOMIEHMS (6) COOTHOIICHUS (7), 3aIUChIBAEM HATIPSHKCHHSI B MATPUYHOM BUJIC:

o} =[E)e], (13)
TIe {O'}T = {0'11,0'22,0'33,712,723,713}-

Marpuia [E '] JUISL KaKI0M KOHKPETHOM TOUYKW MMEET CJICIYOIINN BU/T:

ﬂE1 +K E, E, 0 0 O
9
E, gEl +K E, 0 0 O
E, E, ﬁE1 +K 0 0 0],
[£]- on
0 0 0 L 0 0
3
0 0 0 0 £ 0
3
0 0 0 0 0 £
L 3]
e £, =E,- [l — (€, )], E, = —§E , + K . Jlerko 3aMeTHTb, 4TO IIPU OTCYTCTBUM IJIACTUYECKUX AedopMaIuil

’ v
B TOUKE, TO €CTh TIpH &, < €, , Matpuna £ cosmagaer ¢ matpuneii ynpyroctu E , kotopas npuBoaurces B [4].

J1n1st OMyYeHUs] OCHOBHBIX Pa3pellarolinX YPaBHEHUH HCIOIb3YETCS BAPHUANIMOHHBINA MpUHIM Jlarpanxa
[22]. CormacHO 3TOMY MPUHITUITY, JOJIKHO BBITIOHATHCS YCIIOBHE

K
62=> [(611,-84,)dV =0, (14)
k=1 p,
rae O — mosHas SHeprus Beelt koucTpykimu; 11, , 04, , — ynenbHas MOTeHIMANbHAS SHEPTUS ehOpMAIH 1

BapuaIus paboThl BHEITHUX CHJI HA €AMHUIIE 00beMa IMoA00IacTh Vk

y,[[CHLHaﬂ NMOTCHIMAJIbHAsA SHCPIUA ,[[C(l)OpMaLII/II/I, 3alrcaHHas B MaTpUIHOM BHU/IC:

11, ={e} {0} (15)

[MocnenoBatensno moactarias (10)—(11)—(12)—(13)—(15), momydaeM yAeTbHYIO HOTEHIHMAIBHYIO
SHepriIo Ae(OpMALIH, 3aNHCAHHYIO Yepes (YHKIMH (OPMBI i MATPHILY KOHCTAHT | Dk | :

i, = A o T T Lartentalle o e} 10

a0

k
i

W3 ypasuenus (14) cnenyet yciaoBue =0, uyro mo3Bouser ¢ yuerom (16) monyuuTh HEMMHENHYIO CH-

CTeMy ypaBHEHUI
[K]D=P, (17)
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y 04, y N
rae [K] — marpuua skectkoctu Beel KoHCTpykuuu, P = z ~dV — BekTOp NpaBOil YaCTH, KOTOPHIN
a1y, OD;
v,
BKJII0YAeT paboTy BHEWHUX cuil A, , D — BEKTOp HEU3BECTHBIX OCTOSHHBIX.

o ! 19
Hemuneitnocts cuctemsl (17) 00ycioBiieHa HATHIHEM B MaTPHUIIE [E ] WHTEHCUBHOCTH Aedopmannii. Mar-

pHUIIA KECTKOCTH BCEN KOHCTPYKIMU COOMPAETCsS HA OCHOBE MATpHI| JKECTKOCTel momobnacreii V), koropsie

K, = [(RAT[EN A o v (18)

Vi

HUMCIOT BU]

37IECh

n=>0-1)-J+j;l=(m-1)-J+r,

ct
i/ €1 G G 0
{c*it'}: Clir=|Cy Cxn Cy |\l 1< Bi-iicrpoke i=13.
ct Gy Gy Oy 0
3i

HHuTerpupoBanue B cootHomeHuu (18) mpousBoauTcs ancieHHo MeToaoM ["aycca.

Henuneitnas cucrema (17) pemaercs utepannonHo. Ha mepBoit urepamnuu pemaercs ynpyras 3agada, mo-
sTomy cuctema (17) B 3TOM cllydae CTaHOBUTCS JIUHEHHONW U BO3MOXKHO HAaWTH BEKTOP HEU3BECTHBHIX MOCTOSH-
HeIX D. JluHeiiHas cucteMa pemmaetcs MetoaoM Xonerckoro [23]. C mOMOIIbIo HAWICHHBIX HEU3BECTHBIX OTpe-
JISNISFOTCS TTepeMeIeH ], TehOpMaIiy, HAITPSDKEHUS. 1 MHTCHCUBHOCTH HAIIPSKCHUH B PACUCTHBIX TOYKAX (TOYKH
l"aycca u qomoHUTENEHBIE TOYKH) TIO00MacTell KOHCTPYKIUU. Jlanee B KaXK01 pacueTHON TOUYKE TMPOBEPSETCS
YCIIOBUE TUIACTUYHOCTH U B 3aBUCHMOCTH OT YCIIOBHH (OPMHUPYETCS MaTpHIIa [E ’]. OTa MaTpHUlla UCTIOIb3yeTCs

Ha MOCIEAYOUEN UTEpALIUH.
WtepanmoHHEIHA Mporiece MOBTOPSIETCS A0 TEX IMOP, TIOKA Pa3HOCTh MEXAY IBYMS IMOCIEIYIONUMH PEIIeHH-
SIMH HE IOCTHTaeT HeOOXOAMMON TOYHOCTH.

3. Pe3yabTaThl M 00Cy:KI1EeHHE

C nenbio MPOBEPKH MPEUIOKEHHON METOANKH OBUT TPOH3-
BEJICH YyNPYTOIJIACTUYECKHI pacdyeT AByX 3aJa4, B KOTOPBIX B Ka-
YECTBE KPHUBOJMHEHHOW OpPTOTOHAIBHONW CHCTEMBI KOOPIHMHAT

Qa,,x,,0; BpIOpaHa IMIMHAPHYECKas cucteMa KoopauHart. Ilo-

PSIOK alMPOKCUMAITUK B COOTHOIICHUH (9) OpaJics CIIeIyIOIIIM:
N=M=L=6.

[lepBas 3amaya npexacrasisier coOOW TOJICTYIO IUITHHIPH-
YecKylo TpyOy IO BHYTPEHHHUM pPaBHOMEPHBIM JaBIICHHEM.
[Ipenmonaranock, 4To MaTepuan TpyObl HIealbHO-TUIACTUY-
HEIH (0e3 ynpouHeHus). B cuiny cumMmeTpun paccMaTpuBaiach
JeTBepTh TPYyOB! (puc. 4). BHemnwmit pammyc Tpyosr 0,5 M,
BHyTpeHHuH pamuyc 0,3 M, nnmuHa TpyOsr 1 M. Monyns ympy-
roctu 2x10° MIla, ko> duuuent Ilyaccona 0,3, npenen Texy-
gectr 300 MIla, E; =0.I'pann4nbie ycnosus: npuz=1mu

Puc. 4. Toncras nuiMHApHYecKas Tpyba
npu z = 0 — nepeMeIeHus BIOJIb OCH Z PaBHbI HYJTIO, C BHEIIHEH Figure 4. Thick cylindrical tube
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CTOPOHBI TPYOBI — CBOOOMAHBIN Kpaii, Ha MOBEPXHOCTH y = 0 — mepeMeIIeHus BA0JIb OCH ) PaBHBI HYJIO, Ha I10-
BepXHOCTHU X = () — mepeMeIeHus BA0JIb OCH X PaBHBI HYJIO, HA BHyTPEHHEH MOBEPXHOCTH — PaBHOMEPHOE J1aB-
nenue 170 MIla.

Jlns aHanormyHOM 3a/1a4n, B KOTOpOi Marepuan HecxkumaeM (koad¢uruent [lyaccona 0,5) n3BectHo aHa-
JUTHYECKOE pelieHne. Takke U3BECTHO, UTO MPH CKAaTUM MaTepHaja, Kak B HallleM cliydae IpH KodhuimueHTe
[Tyaccona 0,3, u3BecTHBIC aHATHTHUECKUE (POPMYIIBI MOTYT OBITH MCIIOJIB30BAHBI ¢ TIPEHEOPEKUTEILHO MAIIOH
HOIPEIIHOCTBIO. Pe3ybTaThl, KOTOPHIE MOIYUEHBI 10 U3BECTHBIM (POpMyJIaM, MO’KHO CPaBHUBATH C PE3yJIbTaTaMU
pacyeToB, MMOJYUYEHHBIX 110 NPEACTaBICHHON MeToAmKke. Taxke pe3yNbTarhl, MOTy4YEeHHBIC 0 IPEACTaBICHHOM
METOAMKE, CPABHUBAINCH C pe3yibTaraMu pacyera B Ansys Mechanical APDL.

[Tpu pacyere B Ansys HCITOIB30BAJICS TPEXMEPHBIH 8-y3110BOI KOHEUHBIH 311eMeHT (solid 185) B konmmuecTBe
57 624 mTykwu.

[Ipu pacuere mo npeACTaBICHHON METOIMKE HCIOIb30BANIACH OJHA OJ00JIACTh, KOTOpasi OrpaHUYMBAaJIach
KPUBOJIMHEHHBIMU KOOPAHMHATAMU

T
r=30cm; r=50cM; ¢ =0; o == ; z=0c™M; z= 100 cm.

N

B o6oux ciygasx matepuan opaics 6e3 ynpodHeHuUS.
Ha puc. 5 npuBeneHo pacmpenenenne Hanpsokenuii O 3y > KOTOpbIC OBLIM IMONYYCHBI IIYTEM pacuera B

Ansys. 13 pucyHKa BUIHO, YTO MaKCUMaJIbHbIE HanpsiKeHus paBHbl 298 MIla. MakcuManbHble HallpsiKEHUS, MO-
Jy4eHHBIE TI0 MPEACTaBICHHONW METOANKE, Takke cocTaBuwian 297,99 MIla. MakcuManbHble HanpsHDKEHUsI BO3HU-
KaloT B 30HE IJIACTUYHOCTH, TIPUYEM B TOYKaxX, HanOoJee YAaJCHHBIX OT IIEHTpa TPYObI, TO €CTh B TOYKaX, IZe
30Ha IJIACTHYHOCTH NMEPEXOAMT B 30HY yNpyroctu. s naHHOH 3amauu mepexoi 30HbI IUIACTUYHOCTH B 30HY
YIPYTOCTH COTJIACHO aHAIMTHYECKOMY pelIeHHI0 nporcxoaut npu #p =0,43096 M, npuyem B 3THX TOYKaX BO3-
HUKAIOT MaKCHUMAaNbHbIE (OKpY>KHBIC) HanpsbkeHus, pasable 301,88 MlIla. CornacHo pacdeTy 1O npencTaBIeHHOM
meronuke 75 = 0,432 m. Ha puc. 5 BUIHO, 9TO COTNacHO pacueTy B Ansys MakCHMallbHbIE HANPsOKEHUS BO3HH-

KaroT KaK pa3 OKOJIO v T- MaxkcuMainbHbIe HAIps>KCHUA 110 HpeHCTaBHCHHOﬁ MCTOAMUKE OTINYAIOTCA OT aHAJINTH-

YeCcKOoro penleHus B npefenax 1 %. I'panuna Mex 1y N1acTHYECKUMHU U yIIPYTUMHU JeGopMalsaMu ¥y OTINYAETCsS

ot aHanmutrdeckoro pemeHus Ha 0,2 %. Takum 006pa3om, MOXKHO CHeIaTh BBIBOJ, YTO PacyeT 3TOW 3a1add 110
MIPEICTABIIEHHOW METOJIMKE COBIIA] ¢ ANSyS C TOYHOCTHIO JIO THICSYHBIX JIOJIEH MPOILIEHTAa M COBHAJ C M3BECTHBIM
AHATUTUYECKUM PEUICHUEM C TOYHOCTBIO 110 1 %.

&l]|[¥ Component of sress =] [Contowr =]

L e
-157 MNa 95 MNA 247 MMa 298 MNa

Puc. 5. PactipenencHue HanpsbkeHUR
B TOJICTOW LIMJIMHAPHYIECKOH TpyOe, mojly4eHHOe B Ansys Puc. 6. Tonkas numHApHYECKast 000JI0UYKa
Figure 5. Distribution of stresses Figure 6. Thin cylindrical shell
in a thick cylindrical tube, generated in the Ansys
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Bo BTOpOIi 3anaue paccunThIBaJIaCh TOHKAs MUIMHIPUYECKas 000104Ka, KOTOpasi HaXOAUTCS IOJ PaBHO-
MEpHBIM BHYTPEHHHM JaBleHueM. Martepuan 060I0uKku ¢ ynpouneHneM. Moayns ynpyroctu 2x10° MIla, ko-
s¢dument IMyaccona 0,3, mpenen Tekyuectu 300 MIla, E;r = 10° MITa. PaccmarpuBanach 4eTBepTh 000-
no4kH (puc. 6). Buemnuii paguyc tpy6st 0,5 M, BHyTpennunit paguyc 0,495 M, anunaa obonouku 0,5 m. ['panuu-
HBIE YCJIOBHUS: MEpeMeIeHUsI BJOJIb OCH Z paBHBI HyJo mpH z= 0,5 M, 3afenka npu z =0, cBOOOIHBINH Kpail ¢
BHEIIIHEH CTOPOHBI 000JI0YKH, NEPEMEIIECHHUS BIOJIb OCH ) PABHBI HYJIO Ha MOBepXHOCTH ¥ =0, epeMenieHus
BJIOJIb OCH X PaBHBI HYJIIO Ha MOBEPXHOCTH X = 0, Ha BHYTPEHHEH CTOPOHE MOBEPXHOCTH PAaBHOMEPHOE AABJICHHUE
q=3,5 Mlla.

ITpu pacuete B Ansys Mechanical ucnons3oBascs 8-y310Boii koHeuHsli anemMeHT (solid 185) B konudecTse
6 699 945 mtyk. Pe3ynbraThl pacuera, a UMEHHO XapaKTep pacHpeesieHus] HalpsHKeHUH O, IPUBEICHBI Ha
puc. 7. VI3 pucyHka BUIHO, 4T0 MakcumanbHbie (MX = 693 MIla) u Munumansusie (MN) HanpspKeHUS BOSHUKAIOT
B 3aJI€IIKE.

2019R3

o ANSYS

ﬂ”.{-(}urnpu:\enl olstess  -| |Cunluur j

L

I 4 |
-514 MNa 156 MMa 693 MNa

Puc. 7. Pacnipesienenue HanpspkeHUH B TOHKOM LMITMHIpUYECKON 000J10YKe, TIOIYYeHHOE B ANsys
Figure 7. Distribution of stresses in a thin cylindrical shell, generated in Ansys

[Ipu pacyere 1Mo mpeaCcTaBICHHONW METOANKE MCIIOIB30BajOCh JIBE MOA00IACTH, KOTOPhIE OrpaHUYHNBAaIach
KPUBOJIMHEHHBIMI KOOPIUHATAMHU:

1-s mogobnacte r = 0,495 M; r =0,5M; ¢ =0; ¢ =% ;:z=0wM; z=0,05 M,
2-s momobaactb r = 0,495 M; r =05M;, @ = 0; @ :% ;2=005m z=05m.

Jlist aTO# 3amaun B 3ajenke OyAeT 30HA IMOBHIICHHBIX HAMPsDKEHUH (30HA KOHIICHTPAITUN HATPSHKCHH ),
MMO3TOMY B COOTBETCTBHH C IPE/ICTABICHHOW METOMNUKOU OepeTcs eIe OJMH KOHEYHBIA IJIEMEHT KakK pa3 B TOM
MecTe, TNIe MpEeAnoiaraeTcs KOHLEHTpaIus HampsbkeHuid. Pasmep 3TOro AOMONHUTEIBHOTO 3JIEMEHTa MOXKHO
Opatb ¢ pazmepamu npuMmepHo 1 k 10 ot pasmepa Bceit momobmactu. [Topsmok anmmpokCUMaIii B COOTHOIICHNUN
(9) 6pancs cnenytomum: N = M = L = §. MakcuMaibHbIe OKPYKHbIE HAIIPSHKCHUS, IOJTYYECHHBIE MO MPEJICTaBIICH-
HOIt MmeToauke, paBHbl 711,47 MIla, uto Ha 2,6% oTIMYaeTCs OT MAaKCUMAIBHBIX OKPYKHBIX HANPSXKEHUU, KOTO-
pBIe TIOMYYEHBI ITyTEM pacdeTa 3TOH 3a/1aud B Ansys.
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4. 3akaouyenue

1. IIpennosxeHHBII aBTOpaMU paHee METO paciyeTa TPEXMEPHBIX KOHCTPYKLUI ObLI CyIIECTBEHHO 10pabo-
TaH U MOSBWJIACH BO3MOXHOCTh pacyera yHpyrolulacTHYecKuxX nedopManuil ToHKUX oOonodek. s onucaHus
reoMeTpUN 000JI0YEK MCTIONB3YETCsl KPUBOJIMHEHHAs crcTeMa KOOPIMHAT.

2. Iloka3aHo, YTO TOYHOCTH pacyeTa TpyO 1 000JI04YeK MPAKTUUECKHU TaKasl )Ke, KaK M IIpU pacueTe B Ansys,
OJTHAKO B MPEICTABICHHONW METOIMKE He TpeOyeTcs 3alaHue I'yCTOH CeTKM KOHEUHBIX »neMeHToB. Hampumep,
TOHKasl 000JI04Ka 110 MPEJICTAaBICHHOW METOANKE OblIa pacCUUTaHa ABYMsI KOHEUHBIMH 3JIEMEHTaMH, B TO BpeMs
Kak B Ansys HCII0JIb30BaJIOCh OYEHb OOJIBIIOE YUCIO KOHEYHBIX IJIEMEHTOB.

3. BBII0 NPOAEMOHCTPHUPOBAHO, YTO pacueT IO MPeICTaBISHHON METOINKE MOJIHOCTHIO COBIAAAET C Kilac-
CHYECKUM PACYETOM YNPYroIIacCTH4eCKuX AedopManuii TOJICTON TpyObIL.
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1. Introduction

The calculation of natural frequencies of structures in practice is carried out by the finite element method
[1-3]. In this way, it is possible to calculate the entire spectrum of natural frequencies of rather complex,
including statically indeterminate, structures, taking into account various types of fastening, material inhomo-
geneities, errors in mounting and manufacturing of structural elements, etc. For simple statically determinate
constructions, analytical solutions for the lower and upper bounds of the first frequency are also possible. Such
solutions are of particular value for regular constructions with a periodic structure. This is achieved by using the
induction method [4—6]. Solutions to deformation problems for planar regular trusses with an arbitrary number
of panels using the Maple computer mathematics system were obtained in [7; 8]. Formulas for deflections of
some spatial rod systems are derived in [9; 10]. For the first time, the question of the existence of schemes of bar
statically determinate structures was raised by Hutchinson R.G. and Fleck N.A. [11; 12], Zok F.W., Latture R.M.,
and Begley M.R. [13]. The optimization and classification of regular trusses was carried out by Kaveh A. [14;
15]. Analytical methods for calculating elements of building structures using the Maple system are considered in
[16; 17]. The handbook [18] contains diagrams of various planar regular trusses and formulas for calculating
their deflections, displacements of movable supports, and forces in characteristic rods. An analytical calculation
of the deflection of a planar externally statically indeterminate truss with an arbitrary number of panels was
performed using the computer mathematics system in [19]. The formula for the dependence of the deflection of a
planar truss on the number of panels was derived by induction in [20]. In [21], a lower bound for the first natural
oscillation frequency of a flat truss was obtained using the Dunkerley method. The frequency spectrum of a
family of regular trusses is also numerically analyzed here. A simplified Dunkerley method for estimating the
first natural frequency of a planar truss was proposed in [22]. When simplifying the desired calculation formula
for the first frequency, it is proposed here to calculate the sum of the members of the sequence by the average
value of its element. The analytical dependence of the deflection of the spatial console of a triangular profile on
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the number of panels was derived in [23]. The formula for the deflection of a cantilever truss with a cruciform
lattice, depending on the redistribution of the cross-sectional areas of the rods and the number of panels, was
obtained by induction in [24]. In [25], some exact solutions were found for the problems of deflection of arch-
type planar trusses.

The number of schemes of rod statically determinate regular constructions that are attractive from the point
of view of the possibility of obtaining analytical solutions is very limited. In [11], the problem of finding such
constructions was even called “hunting”. There are especially few schemes of regular statically determinate
spatial trusses. In this paper, we propose a scheme of a spatial truss and derive a formula for the lower limit of its
first natural frequency.

2. Construction

The truss consists of n panels of length 2a and height / (Fig. 1) of six rods each. The sides of the panel are
isosceles rod triangles connected at the bottom by a horizontal rod of length 2b. The side supports of the
structure are racks with a height d on one side and buildings with additional horizontal connections on the other.
The construction is asymmetrical. In hinge 4, it is fixed on a spherical support.

XXXXX

a

>

Figure 1. Truss scheme, n=>5

A truss of n panels 7=9r+3 contains rods, of which # rods of length 2a in the upper chord, 4n inclined

side rods of length c¢=+/a’+b> +h*> , 2n support posts of height d, n horizontal external support braces, n

horizontal braces of length 2b, and three rods simulating the spherical hinge A in upper belt. The number of
internal nodes endowed with masses is equal to K = 3n+1. The inertial properties of the structure are modeled by
concentrated masses in the nodes, oscillating along the vertical z axis.

3. Methods

To calculate the forces in the elements, the coordinates of the truss hinges are entered into the Maple
system program:

x,=x,,=a2i-1), y, ==y, ==b,z, =z, =d,i=1,.,n.

1 1

The coordinates of the hinges of the supports on the base:

xi+3n+1 = xi+4n+1 = xi+5n+1 = xi’
Vivsast = Vivans1 = 05 Zizns = Zinan =0,
Yitsns1 =78 Zivspn = d.

Here s is the length of the lateral horizontal support links. This value will not be included in the
calculation, since for the selected type of mass oscillations in the nodes (vertically), the force in these rods will
be zero. The structure of the lattice, determined by the order of connection of the rods into nodes (hinges), is
programmed by lists of the numbers of the ends of the rods:
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N, =[i,i+2n], N, =[i,i+2n+1],

1

N, =[i+n,i+2n], N, =[i+n,i+2n+1],

+3n

Ny =li+2n,i+2n+1,N, 5, =[i,i+n],
N, =li,i+3n+1], N,,,, =[i+n,i+4n+1],
N, =li,i+5n+1], i=1,..,n.

The numbering order of the nodes and the choice of the beginning of the bar and its end does not affect
either the force or its sign.

Figure 2. Numbering of knots and elements, n =4

Based on the data on the coordinates and structure of the lattice, a matrix of a system of linear equations is
compiled to determine the forces in the rods by cutting out nodes.

The system of linear equations for the equilibrium of nodes in projections onto the coordinate axes x, y, z
is written in matrix form GS =B. Here G — is the matrix of direction cosines in the projection equations, S —
is the force vector in the rods, including the support reactions, B is the load vector. The projections of the
conditional vectors of the rods look like I  =x, -x, ,l =y, —yy .., =2, —z, . Since the forces are

Nij Nip? "y

applied to one end of the rod and the other in opposite directions, the direction cosines have different signs:

GSN,_l—Z,i = lx,i /1, G3N,_,—1,i = ly,i /1, GsN,., i lz,i /L,
G}N,_Z—Z,i = _lx,i /liaGw,fl,i = _Zy,i /1, G31v,‘2,i = _l:,i /1.

where [, = I} +17 +12, — is the length of the rod. Rows of the matrix G with numbers 32, j = 1,..,K contain

the coefficients of the projection equation on the horizontal x axis, rows with numbers 3j— 1 correspond to the
projection equation on the y axis, and those with numbers 3; correspond to the projection equation on the vertical
z axis.

The solution of the system of equations — the forces in the elements, is searched for in symbolic form
using the Maple system.

Calculation of the natural vibration frequencies of the structure is carried out according to a simplified, but
widespread truss model, in which the mass is evenly distributed over all internal nodes. If we assume only
vertical motions of masses along the z axis, then the number of degrees of freedom of the considered structure is
equal to K. In an analytical form for such a system, one can obtain a lower estimate of the first frequency using
the Donkerley method. The Donkerley formula [26; 27] for the lower frequency limit has the form
K
W, =) 0 (1)

p

where @, — are partial frequencies. Here, in fact, the problem of the eigenvalues of a matrix is replaced by the

calculation of its trace. The equation of vertical oscillations of a separate mass m, has the form

mz, +Dpzp =0,p=1,.,K, )
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where D, — is stiffness, the reciprocal of compliance o = 1/ Dp . Compliance (linear displacement along the

z-axis) is determined by the Maxwell-Mohr formula. Assuming that the stiffnesses of all rods EF are the same,
we have the expression:

Ui 2
— — (»)
5p—1/Dp—Z;(Sj ) 1,1 (EF), 3)
]:
where S;p ) _is the force in the rod with number j from the action of a vertical unit force applied to the node p,
in which the mass is located. The value of the stiffness coefficient and the partial frequency are affected by the
location of the mass. For harmonic oscillations: z, =U , sin(w? + @), formula @), = Dp /m follows from (2).

Substitution of this expression in (1) gives a formula for calculating the partial frequency:

K
wy = mz 6, =mA(n). 4)
p=1

4. Results and discussion

4.1. The Dunkerley’s method. Calculations of the frequencies of trusses with a different number of panels
show that the coefficient A(n) in (4) has the form

Ca’ +Cyb* + Cyc® + Cyh*d

A(n) =
() EFh?

)

Only the coefficients in the numerator depend on the order of the truss # in this expression. Sequential
calculation of trusses with a different number of panels gives the following expressions:

AQ)=(a’ +2b° + ¢ +6h*d) | (EFh?),

AQ2) = (64 +6b° +3¢” +13h*d) | (EFh?),

AB) = (124> +12b° +6¢° +22h*d) | (EFh?),
A(4) = (20a® +20b° +10¢> +33h%d) / (EFh?), ...

To identify patterns in the formation of coefficients in these expressions, the sequence should be extended
to eight. In this case, the operators of the Maple system can derive formulas for the common members:

C,=Cy=n(n+1), C;=n(n+1)/2, C,=n* +4n+1.
Thus, the dependence of the lower limit of the first frequency on the number of panels in the truss has the
form:

wp, =h EF . (6)
m(n(1+n)a’ +b° + 1 2)+(n* +4n+1)dh*)

The solution can be checked against a numerical one in the Maple system using the Eigenvalues operator
from the Linear Algebra package of linear algebra. In this case, the same program is used, according to which
formula (6) was derived.

For example, the following parameters of a steel structure with masses m = 200 kg at the nodes were
chosen: modulus of elasticity E=2.1-10"MPa, cross-sectional area of the rods 9cm?, dimensions @ = 3m, & =
4m, b = 8m, d = 0.5m. Figure 3 shows the dependence curves of the first frequency on the number of panels,
obtained numerically and analytically by formula (6).
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lD_I T III\I—_-In
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Figure 3. Dependence of the fundamental oscillation frequency on the number of panels:
I — solution (6); II — numerical solution

The frequency values obtained by the Dunkerley method, as expected, are less than the first frequency of
the entire spectrum of natural frequencies calculated numerically.

The error of the proposed solution (6) can be refined by introducing the value of the relative error
e=(w,—w,)/® (Figure4). For trusses with a higher height %, the accuracy of the approximate analytical
solution is less. With an increase in the number of panels, the error slightly increases, asymptotically
approaching an acceptable value of 10% for the chosen dimensions.

&
0.104

0.094

0.084

0.074

0.06+
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0.03+

0.024

0.014 n
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Figure 4. Dependence of the relative error on the number of panels:
I—h=4m;Il—h=8m
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4.2. Natural frequency spectrum of a family of regular trusses. If the frequency spectra of a series of
trusses with a different number of panels are placed in the same coordinate axes, then certain regularities are
found in the resulting picture. In Figure 5, dots indicate frequencies. Spectra of trusses of different orders are
conditionally united by curves of the same color. Curve 1 corresponds to all four truss frequencies with one
panel. The abscissa shows the numbers of frequencies in the ordered spectra. A characteristic feature is obvious:
a frequency jump in all spectra after a frequency with a number equal to the truss order. Another feature is the
presence of the upper boundary of the spectra. Regardless of the construction order, the highest frequency
remains the same. This is the spectral constant of the construction. Another spectral constant is a straight line
approached by frequencies with numbers n in the spectrum, where n is the order of the truss (Figure 6). The
corresponding points lie on a curve of almost hyperbolic shape (spectral isoline), the asymptote of which, for the
chosen dimensions of the truss, the rigidity of the rods, and the magnitude of the masses at the nodes, is equal

to 143s7".
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The frequency jump from frequency @, to frequency @,,,, where n is the order of the truss, is large

+1 2
enough. The frequency interval [@,,®,,,] forms a certain resonant safety zone in the sense of ensuring the

absence of resonance in the event of external periodic disturbances. In particular, if an engine with a natural
frequency from this interval is installed on the truss, then, regardless of the number of panels, resonance
phenomena in the truss-engine system can be avoided.

When changing the geometric parameters of the structure, the constants change in different ways,
depending on the variable size. So, if you change the longitudinal dimension a from 3m to 16m, the upper
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frequency limit decreases by only 0.5%. Similarly, changing the size of » within the same limits changes this
frequency by 3.8%. When the truss height is changed from 4m to 17m, the highest frequency increases by 2%.

Only two spectral constants and one clearly defined spectral isoline are found here. For comparison, in
[28], up to eight isolines were found in the spectrum of a family of planar regular trusses of the same type. A
distinctive feature of the dependence of the first frequency on the number of panels found here is that the
accuracy of the analytical estimate does not increase with increasing construction order, but decreases. However,
a positive factor is the limited growth of the error and the relatively high accuracy, which is not typical for the
known solutions [29; 30] according to Dunkerley. In the Dunkerley frequency calculation of a spatial L-shaped
truss [31], where an analytical solution was also obtained, the accuracy varies from 28% for a small number of
panels to several percent for a large number. In the resulting solution, on the contrary — from 1% to 10% with a
large number of panels.

5. Conclusion

A model of a spatial regular truss is constructed and a formula for the dependence of the first frequency on
the number of panels is derived. The statement of the problem of dynamics is simplified to one degree of freedom
for each mass in the node. Accounting for the remaining degrees of freedom practically does not change the
algorithm used, nor does it change the qualitative side of the results, but somewhat complicates the form of the
solution and is not presented here. Compared with the known similar solutions, the resulting formula is much
simpler and noticeably more accurate when compared with the numerical solution obtained without simplification
by the Dunkerley method. The spectrum of a family of regular trusses is also simpler than in other problems.

The main results of the work:

1. A model of a spatial regular truss is proposed and, using well-known algorithms, a formula for the
dependence of the first frequency on the number of panels is derived.

2. In the frequency spectrum of the truss family, two clearly defined spectral constants are found, one of
which is the upper boundary of the spectrum.

3. Resonant safety zone of a family of regular trusses is found.
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Strengthening of damping properties after initial plastic deformation:
static and dynamic tests
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Article history Abstract. The effect of the initial plastic deformation on the damping properties
Received: May 12, 2023 of low-carbon steel is experimentally studied, which corresponds to a change in
Revised: August 18, 2023 the deformation diagram. The deformation diagram also refers to hysteresis
Accepted: August 22, 2023 loops that expand after the initial plastic deformation, called “plastic execution”

in the work. When constructing hysteresis loops and recording damped
oscillations, the amplitude values of loading cycles not exceeding 200 MPa are

For citation considered. Rods of rectangular box-shaped cross-section were used as samples.
Zylev V.B., Platnov P.O. Strengthening of A description of static and dynamic laboratory installations that implement a
damping properties after initial plastic pure bending scheme of the sample is given. Measurements are made by load
deformation: static and dynamic tests. cells with the fixation of counts in the computer memory with a frequency of
Structural Mechanics of Engineering Con- 100 Hz. Cyclic symmetrical loads with a frequency of 2,62 Hz occur during
structions and Buildings. 2023;19(4):372— oscillations in the sample. During the tests, the effect of a strong increase in
385. (In Russ.) http://doi.org/10.22363/ hysteresis loops after the initial plastic deformation was reported to the sample
1815-5235-2023-19-4-372-385 was detected and quantitatively explored. The parameters of the loops are

obtained depending on the value of the amplitude stress. The recorded graphs of
decreasing amplitudes over time (up to 1000 periods) are in good agreement with
the hysteresis loops obtained during static tests. The initial plastic deformation
was also cyclic with deformation amplitudes 17% higher than the yield strength
of the material. The effect of restoring the plastic deformation obtained by the
sample after oscillations with stress amplitudes of 200 MPa was found. The
oscillations cause the plastic deformation to be restored by more than 40%.

Keywords: deviations from Hooke’s law, hysteresis loops, initial plastic
deformation, plastic execution, strengthening of damping properties,
degradation of acquired damping properties, restoration of plastic deformation
after oscillations, laboratory installation, damping oscillations, internal friction

1. BBenenune

[IpoGiiema nMpaBUWIILHOTO yUeTa BHYTPEHHETO TPEHUS P KOJIeOaHUSIX TO-IIPEKHEMY OCTACTCS aKTyalIbHOMH,
OJTHAKO JIO CHX TTIOP SBJIICTCS MAJIO M3yUeHHOW. MHOTHE paOOTHI 3aTparuBaloT MaTeMaTHIECKYI0 CTOPOHY BOIIPOCa
Y TIOCBSIIIEHBI PA3UYHBIM MOJUPHKAIUAM AU PEepeHIINANbHBIX YPaBHEHUH IBWKEHUS [1—6] ¢ TOUKH 3peHHs
y4eTa BHYTPEHHETO TpeHus B MaTepuaie. OIHaKO CIeIyeT OTMETUTh, YTO YCTAHOBUBIIUXCS MOAXOAOB K yUeTy
BHYTPEHHETO TPEHHWS B MaTepuaie, MMEIIIUX JOCTATOYHO IMOIHOE J3KCIEPUMEHTaIbHOE IMOATBEP)KICHHUE, B
HaCTOSIIIee BpeMs eIle He MmonydeHo. OOMEenpuHATHIM MOJ0KEHUEM B HACTOSIIIEE BpEMS SIBIISICTCS YTBEPKICHUE
0 TOM, 4TO B peaibHOM MaTepHualie 3aKoH [ 'yKa He UealbHO BHIIOIHAETCSA, UTO U IPUBOAUT K PACCETHUIO SHEPTUU
[7-10]. B cBs13u ¢ 3TUM 3KCHEPUMEHTAIBHOE U3yUYCHUE OTKIOHEHUN OT 3aKOHA OCTAETCSl AKTyalbHBIM.

B mpenpinymux padorax aBTopos [11-13] nemndupoBanue u3ydaaoch MyTeM pacCMOTPEHUS 3amuceil yObI-
BaHMSI aMIUTUTY/] IPU CBOOOTHBIX KOJIEOaHUSX. B COOTBETCTBMU ¢ MHEHHEM MHOTHX CIICIIHAIUCTOB CHJIBI BHYT-
PEHHETO TPSHHS HE 3aBHCAT OT CKOPOCTH aedopMmaruii [14—16], a Takke SIBISIOTCS 3aBUCUMBIME OT aMILTUATYIbI
nukia xonebanuit [17—19], u s ux U3ydeHus: MOXKHO MPHUBIIEKATh CTATHYECKUE METOBI UCTIbITaHmid. CTtaThude-
CKH€ METOJIBI 3aKTIOYAIOTCS MIPEXKIE BCETO B IOCTPOCHUH AWArpamMM JehopMUpPOBaHUS MaTepraa, BKITFOYAFOIIIIX
YYaCTKU HAIPYKEHUS U Pa3rpy3KH, C MOCTPOCHUEM COOTBETCTBYIOIIUX METEIh TUCTEPE3Uca, KOTOpPhIE JAIOT IO-
TEPIO SHEPTUH 32 OJIMH IHUKJI KOJIeOaHUN M, COOTBETCTBEHHO, XapaKTepHu3yIoT aeMiipupoBanue. B HacTosmiei pa-
0oTe MpUBEICHBI PE3yJIbTATh, KAK CTATHYECKHUX, TaK ¥ JHHAMHYCCKUX HCIIBITAHUHN IS ONICHKH OTCTYIUICHHHA OT
3akoHa ['yKa 1, COOTBETCTBEHHO, BHYTPEHHETO TPEHUS B MaTepHalIe.
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K coxxaneHuro 1uis crieruaiucToB 110 BHYTPEHHEMY TPEHUIO, AUarpaMMa 1eopMupoBaHus (IeTist TucTepe-
3Mca) HE SBISIETCS YeM-TO CTaOMIILHBIM [Tl KOHKPETHOT'O MaTepuala 1 JJaxe Ul KOHKpeTHoro obpasna. Ouepra-
HHUE THCTEPE3UCHOM MEeTIIM 3aBHCUT OT MHOKECTBa Pa3HOOOpa3HbIX (AaKTOPOB, CPEIU KOTOPBIX OTMETHM JIMIIb
HEKOTOpBIC: YPOBEHb aMIUIUTY[] HAPSDKCHUH B LIUKIIE 1eOPMUPOBAHHS; TapaMeTPbl ACHMMETPUH LIUKJIAa Harpy-
JKEHHIT; yCTaHOBUBIIASCA METJISA, MJIM HEYCTAaHOBUBIIASICS U AP.

Hacrosimas pabota mocesimeHa ucciaeI0BaHUI0 OTHOCHTENEHO HeOOMbIINX AeopMannii ¢ paccCMOTpEHHEM
JIMIIb OJHOOCHOTO HANPSHKEHHOTO cOCTOsIHUA. W maske B 3TOH OdeHb y3KOW 00JacTH MCCIeI0BaHUS BO3HUKAIOT
CJIO’KHOCTH TIOJIHOTO OIMCAHUsI JUarpaMmsl Ae(OpMUpPOBaHUs, KOTOPbIE IPEACTABIISIIOTCS B HACTOALIMHA MOMEHT
TPYJIHOIIPEOAONUMBIMH. B maHHOI paboTe aBTOPHI BOCIIOIB30BAINCH YIPOIIEHHONH XapaKTepUCTHKONW THCTepe-
3WCHBIX TIETeNb, @ IMEHHO OTHOCUTENILHOM IUpUHOHN neTin b/c, rae b ecth octaTouHas aedopmanus B oopasie
TIOCJIe CHATHS HAarpy3KH, a ¢ €CTh aMIUIUTYIa YIpyroi nedopmaruu (puc. 1, 6).

0]
1___.4// 774 - P
L
- *:.i
a ._1:3 ACO
N— y
a 0

Puc. 1. lcneitanne cTepXHS Ha PacTsDKCHHE-CKATHE:
b/c — OTHOIIIEHUE OCTATOYHOTO Y/UIMHEHHS K YIPYTOMY — XapaKTepUCTHKA IIUPHHBI TIETIN THCTEPE3NCa;
a — uaealin3upoBaHHasA CXE€Ma PaCTAKECHUA-CKATUA 06pa3ua;
6 — neTiIs TucTepe3yca ¢ yKa3aHueM €€ OTHOCUTENIbHOM HIMPUHbI

Figure 1. Rod tension-compression test:
b/c — the ratio of residual elongation to elastic — characteristic of the width of the hysteresis loop;
a — idealized tension-compression scheme of the sample;
6 — hysteresis loop with indication of its relative width

B coorBercTBUM ¢ LensiMu pabOTHI BeMUYMHA OTHOMICHUS b/c SIBISIETCS JOCTATOYHO MAJIOW, HAIpUMep,
b/c = 0,04 Oyzer mns Hac yke BecbMa CYLIECTBEHHOHW BenuunHOW. OTMETHM, YTO METIs, n300paKeHHas! Ha
puc. 1, 6, X0Ts ¥ IpeaCTaBIsIeT HHCTPYMEHTAIBHYIO 3alIUCh IS UCCIIEyeMOro B paboTe CTaJIbHOrO 00pasia, Ho
MOJy4eHa MPH CO3JJaHUH MPUHYIUTEIBHON HadanbHOU AehopManny ¢ HAITPSHKEHUSIMU, IPEBIIIAIONIIMH TPEIeT
TeKydecTu Matepuana Ha 17 %.

Paccmotpum puc. 2, KOTOpBIH MPUBEICH [UI MOSICHEHUS 1ieJie paOoThl ¥ OMHOBPEMEHHO JEMOHCTPUPYET
OCHOBHBIE €€ Pe3yJIbTaThl.

Ha puc. 2, a, nokazana ructepe3rcHas MeTis U1 MaJoyTJIEepOAUCTON CTalli, KOT1a aMIUIMTYy1a CHMMETpHUY-
HOro mukia aedopmanuii cocrasisuia ¢ = 1000 - 10'6, COOTBETCTBEHHO HampsikeHus: gocturanu 200 MIla. Ilo-
ClIeZIHee 3HaUCHHE OOBIYHO NMPHUHATO CUUTAThH IPEAETIOM NPONOPLHUOHATIBHOCTH U MAJIOYIJIEPOIUCTON CTAJH.
O0pas3elr 10 3TOTO UCIIBITAHUS HE OBLT MOIBEPIKEH HUKAKUM 3arpyKeHusiM. Majio Toro, mocje mocTaBku oopasert
OBUI BBIACPKAH B TEUEHHE IOJIyTOpa JIeT Oe3 HampsbkeHHi. [locnenHee ycioBre Takxke SIBISETCS BECbMa CyIIe-
CTBEHHBIM.

TeHzomeTpuueckas anmapartypa, KOTOPOH MoJIb30BaINCh aBTOPbI, MO3BOJISET BBIIABATh MUHUMAIIbHOE I {]-
poBoe 3Hauenue as aedopmanuu 1 - 10, uTo cooTBeTCTBYET 3HaUeHMIO Hanpsxerus 0,2 MITa. [Tetns Ha puc. 2,
@ CMOTPUTCS KaK UaeanbHas MpsAMasi i CBUAETEIBCTBYET O XOPOLIEM BBIIIOIHEHUH 3aKoHa ['yKka B JaHHOM citydae.
31ech TpyAHO TOBOPUTH O IIMPUHE METIH, TaK KaK TOYHOCTU M CTaOMJIBHOCTH TEH30METPUYECKOH anmaparypsl B
JAHHOM cJIy4ae He XBaTaeT (CM. yBeJIMUYeHHBIN ()parMeHT NeTiIH Ha puc. 2, @). Ee oTHocuTenbHas mupuHa b/c =
0,002. 910 HacTONBKO Masasi BEJIMYMHA, YTO OHA CTAHOBUTCS MPAKTUUECKU HEYJIOBUMOM Kak B
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Puc. 2. 'ucrepe3ncHble NETIH, TIOTyYCHHBIE SKCIICPUMECHTAIBHBIM ITyTEM:
@ — NeTJIs I CTany 00pasiia Mocje MOCTaBKU OT HPOU3BOIUTEIS U BBIACPIKKHU B TedeHue 1,5 1eT;
6 — TeTIs THCTEpe3Hca, COOTBETCTBYIONIAs HHTCHCUBHON IIIACTHYECKON MIUKINIECKOU JedopMaru oopasma
C MATUKPATHBIM BBIXOJIOM 3 MPEJEIIbI TEKYYECTH MaTepuiIa IPH PaCTSHKEHUH U CHKATHH;
6 — pacLIMpeHHas MeTIs TUcTepe3nca (OTHOIICHHE b/c yBEIMUMIIOCHh B 17 pa3 10 CpaBHEHHIO C UCXOAHBIM COCTOSHUEM 00pasiia)

Figure 2. Hysteresis loops obtained experimentally:
a — loop for sample steel after delivery from the manufacturer and exposure for 1,5 years;
6 — a hysteresis loop corresponding to intense plastic cyclic deformation of the sample
with five-time exceeding of the yield strength of the material during tension and compression;
6 — extended hysteresis loop (the b/c ratio increased 17 times compared to the initial state of the sample)
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CTaTHYECKOM, TaK U B THHAMHYECKOM HCIIBITAHWU. B ompeeneHHOM CMBICIIE 3/1eCh MOKHO YTBEPKIaTh, UTO 3a-
KOH FyKa nacajicH, U TUCTCPE3UC OTCYTCTBYCT. HpI/I BBITTIOJTHCHHUU CTAaTUYCCKOTO SKCIIEPUMEHTA BBITIOJIHAIUCHE U
MEJJICHHBIE 3arpy>KeHHsI, KOTAa BpeMsl OJHOTO LMKJIa AoXoawno 10 20 MuHyT. OKHIaeMoro yIIMpeHUs MeTIn
rHCcTepe3nca IMpy 3TOM OJIHAKO He HaOJI0aIoCh.

Ha puc. 2, 6, nokazaHbl TUCTEPE3UCHBIC TIETIIH TPU OOJIBIINX aMIUTUTYAax IUKIHYecKux aedopmarmii. [Tpu
BHUMATEJIEHOM PAaCCMOTPEHUU PHCYHKAa MOXKHO YBHETH NMEPBYIO IMETII0, KOTOpPas OTIMYAETCS OT OCTaIbHBIX
YCTaHOBUBIIHXCS TE€TETh. AMIUIATYTHBIC 3HAYCHHUS OTHOCUTEIHHOHN Je(opMaliuy Mpu pacTsDKEHUHU U CKATHHU TI0
MOy o cocTaBmsuiu 1,17 - ;= 1750 - 10, Takum 06pa3zoM, HpH S MUKIAX 3arpyKeHHi HAIPSHKEHUS B MaTepHase
BBIXOJIVITH 32 TIPEAes TEKyUeCTH.

Lenblo 3TOM cTaanu 3arpyKeHUs SBISUIOCH HE U3y4yeHre (GOpPMBI TN THCTepe3nca, a BHECEHHE BO BHYT-
PEHHIOI0 CTPYKTYpy oOpasiia CyIIeCTBEeHHBIX W3MEHEHHH. DTOMY LUKy 3arpykKeHHH B JaHHOW CTaTbe JaeTcs
YCIIOBHOE HANMEHOBAHUE «ILIACTUYECKAs dK3EKyIHsD». Kak BUIHO 1O pe3ynbTaTaM HCHBITAHUH, «IUTacTHYECKas
9K3EKYLH» BBI3BIBACT CYLIECTBCHHbIE HapylleHus 3akoHa ['yka B obnactu mManbix aedopmanuii. [lon manpivu
nedopMaIisiMi 371eCh TTOHUMAIOTCS Ie(hOpMaIliH, He TPEBHIMIAIOIINE CTAHJAPTHOE 3HAYeHUE TIpejieia poTop-
HOHATHHOCTH. KOHKpEeTHO B TaHHOM city4ae &g, = 1000 - 106, uto COOTBETCTBYET oy = 200 MIa, T.e. Tpanumu-
OHHas 00JacTh IeHCTBUs 3aK0oHa ['yKa 1715 MaJoyTJIepOAUCTOHN CTallu.

Ha puc. 2, 6, nokazaHa neTiisi rUCTepe3uca yKe MOoCie «IIacTHUECKOH 3K3eKyn». OTMETUM, YTO BHEIIHE
OHa BBHITJIIIUT TIOYTH TaK K€, KaKk W IepBOHAYANbHAS NeTIs Ha PUC. 2, d, OJHAKO €€ OTHOCHTENbHAsl IUpHUHA yBe-
yuunnack B 17 pas. Paznnunre MOXHO BHICTh Ha YBEJIMYCHHOM (hparMEeHTE MeTu (CM. puc. 2, 6, cripaBa). Takoe
HapylIeHHe YNPYTUX XapaKTePUCTHK MaTepuaia sBiseTcsd HanOoliee BaKHBIM NPUHLIWIHATIBHBIM PE3YIbTaTOM
Hacrosmel padoTel. OTMeTuM, 4to npu b/c = 0,0339 rucrepesncHas neTist 3pUTEIbHO OCTACTCS JOCTATOYHO Y3KOH,
OJIHAKO 3TOM MeTIie OYAEeT COOTBETCTBOBATh CYIIECTBEHHOE AeMiipupoBanue (moapodHee 00 ToM Jaiee).

2. MeToauKa HcCIeN0BAHNI

OctaHoBHMCS Ha crioco0ax BBIMOIHEHUST SKCIIEPIMEHTOB JOCTATOYHO MOAPOOHO, TaK KaK TOJIBKO MOAPOO-
HOE OTIMCaHKE MTO3BOJIUT 1aBaTh OLEHKY TOCTOBEPHOCTH MOTyYEHHBIX HHCTPYMEHTAIBHBIX 3aMEPOB U CIEIaHHBIX
pu ux 00paboTKe AOMYILIECHHH.

h=2cMm/cm
b=4cm/cm
t=0,1362 cm/cm
A=1,5603 cm?/ cm?
G=12241/cm/ g/em
Ix=1,065 cm*/ cm*
Iy=3,099 cm*/ cm*.

a o0

Puc. 3. O6pasen ¢ KOpoOUATHIM NPSIMOYTOIEHBIM CEYEHHEM:
a— $oT0; 6 — HEKOTOpPBIE XapPAKTEPUCTUKH CEUECHUS

Figure 3. Sample with box-shaped rectangular cross-section:
a — photo; 6 — some characteristics of cross-section

OTMeTuM, 4TO 10 MHOTUM COOOpa)keHHsSM OOBIYHAS MCIBITATEIbHAS MallWHA, IPEeIHAa3HAYEeHHAast U1 110-
CTPOCHUSI AUarpaMM pacTsHKCHUS, 3[ech He MOXKET OBITh HCIIONb30BaHa. [lepemMenieHus, COOTBETCTBYIOIIUE He-
OONBIIMM TUIACTHYECKUM Ae(opManusiM, CyIECTBEHHO MEHbLIE, YeM HeoOpaTuMble CMEIICHUS W MOJIBMXXKH B
CTaHIAPTHBIX 3axBaTax oOpasua. Boobmie cxema, rae oOpasen MoABEepracTcs pPacTsKEHUIO U CHKATHIO, PEaIbHO
OYCHb CIIOXKHA B MCIIOJIB30BAHUH, TIOCKOJIBKY IPH CXKATUU 00pasel] OyAeT TepsATh yCTOWIHBOCTD. VICTonb30BaTh
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KOPOTKHE 00pa3lbl TAKKE HEBO3MOXKHO, TaK KaK HEPAaBHOMEPHOE HANPsDKEHHOE COCTOSIHME y 00acTed 3aKkpen-
neHust OyIeT UCKaXKaTh MOJIy4aeMble pe3yIbTaThl.

[To yka3aHHBIM COOOPaXEHUSIM MPHUXOIUTCS OTKA3aThCs OT MACATU3UPOBAHHON CXEMBI PacTSKEHHU-CxKa-
Trs1. PaKTUYECKH BBITIOHSIINCH UCIIBITAHUS 00pa3IioB KOpoOUaToro cedeHus (puc. 3, @) Ha YUCTHIA u3rud. Ha
puc. 3, 6, 1aHO TIOTIepevHOe ceueHre o0pa3la U MPUBEACHBl HEKOTOPBIE €ro XapakTepucTUKHU. [IpenMyiiecTBo
TAKOTO TWIa oOpa3sla 3aKiIoyaeTcs B TOM, YTO €ro CEYeHHE MPU M3rHOe OTHOCHUTEIHHO TOPU3O0HTANBHOW OCH
ONM3KO K UeaIbHOMY ABYTaBpy. B mpenenax nanHoi paboTsl OyaeT ¢ HEKOTOPBIM MPUOIMKEHUEM IPUHSTO, YTO
ceueHue o0paslia ecTh UeaIbHbIN ABYTaBP.

HcnpiTaTtensHasi yCTaHOBKa, KOTOpas OblIa 3ampoeKTHpOBaHA M HM3TOTOBJIIEHA B J1a0OPaTOPHH HWMEHH
JLJ. IIpockypsikoBa kadenpsl crpoutenbHoi Mexanuku PYT (MUUNT), moka3ana Ha puc. 4. DTa yCTaHOBKA TIpe-
Ha3HAuCHa JJIs1 CTATUYECKUX UCIIBITAHUH.

13

...-..-_.”._..-_....
T _H. s Tt T

Puc. 4. YcranoBka i CTaTUYECKUX UCTIBITAHHINA:
1-4— TEH30JaTYNKU-CUIIOU3MEPUTEIIN, 5-8 — TEH30AaTYUKH, U3MEPUTECIN [[ed)OpMaIlI/IfI Ha 06pa3ue
(0Opa3suoM sBIIsIeTCS BEPTHKAIBHBII CTEpIKEeHb); 9 — TapHpOBaHHBIE IPy3bl 10 | KT; /() — IITAaHTH PEryJIHPYEeMOii JUTMHEL,
11 — BBICTaBISIEMBIH 3330p /10 10Ja; /2 — ITaTHBIE OOJbIINE TUCKU (hpe3epHOro ctanka; /3 — (oTo ycTaHOBKH

Figure 4. Installation for static tests:

1—4 — load cells-dynamometers; 5—8 — load cells, deformation gauges on the sample (the sample is a vertical rod);
9 — rated loads of 1 kg; /0 — adjustable length rods; // — exhibited clearance to the floor;
12 — regular large milling machine vise; /3 — installation photo

YkinageiBasi rpy3sl 9 (cM. puc. 4), MOJKHO BBI3BATh B IIPABOM TOJIKE BEPTHKAILHO PACIIOIOKEHHOTO 00pasma
pactsoxenune. Ilneun B T-oOpasHoii yctanoBke paBHBI 1 M. IlojoxkuB mo0oe ymoOHOE KOJUYECTBO TPY30B
(B JaHHOM city4ae rpy3bl BapbUpOBaIUCH OT 1 10 20 KT'), MOYKHO BBICTaBUTH HY>KHBIH 3a30p (CM. pHcC. 4) TIOJ IITaH-
ramu. TakuM 00pa3oM, KelaTeNIbHbIA U3TUOANIUI MOMEHT MOXHO OYJIET IMOJIY4HTh, OITyCTUB IITAHTY JIO Kaca-
Hus ¢ monoM. [locnenHuit cmoco0 Mo3BoIISIeT YBETUYUTh CKOPOCTH 3arpy’KeHU 110 CPAaBHEHHIO C YKJIAJKOHW Taph-
POBaHHBIX TPY30B.

Kpome m3rubaromero MoMeHTa B 00pasIie BOZHUKAET HeOONbIas MpoaoiibHas cuila. Hampspkerne oT Hee
COCTAaBIISICT MEHEE OJHOTO MPOIEHTA OT HANpPsDKEHMs M3rnda. B paMkax HacTosIel CTaTbu 3TH HANPSHKCHUS He
YUHUTHIBAUCH. JlaTurku /—4 cirykat cuion3MeputensiMu. GakTHYeCKu NCTIOIh30BANIMCH ITOKA3aHUS JATYUKOB 2 U
4, KOTOpBIE MPOTIOPIIUOHATBHBI IEHCTBYOMEMY B 00pasiie u3rudaronemy MoMeHTy. CedeHsl, B KOTOPBIX HaKIIe-
CHBI JaTYUKH 2 U 4, UCTIBITBIBAIOT M3THOAIONTHH MOMEHT, B YETHIPE pa3a MCHBIIIHHA, YeM B 00pasIie, T03TOMY 3/1eCh
JUTSL I3MEPEHISI Harpy3KHA MOKHO TTOJTE30BaThCS 3aKOHOM [ 'yKa.
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[TokazaHus BceX TEH30IaTYNKOB 3aITMCHIBAIOTCS B TaMATh KoMIIbIoTepa ¢ yactoToi 100 I'1y (ipu HeoOxoam-
moctH 10 1000 I'1r), 4T MO3BOISIET CTPOUTH COOTBETCTBYIOLIHNE rPpadUKH, ONPEICISIONINE XapaKTep MPHUIIOKEHHS
Harpy3ku Bo BpeMeHU. KOHCOMM yCTaHOBKH M3TOTOBIIEHBI M3 TOTO ke mpoduiist, yTo 1 obpasen (cM. puc. 4). 3a-
JIeJIKa OCYIIECTBIISETCS TPU TOMOIIX KPYITHOTa0apUTHBIX THCKOB (hpe3epHOoro cranka. Ha ypoBHe ry0OK THCKOB
B o6pa3eu BCTaBJISIETCS CTaIbHON BKJIaJbIII, BOCHpI/IHI/IMaIOHII/Iﬁ YCUIIME 3aTAXKKHU, TaK YTO 3a1CJIKa IMOJIy4acTCsa
KayecTBEHHOH. Bce TeH3omaTunku umenu padouyio amunay 70 M.

Tenzonatunku 7 u 8, uaMepsiromue AeGopManunio, yIaineHsl OT 3aJIelIKH, HAIPSHKEHHOE COCTOSIHAE B MECTe
WX YCTAaHOBKH OJIN3KO K PABHOMEPHOMY PACTSKEHHUIO (MITH CHKATHIO). Y KITaapIBas TPY36I Ha MIPABYIO IITAHTY ycTa-
HOBKH, B 5THUX K€ TOUKaX MOXHO IMOJIYYUTh PaBHOMEPHOC CIKATHUEC. HpI/I IMPOCKTUPOBAHNH YCTAaHOBKHA OBIJI BBINOJI-
HEH KOHEYHO-BJIEMEHTHBIH aHaJIM3 yCTOWYMBOCTH PAaBHOBECHUS MPSMOYTOJIBHOTO MPOQWIS NPU YHCTOM H3THbe
KaK KopoOdJaToit mmactuHIaToi cuctemsl [20]. DTOT aHamM3 MmoKasall, 9To o0pa3el] MMeeT S-KpaTHBIN 3amac 1o
YCTOMYMBOCTH, BBITYYHBAaHHUE MOJIOK 00pa3ia He OyAeT HMETh MECTO.

2.1. ITnan cmamuueckux ucnblmanuil

1. IlomyueHue rucTepe3uCcHBIX METENb MPU [MUKINYECKOM 3arpyKeHUH (5 CHMMETPUYHBIX ITUKIOB). Ypo-
BEHb aMIUTMTYAHBIX HAaNpPsHKCHUH B mopsnke Bo3pactaHus coctasisieT 50, 100, 150 u 200 MIla. O6pasern ObLn
B3ST OT IIOCTaBIIUKA C BRIAEPKKOH 1,5 roma. 3arpykeHre oCymecTBIIOCH 0 YCKOPEHHON CXeMe ¢ UCIIOIh30Ba-
HHUEM BBICTaBJICHHBIX 3230POB MOJ IITAHTaMH.

2. CunpHOe MIaCTHYECKOE MUKINYECKOoe 3arpyxkeHue 10 ypoBHs 1,17e, rae & = 0,0015. ITo pesynpraTtam
paHee BBIIOTHEHHBIX HCITBITAHUH MaTepraia oOpasia rpenen TeKydecTH okasancs omm3ok k 300 MIla. Ha puc. 5
[I0Ka3aHa MHCTPYMEHTaJIbHAS 3alUCh Je(OopMaIy BO BPEMEHH NIPH «IIACTUYECKON IK3eKynun». Martepuain o6-
pasiia mojay4yaeT HHTEHCUBHYIO IIACTHYECKYIO AedopMalinio, cocTapistonryio 6omee 20 % ot ynpyroit. Ho mon-
YEepKHEM 3[€Ch, UTO 3TO HE TE OCTATOUHBIE Ae(hOpMaLH, KOTOPHIE SIBJISIOTCSI OCHOBHOM LIENIBIO TaHHBIX HCCIIE0-
BaHMA. B maHHON paboTe N3ydaroTcs OTCTYIUICHHS OT 3aKoHa ['yka Mpu cpaBHUTEITHEHO HEOOIBITHX HATIPSHKCHISIX
(o <200 MIla).

3. Jlanmee cHOBA BBIMOJHAETCS MOJIyYE€HUE TUCTEPE3UCHBIX METENb 110 MYyHKTY 1.
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Puc. 5. M3meHenne neopmaruii Ha IMIOBEPXHOCTH 00pasiia NpY HHTEHCHBHOMN «ITACTUYECKOH AK3EKyLUI
Figure 5. Change of deformations on the sample surface during intensive “plastic execution”

2.2. Pe3ynomamul cmamuuecKux UCHblManuil

Ha puc. 5 nmokasaH rpaduk «mIacTHYECKON IK3eKyluu» 1o 3amucu natdarka Ne 8. OcCTallbHbIC JTaTYHKH,
HaKJIEeHHbIe Ha 00pasell, JaloT MPaKTUIECKH TOXKJIECTBEHHBIE pe3yabTaThl. Kak BHIHO W3 pHC. 5, MATH UKIIOB
3arpy>KeHUs MPHU «IUTACTUICCKON IK3CKYIMI» 3aHSIA OKOJIO 5 MUHYT. COOTBETCTBYIOIIAS «IK3EKYIIUN) TETIIS
TUCTepe3uca MoKa3aHa Ha puc. 2, 0. [Ipu mocTpoeHnH MeTellb THCTEPe3rca XapakTep u3MeHeHus edopmMaiuii Bo
BpEMEHH ObUI IPUMEPHO TaKUM K€, & aMIUTHTYIbI ObLITH, €CTECTBEHHO, MEHBIIIE.
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Ha puc. 6 npencraBineHbl XapaKTePUCTHKH ITUPUHBI IETENb TPU PA3TUYHBIX 3HAYCHHUSIX aMILTUTY/] [IUKIIOB.
3nech cienyeT KOHCTaTHPOBaTh, YTO CBOMCTBA (PH3MUYECKOIN HENIMHEHHOCTH IMOCIE «IUIACTUYECKOW DK3EKYIIHN»
MPUHLIUTTHAIEHO U3MEHWIHCH. J[eiCTBUTENLHO, OTHOCHTEbHAS IIIMPUHA TIETIIH I BCEX UCCIIEOBAHHBIX 3HAYE-
HUH aMIUTATY I YBETMUWIACh Oojiee yem 6 10 pa3. 3aMeTHM, 9TO U TOCIE «IUTACTHIECKOM IK3eKyLUN») THCTEpe-
3MCHasI TIETIISI OCTACTCS BCE JKE JIOCTATOYHO Y3KOH (CM. pHC. 2, 8), OCTaTOUHbIE 1e(OPMALIUN COCTABISIFOT MaKCH-
ManbHO 3,8 % OT ynpyroi, 0JHaKo 0 «IK3EKYLUW» METIs MPAKTUIECKU OTCYTCTBOBAJIA.
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Figure 6. Characteristics of the width of hysteresis loops before and after “plastic execution”
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Taxoke ObLT MCCIENOBaH BOIPOC O JETPafaliil CBOMCTB IUIACTUYHOCTH, IPUOOPETEHHBIX IOCIIE «IK3EKY-
uu» (cM. puc. 7). C 3To# 1enpio 6bUTH TOCTPOSHBI THCTEPE3UCHBIE METIIN Yepe3 HEeNo U JIBe HeleIH IMocie
«IK3eKyLmn». PaccMaTpuBast puc. 7, MOXKHO yOEIUTHCS, YTO MPHOOPETEHHbIE CBOWCTBA MaJION ITACTHYHOCTH JI0-
BOJIHO OBICTPO TepsitoTcs. B He3zarpykeHHOM CTaJbHOM 00pasle MPOUCXOIIT HEKOTOphle HEOOpaTHMBIE MpPO-
LECCHI, U TIOCIIEICTBHUS «IJTACTHUECKON AK3EKYIIHNY 3aJIeuuBatOTCs. OTMETHM, 9TO 3TOT 3P PEKT ObLT yKE OTMEUCH
B paboTe aBTOpOB [12], omHaKO TaM 3T0 OBUIO cIeaHO Ha OCHOBAaHMH AMHAMHYECKHX MCIIBITAaHUH.

2.3. /lunamuueckue ucnvlmanus

W3 Toro xe cTep>kHA MPSIMOYTOIBHOTO MPO(HIIA, KOTOPBIH MCIIONB30BANICS IS CTATUYECKUX HCITBITAaHUMH,
ObUT BRIpe3aH obpasen AmuHOM 180 cM, TUHAMHUYECKUE HCTBITAHUS KOTOPOTO PACCMOTPEHHI faiee (cM. puc. 8).
OT1oT 00pazell yxe paHee ObLI UCIIBITAH HAa KOJICOAHM C aMIUIUTY 1aMu HanpsbkeHui okoio 300 MIla. I[ToxpooHoe
ONHCaHNe KOHCTPYKTUBHBIX OCOOCHHOCTEH Ta0OpaTOPHOI YCTAaHOBKH, pa3pab0OTaHHOM aBTOpaMH IS JHHAMUYE-
ckux ucnbITanuii, 1ano B [11-13]. Takke ycTaHOBKa ObliIa TOYKOMIUIEKTOBaHA OCHACTKOMW ISl TIPOU3BOJICTBA
«IUTACTUYECKOHN 3K3EKYLIUU», KOTOPAasi TAK:Ke KOHTPOJIMPOBANIACH MIPU MOMOIIU TEH30aTYNKOB, HAKJICCHHBIX HA
oOpaszerl.

Puc. 8. 3aryxaronue cBOGOAHBIE KOJICOaHHS THHAMUYECKON YCTAHOBKH, MOIBEIICHHON Ha MOIIMITHAKAX KAYEHUS B TOYKAX MTOKOS
Figure 8. Damped free oscillations of a dynamic installation suspended on rolling bearings at fixed points
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Puc 9. 3amuce nedopmariuu Ha MOBEPXHOCTH MOJKK 00pa3iia mpu CBOOOIHBIX KoJieOaHMsIX (BKIIIOUAs yYaCTKH PAa3roHa):
rony6oi rpaduk — ucxoaHbIH 00pa3en TMHAMUYECKON YyCTAaHOBKM; Y€ pHBIH rpad uk — oOpasel nocie «IIaCTHYECKOH IK3EKY LU

Figure 9. Graph of deformation of the sample shelf surface under free oscillations (including acceleration sections):
blue graph — the initial sample of a dynamic installation; black graph — sample after «plastic execution»

CHauana myTeM pacKadykd BPYYHYIO B YCTaHOBKE BBI3bIBalach opMa KojeOaHHH, MOKa3aHHAS Ha puC. 8.
AwMIunTyna KonebaHui yCTaHABIMBANIACH TAKOM, YTOOBI HANPSHKEHUS B TOJKax oopasma coctasisumu 200 Mlla,
Jlaniee cucTeMa coBeplIaia 3aryxaromue kojiebanus. Ha puc. 9 romyOsiM 1BeTOM IOKa3aH rpadyk M3MEHEHUS
nedopMaliy Ha TOBEPXHOCTH MOJIKHU 00pasia. [loka3anus TeH304aTunKa CHUManKch ¢ uactoroit 100 I'u. ['paduk
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Ha puc. 9 comepxut 314 meproaoB (BKII0YAs YIaCTOK pasroHa, KOTJa aMIUINTyIa HapacTtaet). Ha pucynke mpu-
BeJleHa 3amuch 1 120 ceKyH T TMHaMUYECKOTO Mporiecca. DKCIePUMEHTaIbHOE 3HAYCHUE TEXHNYECKOU YaCTOTHI
0Ka3aJIoCh paBHbIM 2,62 I'1I.

Jlanee BBITTOMHSIIACH MHTCHCUBHAS «IUTACTHYECKAS IK3EKYIIH, TapaMeTPhl KOTOPOU OBLITH TOKJECTBEHHBI
«IK3EKYIMN», CO31aBaeMOi B cTaTuyeckoi ycraHoBke. Ha puc. 10 nmpeicraBiieHa 3auch OTHOCUTEIbHOU aedop-
MaIu¥ Ha TOBEPXHOCTH TMOJIKKA 00pa3iia BO BpeMsi 3TOr0 mpoliecca.

JanHas «3K3eKynus» Oblia peai30BaHa MoJ00OHO BHIMIOJIHEHHOW B CTATHYECKOH YCTaHOBKE, HO OHA 3aHsIa
CyIIECTBEHHO OoJpitiee Bpems (cM. puc. 10).
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Puc. 10. «ITnactiueckas 3k3eKyus» oopasiia B JMHAMUYCCKOW YCTAaHOBKE
Figure 10. «Plastic execution» of a sample in a dynamic installation

HenocpencTBeHHO TMOCiE BBIMOMHEHUST «IK3EKYIHUW» C YCTAaHOBKH JIGMOHTHpOBajach HeoOXoaumas JUis
9TOr0 OcHacTKa. [lyTeM packauku Bpy4YHYIO YCTaHOBKAa BHOBB BBHIBOAMJIACH M3 PaBHOBECHS A0 KOJIEOAHUH C aM-
ATy IHBIME HanpspreHussMu 200 MIla. UepHslit rpaduk Ha prc. 9 mokas3pIBaeT, Kak B 3TOM CIIydae HapacTalIHd U
yOBIBaJI aMITIUTY bl TIPH CBOOOJHBIX 3aTyXarolux Kojebanusax. J{ist ynoOcTBa cpaBHEHUs TpaduKH 3aTyXaro-
MIMX KOJIeOaHUH A0 U MOocie «IK3eKYLHM» HAJOXKEeHbI APYT Ha JApyra, Ipu4eM YepHbIH rpagyK MPUILIOCH CMe-
CTHUTB 110 TOPU3OHTAIN U 1O BepTHKaIU. CMEIIeHHE 110 TOPU30HTAIN 00ECIICUnBaIO COBIACHNE MAKCHUMAJIbHBIX
ammuutya. CMelleHue o BepTHKaIu 00ecednBaso COBIaIeHUE Ipa)ukoB B MOMEHT BBIX0J1a CUCTEMBI Ha I10JI0-
JKeHHe paBHOBecwHsl. [Ipexke Bcero, 00Cy M HEOOXOAMMOCTh CMEIIEHHsI YepHOro rpaduka mo BepTukaiu. OHo
CBSI3aHO C HEKOTOPHIM (GHU3NUECKUM 3P (eKTOM, KOTOPBII NpEeACTaBIsET CAMOCTOSTENbHBIA HHTEpEC. ABTOpaMH
He OBIJIO HAalJICHO €r0 OIMCAaHUE B OIMyOJIMKOBAaHHBIX paboTax.

[Monka obOpa3ma, Ha KOTOPYIO HaKIIEeH NATYMK, (PUKCHUPYIOIIUHA MEpEeMEHHYI0 IedOopMaluio, HENoCpe-
CTBEHHO TIepe]] paccMaTpUBaeMbIMHU KoJeOaHUSIMU MOy4nia OOJBIIOE OCTaTOYHOE YUIMHEHHE, KOTOpOoe, Kak
MO3KHO BHIeTh Ha puc. 10, coctaBnser 252 - 10, Ecnn 06paserr 0cTaBUTh HEHArpyKEHHBIM, 3Ta OCTATOUHAs JIe-
¢dopmarus OyZeT o4eHb HE3HAYNTENFHO YMEHBIIATHCS 338 CUET M3BECTHOTO SBIICHUS YIPYToro MOCIeAeHCTBHS.
Kak Bugno, konebanus ¢ ammumntyaoi 200 MIla pe3ko yCKOpSIIOT 3TOT MPOLECC, U CBEKETOTyUYeHHAs TUIACTHYC-
ckas nedopmanus ymeHbImaercs 10 3Hauenns 81,5 - 10, Ha puc. 11, a, Tpaduk 3aTyXaHus TOCHE «IK3EKYITHID
MIOKa3aH OT/IEJIbHO, HA HEM OTYETJINBO BUIHO €ro cMeleHne BHU3. Kpome Toro, Ha 3ToM rpaduke nokasaso 6071b-
mee xKonmndecTBO konebanuit (1000 meprooB), YTO TakKe MOXKET MPEACTaBISATh uHTEepec. Ha puc. 11, 6, npen-
cTaBJieH rpadyK JIorapupMUIECKOT0 IeKpeMeHTa KonebaHuii. Hu 0 KakoM IOCTOSTHCTBE 3TOW BEJIMUHMHBI BO Bpe-
MEHHM T'OBOPUTH HE IpuxoauTcs. IIpu ymMeHbIIeHnN aMIUINTY bl B IPOLIECCE PACCMAaTPUBAEMOT'0 KOJIe0aTenbHOro
npoiecca JorapuMuieckuil TeKpeMeHT KoliebaHuii ymeHbInaercst 6oiee yem B 10 pas.

Puc. 9 oTyeTnBO MOKa3bIBacT, KAKOE CYIIECTBEHHOE BIMSAHUE OKa3bIBACT HaYalbHAas IIacTH4YecKas 1edop-
Malys Ha 3aTyXxaHHe KojeOaHMid, 00ycIOBIeHHOEe BHYTPEHHUM TpeHueM. Kak ObljIo 0TMEUeHO BhIlIe, oOpasell,
WCIIOJIb30BaHHBIA HAMU Ul JUHAMHYECKUX UCIIBITAHUM, paHee yXKe HCIBITHIBAJICSA Ha KOJIeOaHHs C aMIUIUTYI0H
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nopsinka 300 MITa. Ecim 661 oOpa3zerr nMen HETPOHYTYIO HadalbHYIO CTPYKTYpY, CHHHH rpaduK Ha puc. 9 moka-
3bIBaJl OBI eIlle MEHBIIIee 3aTyXaHHe.

SIBnenue ycuneHus IeMIQUPYIOMIMX CBOWCTB CTaJIH MOCJIE HAYalbHOW IJIACTUYECKOH AedopMannu ObUIo
panee oTmeueHo aBTopami [12]. C ToUKH 3peHUs JKUBYIECTH KOHCTPYKIUH 3TOT (D (EKT SIBISAETCS MTOIIOKUATENb-
HBIM, TaK KaK ralmicHue KoJaeOaHnit YCUIMBACTCA C HApAaCTaHUEM TUHAMUYCCKUX HaHpﬁ)KeHHﬁ. Ecmm TOBOPUTE O
3a/1a4e CO3/IaHUs aJeKBaTHBIX MOJIENIel BHYTPEHHETO TPEHUS B MaTepHaje, TO 3Ty 3a7ady OH OYEBHJIHO OCIOXK-
HSIET, TaK KaK HeIOCTATOYHBIM CTAHOBUTCS TOYHOE OIpPE/IEIICHUE MaTepralia, HeOOX0UMO 3HATH ellle TIpeBaph-
TEIBHYIO UCTOPHIO ero 3arpyxeHnid. C 3TOH TOUKHU 3peHHUs JT00as Teopusl BHYTPEHHETO TPEHUS, HTHOPUPYIOIIAs
9TOT 3((eKT, SABISCTCS BCEria YA3BUMOM.

VYpoBeHb MpeaBapUTEIbHON OedopManiu (YpOBEHb «ILIACTHYECKOH 3K3EKYLHUHU»), pacCMaTpUBaeMbId B
JAHHOHW paboTe, SBISAETCA TOCTaTOYHO BBICOKHM, OJHAKO CIIEYeT OTMETHUTh, YTO pealibHasi KOHCTPYKIIHS BCer/ia
HUMeeT JOCTaTOYHOE KOJIMIECTBO 00JIacTeil ¢ KOHIIEHTPATOpaMH HAIIPSHKEHNH, B KOTOPBIX paccMaTpHBaeMbIid ypo-
BEHb MOKET AOCTHTaThCs. B 3TOM cityuae morpedyeTcst yueT HeOAHOPOJHOCTH CBOMCTB AeMI(UPOBAHUS 1O 00B-
eMy KOHCTPYKITUH.
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Puc. 11. 3atyxarouye KosieObaHus MOCIIE «IUTACTUYECKON IK3EKY LI
a— KOJ'Ie6aHI/ISI, BBI3BABIINE YMEHBIICHUC HavaIbHON TUTACTUIECKON I[C(I)OpMaI_II/II/I;
6 — W3MEHEHHE JIOrapu(pMHUIECKOTo JCKPEMEHTa KOJICOaHU C YMEHBIICHUEM aMILTHTY bl
Figure 11. Damping oscillations after «plastic execution»:

a — oscillations that caused a decrease in the initial plastic deformation;
6 — change in the logarithmic decrement of oscillations with decreasing amlitude
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Baxxno yOeanuThcs B TOM, 9TO THCTEPE3UCHBIE METIIH, KOTOPhIe OBUIA TOJIYYeHBI B MEPBOM 4acTH PadoTHI,
COOTBCTCTBYIOT OTCPAM aMIUIUTY, KOTOPBIC NPEACTABIICHLBI B JUMHAMUYCCKUX HUCIIBITAHUAX BTOpOﬁ qacTu. HHH
CpaBHEHUs OyIeM paccMaTpHUBATh COCTOSIHUE 00Pa3IOB M3 CTATHYECKON M IMHAMUYECKOH yCTaHOBOK TIOCHE «IIa-
CTUYECKOU IK3EKYIIHUNY.

[Tpu 3anoHeHNH TaGIUIIBI TUIOIAAH THCTEPE3UCHBIX METENb ONpeaeaInch B mporpamme Excel mo qanabm
craTudeckux ucnbiTanuil. [locne momydenus miomaaei nereiab BEIYUCIIaCh OTHOCUTEIbHAS MTOTEPSI SHEPTUHU 32

A o AA v
MK Y = ?, " gajec, ¢ yueTomMm (I)B.KTI/I‘ICCKOI/I MaJIOCTU MOTCPb, OTHOCUTCIIbHAA TIOTEPSA aMILJIUTYAbI, X = ;

,HaHHBIe 0 MOTEpPC aMIUIUTYAbI 3a LUKIL KoJIeOaHmit npyu JUMHAMUYCCKOM HCHOBITAHUU OMPEACIAINCE HEIIOCPCI-

CTBCHHO I10 3aIIMCAaHHBIM ITOKa3aHUAM JAaTYHUKOB.

OTHoIEeHNs NOTePH AMILIMTY/bI K TeKYIIeil aMILIMTY/ie 32 MK KoJ1e0aHu i
HA OCHOBAHMM CTATHYECKUX M JMHAMMYECKHX HCIBITAHUM

Texymiee 3HaYCHUE AMILUTUTYABI

CTaTHYecKre UCIBITaHUs

I[I/IHaMI/I'-IeCKI/Ie HCIIBITAHUA

HAMPSHKCHHI f;\I/’[II”I_[EOHeGaHHﬂX Oa, A"%;‘“ Ha OCHOBAaHUH HCIIOJIb30BAHUS A”%:"“ T10 3aIKCH KoJeOaHuit
IUIOIIA/IU TIETJIN THCTepe3uca ¢ rpaduka c puc. 11, a
200 0,0431 0,0355
150 0,0280 0,0285
100 0,0224 0,0230
50 0,0160 0,0160
4 - 0,005

The ratio of the amplitude loss to the current amplitude per oscillation cycle based on static and dynamic tests

The current value of the stress
amplitude during oscillations g, MPa

Static tests

Dynamic tests

Ap—A
"A—"“ based on the use

n

of the hysteresis loop area

An-A . S
"A—"“ by recording oscillations

from the graph from Figure 11, a

200 0.0431 0.0355

150 0.0280 0.0285

100 0.0224 0,0230

50 0.0160 0.0160
4 - 0.005

Kak BuIHO, pe3y/IbTaThl CTATHYECKUX U JUHAMUYCCKHUX MCIIBITAHUN, HECMOTPS Ha HEM30EKHBIC TIOTPEIITHO-
CTH B 3KCIIEPUMEHTAX, YOBIECTBOPUTEIHHO COTJIACYIOTCA. DTO B OUEPEIHON pa3 MOATBEPKAAeT THIIOTE3Y O Ya-
CTOTHOW HE3aBHCHMOCTH BHYTPEHHETO TPEHHSI.

3. 3akiaouenue

1. B xozme nabopaTopHBIX HCIBITAHHN 00Pa3IOB U3 MaJOYIIIEPOIUCTON cTanu moirydeH 3gpdeKT cuibpHOro
YBEJIMYESHHSI CBOMCTB JIeMII(UPOBAHIS ITOCIIE HAYaIbHOH IIACTHYECKON JepOpMaIlHH.

2. IMomy4yeHHas 3aBHCHMOCTD IeMII(UPYIOMIMX CBOMCTB OT HAYAIBHOU IIACTHYECKOH JTehopMaIiiy mo3BO-
JSIET cAeNaTh BBIBOJ O TOM, YTO TEOPUH BHYTPEHHETO TPEHHS, NTHOPUPYIOIIUE 3TOT dPPEKT, yKe MO ITOH NpH-
YHHE COoZlepKaT B ceOe CyIecTBEHHBII HEeI0CTATOK.

3. BhINoiHEHO CpaBHEHUE TIOTEPU aMILTUTY/IbI 32 UK TPH CTATHYECKUX UCTIBITAHHSIX C MIOTEPSIMH TIPH 3a-
TyXarouumx KoeOaHusgIX. IT0 CpaBHCHHUEC MOKa3aj0, 4YTO, BBIIIOJTHUB CTATUYCCKUC HMCHOBITAHUA U MOJYYHUB TaKUM
00pa3oM IJIOMaIH COOTBETCTBYIOIIMX THCTEPE3UCHBIX METENb, MOYKHO OMPEACIUTh U MOTEPH aMIUTUTYA MIPU KO-
nebanusx. Takum oOpa3om, HEOOBIIINE TUIACTHYECKUE TehOpMAIIH MATOYTIIEPOIUCTON CTAIH U COOTBETCTBYIO-
e N3MEHEHUs B ee AunarpaMMe Ae(popMHUpPOBaHNUS M OMPEAEIIOT JeMIIpUPYOIIHe CBOWCTBA 3TOTO MaTepHaa.

4. B xoJlc AMHAMHYECKHUX UCTBITaHUI 00Hapyx)eH 3QQeKT YaCTHIYHOTO BOCCTAHOBJICHUSI OCTATOYHBIX Jie-
(hopmaruii mocie KoeOaHuii ¢ aMIUTUTYIaMH, 3HaYeHIE KOTOPBIX He MPEBHIIIAeT TPAAUIIMOHHOTO 3HAYSHHS TIpe-
JieJTa TPOTIOPIIMOHAIBHOCTH JJIS CTaJTH.
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Kputnuyecknii pagnyc usruda Tpyobl, 00ycJa0BJIeHHbII pa3pylieHueM MaTepuasa
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Hcropus cTaTbn AHnHoTauus. VccienoBana BO3MOKHOCTh UHTEHCH(DUKAIMK THOKH TPYO, IMy-
ocrymuna B peakiuio: 29 despans 2023 T. TEM CO3JaHUS MHHUMAaJIbHOI KPUBH3HBI C y4ETOM TOHKOCTCHHOCTH IPO(HUIIS,
JlopaGotana: 12 mronst 2023 T. HaXOJAIIErocs Ha TPaHM HCUEPIaHUs HEeCyIIe CIIocCOOHOCTH MaTepHana (pas-
Ipunsta k my6aukaman: 28 moms 2023 . pyuenue). PaccMoTpena konbleBas 00onouka (Tpy6a) mon neicTBHEM 4u-

CTOTO I/ISFI/IGa}OH.[eFO MOMCEHTA, P JOIMYIICHUH T'MIIOTE3bI IIJIIOCKUX CceueHuH

u ¢ yuetoM 3¢ dexra T. Kapmana. YcraHoBieHo nehopMalOHHOE U3MEHEHUE

Aast uuTHpoBaHust FeOMETPUUYECKHX IMapaMeTpoB (OBanu3aius npoduiis, yToHeHue CTeHkH). Pac-

Moposos FO.4., Abpamos A.I'. Kpurndeckuii CUMTBIBAIOTCS COKMMarolas (pajauanbHas) U pacTAruBaronias (TaHreHIHalb-
pazuyc usruba TpyObl, 00y CIIOBICHHBII pa3py- Has) 1eopMaIliH C YI4ETOM HX HEPa3phIBHOCTH HA OCHOBAHUH YCIIOBHS IIOCTO-
menneM Marepuana // CrpouTenbHas Mexa- SHCTBa 00beMa. B cOOTBETCTBUM € MPUHATHIMU JOMYILCHUSIMUA MaTeMaTHye-
HUKa MHKCHCPHBIX KOHCTPYKLMI M COOpYXKe- CKOTO MOJICITMPOBAHUSI, IPUHUMAETCSI U3BECTHAS M3 TCOPUH JIMCTOBOH IITaM-
Huit. 2023. T.19. Ned. C.386-391. hitp:// IIOBKM 3aBUCHMOCTb PaJMalIbHOIO HANPSDKEHHUS Ha KPOMKE I'MOOYHOro cer-
ggil~0rg/ 10.22363/1815-5235-2023-19-4-386- MeHTa, T1e Haubosee yAoOHBIM KpUTEPHEM IUIACTUYHOCTH NMPUHUMAETCS TH-

noTe3a sHepruu GopmousMeHeHus Teopur Mopa, XxapakTepusyemasl HHTEH-
CHBHOCTBIO iepopManuii B THyTOM y4acTKe TPYOBI, OIpeelsfoImas pa3pyIie-
HHe MaTepuana. Micnonb3ys KpUTepHii IaCTUYHOCTH, KOHKPETHbIE MEeXaHUYe-
CKHE CBOICTBA MaTepHaa, IOJly4YeHHbIE B UCIBITAHUAX HAa pacTshKeHue (Ipe-
JieTIbl TEKY4eCTU U IPOYHOCTH, OTHOCUTENBHOE yIUIMHEHHE) U allIPOKCUMHPO-
BaHHbIE CTENIEHHOM 3aBUCUMOCTBIO, JAE€TCS COBOKYIHAsI OLIEHKA BIUSHHUSA T€0-
METPUYECKHX IIapaMeTPOB (TOHKOCTEHHOCTh, OBaJIU3anus npoduis, nedgopma-
IIOHHOE YTOHEHHE CTEHKH) Ha OCYIIECTBICHHE TMOKM MHHHUMAIIBHON KpH-
BH3HBI, XapaKTepU3yeMoil MoTeped yCTONYMBOCTH CTEHOK C IMOCIEAYIOLUM
pa3pylIeHneM BBUY HCUEPIIaHHUS HeCyIei CllocoOHOCTH MaTepHana, ooIana-
IOIIETO KOHKPETHBIMH IIIACTHYECKUMH cBoHicTBaMu. O600IIeHHe Pe3ynbTaToB
MHUHUMAJBHOIO (roppoobdpa3oBaHue) U KPUTUUECKOTO (pa3pylIeHUE) paauy-
COB TMOKH, TI03BOJISIET YCTAaHOBHUTH NPEAENBHYIO CTENCHb MHTEHCH(HKAIUH
rUOKH.
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Critical radius of pipe bending caused by the material destruction
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Article history Abstract. The authors investigate the possibility of intensification of pipe bending
Received: February 29, 2023 by creating a minimum curvature considering the thin-wall profile, which is on the
Revised: June 12, 2023 limit of exhausting the material’s bearing capacity (destruction). They consider an
Accepted: June 28, 2023 annular shell (pipe) under the action of pure bending moment, assuming the

hypothesis of planar cross-sections and regarding the effect of T. Karman. The

deformation changes of geometrical parameters (profile ovalization, wall thinning)

For citation are found. The compressive (radial) and tensile (tangential) deformations are

Morozov Yu.A., Abramov A.G. Critical calculated with account of their continuity based on the condition of volume
radius of pipe bending caused by the constancy. In accordance with the accepted assumptions of mathematical modeling,
material destruction. Structural Mecha- the dependence of the radial stress on the edge of the bending segment, known from
nics of Engineering Constructions and the theory of sheet stamping, is taken, where the most convenient criterion for
Buildings. 2023;19(4):386-391. (In Russ.) plasticity is the hypothesis of the energy of shape change of the Mohr’s theory,
http://doi.org/10.22363/1815-5235-2023- characterized by the intensity of deformations in the bent section of the pipe, which
19-4-386-391 determines the destruction of the material. The criterion of plasticity, specific

mechanical properties of the material obtained in tensile tests (yield and strength
limits, relative elongation) and approximated by a step dependence are used for
making a combined estimation of the influence of geometric parameters (thinness,
ovalization of the profile, deformation thinning of the wall) on the realization of
bending of minimum curvature, characterized by loss of wall stability with
subsequent failure due to exhaustion of the bearing capacity of the material
possessing specific plasticity. Summarizing the results of the minimum (corrugation)
and critical (destruction) bending radii, makes it possible to establish the ultimate
degree of bending intensification.

Keywords: pipe bending, ovalization, flattening, intensification of bending, plastic
loss of stability, material destruction

1. BBegenue

[IpoexTHpoBaHNE CTPOUTEIBHBIX KOHCTPYKLIMI B MOAABIIAIONIEM OOJIBIINHCTBE CIy4aeB BKIIOYAET UCIOIb-
30BaHKE HE TOJBKO HECYILEro METAILTONPO(UIIsl, HO U MPUMEHEHHE THYTHIX JIeTallel N3 TOHKOCTEHHBIX CBAPHBIX
1 OeCIIOBHBIX TPYO B KauecTBe 0OJETYeHHBIX AIEMEHTOB CHIIOBOI'O KapKaca WIIM MHBIX OOJIErYeHHBIX KOHCTPYK-
U, TOMYCKAIOMINX HArpy3Ky 0e3 MoTepy MPOYHOCTH U YCTOWIUBOCTH [1—4].

IIponecc rudku TpyO TEXHOIOTUYECKH SIBJIETCS BEChMa IIPOCTOM ONepanueil u 3aKI04aeTcsi B M3MEHEHUH
KPUBH3HBI MPOGUIIS C TIOIyYeHHEM TpeOyeMoro yria u paauyca riOKy, 94To SBISETCS JOCTATOYHO OCBEICHHBIM
B paboOTax OTeYECTBEHHBIX U 3apyOC:KHBIX aBTOPOB [5—8].

Crenyer OTMETUTb, YTO OOJIBIIASA YACTh UCCICNOBAHUH KacaeTcsl JOIyCTUMBIX IapaMeTpOB THOKH B YCIIO-
BUSIX yIIpyrux nedopmanuii. Hanpumep, npu npoeKTHpOBaHHUH JAeTaleil TpyOOIpOBOIOB, T BAXKHO 00ECIIEUUTh
LEIOCTHOCTh MeTajlia 0e3 ero noioMa Wi CIUTIOUIMBaHUS (OBaTM3allH ), HCKaKAIOUIUX MTPOAOJIEHOE HIIH TOTIe-
pedHoe cedenne npoduis [9—14].

OnHako A7 CUIIOBBIX KOHCTPYKIMH MOXKET BOBHUKHYTh HEOOXOIUMOCTb THYTh TPYOBbI ¢ HAUMEHBIINM BO3-
MOJKHBIM KPUTHYECKUM PaINyCOM H30THYTOM TOBEPXHOCTH, IPU KOTOPOM 3arOTOBKAa HAaXOAWTCS Ha TPaHU HcUep-
MaHUs HecyIel crmocoOHoCcTH MaTepuana (puc. 1).

Pemenue nanHoi 3agaun TpeOyeT KOMIUIEKCHOI'O PACCMOTPEHMsI KWHEMATHKHU TIpoliecca U3ruda, CBsi3aH-
HOTO C MEXaHM3MOM HCKa)KEHUS MOMEPEYHOro CeYeHUs TPyObl M BO3HUKAIOIIUM MPU STOM JIe(pOPMHPOBAHHOM
COCTOSIHUH, IPUBOASIIUM K YBEIMUEHHUIO HAIPSDKEHUH B MaTepuale A0 MOJHOTO MCUeplaHus ero pecypcea Ia-
CTHUYHOCTH.
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Puc. 1. 'nbxa Tpy6 pa3HOil KPUBU3HbI
Figure 1. Bending of pipes with different curvatures

Cremyer OTMETHTD, UTO €CJIM BOIIPOC UCKAXKEHUS (OBATH3AIINH, CILTIONTUBAHNS) TPYOBI TOCTATOYHO U3YYCH,
TO pealn3anysi HanpsLKeHHO-Ie(OPMUPOBAHHOTO COCTOSIHUSI MaTepHala U TUIACTHYHOCTD KOJIBIIEBOTO TPO(UIIs
npu THOKe TpeOyeT JOMOTHUTENBLHOTO HecnenoBanust [ 15—18].

2. MeToabl

PaccmaTpuBast UMCThIN M3TUO TOHKOCTEHHOMN KOJIBIICBOM 000J0YKH MPH JIOMYIIEHUU TUIIOTE3bI IIOCKUX Ce-
yeHuii u ¢ yuetoM s dexra T. Kapmana (Th. Karman), nedopmanus KOHTypa TpyObI (OBagH3alys) ONpeneiseTcs
JieficTBHEM MPOI0bHBIX (TAHI€HIUATIBHBIX) Oy U PaJMalbHBIX CKUMAIOIUX O, HANPsKEHUH, aHAJIOTHYHO TEO-

pUH TUCTOBO# mTammoBku (puc. 2) [19; 20].

[TomoOHEBII XapakTep pacupeaeICHIs HalpsDKCHUH BBI3BIBACT TOSIBIICHHE PABHOICHCTBYOIIHX ITOMIEPEUHBIX
cun T, HanpaBJIEHHBIX K OCH TPYOBI U ONPEACTAIOINX €€ MOMEePEYHYI0 OCa/IKY, T.€. CIUTIOIINBaHNEe — yMEHbIIIe-
HUE BBICOTHI TIONIEPEYHOI'0 CEUSHHsI B TUNIOCKOCTH M3TH0A, M yBEIIMYCHHE pa3Mepa MOMepPeyHOro CeUeHUs B mep-
MIEHIUKYISIPHOH TUTOCKOCTH (pHC. 3) [8].

PaccMoTpuM ruOKy TOHKOCTEHHOM TPYOBI IMaMeTpoM D = 30 MM U TOJNIIMHOM cTeHKH S = 1,0 MM, U3 airo-

MUHHEBOTO AeGopMupyeMoro craBa AMro6 [21].

3oHa pacmaxeHus,/
Stretch zone

3oHa c»{amu.a/ g
Compression zone o= L8
> ~ -

&r

Puc. 2. PacueTHast cxeMa yyacTka Ha U3ruo:

a — € Y4eTOM T'MIIOTE3bI IUIOCKUX ce4eHHH; 6 — ¢ yueToM sddekra T. Kapmana

Figure 2. Calculation scheme of the section in bending:
a — taking into account the hypothesis of planar cross-sections; 6 — taking into account the effect of T. Karman
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Puc. 3. Uckaxenue npoduiist TpyObI (OBaI3aLHS)
Figure 3. Pipe profile distortion (ovalization)

JUI1st TpUOIVKEHHOTO OTIPEeIeNIeHHs] MUHUMAIIBHOTO Paiiyca N3rnda 0ceBot JTMHUH TPYOBl MOXKHO BOCIIOJNb-
30BaThCSl AMIUPUUECKON 3aBHCHUMOCTHIO, PEKOMEHIYEeMOH Ul MPeayNpexaAeHus cKiaakooopazoBanus (rodp)

[22]:
R .
Zmin — g 95 ‘/ 02-5 = 9,25./0,2— L0 _ 37763,
D D 30

Takum 006pazoM, MUHUMAaJILHBIN BHYTPEHHHUH paguyc, TP KOTOPOM TpyOa HaXOIUTCs HA TPaHd YCTOWYH-
BOCTH:

R..
R =%D =3,7763-30=113,3 mm.

Panmyc n3ruba oceBoii TMHUH TPYOBI

Ry =R+§=113,3+3—20:128,3 MM.

[MapameTps! oBanu3anuy (yIUIoNMeHHE BHEITHEH CTEHKH ) TPUOIMKEHHO MOYKHO OIIEHUTH JIOMYIIEHUEM TTPO-
MTOPIIHOHAITHHOTO U3MEHEHUS JUTMH MaJIOH U OOJIBIION OCEH IUTUIITHYECKOTO CEUCHIS:

B=D+kgskp =30+2,0071-8,5455 = 47,15 mm;
H=D—-kgskp =30-2,0071-8,5455 =12,85 mmM,
rae ks — K03(QGULUEHT, 3aBUCAIINI OT MaTepHana TPyObl:

ko =2434690 =24346—12 __ 90071,

Ep 0,71-10°

kp — ko3 unnent, 3aBuCAIIMI OT paanyca ruda, TOMIUHBI CTEHKU U THaMeTpa TPyObI:

kp = D=5 > = 30-10 5 =8,5455,
4852 (RO +Dj 481,02 [128,3+30j
2 2
2+ . 2+ y
(D-5) (30-1,0)
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or =09y =145 MIla' — ycnoBHbIi TIpesien TeKydecTH alloMUHHEBOTO JeOpMHUPYeMOro ciiaBa AMro6;

E;r =071 10° MIla — MOJyJIb YIIPYTOCTH MPH AehOPMAIIIOHHOM YIIPOYHEHHH aIFOMHHUEBOTO nedop-
Mupyemoro cruiasa AMr6.
C y4eToM ornpeaeneHHOTO HCKaKEHHsI CIUTIOIEHHOTO KOJIBIIEBOTO MPOQHIIS BCISACTBIE OBATH3aLUU

H/D =12,85/30 = 0,428,
BEJIMYHMHA COKUMarolIel (panuansHoi) aedopmaluy, HcKaxaromast MoIepeyHoe ceueHue TPyOs:

e o H=D_1285-30 o)
D 30

Toraa ¢ yueToMm Hepa3pbIBHOCTH AedopMaluii (£g =&, ) U IPUHUMAs BO BHUMAaHUE YCIOBUE OCTOSHCTBA
o0BeMa MpH MI0CKo# nedopmanuu

(1+¢,)(1+&9)=10,
PaCcCUUTBEIBACTCA TaHI'CHIMAJIbHAA I[C(bOpMaHI/ISI, COIJIACHO T'MIIOTE3€ INIOCKUX CEUCHUN

gg=l-— =% .1 _g3a
I+¢, l+e, 1+0,572

PaccmatpuBas nHTEHCH(UKALMIO MTpoliecca TMOKH, IpU KOTOPOH HakoIuleHHas Aedopmanms oOyciaaBiu-
BaeT pa3pylLIeHHe MaTepuaia, Hanoosee ynoOHbIM KpUTEPUEM IIIIACTUIHOCTH ABJISETCS Teopust Mopa u rurnoresa
9HEPruu (POPMOM3MEHEHHS, COTJIaCHO KOTOPOH MHTEHCHBHOCTH AedopMamuii OmpenesseTcs COBOKYIHOCTBHIO
KOMIIOHEHTOB Aedopmanuii

£; (eg — &, \/0364+0572) =0,501 (50,1 %),
1+ﬂ 2(1+ 032

rae i1 =0,31...0,33 — koapdunuent I[lyaccona amomunneBoro aedopmupyemoro crmasa AMro.

[Ipu sTOM, paccmaTpuBas BIHMsHHE JedOPMAIMOHHBIX ITapaMeTpoOB, He CIeayeT NMpeHeoperaTb yMeHbIIe-
HUEM TOJIIIMHBI HAPY>KHOW CTCHKH M30THYTOTO Y9acTKa, 0OYCIOBIICHHOTO NEUCTBHEM IIPOIOJIBHBIX (TaHTCHIIN-
ABHBIX) PACTATUBAIONIUX HATIPSKEHUH

,  2RyS+D 2-1283-1,0+30

1= = =0,905 mMm?,
2(Ry+D)  2(1283+30)

, S 1,0 _ ;
2= p¥s T 30410 0892w

+— I+ ——

2R+D 2-113,3+30

CpenHsisi BeIMYKMHA YTOHEHUS
, S{+55 , , ’
5= 0905;0892 ~0,899 Mv u %:M=0,899.

! Anromunuit, crinas amomusns / Mapousuk ctamu u crnasos. URL: http:/splav-kharkov.com/choose_type class.php? type id=11
(mata obpamenus: 10.10.2022).

2 Mocun @.B. TexHONOTHs U3rOTOBIEHHUS AeTajei u3 Tpy6. Mocksa; Jlenunrpan: Maurus [JIenunrp. ota-nue], 1962. 172 c.

3 bawma T.M. MalmMHOCTpOMTENbHAs ruApaBanKa. M.: MamusocTpoenue, 1971. 672 c.
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PaccmaTpuBasi mpOYHOCTHBIE XapaKTEPUCTUKH WM3THO0aeMOil TpyOBI, ClieAyeT OTMETHTH OJHOBPEMEHHYIO
«Hrpy» IBYX Ae(hOpMaIMOHHBIX TApaMETPOB — YTOHEHHUE, TIPUBOJISIIEE K OCIA0JICHUIO ceueHus TpyOsI u nedop-
MAaI[MOHHOE yYIPOYHEHHE MaTepraia, XapakTepru3yeMoe HHTEHCUBHOCTBIO Jie(hOpMaIiuii.

[TmacTnyHOCTH MaTepHaza yCTaHABIMBAETCS €0 MEXaHHYECKHMMH CBOMCTBAMH, TIOTYYCHHBIMH B MCIIBITA-
HUSX Ha PacTsHKEHUE U allllPOKCHUMUPOBAHHBIMU CTETIEHHOW 3aBUCHMOCTBIO

o7 =00, +Ae” =145 +80,07 50,128 =382,7 MIla,
rae A, n — k03 PUIMeHTH yIpOYHEHHS TaHHOTO MaTepuana [23]:

O0¢ =002 315-145
5" - 150,278

A= =80,07,

Gg0 _ 315-0]5
08_00,2 315—145

n= = 0,278,

rae o, =315 Mlla — npenen npoYyHOCTH aTIOMUHHEBOTO Aedopmupyemoro cmiasa AMr6; § = 15 % — otHo-

cuTenpHOe yIHeHne py paspeie (Tpyosr, [OCT 18482-79).

[Ipu ompeneneHny HANPsHKEHUS B MaTepHajie MPH YUCTOM HU3TH0E TOHKOCTEHHOH 00OJIOYKH KOJBIIEBOTO
CEUCHUS BOCIIOJIb3YyEeMCSI 3aBUCUMOCTBIO PaInaIbHOTO HANPSKEHHMSI, K3BECTHOM U3 TEOPUH JTMCTOBOU IITAMITOBKH,
1 JISWCTBYIOIIETO IO KPOMKE THO0YHOT0 cermMenTa [24]:

R
"2 TRy

I[eﬂaeM A0ONYIICHUC O PaBHOUCHHOCTHU Pa3BUTUA ,I[C(bOpMa]_II/IOHHOFO rnmpounecca 1no paaunycy n3ruda oceBoit

JIMHHUH, pa3,uen5{}01uel71 CXKaTbhI€ U PACTAHYTBIC CJIOM JIMCTOBOI'O METAaJlJIa UJIN MPUMEHUTEIIBHO K TOHKOCTEHHOM
000J104Ke — Ha MOJIOBHHE BLICOTHI KOJIbIIEBOI'O CEHYCHUA IIPU OBAJIM3aIllUN RO = H/2 .

OxoHYaTebHO HAauOOJIbINAs BETMYMHA HANIPSHKEHUS] B OACHOM CEUSHHU M3THOaeMoll TpyObl, IIpH yTIie u3-
ruba 90 rpaxycos (a = /2 ) ¢ ucronp3oBaHKeM K03 GuineHTa KOHTaKTHOTO Tperus f = 0,2 [25]:

T
4 0,2 —
cor ol o387 0899 MUY 1033 M,

o) _—
Hk 12,85-0,352

rae k — ko3 UIMeHT yunuThIBatomuil 3 (PeKT CIUTFoIMBaHus, YMEHBIIAIONINHN KECTKOCTh TPYOHI:

2 1- 2 =0,352,

k=1- 2~ 2
10+124 10+12-0,57

A — mmapamerp

4SR 1,0
J_45Ry 4101283 o

D? 302

[penenbHbIN paguyc KPUBU3HBI OYIET MPU JOCTHIKEHHH PAMATIbHBIX HAMPSKEHUH HAYAIBHOTO Mpeesa
TEKy4eCTH MaTepuaa, YTo XapaKTepu3yeT IIIACTHYCCKYIO MIOTEPI0 YyCTONYHUBOCTH CTEHOK U HCUYEPITaHKe HeCyen
CIIOCOOHOCTH MaTepuaa

O-pmax < 0'0’2 =145 MIla.

[MocnenoBaTeIbHOCTD MPUONMKEHUH TIPU PEIICHUU TaHHOW 33a]]aud YCTAHABJIMBACT KPUTHUYCCKUHN paJHycC
R =93,6 MM, nommyckaromuii THOKY Ha TpPaHHU MOTEPH YCTOMYHNBOCTH, TO €CTh Pa3pyIIEHUs MaTeprala IpH mpe-

BBIILICHNHN pecypca MIIAaCTUIHOCTH (puc. 4).
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Puc. 4. 3aBucuMOCTh pauaIbHOTO HANPSDKEHUS OT pajuyca u3ruba
TpyOb1 B30x1,0 MM U3 AIFOMHUHUAEBOTO eOpMUpyeMOro criaBa AMro6

Figure 4. The dependence of radial stress on bending radius of tube ¥30%1.0 mm made
of aluminum deformable alloy AMg6

AHaJOTHYHBIC PacueThl KPUTHUECKOTO pajuyca Mpu u3rude Tpyo pa3indHOi TOHKOCTEHHOCTH TPUBEICHBI
B Ta0IUIE.

IMapameTtps! u3ru6a Tpyos @30 MM U3 aTlOMHHHEBOro Jed)opMupyemMoro ciiapa AMré
Bending parameters of a @330 mm pipe made of aluminum deformable alloy AMg6

Tonmuua creuku S, Mmm /
Wall thickness S, mm 1,0 2,0 2,5 3,0 3.5 45
IMapamerp ToHKocTeHHOCTH S/D /
Thin-wall parameter S/D 0,033 0,067 0,083 0,1 0,117 0,15
MuHuMaNbHBINA paguyc
(rodpoobpazoBanne) /
Minimum Radius (corrugation)
3,777 3,377 3,156 2,925 2,67 2,068
R S
—mn ~925.10,2——
D D
Kpurnuecknii paguyc / Critical Radius:
—m3ruba R, mm / of bending R, mm 93,6 49,6 39,2 31,7 26,1 17,9
— OoTHOCHMTENLHEIN R/D /relative, R/D 3,12 1,65 1,31 1,06 0,87 0,6
OtHocuTenbHas Beicota, H/D /
Relative height H/D 0,361 0,529 0,592 0,645 0,692 0,765
Koaddumuent / Factor of:
— yToHeHus, S”/S /- thinning, S/S 0,884 0,782 0,742 0,707 0,675 0,616
— CILIOLMBanus, k /— ovalization, k 0,294 0,355 0,373 0,387 0,396 0,408

3. Pe3yabTaTsl U 00CyxKAeHHE

O06001eHne pe3yabTaToB MPOBENEHHOTO MCCIEI0BAaHIS MUHUMAIIBHOTO (TodpooOpa3oBaHne) U KpUTHIe-
CKOTO0 (pa3pyIIeHne) paiycoB T'HOKH, C yIETOM IUTACTHYECKHX CBOWCTB MaTepHala, O3BOJISET YCTAHOBUTD TIpe-
JENBHYIO CTeTeHb MHTeHCU(UKAIIMK THOKU TIOCIIe MOSBIeHUsI TopooOpa3oBaHus U 10 Havyaja pa3pylleHus Ma-
Tepuana (puc. 5).
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Puc. 5. CpaBHeHNE MUHUMAJIBHOTO ¥ KPUTHYECKOT'O PaJNyCOB THOKH
Figure 5. Comparison of minimum and critical bending radii

4. 3akJII0ueHue

1. IlpexcraBieH MeTOA BBICUUTHIBAHMS KPHTHYECKOTO paanyca H3rudaeMod TpyObl, ompeaessieMbli
HauOOJBIIUM HANPSHKEHUEM, 3aBUCSIIUM OT MHTEHCHBHOCTH 1e(OPMALMOHHOTO HCKaKEHHUS TIONIEPEUHOr0 ceve-
HUS KOJIBIIEBOM 000109KH ¢ yueToM dddekta T. Kapmana. OcoOEHHOCTHIO METO/1a SIBISAETCS UCITOJIB30BaHUE TTPO-
CTEUIIMX COOTHOLICHUI MEX/Ty OBaM3aluer mpoduiis 1 HHTEHCUBHOCTBIO JIe(hOpMAaIIii, peaai3yeMbIX B THYTOM
JJIEMEHTE.

2. ComocTaBieHUE ¢ MUHUMAJIBHBIM PaJlycoM HU3ruda TpyObl, XapakTepu3yIOLKuM rogpoodpasoBaHue, mo-
Ka3bIBaeT JOCTAaTOYHBIN 3alac pecypca IUIACTUYHOCTH M BO3MOXKHOCTh MHTEHCU(HKAIMKM THOKK 10 Havyaja pas-
pYLIEHHs MaTepuana.

3. YUucneHHOE HCClIeI0BaHKE MEXaHU3Ma Ae(h)OPMAMOHHOTO W3MEHEHUs TpoduiIst TpyObl MO3BOJIUT COCTa-
BUTHh PEKOMEHAALUH 110 Pa3padOTKe TEXHOJIOIMYECKOTO IPOLecca MOJYyYeHNH THYTHIX TPYO U IPOEKTUPOBAHUIO
rHOOYHOM OCHACTKH C YYE€TOM TUIACTUYECKUX CBOWCTB KOHKPETHOTO MaTepraa.
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Abstract. The results of the study of non-isothermal mass-exchange processes
occurring during liquid corrosion of iron-concrete are presented. The degree
of development of this direction of research is shown: the classification of
liquid corrosion of concrete is given, the effect of “free calcium hydroxide” on
the stability of cement stone minerals is described, the relative change in the
strength of concrete depending on the dimensionless concentration of calcium
hydroxide is shown. For concrete and reinforced concrete structures subjected
to liquid corrosion, the boundary value problem of non-isothermal mass
transfer in the “cement concrete — liquid” system is formulated on the basis
of a nonlinear differential equation of mass conductivity of a parabolic type
with an arbitrary form of the initial concentration distribution function and
combined boundary conditions of the first, second and third kind. A combined
approach to solving the problem of non-isothermal unsteady mass transfer is
proposed, based on the division of the life cycle of a building structure into
“micro-processes”, followed by the separation of the thickness of the structure
within the considered small time interval into concentration zones. Analytical
solutions to the problem of unsteady mass transfer in the processes of liquid
corrosion of concrete for each selected concentration zone have been obtained,
allowing to calculate the concentrations of the target component in the solid
phase, thereby predicting the dynamics and kinetics of destructive processes
of cement concretes. Extensive numerical experiments have been carried out
showing the effect of process parameters on the dynamics and kinetics of
liquid corrosion of reinforced concrete.

Keywords: liquid corrosion, durability, reinforced concrete, unsteady mass
transfer, method of “micro-processes”, dimensionless variables
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1. Beeaenue

Bce Gonbliee pacmpocTpaHeHHe MOy4YaeT MPOSKTHPOBAHUE U CTPOUTEIHCTBO HOBBIX YHHKAJIbHBIX 00BEK-
TOB, KCILTYaTUPYEMBIX B SKCTPEMAaJbHBIX, B TOM YHCJIE arpeCCHBHBIX 10 OTHOIIEHHIO K JKeJIe300€TOHY, yCIo-
BUSIX: IPOMBINUICHHBIE, YHEPT€THIECKHE, THAPOTEXHIUECKHNE H MOPCKHE COOpYyKeHUs. B CBs3M ¢ 3THUM K kene30-
0eTOoHY MPEeIbIBIAIOTCS MOBBIIICHHBIE TPEOOBAHUS KOPPO3ZMOHHON CTOWKOCTH U CIIOCOOHOCTH JUIUTENBHO 3allly-
IIaTh CTANBHYIO apMaTypy oT kKoppo3un. MccnenoBanue v MOBBIICHHE KOPPO3HOHHOH CTOMKOCTH OETOHOB C I1e-
JIbIO TIPUMEHEHUsI OETOHOB B arpeCCHBHBIX YCIIOBHAX SKCIUTyaTalMy 0e3 AOMOIHUTENBHOM 3alUThl SBJISETCS B
HacTosIlIee BpeMs akTyalbHOU 3anauent [1].

UccnenoBanne GU3uKO-XMMAYECKUX MTPOIIECCOB MPH KUIKOCTHON KOPPO3HH KeIe300eTOHa TMPeCTaBIsSeT
KaK Hay4YHBIN, TaK ¥ IPOMBILIUIEHHBIA HHTEpeC. JJaHHOE 00CTOATENIECTBO MPOAUKTOBAHO TPEOOBAHUSAMU MTPOEKTH-
POBaHUSI M CTPOUTENBCTBA J0JITOBEUHBIX 3aHUI M COOPY)KEHHM, a KpOME 3TOT0, HEOOXOIUMOCTBIO HHTETPALIH
MaTeMaTHYeCKHX MoJielieil HecTallMOHAPHBIX MPOLECCOB, MPOTEKAIOIINX MPH IKCILTyaTaluu OCTOHHBIX U XKeJle-
300€TOHHBIX KOHCTPYKTUBHBIX 3JIEMEHTOB, B IN()POBBIE MIMUTAIIOHHBIC MOJIENN KU3HEHHOTO IIHKJIA CTPOUTEh-
HOTO 00BEKTA.

B cTpoutenpHBIX HOpMax OTCYTCTBYIOT PEKOMEHJAIMH MO MPOEKTHPOBAHUIO M PACUETY JOJITOBEYHOCTH
KOHCTPYKIIMH C Y4eTOM pealbHbIX YCIOBHUI 3KCILTyaTallii B arpeCCUBHOM OKpy katolieil cpezae. [Iporaosupona-
HHE CPOKa CITyKObl OCTOHHBIX H jKeJIe300€TOHHBIX KOHCTPYKIIUH, OLIEHKAa OCTATOYHOT0 pecypca UX SKCIUTyaTaliuu
SBIIIETCS AKTYAIBHOM 3a/1a4eid, penieHrne KOTOPO BO3MOXKHO ¢ IPUMEHEHHEM TEOPHH MacCOIIePeHOca.

MHorwue rccie10BaHus OCBAIIEHBI pa3pad0TKe METOIOB pacueTa KeIe300e TOHHBIX KOHCTPYKIIHIA, TOIBEp-
JKEHHBIX KOPPO3UOHHOMY Pa3pyLICHUIO, MOJICIIMPOBAHUIO Pa3BUTHS IOBPEkKAeHUH. B pabore [2] BHITIOIHEHO MO-
JEeTUPOBAHUE PA3BUTHUS KOPPO3UOHHBIX TPEIMH B OETOHE C y4eTOM KOMOMHHPOBAHHOTO BO3/IEHCTBUS 3aBUCSIINX
0T BpeMeHH AedopMaLunii CII0eB U MEXaHUIECKUX CBOHCTB MPOILYKTOB KOPPO3HHU C IPUMEHEHHEM TIPUHIINIIA PaB-
HOBeCHS CHJI U coBMecTUMOocTH nedopmaruii. B 2021 rogy MexcukaHCKue ydeHble peAcTaBrin moaxon [3], oc-
HOBAHHBIN Ha HCKYCCTBEHHOM WHTEIUIEKTE, IS KIIaCCU(UKAIIIH PHUCKaA JECTPYKIIH 00pa3ioB, BKIIOYAOIINX pa3-
JUYHBIE cMeCcH U A00aBKU. Pe3ynpTar uccienoBaHuil KOPPO3MOHHOTO M MEXaHWYECKOrO MOBEIEHH Kene300e-
TOHHBIX KOHCTPYKIUI C pa3IUYHBIM COAEPKAHNEM OTXOJIOB YIVIEPOJHOTO BOJIOKHA, TIOABEPTHYTHIX ATUTEIBHON
TOYEYHOHN Harpyske U Bo3aencTBuio 3,5 % pacTBopa Xxjopuzaa HaTpus [4], mOKa3all, YTO OTXOJb! YIIEBOJOKHA
MOJKHO HCIIOJIb30BATh B JKEJIE300€TOHHBIX KOHCTPYKIUSX JUIS CHUYKEHUST KOPPO3HOHHON aKTUBHOCTH.

B [5] mpencTaBiieH YUCICHHBIA TTOIX0T K MOJIESITHPOBAHUIO KOPPO3HH OETOHA, OCHOBAaHHBIN Ha pa3IclICHUN
mpolecca KOPpPO3ur MO MUKPO- U MaKpOAYEECHHOMY YPOBHSM, IPUHAT METOJ YCPEIHEHHOTO MO MPOCTPAHCTBY
MoJiennpoBaHusi. Ha ocHOBe pe3ybTaToB MOACTUPOBAHMUS U SKCIIEPUMEHTOB OBLJIO JOCTUTHYTO JajbHEUIIIee 1Mo-
HUMaHHE BO3JCHCTBUS HA MPOQWIN HOHOB C YYETOM TpeX MpeodafalonIinx MEXaHN3MOB, BKIIOUas MMOJIspH3a-
U0/ XUMUYECKYI0 PEaKInio, HOHU3AIHUIO U MUTPAINI0, 00YCIOBICHHYIO XeMOAJIEKTPUIECKUM ITOJIEM.

HecranmonapHsiil MacconepeHoc B poIieccax JKUAKOCTHOW KOPPO3UH OETOHA ¢ yI9eTOM XHUMHUYECKOTO BO3-
JEHCTBUS KHUKOW arpecCHBHOM Cpe/ibl Ha YpOBHE (PEHOMEHOJIOTHUECKUX YpaBHEHHI cMoieupoBad B [6]. Tomy-
YEHHOE pelIeHHEe MO3BOJISIET PACCYMTATH KOHIICHTPAIMIO IEPEHOCUMOT0 KOMIIOHEHTa («CBOOOIHOTO THAPOKCHIA
KaJbLUs») MO TOJNIIWHE KOHCTPYKIIMHU, €T0 COACPKaHHUE B JKUAKOH (a3ze U cpeaHee Mo TOJNNHE U 00beMy KOH-
CTPYKIIUH.

PactpeckuBanne OeToHa, BRI3BAHHOE TPEXMEPHBIM KOPPO3UOHHBIM PACITNPEHUEM 3aIlOTHATENEH CMOIEITH-
POBaHO C MOMOIIBIO YHCICHHON Mojenu Me3omaciuTada [7]. 3anoaHUTENN B MOJETH MpPEeJCTaBICHBl CIUpPalb-
HBIMU HUTSIMH. YYeT 3aloJIHUTeNel B BUAE MIPOCTPAHCTBEHHON CIIMPAIbHON CTPYKTYpPbl HUTAMH IPU MOJEIHUPO-
BaHUH MOXeET 3QPEKTUBHO NOBBICUTH TOYHOCTH MIPOTHO3UPOBAHUS PacTPeCKUBaHHUA OETOHA.

[Ipennoxena [8] MaTemMaTHyecKasi MOJIENb MPOLECCOB XJIOPHUIHOW U KapOOHATHONH KOPPO3HH, B KOTOPOW
Y4TEH MacCOIIEPEHOC KHUCIOTHOTO peareHTa B KallUIApax MPOAOIHHOTO HAIPaBIEHHSI C TIEPETOKOM B ITOTIEped-
HBIE, B KOTOPBIX IMPOTEKAET peakius HeWTpatu3auu ¢ 00pa3oBaHHEM IOJIBHKHOW TpaHUIIBI (a3oBOTroO mpeBpa-
IICHUS.

Ha ocHOBe cpaBHUTENBHBIX UCCIIEOBAaHUI MOJeNIel KOPPO3HOHHOTO TTOBPEXKACHUS Kelle300eToHa ObIIo
3aMEYeHO0, YTO CpeJHee BpeMs Hadanaa KOPPO3HH apMaTyphl (T.e. BpeMs JeNacCHUBAIlUU IMOKPHITHS apMaTyphl)
BappHpyeTcs B quama3one 15-20 et [9]. B uccnenoBanmu [10] Oplta HCTIONBb30BaHAa MPOCTast HEHPOHHAS CETh
C MIPSIMBIM U OOPaTHBIM pAaCIPOCTPaHEHUEM, B KOTOPOH MOJIETHPYIOTCS MPOOIEMBI, CBA3aHHBIE C HETMHEHHBIMU
nepeMeHHbIMU. Mozienb HEeHpOHHOH ceTH, 00y4YeHHas Ui MPOTHO3UPOBAHUS KPUTUYECKOTO BPEMEHU paspy-
HICHUs] KOHCTPYKIIMH, JAajla OYeHb XOPOIINEe Pe3yIbTaThl, OJIN3KHE K PaKTHUECKUM pacUeTHBIM pe3yIbTaTaM.
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JIJ1s TOBBIMIIEHUS CXOIMMOCTH PE3yJIETaTOB IMTPOTHO3WPOBAHIS XJIOPHIHOM KOppo3nuHu B OeToHe B padote [11]
IpeaaracTcs COCPeIOTOYUTHCS Ha M3YUYEHHH BIIMSHHUS JOKAIBHBIX CBOMCTB I'paHMLBI pa3ziena CTajab —OETOH.
MHorue XapakTeprCTUKH, KOTOPbIE MOKHO OOHAPYKUTh Ha TPaHUIlE pazjelnia cTajab — O0eTOH, OOBIYHO HE YUUTHI-
BAIOTCSI JOJDKHBIM 00pa3oM M HE COOOIIAIOTCSI B TPAIUIIMOHHBIX HCCIICJOBAHMSX.

Ilouck B nuTepaTypHBIX HCTOYHMKAX MOKa3all, YTO BCE HUCCIICAOBAHMS BBINOJIHSINCH, KaK MPAaBWIO, NIPU
cra"naptHoil remrieparype 2025 °C u Hen30TepMUIECKHE MPOIIECCHl MacCONepeHoca Mpu Koppo3nu OeToHa He
paccmarpuBanuch. OHAKO OrPOMHOE KOJTUYECTBO CTPOUTEIBHBIX KOHCTPYKIHMH 31aHUK U COOPYKEHUH IKCILTY-
ATHPYIOTCS B YCIOBUSIX BO3ICHCTBUS M3MEHSIONINXCSA KIMMAaTHUECKIX M TEXHOJIOTUIECKUX TEMIIEPATYp, IPU O
HOBPEMEHHOM (IIOCTOSIHHOM WJIN IEPHOANYECKOM) KOHTAKTe KOHCTPYKLHUH C XKHUIKOCThI0. K TakuM KOHCTpyK-
LUSIM MO>KHO OTHECTH Bce (pyHIaMEHTHI 31aHU B 3SMIMHUI IEPHOJ BpEMEHH, B 0COOEHHOCTH IIPH BHICOKOM YPOBHE
TPYHTOBBIX BOJ; (PYHIAMEHTHI U MOJIBI IPOM3BOACTBEHHBIX 3/1aHUH ¢ H30BITOYHBIM BBIACICHUEM TEIUIa U BJIary,
rpaJiupHU, pe3epByapsl u T.1. Bee jkene300eToHHbIe KOHCTPYKIIMK Ha BOJHBIX 00beKTaX (1aMObI, IPUYabI, TII0-
THUHBI, IUPCHI, TOPTHI ¥ APYIHE) IKCIUTyaTUPYIOTCS B BOAHOM cpele, TeMieparypa KOTOpoi, 0COOEHHO B KIMMa-
THYECKUX YCIOBUAX Poccum, 3HAUUTEIBHO U3MEHSIETCS B TEUEHHUE IOfa.

[MapameTpsl TemI0- 1 MaCCOOOMEHHBIX MPOLIECCOB UMEIOT CYIIECTBEHHO Pa3HbIe YHCICHHBIE 3HAYCHUS MTPH
Pa3HBIX TEMIIEPATYPax, BIAXHOCTAX, KOHIIEHTPAIHSIX Pa3IMYHBIX BEIIECTB.

Llenv nacmoawezo uccredosanus — pa3pabOTKa METOIA pacuyeTa IMHAMUKY U KHHETUKH MacCOOOMEHHBIX
MPOLIECCOB MPHU KUIKOCTHON KOPPO3UH LIEMEHTHBIX OETOHOB C yUYE€TOM M3MEHEHHUH YCIOBHUI 3KCIUTyaTallM KOH-
cTpyKuui. st OCTHKEHHs OCTaBICHHON e He00X0AUMO pa3padoTaTh (GU3UKO-MATEMaTHYECKYIO MOJACID
HECTAllMOHAPHOTO MaccoIepeHoca IeJIeBOro KOMIIOHEHTA (THAPOKCH 1A KaJIbLKs ) IPH )KUIKOCTHOM KOoppo3un Oe-
TOHA C Y4€TOM H3MEHSIOIIUXCS YCIOBUM B MPOLECCe IKCILTyaTalliy, KOTOpas I03BOJIUT IPOrHO3UPOBATh JUHA-
MHUKY (T.€. ©3MEeHeHHEe Npo(HiIs KOHLEHTPALKH 110 TOIIIMHE KOHCTPYKIMH LIEIEBOr0 KOMIIOHEHTa BO BPEMEHH) U
KWHETHKY Tpoliecca (T.e. U3MEHEHHEe BO BPEMEHH OOIIEro KOJUYECTBa MEPEHOCUMOTo BELIeCTBA). BHIMOMHUTD
petenre chopMyIMPOBAHHOM 3a/1a41 HECTAIHOHAPHOTO MaCCOIIEPEHOCA U TPOBECTH YHCIICHHBIE DKCTIEPHMEHTEI,
MIOKA3bIBAIOIME BIMSHUE IIapaMETPOB IIpolecca Ha JUHAMHUKY M KHHETUKY KMIKOCTHOH KOPPO3UHU LIEMEHTHBIX
0ETOHOB.

2. DU3UKO-XHMHYECKHE 0COOEHHOCTH KOPpOo3uHA HEMEHTHDLIX 0eTOHOB

Kopposus npezacraenseT npouecc paspyleHUs] KOHCTPYKIIMY WIH MaTepUana B pe3ysIbTaTe BO3ICHCTBHS
XUMUYeCKUX WK pusndeckux (axropos [12]. Ilpu npoeKTHpOBaHUM U MOJCIUPOBAHUY 10 )KU3HCHHOMY LIMKILY
00BEKTOB CTPOMUTENILCTBA AKTYAJIBHBIM CTAHOBUTCA HEOOXOAMMOCTh ydeTa ACHCTBUTENIBHBIX YCIOBUI pabOTHI
KOHCTPYKIMH B OKpyXarouiei ee cpeae. Heo6xoaumMo npuHUMaTh BO BHUMAaHHME HE TOJNBKO BUJ arpeCCHBHOM
Cpebl U KOHIIEHTPAIMIO arpecCUBHBIX BEIIECTB B HEH, HO U KOJIeOaHHs TeMIIepaTypbl, BIAKHOCTH, arpeCcCUBHO-
CTH ¥ XapaKTEPUCTHUKU KOHCTPYKIMH, KOTOPbIE HA MPOTSKECHUH KU3HEHHOTO IMKIa OyIyT IpeTeprieBaTh u3Me-
HEHHS. DTO MO3BOJUT NPABHIIBHO BHIOPATh UCXOJHBIE MaTepUallbl, HA3HAYUTH HeoOXonumyto auddQy3noHHyro
HEMPOHHUIIAEMOCTh KOHCTPYKIIHH, YTO, C OJJHOM CTOPOHBI, 0053aTEILHO 00€CTIEUUT HEOOXOUMYIO T10JITOBEUHOCTD,
a C Ipyroil — MO3BOJHT ONTUMHU3UPOBATH MapaMeTPhl CTPYKTYPBL, PEKUMbI H3TOTOBJICHHS U CBOWCTBA OETOHA B
KOHCTPYKIMAX, MaTepranax u U3fenusix.

Kopposuto Getona, npu Bo3IEHCTBUU Ha HETO KUAKOCTEH, CIEAyeT pa3leNuTh Ha TPU BHIA, 10 KOTOPHIM
MPUHLUITHAIBHO OTJINYAETCS MPUYMHA Pa3pyIIEHUs MaTeprana:

— TIpyu KOppo3uu 6eToHa | Buaa oH HaXOoJUTCA BO B3aUMOJICHCTBHHM C BOJIOM HU3KOM AKECTKOCTH, MMEIOIIHECs
B HEH KOJIMYECTBO COJIEH HACTOJIBKO MAaJIo, YTO MX BO3MOXHBIM XHMHUYECKUM B3aMMOACHCTBHEM C COCTABIIAIO-
MKUMH O€TOHA MOXHO IpeHeOpedb, JECTPYKIHIO BBI3BIBAIOT MIPOLECCHI: MACCONEPEHOC CBOOOAHOTO THAPOKCHAA
KaJIbIUs U MOCIEAYIOUINH THAPOIN3 KIMHKEPHBIX MUHEPAJIOB IIEeMEHTHOro KaMmHs. [locne Havana pas3noskeHus
BBICOKOOCHOBHBIX COEIMHEHHH LIEMEHTHOTO KaMHS H3MEHSIOTCS MeXaHHMYeCKHe XapaKTepUCTHKH OeToHa, B
MEPBYIO OYEPEb IIPOYHOCTB;

— nipu Koppo3uu 6erona Il Buga oH HaX0aUTCs BO B3aMMOEHCTBUY C BOOHBIMH PACTBOPAMH COJICH U KHCIIOT,
KOTOpbIe TU(PPYHIUPYIOT B €r0 KaIMUIIPHO-IIOPUCTYIO CTPYKTYPY M BCTYNAIOT B XUMHUECKOE B3aUMOICHCTBHE
€O CBOOOIHBIM I'MIPOKCHIOM KaJIbIHs, IapaJlIeIbHO IPOUCXOJUT MacCONEPEHOC CBOOOAHOrO TMAPOKCHIA KaJlb-
IS B KUIKOCTh. [IpOYKTBI peakiuii — JIETKO pacTBOPHMBI BOJIOH, JINOO aMOp(HBIE MaopacTBOPUMBIE, HE 00-
JIaIatole BXKYIIeH cmocoOHOCThIO. JlecTpyKins pa3BUBaeTCs Tak K€ BBUIY HAYaBIIETOCSA Pa3IOXKEHHS BBICO-
KOOCHOBHBIX COEIMHEHUI IEMEHTHOT'O KaMHS;
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— ipu Koppo3uu 6etonHa I1I Buma oH HaXOAUTCS BO B3aHMOCHCTBUH C BOJHBIMH PAaCTBOPaMHU COJICH U KHC-
70T (IPEUMYIIIECTBEHHO CYIb()aToB), KOTOphIe TUMPYHIUPYIOT B €T0 KATWUISIPHO-TIOPUCTYIO CTPYKTYPY U BCTY-
MalT B XUMUYECKOE B3aMMOJICHCTBHEC C COCTABJISIIOIIIMMHE IIEMECHTHOTO KaMHS, TapaJUIeIbHO TIPOUCXOTUT MaCCO-
MEPEHOC CBOOOHOTO TUAPOKCHIA KATBIUS B KUAKOCTh. [IpOYKTHI peakiiuii — ManopacTBOPUMBIC BOJOU KpHU-
craim3yromuecs conn. Kpucrammsr 00pa3yromuxcs BEIeCTB MPEBHIIIAI0T Pa3MePOB MOP OETOHA, YTO BHI3BIBAET
3HAYNTENbHbIE BHYTPEHHNE HAMPSHKEHUS B CTEHKaX CTPYKTYPHI IIEMEHTHOW MATpPHIIBL.

KOppO3I/I$I OeToHa ITOYTH BCETrJJa HAUMHACTCA C HICMCHTHOI'O KaMHs, CTOMKOCTh KOTOpPOTO OOBIYHO MCHBIIIC,
YeM KaMEHHBIX 3aroyiHuTelNel. [[eMeHTHBI KaMeHb COCTOUT U3 COEAMHEHUH, 00pa30BaBIIUXCS B MPOIECCE Ero
TtBepaeHus [13]. B HéM conepxarcs Takke He TUAPATUPOBaHHBIE 3€PHA [IEMEHTa, TaK Kak THApaTanys Hauboiee
KPYITHBIX 9aCTHI], pa3BUBAOIIASCS OT TIOBEPXHOCTH, BIITyOb 3THX YACTHIl UAET MEJIEHHO U TMPAKTUIECKH MOYKET
HE 3aKOHYUTHCS AK€ Yepe3 HECKOJIBKO JIET Wi necatuieTuii. Kpome Toro, B IEeMEHTHOM KaMHE UMEIOTCS OT-
KPBITHIC U 3aKPBITHIC MIOPHI M KAWUISIPHBIC XO/Ibl, 3aTI0JTHCHHBIC BO3IyXOM HJIH BoJ0i. Takum o0pa3om, 3aTBep-
JIEBIINIA [IEMEHT MPEeACTaBIAET COO0H MUKPOCKOMUYECKH HEOTHOPOIHYIO CHCTEMY. B IleMeHTHOM KaMHe BCceraa
UMeeTcs B 00JIbIIEM WM MEHBIIIEM KOJMYECTBE CBOOOHAS M3BECTh, 00pa3yIOIIascs rIIaBHBIM 00pa30M MpH va-
CTUYHOM THAPOJIN3E TPEXKATbIIUEBOT0 cuiukata [12].

Bce MuHepansl IeMEeHTHOTO KaMHS TOJIZICPKUBAIOT CTA0MIIEHOE CYIIECTBOBAaHHE TOJILKO B PACTBOpax TH/I-
POKCHIa KAJTBIIHS OTPEACICHHBIX KoHIIeHTpanuid [12; 14]. KoHmeHTpamy ruipoKkcraa KaJlblus, HE00X0IUMBbIC
JUTSI TIOJIEP KaHUS CTa0MIILHOTO CYIIIECTBOBAHUSI MUHEPAJIOB IIEMEHTHOTO KaMHS Ha BSKYIIIEM M3 POCTOTO TOPT-
JMaHAIEMEHTa, IPUBEJICHBI B TA0IHIIE.

PaBHOBecHbIe KOHIIEHTPALMH THAPOKCHAA KAJbIUSA I/l PACTBOPOB Pa3JIMYHBIX MUHEPAJIOB eMEHTHOI'0 KaMHs /
Equilibrium concentrations of calcium hydroxide, for solutions of various cement stone minerals

I'paHuyHbIe 3HAYCHHS
X Conepxanue paBHOBecHO# KoHLeHTpanuu Ca(OH)a,
MuHepas EeMEHTHOTO KaMHSI / (;lgu/;{e;:?ﬂ B LIEMEHTHOM KaMHe, % / mr/x (B nepecuere Ha Ca0) /
Cement Stone Mineral .p Y Content Boundary values Equilibrium concentration
Chemical formula in cement stone, % Ca(OH)2, mg/l (in terms of CaO)

ot / from 1o / to
Tpéxxanbupesslii cuukar / 3Ca0-Si02:3H20 37-60 1100 1290
Tricalcium silicate
AByxKalbuKeBbli cumkar / 2Ca0-Si02-2H20 15-37 1290 1290
Bicalcium silicate
OneoxaibIessii cutHKaT / Ca0-28i0>-H:0 25 310 520
Singlecalcium silicate
Herbipexiasuuessii amomunar / 4Ca0-ALO3 12H,0 0,1-4 1060 1080
Fourcalcium aluminate
Tpexianuuessiii amomunar/ 3Ca0-ALO3-6H20 7-15 415 560
Tricalcium aluminate
JlByXKalbIMEBbI amoMuHaT/ 2Ca0-ALOs TH20 0,1-4 160 360
Bicalcium aluminate
Heripexxanbunesbiil ruAPOhepPUT /| 4 (3. B 05 13H,0 1-8 1060 1290
Tetracalcium hydro-ferrite
Aeyxxanbuuessiif ruspodepput / 2Ca0-Fe203-H20 0,5-6 640 1060
Bicalcium hydroferrite
T'uapocyab(oarToMHHAT KaabIus / 3Ca0-ALOsx 0.1-2 45 1290
Calcium Hydrosulfoaluminate x3CaS04-30H20 ’

BHyTpeHHSS cTPYyKTypa IEMEHTHOTO KaMHsI BEIXOJUT U3 COCTOSIHUS PaBHOBECHSI y’Ke IIPU HE3HAYUTEIbHOM
M3MEHEHUH KOHIIEHTPALUN CBOOOAHOTO THIPOKCH A Kaidblus. [Ipy CHIDKEHUU KOHIIEHTpallud CBOOOJHOTO TH/I-
POKCHAA KalbIMA HIKE ONpPEIETICHHBIX MOPOrOBBIX 3HaueHH (Tabil.) HauMHaeTCs] AUCCOLHUANys BHICOKOOCHOB-
HBIX COMHEHUN [IEMEHTHOIO KaMHsI B CJIEAYIOILE [T0CIeI0BaTeIbHOCTH: ABYXKaIbLIMEBBIN CUIMKAT (€CJIN pac-
TBOP THAPOKCHA KA HEHACBIIEHHBIN ); TPEXKATBITUEBEIN cHIHKaT (Ha 15 %); 4eThIpeXKaIbIIUEeBBIN aTFOMHU-
Hat (Ha 16 %); yeTpIpexKanbIeBblid ruapodepput (Ha 18 %); IByXKanbUUEeBBIHA THIPOGEPPUT; TPEXKAIBIHEBHIH
AIIOMUHAT; OHOKAJIIINEBBIN CHIINKAT; ABYXKaJbIIMEBBIN aTFOMUHAT; TUAPOCYIb(oantoMuHaT kaabpuus. [Ipomyk-
TaMH THAPOJIN3a BBICOKOOCHOBHBIX COCTaBJIAIOLINX IEMEHTHOTO KaMHsI SIBJISIFOTCS] OKCHJIBI 1 OCHOBAHMSI KaJIbLIus,
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IIOMUHMS, KPEMHHUS, Kele3a. Jlucconuanys BBICOKOOCHOBHBIX COEAMHEHUN HEN30€KHO IPUBEET K U3MEHEHUIO
(U3NKO-MEXaHUIECKUX CBOMCTB O€TOHA, B 0COOCHHOCTH CHIDKEHHIO €0 MPOYHOCTHBIX XapakTepucTuK [12], uTo
B KOHEYHOM UTOT€ TIOBJIMACT Ha HAIPSKEHHO-IE(POPMUPYEMOE COCTOSIHIE CTPOUTENBHBIX KOHCTPYKIHH.

Kak moxa3pIBatoT pe3ynbTaThl MHOXKECTBEHHBIX HCCienoBanuii nmpodeccopoB B.M. Mocksuna nu ®@.M. Ha-
HOBa [12; 15] cHMKeHHe o0Iero KoiamdecTBa Tuapokcruaa Kanblius Ha 20 % oT mepBOHAYAIBHOTO, TIOCTIE U3T0-
TOBJICHUSI KOHCTPYKLIMHU, CHUKAET MPOYHOCTh IIEeMEeHTHOTro KaMHs Ha 20...25 %, a nanpHeliee yMeHbIIECHHE e1lie
Ha 10 % (#a 30 % OT mepBOHAYAIEHOTO) Pe3KO YMEHbIAET ee Ha 67 %.

HHTEHCHBHOCTD pacTBOpEHUs, GIIBTPAINHU, KAMMILIIPHOTO nepeHoca, Auddy3nn, XuMHUUECKOTO B3aHMO-
JEHCTBUS C arpeCCUBHBIMU KOMIIOHEHTaMHU THAPOKCH/A KalbLUs U3 00pa3loB LIEMEHTHOTO pacTBopa U OEToHa,
XapaKkTepHu3yeT pa3BUTHE KOPPO3UH OETOHA, a TIOTy4YeHHBIE KOITUYECTBEHHBIE OIICHKU BBIIENaYNBaHUs THIAPOK-
CHJ1a KaJIbLIXsl MOTYT OBITh NCIIOJIB30BaHbI AJ1s1 OPUEHTUPOBOYHOT'O IPOTHO3ZHOT'O MTOICUETa M3MEHEHHSI IPOYHOCT-
HBIX CBOMCTB OeTOHa. B OCHOBHOM HcclienoBaTeny KapTuHy U3MEHEHHsI [IPOYHOCTH OSTOHA IIPU BO3JEICTBUH Ha
HETo arpecCUBHBIX CPEJ] OTPAKAIOT B BUJE KUHETHYECKHUX KPUBBIX, T.€. IOIY4alOT JaHHbIE U3MEHEHHUS IPOYHOCTH
00pa3LoB BO BpeMEHH, BapbUpPYsl IIPH 3TOM COCTABOM OCTOHHBIX CMecel, BUIaMH M KOHIEHTPALUSAMHU arpeccB-
HBIX BEIIECTB. B McciaeqoBaHusgX HE pacCMaTPUBANINCE CTPYKTYPHBIE U3MEHEHUS B OETOHE M HE BCETa BHITIOJIHS-
Jach KOppEJsILus 1o pa3mepam oOpasioB.

Jist ynoOCTBa MCIIOIB30BAHUS MOMYYCHHBIX JAHHBIX MOXHO IIPOBECTH UX alIIPOKCHUMALUIO Jr000H Mare-
Matudeckoil pyHkuueil. Hamu BbIONHEHO npuOImKeHne IByMst QyHKIMSIMU: Tapa0boIoil U SKCIIOHEHTOH, SMITH-
puueckue 3aBUcuMocTH Oe3pazmepHoli koHeHTpauuu Z = (Co— C)/ Cy ynaneHHOro MaccooOMEHHBIMH TpoLiec-
CaMH U3 CTPYKTYpBI O€TOHA THIPOKCHIA KaTbIHA C OTHOCHTEIBHON POYHOCTHIO OETOHA!

R ) =
=—=_123Z"+1,47Z+1. M
Ry
R
== 0,032+1,032 exp( — 3,4742). @)
0
1
0,8 N
2

hN

0,6 *
N
0 1N
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\\

0 0,2 0,4 0,6 0,8 1

Puc. 1. OTHOCUTENBHOE U3MEHEHHE IPOYHOCTH OeToHa 7 = R/R¢ B 3aBUCIMOCTH
ot 6e3pa3mepHoii KoHIeHTpanuy ruapokcuaa kaipus Z = (Co— C) / Co:
Cy — HavaJbHas KOHLEHTPAIMS THIPOKCU/IA KaJIbLHs, I/J1;
C — KOHIIEHTpaL¥s THAPOKCHA KAIIbLKS, I/, Ry — mpovHOCTh OeToHa 10 Havana BbienaunBanus, Mlla;
R — npoyHocTh OeToHa, cooTBeTCTBYIOMAs KOHLeHTpamu C, MI1a;
1 — ypaBHeHHe napaboJibl; 2 — ypaBHEHHE YKCIIOHEHTBI; TOUYKH — JIUTepaTypHble AauHbie [12; 15]

Figure 1. Relative change in concrete » = R/Ry strength depending
on the dimensionless concentration of calcium hydroxide Z = (Co—C) / Co:
Cy — initial concentration of calcium hydroxide, g/ I; C — concentration of calcium hydroxide, g/ I;
Ry — concrete strength before leaching, MPa; R — concrete strength corresponding to the concentration of C, MPa;
1 — parabola equation (1); 2 — exponential equation (2); points — literature data [12; 15]
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Ha pwuc. 1. rpadudgeckn nokazano n3mMeHeHne Kodh(OUIMEeHTa CTORKOCTH OT Oe3pa3MepHO KOHIICHTPAIIUH
ruzpokcuaa kanpuus. [lomyyennsie sMnupuueckue ypaBHeHus (1) v (2) MOXKHO UCHOIB30BaTh B MH()OPMAIIMOH-
HBIX MOJIENISX KU3HEHHOTO LUKJIa 00BEKTOB CTPOUTEIHCTBA AJIsl MOAEIMPOBAHHUS U3MEHEHHUS! IPOYHOCTH OeTOHA
10 TOJIIIMHE KOHCTPYKTUBHBIX 3JIEMEHTOB MPH 3KCIUTyaTallUH jKeIe300€TOHHON KOHCTPYKLMH B )KUIKOW arpec-
cuBHOMH cpene [16].

I'mapoxcun KanpIys onpeneseT paBHOBECHE B KaMUIAPHO-TIOPUCTON CTPYKTYpE IEMEHTHOTO KaMHs, H3-
MEHEHHS COAEpKaHHUs KOTOPOro B Tejie OETOHA MPUBOIAT K U3MEHEHHUSIM MEXaHHYECKHMX CBOWCTB OeTOHa, a B
KOHEYHOM HTOre — Ha HalpsLKEHHO-1e(OPMHUPYEMOE COCTOSHUE CTPOUTENBHBIX KOHCTPYKLMH. DTOT mpolece
o0ycroBieH quddysueit «cBOOOTHOTO THIPOKCH A KaTbIUs) M3 TOJIIM OETOHA K €r0 TIOBEPXHOCTH, IpaHHYAIIEeH
CO CpeloH, Mepexoa0M BeIlecTBa Yepe3 TpaHully pasiena a3 «TBEpAoe TeJo — KUIAKOCTbY U paclpeacieHueM
B JKuAKOH cpene. OcoOOEHHO MHTEHCHBHO MacCONEPEHOC IIPOUCXOIUT B 30HE KOHTaKTa OETOHA C KUIKOCTBIO, pa3-
pylasi, B IEPBYIO O4Yepe/lb, 3aUIMUTHBIN CIIONW apMaTyphl, TEM CaMbIM MTPOBOLUPYS ACCTPYKTHUBHBIX 3JICKTPOXUMH-
YEeCKHUX PEaKLUi Ha MOBEPXHOCTH CTANBHON apMaTyphl.

OrpoMHOE KOJIMYECTBO CTPOUTEIBHBIX KOHCTPYKLUMI SKCIUTyaTHPYETCS B HEM30TEPMHUYECKHX YCIOBHUSX,
YTO BBI3BAHO KOJIEOAHUSIMH TEMIEpaTyp B TEUEHHE CYTOK, roja u T.1. Kpome 3Toro, Ha MpoTHBOINOJIOKHBIX I'pa-
HUIIaX KOHCTPYKIHHU 3a4acTy0 ObIBAIOT pa3IMYHbIC TEMIIEPaTypbl, 4TO GopMUpyeT TemMrepaTypHbIe OIS 110 TOJ-
IIMHE KOHCTPYKLHH, a CIeJ0BaTeNIbHO, 1 U3MEHEHHE IapaMeTPOB MaccolepeHoca, B EpByI0 ouepeap Kodhhu-
LIIEHTa MaCCOIPOBOAHOCTH.

MonenupoBaHne HEM30TEPMHUYECKOTO HECTAI[HIOHAPHOTO MAacCOIEpPeHOCa B CHCTEME LIEMEHTHBIH OeTOH —
JKUIIKOCTB, IapaMeTPBhl MPOLiecca KOTOPOTO 3aBUCAT U OT TEMIIEPaTyphl, M OT KOHLIEHTPALUU IEPEHOCUMOT0 KOM-
MOHEHTa MOXKHO OCYILIECTBUThH, ONTUPAsCh HA TEOPHIO MAaCCOIEPEHOCA, IPUHSB PACUETHYIO CXEMY MOJICJIU B COOT-
BETCTBUU C puc. 2. [IpeaBapuTesHO HEOOXOIUMO, C HCIIOIB30BAHUEM alreOpanyecKuX YpaBHEHHH, BBIIOIHUTD
nepexo.l OT TEMIEepaTypHO-KOHLEHTPaHOHHBIX 3aBrcuMocTei (C, 1) K03 (PUIIEeHTOB MaCCONPOBOAHOCTH U Mac-
COOTIAauM K MPOCTPAHCTBEHHO-BPEMEHHBIM (X, 7).

O(ER
A
Ccﬂ(oa’z}(x*ré')\ ’ A
C. ot ) - —
CaloR { ~Ca(OH), _|
CCa(of@(x' Y1 f

IV

Puc. 2. Cucrema «apmatypa — LEMEHTHBII OETOH — KHIKas cpeaay:
1 — apmatypa; II — 6erton; 111 — xuaxas cpena; IV — 3ammTHBIH coi

Figure 2. The system “reinforcement — cement concrete — liquid medium”:
I — reinforcement; II — concrete; 111 — liquid medium; IV — protective layer

CormnacHo Teopuu Macconeperoca A.B. JIbikoBa B o0mieM citydae Uit KOPpO3UU MEPBOrO ¥ BTOPOTO BHAA
Qg dy3ust «CBOOOAHOTO THIPOKCHIA KAIBLHA» B MOPUCTON CTPYKType OETOHA OMMCHIBACTCS HEIMHEWHBIM AnQ-
(epeHnranbHBIM YPaBHEHHEM MacCONPOBOIHOCTH NapaboIndecKoro THIA C HCTOYHUKOBBIM WwieHoM [18; 19]:
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M =div [k(x, 1)gradC(x, ’c)] +M, 3)

ot Poem

rae: k(x,7) — koadummenT MacconpoBogHOCTH (AU Y3UH), U3MECHSIOIIMICS TI0 TOJNIHHE CTCHKH IO 3ajaH-
HOMY MaTeMaTH4eCcKOMY 3aKOHY OT KOOPJMHATHI M BpeMeHH, M°/c; C(X,7) — pacrnpejieieHie KOHIEHTPaIUii «CBO-
0O0AHOTO TMAPOKCUAA KalblMA» B OCTOHE B MOMEHT BPEMEHH T B NMPOU3BOJIBHON TOYKE C KOOPAMHATOH X, KT
Ca(OH),/xr 6eTona; ¢,(x,7) — MOITHOCTH 00BEMHOTO0 UCTOYHHUKA MACCHI BCICICTBHE XUMHUICCKUX MIIH (ha30BhIX
npespanienuii, kr Ca(OH)2/(M?*C); poem — IIOTHOCTH GETOHA, KI/M".

VYpaBHeHHE MaccONPOBOTHOCTH B BHJE (3) MO3BOIAET NPOU3BOAUTE PAacUeThl IPH U3MEHSIOMINXCA [0 Bpe-
MEHHU W KOOpJUHATE IapaMeTpoB mpollecca: K03(pPHUIreHTOB MacCONpPOBOIHOCTH W MacCOOTIAaud, MOIIHOCTH
00BEMHOTO NCTOYHUKA MAcCCHl BCIieACTBHE (Pa30BBIX M XUMHUYECKHUX MPEBPAIICHUH, YTO OUYeHb BAXHO I OO0IIb-
HIMHCTBA MPAKTHUYECKUX PacueToB (H3MUYECKOH KapTHHBI MPOLIECCOB MACCOMEPEHOCa U KOHEYHBIX PE3yJIbTaTOB
pacuetos [20; 21]

3. KoMOMHMpPOBaHHBIH YMCIEHHO-AHATUTHYECKHIT MEeTON
MO/JeJTUPOBAHUS HECTALIMOHAPHOI0 MacconepeHoca

[MomyunTh aHAIMTHUYECKOE PEUICHHE HEeTMHEWHOro audQepeHInan-HOro ypaBHEHUS KpailHe 3aTpyIHU-
TenbHO (3), 0COOEHHO B YCIIOBUSAX W3MEHEHUS YUCIEHHOTO 3HAYECHHUS TPAHUYHBIX YCIIOBUH 1 K03 PHUIIMEHTOB Tie-
peHoca 1Mo TOJIUHE KOHCTPYKITHU. Perenne onrcanHo BBIIIE 3a1a9i HAMH MTPEIIOKEHO MMPOBECTH COYETAaHUEM
METO/IOB YUCJICHHBIX U aHATUTHUYECKUX. UHCIEHHBIMU SBISIOTCS IPUMEHEHHBIE OTHOBPEMEHHO METOIBI MUKPO-
nporeccoB [22—24] u 30HaIbHEIA. [Ipy Takoi KOMOMHAITNHN BECh )KU3HCHHBIN UK KOHCTPYKITUN pa3OUBacTCs Ha
MHUKPOIIPOIIECCH (BpeMeHHbIe HHTepBasIbl). [1o ToNmiHe KOHCTPYKINH, BBUY H3MEHEHHUS TeMIEpaTyphl H KOH-
LEHTPAIUK THAPOKCHIA KAJIBIH, OyIeT U3MEHATHCS 1 KO3((HUIIUEHT MacCONPOBOAHOCTH. B cBOIO ouepenp, u3-
MeHEeHHE KO3 (UITMEHTa MACCOITPOBOHOCTH OYJIET BJIUSATH HA HCKOMBIC OJISI KOHIICHTPAIIMA THIPOKCHIA KaJlb-
1usl. Y9ecTh JaHHbIA (akT MpH pereHny qudhepeHInalbHOT0 YpaBHeHHS IPUHATHIM YHCIEHHO-aHATUTHYECKUM
METOJIOM MOKHO YCJIOBHO pa30HBasi KOHCTPYKITUIO TI0 TOJIIIIMHE Ha KOHIICHTPAIMOHHBIC 30HBI, B TIpeieiiaX KOTO-
poli 3HaYeHHe KO3(PQHUIMEHTAa MAaCCONPOBOJHOCTH B paMKaxX pacCMaTpPHUBAEMOr0 MHUKpOIpoIlecca OyJeT CUH-
TaThCS MOCTOSIHHBIM. B pe3ynbTare 3TOoro A i-Tro MUKPOITpoIecca 3a1a4a Mo pacdeTy pacrpeaeieHus] KOHICH-
Tpamui pa3inoXUTCs Ha HECKOIBKO YIPOIIEHHBIX 3aa4, pacupeelIeHHBIX 110 KOHIIEHTPAIMOHHBIM 30HaM, TTOKa-
3aHHBIM Ha pucC. 3.

b k(x:0) C(x:n) C(&)
I e I { I - C(6-))
B | Lo | | |t
G0y ] T~ |\ ()
g, | . ot d e C(83)

ALy
(1) 1 s
- L Co(By3
(.H(T.j (']‘lr-” ) ‘{(-—)

i i - i i -
( XM 0 I XM

T Cufv < T Cw

it
—

&1 62 |62 [ o2 )i a1 621,622 )623 63
a 4]
Puc. 3. Cxema pazneneHus KOHCTPYKLUUHU HAa KOHIIGHTPAILIMOHHBIE 30HBI

Figure 3. Diagram of the structure division into concentration zones

[peaBapuTenbHO HEOOXOIMMO, C HCIIONB30BAHUEM ANTeOPaMYeCKUX YPAaBHEHHH, BBITIOHUTE TIEPEXOJ1 OT TEM-
nepaTypHO-KOHIIEHTPAIMOHHBIX 3aBucuMocteit (C, f) k03(h(OUIIMEHTOB MaCcCOMPOBOJHOCTH M MAaCCOOT/IA4u K ITPO-
CTPaHCTBEHHO-BPEMEHHBIM (X, 7). [10 TOJIMHE KOHCTPYKIMH, BBUJY U3MEHEHHS TEMITEPATyPhl M KOHIICHTPAIIUH TH]I-
poKcHIa KaIbls, OyJeT H3MEHATHCS U KOG GHUIIMEHT MaCCOIPOBOIHOCTH (pHC. 3, a).

CTPOUTENBHGIE MATEPUATTBI M USLENNS 399



Fedosov S.V., Krasilnikov I.V. et al. Structural Mechanics of Engineering Constructions and Buildings. 2023;19(4):392-409

Ilepsas 30na — cioit 6eTOHA, HAXOSIITUICS PSIOM C TpaHwuIeH pa3aena das (B JaTbHEUIINX pacyeTax Bce Ma-
TeMaTUYEeCKHEe BBIKIIAIKA IS OTOM 30HBI OyMyT ¢ HHACKCOM «1»). Ha rpanure paszaena (a3 ocymecTBiIseTcss KOHBEK-
TUBHAs1 MaCCOOT/Ia4a IeJICBOr0 KOMITOHEHTA B )KUJIKYFO (Pa3y, YTO MAaTEMaTUUECKH OTPAXKACTCS B TPAHUYHBIX YCIIOBHSIX
I pona, a Ha MPOTHBOIIONOKHOM TPAHHUIIE 33/ISHCTBYIOTCS TPaHUYHBIE YCIIOBHSA ITEPBOTO poja. B cirydae oOpazoBaHus
Ha MOBEPXHOCTH OeTOHa OMOTUIEHKH, UIMEHHO OHa B pacdeTe OyeT NPUHATA 32 IEPBYIO 30HY.

IIpomesicymounvie 30Hb1 — BHYTPEHHHUE CIIOM OETOHA HE JOCTYIHBIC U3 BHE, (B AalbHEHIINX pacyeTax Bce Ma-
TEMaTHYEeCKUE BBIKIIAJIKU JUTS 3TOU 30HBI OyIyT C MHICKCOM «2»), KOJIMYECTBO ITPOMEKYTOUHBIX 30H OMPENIEISETCS B
3aBUCHMOCTH OT M3MEHEHHS KOA(PQUITHEeHTa MAacCOIIPOBOAHOCTH IO TONIIMHE KOHCTPYKIMH, C YIETOM TpeOyeMoi
TOYHOCTH pacueTa. Y JIEBOI IpaHUIIbI CNOsI, T/Ie YCTaHABIMBAIOTCS 0oJiee HU3KKE KOHLIEHTPAIMH, MO0 CPABHEHHUIO C
MIPOTUBOMOIOKHOM TPaHHUIIEH, 32 CUET rpaleHTa KOHIICHTpaIMi AeHCTBYET MOTOK MAacChl, YTO MaTeMaTUYeCKU OTpa-
YKaeTcsl B TpaHUUHBIX ycloBusix I posa, a Ha MPOTUBOIIOIOXKHOM TpaHUIIE 3a/IeUCTBYIOTCS TPAaHUYHBIE YCIOBUS TEp-
BOTO poja.

Kpaiinsasa 3ona — cnoii 6eToHa, HaXOJSILIMICS PSAIOM C BHEIIHEH HE KHIKOH Cpeloi, CYuTaeMoi He arpeccuB-
HOH, JTNOO Ha HETO HAHECEH CJIOH 30N (B TATFHEHIINX pacyeTax BCE MAaTEMaTHUECKHE BBIKIIAJIKU JUISt TOM 30HBI
OyayT c mHAEKCOM «3»). Y JIeBOI TpaHUIIbI CIIOS, TI€ YCTaHABIMBAIOTCS 00JIee HU3KHE KOHIIEHTPAIIUH, IT0 CPABHEHHIO
C TIPOTUBOIIONIOKHON TPAHUIICH, 3a CUET IpaiMeHTa KOHIIEHTPALUi IEHCTBYET MOTOK MACChL, YTO MaTeMaTUIeCKU OT-
pakaeTcsi B TpaHUYHBIX ycaoBusix Il posa, a Ha MPOTUBOMOIOKHOI TpaHUIle BBUITY OTCYTCTBHS MacCOIIOTOKA Yepes
TPaHUITy KOHCTPYKIINH, KOHTAKTUPYIOIICH ¢ OKPY KAOIIEH cpeoi IPUMEHSIETCS “‘yYCIIOBHEM HETIPOHHUITAHUS .

BrmmonnenHoe pa3aciiCHuEe Ha TPU BHUAAa KOHUOCHTPAUWOHHBIX 30H ITO3BOJIACT 3aMCHUTH aHAJIUTHUYCCKOC
pellIeHue CIOXHON HENMWHEHHON 3aJauM HEeCTAallMOHApHOI'O MAacCONEepeHOoca CHUCTEM B Cpele C NEepeMEHHBIMH
MOTEHIMAIaMU U KO3 (UIIMEeHTaMU TIEepeHOCa 0 TOJIIWHE KOHCTPYKIIUM Ha 3 THIa Oojiee MPOCTHIX 3a/laud C
THEHHBIME U depeHInaIbHBIMUA YpaBHEHUIMHE. KOJMYecTBO MPOMEKYTOUYHBIX CIOEB, B KOTOPBIX 3HAYCHHUSI
k03 punmeHTa MacCONPOBOTHOCTH MPUHATHI TOCTOSTHHBIMHU IO TOJIIUHE YCIIOBHO BBIJIEISIEMOTO CJI05, B IEPBYIO
ouepeb TUKTYETCS TOMYCTUMOMN MOTPEITHOCTHIO M MTON0NPASTC HTEPAIIMOHHBIM CII0CO0OM.

[Ipu compsikeHNH MOMYyYEHHBIX pacpeesIeHui KOHIICHTPAIUHN 110 OT/IETBHBIM 30HaM JOJDKHBI BBITTOTHATCS
o0s3aTenbHbIE PABEHCTBA: KOHIICHTPAIMK Ha JIEBOM I'paHUIIE 30HBI M Ha MPaBON I'paHHUIE CMEXHOMN 30HHI, T.€.
3HAaYEHU, pACCUUTAHHbBIE I OAHON M TOW e TOYKU COCETHHX KOHICHTPAIIMOHHBIX 30H JIOJKHBI OBITH PaBHBI;
TUIOTHOCTH TIOTOKOB MAacChI Ha JIEBOW T'PaHUIIE 30HBI U Ha TPAaBOH TpaHHUIIE CMEKHOM 30HEBI, T.€. IOTOKH MacChl B
OI[HOI>'I U TOH K€ TOYKH, HO HAa PA3HBIX KOHICHTPAIIMOHHBIX 30HAX OJJMHAKOBLIC.

BrinonHuB pasnenaeHue TOIMUHB KOHCTPYKIKK U TIEpUOa €€ SKCILTyaTalluy 110 IPUHILIUIIAM U3JI0KEHHBIM
BEIIIIE, TIOJYYUTh HEOOXOMMBIC PEIIEHUs B Ipeleiax OJHOTO JIF0OOT0 MHUKPOIpOIecca U KOHIICHTPAIIMOHHON
30HBI HECJIOKHO aHATMTUYECKH METOJIOM HHTETpalIbHOTO IpeodpazoBanus Jlamiaca.

4. Pe3y1bTaThl M 00CyKIEeHHE

Pacuer macconepeHoca 1Mo OIMMCAaHHOM BHIIIE CXeMe TPOU3BOAMTCS OT TPAaHMIIBI pa3ziena ¢as, T.e. HauuHasl C
nepBoit 30HBL. OTIMYUTENFHON OCOOEHHOCTHIO ATOW 30HBI SBIIETCS TO, YTO MPOUCXOIHT IMEPEX0]] MePEeHOCHMOTO
KOMITOHEHTa — «CBOOOTHOTO TMIPOKCHIA KAJIBIMS U3 TBEPAOH (ha3bl B KUIAKYIO. JJaHHBIN TIepeXo1 TUMUTHPYETCS
BHEIIIHEH MacCOOTAaueH, a MAaTeMaTHYECKH OTPAXKACTCS B TPAHUYHBIX YCIOBUSX TPETHETO POJIa.

Ha nepBoii KOHIIEHTPAIIMOHHOW 30HE MPOUCXOAMUT MEPEHOC THAPOKCHUAA KaJbIUs OT MPaBOM IpaHUIE K
JIeBoi (TOABOJ Macchl K TpaHuile paszena (a3) ¢ MOCIEAYIOUINM MEePEeX0J0M MepEeHOCHMOro KOMIIOHEHTa U3
KalWUIPHO-TIOPUCTON CTPYKTYPHI LIEMEHTHOTO OSTOHA BO BHEIIHIOI XHUJKYI cpeay [22]. JlaHHBIN mepexon
BEIIECTBA OIMCHIBACTCS YPaBHEHUEM BHEIIHEH KOHBEKTHBHON MAacCOOTIA4M, a MaTeMaTHYECKH OTpa)kaeTcs B
TPaHWYHBIX yCIOBHSX TPEThETO pona. [l mepBoii 30HBI, 3a7jaua HECTAIMOHAPHOTO MaccolepeHoca B CUCTEME
B3aUMOJICUCTBUSI TUAPOKCU/IA KAJBIUs, 3aMUIIETCS CICAYIONIEeH CUCTEeMON YpaBHEHUI:

C)(x,7) _ " 92Cy(x,1)

,T>0,0<x<9,, 4

ot o2 : )

HaYaJIbHOE YCIOBHE: C, (x,'c)|1=0 =Cy(x,1)=Co(x), ()

IPAHUYHBIE yCIOBHSA: c,(,,1)=C 8, o B[Cp (t)-c,(0,7)]= km , (6)
X
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rae Co,i1(x) — pacrnpeaeeHre KOHIICHTPAITUN THAPOKCHIA KAIBIHMS B TIOPOBOM CTPYKTYype O€TOHA B Havaje i-Tro
MHKPOIIpOIIEcca MO TOJIIMHE MePBON KoHIeHTparuoHHoi 30HbI, KT Ca(OH),/kr 6eTona; Ci(x) — pacnpeaenenue
KOHIICHTpAIIMH THIPOKCUIA KaJbIMs B MOPOBOM CTPYKType OETOHA MO TONIIMHE MEPBON KOHIICHTPAIIMOHHON
30HBI B KOHIIE i-r0 Mukporportecca, K Ca(OH)./kr 6etoHa; C,(T) — paBHOBeCHasl KOHIIEHTPAIUS THIPOKCUAA
KaJIBIMS B KUAKOCTH Ha MOBEPXHOCTH 1ieMeHTHoro OetoHa, kr Ca(OH)./kr 6eToHa; ki — KO3 PHUIIMEHT Macco-
IPOBOJHOCTH, UMEIONINI (UKCHPOBAHHOE 3HAYEHHE IO TONIIMHE TIEPBOH KOHIIEHTPALOHHOH 30HBI, M*/C; ff —
KOX(PGUIIMEHT MacCOOTHAaYM B JKUAKOW cpene, M/C; 61 — TONIIMHA TEPBON KOHIEHTPAIMOHHOW 30HBI, M;
X — KOOpIWMHATA, M; T — BpeMS, C.

HauansHoe ycnmoBue (5) moka3pIBaeT, YTO B MOMEHT BpPEMEHHM, NMPUHMMAEMBIN 3a Hadyajlo pacuera i-ro
MUKPOIIPOILIECCa, KOHIIEHTPAIUS IEPEHOCUMOT0 KOMITOHEHTa (TUAPOKCUIA KAIbIUs) pacipeiesieHa 10 TOJIIIUHE
KOHCTPYKIIH HepaBHOMEpHO. [Ipn 3TOM HavanpHOE pacmpe/esieHne KOHIIEHTPAUN IePeHOCHMOT0 KOMITOHEHTa
B TBEep/IOi1 (haze TOMHKHO OBITh ONMCAHO KAKOW-INO0 MaTeMaTH4ecKoi QyHKue [25].

[TockonbKy Ha JIEBOI I'paHUIlC MPOUCXOAUT B3aUMOJICHCTBHE MO CXEME «TBEPIIOE TEJIIO — YKHIKOCTHY, TO
HEOOXOAMMO YYUTHIBATh KOHBEKTUBHBIN IIEPEHOC BEIIECTBA, T.€. IPUMEHHUTh TPAHHYHBIE YCIOBHUS TPETHETO POAa,
omnmMcaHHBIC ypaBHEHHEM (6).

Jliis ynpolineHus: penieHuid BBeieM Oe3pa3MepHbIe MIEPEMEHHBIC U KPUTEPUH OA00Ms, YA00HbIE s Kaue-
CTBEHHOT'O aHAJIN3a MPOIIECCOB KOPPO3HH:

C(x,1)-C, =_X _kt
Zl()?,Fom)=—(x ) P, X== Fom_S_Q,
1

Cs, 9’

B,

Bi, =
m kla

(7

rae 21 (9_6, F Om) — Ge3pazMepHasi KOHLEHTpaLUs THAPOKCHIA KalbLKs B TOPOBOH CTPYKTYpe OETOHA MO TOJIINHE

MEepBOI KOHIIEHTPAIIMOHHOM 30HBI; X — Oe3pa3mMepHasi KOOpauHarta; o, — MacCOOOMEHHBIN KPUTEPHHA TTOI00MS
®dypre; Bi,, — MaccoOOMEHHBIN KpUTepHii og00us bro.

KpaeBast 3amaga MacconpoBOAHOCTH B TiepBoii 30HE (4)—(6) B KpuTepHsix moao0us u 6e3pa3MepHBIX KOOp-
JUHaTax 3aliuiieTcss B BUAC

9Z,(%,Fo,,) _9%7,(%,Fo,,)

, Fo,, >0,0<x<1, 8
dFo,, o2 " * ®
HaYaJIbHOE yCIIOBHE: Z1(x,0)=Zp1(%), (&)
0Z(0, Fo .
IPaHUYHBIE YCIIOBUS: Z,(1,Fo,, )= Zg, l(a—_m)=Blm21(0,FOm). (10)
X

Pemenue 3amaun (8)—(10) BRIMOTHEHO METOIOM HMHTETpaNbHOTO mpeodpa3oBanus Jlammaca. [IpoBens psin
CJIOXHBIX TPUTOHOMETPHUYECKUX IPe0Opa30oBaHUi, MOTyUYEHO OKOHYATEIBHOE PEIICHUE HCKOMOM KpaeBoii 3a1aun
(8)—(10) B 6e3pa3MepHBIX TTEPEMEHHBIX, IIO3BOJIAIONIEE PACCIYNTHIBATH JMHAMHKY ITOJICH KOHIIEHTPAIIHH 11eJIEBOTO
KOMITOHEHTA B HEOTPAaHWYEHHOH TUIACTHHE C MacCONEePEHOCOM, JIMMUTHPYEMBIM BHYTpEeHHEH Tudy3neii 1 BHen-
HEW MaccoOTIayen:

7 (% F _, Biyx+1 - Biy, sin(umx) + iy, cos(tpyx) o
1 Fom) = Zs Bi, +1 ) (Biy, + 1) €OS [y — Wy SIN Uy,
m=

X exp (i Fom) |22 = [} Zo1 (&) sin[um(1 - §)] dé|. (11)

PaccMmoTpumM u3MeHeHue pacnpeeseHrs KOHIEHTPALUi Ha pa3InyHbIX BPEMEHHBIX JTallax B IIEPBOM 30HE.
B npunsATOM HaMU KpUTEPHATIBHOM MOJX0/IE PELLICHUS U aHAIN3a HECTALIMOHAPHOTO MacCOIIepeHoca BpeMsl OTpa-
JKaercsi B MaccooOMeHHoM kputepu Dypre. [IpoBeneM uncienHble 3KcriepuMeHTHl nporao3uposannss MCCI'K
i-r0 MUKpOIpoLecca MEePBOH 30HBI, HEMOCPEACTBEHHO B3aUMO/IEHCTBYIOLIETO C XHUIAKOH (a3oif, mpHu pazaHyHbIX
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HaueHHUIX MacCOOOMEHHOro yncia buo, koTopoe xapakTepu3yeT COOTHOLLICHNE CUJI BHEIIHEH U BHYTpEeHHEH ud-
¢y3un. Ha puc. 4. 1eMOHCTPUPYIOTCS pe3ynbTaThl pacueTa nmpoduieii 6e3pasmepusix MCCI'K Z (x,Fo,,) no Ton-
HIMHE MEPBOr0 MUKPOYYacTKa, Ha JIEBOW TPaHUIC KOTOPOH MPOUCXOIUT MaccoOTAa4a CBOOOJAHOTO THAPOKCHAA
KaJIbIM B )KUAKYIO cpery. OTMeTum, 9to npu Bi, < 1 MacconepeHOc NPEUMYIIECTBEHHO ONIPENEIsIeTCA BHEIHEN
MaccooTaadeit, a mpu Bi, > 1 BHyTpeHHEH mudQy3uei.

Z,(x:Fo,) Z(%:Fo)
1,0 1,0 —
0,98 ] /%/ sl }/ é’///
. // 3 // / 2 / 3 / L~
0,96 /] /;}/// // 0.8 }4//
0,91//// /ﬁ/ 0,7 ¢
0,92 // 0,6 /
0.9 0.2 0.4 0.6 038 10 % £ 0.2 0.4 0.6 0.8 10y
a 9]

Puc. 4. I3meHeHne 6e3pa3MepHBIX KOHIEHTpami Zi( X, F Om) TIO TOJNIIINHE OETOHHOW KOHCTPYKIUH
B [IEPBOM 30HE, HAXOALIEHCA B KOHTAKTE C )KUIKOCTBIO ITPpH unciax Pypobe:
Fo,=1—0,03;2—0,06;3—0,1;4—0,15;5—0,2;6 —3;a —Bi,,=0,1; 6 — Bi,, = 1
Figure 4. Change in dimensionless concentrations of Zi( X, Fow) along the thickness

of the concrete structure in the first zone in contact with the liquid at Fourier numbers :
Fo,=1—0.03;2—0.06;3 —0.1;4—0.15;5—02;6—3;a — Bi,,=0.1; 6 — Bi,, = 1

[Ipu nccnemoBaHNy KMHETUKH MacCONEPEeHOCa, TMMATUPYEMOT0 BHyTpeHHeH nud¢y3ueil u BHEITHEeH Mac-
COOT/Iayeii, ONpeIeNsLTUCH CIEeIYIOIINe ITapaMeTphl: HK3MEHEHHE 110 BpeMeHH 0e3pa3MepHOi KOHIIEHTPAIUH Tiepe-
HOCHMOTO KOMITOHEHTA Ha TIOBEPXHOCTH OETOHA, M3MEHEHHE TI0 BPEMEHHU CpefHel Oe3pa3MepHOl KOHIIEHTPAIU!
MEPEeHOCHMOTO KOMITOHEHTa B TEPBOW 30HE, HM3MEHEHHE TPaJNeHTa Oe3pa3MepHBIX KOHIIEHTPAIlMi Ha TPpaHHUIle
TIEPBOM W BTOPOH 30HBL. Pe3ynbTaThl KWHETHICCKHUX PACUCTOB CPEIHUX Oe3pa3MEpHBIX KOHIICHTPAITHi ITepBOTO
YCIIOBHOTO CJIOsi OETOHA U TpajueHTa 0e3pa3MEepHBIX KOHIIEHTPAIUH «CBOOOJHOTO THAPOKCHIA KalbIHS» Ha
YCIIOBHOU TpaHUIIC Pa3leCHHs MEPBOrO U BTOPOTO CJIOEB MPU PA3NIMYHBIX 3HAYCHHSIX MacCOOOMEHHOIO YHCia
buo npuBenens! Ha puc. 4. [locinenoBaTenbHBIA aHAIM3 KPUBBIX (CM. PUC. 4) TTOKA3bIBAET MPOJBIKEHHUE TTIOTOKA
MaccChl OT JIeBOH TrpaHHIIBI 30HBI K TIpaBoid. IIpoBenenusie pacuetsl npu Fo, < 0,1 moka3bIBalOT YTO 32 JAaHHBIN
MIPOMEKYTOK BPEMEHH IMOTOK MAacChl HE JJOCTUTAET MPAaBOM I'PAHUIIBI TEPBON KOHIICHTPALIMOHHOM 30HBI.

[Tox kuHETHKON MaccomepeHoca, B COOTBETCTBUH C 3aJI0KEHHBIMU B Tpynax A.B. JIbikoBa mojo:keHusMu
TEOpUHU TEIIOMACCOTIePEHOCca, MOAPa3yMeBaeTCs M3MEHEHUE HCCIeAyeMOoro mnapaMmerpa (TeMiepaTrypa, BIax-
HOCTb, KOHIIEHTpaIUs1) BO BpeMmeHu [18].

B paMkax npoBOIMMOIO YUCIEHHOIO SKCIIEPUMEHTA, HAIPABJICHHOTO HA U3YYEHHE HECTALIMOHAPHOIO Mac-
coTepeHoca B TeTePOTeHHOM CHCTEME <OKeIe300eTOHHAS KOHCTPYKIIHS — YKHIKOCTBY, C YUYETOM MPHHATOTO pas-
JIJIEHNUs] Ha KOHIIEHTPAI[MOHHBIE 30HBI I1eJIeCO00pa3Ho MCCIe0BaTh B KWHETHKE TapaMeTPhl: U3MEHEHHSI CpeIHeH
10 NEPBOI KOHIEHTPAMOHHOM 30HE KOHUEHTPALU THAPOKCUA KaJblKsl; U3MEHEHUE I'PaJMueHTa KOHLIEHTpALUil
Ha TpaHuUIle IEPBOM U BTOPOH 30H (pHC. 5).

[MoTox Macchl «CBOOOAHOTO THAPOKCH[A KAJBIUI» HA TPAHMIIEC YCIOBHO BBIJCISIEMBIX MPOMEKYTOUHBIX
CJIOEB OIPENETSETCS TPAJUECHTOM KOHIICHTPAIUi NPeIIeCTBYIOMIETO YCIOBHO BBIICIEHHOTO CIIOS:

kl aCI (X,T)

kz 8C2 (X, T)
ox

= kygrad C,(8;,7)= 5 (12)
X=81 * x=81
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ZepiFe. )* gradZ(Fo)}
1,0 1.0

N I . — 5
0 4]

NN N e e L
~

it

0,7 A

I - 1z

0.2 0.4 06 08 L0 Fo, 0 0.2 0.4 0.6 0.8 1.0 1o

\\\\\

a 0

Puc. 5. Kunerndeckuit npoduib cpeqaux 6e3pa3MepHBIX KOHIEHTPAKii B IepBoi 30HE (@)
U U3MEHEHHUE rpagueHTa 6e3pa3MepHbIX KOHIICHTPAMi Ha YCIOBHOM I'paHUIIE pa3/iesieHHs IEPBOro U BTOPOTo cioeB (0)
opu Bim=1—0.1;2—0.5;3 —1;4—2;5—5
Figure 5. Kinetic profile of average dimensionless concentrations in the first zone (@)
and the change in the gradient of dimensionless concentrations
at the conditional boundary of separation of the first and second layers (6)
at Bin=1—20.1;2—0.5;3—1;,4—2;5—5

MatemaTudecKky 3ajja4a MaccorepeHoca B HeorpaHHUEeHHOH IJIaCTHHE, TP HAJTUYXH C JIEBOM CTOPOHBI T1J1a-
CTHUHBI TTOTOKA MACChI, 3aITUIIETCS CIAEAYIONIEeH CHCTEMO YpaBHEHUI:

2
0C2 (5,0 _p 97Cr(0D) o g 0<x<s,, (13)
ot ox?
HaAYaJIbHOE YCIIOBHE: G (x, T)|r:0 =G (x1= Co2 (), (14)
dC,(x,7)
IPaHUYHBIE YCIIOBHUS: Cy(6,,7)= C52 . Poerks 2ax ="9m. (15)
x=0,

3neck 0003HaueHO: Cp2(x) — pacnpesiesieHue KOHIICHTPAIMKA THAPOKCUIA KaNbIUsI B IOPOBOW CTPYKTYpE
OeToHa B Havaje {-ro MUKpPOMpOIlecca MO TONIIMHE MPOMEKYTOUHOM KOHIIEHTpamoHHOH 30HBI, KT Ca(OH),/kr
OetoHa; Cy(x) — pacrpeneieHre KOHIIEHTPAIlMU THAPOKCH A KAJBITU B IOPOBOH CTPYKType OETOHA 110 TOJIINHE
MIPOMEKYTOUHOM KOHIIGHTPAIMOHHOMN 30HBI B KOHIIE i-r0 MuKpormpoiecca, kK Ca(OH)./kr 0eToHa; ¢ — IUIOT-
HOCTB TIOTOKAa MAacChl «CBOOOJHOTO THAPOKCH/IA KAJIBIU HA TPAHUIE YCIOBHO BBIJICISIEMBIX MPOMEKYTOUHBIX
CIIOEB, Kr/(M2~c); k> — KO3 OUIMEHT MacCOMPOBOIHOCTH, UMEIOIINH (DUKCUPOBAaHHOE 3HAYCHHUE IO TONIUHE
IPOMEXKYTOUHOH KOHIIEHTPAIMOHHOMN 30HBI, M>/C; 8) — TOJIIMHA YCIOBHO BBIICIICHHON BTOPOH KOHIIEHTPAIHOH-
HOM 30HBI, M.

I'panmuanoe yciosue (15) moka3siBaeT HaJMYME MOTOKA MACChI BEIIECTBA HA TpaHUIle ABYX CioeB. BemnmunHa
MOTOKA OTIPENESIETCS 0 TPAANEHTY MPEAIeCTBYIOIETO CIOS.

Pemrenne nocrasiennoi 3anaun (13)—(15) npoBoaum B 6e3pa3MepHBIX IEPEMEHHBIX, C UHTErpanuei B ud-
(hepeHIuaIbHbBIC YPaBHEHUS KPUTEPHUEB MOI00MS, YTO YIIPOCTUT KAYECTBEHHYIO OIICHKY M aHAJIM3 MPOoIiecca Mac-
corepeHoca Impu Koppo3uu OeToHa:

Zz(f,Fom)=M’ X¥=2, Fo, = kot x _ qmibo

DG il = s (16)
Cs2 %) 5,2 " kaCs2Pem

Z, (%, Fo , ) — 0e3pasMepHas KOHUEHTPAIXA TUIPOKCHIA KaIbLHA B OPOBOM CTPYKType OETOHA IO TOJILMHE
YCIIOBHO BBIJIEJIEHHBIX MPOMEKYTOUHBIX KOHIIEHTPALMOHHBIX 30H; X — Oe3pa3MepHas KoopauHaTa, Fo, —
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MaccooOMEHHBIH KpuTepuii moaoous ®ypwe; Ki'pi — MOANDHUIHPOBAHHBINA MaCCOOOMEHHBIH KPUTEPHIl MOI00MS
Kupnuuesa.

KpaeBas 3a1aua MacconpoBOAHOCTH B TIpoMexkyTouHoM 30He (13)—(15) B kputepusx nogodus u 6e3pa3mep-
HBIX KOOPAMHATAX 3alHILIETCS B BUIE

9Z,(%,Fo,,) 9%Z,(%,Fo,)

, Fo,, >0, 0<x<I1, 17
dFo,, o2 " a7
HaYaJIbHOE yCIIOBUE: Zy(x,0)=Zy(X), (18)
0Z,(0, Fo .
I'PAHUYHBIE YCIIOBHSL: Z,(1,Fo,,)=Zg,, — 2(8—_”’) = K’:ﬂ ) (19)
X

Pemrenne muddepennunansHoro ypapaenus (17) ¢ HepaBHOMEPHBIM HadallbHBIM (18) ¥ rpaHUYHBIME YCIIO-
Busimu (19) crnenyromiee:

1
Z,(%,Foy, )= Kipy (¥-1)+2] Zg, (¢ d§+ szl Z 5
0 =1 (2m-1)

2
cos{z(Zm l)x} exp —%(Zm 1) Fo,, |+

oo 2 1
+23 cosB (2m — 1))?} “exp| — “T(m ~1)*Fo,, |[ Z2 (g)cosB (2m - 1)&}1& . (20)
0

m=1

Bripaxenue (20) mo3BossieT paccuUTaTh AMHAMUKY MTOJIEH KOHLIEHTPAIM 11€JIeBOr0 KOMIIOHEHTa B HEOTpa-
HUYEHHOM MJIaCTHHE MPY HATWYHH MTOTOKA MAaCChl «CBOOOIHOTO THAPOKCH A KalIblIUg» Ha TPAHUIIE YCIOBHO BBI-
JIeJIIeMbIX TPOMEXYTOUHBIX c0eB. PaccMOTpuM AMHAMUKY MoJeil KOHIEHTpalMui Ha pa3iIHMYHBIX BPEMEHHBIX
JTamnax, pacCuMTaHHylo 1o BelpakeHuto (20) (puc. 6). Ha neBoii rpaHuie AeiCTBYeT HOTOK MacChl BEIIECTBA,
c(hOpPMHUPOBABIIUICS OT IPalMeHTa KOHIEHTPALMH IPEAIIECTBYIOIIETO CII0S, IPOABUTAIOILUIICS, C TCUEHHEM Bpe-
MEHH, K MPaBoii IpaHuIle paccMaTpuBaemMoro cios. [IpoaBmxenne ppoHTa MOTOKa MacChl BIIyOb MPOMEXKYTOY-
HOW 30HBI IO BPEMEHHM HAIJLSIAHO OEMOHCTpUpYeT pHc. 6. PacnpesneneHue KOHUEHTpauuil U3MEHSETCS CJeBa
HaIpaBo 0 IPaJMEHTy IPEALIECTBYIOUIEro ciosl. Tak, HalpuMmep, cleayeT OTMETUTh OJIU30CTh IPAJUEHTOB IIPU
MacCcOOOMEHHBIX KpuTepusix Dypbe mepBoro Fo,1 = 0,1 u Broporo Fo,, = 0,05 cioes (cm. puc. 4 u 6). Cienyer
3aMEeTHUTh, YTO B paMKax MPUHATOTO pa3/eieHNs Ha KOHIIEHTPAIlMOHHbIE 30HBI IIPY OJTHOM M TOM K€ paccMaTpHu-
Ba€MOM BPEMEHHOM MHTepBaJie Kpurepun Oypbe coceTHIX 30H HUKOT1a He OyAyT paBHBI, B CHITy HEPABEHCTBA B
HUX KO3 PHUINEHTOB MAaCCONPOBOAHOCTH. M3MeHeHne 6e3pa3MepHOro rpaiueHTa KOHIEHTPALUi Ha TPaBoii Tpa-
HUIIE JII000T0 MPOMEKYTOYHOTO CJI0sI AJ1s1 HanboJiee pacpoCcTpaHEHHOTO HHTEpBaIa 3HaYeHUH MOIN(UIIMPOBAH-
HOT'0 MaccooOMeHHOT0 KpuTeprs KuprnuieBa npu KMAKOCTHOH KOppo3uu OeToHa B rpaduyeckoii popme npuse-
JieHo Ha puc. 7. Otmedaem, yto Ha otpeske 0 < Fo,,< 0,1 rpanueHT kpaiiHe Mai.

B kpaiiHeMm crnoe 3amadya MaccomepeHoca, NpH HAIWYHMU C JIEBOM CTOPOHBI IUIACTHHBI MOTOKA MAacchl M
OTCYTCTBHSI MAaCCOIIOTOKA C IIPABOM CTOPOHBI, 3aITUILETCS CIEAYIOIIEH CUCTEMON YpaBHEHHI:

9C5(x,7) 92C5(x,7)
=k ,1>0,0<x<35,
aT 3 axz T> X 3 (21)
HAuYaJIbHOE yCIIOBHUE: G, T){ =0 Gx,1)= CO,3 (), (22)
dC5(x,7) dC,(x,7)
: — =0 ke, ——"—2 =—q
IPaHMYHBIE YCIOBHSL: s Foem "3 m3 . (23)
CAS A NP
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3nech 0603raueH0: Co3(X) — pacmpenencHNue KOHIICHTPAITUH THAPOKCHIA KAIBITHSA B MIOPOBOH CTPYKTYpe
OceTOHA B Hayaje i-ro MUKPOTPOIIECca 10 TONIHHE KpaiHeW KOHIeHTpannoHHoM 30HEI, KT Ca(OH)./kr 6eToHa;
C3(x) — pacrmpeaeneHre KOHIICHTPAITUN THAPOKCHA KATBIIHA B TIOPOBOH CTPYKTYpe OETOHA ITO TOJIIIMHE KpaitHeH
KOHIICHTPAIIMOHHOH 30HBI B KOHIIE i-T'0 MUKpomnpoiiecca, kI Ca(OH),/kxr 0eToHa; ¢xn2 — IUVIOTHOCTH ITOTOKA MacChl
«CBOOOJHOTO THAPOKCHIA KajbIMs» HAa TPAHMIIEC YCIOBHO BBLACISCMBIX MPOMEKYTOUHBIX U KPaWHEro CJIOEB,
kr/(M*-c); k3 — K03(DOHUIMEHT MaCCOMPOBOIHOCTH, MMEIONIHT (PUKCHPOBAHHOE 3HAUECHHE 10 TOJIIMHE KpaiiHei
KOHIIEHTPAIIMOHHOMN 30HBI, M*/C; 03 — TOJIINHA YCIOBHO BHIIEIEHHON KpaiiHell KOHIIEHTPAIMOHHOH 30HBI, M.

Zy(x;Fo,) \ gradZ (I "0_]
0 Br 0.2 0.4 0.6 0.8 10 X 20
[——— T —— [ ——=
T = 18 T
-0,08t — — ' ——
/ |
1,2

-0,16[7 /
0,8 7

R

-0.24 /-
0.4 < — S 2
: —
-0,32
%,,/— 1
%% 02 0.4 06 08 o,
Puc. 6. IIpoduis Ge3pasMepHbIX KoHLEHTpauuid Z2( X, Fom) Puc. 7. U3menenue rpaquenta 6e3pa3sMepHbIX

KOHHCHTpaIH/Iﬁ Ha yCJIOBHOﬁ TpaHULIC pa3saCICHUd BTOPOTO
U MOCJICAYIOUICTO CIOEB IIPU YUCJIaxX:

[0 TOJIIHHE TPOMEKYTOYHOTO CIIOS, TIPU YUCIAX:
Ki",=0,5; Fo,=1-0,001; .
2—0,01;3—0,054—0,1;5—0,2;6—0,3 Ki"=1—0,1;2—05;3—1;4—15,5—2
Figure 7. Change in the gradient of dimensionless
concentrations at the conditional boundary of the separation
of the second and subsequent layers at the numbers:

Figure 6. Profiles of dimensionless concentrations Za( X, Fom)
by the thickness of the intermediate layer, for numbers:

Ki*,=0.5; Fo,,=1-0.001; .

2—001;3—0.054—0.1;5—026—03 Kip=1—012—053—L4—155—2

KpaeBas 3agadya MacconpoBOAHOCTH B kpaiiHeil 30He (21)—(23) B kpuTepHsx momgo0us u 6e3pa3MepHBIX KO-
OpJIMHATAX 3aIMUIIIETCS B BUJIC

9Z3(x,Fo,,) _9°Z3(%,Foy,)

Fo, >0, 0<x<1 24
aFom a)_cz > m > X > ( )
HayaJabHOE YCIIOBHUE: Z3(x,0)=Zy3(x), (25)
0Z;(1,Fo 0Z4(0, F
TPaHUYHbBIC YCIIOBHS: % =0, —% =Ki :1 7. (26)
X X

Pemenne muddepennmanpaoro ypaBHeHus (24) ¢ HepaBHOMEPHBIM HAYaJIBHBIM (25) ¥ TpaHUIHBIMH YCIIO0-
BUAMH (26) cnenyromiee:

¥ 1 - _
Z3 ()_C’Fom): _Klm2 |:(1—f)2 —%+F0mi|+IZO’3 (é)dé-l-n%Kl;:’z Z MCXP(— TEzszOm )+
1] n=1 m
oo 1
+2 ) cos (Tcm)_c)exp(— n’m?Fo,, )j Z03 (&)cos (mmE )dE . (27)

m=1 0
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IIpoBenem uncIEHHBIE SKCIIEPUMEHTHI IIPOTHO3UPOBAHUS KOHIIEHTPAIMH 1IEJIEBOr0 KOMIIOHEHTa B paMKax
i-TO MUKpOTIpOIiecca KpaHeTo CIIOsl, TPU Pa3InYHbIX 3HAYCHUSIX MOJUPHIIMPOBAHHOTO MAacCOOOMEHHOTO KpUTE-
pust Kupnnuesa, KoTopoe XapakTepu3yeT HHTEHCUBHOCTh IIOTOKA MAcChl Ha JIEBOM IpaHUYHOM MIOCKOCTH pac-
CMaTpUBAaEMOTr0 MUKpOydyacTka. OTMETUM yI00CTBO HUCIIOJIb30BaHMs peleHus (27), Tak KaK XapaKTepPUCTHIECKOE
ypaBHEHHE PeIeHO, a €r0 KOPHU YK€ BHECEHBI B ITepeMeHHbIe. PaccMOTpUM M3MeHeHHe paciipeaesieH s KOHIIEH-
Tpauui Ha pa3lINYHbIX BPEMEHHBIX JTalax, 4To MoKa3aHo Ha puc. 8. Pacnpeaenenue 11eneBoro KOMIOHEHTa U3Me-
HSIETCS cJIeBa HAIIPaBO M0 I'PaJUeHTY MPEAIIeCTBYIOIIEro cios. Tak, Halpumep, ClIeayeT OTMETUTh OJIM30CTh Ipa-
JIUEHTOB TIPH MacCOOOMEHHBIX KpUTepHsIX Dypre mpoMekyTouHOoTo Fo,n = 0,2 1 kpaitHero Fo,3 = 0,1 cmoes (puc.
6 u 8). Pe3ynbpTaThl pacyeToB KNHETHUKH M3MEHEHHS CPEHETo 10 KpailHeMy ciiosi 6e3pa3MepHBIX KOHIIEHTPaLUi
JUTsl HanboJlee pacpoCcTpaHEHHOTO UHTEPBajla 3HaUeHUH MOAN(UIIMPOBAHHOTO MaccOOOMeHHOT0 Kputepus Kup-
MTYeBa TIPH KUIKOCTHOW KOPPO3HH OETOHA B rpaduieckoit popme mpuBeneHE Ha puc. 9.

[TomyuyeHHble B paMKax MpUHATON pacueTHOU cxembl perienus (11), (20) u (27), ¢ yueTom NpHHATOTO pase-
JIHWs Ha KOHLIEHTPALMOHHBIE 30HBI, TO3BOJIAIOT IPOTHO3UPOBATh KUHETHUKY U JTUHAMUKY HECTAIL[IOHAPHOTO Mac-
comnepeHoca CBOOOTHOTO THAPOKCHAA KAIBLMS U HEOOXOIUMBI ISl ONIPE/ICIICHHS] BPEMEHH JTOCTHKECHUS B OIpelie-
JICHHBIX 30HaX KOHCTPYKIIMU KPUTHYECKUX KOHLIEHTPALMH MMIPOKCHAA KAJbLHs, COOTBETCTBYIOIIMX Hadaly AWC-
COLIMAINU BBICOKOOCHOBHBIX MUHEPAIOB LIEMEHTHOTO KaMHs, THOO JeTnacCuBalluy CTATbHON apMaTyphl.

Zy(xFa) ZpFadk
olo 0.2 04 %3 10 X ol 02 04 0.6 0.8 10 Fo.
) i
| L ——— = S 1
02" = Z -02 >
=8 = ’ \ T~ P
0.4 A 0.4 I~
L5 4
.0,0/ -0,6 \
4
-0, -0.8
/3
-1,0 5
Puc. 8. TIpoduis Ge3pasmepHbIX KOHICHTpaLHit Z3( X, Fom) Puc. 9. Kunernaeckuii npodis cpeHux 6e3pa3MepHbIX
KpaiHero clos, Npy YMCIax: KOHLICHTpaLKi B KpaiiHEM CJI0€ TIPU YUCIIax:
Fo,=03;Ki"»=1—0,1;2—0,53—1;4—1,5,5—2 Ki'=1—0,1;2—0,53—1;4—15;5—2
Figure 8. Profiles of dimensionless concentrations Z3( X, Fom) Figure 9. Kinetig profile of average dimensionless concentrations
of the extreme layer, for numbers: in the extreme layer at numbers:
Fo,=03;Ki"=1—0.1;2—05;3—1;4—15;5—2 Kiy=1—01;2—053—14—155—2

HOHy‘IeHHBIC MMPEACTABJICHU O MPOILECCax, )I(I/I,Z[KOCTHOﬁ KOppo3uun OcToHa 10 MCXaHN3MY IICPBOTO BUAA U
MaT€éMaTH4eCKasd MOACIIb HEU30TEPMUICCKOTI'O MaCCOIIEpEHOCa MOT'YT OBITh HCIIOJB30BaHbI B I_II/I(prBBIX HMHTa-
IMUOHHBIX MOJCIIAX XKU3HCHHOI'O IUKJIa HAa 3TAIl€ SKCILTyaTallunu OCTOHHEIX U XKEJIE300€TOHHEIX KOHCTI)YK]_II/Iﬁ B
arpe€CCUBHBIX Cpeaax.

5. 3aka0ouenue

1. BBIMOTHEHHBIH aHAU3 HAYYHO-TEXHUYECKOW JTUTEPaTyphl MO MpodieMaM JOJArOBEYHOCTH OETOHHBIX U
JKeNe300€TOHHBIX KOHCTPYKLUH, SKCITyaTHPYEMBIX B arpECCUBHOM cpeJie, MoKa3all, YTo CYLIECTBYIOT HECKOIBKO
(byHIaMeHTaJIbHBIX TEOPHil, OIMCHIBAIOLINX IIPOLECCH] KOPPO3UX OETOHA, MMEETCS JOBOJIBHO OOIINPHBIN JKCIIE-
PUMEHTAJIbHBIA MaTepuall, XapaKTepU3yIOIUil 00IIIe YCIOBHS pa3pyleHHs] OETOHA B Pa3IMYHbBIX arpeCCUBHBIX
cpenax. Ho 60IpIIMHCTBO HCCIeq0BaHUN KUIKOCTHOM KOPPO3HUH TPOBOIMINCH, KaK MPABUIIO, B U30TEPMUYECKUX
ycioBHsIX pH Temiieparype 2025 °C, 9To He COBITagaeT C pealbHBIMHU YCIIOBUSMH 3KCILTyaTaIliH, TaK KaK OTPOM-
HO€E KOJIMYECTBO CTPOUTEIIbHBIX KOHCTPYKIUHI 3laHUN U COOPYKEHUHN HKCIITyaTUPYIOTCS B YCIOBUAX BO3JCHCTBUS
M3MEHSIOUINXCS KIMMATUYECKUX U TEXHOJIOTMUECKUX TeMIEpaTyp.

2. OOBEKTOM HACTOSIIEr0 UCCIEN0BAHMS ABISIIOTCSA IPOLECCH HECTAIIMOHAPHOIO MacCOIIEPEHOCa THIPOK-
CHJIa KaJIbLIUS MIPH KUIKOCTHOM KOPPO3UH KeJIe300eTOHHBIX KOHCTPYKIUHU. [ HAPOKCHA KaIbLus ONpeaessieT paB-
HOBECHE BHICOKOOCHOBHBIX COEIMHEHUHN CTPYKTYphl IEMEHTHOTO KaMHS U NP B3aUMOJICHCTBIM KOHCTPYKLIUHU C
JKUIIKOCTBIO B IIEPBYIO Odepeb HaunHaeTcs ero quddysus.
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3. PazpaboTtana METOIOJIOTHSI CHHTE3a W PEIICHIS HETMHEHHOM KpacBoM 3a/1adi HECTAITMOHAPHOTO MacCo-
MepeHoca THAPOKCUAA KBNS U3 CTPYKTYPHI OETOHA B KUAKOCTH ITPH HEM30TEPMHUUECKUX YCIOBHAX, TyTEM pa3-
JIEeJICHUS YKU3HEHHOTO ITUKJIa KOHCTPYKIIMHM Ha MHUKPOTIPOIIECCH, @ B paMKax Ka)KJ0TO MHUKPOIIPOIIECCa BBITOIHS-
€TCS pacueTHOE pa3zeiicHHE KOHCTPYKITUY 110 TOJIIMHE Ha KOHIICHTPAIIMOHHBIE 30HBI, YTO MO3BOJISET CBECTH pe-
IIeHNEe HeJTMHEWHOM KpaeBol 3a7jauu K CUCTEME MTOCIIEA0BATENbHBIX TMHEWHBIX KPAEBBIX 33/1a4 C HEpaBHOMEPHBIM
HayaJbHbIM yCJIOBUEM. {715 Kak10M TMHEMHOM 3a/Jauy MOJIYyUEHbl aHAJTUTUYECKUE PENICHUS, TTO3BOJIAIOIIUE pac-
CUHTHIBATh PacIipe/leIeHne KOHIIEHTPAINI THIPOKCHA KaJIBIIHS M0 TOIIIWHE KOHCTPYKITUH, TEM CaMBIM IIPOTHO-
3UpOBATh AUHAMUKY ¥ KHHETUKY JIECTPYKTHUBHBIX IPOLIECCOB KEJIE300€TOHHBIX KOHCTPYKITUH.

4. Tunuzamus ¥ yHUGUKAIUS PEIICHUN JOCTUTHYTA BHEJPECHUEM KPHUTEPHEB MOJ0OMS B aHATMTUYCCKHUC
pelieHus, a Takxke 0e3pa3MepHBIM BUIOM MOTyYSHHBIX PEIICHHUH.

5. T'padudeckun mokazaHo, Kak Mpyu HEOOIBITNX 3HAYCHISIX MaccooOMeHHoro uncia buo Bi, < 1 maccorre-
pEHOC MMPEUMYIIIECTBEHHO OTIPEeIIIeTCs] BHEITHEH MaccooTnadeit, a mpu Bi, > 1 BHyTpeHHEH muddysuei.

6. IlpoBeneHHbIe pacyeThl MOKA3bIBAIOT, YTO IpH 3HadeHUIX yncia Oypoe Fo, < 0,1 mOTOK Macchl He [10-
CTHUTaeT MPOTHUBOIOJIOKHOMN IPaHHUIIBI JIFOOOH KOHIICHTPAIMOHHOH 30HbBI. TakiM JaHHBINA HHTEPBAJ SBISCTCS MHUHU-
MAaJIBHBIM ISl pacueTa 1o MpUHATOMY KOMOMHHPOBAHHOMY METOJTY.
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Abstract. The results of experimental studies of deformation problems in pipe-
concrete specimens with small cross sections are provided and analyzed. The
stress-strain state of a steel pipe and a pipe filled with concrete is studied and
compared. Experimental determination of the dependencies between axial load
and deformations of pipe-concrete and steel bars, as well as evaluation of
concrete’s and steel pipe’s contribution to the total load-bearing capacity of the
composite section are provided. Tests were carried out for short pipe-concrete
specimens with the pipe dimensions equal to 60x2, 76x3 and 102x3.5, as well as
for hollow steel pipes with the corresponding dimensions. The diagrams of
deformation were obtained basing on the experimental results. The deformation
of the pipe-concrete element under central compression occurs in proportion to
the deformation of a hollow steel element with the same diameter, that made it
possible to evaluate the contribution of concrete to the work of the pipe-concrete
cross-section, which turned out to be constant at each stage of deformation. A
methodology has been proposed that enables to describe analytically the
deformability of pipe-concrete elements under axial compression by means of
the analytical model based on the experimental data.

Keywords: piped concrete, experimental studies, small-sized sections, axial
compression, triaxial compression, bearing capacity, stress-strain state, defor-
mability, mathematical model, analytical model
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BuaarogapnocTn
PaboTa BBINONHEHA B paMKax OCYAapCTBEH-

AnHoTauus. [IpuBOISITCS U aHATU3UPYIOTCS PE3YIIbTAThI IKCIIEPUMEHTAIb-
HBIX UCCIICIOBAHUI BOIIPOCOB e OPMHUPOBaHS TpyOOOETOHHBIX 00pa3IoB
ManorabapuTHbIX ceueHui. ViccaeayeTcss 1 CpaBHUBACTCS HAMPSHKSHHO-/Ie-
(hOpMHPOBaHHOE COCTOSIHHE CTAIBHOM TPYOBI U TPyObI, 3aIOIHEHHOM OeTo-
HOM. TIpHBOATCS IKCIIEPUMEHTATIBHOE ONPECTICHIE 3aBUCMOCTEN MEXKITY
0CeBOil Harpy3koil u nedopmanusMu TpyOOOSTOHHBIX U CTAIBHBIX CTEPXK-
HEll, a TaKKe OIICHKA BKJIaJa OETOHA U CTaIBHOM TPYOB! B OOIIYIO HECYIIYIO

HOTO 3aJlaHus Ha (QyHAaMEHTalbHbIC Hayy-
Hele uccneaoBanus Ha 2021-2023 rogsr mo
teme Ne 0030-2021-0025.

CIIOCOGHOCTh COCTABHOTO CeYeHHsl. VICIbITaH sl IPOBEACHBI ISl KOPOTKHX
Tpy0O0OETOHHBIX 00pa3LoB ¢ pa3mepamu TpyObl 60x2, 76x3 u 102x3,5, a
TaKXkKe MOJBIX CTAIbHBIX TPYO ¢ COOTBETCTBYIOLMMHU pasmepamu. ITo pe-

3yJIbTaTaM KCIEPUMEHTOB IIOCTPOEHB! AUarpaMmsbl AedopmupoBanus. Je-
(dopmarust Tpy6OOETOHHOTO IIEMEHTA IIPU LCHTPAIEHOM CIKATHH POUCXO0-
QT MPOMOPLUHOHAIBHO Ae(OPMALMH ITOJIOTO CTAIBHOIO AIEMEHTa TOrO XKe
JaMeTpa, YTO TO3BOJMIO OLCHUTh BKJIAA OeTOHAa B paboTy TpyOoOeTOH-
HOT'O CEYCHHSI, KOTOPBIH OKa3aJICst MOCTOSTHHBIM Ha KaXKI0M 3Tare 1edopMu-
poBanus. [IpemioskeHa METONUKA, TO3BOJISIONIAS aHATMTHYSCKU OIHCATh
neOpMaTHBHOCTD TPyOOOETOHHBIX 3JIEMEHTOB MPHU IIEHTPAIBHOM CKATHH
MpU MOMOIIN aHAJUTHYSCKOW MOJENH, OCHOBAaHHOW Ha JKCIIEPUMEHTAJb-
HBIX JaHHBIX.
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1. Introduction

One of interesting engineering solutions is the use of steel-concrete structures in construction, which, unlike
classic reinforced concrete, use steel not only as a reinforcing material, but also as a full-fledged load-bearing
element. One of the types of the steel-and-reinforced concrete structures is piped concrete, consisting of a closed
steel pipe into which concrete mixture is specially placed and compacted, resulting in a complex jointed composite
structure combining the main advantages of classical steel and reinforced concrete elements, leveling and
significantly reducing the impact of their disadvantages.

Many scientists and research groups of the world community have been engaged in the study of strength and
stability of pipe-concrete elements. Despite the existence of calculation methods reflected in domestic and foreign
regulatory documents, all of them do not allow to objectively describe the stress-strain state of pipe-concrete
structures under the action of axial compressive load. Various scientific communities in the last decade conducted
experimental [1-8], analytical [9-12] and numerical studies [14—16] in order to determine the bearing capacity
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and deformability of composite structures. Special attention has been paid to numerical and analytical calculations
in a nonlinear formulation [17; 18], however, there is no unified engineering methodology capable of describing
the stress-strain state of pipe-concrete rods.

Depending on the approach for evaluation of the load-bearing capacity of a pipe-concrete section, two
interrelated statements of the problem are conditionally accepted: either the influence of concrete on the increase
of the load-bearing capacity of the pipe [15], or the reverse variant is considered, i.e. taking the pipe as a steel shell
of a concrete rod [6; 7; 9; 19]. Obviously, pipe-concrete is a composite material with mutual influences of concrete
core and a steel shell on each other, and both of the above approaches can be considered as approximated models
of work. Dimensional ratios of the steel tube-shell (diameter-to-wall thickness ratio — DA [2; 12; 20]) or the type
of concrete infilling [3] are usually considered as the main factors affecting the strength and strain characteristics
of a pipe-concrete structure.

The problem of determining the actual stress-strain state of composite structures made of pipes filled with
concrete is being raised by many scientific teams, since the existing design standards underestimate the load-
bearing capacity of pipe-concrete, defining it as the sum of the load-bearing capacities of the pipe and the concrete
core. For example, articles [9; 20] analyze and compare the existing approaches to determine the ultimate
compressive load on pipe-concrete columns. The authors of articles [13; 19] analytically consider the effect of
casing by introducing an additional summand, which represents the side pressure at the interface between the pipe
and concrete. However, experimental studies show that the nature of deformation of the pipe-concrete rod is more
similar to the deformation of a hollow steel pipe, and filling with concrete only enhances the performance of the
structure.

In this regard, the authors of this paper propose a methodology that allows describing the deformation process
of a pipe-concrete specimen on the basis of the deformational characteristics of a steel pipe and considering the
contribution of concrete to the structure operation, which is constant at all stages of deformation, by using of a
correcting coefficient.

2. Materials and methods

For conducting the experiment, 12 specimens of 100 mm length were made using steel pipes with the
following cross sections: a pipe with a diameter of 60 mm and a wall thickness of 2 mm, a pipe with a diameter of
76 mm and a wall thickness of 3 mm, and a pipe with a diameter of 102 mm and a wall thickness of 3.5 mm. The
dimensions of the experimental specimens were taken to exclude the influence of flexibility on the load-bearing
capacity of short pipe-concrete rods, i.e. to exclude the loss of stability.

Two pipe-concrete specimens and two hollow specimens, i.e. not filled with concrete, were made from each
pipe diameter. Additional reinforcement of the specimens was not used. Conditional marking of the specimens is
given in Table 1 for the convenience of processing the results.

Each specimen was tested in the laboratory of the Department of Building Structures of Nizhny Novgorod
State University of Architecture and Civil Engineering using a P-125 compression machine with maximum
compressive load equal to 1250 kN. In this study, the longitudinal deformations of the samples at each stage of
loading with an axial compressive load were determined by the convergence of the pipe-concrete cylinders end
sections, for the registration of which the plate convergence indicator had been installed. Figure 1 shows the basic
scheme of the experimental equipment for testing specimens of 100 mm in length.

Table 1
Marking of specimens
Specimens Specimen characteristic ) Stee_l pipe Diameter of conc_rete rod crimped

mark dimensions, mm by the pipe, mm
P1.1 .
Pl Hollow Steel Pipe 60x2 —
PCl1.1 . . .
PCl2 Pipe filled with concrete (pipe-concrete) 60x2 56
P2.1 .
P2 Hollow Steel Pipe 76x3 —
PC2.1 . . .

Pipe filled with concrete (pipe-concrete) 76x3 70
PC2.2
P3.1 Hollow Steel Pipe 102x3.5 —
P32 W P '
PC3.1 . . .
PC32 Pipe filled with concrete (pip-concrete) 102x3.5 95
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Figure 1. Testing of specimens with 100 mm length:
a — general view; b — basic scheme of the experimental setup:
1 — specimen under test; 2 — movable loading plate;
3 — fixed loading plate; 4 — indicator for registration of plates convergence

3. Results of the research

On the basis of the experimental results for each specimen, the diagrams of longitudinal deformation were
generated in variables P — A, where P is the axial compressive load, A is the convergence between the pressing
plates. For visual clarity and further analysis, the diagrams of pipe-concrete specimens (hereinafter referred to as
P,:(4)) and hollow specimens (hereinafter referred to as P,(A)) with equal diameters were plotted in a common
coordinate plane and with equal scale (Figure 2).

It can be seen from the diagrams (Figure 2) that the graphs of dependencies between axial load and
longitudinal deformations have obvious similarity, being similar regardless of the pipe’s diameter and thickness
of wall. It can also be noted that the elastic stage of work both for steel pipe and for pipe-concrete ends at the same
values of deformations, since the critical factor in the transition to the plastic stage is not the stress but the
deformation of the steel pipe. The similarity of the graphs enables us to make an assumption that concrete in a
pipe-concrete structure performs functions of strengthening a steel pipe, bringing a certain contribution to the load-
bearing capacity of the cross-section at each stage of deformation.

The difference between the ordinates of the diagrams corresponding to the load on the pipe-concrete
specimen at a particular value of axial displacement A and the load on the hollow steel pipe at the same
displacement is taken as a value that quantitatively characterizes the contribution of concrete to the load-bearing
capacity of the pipe-concrete cross-section at each stage of deformation:

P (8) = By (8) — B, (D), D

or the relative contribution of concrete in dimensionless units is:

Ppc(A) - PC(A)
ST

pc(b) = (2)

The calculations of the above characteristics for specimens with 60 mm diameter are summarized in Table 2.

Table 2 shows that the value of the relative contribution of concrete p.(A) at all the stages of deformation is
near to 0.5, and its average value is 49.8%.

In this case, the critical (maximum) load value that can be withstood by a hollow steel pipe 60x2 mm of the
same length is By = 142.5 kN, and the load-bearing capacity of a concrete specimen with diameter 56 mm and
length 100 mm (differentiated load-bearing capacity of the pipe-concrete specimen’s core) obtained as a result of
the experiment is P¥" = 28.2 kN, which corresponds to P" /5™ = 0,198. in dimensionless units.
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Pipe ¢60mm x 2mm Pipe ¢76mm x 3mm Pipe ¢102mm x 3.5mm
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4 — test results of specimens PC-1.1, PC-2.1, PC-3.1 O —test results of specimens P-1.1, P-2.1, P-3.1
[0 — test results of specimens PC-1.2, PC-2.2, PC-3.2 > —test results of specimens P-1.2, P-2.2, P-3.2

= —approximating diagram

Figure 2. Diagrams P(A) based on the test results of specimens

Table 2
Calculation of concrete contribution for specimens made of steel pipes 60x2
A, mm Load P, kN Pp(Ai)s KN Ppc(Ai)’ KN Contribution of concrete
P1.1 P1.2 PC1.1 PC1.2 P.(A;), kN p(A)
0.50 42 29 60 50 35.5 55 19.5 0.55
1.00 90 63 130 110 76.5 120 43.5 0.57
1.50 124 112 178 165 118 171.5 53.5 0.45
2.00 133 129 200 185 131 192.5 61.5 0.47
2.50 140 135 210 195 137.5 202.5 65 0.47
3.00 142 140 218 205 141 211.5 70.5 0.50
3.50 144 141 225 210 142.5 217.5 75 0.53

Similar calculations were performed on the test results of the remaining specimens made of 76x3 mm and
102x3.5 mm steel pipes. In this case, the average values of “concrete’s contribution” were 41.0 and 50.9 %, with
the relative bearing capacity of the concrete core P /P;" being equal to 0.158 and 0.210, respectively. Therefore,
the contribution of concrete at each stage of deformation for all sizes of specimens is 2.5 times higher than the
differentiated bearing capacity of the concrete core. This can be explained by the cladding effect, as the steel tube
prevents the concrete core from deforming and breaking in the transverse direction due to Poisson’s ratio [11; 16;
22]. As a result, the stress state of concrete transforms from longitudinal to triaxial compression, and its bearing
capacity increases significantly. These effects, as well as the development of strength criteria for concrete under
complex loading have been actively studied and presented in [23; 24].

Considering mentioned above, an experimental model of longitudinal deformation of the pipe-concrete
specimen P,.(A) was proposed according to the similar diagram for the steel pipe P,(A):

P, () = B,(4) - (1 +2.5- ic—z:>, 3)
p

where P, (A) and B, (A) are the loads in the pipe-concrete element and steel pipe corresponding to the displacement
A; P;" and P77 are destructive loads in the steel pipe and concrete core during their separate work, determined

from tests under the axial compressive load of the corresponding specimens before destruction (differentiated
bearing capacity).
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The obtained model does not contradict to the generalized formula for determining the bearing capacity of
pipe-concrete elements in [11], but at the same time it extends it, since it enables to describe the deformation
process instead of only prognosing the moment of failure.

Figure 3 shows the diagrams for the pipe-concrete specimens obtained using formula (3) and their comparison
with the experimental results.

Pipe ¢60mm x 2mm Pipe ¢76mm x 3mm Pipe ¢102mm x 3.5mm
P kN P.kN
P. kN 450
700
5
250 400
600
350
200
300 500
150 250 400
200
300
100
150
200
100
50
50 100
o A, mm o A, mm o A, mm
(=] (=] (=] (=] (=] [=1 (= [=1
S 2 & 29 S = =2 S
(=] — o o [=1 — (o} o
£5 — test results of specimens PC-1.1, PC-2.1, PC-3.1 O — test results of specimens P-1.1, P-2.1, P-3.1
O — test results of specimens PC-1.2, PC-2.2, PC-3.2 <»  test results of specimens P-1.2, P-2.2, P-3.2
— — diagram for pipe-concrete speciments obtained — — approximating diagram for steel pipe
using the corresponding diagram for a steel pipe
Figure 3. Diagrams P(A) for pipe-concrete specimens obtained using the corresponding diagrams
for a steel pipe of the same diameter (according to formula 3)
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[=} (=] (=] (=1 (=] (=1 (=] (=] (=] [= [e=} [e=]
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= — ol en <] — ci e =] — [ en
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Figure 4. Diagrams P(A) for pipe-concrete specimens generated on the basis
of the material mathematical model (according to formula 4)
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Comparability of experimental data and the diagram (Figure 3) shows that the methodology of recalculation
“via a steel pipe” can be used in engineering calculations. However, this approach is rather a graphical one and it
is not suitable for using in mathematical modeling.

A mathematical model that analytically describes the longitudinal deformation of the pipe-concrete specimen
was obtained based on the experimental data. The general view of the model is as follows:

cr

P,
Poc(8) = k- BT (1 +ke p—> 1g(ka -4, @
14

where the generalized coefficients are taken: k,, = 0.85 is the coefficient of model scaling; k. = 2.5 is the
coefficient of concrete contribution to the work of the structure; k, = 500 is the coefficient of scaling for
displacements.

The coefficients &, k., ka have been determined empirically, and their dependence on the physical and
mechanical properties of the materials used and their proportions is obvious. Researches in this field are currently
being carried out.

Figure 4 shows the diagrams generated in accordance with (4) and the experimental results.

4. Conclusion

The following conclusions can be made on the basis of the conducted research:

1. The contribution of concrete remains the same at any stage of deformation, that emphasizes the ability of
concrete as part of a pipe-concrete element not to be excluded from work at loads exceeding the destructive load
for a concrete specimen of the corresponding diameter, i.e., the ability to work over the limit of its differential
bearing capacity. This can be explained by the occurrence of a triaxial stress state in the concrete due to the
additional radial stresses caused by the shell. The steel shell prevents excessive transverse deformations leading to
detachment of concrete fragments.

2. The deformation of the pipe-concrete element under central compression occurs in proportion to the
deformation of the hollow steel element with the same diameter. In this case, the concrete plays a supporting role,
preventing early loss of wall stability. The reduction of the specimen’s load-bearing capacity occurs beyond the
zone that is critical for the concrete, and the deformation coincides with the critical deformation for the hollow
steel specimen.

3. The deformability of pipe-concrete elements under central compression can be described by a logarithmic
dependence, allowing to form a mathematical model of the material. Despite the fact that the “smooth” analytical
model (Figure 4) does not fully represent the nature of deformation of the specimens (Figure 2), its mathematical
representation (4) can be used in describing the deformation processes of complex systems including steel-concrete
structures with various combinations of pipe and concrete core cross sections. The proposed model does not
consider the non-uniformity of stress distribution at the ending sections of the rods loaded with axial compressive
load, but it can be applied for sections that are distant from the ending sections. For more accurate calculations
and detailed representation of the stress-strain state of steel-tube-concrete rods, it is necessary to study in details
and conduct tensometric tests on longer specimens, and this should be the following stage of research.
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