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[Ty6mukyercst npu noanepxke rpanra POOU
PM Ne 18-48-130013 «KommekcHoe wuc-
ciieioBaHne (PH3UKO-XUMHIECKUX MPOIIEC-
COB B KOMIIO3MIMOHHBIX MaTE€pHaiax Ha
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J1si {UTHPOBaHMS

Epoghees B.T., Tiopsxun A.C., Tropsixuna TIL
MmuoxkectBa Bunok ®oiirra — Peiicca u Tpe-
3youeB doiirra — Kpucrencena — Peiicca //
CrpourtelibHasi MEXaHUKA WH)KCHEPHBIX KOH-
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AHHOTaLUSA

B nutepatype npHBOANUTCS MHOXECTBO HCCIIEAOBAHUI IPEICTABUTENBHOTO 00b-
€Ma KOMIIO3UTHOTO MaTepyasa, B YaCTHOCTH PacCUUThIBAEMBIX 110 (opMmynam Kprcren-
ceHa, oiirra u Pelicca. LJens pabompi COCTOMT B UCCIEI0BAHUM OCOOCHHOCTEH OLICHKU
MHOYKECTBA BUJIOK S (eKTHBHBIX MOy iei. Memoowl. Ha Gaze pemienus 3anaun Jlame
(151 TONCTOCTEHHOM c(hepbl) KOMITOHOBAIACH cepryecKast MOJIENb IPE/ICTABUTEIILHOTO
00beMa (s1ueliky) KOMIIO3UIMOHHOIO MaTepHaa ¢ 3epHUCTBIM (CEepUYecKM) HaoM-
HHTEJIEM U OIpeeisuiach BETMYUHA P (PEKTHBHOTO MOIYIsl yIPYTOCTH ABYX(a3HOTO
komnosuta. VccienoBanue nomydeHHOH (GopMystbl 3 (EKTUBHOIO MOJTyJIsl, BBIPKEH-
HOI1 B 6e3pa3MepHBIX BEIMUNHAX, T MaTepHasIa sSS9eHKU BBIBIUIO €€ HICHTHIHOCTE C
(dopmynoii P.M. KpucreHceHa, BEIpaKEHHOH B pa3MEPHBIX BEITMUYMHAX, sl 00BEMHO-
IO MOMYJIS1 KOMIIO3UTOB CO cheprueckuM BimtoueHueM. IIpu stom pemenne Kpucren-
CeHa paHee ObUIO MOIYYEHO UHBIM METOJIOM IIPH PACCMOTPEHUM UM IIOIUIUCIIEPCHON
Mozenu komrosuta. bespasmepnast gopma yHkimu (3QQEeKTHBHOrO MOYJIsI) Tpex
0e3pa3MepHBIX MapaMeTPOB MO3BOJIMIIA B IUIOCKHX MPOCTPAHCTBAX (IBYX KOOPIMHAT-
HBIX IJIOCKOCTEN) MOCTPOUTH Ipaduueckue 00pasbl (PyHKIMHY HA3BAHHBIX MOJYJIEH 110
KpucreHceHy, KOTOpbIE COMOCTABILIIOTCS M COBMEIIAIOTCS B OJTHOM PHCYHKE C aHAJIO-
TMYHBIMU 00pa3zamMu (DYHKIUI OLIEHOK 3HAYeHUI MOIyJIe (PeanbHbIX KOMIIO3UTOB) T10
Doiirty u Peiiccy. I'paduueckue uccnenopanust (IIPUMEHUTENBHO K ChepHUecKoi Moe-
JI TIPEICTABUTENIBHOTO 00beMa) IOKa3bIBAIOT, YTO B INIOCKOM IPOCTPAHCTBE MHOYKECTBA
Buiiok Poifrra — Pelicca uMeeT MecTo He Cy»KeHHE 3THX BWIOK, @ MX YaCTHYIHOE 3aroj-
HEHHE IUIOCKUM IIPOCTPAHCTBOM MHOXecTBa BIIOK Kpricrencena — Peiicca. Ilpu sTom
rpaduky QyHKIMI MOTyJieit OJTHOBPEMEHHO C MHOKECTBAMH JIBY3yOBIX BUIJIOK 00pa3y-
10T MHOKECTBa Tpe3yObIx BUIIOK (Tpe3ybueB) doiirra — Kpucrencena — Peticca, koto-
PpBIE B 3aBHCHMOCTH OT BEJIMYIHBI MHTEPBAJIOB YHICEN HCCIIEAYEMBIX [TapaMeTPOB MMEIOT
BWJIKW Pa3HOW BeJMUMHBL Pe3ynbmamot. TlomydeHsl rpaduyeckie WLTFOCTPaIMH YkC-
JIEHHBIX IIPIMEPOB, AEMOHCTPUPYIOILKE, YTO IPY 33aHHBIX BEIMUMHAX MOJYJIEH MaT-
PULIBI ¥ 3aMIOJHUTENS X 00BEMHOM 0K IIOCIIEIHENO MOXKHO ONPENENATh S(P(DEKTHBHbIE
00bEeMHBIE MOZY/IM X MOZLYJIN CIIBUTa JBYX(DA3HBIX KOMIIO3UTOB, IIPOBOJUTH COTIOCTAB-
JIEHUE C BBIBOJIAMM IIPUKJIAJHOTO IUTaHa. bespasmepHas (hopMa MOTydUEHHBIX BBIpaXKe-
HHUI TO3BOJIIET pellaTh OOpaTHBIE 33JauM MEXaHWKH MOJUIUCICPCHBIX KOMIIO3HTOB,
HanpHUMep ONPEIETIATh 00BEMHBIE MOJTYIIH KOMIIOHEHTOB KOMITO3UTa 0 3()()EKTHBHBIM
MOZIYJISIM, ITOJTyUCHHBIM MEXaHUICCKUMU UCTIBITAHUAMU CTaHAAPTHBIX 06pa3u013.

KiroueBble ciioBa: cdepryeckasi MOZICIb MPEICTABUTEILHOTO 00beMa MaTepH-
ana, 3anaya Jlame 1yt ToncrocteHHOM chepbl, 3 PEeKTUBHBIE MOTYIH ABYX(a3HbIX
KoMIT03uTOB, Briika ®oiirra — Peticca, Bimka Kpucrtencena — Peticca
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Multitudes of Voigt — Reuss forks and Voigt — Christensen — Reuss tridents
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Article history Abstract

Received: August 3, 2020 In the literature, there are many studies of the representative volume of a compo-
Revised: September 29, 2020 site material, in particular, those calculated using the formulas of Christensen, Voigt and
Accepted: October 2, 2020 Reiss. The aim of this work is to study the features of evaluating the set of forks of

effective modules. Methods. On the basis of solving the Lame problem (for a thick-
walled sphere), a spherical model of a representative volume (cell) of a composite mate-
rial with a granular (spherical) filler is compiled and the value of the effective modulus
of elasticity of a two-phase composite is determined. The study of the obtained formula
for the effective modulus, expressed in dimensionless quantities, for the cell material
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1. BBeaenune

[TonmumepHbIe KOMITO3UIIMOHHBIE MaTepHalIbl BEITECHSAIOT MHOTHE TPAJIUIIMOHHO METAJUIMYECKUE, KepaMu-
YecKHe U Ipyrue MaTepHaibl B pa3IMYHbIX 00JacTsax TexHuku [1—4]. B 9Tol cBs3M TeopeTndecknue nccieaoBa-
HUsI, HallpaBJICHHbIE Ha yCTAHOBJIGHHE U NpejAcKa3aHue (U3NKO-MEXaHMYECKUX CBOWCTB KOMIIO3UTOB Yepe3
CBOMCTBA X KOMIIOHEHTOB U UX F€OMETPUYECKIX XapaKTEPUCTHUK, SBISAIOTCS aKTyaJIbHBIMH, TaK KaK MO3BOJISIOT
3HAYUTENFHO CHU3UTH MPOBEACHUE JOPOTOCTOSIIINX IKCTIEPUMEHTAIBHBIX padoT.

Teopernueckast MOJENb CTPYKTYPbl OETOHOB U IPYTUX KOMITO3MLIMOHHBIX MaTEPHAJOB C 3aIOJTHUTEISIMU
ctepuueckoil popmel Hanbosee mpocTa AT MOCTPOSHHUST MAaTEMAaTH4ECKOro aJrOpUTMa MPOEKTHBIX PACUETOB.
[ToaToMy B MpakTHUECKUX HCCIEJOBAHUAX KOMIO3UIIMOHHBIX MaTepUAOB IIMPOKO UCIOIB3YETCS PELIeHHEe 3a-
nauu Jlame 11 ToactocTeHHOH cdeprl. Kpome TOro, MHOrMMH CieLMaMCTaMH 3aaddl IO UCCIICAOBAHUIO TOJI-
CTOCTEHHBIX C(ep pelaauch ¢ NOMOIIBIO APYTHX MOJAENCH: aHATUTHIECKUX, YUCICHHBIX U KOHEYHO-3JIEMEHTHBIX.
[Ipu 3TOM HCTIONB30BANKCH PEIIEHUS MOJIeNel KOMIO3UIIMOHHBIX MaTepPHUajIoB, OXBATHIBAIOIINE PA3INIHbBIE CTa-
UM pabOTHl MaTepuana: ynpyro-macTHuecKyto [5], Bs3Ko-miactuueckyro [6], monsyuectu [7; 8]. Paccmatpu-
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BaJIUCh TAKXKE 3a7a4d C MPUMEHEHHEM MaTepUajiOB C PA3IUYHBIMU MPOUYHOCTHBIMU U YNPYTO-TIACTUICCKUMU
CBOICTBaMH, B TOM YHCJIE€ YIIpyromacTuieckux [5; 9—11], Baskormactideckux [6], QyHKIMOHATBEHO-TPaMEHTHBIX [12]
1 TIOJIBEPKCHHBIC BO3JICHCTBUIO CHJIOBBIX M HE CHIIOBBIX HArpy30K: oceCHMMeTpHIHBIX [13], o0beMHBIX crit [13],
BHEIIIHET0 U BHyTpeHHero nasieHus [10], ruapoctatuueckoro nqaBiueHus [14], KOppo3HOHHO-aKTUBHEIX cpel [5],
LUUKINYECKU NEUCTBYIOLIUX TeMIepatyp [9], 3MeKTpOMarHuTHBIX U TEPMOMEXaHUYECKUX Harpy3ok [15]. Tem He
MeHee CYIIECTBYeT OOmupHas 001acTh 3a/a4, B KOTOPBIX ISl MIX PEIISHHs TOCTaTOYHO METO/IOB JINHEHHON Teo-
pun nedhopmupoBanus. [l uccneaoBaHUs TaKuX 3a/1a4 MBI OYJIeM HCIIOJIb30BaTh YIIOMSHYTOE peIIeHne 3aJaun
Jlame n71st TOICTOCTEHHOH chepsl.

B nyOnmkanmsix Takke BCTpE4YaeTcsi MHOTO HCCIIEIOBAaHUN MOJIeNel MpeIcTaBUTeNbHOTO 00beMa KOMIIO-
3UIUOHHOTO MaTepralla ¢ MPUMEHEHHEM OOIETEOPETHICCKUX W BAPHAIMOHHBIX MTPUHIUIIOB OLEHKH () PEKTHB-
HBIX MOJYJICH U, B YaCTHOCTH, paCCUUTHIBAEMBIX 10 (opmynam Kpucrencena, ®oiirra u Peiica. Cioxwimch gaxe
ONpeelICHHbIE CTEPEOTHUIIBI OLICHKU MHOecTB BUIOK Doiirra — Peiica, Xamuna — ltpukmana, Kpuctencena —
Peiica [3; 16—18]. M3y4ueHnio ocoOOCHHOCTEH HEKOTOPHIX M3 HHUX OyIeT yaelieHO 0co00¢ BHHUMAaHHE, TaK KaK B
W3BECTHBIX paboTax MoJOOHbIC UCCIIEIOBAHMUS HE TIPUBOIHIIHCE.

2. MeToabl

PaccMoTpeHnio momiexuT AByXGa3Has MOJAENb NPEICTaBUTEIFHOTO 00beMa KOMIO3UTA, MMEIOIIasi BH]
cepuueckoil 000JI04KH paanycoM R, B KOTOPYIO BKIIIOUEH IIapOOOPa3HbIil HAMTOIHUTENb paguycoM a (puc. 1).

q K, G,

=
N
|
Bxurouenue
Puc. 1. /luamerpanbHoe ceucHue cHepruiecKoi TUCHKN KOMITO3UTa Puc. 2. PacueTHble CXEMBbI STUCHKHU:
[Figure 1. Diametrical section of the spherical cell of the composite] a — 3¢ dexTuBHAS; 6 — CTPYKTypHAs

[Figure 2. Design schemes of the cell:
a — effective; 6 — structural |

2R

Puc. 3. PacueTHble cXxeMbl KOMIOHEHTOB STUEHKH:
a — MaTpUulbl; 6 — BKJIFOUEHHUS
[Figure 3. Design diagrams of cell components:
a — matrices; 6 — inclusions]

INox aeiicTBHEM BCECTOPOHHETO JIABICHUS ¢ MOJIENb CHEPUICCKON SUCHKH UCTIBIThIBACT Je(hOPMALIHIO TICHTPATh-
HOT'O CXKaTusl, KOTOPas BhI3BIBACT (B TOUKAX paszena (pa3) KOHTAKTHOE JaBJICHUE p (B3aUMOJICHCTBUS IBYX (ha3 MOJICIIH).
J71s ocTaHOBKM TIEPBOOUYEPEIHBIX 331a9 PaCCMOTPUM BO3MOXKHBIE pacUETHBIE CXEMBI MOJIENH STYEHKU TIPU JISHCTBUN
Ha Hee maBiieHust g (puc. 2 u 3). CHavara BBIISAM JIBE paCUeTHBIE CXeMBI: 3(D()EeKTUBHYIO U CTPYKTYPHYTO (pHC. 2).

PacuerHas cxema sghgpexmuerol MoOJieNn — 3TO BHEUIHHHA B3TJISJl HA MOJCNb SYCHKH, MPEACTABICHHON
CIUTOIIHBIM OJTHOPOHBIM H30TPOIHBIM YIIPYTHUM TeIIOM, HMEIoIM GopMy mapa (puc. 2, a). lllap, cxumaemsrit
JTABIICHHEM ¢, SIBISETCSI CTATHIECKH OTIPENeTMMOi cructeMoil. M3 ycioBust paBHOBECHSI mIapa cleyeT, 9TO BO BCEX
€ro TOYKaxX BO3HUKAIOT PaBHbIC HAIIPSDKEHUS G U Aeopmaiuu &:
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0 =—q = const, g:—i:—gzconst, (1

3K e
rae K — 3G ¢peKTHBHBIA 00BEMHBIH MOMIYIb YIPYTOCTH KOMIIO3UTA; ¢ — MIAPOBON MOIYJIb OOBEMHOTO CHKATHS
Marepuaia mapa (e = 3K).

PacuerHas cxema cmpyxkmypHoti MOIEITH — 3TO B3TJLI HA MOJENb M3HYTpHU (pHC. 2, 6). 31ech MOIETh Mpe/l-
CTaBJI€HA TBEPJBIM TEJIOM HEOIHOPOIHOM CTPYKTYpHI. Takas MOJEIb SIBJISICTCS CUCTEMOM CTaTUYeCKH HEOlpee-
Mo, UTOOBI pacKphITh €€ HEOMPEACTUMOCTh, PACUWICHUM CTPYKTYPHYIO MOJENb U MPEACTABUM €€ COBOKYII-
HOCTBIO JIBYX CTaTUYECKH OMPEIETIUMBIX PaCUeTHBIX cXeM (pHc. 3).

PacueTHas cxema BKJIFOUEHUS, aHANIOTHYHAs cxeme 3¢ (deKkTuBHOM Monenu (puc. 2, a), IpeacTaBicHa OJ1-
HOPOJHBIM 1apoM (puc. 3, 6). Illap HaXomUTCSA B YCIOBUAX THAPOCTATUYESCKOTO CKATHSI JAaBicHUeM p. Hampsi-
XKEHUS O, U Ne(hOPMAIIHH €, BO BCEX TOUKAX IIAPOBOTO BKIIOUCHUS (HATIOTHUTEIS) BEIYUCIIIOTCS 110 (hopMyIamMm

P p
o, =—p=const, § =———=—-—=Const, 2
T 3K, e, @

rae Ky, e,— Moaynu o0beMHO 1 IAapOBOH YIPYrocTH MaTepHraia mapa.

Pacuernas cxema mampuyst ipencrasiena moacmocmertou cghepoii (TC), moaBepKEeHHONU AEHCTBUIO
NaBJICHUH g U p Ha ee MoBepXHOCTAX (puc. 3, a). Hanpsokenus u nedopmarmu TC, coraacHO pemieHuto 3amadu
Jlame [19-21], BbIpazum popMynamu, NpUBEACHHBIMU B TaOJIHIIE.

Tabnuya

®opmyJibl pemieHus 3agaun Jlame pos TC
[Table. Formulas for solving the Lamé problem for TC]

IMapamertps! [Parameters] Paguanbubie [Radial] Tanrenuuanabubie [Tangential]
. q-pw p—q w q—-—pw p—q w
Hamnpsoxennit [Stresses] G, =- - 6, =— +—
4 Vo v p
. q-pw p—q w q-pw p—q W
Hedopmarnmuii [Deformations] g, =- - g, =- + —
eV gV p eV 2g-V p

Ipumeuanue: r — panuanbHas KOOPIUHATA TOUKU M; p — 6e3pasmMepHast KOOpIUHATa TOUKH (p = 7/R); w — 0ObeMHast 1015l HAIOJ-
nutens (w = a’/R%); V — oobemuas mons matpuns (V=1 —w).

[Note: r — radial point coordinate M; p — dimensionless point coordinate (p = 7/R); w — volume fraction of filler (w = a*/R%);
V — volume fraction of the matrix (V=1 —w).]

B dopmynax nedopmanmii (cM. TabaHIly) yIpyTHE MapaMeTPHl €, U g, MaTepualla MaTPHUIbl BHIYHUCIISIOT-
cs mo popmynam
E

E
e, =—2— =3K,, g =—2-=2G,, 3
m 1—2Vm m gm ]_-‘,—Vm m ()

rae E, — monyms FOnra; G, — Moayib ciBura; v, — kodddunuent [lyaccona marepuana; K,, — 00BEMHBIH MO-
ITyJIb YIPYTOCTH; €y U & — MOJIYJIH MAPOBOM U ICBHATOPHOU NehOpMaIHii COOTBETCTBEHHO.

[lepBoouepemHbIe 3aja9M HCCIEAOBAHHS 3aKIFOUAIOTCS B TOM, YTOOBI, BO-TIEPBBIX, PACKPHITH CTATUYECKYIO
HEONpeIeTMMOCTh CTPYKTYpHON MozenH (puc. 2, 6) U ONPEAETUTh BeJIMYINHY KOHTaKTHOTO JTABIICHHUS p, BO-BTOPBIX,
3anucaTh YCIIOBUE SKBUBAJCHTHOCTH PACUCTHBIX cXeM 3(PPEKTUBHON U CTPYKTYpHOU Mojenel (puc. 2) u, yao-
BIICTBOPSS 3TO YCJIOBUE, ONPEACIUTH BeTUIUHY 3()(PEKTHBHOrO 00bEeMHOTO MOAYIS K KOMITO3UTA.

3. Pe3yabTaThl M X 00Cy:KIeHHE

3.1. Konmaxkmmnoe daenenue cmpyKmypHoit mooenu

3anuieM ycioBUe CILIONIHOCTU CTPYKTYPHOU Mojienu (puc. 2, 6) B BUJIC PAaBEHCTBA pPaiMalbHBIX Tepe-
MEIIeHUH MaTPpHIIbI Uy, (PUC. 3, a) ¥ HAOTHUTENS U, (pUC. 3, 6) B TOUKaX (7 = a) UX CMEKHOU T'PaHUIIBL:

“4)
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=ae

r=a n’

A Tak Kak u,, |r:a = astm| uu, TO ycnoBue (4) OyaeT HISHTUYHO YCIOBUIO PAaBEHCTBA TaH-

r=a

TeHLUAIbHBIX AeopMmanuii B Tex xKe TOUKax:
Cimlyeg = En- %)
dopmyna negopManuii €., MaTpULbI B TOUKax M nuMeeT BUA (CM. TaOIuUILy)

__4-pv, p=q W

€, = e (6)
e V. 2g -V p
Orcrona Haiinem medopMarii B TOUKaxX ¢ KOOPAUHATOH ¥ = a:
f— W f—
g, | =-4-P%, P79 (7)

e em V 2gm V

U, BBITIOTHMB MOACTaHOBKH AedopMaluid, cornacHo Gopmyinam (7) u (2), B yciosue (5), HOITydUM paBEeHCTBO

_‘]_PW+ P9 :__ﬁ. )
eV 2g -V e,
Brenem B paccMoTpenue Tpu 0e3pa3MepHBIX (OTHOCHTEIHHBIX) TapaMeTpa:
p gm 2Gﬂ‘l e}’l Kn
y=o, p=Sm=tn, (= ©)

3arteMm ¢ yueToM (9) BBIIONHUM NpeoOpa3oBaHus paBeHCTBa (8), B pe3ysibTaTe Yero HaiieM BBhIpaKeHHE ISt
BEJIMYMHBI KOHTAKTHOT'O IABJICHUS:

¢-(1+2n)
¢-(1+2nw)+2nV

pP=q-Vy, e y = (10)

B atoit popmyne BenmurHa AaBICHUS p OTIPEALCIISICTCS BETMYUHOM BHEIIIHETO NaBJeHHs ¢ ¥ 3HaYeHHeM (pyHK-
i (1, C, w) Tpex napameTpoB, 3HAYEHHUS KOTOPBIX, B CBOIO OUEPEIb, XapAKTEPHU3YIOTCSI HHTEPBaJIaMH YHCEIL:

O0<n<l, 0<C<oouO0<w<l.

Tem cambiM, 3a1aBasi BEIMYMHEI JIaBICHUS ¢ U TPEX MapaMeTpoB, cHavyana 1o gopmyse (10) Beraucnsercs
nasieHue p. Hanpsokenust v geopMaiiy B TOYKaX MATpUIB (PUC. 3, @) paCCUMTHIBAIOTCS 1O (OPMyJiaM TaOITHIIBL,
a B MaTepualie BKIIOUeHHs (puc. 3, 6) — mo ¢popmynam (2).

3.2. I¢phexmuenviii 06vemHbLii MOOYIb KOMROZUMA

Jlns BBISIBIIGHUSI BETUYHMHBI 3P QekTuBHOr0 Moayisi K nByxdaszHoi monenu (puc. 1) comocraBum aedop-
MaIUH 3TOH MOJIENN B IBYX €€ COCTOSHHSAX, COOTBETCTBYIOIINX PACUETHBIM cXeMaM 3 (EeKTHBHON U CTPYKTYp-
HOW Mozeneil (puc. 2). YcinoBue 3KBUBAJICHTHOCTH JBYX COCTOSHHI 3alMIIEM B BHJE PaBEHCTBA PagUabHBIX
nepeMeIeHni TOUeK HapyKHbIX MoBepXHOCTeH (7 = R) 3ppeKTUBHOMN U CTPYKTYpHOH CXeM MOJEINH:

e =t (11)

r=R

u
[Tepememenwns meBoit wactu paBeHcTsa (11) onpenenstorest cormacHo (1):
q q
u =Re=—R—=—-R—. (12)
|r:R 3K e
s mpaBoii yactu paBeHctBa (11) cHauana mo gopmyne (6) Halinem nedopmanuu MaTpuubl (puc. 3, a) B

TOYKaX ¢ KoopauHaTtaMu » = R (To ecTb p = 1):

__4-pw. P4

R e Y 2g oV

(13)

tm
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C yuerom (12) u (13), ynoBnetBopsis ycnosuto (11), moiaydaem BepakeHUE

e eV 2g -V

(14)

C yueroM (9) mpeodpazyem (14) u mocie yrnpomeHuii oIyIuM YpaBHEHHE

1 ¢+2n-w(E-1)

k¢ (1+2qw)+2mV°

13 KOTOPOTO CIIeJyeT OKOHYATENbHBIA BUA (DOPMYJIBI JJIsT BEIYMCICHUS BEMUIUHBI 3P(HEKTHBHOTO 0OHEMHOTO
Moyt K, BRIpQXKEHHOTO B JIOJSAX OT BEITMYWHBI MOIyJIs K, MaTepuaia MaTpHUIIbL:

K -(1+2nmw)+2nV
R P ) L i U
K cV+(2n+w)

m

(15)

Bwmecto mapamerpa { MOKHO HCTIONB30BaTh 0OpatHbiid mapameTp 0 = 1/C. B Takom ciyuae dopmyina (15)
IIPUMET BUJ
_ (I+2nw)+2n0V

k(naeaw)_ V+0(2r|+w) . (16)

B pabotax [22-24] nokazano, uto popmyna (16) unenrnuna gopmyne Kpucrencena [3. C. 54], kotopas B
HaIIMX 0003HAYCHUSIX UMEET BH]

_ WK, -K,)
K=K, + V(K —K.) (17)
I+ ——"r—n

[To dopmyie (17) Beraucsatoress 00beMHBIE MOAYTH K TTOTMAUCIIEPCHBIX KOMIIO3UTOB CO C(hepuIeCKUMHU
BKITIOUCHUSIMH.

B paborax [22; 23] uccnemoBaHbl YacTHBIE ciydad mpuMeHeHHs GopMyisl (16) U cucTeMaTH3upOBaHbI
ceMelcTBa IMOAMHOKECTB BO3MOKHEIX 3(pPeKTUBHBIX Moyiel k = K/K,,. B pabote [24] BEIsIBIICHA B3aIMOCBSI3b
pemenust Kpucrencena ¢ onenkamu Bmiiku Doiirra — Peiicca [17; 18]. Omnako atumu padotamu [3; 22—24] uc-
cnepoBanus ¢opmyn (15) — (17) He ucuepnbiBaroTes, U TpedyeTcs ux pazutue. B takom ciydae popmynst (15) u
(16) MoxxHO cunTaTh AByMs MonupukanusaMu Gpopmyst (17).

3.3. Ouyenxu 3¢hghexmuenvix mooyneii no Kpucmenceny, @oiiemy u Peiiccy

U3 popmyisl (9) BBIIEIMM J[Ba YAaCTHBIX CIydasi, KOTOPBIE [MAK0T HAMOOJIBbIINE ¥ HAUMEHBIINE 3HAUEHUS
BenmuuHbl Moayns k(1,C, W), oOpatus BHUMaHKWE NPH OTOM Ha apaMeTp

_2G, 1-2v,
3K, 1+v,

n

3HadyeHus 1) OJJHO3HAYHO CBS3aHBI C BEIMYMHOHN Kod(p¢uumenTa [lyaccona marepuana mMaTpuisl. Bemu-
4yuHe V,, = 0, HanmpuMep, COOTBETCTBYET 3HaUeHue 1 = 1, a BeIu4yuHe v, = 0,5 — 3Hauenue 1 = 0. DTUM IByM Ciy-
YasiM COOTBETCTBYIOT, cornacHo (opmyute (15), nBe onenku (o KpucreHnceny):

1) MakCUMaNTBHBIX 3HAYCHHH d(PPEeKTHBHOTO MOAYJIS (TIpu 1) = 1):

g (I+2w)+2V

K =k(GW), = 18
(G W) hnax V12w (18)
2) MUHIMAJTbHBIX 3HaYeHUH Moays (ipu 1 = 0):
K =W =——. (19)
V+w
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B Takom cnyuae, mo KpucreHceny, aeKTrBHBIE MOAYJIN pealbHBIX KOMIIO3UTOB, COOTBETCTBYIOIINX
MHTEpBAJly MapameTpa 1), OTPaHUYEHB BEIUYMHAMH HX NPEACNIbHBIX 3HAYCHUH, ONpeNesieMbIX BbIPaXKEHUSIMHU
(18) u (19).

Teneps obpatumcs k ouenkam o @oiirty [17] u Peiicey [18] mist apdexTuBHBIX MOAysIel NByX(pa3zHBIX
MaTepuaioB. PopMyIIbl STHX OLEHOK (B HAIIMX 0003HAUYEHHSX) IPUMYT B!

— Ha BepxHel rpanuie 3HaueHui — no dOorry

K. =(1-w)K, +wK,; (20)
— Ha HWKHEH rpaHune — no Peliccy
_ 1
1w

w
_lr_i
K, K,

m

K, @)

Cwmeicn TepmuHa «Buiika Doiirra — Peficca» (kpatko «Buika ®—P») 3akmrouaeTcst B TOM, YTO TPU BCEX
3HAYCHUX TapameTpoB K, K, 1 w apekTuBHbIe MOAYIH K pealbHBIX KOMIIO3UTOB OIPEIEISIOTCS WHTEPBa-

nom 3HaueHnit K, < K < K. Bce mpocTo U MOHATHO 0 OYEBUAHOCTH. TeM He MeHee MMEIoIUecs IyOInka-
uuu, HarpuMmep [25], o Tak Ha3bIBaeMOM cyxcenuu BUIKU O—P CBUAETENBCTBYIOT, YTO B 3TOM BHJIKE HE BCE TaK

OJJHO3HAYHO M OYEBHIHO, KaK 3TO KAXKETCS Ha NMEepBBIH B3MIAA. UTOOB! BHIABUTH NMPHUYMHY HEOTHO3HAUYHOCTH,
npeoOpasyem u npeacraBum oneHku (20) u (21) B hopme, 6onee ynoOHOH 11 UX rpadMuecKoro Uccae 0BaHus.

C 5T0ii 1IN0 MOJIENNM JIeBbIE M IpaBbie dacTH dopmyin (20) u (21) Ha Bemmunay Moxyns K . B pesynbprare

nmosryduM 6e3pasMepHyto (opMy OICHOK:
— 3Ha4YeHUH peanbHbIX MOJysiel o DourTy:

k. =V +Cw, (22)
— OLIEHOK 110 Peiiccy:
2 :_C . (23)
V+w

IpaBsle yacTu BEIpakenuii (19) u (23) TOXKAECTBEHHBI APYT APYTY. DTO 3HAUMT, UTO HIDKHSSA OLEHKA k¥ T10
Kpucrenceny To4HO coBIana ¢ OIEHKOH kg o Peiiccy. Paznuune ux B ToM, uTO OleHKa kg (23) CIyXUT HIKHEN
rpanuIei 3HaueHui SGOEKTUBHBIX MOJIyJIe 171 BCEX BO3MOKHBIX JBYX(a3HbIX KOMIIO3HTOB, a oleHka k (19) —
TOJIBKO JUTS TTOJMANCTICPCHBIX KOMITO3UTOB CO C(EPUIECKOH MOJIEIbIO TPEACTABUTENILHON sTueiiku (puc. 1).

Ho Bepxmsist ontenka o Kpucrerceny (18) He coBnana ¢ oreHkoit mo @oirty (22) 1 yI0BICTBOPSET YCIOBHIO

* o (V3
kp <k <k,. Taxum 06pa3oM, IPUMEHHTEIBHO K CHEPUUECKOIl MO SYCHKH, MOXKHO CKa3aTh, 4TO ABY3yOast

Bunka ®—P cranoBuTcs Tpe3yOoit Bunkoit Doiirra — Kpuctencena — Peiicca, mnn tpesyonem @—K-P. Crnenosa-
TENBHO, peub UJET HE O cyceruu BUIKU O—P — 3710, BeposITHO, HEYAaYHbIA TEPMUH, TaK KaK «BHIIKA — €CTh BHIIKa».
Omna, B 3aBUCHMMOCTHU OT 3Hau€HWH { M W, UMeeT pa3Hble Pa3Mepbl, KOTOPBIE COXPAHAIOTCS HEU3MEHHBIMH, CO-
TJ1acHO uX omnpeneneHusM (22) u (23).

3.4. ITnockue gpuzypovt muoxncecme eunoxk @—P u mpezyouee O—K—P

Dopmupys rpaduuecKuii 00pa3 BBIIIEHA3BAaHHBIX BIUIOK U TPe3yOlleB, BBEAEM JEKapPTOBY MPSIMOYTOIBHYIO
cucreMy koopauHaT Ow(k 1 B ee TIPOCTPAHCTBE BBIACIUM 00JIACTh, OTPAHUYCHHYIO KOOPIAMHATHBIMHU IIJIOCKO-
ctsamu Ow(, Owk, OCk u mnockocteio w = 1, mapamiensHol iockoctu OCk (puc. 4).

O6pa3er pyskrmit (15), (22) u (23) OyaeM CTPOUTH B IUIOCKOCTSAX HCCIIETyeMOM 00JIaCTH MPOCTPaHCTBA
Ow(k, mapamienbHbIX KOOPAWHATHBIM IUIoCKOCTSIM Owk 1 OCk. Takux MIOCKUX «IPOCTPAHCTB» B MCCIELyeMOi
obnactu OecuncIeHHOE MHOKECTBO. PaccMOTpUM 4eThIpe XapakTepHBIX MPUMEpa YHCICHHOTO HCCIIeIOBaHUS
HA3BaHHBIX (QYHKIHHA C TIOCTPOCHUEM UX TPaApUKOB.

Ipumep 1. B mnockom npoctpanctee Olk (¢ abemuccoit w = 0,25) moctpoum rpadukn Gpyskuuit k (),
kr(C) n kr(C) B 3amanHOM MHOXECTBE uncen nHTepBaa 0< < 1.

Pesynbrare! Beravicienys yHkmmii o gopmynam (18), (22) u (23) npencraBum ¢urypoi Tpex rpadukos (puc. 5).

Ha puc. 5 Tpu rpaduka nmerot obmryro Touky ({ = 1, k = 1). Bepxauit 1 HrwkHIA TpaduKu 1aroT o0pa3 ury-
pBI MHOKecTBa BUIOK O—P. @urypa nmeer BUJ MHOXKECTBA IBYPOTHX BHJIOK C OOIIIUM OCHOBAaHHEM B Ha3BaHHOU
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touke. Hanpumep, B ciayuae { = 0 Bunka @—P xapaktepusyercst ATUHON — BETMYHHONW MPOEKUUHU IpadUKOB Ha
ochb { (Lo =1). Ee packpsitie (pu { = 0) xapakTepu3yercsi pa3HOCThIO anmikat Ak = 0,75 — 0 = 0,75 (puc. 5).
B apyrom ciygae ({ = 1/4, Hanmpumep) [UIHHA BHJIKH U €€ pacKpbIThe OymyT UHBIMU: Le-is =1 — 0,25 =0,75u
Ake=14= 0,813 — 0,571 = 0,242 u 1. 1. CnenoBaTenbHO, BEPXHUM U HIXKHUM IpaduKaMi MPeACTaBIeHO OeCKoHeY-
HOE MHOXeCTBO BUJIOK ®—P, HalloKEHHBIX B OJHOM CTBOPE OJIHA Ha APYTYIO (B KOOpAMHATHOH tutockocti OLk).

=0 0,25 0,5 0,75 =1
1 Il Il Il N
0,9 A
¢ . 0,8 -
M(OWCIT) 5 071
k . $ 0,6
. £ 0,5 1
| £
““““ 7 £ 04
/7 < 2
/ S 03 i
2 0.2 -
/ w ol w=0,25
o // ' 0,1 - —=kR
0 1 0
Puc. 4. O6mnacts nmpoctpancTsa 3 HEKTUBHBIX MOIYJICH Puc. 5. durypsr MmHOXecTBa Tpe3youeB O—K-P,

B JIEKapTOBOH cUCTeMe KOOPAMHATHBIX Oceil ¢ HayajoM B Touke O: IpeCTaBIIeHHble TIocKuMu Tpadukamu Gyrximit k-(C), k'(§)
KOOPJIMHATHI TOUeK M uccienyeMoit 001acTu onpeesstoTes abciuccaMu u kr({) B maTepBane uncen 0 < { < 1 npu 3Hauenusx w = 0,25
ocu w B nrrepsae 0 <w <1, opruaramu ocu § Ha nrrepsaite 0 < (< oo, [Figure 5. Figures of the set of F-K—R tridents represented

anmiaukaramu ocett k s pynxuuit k'(w,0), &~ (w,0), kr(w,0) u ke(w.0) by flat graphs of the functions k(C), k*({) u kr({) in the range of

B UHTepBae ammmkar 0 < k < oo,
[Figure 4. The area of space of effective modules in the Cartesian
system of coordinate axes with the origin at point O:
the coordinates of points M of the investigated area are determined
by abscissas of the w axis in the interval 0 <w < 1, the ordinates of
the ¢ axis in the interval 0 < { < oo, applicates of the k-axes for the functions
K W,%), K" (w,0), kr(w,0) u kg(w,£) in the interval 0 < k < 0]

numbers 0 <{ <1 at values of w =0.25]

Cpennuit 1 HywkHANA Tpadukn (byHKINN £* 1 kg) 00pazyroT apyryro ¢Gurypy — rpaduaeckuii oopas MHO-
skecTBa BIIIOK Kpucrencena — Peticca (Bunok K—P).
I'padux dynxiuu £ ({) AenMT NPOCTPAHCTBO MHOXKeCTBA BHIOK ®—P Ha nBe wactu. Hukusas yacTs, onpese-

o sk *
JseMast MHTepBaiioM 3Hauennii k< k(n,(, w) <k , obpasyer nmpoctpaHcTBO MHOKeCTBa BHIOK K—P. Bepxusist

4yacTh MHOKecTBa BIIIOK O—P ocTtaercst HeonpeneIeHHON, TaK KaK BBIXOIUT 33 paMKHU PELeHUs, 1aBaeMoro ¢popmy-
nami (9) — (11). CoBmemenne ¢puryp AByx MHOXKecTB, BUIIOK ®—P u Buiok K-P, B omHOM pucyHKe IeMOHCTpPU-
pYeT HarJsaHbINH 00pa3 MHOKecTBa Tpe3youeB d—K-P.

Ilpumep 2. B npyrom miockoM npoctpanctse Ok (c abcrmccoit w = 0,5) coxpaHuMm ycioBus mpumepa 1.

Pemenne Taxke npemcraBuM rpadukaMu Tpex GyHKIUN B TpocTpaHcTBe k —  (puc. 6).

3n1ech, B OTJIIMYHE OT pUC. 5, IMEEM MHbIe pa3Mepsl MHOKecTBa Tpe3youeB O—K—P, Bkimovaromux B ce0s
npoctpascTBa BHIOK ©—P u Bunok K—P. Eciau cHoBa W3MeHUM BeMUYUHY W U puMeM ee paBHou 0,75, Hanpu-
Mep, TO TIOJyYNM TPETHH BapuaHT GUTYPHI TSI MHOXKECTBA Tpe3yoiieB @—K—P.

CnenoBatensHo, 000011ast mpuMeps! 1 1 2, MOXHO CKa3aTh, 4To B MHTepBajie uyncen 0 < w < 1 mosrydaercst
OeckoHeyHOe MHOXecTBO Quryp (MuoxectB Tpe3ybueB @—K—P). [Ipu sToM B TakoM OrpOMHOM KOJIMYECTBE
MHOXecTB ¢uryp tpe3youeB ®—K—P Hukakoro cyswcenus sunok @—P B TpaIullMOHHOM CMBICIIE, KaK, K IPUMEpY,
B [25], HE BBIABIACTCA.

Ilpumep 3. B nockom npoctpanctBe OCk (¢ abcuuccoit w = 0,75) tpedyercss mocTpouTh rpaguku GyHKIUH
kr(C) n Tpex dynkumit k({) mpu 3HaveHHx 1), paBabix 1,0, 0,4 u 0,0 B uaTEepBane yncen 0,25 < < 3.

PesynpraThl BRMHCIICHNS 3HAUCHUH YeThIpeXx QyHKmmit o dhopmyiam (22) u (15) COOTBETCTBEHHO TPEICTABUM
¢urypoii Tpex rpauKOB, BEIICICHHBIX CIUIONTHBIMY JIMHUSMH, ¥ OTHUM ITyHKTUPHBIM IpadrkoM (puc. 7).

Ha puc. 7 B uarepsane 0,25 < { < 3 u3o0paxkeHo aBa MHOXecTBa Tpe3yoreB @—K—P, 3yObst KOTOpBIX U3 00IIero
ocHoBaHus B Touke (1, 1) pacxonsTcs B IPOTUBOIOJIOKHBIE CTOPOHBI. MHOKECTBO JIEBBIX TPE3yOLleB OTpa)kaeT
BeNMMYMHY 3P PEKTUBHBIX MOAYJICH MaTepHalia py 3HAYSHUSIX MaIbIX YHCe napameTpa (, a mpaBbie — OOJIBIIHX.

I'paduk, BeIICHCHHBIH MyHKTUPHOH JIMHKUEH, OTpaxkaeT, cornacHo (15), 3Hauenus ¢yHkiwn k() KOMIO3UTOB,
MMEIOIIVX PaBHYIO BeNMMUnHY mapamerpa 1 = 0,4. 31o 3HauuT, uto mo (opmymnam (15) — (17) onpenenstores 3Hade-
HUS HE TOIMBKO 3P GEKTUBHBIX 00bEMHBIX MOAYJeH K, HO U 3QdeKTHBHBIX Moayiei cupura (G). Jpyrumu cio-
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BaMH, MOCKOJIBKY, cornacHo (9), moayns casura G =3nK / 2, To mpu 3amaHHOM 3HavyeHuu 1 = 0,4 (IyHKTHpHAsA
JIMHUST) MOZYJIb K CTAaHOBHUTCSI U3BECTHOM BETMUMHOM, TEM CAMBIM BBIYUCIISIEMO OyJeT BeJIMIMHA MOYJIS CIIBHTA.

0,7 1

0,1 - w=0,5
0 T T T
=0 0,25 0,5 0,75 =1

Puc. 6. durypsl MHOXXecTBa Tpe3youe O—K-P,
npencTabiennble rpaduxamu ynxuuii kr(C), k() u kr({)
B uHTepBaie uncen 0 < { < 1 npu 3Hagenusx w = 0,5
[Figure 6. Figures of the set of F-K-R tridents
represented by the graphs of the functions k7(C), k"(C) u kr(C)

25

—— kI

o /
1,5 ] =O0=k**n=0 f’-
1,

w=0,75

0,5]
0
025 05 075 =1 125 15 1,75 =2 225 25 275 (=3

Puc. 7. Gurypsl 1B8yx MHOXeECTB Tpe3yoreB ®—K-P,
npencTapienbx rpapukamu Gyrkuuit k-(0), k" (C) u k*(0)
B uHTepBane uncen 0,25 < { <3; oObeMHas 10715 HAIIOJTHUTEIIS
w = 0,75; myHKTHUpHAas KpuBas onpenesser pyHkumto (g, n, w),
B KOoTOpo# kKoaddumuent v = 0,25 (n = 0,4)

in the range of numbers 0 < { <1 at values of w = 0.5] [Figure 7. Figures of two sets of F-K—R tridents represented
by graphs of functions k#({), k"({) u £™() in the range of
numbers 0.25 < { < 3; volume fraction of filler w = 0.75;
the dashed line defines the function &(C, 1, w),

in which the coefficient v, = 0,25 (n = 0,4)]

- kF

—k(1,0)
—k(n=0,4)
--k(m=0,0)

P

w=0 0,25 0,5 0,75 w=1

Puc. 8. durypsl 1Byx MHOXeCTB Tpe3yoiieB @—K—P ¢ ocHOBaHusAME:

B Touke (0, 1) — ieBoe MHOKeCTBO, B Touke (1, 3) — mpaBoe; B m1ockoM npoctpancTBe Owk ¢ abcuuccoid w = 0,75 1Ba CMEeKHBIX Tpe3yOua
HaIpaBJIeHbl HaBCTpedy APYT APYTy H HMEIOT OOIIMe aNIUIMKAaThl, HAPHMep ABYX CMEKHBIX BHIOK D—P (cM. BBIIEICHHBIC TOUKH)
[Figure 8. Figures of two sets of F-K-R tridents with bases:
at point (0, 1) — the left set, at point (1, 3) — right; in the flat space Owk with abscissa w = 0.75 two adjacent tridents are directed towards each other
and have common applicators, for example, two adjacent F-R forks (see highlighted points)]

Ilpumep 4. Jlns caydas, korga opaunaarta { = 3 Ha cermeHTe ocu abcmmce 0 < w < | TIIOCKOTO MpOCTpaH-
ctBa Owk, Tpebyercst mocTpouTh rpaduueckuil 00pa3 3dhdexkTHBHBIX Monynei: GyHkimu kF(w) no Ooirry u
Tpex ¢pynkumii k(w) mo Kpucrenceny (npu 3Hauenusix napamerpa n = 1,0, 0,4 u 0,0).

Pesynprare! Beraucnenwnii mo gopmyinam (22) u (15) npeacraBum rpadukaMu 4eThIpeX Ha3BaHHBIX (QYHKIUH
B IDTIOCKOM TipocTpancTBe Owk (puc. 8).

Ha puc. 8 cruioniHpIMU THHHSMU TpeX IpadMKoB M300paXKeHO MHOYKECTBO CMEXHBIX map Tpe3yore O—K-P.
Tpe3yOrpl KaxKI0i Mapbl UIMEIOT COOCTBEHHOE OCHOBaHMeE: JieBble Tpe3yOrp! B Touke (0, 1), mpaBeie — B Touke (1, 3).
N3 31X Touek 3yObsl CMEXHBIX TPe3yOLIeB HAIIPaBJICHbI HABCTPEUy APYT APYTY, BCTpedasch B TOUKax ¢ 0OLIeH
abcuuccoit w. Hanmpumep, uis ciaydasi, korjaa adcuucca w = (0,75, 3HaUCHHUS alIUIMKAT kr U kg CMEXHOM Mapbl
BBIJICJICHBI KPYITHBIMHU TOUYkaMu (puc. 8). [Ipu 3ToM cieBa OT BBIACICHHBIX TOYEK HMEeM Tpe3yOel] ¢ OCHOBaHH-
em B Touke (0, 1), a cmpaBa — Tpe3yoen ¢ ocHoBanue B Touke (1, 3). BrigeneHHble TOUKH B MIIOCKOM MPOCTPaH-
ctBe Owk co 3HadeHUAMHU GyHKIHUHA k(W) B kp(W) UMEIOT TOYHO TaKWe K¢ 3Ha4YeHUs, Kak U QyHKIHH kr(0) n
kr(€) B Toukax ¢ opaunatoii { = 3 npoctpanctsa OCk (puc. 7).
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I'pacduk, BeIACIEHHBINM MyHKTUPHOH JIMHKEH (pUC. 8), Tak ke Kak Ha puc. 7, oTpaxaer, coriacHo (15), 3na-
yeHus1 GyHKIUH k(W) KOMIIO3UTOB, MMEIOIINX PaBHYIO BennduHy kodddunuenta [lyaccona: v = v, = 0,25 (wu
n = 0,4, aro To ke camoe). CliemoBaTEIBHO, MTPOCTPAHCTBO MHOXKeCTBA BIIOK K—P Ha puc. 8 3amoiHeHo momoo-
HBIMU rpauKaMH ¢ IpyTUMH 3HaYeHUsIMH Koadduiuenra v = v,, = const.

4. 3akjIouenue

[IpuMeHUTENHHO K CHepUIeCKOil MOJEIH TIPEACTABUTEIIEHOTO 00heMa KoMmo3uTa (puc. 1-3) maH BEIBOX
¢dopmybl (15) mi1st 00bEMHOTO MOYJISL k KOMITO3UTORB C 3€pPHUCTHIM HamnonHuTeneM. @opmyna (15), oTinyasck mo
¢dopme, uaeHTHYHA 1O conxepxkanuio Gopmyie (17), nmonyduenHoit P. Kpuctencenom ms odobemHoro moayns K
MOJTUANCIIEPCHBIX KOMITO3UTOB cO cpepudeckumu BKIroueHUsMU [3. C. 54, 55]). [Ipuunna uneHTHaHOCTH (hOp-
My (15) u (17) kpoercst B TOM, 9TO 00a pPEIIeHHUs BBITIOJIHEHEI B paMKaX JTUHEHHO-YIIPYTOTO Tella U OTHOM U TOU
’Ke mapanurmel XammuHa [16].

[Nony4ennsie hopmynsr pyrkumii k(m, {, w) — no Kpucrenceny, k-(C, w) — no @oiirty u kz(C, w) — o Peiiccy
TTO3BOJIMJIH TTOCTPOHTD HATTIATHBIN 00pa3 OECKOHEYHOTO MHOKECTBA 3HAYSHHH 3THX (DYHKIHH B IBYX MHOKECTBaX
TIockux npoctpanctB Olk 1 Owk (puc. 4). CoBmeteHust rpagukoB Tpex (YHKLHMA B OTHOM PUCYHKE Ja0T rpadu-
gyeckue 00pas3bl OECKOHEYHOTO MHOXKECTBa TIOCKUX (uryp Tpe3ybueB @—K—P, Bkimtouaroniux B ce0s 00pasbl
MHOecTB BHIOK O—P u Bunok K—P. I'padudeckoe ncciaemoBanne HEOOMBIIOTo dynuciaa GparMeHToB (puc. 5—8)
13 OECKOHEYHOTO MHOXECTBA BO3ZMOKHBIX TUIOCKHX (PHUTYp Tpe3yOlleB H BUIIOK ITO3BOJISIET YTBEPKAATH, UTO:

— BO-TICPBBIX, IIPH 3aJaHHBIX BeJMUMHAX Moayieh K, Gu, K, 1 00beMHON 10K W HAaOJIHUTENS 1o (op-
mynam (15) — (17) B paMkax mommaucriepcHoi Moaenu (puc. 1) MOKHO ompe/ieNisiTh He TOIBKO 3P QeKTHBHBIE 00b-
eMHbIe Moynn K, HO 1 () PekTUBHBIE MOIyH caBuTa G MBYX(a3HBIX KOMITO3UTOB;

— BO-BTOPBIX, PE3YyJIbTaThl COBMECTHOrO aHaim3a dopmyn (15), (22), (23) u ux rpaduueckux o0Opa3oB He
MOJITBEPKIAIOT TUIIOTE3HI O CYy)KeHUHU Bk Doiirta — Peiicca B TpagUIIMOHHOM CMBICIIE;

— B-TPEThHX, Oe3pa3zmepHas ¢popMma BeipakeHui (15), (16) mo3BoisgeT penarh 0OpaTHBIE 3aa9 MEXaHUKH
MOJMIUCTIEPCHBIX KOMIIO3UTOB; HAIIPUMED, ONPEACIATh 00beMHbIe MOAYIH Ky, Gy 1 K, (MaTepuaia KOMIIOHEH-
TOB) 10 3HaUeHHUAM 3P PeKTHBHBIX Moayiel (K u (), MOoyuYeHHBIM B PE3yJIbTaTe MEXaHMUECKUX MCIBITAHUN Ha
cKaTtre HeOOJBIION Ceprur CTaHAAPTHBIX 00Pa3I0B KOMITO3WTA, U3TOTOBIEHHBIX HA OJHOM 3aMece CBA3YIOIIETO
MaTepuana ¢ pa3IM4HbIM CO/IepKaHueM 00bEMHOM TOTTM HAMTOTHUTENS;

— B-UETBEPTHIX, JaHHOW paboToil uccnenosanue Gopmyn (15) — (17) He 3aBepmiaeTcs, Tak Kak OECKOHeY-
HOE MHOXKECTBO BO3MOXKHBIX PE3YyJIhTAaTOB UX UCCIEIOBAHUS HE UCKIIOYAET HAUYHS APYTHX, €llle He U3BECT-
HBIX, HO IPaKTHYECKH HEOOXOTUMBIX 3aKOHOMEPHOCTEH.
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AHHOTaIUSA

JIByTaBpoOBBIC THYTO3aMKHYTbIe IPOGMIN C TPyOUaTHIMU MOJKAMHU BbIJIC-
JISIIOTCSI COCTAaBHBIM CEYEHHEM M OTHOCSTCS K JIETKUM CTaJIbHBIM TOHKOCTEHHBIM
KOHCTPYKIHUSIM, OTIHYAIOIINMCS BBICOKIMH TEXHHKO-D)KOHOMUYECKHMH IMTOKa3a-
TEJSIMH U MacCOBBIM CIIPOCOM B TPOMBIIUIEHHO-TPAXKIAHCKOM CTPOUTENHCTBE,
YTO 00YCIIABIMBACT AKMYAIbHOCHb Pa3pabOTKH X HOBOTO TEXHUYECKOTO pellie-
Husl. Llens uccredosanus — TOKa3aTh, YTO XaPAKTEPUCTHKH CTAIBHBIX TOHKO-
CTEHHBIX KOHCTPYKIIHI MOYKHO JIOTIOJHUATEIBHO YIYUIINTh TP MOMOIIU Gopmo-
o0pa3oBaHus NPOQUIICH, COYECTAIOIIEIO B COCTABHOM CEYCHUHU TPSAMBIC U KPYyT-
JIBIC OYEPTAHUS 3aMKHYTBIX U OTKPBITBIX KOHTYPOB. Memoowi. HoBoe TexHuYe-
CKO€ pelleHne, OPUTHHAIHLHOCTh KOTOPOTO MOATBEPIKIEHA MTATEHTHON YKCIIEPTH-
30, pa3pabaThIBAIIOCh MOCPEACTBOM OMBITHO-KOHCTPYKTOPCKUX MPOpPabOTOK U
ONTUMH3ALHOHHO-TIPOCKTHBIX PAcYeTOB BYTaBPOBBIX mpoduieii. [IponsseneH
pacueT ONTUMAaIbHOM Ha W3rMO KOMIIOHOBKH COCTABHBIX CEUCHHI JIBYTaBPOBBIX
THYTO3aMKHYTBIX MPO(QUICH U3 JTUCTOBBIX 3arOTOBOK, OJIMHAKOBBIX M HEOJHHA-
KOBBIX 10 TOJILIMHE, BKJIIOYasi OUCTaibHbIC MOMUbUKauuu. Pezyrsmamul. JIBy-
TaBPOBBIN 'HYTO3aMKHYTBIA POQHIIE COCTOUT U3 JABYX TPyOUaThIX MOJIOK U OIHOM
CTCHKH JBOMHON TOMIUHBL. J[71s ero u3roroBieHus 6€3 CBapHbBIX, OOJTOBBIX HIIH
3aKJICTIOYHBIX COSTMHEHNH HapyKHbIE TApHbIe U BHyTPEHHHE MTapHbIE 3aTOTOBKU
BBITIOJIHSAOTCS TI0 BCEH JJTMHE ¢ 3y0YaThIMH MPOJOJIBHBIMH KPOMKaMH, 3yOIlbI
KOTOPBIX PACIOJIOKEHBI OTHOCUTEIHHO JAPYT ApPyTa B MAXMaTHOM MOPSIKE U
B3aMMHO 3aTHYTHI B Ma3aX MEXIy CO0O0# Mmociie 3aMbIKaHUsI THYTOTO MPOQHIIS 110
ero mojkam. 3aru0bl 3y0UaThIX KPEIJICHUH yBEIUYHBAIOT TOJIIUHY CMSTHS,
00eCcreYrnBalT POCT MECTHON YCTOWYHMBOCTH M MPOYHOCTH COCTUHECHUI TOHKO-
CTEHHBIX JIEMEHTOB Ha CIBUT, a TAK)KE MO3BOJIIOT HE PEAyLHPOBATh PACUETHHIE
cedeHus. PacyeT onTHManbHON KOMIOHOBKH ABYTaBPOBOT'O THYTO3aMKHYTOTO
npoduIis Ha U3THO MOKa3aJl, YTO €ro MPOYHOCTh MAKCUMAaJIbHA TIPH OTHOLICHUN
pa3MepoB IIMPHHBI U BBICOTHI 1/5,2 ¥ paBHBIX TOJIIMHAX TIOJIOK M CTCHKH.
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Article history Abstract

Received: April 4, 2020 I-shaped bent closed profiles with tubular shelves are distinguished by a com-
Revised: August 10, 2020 posite section and related to light steel thin-walled structures (LSTWS), which
Accepted: September 15, 2020 are characterized by high technical and economic indicators and mass demand in

industrial and civil construction, which determines the relevance of the development
of their new technical solutions. The aim of the work — to show that the charac-
teristics of LSTWS can be further improved by forming profiles, combining
straight and round outlines of closed and open circuits in a composite section.
Methods. New technical solution, the originality of which is confirmed by patent
examination, has been developed through experimental design and optimization
and design calculations of I-shaped profiles. The calculation of the optimal ben-
ding layout of the composite sections of I-shaped profiles of horizontal billets
from sheet blanks, identical and unequal in thickness, including bisteel modifica-
tions, is made. Results. The I-shaped bent closed profiles consists of two tubular
shelves and one wall of double thickness. For its manufacture without welded,
bolted or riveted joints, the outer pair and inner pair blanks are made along the entire
length with serrated longitudinal edges, the teeth of which are staggered relative
to each other and mutually bent in grooves after closing a bent profile along its

For citation shelves. The bends of the gear mounts increase the collapse thickness, provide
Marutyan A.S. I-shaped bent closed profiles an increase in the local stability and shear strength of the thin-walled elements,
with tubular shelves and calculation of the op- and also allow not to reduce the design sections. The calculation of the optimal
timal layout of their composite sections. Struc- layout of I-shaped profiles horizontal bend for bending showed that its strength
tural Mechanics of Engineering Construc- is maximum when the ratio of the width and height of 1/5.2 and equal thicknesses
tions and Buildings. 2020;16(5):334-350. of shelves and walls.

(In Russ.) http://dx.doi.org/10.22363/1815- Keywords: bar structures, thin-walled structures, bent-closed profiles, gear
5235-2020-16-5-334-350 fasteners, optimization of sections, calculation of optimal parameters

1. BBeaenue

JIByTaBp mpejcTaBiseT coOoll onuH U3 mpoduicii, Hanbolee BOCTPEOOBAHHBIX B MPAKTUKE CTPOUTEIh-
CTBa ¥ TPOCKTUPOBAHHUS JIJISI METAJUIMYCCKUX, KEIe300€TOHHBIX, CTANICKEIe300€TOHHBIX, JICPEBIHHBIX U IPYTHX
HECYIIUX KOHCprKI.[HfI. "3 TCOPHUU COpTaMCHTa U ONTUMAJIBHOI'O MPOCKTUPOBAHUA U3BECTHO OO ACCATKA KpHU-
TepueB 3(PPEKTUBHOCTH IBYTaBPOBHIX Ipodmie, padoTaromux Ha u3rud [1. C. 77; 2; 3]. IloaToMy B cTaapHOM
CTPOUTENLCTBE €r0 MPUHATO CUUTATh KOHCTPYKTUBHON (OPMOIT HOMEp OJIMH U HEMPEPBIBHO COBEPIIICHCTBOBATH
B peXHMe peaibHOro BpeMeHu [4]. KoHCTpYKTHBHO-KOMIIOHOBOYHAs JOopMa JByTaBpa PaclpOCTPAHICTCS Kak
Ha cTaHmaptHeie (puc. 1, a) [5; 6] u cBapubie (puc. 1, 6) [7] npodunu, Tak 1 Ha OoJiee crielUpUISCKUe, HAIIPU-
Mep, IPOKATHEIH ¢ JToTkamu (puc. 1, 6) [8] u mpokaTHO-KIIeNankIi (puc. 1, 2) [9] wim rayTocBapHbIe COCTABHOTO
ceveHus Ha Toukax (puc. 1, 0) [10] n mBax (puc. 1, e, ac) [11].

K uncny nepBbix IByTaBpOBBIX Mpodwiel ¢ TpyOUaThIMU YaCTSIMH COCTaBHBIX CEUYCHUH U3 JIMCTOBBIX 3a-
TOTOBOK MOYXHO OTHECTH KIICTIAHYIO TPyO4aTo-ABYTaBPOBYIO OallKy, MCIIONB30BAHHYIO JUISI PEMOHTa 3UMHETO
nBopra B Cankt-IlerepOypre (puc. 2, a) [4; 12. C. 23]. OgHako »Ta HOBamMsd OKa3ajach HE CaMOM YCITCITHOM
Y HE MMeJia TOBTOPHOTO MPUMEHEHHS, TOCKOJBKY OoJice palMoHaIbHO KOMIIOHOBATh JIBYTABPOBBIC MPOQIIH HE
¢ TpyOuUaTBIMH CTEHKaMHU, a ¢ TpyO4aTeIMu mosikamu (puc. 2, 6—e) [13—-17].

Alexander S. Marutyan, Candidate of Technical Sciences, Associate Professor, senior researcher of the Department of Organization of Project and Grant
Activities; Scopus Author ID: 57194604628, eLIBRARY SPIN-code: 8528-9956.
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K nByTaBpoBbIM NpOdUIISIM ¢ TPyOUATHIMU MOJTKAMH MOYHO OTHECTH M MpeisiaraeMoe (HOBOE) TeXHUYe-
CKOe peleHue rHyTo3aMKHYThIX npoduieit (I'3[1) coctaBHOTO ceueHus: IBYTaBpOBOW (OPMBI, KOTOPOMY IMPEJ-
mecTBOBaa mpopadotka takux xke 1’311 mBemneproro ouepranus (puc. 3) [18-20].
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Puc. 1. CxeMbl IByTaBPOBEIX MPOdUIICH:
a — IPOKATHOTO; 6 — CBAPHOT0; 6 — MPOKATHOT'O C JIOTKAMU; & — HPOKATHO-KIIENIAHOTO;
0 — THYTOCBApHOT'O HA TOYKAX; e — THYTOCBAPHOI'O Ha LIBAX; ) — THYTOCBAPHOI'O B CTaJIe)KeNe300€TOHHOMN Oalke
[Figure 1. Schemes of I-shaped profiles:
a —rolling; 6 — welded; 6 — rolling with trays; ¢ — rolling riveted; 0 — bent welded at points;
e — bent welded at the seams; oc — bent in steel-reinforced concrete beam|

Puc. 2. Cxembl 1ByTaBpOBBIX POQHIICH C TPyOIaTHIMU YaCTSIMH COCTABHBIX CEYCHHI M3 JIMCTOBBIX 3ar0TOBOK:
a — TpyOuaTo-aByTaBPOBOi OAIKH; 6 — C IPOJOIBHEIM rOGpPHUPOBAHIEM IIOJIOK;
6 — cOOpHO-pa300pHOH OaIKH; 2 — C MOJIKaMH HPSIMOYTOJIBHOTO OYEPTaHUs; O — C MOJIKAMH
TPEYTOJIbHOTO OUEPTaHUs; € — U3 CHHHOﬁ Pa3sBEPTKU
[Figure 2. Schemes of I-shaped profiles with tubular parts composite sections from sheet blanks:
a — tubular I-beam; 6 — with longitudinal corrugation of shelves; ¢ — collapsible beams;
2 — with shelves of rectangular shape; 0 — with shelves of triangular shape; e — from a single sweep]

Ecnn i1t cocTaBHBIX CEUCHMH THYTO3aMKHYTHIX LIBEJUIEPOB BIIOJIHE PALIMOHAIBHBI JIUCTOBBIE 3aTOTOBKH
OJTMHAKOBBIX TOJIIIHH, TO 3)()EKTHUBHOCT THYTO3aMKHYTBIX JIByTABPOB MOYKHO YBEIUYUTH, JJOTIOJHHUB JIHCTOBEIC
3ar0TOBKM OJJMHAKOBBIX TOJIIMH TaKHUMHM € 3arOTOBKAaMHU pa3HbIX TONIIMH. [lo3TOMy Ha 1BE OCHOBHBIE MOJAH-
¢ukanuu mBemnepusix 1311 (puc. 3, a, 6) B cinyvae apytaBpoBbix ['311 nmpuxoasaTcs qBe OCHOBHBIE MOIU(UKA-
[IUH U3 JIMCTOBBIX 3aTOTOBOK OJMHAKOBBIX TONIIWH (pHC. 3, 6, 2) U ellle ABe OCHOBHBIE MOAU(DUKAIINH U3 JIUCTO-
BBIX 3arOTOBOK Pa3HBIX TOJNIIUH (pHC. 3, 0, €).
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Puc. 3. CxeMsbI BEIIEPHBIX (@, ) U ABYTaBPOBHIX (8, 2, 0, €) 311 ¢ TpyOuaTbiMu mosikaMu
[Figure 3. Schemes of channel (a, 6) and I-shaped (s, 2, 9, ) bent closed profiles with tubular shelves

Takast yHUBEpCaIbHOCTh HOBOT'O TEXHUYECKOTO PEIICHUS MOKET 00eCTIeunTh AajbHeHIee paciupeHue 00-
JIaCTH MepcHeKTUBHOro ucrnonb3oBanus 1311 ¢ 3yOuaTsiMu KpemyieHusiMu 0e3 CBapKH, BKIIFOUasl JIETKUE CTAJIbHbIE
ToHKocTeHHbIe KOHCTpYKUuH (JICTK), a7t KOTOpPBIX OCHOBHBIM KOHCTPYKLIMOHHBIM MaTE€pUalIOM CIY>KUT TOHKO-
nmcToBast oluHKoBaHHas craib [21-23]. Cnenuduxka I'3I1 u ux npumenenus B JICTK B nponubix myonukanusix [19;
24] packpbITa JOCTaTO4HO TOAPoOHO. [T09TOMY B KayecTBe TPOIOIDKEHUS 3/1eCh MOXKHO TPEJCTABUTH sl HanOoJee
YIIOTPEOUTENBHBIX, XapaKTePHBIX PEIICHUN ABYTaBPOBBIX mpoduieit, nmpuaaTeix 1t JICTK (puc. 4) [25-31],
a TaKXK€ PacCMOTPETh HEKOTOPBIC MPEANOCHUIKA K pacyeTy ONTHMAIbHOW KOMIIOHOBKU INPUMEHUTENBHO K CO-
CTaBHBIM ceueHHusM AByTaBpoBbIx [ 3[1 ¢ TpyOUyaThiMu monkamu.

a o 8 2 0

140 L

e oHc
Puc. 4. Cxembl Hanbosee XapaKTEpHBIX pelIeHnit qByTaBpoBbIX npodreit st JICTK
[Figure 4. Schemes of the most characteristic solutions of I-shaped profiles for LSTWS]

K 7

Taxwmm 00pazom, 3aBepiast 1 0000I1ast BBIIIECKA3aHHOE, MOYKHO CZIeIaTh OCHOBHOM BBIBOJ] O MEPCIIEKTUBHOCTH
THYTO3aMKHYTBIX NIBEJUICPHBIX U JIByTaBPOBBIX MPOQUIIEH ¢ TpyOUaThIMH TOJKAMH, OBITHO-KOHCTPYKTOPCKAs
npopaboTKa U BapUAHTHOE MPOCKTUPOBAHUE KOTOPBIX MO3UTUBHO OTpaxkaeTcs Ha 3p(PEeKTUBHOCTH UX MOAUGU-
Kallii, a pacyeT ONTHMAaTbHOW KOMIIOHOBKH COCTaBHBIX CEUCHUH JienaeT Takou A3 (eKT 0oee oIy THMBIM.
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2. MeToanl

B TepMmuHax Teopun ONTHMAaIbHOTO MPOSKTUPOBAHUS 1ieNieBast GYHKIHS (MUHUMYM IDIOMIaId PACYETHOTO
CEYeHNs) ISl CBAPHBIX JIBYyTaBPOB MMEET B

A :Aﬂ+Af2+AW —>min,

e Az — CyMMapHas IUIOIaab CCUCHUS; Afl — IJIOIIAJb CXKATOM MOJIKH; Afz — IUTOIIANb PACTSHYTOM ITOJNKH;

A, — momans crenku [12. C. 104].

HpI/I pacueTC TOHKOCTCHHBIX ceueHui OaoK peiICHa ONTUMH3AlMOHHAA 3a/iada U3rOTOBUTH (COFHyTI)) BECII-
JIep, I/IMGIOH.II/Iﬁ MaKCUMAaJIbHbIA MOMCHT COIIPOTHUBJICHUA me’ n3 IIOJIOCHI I].IPIpPIHOﬁ S, TOJIH.IPIHOﬁ t u 1110~

mabko nonepeunoro cedenns A (puc. 5):

h=3S/4ub=h/e6

rae & — BeicOTa pacueTHOro ceyenus, a b — mupuna ero monok [32. C. 60-61].

K Taxomy >ke UTOTY TIpUBEN CPaBHUTEIHHBIN pacyeT ONTUMAIIbHBIX TApaMETPOB THYTHIX M THYTO3aMKHYTBIX
IIBEJIIEPOB, T/€ JJISI BEIBOJIA IIENIEBOM (PYHKIINM W PEIICHNS YPaBHEHHS TIOCIIE OTIPEACIICHNS €€ TIPON3BOAHON YUTEHBI
JIBE MOCTOSHHbIE BeNUYUHB: A = const u f=const (IIomanb ceueHus U TOJLIMHA JIMCTOBOM 3aroToBku) [19].

OnepupoBaHre STUMH KOHCTaHTaMH TT03BOJISIET ONTUMHU3HPOBATH pac-
S/8 YeTHBIC CEYCHUS Pa3HbIX KOHUTypamnuid, a UX OTHOIIEHHE obec-
;N_! | NEYHBACT KOHTPOIIb HaJl MPOTKECHHOCTAMHU CPEHHX (cpenMHHBIX)
JUHUHA ONTHMU3UPYEMBIX CEUeHHH, OrpaHUYUBAas MPEIETIbHO JIOIy-
T:I /4 CTHIMOE Pa3BUTHE OCTAaTOYHBIX (HEYNPYTHX) NehOopManuid TpH TIe-
T_T penpodunuposanuu [33]. Ilocieanee oOCTOSATEIHCTBO OCOOCHHO
3HaunMo 11 JICTK, Tak Kak MX TONIIUHBI, KaK IPABUIIO, OTPaHU-
YeHBI YETHIPEXMILTAMETPOBBIM pazmepom [34-36. C. 5].

Creruduka ontumusaiu AByTaBpoBbix ['3I1 3aknrodaercs
B HEOOXOJAMMOCTH YYUTHIBATh BO3MOKHOCTh KOMIIOHOBKHY B OJTHOM
M TOM K€ COCTaBHOM CEUEHHH JIMCTOBBIX 3arOTOBOK PAa3HBIX TOJ-
IIVMH, BKJIIOYas X YHU(QUKALUIO C TOYHO TAKUMH K€ 3aTOTOBKAMH
quist mBesiepHbix [3[1. Kpome Toro, miockue nepudepuitHbie TpaHu
N N \—— y TpyOYaThIX MOJOK THYTO3aMKHYTBIX JIByTaBPOB MOTYT OBITH W3-

TOTOBJIEHBI M3 0OJIee MPOYHOrO MaTepHana, a 3TO OTKPHIBAET OIpe-

Puc. 5. PacueTHble CXeMbl THYTHIX LIBEIICPOB JICJICHHBIE TICPCIIEKTHUBI [T OUCTANBHBIX 0aioK U mo00HbIx JICTK

[Figure 5. Design schemes of bent channels] C 3aMBIKAHMAMU 3y0UaThIX KpeIUIeHUH 0e3 CBApHBIX INBOB. Takue

MOIU(UKALNK MOTYT YIyYIIUTh TeXHUKO-d3KoHOMuYeckue nmokazarenu JICTK u pacmmputs obmacts ux parmo-

HaJHHOTO MPUMEHEHHS, TOCKOJIBKY IIPOKAT OMCTANBHBIX MPodUiIeH Ha pelbcOOaTOYHBIX CTaHAX HEBO3MOKEH,

a METO/T BEICOKOYACTOTHOM CBapKH IMO3BOJISIET CO37aBaTh OUCTANILHBIC IBYTABPHI C TIOSICAMHU U3 BHICOKOIIPOYHOMH
cranu [1. C. 82].

2.1. Pacuem osymaspoevix I'311 c oounaxosvimu napamempamu no wmupuHe u vicome

< (—

3S/4

S/2

HsytaspoBbie ['3I1 ¢ TpyOuaThIMM MOJKaMH MMEIOT TOBOJBHO YHHBEPCAIBHOE TEXHUYECKOE PELICHHE,
IPUMEHEHHE KOTOPOTo B Aejie 00ecreynBaeT X MPOU3BOJACTBO KaK ¢ 3y0YaThIMU 3aMBIKaHUSIMU, TaK H CO CBap-
HBIMH, OONTOBBIMU WJIM 3aKJIETIOYHBIMH COeAMHEHUAMH. Ecin ncrnonb30BaTh B KauecTBE KOHCTPYKIIMOHHOTO MaTe-
pHaiza TOHKOJIMCTOBYIO OLIMHKOBAaHHYIO CTallb, TO MapaMeTpsl 3yOLOB MPOJOIBHBIX KPOMOK MX JIMCTOBBIX 3aro-
TOBOK HEOOXOAMMO MOA00paTh TaKMM 00pa3oM, YTOOBI OJHUM 3UT3arooOpa3HbIM pe3oM (OpMHUPOBATH KPOMKH
cpasy IBYX 3aroToBoK (puc. 6, ). Torna u3gep>xku Mponu3BOACTBA U3 JOPOrOCTOSILET0 MaTepuana U JAOMOJIHU-
TeJIbHBIE 3aTPaThl Oy YT MUHUMAJIbHBIMH.

J1n1st KOMMYeCTBEHHOH OLEHKH pecypcoB Hecyllel cnocodHocTr aByTaBpoBoro ['3[1 Heo6xonumo paccuu-

TaTh ILIOIIAAb A , @ TAKXKC MOMCHTBI MHEPIIUHN €TI0 CEYCHUA I x " I y OTHOCUTCJIbHO TJIABHBIX IIEHTPAJIbHBIX OCeii.

Ceuennie Takoro MpouiIst MOKHO CYMTATh COCTABHOM (PUTYpOiA, BKITIOYAIOIIEH Mapy KPYTIIBIX MMOIYKOJIEI] TOJ-
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muHoM ¢ u paguycom 0,5U ¢ mapoit npsMoyroibHukoB pasmepamu ¢ X U , tne U — pasmep I'3I1 no mwupuHe;

V' — pasmep toro xe npoduis mo Beicore, V =U (puc. 6, 6). PacueTHble BBIKJIAJAKA TIPH STOM JOIYCTHMO
BBITIOJIHSATH IO CPEIHEH (CPEMHHOI) IMHUN TOHKOCTEHHOTO CEYCHUS 03 yUeTa ero yriloBbIX 3aKpyTIICHUH U YHC-
JIEHHBIX BEJIMUMH, COJEPIKAIINX 3HAYEHHs TONIINHEI, BO3BEIEHHOH BO BTOPYIO M TPeThIo cTenens (£, 1) [37].

0,5kt

0,5kt

0,5U

0,5U

0,5kt

0,5kt

0,1815U 0,1815U
05U 0,50

a o

Puc. 6. AkcoHOMETpHS JTUCTOBBIX 3aroTOBOK AByTaBpoBoro I'3I1 (a) u pacueTHas cxema ero monepeyHoro ce4eHust HerTo ()
[Figure 6. Axonometry of the sheet billets of I-shaped BCP (a) and design diagram of its net cross section (6)]

[lomepednoe ceuenne BHyTpeHHeW rpanu aByTaBpoBoro 1’311 mpencrasiser coboil Kpyriioe MoIyKOIbIIO,
K KOTOpOMY BIIOJIHE IIPUMEHHUMBI pacueTHbIe (OpMyIIbl, IPOTECTUPOBAHHBIE IIPU ONTUMH3ALMU [IAPAMETPOB TIOIY-
TIOCKOOBATBHBIX TPYO 17151 (hepMEeHHBIX U 0alOYHBIX KOHCTPYKIuid [38]:

x,.. =0,36304R = 0,1815U; I =1,57R’ =0,1962500U’;

0,1

I, =0,2961146tR" =0,0370143(U"; A, =3,14R=1,571U,

1

X, 1K 2

1 A - 3,6CLII/ICCEI HOCHTpPA TAKECTU, MOMCHTBI MHCPIIUN OTHOCUTCIBHO oCed X—X | y—y,

y,1K ? K

Tae XO,

1K 2
IJIOMIAAh CEUCHUS MOIYKOJbIIA COOTBETCTBEHHO; R — pagmyC MOMYKOJbIa TIO CPEeIHEH JIMHUU €T0 CEUCHUS,
R =0,5U ; t — TONIIMHA MOJIYKOJIbIIA, paBHAS TOJIIMHE TPaHHU.

Pacuernas mnomans ceuenus HeTTO naByTaBpoBoro ['3I1 ckimanbiBaeTCss U3 pacueTHBIX TUIOMAACH CCUeHMMA
HETTO ABYX MOJIYKOJICI] X ABYX IMPAMOYTOJbHBIX YYaCTKOB ITOJIOK:

A=tU(2x1,57+2x1)=5,14tU.
MoOMEHTBI HHEPITMH PacIETHOTO ceueHU HEeTTO AByTaBpoBoro I'3[1 oTHOCHTEIHHO IEHTPATBHBIX OCEH:
[ =tU*(2%0,196250+2x1,0x0,5") = 0,89250:U";
1, =tU’(2(0,0370143+1,57x0,18157) + 2x 1" /12) = 0,3441341U".
MOMEHT CONPOTHUBIICHUS PACUETHOTO CEUCHIS HETTO ABYTaBpoBOTO 311 B TIIOCKOCTH KOHCTPYKITHH:

W =21 |V =2x0,892500U° / U =1,7850¢U".
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Bo3mokHa KOHTpOJSIBHAsI MPOBEpKa MONTYyUEHHBIX 3HAUCHHH, €CM YCJIOBHO NPHHATH, YTO THYTO3aMKHYTBIN
JIBYTaBp C OTHOILLIEHWEM pa3MepOB I10 IIUpHHE U BbIcoTe n=U/V =1/1 CKOMIIOHOBaH U3 ABYX TaKHX K€ IIBEIIEPOB
C OTHOIIIEHHEM Pa3MepOB TI0 MMHpHHE U BbIcoTe 7 =U /V =1/ 2 , 13 KOTOPBIX U3BSITHI BEPTHKAIBHEIE TPAHH (CTEHKH):

A=24 =2xT,14U ~2x 21U, =10,28(U =10,28x0,5U =5,141U;

I =21 =21V /12 =2x4,23666661U —2:(2U,)’ /12 =7,1399999%U; =
=7,1399999(0,5U)" = 0,8924999:U° ~ 0,89250¢tU°;
1, =2(1, +A4x,)=2(0,7352826:U, +7,14tU (0,29974U,)") = 2,7535374U; =
=2,75353741(0,5U)" = 0,344192:U°,

rae 4, U 0 I{, 1 2 1 0 Yy — momans cedenus, mupuHa (U =0,5U), BpIcOTa, MOMEHT HHEPLMM CEYEHHUS OT-

HOCHUTEIBHO OCH X —X, MOMEHT MHEPI[MU CEYEHUS] OTHOCUTENILHO OCH Y — ), abCIMCca IIEHTPA TAKECTH CEUEHHs
mBeiepHoro I'3I1 cooTBeTCTBEHHO.

Kak BUIHO, BBIYKMCIICHHBIE BEMYUHBI IPAKTUYECKH HE PA3HATCA MEXKIY COOOM U MX MOKHO MCIIOIb30BaTh
B JaJIbHEMIINX pacyeTax.

Ecnu npuHSATE, YTO IUIONIA/b CEYEHHs ¥ TOJIIMHA UCXOIHON 3arOTOBKM SBISIOTCS MOCTOSHHBIMHA BEJIHYH-
Hamu ( A = const, #=const), a OTHOIIEHHE PA3MEPOB 110 IIMPUHE M BBICOTE B OOLIEM CIydyae HE SBISIETCS TI0-
crosuneM (1 =U /V # const ), To pacuernsie napamerpsl asytaspoBoro I3[l npu n=U /V =1=1/1 mox-
HO TE€PENUCaTh CIIEAYIOUIUM 00pa3oM:

A=514tU; U =V = A/ (5,14t) =0,19455254 /t;
1 =0,89250¢(0,19455254/¢)" =0,00657224 / ¢';
1, =0,3441341(0,19455254/ 1)’ = 0,00253414° / 1*;

W =2(0,00657224" /") /(0,19455254/ t) = 0,06756224" / ,

TJIe UCXOIHAs 3aTOTOBKA MOAJICKUT 3Ur3aro00pasHOMY pe3y Ha YEThIPE YacTH (BE MOIYKOMbLEBBIE U JBE IIIOCKHUE).
[IpakTuueckoe 3HaUCHHE UMEET AajbHEWIIee YTOUHEHHE PACUETHBIX TapaMeTpoB ¢ no0aBiieHHEM 3y0ua-
TBIX KpEIUIeHHUH. J{71s1 3TOTO B pacCMOTPEHHOM Mpoduie HeoOX0IUMO ITOA00paTh pa3Mephl AJIEMEHTOB 3y0daTo-
ro KperuieHus (3yO1oB), KOTOpbIE TOJDKHBI ObITh He MeHbIIe 1/10 rabaputHoro pa3mepa ceueHus corinacHo CBo-
Iy npaBui P® 1o npoeKTHpOBaHMIO CTaIbHBIX TOHKOCTEHHBIX KOHCTPYKLMH U3 XOJIOIHOTHYTBIX OLIMHKOBaHHBIX
npoduieit u roppupoBanusix nucToB [36. C. 16]. B nanHOM ciydae 3ToT pasmep cocrasiser 0,1U ,tne U —

pasMep THYyTO3aMKHYTOTO MPOQUIIS 10 IIHPHHE.

B pacdeTHBIX BBIKJIaJKax mapamerp 3yOuaThIX KpeIlIeHHd (pa3mep 3yOILOB) OTPa3UTCS BOCHMUKPATHBIM
o0pa3zom, Tak kak aByTaBpoBbi ['3[1 nMeeT COCTaBHOE CeueHHE U3 YETHIPEX JIMCTOBBIX 3arOTOBOK C MPOJIOJb-
HBIMH KPOMKaMH 3y04aToil (pOpMEI:

A, =A+A=514U+4x2x0,1tU = 5,94V,

A/ 4, =5,14/5,94=0,8653198 ~ 0,87,

YTO MEHBIINE OCIabJIeHHH peayITMPOBaHHBIX CEUCHHUM CTEPKHEBBIX M OamouHbIX 3neMeHToB JICTK, HO Gombie,
4YeM y THYTO3aMKHYTOT'O IIIBEIEPa, TOCKOIBKY KOJIMUYSCTBO ATHX KPEIJICHUI B TAKOM K€ JIByTaBPE YIBOJIOCh.
B 3aBepmieHue pacyera rHyTO3aMKHYTHIX JIByTaBPOB U3 JTUCTOBBIX 3arOTOBOK OJIMHAKOBBIX TOJIIHUH OCTa-
eTcsi 100aBUTh, YTO KOMITOHOBKA MX COCTaBHBIX CEUEHHH BIIOJIHE JIOMyCKaeT M3TOTOBJIEHHE HanOoJee HalPSKeH-
HBIX 3JICMEHTOB, KOMMH TIPH M3THOE Yallle sIBJISIOTCS OJIHA MIIM 00€ IJIOCKUE TPaHu TPYOUaThIX MTOJIOK, U3 BBICOKO-
MPOYHBIX MaTepuaioB. [Ipuuem pocty 3pPEeKTUBHOCTH TaKOH KOMIIOHOBKH CIIOCOOCTBYET OTPaHUYEHHOCTD MPO-
TSHKEHHOCTH 3JIEMEHTOB M3 BBICOKOIIPOYHBIX, HO JIOPOTOCTOSAIIMX MarepuajioB, He MpeBblatoneid 1/5,14...2 /5,14

MEepUMETPa MOTIEPEUHOTO CCUCHHUS.
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2.2. Pacuem osymaspoevix 1’311 ¢ paznvimu napamempamu no wiupune u 6blcome

Bce npuBeneHHbIE BhIIIE pacdyeTHBIC BBIKIAAKH OTHOCATCS K AByTaBpoBbiM 311 co cTporo dukcupoBan-
HBIMH TTapaMeTpaMH, HaYMHas C OTHOIIIEHHUS pa3MepOB IIMPUHBI U BBICOTHI, paBHoro 1/1 (puc. 7, a).

\

DD Gy

a 0 8

Puc. 7. Cxemsl 1ByTaBpoBsix ['311:
a—mpn n=U/V=1/1;6—npu n=U/V>1/1;6_mpu n=U/V <1/1
[Figure 7. Schemes of I-shaped BCP:
a—with n=U/V=1/1;6—-with n=U/V>1/1;6-with n=U/V <1/1]

[pu yBenuyeHnn 3HAYECHHUI 3TOTO OTHOIICHUSI MOYKHO 3aMETHTh OTpelieJIeHHbIE H3MEHEHHS B KOHTYpe mpodu-
Jiel, KOTOpbIe MOCIe0BaTeNbHO TPAaHC(HOPMHUPYIOT UX AByTaBpoBoe ouepTanue B H-obpasnoe (puc. 7, 6). Ilostomy
JULSL TIPOIOJDKEHUS ONITHUMH3ALMOHHOTO pacuera AByTaBpoBbIx 1311 Oosee npenmnoyTuTensHel T€ U3 HUX, Y KOTOPBIX
OTHOIICHHUS Ta0ApUTHBIX Pa3MEpOB MO IIHPUHE U BBICOTE He MpeBbimaroT 1/1 (puc. 7, 6). Torna BHeIHee cX0O-
cTBO AByTaBpoBbIX ['3I1 co cBapHBIMU M MPOKATHBIMH JBYTaBpaMu 0oJiee 3aMETHO, OCOOCHHO ¢ POKAaTHOW MOJ-
KpaHOBO¥ OaJKoOl, MMEFOIIIEH TOBBIIICHHBIN TEXHUIECKUI pecypc 3a cUeT YBeIn4deHus B 3,5 pasa paanyca Kaxaon
U3 9eThIpeX BHIKpYXKeK (puc. 8, a) [39]. Ilo onpenenenuio, npuBeaeHHOMY B CIIpaBOYHHKE-CIIOBAPE APXUTEKTYPHO-
CTPOUTENBHOHN SHIUKIONEANH, BHIKPYKKA — 3TO BOTHYTBIH NPOQUIIL IEKOPa, a IO OUEPTaHUIO U MPOTSHKEHHOCTH —
3TO YETBEPTh OKpYy)kHOCTHU (pHc. 8, 6, 8) [40]. Takoe *xe CXOACTBO C THYTHIMH U MPOKATHBIMHU IIIBEJUIEPAMH Xa-
paxtepHo st mBesuiepHbx 1311 IloaToMy A7t ONTHMU3aIMK THYTO3aMKHYTHIX JBYTaBPOB JIOITyCTUMO HCIIOJb-
30BaTh yKe anpoOUPOBaHHYIO METOAWKY NPUOJIMKEHHOTO pacdeTa TOHKOCTCHHOTO CEUeHHS 110 €ro CpelHeH
TMHUAY 0€3 KOPPEKTUPOBKH.

Ceuenne asytasposoro [3I1 npu n=U/V <1/1 MoxHO cunTath cocTaBHON QUrYypoil (puc. 8, 2) U3 mapsl
TpyOUaThIX (3aMKHYTBIX HJIM TOJIBIX) TOJIOK TPEYTrOJIBHOTO OYEPTAHUS, PACTION0KEHHBIX CHMMETPHYHO OTHOCH-
TENbHO BEPTUKAIM (OCH ) —) ) U Mapbl BEPTUKAIBHBIX MPSIMOYTOJBHUKOB CTEHKH MEXAy HUMH. B cBoro odye-

pellb Kakaasi U3 TpyOUaThIX MOJIOK B OTACTBHOCTH TaK)Ke MPEICTABIMa COCTABHOM (PUTYPOI U3 Maphl BEIKPYIKEK
(R = 0,5U ) ¥ rOpU30HTAITLHOTO TpsMOyToibHIKA (¢ x U ). TpyOuaThle IMOJKH COSTUHEHBI IT0 BEPTUKAIN ITapoi

PaBHOBBICOKHUX MIPSMOYTOJILHUKOB CTEHKH (pHC. 8, 0):
2t x(V =U)=2tU((1/ n)-1)).

3a cOCTaBHYIO 4acTh B BUE MOJIOBUHBI IIOJIYKOJIbLA (BBIKPY>KKH) MOKHO IPUHSTH (parMeHT TOHKOCTEH-
HOTO KOJIbIIA C YITIOBBIM MapaMeTpoM o = 45°=m/4=0,785 u3 CrnpaBouHMKa 10 COMPOTHBJIEHHIO MaTepHUa-

noB (puc. 8, 0, 6) [41]:
A, =20R=2x0,785R=1,57R; y, = Rsinaa=Rx0,7071/0,785 =0,9008R;
I, =Qo+sina—4sin’ 20/ )R’ /2=(2x0,785+1-4x0,7071" /0,785)R" / 2=0,011115(R’;
I, =Qa-sin2a)R’ /2 =(2x0,785-1)R" /2 =0,2850¢R’,
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1€ Voo Lo Lo A, , R —opiuHara IeHTpa TSKECTU CEUEHHS, MOMEHT UHEPIIMU CEYEHHsSI OTHOCHTEBHO

OCH X—X, MOMEHT MHEpIIUH CEUYEHUS OTHOCHUTEIHHO OCH ) —}), IUIOIIAAb CE€YEHHUS IOJIOBHUHBI MOJIYKOJbIA U
panuyc IOJIOBUHBI IIOIYKOJIbLA IO €€ cpeaHel IuHuM, R = 0,5U , COOTBETCTBEHHO.
Torna pacuetHoe ceueHne HeTTO AByTaBpoBoro I'3I1 Oyaer MMeTh clenyoue XapaKTepUCTHKH:
A=tU((2/n+3,14);

1 =1tU’(0,1666666/n" +0,785/n" —0,0699728 / n+0,0108234);
1 =0,344134U";

w = tU*(0,3333332/ 1" +1,57/ n—0,1399456 + 0, 0216468n).

04R

il L
= A
R
) =
A
= / -
- X ©
g 9 o
Sl &2 2
5| g 2
| & IS
-
0.36304R
0.7071R 0,7071R R
a o 8
Y

0,5¢

U(0,5/n—0,11089), 0110891/

U(lin—1)

V=Uln

lj

Puc. 8. Cxemsl a4 pacyera nsyrasposoro I'3I1:
a — ceveHue MPOKATHOTO JABYTABPA; 6, 6 — JJIEMEHTBI COCTABHOTO CEYCHNUST; 2 — AKCOHOMETPHSI JIUCTOBBIX 3ar0TOBOK; 0 — PacUeTHasi CXeMa CeUCHHUs HeTTO
[Figure 8. Schemes for calculating the I-shaped BCP:
a — section of a rolling I-shaped profile; 6, ¢ — elements of a composite section; 2 — axonometry of sheet blanks; 0 — design net cross section]
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Ecnu B momydeHHsle GopMysbl noAcTaBuTh n=U /¥ =1/1=1, TO HTOTM YHCICHHBIX BBIKJIAJOK IPaK-
TUYECKH COBIAMAIOT C YK€ HalJCHHBIMH 3HAYSHISIMH, YTO MOXHO CUUTATh KOHTPOJIBHOM MPOBEPKOIA.

2.3. Onmumusayuonnstii pacuem ogymaeposvix I 311

B kauecTBe kpuTepHs ONTHMHU3ANUU JJIs TIPOJOIDKeHHs pacueta nByTaBpoBoro [3I1 nemecoobpasuo mc-
MOJb30BaTh MAKCHMYM MOMEHTA COMPOTHBIICHUS €r0 CEYCHUS B CHIIOBOM IUIOCKOCTH HECYIIEeH KOHCTPYKIUH,
KOTOPBIH o0ecrieurBacT HAaNOOIBIIUHA 3amac MPOYHOCTH IPH U3THOE:

W =(4 /1)(0,3333332/n +1,57/n—0,1399456+0,0216468n) / (2/ n+3,14)’,

2 2 2
rne U =(4 /£)/(2/n+3,14)'; 4 =const, ¢ = const.
Uro0Bl HAMTH SKCTpeMalIbHOE 3HAYEHHE MOMEHTa COTPOTHBIICHUS Wx, €ro BBIpaXXEeHHE HEOOXOIUMO Mpo-

mudbepeRIIpoBaTh 1Mo MepeMeHHOi 71 |, TIPUPaBHAB K Hy:io npoussomnyio (AW /dn=0), nonyuuts ypasne-

HUE YETBEPTOH CTENECHU

0,2134287n" +0,5437676n" —16,977527n" —7,692628n + 2,093335 =0

C KOpHSAMHU
n =-10,077070; n, =-0,6369426; n =0,1916202; n =7,9746209.

W3 HallneHHBIX KOPHEH NMPAKTUYECKUHA MHTEPEC IIPEACTABISAET TPETUM, 3HAUEHHE KOTOPOT0 MOYKHO OKpPYT-
JIUTH 10

n=0,1916202=1/5,2186564 ~1/5,2.
Tornma pacueTHbIe TapaMeTPbl ONTUMHU3UPOBAHHOTO MPOQUIIS COCTABAT:

A=tU(2/n+3,14)=1U(2/0,1916202+3,14) =13,577312tU;

U =0,07365224/t; V' =0,38436554/t;

1 =tU’(0,1666666/n’ +0,785/n" —0,0699728 / n+0,0108234) =
=1tU’(0,1666666 / 0,1916202° + 0,758 /0,1916202" —0,0699728 / 0,1916202 + 0,0108234) =
=44,712624tU° = 44,7126241(0,073652214 /1)’ =0,01786434" / t’;

1,=0,344134:U° = 0,3441341(0,07365224 /1)’ =0,00013724" /£

Wo=W,_ =21 1V=2x44,712624U" / (5,2186564U) =
=17,135684:tU° =17,197163£(0,07365224/t)* =0,0929554 / ¢.

CpaBHuBas pacueTHbIe nmapameTpsl AByTaBpoBoro I'3I1, momyueHHbIe 10 U MOCIe ONTUMH3ALINHU, MOKHO
yOenuThes B ee 3(PEKTUBHOCTH, TIOCKOJIBKY C yBeNMUeHHEeM radbapura 1o Beicote B 0,3843655/0,1945525 =2 paza

MOMEHT MHEPLUH CEYCHHs B TUIOCKOCTH KOHCTpyKuuu Bo3poc B 0,0178643/0,0065722 =2,7 pa3a, a MOMEHT
conportusieaus — B 0,0932885/0,0675622 =1,4 pasza.

K BruiBeHHoi 3ddextuBHOCTH onTuMu3aunu aAByTaBpoBoro I'3I1 Ha n3rub criexyer n06aBUTH yMEHbIIIE-
HHE 0CJIa0JIeHNs] PACUETHOI'O CEUCHHUS HETTO, UTO SIBJIAETCS CIEICTBUEM CY>KE€HHS ONTUMH3UPOBAHHOTO PO
0 UIMpHUHE:

A = A+M=13,5T312U +4x2x0,1tU =14,3773121U;

Al A =13,577312/14,377312 = 0,9443567 ~ 0,94.

PACYET W MPOEKTUPOBAHVE CTPOUTENBHbIX KOHCTPYKLW 343



Marutyan A.S. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 334-350

3. Pe3yabTaThl M 00CyKIeHHE
3.1. Peanuzauusn ogymaepoesozo I'311 ¢ oounaxkoevimu napamempamu no wiupuHe u 6blcome

[Ipumep peamm3aiiy mpeIaraéMoro TEXHHIECKOTO PEIIeH:sT MOYKHO TPUBECTH, €CIN TPEICTABUTD €ro THYTO-
3aMKHYTBIM JIByTaBPOM C OJIMHAKOBBIMH IMapaMeTpaMH IO IIUPHHE W BHICOTE, a B KaueCTBEe 0a30BOTO OOBEKTa IS
CpaBHEHUsI TIPHHATH MPOQIITH COCTABHOTO CEYECHUsI IByTaBPOBOH (POPMBI, CKOMIIOHOBAHHBIN U3 MAPHBIX AJIEMEHTOB
MBEIUIEpHOTO ouepTanus (puc. 9, a). IlapHble 371€MEHTHI MPEICTABIAIOT CO00H TPOMHITN MOBBIICHHON JKECTKOCTH
mapok [TI'C1001L (mpodhuiiu THyTHIE CTalibHBIC, HOMHHANIbHAsE BbicoTa — 100 MM, IIBEJJICPHOTO TUIIA) C OTHOLICHU-
eM rabapuTHBIX pa3sMepoB TI0 mupHuHe U Beicote b/ h=49/102=0,4803921=1/2,0816326=1/2 (puc. 9, 6) [42],
910 o0ecreunBacT MpodUiTio 6a30BOro 00bEKTa OTHOIICHHUE Pa3MEPOB IIMTUPHHBI U BHICOTHI, ITPAKTUICCKH COBIIA-
JTAIOIIEe C aHAJIOTHYHBIM OTHOIIeHUEM IByTaBpoBoro ['3I1:

n=U/V =2x49/102=0,9607843=1/1,0408163~1/1.

36
2

h =102-0.7

Puc. 9. Cxembl THYTBIX Tpoduieii:
@ — COCTaBHOT'O CEYEHUsI IBYTaBPOBOi ()OPMBI; 6 — LIBEJIEPHOTO THUIIA
[Figure 9. Schemes of bent profiles:
a — composite section of I-shaped; 6 — channel type]

Jns Havyana mpuMepa peanu3alid HEOOXOIMMO pacCUuTaTh NpoQuibL 6a30BOro 0OBEKTa, CKOMIOHOBAH-
HOTO U3 Iapbl CAMbIX TOHKOCTEHHBIX THYTBIX 3JIEMEHTOB C ceueHueM 102x49x 0,8 MM:

A, =24 =2x1,60=3,20 cm (100 %); 4=24 =2x1,33=2,66 cm’ (100 %);
&l

gr
1 =21 =2x20,0=40,0 cm' (100 %); W =21 /h=2x40/10,0=8,0 cm (100 %),

A€ 3TAaJJOHHBIC (CTOHpOLICHTHLIe) 3HAYCHUA NPHUHATHI AJId COIOCTABJICHHA C aHAJIOTHUYHBIMU BCIWMYWHAMH I10
npeaprara€MomMy TEXHNUYECKOMY PEHICHUIO, 47 Ix[; x()[ — COOTBETCTBCHHO IIIOMAAb CECUYCHUSA, MOMCHT UHEPLIUN

CCYCHUA OTHOCUTEIIBPHO OCH X — X, a TaKXe a6cuncca LEHTpPA TAXKECTH TOI'O K€ CCUCHUA, 0003HaUYCHHAs Ha CXe-

M€ KaK ZO’ HO MPOITYHICHHAA B pacquHoﬁ Ta6J'II/II_[6 COpTaMCHTA U HaﬁﬂeHHaﬁ paCyYCTHBIM IYTEM

Xop =2, =(2%3,3x0,08%x0,04+2x0,6x0,08x0,34 +
+3,6%x0,08%x0,64+2x4,9%x0,08x2,45)/1,60 =1,35 cm.

Pacuetnbie mapametpsl nByTaBpoBoro ['311 ¢ oquHAKOBBIMY MTapaMeTpaMH 1O IUPUHE U BBICOTE, allbTep-
HATUBHOT'O IPOGUITI0 0a30BOro 00BEKTa, COCTABISIOT:
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t=A_/(594U) =3,20/(5,94x10,0) = 0,053872 ~ 0,05 cm;
A, =5,94x0,05x10,0=2,970 cm’ (92,81 %);
A=0,874, =0,87x2,97 =2,584 cm’ (97,14 %);
1 =0,00657224" /" =0,0065722x 2,584 / 0,05" = 45,36 cm" (113,4 %);

W =21 |V =2x4539/10,0=9,08 cm (113,5 %).

Tabauya 1
PacueTHble mapaMeTpbl THYTBHIX H THYTO3aMKHYTHIX Npoduiei
[Table 1. Design parameters of bent and bent closed profiles]
Xapakrepuctuku cedenuii [Cross section characteristics]
Ipodpusmn [Profiles]
A, eM?*[sm?], %  Agr, cM? [sm?], % A/ Agr L, em*[sm*], % W, oM [sm?], %
211 C1001I 2,66 3,20 0.831 40,0 8,0
t=0,8 MM [mm] 100 100 ’ 100 100
I'3I1 [BCP] 100x100 2,584 2,970 0.870 45,36 9,08
t=0,5 MM [mm] 97,14 92,81 ’ 1134 113,5

W3 0CHOBHBIX pe3ybTaTOB CPAaBHUTEIHHOTO pacueTa, MPUBEACHHBIX B Ta0MI. 1, cieqyeT, uTo 3aMeHa mpo-
¢uns 6a3oBoro oobekTa Ha AByTaBpoBbIi 1’311 mpu npoynx paBHBIX yCIOBUSAX CONMPOBOXKIAETCS YMEHBIICHHEM
pacxoa KOHCTPYKLIMOHHOI'O MaTepHajla U yBEIUUYEHHEM I'€OMETPUUYECKHUX (CTATUYECKHX) XapaKTEPUCTHK pac-
YETHOT'O CEYEHUS HETTO.

3.2. Peanuzayusn oeymaeposozo I' 311 onmumanvhoii KOMROHOGKU

Eme oquH npuMep peanuzaiiyy mpeiiaraeMoro TEXHUUECKOrO PEIICHHST MOYKHO TIPHUBECTH, €CIU MPEICTABUTH
€TI0 THYTO3aMKHYTBIM JIBYTaBpOM ONTUMAJILHOM KOMITOHOBKH C OTHOIIIEHUEM mapaMeTpoOB IO MMUPUHE U BBICOTE
1/5,2. 3a 0a30BbIif OOBEKT AJISI CPAaBHEHHS BIIOJHE AOMYCTUM MPO(HIL COCTABHOTO CEYEHUS IBYTaBPOBOTO

OUepTaHUs U3 MAPHBIX 37eMeHTOB (puc. 10, a). DTH 3JeMEHTHI NPEACTABIAIOT cO00W curMa-npoduin pasmepa-
Mu 300x80x2 MM (puc. 10, 0) [43].

y
y Lypp 0
&
RS "
t *ﬁ;_\'q
X _ =
S =
. S
* -
17 S
&
- Iy
a 0

Puc. 10. Cxembl rHYTBIX TIPOGUICH:
a — COCTaBHOTO CEYCHHsI JBYTAaBPOBOi (popMBbI; 6 — X-podHIiIb
[Figure 10. Schemes of bent profiles:
a — composite section of I-shaped; 6 — Z-profile]
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I'nyThIi IByTaBp 0a30BOr0 0OBEKTA, CKOMIIOHOBAHHBIH U3 Mapbl CUrMa-NpoQUIIei, UMeeT ceayIoIue pac-
YeTHbIC TapaMeTphl PelyIUPOBAaHHOTO CECUCHHUS:

A, =20,03cm’ (100 %); A=11,63cm’ (100 %);

gr
4 3
1 =753,25 cm’ (100 %); W =32,70 em’ (100 %),
A€ 3TAaJIOHHBIC (CTOHpOHeHTHHe) 3HAUCHUA NPUHATHI JJIA COIIOCTABJICHUA C aHAJIOTMYHBIMU BCIIMYMHAMU I10
npepraracMomMy TCXHNUYCCKOMY PCIICHUIO.

Pacuernsie mapamerps! asytaBposoro I'311 onTruMamsHOM KOMIOHOBKH (C OTHOIIEHHEM Pa3MepOB 10 IITH-
puHe 1 BbicoTe 1/5,2 ), albTepHATHBHOTO THYTOMY JBYTaBpYy 0a30BOT0 O0BEKTA, COCTABISIOT:

U=nV=0,1916202x300=57,48606 = 57,5 mm;

t=A_/(14,377312U) = 20,03/ (14,377312x 5,75) = 0,2422899 ~ 0,24 cm;
A, =14,377312x 0,24 x5,75 =19,84069 ~ 19,84 cm’ (99,05 %);

A=13,577312¢U =13,577312%0,24x 5,75 = 18,73669 ~ 18,74 em” (161,1 %);

1 =0,01786434 /1" =0,0178643x18,74° /0,24 = 2041,14 cm* (271,0 %);

W =21 |V =2x2041,14/30,0=136,076 cm’ (416,1 %).

Tabauya 2
PacyeTrHble napamMeTpbl THYThIX U THYTO3aAMKHYTBIX NpoduJiei
[Table 2. Design parameters of bent and bent closed profiles]
Xapakrepuctuku ceyenuii [Cross section characteristics]
Mpo¢unn [Profiles]
A, eM?[sm?], %  Agr, cM? [sm?], % A/ Agr Ly, em* [sm*], % We, em® [sm?], %
2%.300%80 11,63 20,03 0.581 753,25 32,70
t=2,0 MM [mm] 100 100 ’ 100 100
I'311 [BCP] 300%57,5 18,74 19,84 0.945 2041,14 136,076
t=2,4 MM [mm] 161,1 99,05 ’ 271,0 416,1

Kak BumHO 13 Tab. 2, paCUeTHBIN Mepexoj] OT COCTABHBIX JIByTaBPOB U3 CHUIMa-NPOQHIICH K JBYTABPOBBIM
I'3I1 onTuManbHONH KOMIIOHOBKM HPUBOIUT, C OAHOW CTOPOHBI, K YMEHBIIECHUIO PACX0Aa KOHCTPYKIHUOHHOIO
MaTepuana, a ¢ [pyroi CTOPOHBI — K YBEIMYCHNIO TE€OMETPHUECKUX (CTATHUECKHX) XapaKTePUCTHK M, KaK CIe/-
CTBUE, POCTY HECYIIEI CTOCOOHOCTH.

B menom Takoi MTOT MpencTaBiseTcs AOCTATOYHO KOPPEKTHBIM 0OOCHOBaHWEM MEPCIEKTHBHOCTH TPE-
JaraeMbIxX TpowIel st MX JanbHEHIIed mpopaboTKH U ONTUMHU3AIUN IPUMEHUTENHFHO K HECYITUM KOHCTPYK-
LHSIM 3[TaHUN U COOPY>KEHUH.

4. 3akjIouyenue

Pacuetnsie mapameTps! 1ByTaBpoBbIX [ 3I1 B 3aBHCHMOCTH OT OTHOILIEHHS MApaMeTPOB IIMPHHBI U BBICOTHI 110
HOBOMY TE€XHUYECKOMY PELICHUIO U OCHOBHBIE PE3YJIbTAaThl MX ONTHMH3ALUK Oonee HarsIHbI Ha rpadukax (puc. 11),
rJe Ha OCH OPJMHAT IS €IUHUL H3MEPEHUH HCTIOIb30BaHbl 0003HAUCHUS IUIOLIAAN CEYEHHS M TOILIMHBI JIMCTOBOH
MOJIOCHI, OIeXkAIeH 3Ur3arooOpasHoMy pe3y Ha YeThIpe 3aroTOBKH: A = const, f = const.

Htoroseie rpaduku mo3BOJISIOT cAeNaTh HEKOTOPHIE BHIBOABI M 0000IECHHS.

1. JIBytaBpossrii 1’311 ¢ nBoitHON CTEHKON M ABYMs TpyO4YaThIMH IMOJIKAMU M3 JIMCTOBBIX 3aTOTOBOK OJTU-
HAaKOBOM TOJIIMHBI UMEET KOMIIAKTHOE CEYCHHE, MOMEHT COIIPOTHUBIIEHUS KOTOPOr0 MAaKCUMAaJIeH IIPU OTHOLIE-
HUH pa3MEpPOB IIMPHUHBI H BHICOTHI, paBHOM 1/5,2 TI0 cpeHel TMHUW pacdeTHOro cedeHus. [Ipu 3ToM BHyTpeH-
HUE TPaHH €r0 CTEHKH U MOJIOK UMEIOT B pa3pe3e GopMy MIOCKOOBAILHOTO MOTYKOJbLIA.

2. JIByTtaBpossriii ['311 ¢ aBOHHOM CTEHKOH U IBYMs TPyOUaTHIMHU ITOJIKAMH M3 JIMCTOBBIX 3arOTOBOK Pa3HBIX
TOJIIIMH MOXKET OKa3aThCsl He MEHee PallMOHANBEHBIM U 3P deKTHBHBIM, ueM Takoii sxe ['3I1 u3 nTrcToBBIX 3aroTo-
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BOK OJJMHAKOBOMW TOJNIIMHBI. B 4acTHOCTH, MpakTHUECKUH MHTEpEC MPEACTaBIAET NPOJOJKEHNE pacueTa ONTH-
MaJIbHOH KOMIIOHOBKH COCTaBHOT'O CEYEHHS TAKOro Mpoduis B Ipeesax BCEro HHTEPBaja OTHOLICHHUS TOJILIMH.
3. Ecnu oTHOIIEHNE pa3MepOB IIUPHUHBI U BEICOTHI I, A%
neytaBpoBoro [3I1 cocrasnsier 1/1 mo cpeanelt TMHUN ’{ h f ';’ T
pacyeTHOTO CEYEHUs], BHYTPEHHHUE IPAaHH €ro CTEHKH U V. Alt x
MIOJIOK UMEIOT B pa3pe3e GopMy KpyIJIOro MOJyKOIbLA.
PacuerHsle mapaMerpsl Takoro mpoduiast oGmagaroT \
(UKCUPOBaHHBIMH 3HAYECHUSIMH, IPY KOTOPBIX IIMPHUHA 03— 2

paBHa paJuycy, BBICOTa — IUAMETPY TOIYKOJIBLEBON Ipa- ' \
HH, a BEJINYMHA dTUX (PUKCHPOBAHHBIX 3HAYCHUI 3aBU- \\ ]
|

/|

CHUT OT OTHOIIIEHUS TOJIIUH €ro MOJOK U CTEHKU. Eciu 1| B PO s
pa3BuBaTh MPOQWIH B IIUPHUHY TPH MOCTOSTHHOM BBICO-
Te, PaBHOW JUAMETPY, TO €ro ABYTABPOBOE OUCPTAHHE 3 ' ’L/./"’
Tpancpopmupyetcs B H-o6paznoe. B ciydae pazpurust = W,
MpOQUIIS MO BBICOTE MPH TIOCTOSHHON MIMPHUHE, PaBHOU /J/
paanycy, YBEJIMUMUBAETCSl €r0 CXOJICTBO C MPOKATHBIMU a /
W CBapHBIMH JIByTaBpaMHu. Il
4. IsytaBposbie ['3I1 ¢ TpyOUaThIMU MOJKAMU 110 “" e &
HOBOMY TEXHIECKOMY PEIICHUIO TOCTATOMHO paliOHAIb- Puc. 11. I'paduxu pacueTHBIX napaMeTpos ABYTaBpoBbix I'3I1
HBI 1 a(bq)eKTI/IBHBI. OHHU 10CTaTOYHO YHUBEPCAJIbHBL B 3aBUCHUMOCTH OT OTHOILICHHS pa3MEPOB UX IIUPUHBI U BBICOTHI
715 ONTHMAJIBHOTO TIPOEKTUPOBAHMS OUCTATBHBIX U HEp- [Figure 11. Graphs of the design parameters of I-shaped BCP
()OPHPOBAHHBIX BAPUAHTOB. BIIONIHE OUEBHIHA TaKKe in depending on the ratio of their width and height sizes]
HX MEPCIIEKTUBHOCTD B JIETKUX TOHKOCTCHHBIX KOHCTPYKIIUAX 37aHAN 1 COOPY)KCHHﬁ, TCXHHUKO-OKOHOMUYCCKUEC
XapaKTEPUCTHKH KOTOPBIX MOKHO TTOBBICUTH 32 CYET JOIMOJTHUTELHON ONTUMHU3AINY JTUCTOBBIX 3ar0TOBOK, YHU(H-
MPOBAHHBIX IS IIBEJJICPHBIX U IBYTABPOBBIX MPOQHIIEH.
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Article history Abstract
Received: July 3, 2020 The aim of the work is to derive a formula for the dependence of the first
Revised: September 11, 2020 frequency of the natural oscillations of a planar statically determinate beam truss

Accepted: September 19, 2020 with parallel belts on the number of panels, sizes and masses concentrated in

the nodes of the lower truss belt. Truss has a triangular lattice with vertical racks.
The solution uses Maple computer math system operators. Methods. The basis
for the upper estimate of the desired oscillation frequency of a regular truss is
the energy method. As a form of deflection of the truss taken deflection from
the action of a uniformly distributed load. Only vertical mass movements are
assumed. The amplitude values of the deflection of the truss is calculated by
the Maxwell — Mohr’s formula. The forces in the rods are determined in symbo-
lic form by the method of cutting nodes. The dependence of the solution on
the number of panels is obtained by an inductive generalization of a series of
solutions for trusses with a successively increasing number of panels. For se-
quences of coefficients of the desired formula, fourth-order homogeneous linear
recurrence equations are compiled and solved. Results. The solution is compared
with the numerical one, obtained from the analysis of the entire spectrum of na-
tural frequencies of oscillations of the mass system located at the nodes of
the truss. The frequency equation is compiled and solved using Eigenvalue search

operators in the Maple system. It is shown that the obtained analytical estimate
differs from the numerical solution by a fraction of a percent. Moreover, with

For citation
Kirsanov M.N. Analytical assessment of

the frequency of natural vibrations of a truss an increase in the number of panels, the error of the energy method decreases
with an arbitrary number of panels. Struc- monotonically. A simpler lower bound for the oscillation frequency according to
tural Mechanics of Engineering Construc- the Dunkerley method is presented. The accuracy of the lower estimate is much
tions and Buildings. 2020;16(5):351-360. lower than the upper estimate, depending on the size and number of panels.

(In Russ.) http://dx.doi.org/10.22363/1815-

Keywords: beam truss, natural oscillations, lower frequency estimate, upper
5235-2020-16-5-351-360

frequency estimate, Dunkerley method, Maple, induction

1. Beeaenue

Hapsigy ¢ )KeCTKOCTBIO M IPOYHOCTHIO0 KOHCTPYKIMH 3HAUCHUE TIEPBOM 4acTOTHI KoJieOaHUH (epMbl sIBILS-
eTcs OHOM M3 ee Ba)KHEHINMX 3KCIUIYyaTAallMOHHBIX XapaKTEPUCTHK. DTa BEIWYMHA BXOOUT B AMHAMHUYECKHE
pacyeThl BEIHY)KJCHHBIX U 3aTyXalOUIMX KojieOaHuil Qepmbl, B pelIeHUs 3a1ad BUOPAUK U CEHCMOCTOHKOCTH.
CyIecTBYIOT YHCIIEHHBIE PACUETHI CIIEKTPOB KoseOaHuil (epM, peanusyemble B pa3iIuiHbIX CIEIHATH3UPOBaH-
HbIX makerax [1-6]. HecMoTps Ha mmMpokoe pacpocTpaHEHHE YUCICHHBIX METOJIOB pacueTa, UX BBICOKYIO TOY-
HOCTh W OOJIBIION BBEIOOP JTOCTYIHBIX MOeel ¢pepM (JIMHEHHBIX W HEIMHEHHBIX) AJISl aHAllM3a 4acToT Kojeha-
HUI, aHATUTHYECKUE METOMABI, CBOJSIIMECS K CPABHUTEIBHO MTPOCTHIM (hOpMYyJIIaM, PEAKH.

C mosiBIeHHEM B apceHajle MH)KeHepa COBPEMEHHBIX CHCTEM KOMITbIOTEpHOH MaTeMatuku (Maple, Mathe-
matica, Reduce u 1p.) aHanuTHUecKue METOMIBI CTAHOBATCS Bce OoJiee pacnpocTpaHeHHbIMU [7—12]. ®opmysl,
MOJyYEHHBIE B pe3yJibTaTe PELICHHUs YpaBHEHUH B CHMBOJIEHOM BUZE, YAOOHBI KaK AJIsl OLEHKH TOYHOCTH pelle-
HHUH B CHIENMANM3MPOBAaHHBIX MAKETaX, TaK U I MIPOCTOTO MPEABAPUTENBHOTO pacueTa YaCTOTHBIX XapaKTepH-
CTUK coopyxeHusa. HanGonee 3HauMMBbl pelieHns NPUMEHUMBIE Ul IIUPOKOro Kiacca cucreM. Pacmmpenue
KJlacca PacCUMTHIBAEMBIX aHAIMTHYECKH CUCTEM B PETyJSIPHBIX (hepMax JOCTHraeTcsl BBeACHHEM B HaOop mapa-
MeTpoB (popMyJIbl Yncia naHene. Bo3MOXHOCTH aHATUTUYECKUX PEIICHUN Ul PETYISIPHBIX CTaTHYECKH OIpe-
IenuMBIX GepM (TUTOCKUX W MPOCTPAHCTBEHHBIX) paccMaTpuBaiuch B Tpyaax R.G. Hutchinson, N.A. Fleck,
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ResearcherID:H-9967-2013, IstinaResearcherID: 2939132.
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F.W. Zok, R.M. Latture, M.R. Begley [13—15]. B paborax [16; 17] npenioxeHbl aIrOPUTMBI pacieTa JMHAMUKH
B 00IIEM CITydae CTaTUYECKH HEONPEAEIUMBIX CTEPKHEBBIX KOHCTPYKLUM B aHATUTHYECKON (hopMe C MpUMeHe-
HHEM METOJIOB CTPOUTEIbHONH MEXaHWKU. B HacTosieM uccienoBaHuy CTaBUTCA LIENb MOMYYUTh aHATUTHYECKOE
peleHre 3a1ayl O HU3LICH 4acToTe cOOCTBEHHBIX Koyiebanuii GanmouHoi depmsl (puc. 1) B Buae Gopmysl,
BKJIIOYAIOIIEH B ce0sl HE TOJIBKO pa3Mephl U MHEPTHBIE CBOWCTBA (hepMBbI, HO M YHCIIO MaHeNei.

2. MeToasbl

DHepzemuyeckuit memood. Macca GpepMbl ¢ TPEYTOIbHON PEMIETKON U CTOMKAMU MOJICTUPYETCS OJMHA-
KOBBIMH TPy3aMH B y37ax (IIapHUpax) HIKHEro mosica. PaccMarpuBaloTCsi TOJIBKO BEPTHKAJIbHBIE KoJeOaHHS
rpy30B. Uncno creneneid cBOOOABI CHCTEMBI TPy30B (hepMBI C 7 TTaHeIssMu paBHO N = 2n — 1. JlnnHa Kax o ma-
Henmu 2a, BeicoTa /1. PaccMaTpuBaeMasi pepmMa OTHOCHTCS K YHCITY PErYJISIPHBIX CTATHYECKH OMPEACTMMBIX KOH-
CTPYKUMH, UI KOTOPBIX TOCTYMHBI aHATUTUYECKUE METOIbl HAXOXKACHHSI 3aBUCUMOCTEN yCUIIUi 1 nedopMaruii
OT YHMCIIa SIYEEK PEryJIIpHOCTH (31€Ch — MaHesei).

h
Puc. 1. Cxema dpepmsr, n =5
[Figure 1. Scheme of the truss, n = 5]
Cucrema mudepeHInaNTbHBIX YPABHEHUH TUHAMUKY TPY30B UMEET MaTPHYHBIA BU:
MY +D,Y =0, Q)]
rae Y= [y1, y2, ..., yv]” — BEKTOp BepTHKANBHBIX TIepeMeleHnii macc 1,..., N; D,, —wmatpuna xectkoctu; M, —

MaTpHia uHepuuu pasmepom N x N; Y — BekTop ycKOpeHHil.
B ciryqae oamMHAKOBBIX Macc Ipy30B MaTpHIla HHEPIUM MMeeT AuaroHanbHelil sunx M, = ml, . Dnemen-

THI MaTPHIIEI IOAATIMBOCTH B, , sBnsromeiicss oOpaTHoll k MaTpuie xectkocta D, , onpeznenstorcs mo Gpop-

Myne Makcsenna — Mopa:

u_3 o .
b, =2 8, | (EF), @)
a=1

rac EF — kecTKOCTH CTGp)KHeﬁ; Sél) — YCHIIUE B CTEPKHE O OT JCHCTBUSI C,E[I/IHI/I‘-IHOI\/'I BGpTHKaJ’ILHOﬁ CHIJIBI

B y371e i3/, — JNIMHA CTepXKHA O.; L =81 — umCIIO0 CTepKHEH hepMbl BMECTE C TPEMsI CTEPKHAMH, MOJICITHPYIO-

VMU OJIBIKHYIO U HETIOABIKHYIO OIOPBI.

OmnopHbIe CTEP)KHU MPUHUMAIOTCS HeaehOopMHUpPYEMBIMU, CyMMUpPOBaHHE B (2) Ha 3TH CTEPXKHU HE pac-
NpOCTpaHseTCs. Y CHIHA B CTEPKHAX (EepMBI OMPEIeIOTCS OAHOBPEMEHHO ¢ PEAKUUsIMH OTIOp U3 PELICHHUS CH-
CTEMBl YpPaBHEHUH paBHOBECH BCEX y3J0B (hepMbl. MaTpuIia CUCTEMBI CTPOUTCS 110 3HAYCHUSM HaNpaBIISIOIINX
KOCHHYCOB YCWIMH, HAalICHHBIX IO JAHHBIM KOOPJIMHAT KOHIIOB CTEp)KHEH. PelleHue uiercs B CUMBOJIBHOU
¢opme ¢ HCIOIB30BaHIEM BO3MOXKHOCTEH KOMITbIOTEpHOW MateMaTtuku Maple [18; 19].

Ymuosxas (1) cnea Ha B, ¢ yderom 3amenst ¥ = —®’Y , COOTBETCTBYIOIICH KONEGAHMSIM BH/IA
Y, =u, sin(of +@,), 3)

CBOJIMM 3a7ady K Mpobiieme coGCcTBeHHbIX uncesn Matpuisl B, @ B, Y =LY, rae A =1/(mw’) — cobcreennoe

qucio MaTpuiel B ; ® — coOcTBeHHas JacToTa KolneOaHui.
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Veunus S é') B CTEPXKHSAX (epMbl, BXOAANIME B JIEMEHTHI MaTpHIbl B, onpenenstoTcss U3 peleHus cu-

CTEMBbI YpPaBHEHHH Y37I0B (pepMBI, B KOTOPYIO BXOJIST TaKXKe U peakuu onop. i 3Toro B cucreMe KOMIBbIOTEp-
HOU MaTremaTuku Maple cocTaBnsieTcss MaTpulia ypaBHEHHH paBHOBECHSI Y3JIOB, COCTOALIAS U3 HANPABISIOIINX
KOCHHYCOB YCHUJIMH B CTEPKHSIX.

[TomyunTs aHaTUTUYECKUE pEIIeHUs A (epMbl ¢ MPOM3BOJBHBIM YHCIIOM TaHenedl He ynaercs. Bosz-
MOYKHOCTEH CHCTEMBl KOMIBIOTEPHOH MaTeMaTHKH Maple xBaTaeT ToibKO JUis aHanmu3a depm ¢ n =1,2,....6.
Hanpumep, ans n = 2 oneparopom Eigenvalues momyuensl cieqyronye XxapakTepucTHIECKHE YHCIa:

A =(a’+c +21)/ (2R EF),
7\‘2,3 = (203 + h3 + 6613 + (26’6 + 16(1303 + h6 +32a6)(1/2)) / (2h2EF)

COOTBETCTBYIOIINE YAaCTOThI BHIYHCISIIOTCS IO hopmyiie @ = +/1/(mA). DT 4acTOTHI BKIFOUCHBI TAKXKE

BO BCE CIIEKTPHI YacTOT ()epM paccCMaTpPUBAeMOTO BHJIa C YETHBIM YHCIIOM ITaHENel, YTO MOATBEPKIaeT CBOU-
CTBO BJIOXKEHHS CIIEKTPOB PETYISIPHBIX cucTeM [20; 21].

g Toro 4ToObl HAWTH aHAIIMTHYECKOE BBIPAKEHHE MEPBOI YaCcTOTHI JJIs TPOM3BOJIBHOTO YKCiIa aHemnei
B (pepme, mcrionb3yeM NpUONMIKEHHBIH 3HepreTndeckuii meron. @opmyrna Pames, crmemyromas u3 paBeHCTBa
MaKCUMAaJIbHBIX 3HAUCHUH KUHETUYECKOW U NOTCHIIMAJIBHOM 3HEPIHil:

Tmax = Hmax ‘ (4)
Kunernueckas OHEPrusd MaccC B y3JIaX HMJKHETO IoACa:

N
T . :maXva,f /2.

m:
k=1

CornacHo (3) BepTUKaIbHAs CKOPOCTh MAcChl k UIMEET BHUL
V, =¥, = ou, sin(ot+@,).

Ortcrofa, nomarast max(sin(w? +@,)) =1, momydaem

N

2 2
T, =0 Zmuk /2, (5)
k=1
IJIe aMIUTMTY/Ia BEPTUKAJIBHOI'O CMEIICHUSI BRIUHCseTcs Mo popmyne Makcseria — Mopa:

pn-3 - p-3 -

u, =Y SSOL |(EF)=P) S"S" I, /(EF)= Pi,.
a=l1 a=1

Benensr 0603HaueHUS Sép) — ycuime B cTepxHe o = 1,...,|l OT JAeHCTBHS HATPy3KH P, pacrpeaelicHHO’

Q(k o o
IO y3JiaM HMXKHETO I10sICa, U Sé ) YCUIIME B 3TOM K€ CTCPIKHEC OT CAMHUYHOU (6e3pa3MepH01/I) Harpy3kKu, Ipuiio-

o o(P P o v
’KEHHOM K Macce ¢ HoMepoM &, S ; ) =8 ; )/ P. Br16op Takoit Harpy3ku OIpenessieTcs: OJM30CThI0 N30THYTOH OCH

HIDKHETO Tosica (hopMe KolleOaHnui CHCTEMBI IPy30B ¢ MepBoi YacToToi. Takum oOpazom, (5) mpuobperaer BUA

N
T = PP Y mi} /2, (6)

max
k=1

Ko~
rme i, =u, /| P= ZS SO /(EF) — ammmiryna cMemieHmit Macch ¢ HOMEPOM k T0J1 IeiCTBHEM pacipese-
a=1

JICHHOM Harpy3kH (puc. 2), OTHECEHHas K BeJINYNHE P.
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h
JRT R P PR R P R PR P T
a a a4 a a a4 a a “a ~a ~a a
Puc. 2. PaBHOMEpHO pacipenielicHHas Harpy3ka, n = 6
[Figure 2. Uniformly distributed load, n = 6]
[TorenunanbHas sHeprus AeopMannu cTepKHel epMbl pacTipe/ieIieHHON Harpy3Koi UMeeT BU
B p
.. =Y. SOAL /2= (S)1, / (2EF).
a=1 a=1
N ~
B cuiy nurelinocTH 3anaun S ép) = PZ S ((lk) . Orcroma
k=1
| N - N - - N
M, =P S S®1 /QEF)=P*> > SOSP1, | QEF) = P*) . (7)
a=l k=1 k=l a k=1
U3 (4) — (6) cnenyeT BepXHsisl OLlEHKa EPBOi 4acTOTHI KojeOanuii ¢pepmbl (popmyna Penes):
N N
oy =i, /Y mi;. (8)
k=1 k=1

Jlns momy4eHust TpeOGyeMoil 3aBUCUMOCTH YacTOTHI OT YHCIIA TIaHelel epeMelieHns i, JOJKHbI ObITh 110-
Jy9eHHI TaK ke, Kak QyHknun 7. [Ltan pemenns cieayromuii: 1) pacdeT nepeMeneHns Macchl ¢ HoMepoMm 1 mpu
Pa3INYHBIX 3HAYCHUSX /1 C TIOCIICAYIOLMM ONpeIeIcHHeM OOIIero wieHa mocueaoBaTensHocTeit i, (1) ; 2) pac-
4eT mepeMelieHuit Mace 2, 3, 4, ...; 3) obobmenue Gopmyn i, (n), it,(n), iy(n),... 10 HOMEPY Macchl U MOITyYe-
HUE UCKOMOM 3aBUCUMOCTH i, (7).

Brisenem hopMyity st cMeIeHrs IEPBOI MacChl OT JISHCTBHS paclpeaesieHHON Harpy3KH.
Pacuet nepemenienus st hepM ¢ pa3nUIHBIM YUCIOM MaHeNeH OKa3bIBaeT, YTO BHJ PELICHUS HE 3aBU-
CHUT OT n:

3
~ 3 2
i, =) Cr’ | (WEF),
i=1
— 2 2 _
TJIe JUIA COKPAIICHNs 3alliCH BBEICHBI 0003HAYCHUs pa3MepoB depMmbl 7, =a, 1, =c=~a +h™, 1, =h. Kosp-
¢ummentsr C,, i =1,2,3 3aBuCAT TONBKO OT 7. JI1s1 BBIABICHHS 3aKOHOMEPHOCTH B TIOCIIEIOBATEILHOCTH PEIICHHUI

IOTPeOOBANIOCH PACCUNTATH MPOTUOKI (hepM ¢ urcioM maHener n = 1,...,.8. [l 3Hauennit koapdunuenta C; momy-

YeHa clieAyromias MoCciIeIoBaTebHOCTE: 5, 35/2, 42, 165/2, 143, 455/2, 340, 969/2. Jlns ee 1eMeHTOB onepaTop

rgf findrecur cuctemsr Maple BosBpamaer pexyppentsoe ypapuenne C,  =4C —6C , +4C , —-C , .

Ormepatop rsolve ¢ ncmonp3oBaHUEM HadadbHBIX 3HAUCHHH 5, 35/2, 42, 165/2 maet pemieHUE 3TOTO YpaBHCHUS:
2

C, =n(4n" —1)/ 6. Yucno paccuntsiBaeMbIx ¢epM n = 1,...,8 ompenensercss BOSMOXXHOCTBIO HOIYYHTb PEKyp-

peHTHOE ypaBHeHHe. Ecnu aiHa mocne1oBaTeIbHOCTH HEeJIoCTaTouHO Benuka, onepatop rgf findrecur e maer
peUICHU. Amnanoruyto IIpyu JPpYyrux 3HAa4YCHUAX HOMEPOB MaccC k nmeem CJICAYIOIIHNE BBIPAXKCHUA:

k=2, C =(n-1)4n’+4n-3)/3,

k=3, C,=(2n-3)2n*+3n-4)/2,
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k=4, C =2(n-2)4n>+8n-15)/3,

k=5 C =502n-5)2n"+5n-12)/6,

O0600meHne >Tux GopMyI o k ¢ IpUMEHEHHEM orepaTopoB Maple gaeT okoHUATETHPHOE BRIPAXKCHHUE 3a-
BUCHMOCTH K03 duimenta C; oT HOMepa Macchl U YKCIIa NaHewIeH:

C'l(/€)=k(/€—2n)(k2 —2nk—1-4n")/12. 9
Taxoke B 1Ba 3Tana, 0000LMICHHEM CHadala 110 71, 3aTeM 10 k, OJTy4aroTcs ¥ Jpyrue KodQQHUIUEeHTHI:
C,(k)=—k(k-2n)/2, C3(k):(1—(—l)k)/2. (10)
OTnenapHO BBIYUCIIUM YHCIUTENh U 3HaMeHaTelNb B (8). UucnuTens mpeicTaBuM B BHIE
N 3
i, zzgarj /(W*EF), (11)
k=1 a=1

N
e g, =Y C(k), i=1,2,3.
k=1

Koneunsie cymmbr ko3 dunpentos (9) — (0) maet onepatop sum crcteMsl Maple:

g, =(6n*-1)/30, g, =(4n’ -1)/6, g, =1. (12)
3nameHatens (8):
N 303
Zmﬁf :mZZfa r(fr;/(h“Eze), (13)
k=1 a=l p=I

N
raie o6osnaueno [, = C,(k)Cy(k), a,p=1,2,3.
k=1
[MocpeacTBOM CyMMHUpPOBaHUSI OIIEPATOPOM SUM TIOJYYaeM CIACAYIONIHE KOAPPHUIIMCHTHI:

fi, = n(4n* =1)(496n° +328n"* +103n +18) /11340,
fr, =n(l6n* =1)/60, f,,=n,
£, =n(4n” =1)(68n* +31n* +6) /1260,
fiy =n8n* +5n° +2)/30, f,, =n(2n’ +1)/6. (14)

Takum 00pa3oM, BEPXHIOI OICHKY MEPBOW 4acTOThI (pepMbl B 3aBUCHMOCTH OT YHCIa MaHeJel MOXHO
MOJYYHTH 110 opmyIie

3
thFZ g.r
Wy = = (15)

3.3
mY 2 furary

¢ ko3 punmentamu (12), (14).
Ouenxa /lonkepnesn. HIKHIOI OIIGHKY IIEPBOI YacTOTHI KOJIEOAHUH Moy4yuM 1o Gopmyiie JJoHkeprest:

oy =Y o, (16)
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rje ®, — 4acToTa KojaebaHus OZHOM Macchl 771, PacloJIOKEHHOM B y37e k + 1 HMKHEro nosica, IpUHUMAas HyMe-
paLuIo y37I0B OT JIEBOH OMOPHI.
VYpasuenue (1) B cixydae koneOaHUI OHOI MacChl OyET CKaISIPHBIM:

my, +d,y, =0,

Ie )y, — BEPTHKAJIbHOE NEPEMEIICHHE MacChl; )i, — BEKTOp ycKopenwil; d, — xosddument xectkoctn (k —
HOMED MaccChl).
Yacrora kosneGanuii rpysza ©; =+/d; / m . Kosppuument xecTkocTn, 00paTHbIN KOdPGHUIMEHTY moaat-

JUBOCTH, onpeiessiercs no popmyne Makcsemta — Mopa:
S (50}
& =1/d = (S8) 1,/ (EF),
o=l
rae S(gk) — YCUJIUA B CTEpPXKHE C HOMEPOM OL OT JIEUCTBUS €IMHUYHOM BEPTUKAIBHOM CHUIIbI, MPUIIOKEHHON K

y3ny k + 1 (puc. 3).

Puc. 3. K onpenenenuio kodddunnenta sxectkocTd, n = 6, k=2
[Figure 3. On the determination of stiffness coefficient, n = 6, k = 2]

MeTo10M WHAYKINH, TTIOCIE0BATEIHHO PACCYUTHIBAs CMEIIIEHHEe CHadata Macchl 1 OT IeHCTBUS Harpy3Ku
Ha ATOT y3eJI MPU Pa3TUIHBIX YHCaxX naHenen n = 1,2,3,... u 00001mas 3TH pemeHns Ha IPOU3BOILHOE YHUCIIO 7,
3aTeM PacCUMTHIBAas CMEUICHUE PYTUX Macc, MPUKIAAbIBAs BCAKUN pa3 eIUHUYHYIO CUIY K MECTY HOJOKEHUS
MAacCHI, MOJTy4YaeM pelIeHre U TPOU3BOIBHBIX 3HAYCHUH 1 U k:

3
8, =>.Cr’ | (WEF),
i=1
rae
C, = k(2k> —4nk —1)(k —2n)/ (6n),
C, =—k(k—2n)/(2n),
C,=(1-(=D"/2.

N3 (16) cymmupoBaHHEM 3TUX BBIPAKECHUH MO A TMOIydYaeM HIDKHIOIO OIEHKY IJIS IEPBOM YaCTOTHI 10
JoHkepiiero:

N
0, = mz 5, =m((32n* +20n> —7)a’ +15(4n” = 1)’ +90h’n) / (90K’ EF). (17)
k=1

3. PesyabTaTsl

O1eHNUTh TOYHOCTH TOyYSHHBIX PEeIIeHni MOKHO rpaduuecku. PaccMoTpum a1t mpumMepa depmy ¢ 7 ma-
HEJISIMU BBICOTOH A = 5 M, IytMHOW maHenu ¢ = 3 M u rpy3amu m = 100 Kr B y371ax HIKHero mosica. JKecTkocTb

CTaNbHBIX cTepkHel depmel mpumem EF =0,2- 10% H. IlepBas yactota W, COOCTBEHHBIX KoneOaHui pepmsl (15),
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THOJTy4eHHAas 10 SHepreTHdeckoMy Merony Panes, u ouenka o, Honkepines (17) ¢ yBenudeHneM 4ucia naHenei
commkarotes (puc. 4). UncleHHOe ke 3HauYeHHEe () COOCTBEHHOMN 4acToThl cucteMsl ¢ N =2n—1 crenensmu

CBO60,I[I:I, Haﬁ,[[eHHaH KaK MUHUMAJIbHAA 4aCTOTa IMOJHOI0 CIICKTPa 4aCTOT, IOYTHU IMOJIHOCTBIO COBIIAAACT C OI.[CHKOﬁ
Peneﬂ, KPHUBBIC IMOJIHOCTBIO CJIIMBAKOTCH. ILJ'IH yTO‘IHeHHOfI OLICHKHN CTCICHU MOJYUCHHOTI'O HpI/I6J'II/I)KCHI/I${ BBCACM

OTHOCHTEIBHBIE MIOTPEIIHOCTH €, =| Oy — O, | /®), €5 = ®p —; |/ ;.

a,c- Ep
0.204
804
704
60 0.157
50+ 5
401 2
1 0.107
304 1
20+
10+
0.057
T T T T T T T T T 1N T T T T T T T T T T 1
2 3 4 5 6 7 8 9 10 11 12 2 - 7 8 9 10 11 12

Puc. 5. Tlorpersocts oueHku JIoHKepIies: B 3aBUCMMOCTH OT YKCIIA TTAHESIeH:
1-h=3m;2-h=4mM;3-h=5m
[Figure 5. Dunkerley’s estimation error depending on the number of panels:
1-h=3m;2-h=4m;3-h=5m]

Puc. 4. IlepBas yactoTa KonebaHuit, oIy4eHHAS
Tpems criocobaMu B 3aBHCUMOCTH OT YHCJIA MTaHEJIeH
[Figure 4. The first oscillation frequency
obtained by three methods depending on the number of panels]

o

0.004+

0.003+

0.002-

0.001+

23 4 5 6 7 8 9 1011 127

Puc. 6. [TorpemHocTs otieHKH Parnest B 3aBUCHMOCTB OT YHCIIa TTaHEIeH:
1-h=3m;2-h=4m;3-h=5m
[Figure 6. Rayleigh’s estimation error depending on the number of panels:
1-h=3m;2—-h=4m;3—h=5m]

B 3aBucuMocTH OT Yncia maHeneld MorpenrHocTh pernenns JloHkepies MeHseTcst oT 4 % mpu OoJbIIOM
qucie naneneit 1o 22 % npu n = 2 (puc. 5). ['paduku mocTpoeHsl I TEX Ke mapaMeTpoB (epMBbI, 4TO U puc. 4.
Jlns hepMbl ¢ MEHBIIIEH BBICOTOW CTEIIeHb NPUOJIMKEeHHS OIICHKY [loHKepIies OombIie.

Omnenka Panes, Tak xe kak u oneHka JloHkepres, mydnie mpu OoJbIleM Yncie naHened (puc. 6), 3a uc-
KITFOUCHWEM HAYaJIbHOTO y9acTKa KPHBOW, MMEIOIIEH pe3Kuil BCIUuleck mpu n = 3. I'maBHas e 0COOCHHOCTH
OIICHKH, MTOJIYIeHHOHU 10 Paero, — BechbMa BBICOKAs € TOUHOCTh. TouHocTh mopsiaka 0,2 % comocTtaBuMa ¢ TOY-
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HOCTBIO BXOJHBIX JAHHBIX: Pa3sMCpPOB, YIIPYTUX XapaKTCPUCTUK U MACC. Ha puc. 3 KpuBas (1)1 5 Haﬁ[[eHHaS[ YHUCJICHHO

U3 aHAJIN3a CHEKTPA CHCTEMbI CO MHOTMMH CTENEHAMHU CBOOOJBI, IPAKTUYECKH CIIMBAETCS C KPUBOM 3aBUCHMO-
CTH OT YMCJIA NAHEJIEN YacTOThI 110 Paero wp.

4. 3akjIouyeHnue

JIJ1s pereHns MoCTaBJICHHOM 3a1aui B paO0OTe UCTIOIh30BaHa CHCTEMa KOMITBIOTEPHON MaTeMaTuku Maple.
Br100op 3Toit mporpaMMBbl Onpenensics TOJIBKO NpeArnouTeHreM aBTopa. C He MEHBIINM yCIIEXOM 37eCh MOKHO
WCTIONB30BaTh U APYTHE aHAIOTUYHBIE MTpOrpaMMebl, HartpuMep Mathematica wu Derive. B ocHoBHOM omnepato-
pBI Maple ucronb30Baich I COCTABICHHUS W PEIICHUS B CUMBOJBHON (hopMe ypaBHEHUI paBHOBECHS y3JI0B
depmbl. Omnpenenenue ke OOIMX YICHOB MOCISI0BATEIILHOCTEH MOXHO BBINOJIHUTh B KAKOM-THOO OHJIaWH-
cepsuce, HanpuMep [22]. Ilo cpaBHEHHIO ¢ pEeLICHUSAMH 3a1a4 O Mporude GepM ¢ MPOU3BOIBHBIM YUCIIOM TTaHe-
TieH, TOJTy4YeHHBIMH METOJIOM HHIYKIMH, (POPMYJIBI ISl OIIEHOK IEePBOM YaCTOTHI OKA3aJIHMCh 3aMETHO CIIOXKHEE.
OpHaKo OHM UMEIOT 3aMKHYTYI0 OpMy, HE COEPKAT CYMM H PSIOB, KOTOPBIE HAJI0 BEIYUCIATH, OOPBIBAst CyM-
MHUPOBaHHE Ha HEKOTOPOM CJIaraeéMOM, YTO BHOCHT 3JIEMEHT CyObEKTUBHOCTH B pemieHue. [lomyueHHsle popmy-
JIBI TAK)Ke HE CBSI3aHBI C IPUMEHEHNEM CIeIIHaIbHBIX (PYHKIIUN U UTEPATUBHBIMU BBHIYHCICHUAMU. BEIBeIeHHBIC
(hopMyJITBI MOKHO MCTIOIB30BATh MPH JOBOJBHO OOJBIIOM YHCIE MaHelNel, TO eCTh UMEHHO B TeX CIydasx, IJie
HanboJiee BepOsSITHO HAKOIUICHHE OIMOOK BEIYHCICHUH. KpoMe TOro, 3aMKHYTHIN aHAIMTHYECKUI BU pEIICHHH
MO3BOJISIET MPUMEHATD BCE CPEACTBA MATEMATHYECKOTO aHAIM3A JUIS BEISIBICHUS MX OCOOCHHOCTEH.
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Abstract

The aim of the work is to perform a comparative analysis of the results of
analyzing arbitrarily loaded shells of revolution using finite element method in
various formulations, namely, in the formulation of the displacement method and
in the mixed formulation. Methods. To obtain the stiffness matrix of a finite
element a functional based on the equality of the actual work of external and
internal forces was applied. To obtain the deformation matrix in the mixed for-
mulation the functional obtained from the previous one by replacing the actual
work of internal forces in it with the difference of the total and additional work
was used. Results. In the formulation of the displacement method for an eight-
node hexahedral solid finite element, displacements and their first derivatives are
taken as the nodal unknowns. Approximation of the displacements of the inner
point of the finite element was carried out through the nodal unknowns on
the basis of the Hermite polynomials of the third degree. For a finite element in
the mixed formulation, displacements and stresses were taken as nodal unknowns.
Approximation of the target finite element values through their nodal values
in the mixed formulation was carried out on the basis of trilinear functions.
It is shown on a test example that a finite element in the mixed formulation im-
proves the accuracy of the strength parameters of the shell of revolution stress-
strain state.

Keywords: solid finite element, mixed functional, finite element method im-
plementation, deformation matrix, stiffness matrix
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AHHOTANNSA

L]env uccnenoBaHus — BBIIOJIHATG CPABHUTEIBHBIIA aHAIN3 PE3YJILTATOB Pac-
4eTa IIPOU3BOJIBHO HAIPYKEHHBIX 000JIOUEK BpallIEeHUsI IPY HCIONB30BaHUN METOa
KOHEYHBIX JIEMEHTOB B Pa3IUUHbIX (JOPMYIUPOBKAX, a UMEHHO B (DOPMYIUPOB-
Ke MEeToJa NepeMelleHUH U B cMeIIaHHOR GopMynuposke. Memoowr. Jlns noiy-
YeHUs] MaTPHLbl KECTKOCTU KOHEUHOIO 3JIEMEHTAa NPUMEHEH (yHKLUOHAI, OC-
HOBaHHbII HAa PAaBEHCTBE €I CTBUTENBHBIX PAOOT BHELIHUX U BHYTPEHHUX CUIL,
a JUIs MOJy4YeHUs: MaTpuUllbl Je(OopMUpPOBaHUS B CMEIIaHHON (HOPMYIHPOBKE —
(yHKLUOHA, IOIYYSHHBIH U3 MPEbIAYIIEro IyTeM 3aMEHbl B HEM JEeHCTBUTENb-
HOI pa0GOThl BHYTPEHHHUX CUJI PA3HOCTHIO HMOJHOW U JONOJIHUTENBHON paboThL
Pesynomamui. B GpopMynupoBke MeToAa IepeMeLIeHH 111 00bEMHOIO KOHEY-
HOTO 2JIEMEHTA B BUJIE BOCBMHY3JI0BOIO IIECTUIPAHHUKA B KAYECTBE Y3JIOBBIX HEU3-
BECTHBIX IIPUHATH! IEPEMELICHUS U UX IEPBblE NPOU3BOJHbIE. ANNPOKCUMAIINSL
NepeMeIeHUH BHYTPEHHENH TOUYKM KOHEYHOI'O 3JIEMEHTA OCYILECTBISIIACH YEPE3
Y3710Bble HEU3BECTHbIE HA OCHOBE IOJIMHOMOB ODpMHTa TpeTbell creneHu. s ko-
HEYHOIro 3/1€MEeHTa B CMEIIAHHOH (POPMYIMPOBKE B KAUECTBE Y3/I0BBIX HEU3BECTHBIX
IIPUHUMAIIUCH NIEPEMEILEHUS U HAIPSDKEHUS. ATNPOKCUMALUS UCKOMBIX BEIUYUH
KOHEYHOTO JICMEHTA 4epe3 UX Y3JIOBbIC 3HAUCHUS B CMEIIAHHOH (hOPMYyIIHPOBKE
BBINOJIHAIACh HA OCHOBE TpUJIMHEHHBIX GyHKuui. Ha TecToBoM mpumepe mnoka-
3aHO, YTO KOHEUHBIH 3/1EMEHT B CMEIIAHHOH (OPMYIUPOBKE MO3BONISAET IOBLICUTD
TOYHOCTb IIPOYHOCTHBIX NAapaMETPOB HApPsKEHHO-Ie()OPMUPOBAHHOIO COCTOSI-
HUsI 000JIOUKY BpAIIECHHUS.

KioueBble ci10Ba: 00bEMHBINM KOHEUHBIH AJIEMEHT, CMEIIaHHbIN (DYHKIHO-

C. 361-379. http://dx.doi.org/10.22363/1815-

Hajl, peaqu3alys MeTola KOHEUHBIX 3JIEMEHTOB, MaTpHLa 1eGOpMUPOBaHS, MaT-
5235-2020-16-5-361-379

puna JXECTKOCTHU

1. Introduction

The theory of deformation of solids has been developed in sufficient detail to date [ 1-2]. However, analytical
obtaining of specific results is possible only in some cases, far from the practice of engineering calculations. Therefore,
the development of approximate and numerical methods for calculating structural elements of engineering struc-
tures is an actual task. Among the modern methods of studying the stress-strain state of building structures, the nu-
merical finite element method (FEM) based on the displacement method has become widespread recently [3—15].
It can be stated that the main disadvantages of this FEM formulation are the lack of continuity of the displacement
derivatives on the edges and side surfaces of finite elements. The development of finite elements in the mixed for-
mulation [16-25] allows to reduce the degree of approximating functions for expressing the desired quantities
through nodal unknowns, makes it possible to fulfill the conditions for the continuity of stresses and displacements
not only at the nodal points, but also on the edges and lateral surfaces of the discretization elements.

The subject of the study is the stress-strain state of the shell of rotation under arbitrary loading. The purpose of the
study is a comparative analysis of finite element algorithms for determining the strength parameters of the shell of rotation.

TI'ypeesa Hamanva Anamonvegna, 1oktop GU3MKO-MaTeMaTHIECKHUX HAyK, JOLEHT AemapTamenta MaTemaTuky; ORCID iD: https://orcid.org/0000-0003-
3496-2008, eLIBRARY SPIN-kox: 8393-5900.

Knouxoe Opuit Bacunvesuu, 1OKTOp TEXHHYECKHX HAYK, podeccop, 3aBeayomuid Kapeapoil BEICIIeH MaTEMAaTHKH 3JIEKTPOIHEPreTHIECKOro (haKyJb-
teta; eLIBRARY SPIN-kox: 9436-3693, Scopus ID: 57170472500.

Huxkonaee Anamonuii Ilemposuy, TOKTOp TEXHUYECKUX HayK, mpodeccop Kadeapsl MPHKIAJHOM Fe0Ae3HH, IPHPOI000yCTPOHCTBA 1 BOAOHOIb30BAHMS
sKoJioro-menuoparuBHoro daxymnsrera; ORCID iD: https://orcid.org/0000-0002-7098-5998, eLIBRARY SPIN-koxa: 2653-5484.

HOwkun Bnaoucnase Hukonaeguu, KaHanIaT TEXHUYECKUX HAYK, JAOLEHT Kadeaphl MPUKIAJHON Ie€0Je3HH, IPUPOJ000YyCTPOHCTBA U BOAOHOIB30BAHUS
9Kosoro-MenuoparuBHoro dakymnsrera; ORCID iD: https://orcid.org/0000-0003-3965-4397, eLIBRARY SPIN-xox: 4833-4701.
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To perform a comparative analysis of variants, finite element algorithms of the hexahedral finite element
are developed in two formulations: in the formulation of the displacement method and in the mixed formulation.
When obtaining the hexahedron stiffness matrix in the formulation of the displacement method, displacements
and their first derivatives are used as nodal unknowns. When forming the matrix of the stress-strain state of
a hexagon in a mixed formulation, displacements and stresses are taken as nodal unknowns.

2. Research methods

To obtain the stiffness matrix of a hexagonal finite element, the displacement method formulation uses
a functional based on the equality of the actual work of external loads on displacements and the actual work of
internal stresses on deformations over the volume of the finite element. To approximate the desired values of
the internal point of a finite element through nodal unknowns, third-degree Hermite polynomials were used.

To obtain the stress-strain state matrix in a mixed formulation, we used a functional obtained by replacing
the actual work of internal forces of the displacement method functional with the difference between the total
work of internal forces and their additional work. Trilinear relations are used to approximate displacements and
stresses through nodal unknowns.

2.1. Shell of revolution geometric parameters
Position of an arbitrary point M° in the shell of revolution middle surface is defined by radius vector

R =xi +r(x)sin® + r(x)cos 0k, (1)

where 7, ], k — unit vectors of the Cartesian coordinate system; 7(x) — radius of revolution for the considered

point of the middle surface; 6 — angle measured counterclockwise from the vertical diameter.
Basis vectors of an arbitrary point on the middle surface are determined by expressions

-0 _ p0 _ 7 . % 7
a, =R, =i+r sinbj+r, cosbk;

-0 40) i - 7.
a, =Ry =rcostj —rsinbk;

-0 __ =0 .
o a4 xd, ¥, - sin®

ay =————=—7—1I+
Colayxas| Nuo

cos0

Ju

j+—r, )

where u =1+r 7,

Position of an arbitrary point M of the shell located at a distance ¢ from the middle surface is defined
by radius vector

R" =R’ +ta. 3)
Base vectors of the point M ” are defined by differentiation (3):
g =R" =R’ +ta) =a, +ta, 4
gy =R =R +tady, =a, +tdy,;
g =R =d;. “)
Using (2) based on (4) the following matrix relations can be formed:

(g =[sii}: {7} =[sT"{2"}. 5)

3x1 3x3 3x1 3x1 3x3 3x1

where {gO}T ={§10 g5 §2}, {ZT}T ={ZT, Js E}

1x3 1x3
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Differentiating (4) taking into account (5), derivatives of the basis vectors of point M % can be defined
by the components in the same basis:

(@) =In i =[MIIsT {2’} =[m]{ &}

3x1 33 3x1 3x3 3x3 3x1 3x3  3x1
@l =[m{ 7= (W ]sT g =[] &'}
3x1 33 3x1 3x3 333 3x1 33 3x1

—~—

0Qy
-~ o

N
I

(V{7 =0T e =[] &'} (©)

3x1 3x3 3x1 3x3 33 3x1 3x3 3x1

where {g‘i}T ={§10,x,g73,x,§2’x }; {g%}T ={§ﬁe, é?,e,gé),e }; {g(;}T :{glo,z’gg,t’g;),t }

1x3 1x3 1x3

2.2. Displacements and deformations

Displacement vector of point M * from load action is represented by components in the basis of point M " :

7=vgl={g") (hm=123 ()

1x3 3x1

where {V}T = {vl v v3}.
1x3

Derivatives of displacement vector (7) with respect to curvilinear coordinates x, 0,7 are determined by
expressions
V= V8 +V'E, +V,8 +V' 8, + V.8 +VEL,. ®)

Based on (6) relations (8) can be represented in the form

V= frgis ©)

where fnf — functions of components of the displacement vector and its derivatives, defined by the expressions

1_ 1 1 2 3.
1 =V, +vmy +vimy, +vimg;

£2 =9 eV, v, + VL, (10)
Deformations are determined by the relationships of continuum mechanics:
= l( 5% +5 v ) 11
& =5\8&V, T8V ) (11)
Taking into account (4) and (9), we can form the matrix relationship

(e} =[], 1)

6x1 6x3  3x1

where {S}T = {811, €595 €335 2€15, 2€ 5, 2823}; [L] — matrix of algebraic and differential operators.
1x6
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2.3. Relationships between deformations and stresses

Hooke’s law is represented in curvilinear coordinate system by expressions
0 .
6, =M, (g)g; +2ue,;
j 0ij 0ik 0l .
o’ =M, (e)g"" +2ug’" g’ "e,;

1+v
SU:T U_E]( )gu’

1+v 0
84’/ E glmgjn _El( )gll’ (13)

0 mn

where /| (8) =g’ " =g""¢  is the first invariant of strain tensor; /, (0) =g’ " =g""c, is the first

m mn

0mn mn

. . 0 . . .
invariant of stress tensor; g, , & are covariant and contravariant components of metric tensor; €,,,&" are

mn

mn

covariant and contravariant components of strain tensor; ¢, ,G  are covariant and contravariant components

mn 2

of stress tensor; A, L are Lame parameters; £ is modulus of elasticity; v is Poisson’s ratio.
On the basis of relations (13) the following matrix expression is formed:

e} =[Cl{o"}, (14)
6x1 6x6  gxl1
T
where {0”} = {0”, 62,6,6"%, 0", 023}.
1x6
2.4. Shell of revolution finite element in displacements method formulation

The finite element is taken in the form of a hexahedron with nodes i, j, k, [, m, n, p, h. For performing

numerical integration, hexahedron is mapped onto a cube with local coordinates changing within the limits
—1<&, 1, {<1. Displacements and their derivatives in local coordinates are taken as nodal unknowns.

Approximation of displacement for the inner points of the finite element was performed on the basis of
Hermite polynomials of the third degree by the matrix expression below:

vy =[4){v}, (15)

3x1 3x96  96x1

1i 1h 1i 1h 1i 1h 3i 3h 3i 3h _ 3i 3h 3i 311}

T .
1 li 1h
where {Vy} —{V sees VoV V,ga ’n,...,an,V’C,..., V’C,...V 5 eees V =V,§='"vv,§ s Vo eens V,T] ’VVC""’VJQ

5o
1x96
Vectors of the nodal unknowns in local and global coordinate systems are related by the following matrix ratio:

vl =[r1{w (16)

96x1 96x96  96x1

T . . . . . .
r li 1h 1i 1h 1h li 1h 3i 3h 3i 3h 3i 3h 3i 3h
where {Vy} :{V yeeey V ,ij,...,V Ve,...,Vje,V’t,..., V,t sV 4,V L,V ...,V’ V,G""’ V’e sV, sy V }
1x96

Matrix [T ] is formed on the basis of differential relations

oq 8q ox 8q a6 ﬁq ot
ok ox 8& 00 8& ot 8&

G_q 0q Ox 8q86+8q8t
o oxom 00om ot on
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6_q aqax 0q b 8(] ot (17)
o oOx GC 00 6§ ot 8(;

where ¢ indicates components of the displacement vector Vv v
Using (15), deformations (12) are defined in matrix form

e} =[L]iv} =[] 41w} =[B]{}- (18)

6x1 6x3  3x1 6x3 3x96  96x1 6x96  96x]

In order to construct the stiffness matrix for the finite element, a functional based on the equality of work
done by internal and external forces is used:

@, :% [{o} {e}av - [{v} {q)ds. (19)

y  1x6  6x1 s Ix3 3x1

where V' is element volume; S — specified load application surface; {q}T = {ql, q,, q3} — components of ex-
1x3
ternal load vector.
Taking into account (14), (15), (16) and (18), functional (19) is given by expression

@, =L} (1] [[BY (] [B)av [1) v} -2 o1} (7 [T (a}as o)

| —
2 1x96  96x96 |y 96x6  6x6 6x96 96x96 96x1 1x96 96x96 ¢ 96x3  3x1

After performing minimization of functional (20) the following is obtained:

(K]} ={/); 1)

96x96 96x1 96x1

where [K .“B d V [T ] is finite element stiffness matrix; { f } = [T ] ’ J. [A]T {q} dS —nodal

96x96 96><96 y 96x6 6><6 6><96 96x96 96x1 96x96 ¢ 96x3 3x1
forces vector.

2.5. Shell of revolution finite element in mixed formulation

Displacements and stresses of the hexahedral finite element are taken as nodal unknowns:

T . . .
1i 1h 2i 2h 3i 3.
{V},} ={V I 2 U o e },

1x24

T . . . . . .
11 114 22i 22h 33i 33h 12 12h 13i 13h 23i 23h
{Gy} ={G ,.,0 ,0°,.,0077,067,.,07,067,.,07,06,..,6,07,...,0 } 22)
1x48

For approximating target quantities through nodal values, bilinear functions are adopted:

={o(&n.0)} {1}, (23)

1x8 8x1

where A refers to values v',v*,Vv’, 6", 6,6>,06",06", 06"
Based on (22) and (23) the following matrix relations are formed:

h=[4]1v}i {o"} =[S]{s,}. (24)

3x1 3x24  24x1 6x1 6x48  48x1
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Deformations (12) based on (24) can be written in matrix form:
tef=[L][4]{v b =[B]{}- (25)
6x1 6x3 3x24  24x1 6x24 24y

For obtaining the finite element deformation matrix a functional, obtained from (19) by replacing the actu-
al work of internal forces by the difference between total and additional work of internal forces, is used:

®.] {{ff (L3t {31}} v _%I b tajas .

Based on (24) and (25), functional (26) for the finite element is written as

o, ={o ) | [S]T[BC]dV{vy}—%{oy}T [ [S]T[C][S]dV{cy}—%{vy}T [[4] {a)as. @

1x48 y 48x6  6x24 24x1 1x48 y 48x6  6x6 6x48 48x1 1x24 § 24x3 3x1

T T
After variation of functional (27) by nodal unknowns {0 y} and {vy} the following systems of equations

are obtained:

P =[]0, }+ [0} =0
5{0},} 48x48 48x1  48x24 24x]
oD

<=[0]"{s,}-{1,} =0, (28)

T
6{vy} 24x48 48«1 24xl

where [0] = ([T [B.Jav: [#1]= [[ST [C]s]av: {1,} =[] {a)as.

48x24 y 48x6  6x24 48x48 y 48x6  6x6 6x48 24x1 S 24x3 3x1
Systems (28) are represented in traditional FEM formulation

[K]{z,}={F}, (29)
72x72  72x1 72x1
(] [0} o
where [K ] = 48X18 e is finite element deformation matrix; {Zy} = {{G y} , {vy} } —nodal unknowns row;
72x72 [Q] [0] 172 1x48  1x24

24x48 24x24

{F}T = {{O}T, {fy}T} — finite element nodal loads row

1x72 1x48 1x24

3. Results and their analysis

The stress state of cylindrical shell fixed at the ends and loaded by internal pressure of intensity g was de-
termined. The following initial data were specified: radius of middle surface R = 1.0 m; generatrix length L =
0.5 m; wall thickness 4 =0.02 m; g =5 MPa; modulus of elasticity £ = 2-10° MPa; Poisson’s ratio v = 0.3.

The results of the analysis are presented in Tables 1 and 2. The values of stresses in the direction of cylinder

25
axis are given at the points: 1 — located in the fixed end; 2 — located at a distance L /32 = Eh from the fixed

end; 3 — in the midspan.
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Analytical model is represented by a single strip of hexahedral elements along the cylinder axis.
The first column in Table 1 shows the number of rows of finite elements along the thickness of the cylinder,
the second column shows the number of nodal points in the axial direction and in the direction of shell thickness.

The remaining columns show numerical results of the stresses in the direction of the cylinder axis in inner "

and outer 6" fibers, respectively, at points 1, 2, 3.

Analysis of numerical results in Table 1 shows convergence of the computing process when using FEM in
formulation of the displacement method.

Differences in the results of calculations for point 1 are explained by the difference in boundary conditions
for finite elements in the specified formulations, namely, in the displacement method, boundary conditions are
assigned for the derivatives of displacements, and in the mixed formulation, boundary conditions for displace-
ments are assigned.

25
At point 2, which is at a distance 3—2h from the fixed support, the results stabilized by the mixed method

already with one finite element in thickness, and in the displacement method, it monotonically tends to the same
numerical values with an increase in the number of finite elements in thickness.

Numerical values of parameters for stress-strain state of cylindrical shell rable t
when using elements in displacement method formulation
Number of Mesh Cross section
rows of elements discretization Point 1 Point 2 Point 3
through cylinder's
thickness Stress, MPa
¢’ c" ¢ c" ¢ c"
17 x2 381.14 -308.97 298.26 -221.91 -57.04 141.07
33x2 396.74 -298.97 303.02 -211.51 -56.83 140.99
1 65x%2 430.50 -269.26 302.17 -212.05 -56.61 140.88
97x2 467.52 -236.44 301.87 -211.73 —56.46 140.81
1292 505.40 -202.51 301.66 -211.46 -56.33 140.74
17x3 44424 -329.74 331.64 -253.09 —73.52 157.34
33x3 464.29 -323.12 342.49 -260.16 -73.83 157.77
2 65x%3 489.77 -326.93 342.70 -261.20 —73.78 157.80
97 %3 516.03 —328.81 342.71 -260.89 —73.69 157.76
129% 3 540.37 -326.81 342.64 -260.69 —73.62 157.72
17 x4 472.09 —347.74 334.54 —262.45 —75.68 159.53
33x4 499.49 —349.06 345.85 -267.92 -76.03 160.00
3 65x4 527.69 -352.34 347.01 -267.10 -76.03 160.07
97 x4 552.45 -352.12 346.93 -266.94 —75.95 160.03
129x 4 578.18 -351.27 346.82 -266.77 —75.88 160.00
17x5 491.13 -354.73 338.14 -265.33 -76.91 160.78
33x5 526.89 -355.26 348.14 -270.49 —77.43 161.42
4 65x5 561.89 —355.87 350.38 —270.86 -77.50 161.56
97 x5 586.72 —355.73 350.32 -270.78 —77.45 161.54
129%5 611.58 —355.93 350.22 —270.64 —77.39 161.51
17x8 523.33 -362.29 348.61 -268.24 -78.25 162.14
33x8 584.38 -363.68 350.40 —274.48 —79.00 163.04
7 65x8 642.43 -365.46 354.14 -275.20 -79.19 163.29
97 x 8 677.46 -365.73 354.56 —275.23 —-79.19 163.32
129 x 8 704.12 -365.73 354.53 -275.16 -79.16 163.31
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Table 2
Numerical values of parameters for stress-strain state of cylindrical shell when using elements in mixed formulation

Number of Mesh Cross section
rows of elements discretization Point 1 Point 2 Point 3
through cylinder's
thickness Stress, MPa
o o" o o" o o"
17x2 472.47 -381.34 373.02 —288.59 -72.05 159.57
33x2 479.93 —390.65 365.74 -277.22 —79.57 165.13
1 65x2 480.76 -392.41 366.43 —278.84 —81.44 166.05
97 x 2 480.60 -392.55 366.27 —278.98 —81.76 166.07
129x2 480.43 —392.54 366.11 —278.98 —81.87 166.03
17x3 532.16 -335.43 364.93 -292.25 —74.68 160.75
33x3 543.99 -334.06 370.30 —278.72 -81.31 165.52
2 65x%x3 544.53 -332.87 369.31 -279.13 -82.49 166.10
97x3 543.17 -333.25 368.38 -279.17 —82.55 166.05
129x 3 542.10 -333.71 367.80 -279.22 —82.51 166.00
17 x4 516.60 -365.22 365.88 -293.70 —75.69 160.87
33x4 541.69 —384.38 363.23 —275.69 —81.81 165.84
3 65%x4 556.19 -394.50 364.47 —278.87 -82.82 166.42
97 x4 559.89 -397.72 364.49 —279.98 —82.84 166.34
129x 4 561.38 -399.15 364.43 —280.50 —82.80 166.26
17x5 519.91 -350.43 363.74 —296.82 -76.28 161.07
33x5 553.90 -367.90 361.51 —274.04 -82.07 165.86
4 65x%x5 583.84 —381.24 363.74 -2717.62 —82.99 166.41
97 x5 592.53 —385.93 364.13 —278.75 —82.99 166.33
129x 5 595.59 —388.04 364.09 -279.27 -82.92 166.24
17x8 517.45 —354.04 364.49 —298.62 —76.85 161.26
33x8 558.47 —382.77 358.64 -271.14 -82.31 165.97
7 65x8 616.05 —413.21 361.39 -275.66 -83.07 166.43
97 x 8 645.52 —425.87 363.43 -271.76 —83.06 166.35
129x 8 659.74 -431.69 364.19 -278.77 -83.01 166.28

Analysis of numerical results in Table 2 shows more rapid convergence of computational process when
using finite element method in the mixed formulation.

It is explained by the fact that in the mixed finite element the stresses are consistent not only at the nodes
of finite elements, but also on their faces. In the finite elements of the displacement method, there is no deformation
compatibility along the faces.

4. Conclusion

The accuracy of determining the strength parameters of the shell of revolution and the convergence of
computational process are higher when using finite elements in the mixed formulation. This is due to the fact that
when obtaining the deformation matrix of this finite element, the degree of approximating functions for approxi-
mating the desired values of the inner point of the finite element through the nodal unknowns in the mixed for-
mulation is lower than in the displacement method formulation. The compatibility condition of the target quanti-
ties in the displacement method formulation is satisfied only at nodal points. The aforementioned compatibility
conditions are absent on the edges and faces of hexahedral finite elements. When using finite elements in the mixed
formulation, the compatibility conditions for displacements and stresses are satisfied not only at nodal points,
but also on the edges and faces of the hexahedral element.
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RUS

1. BBeaenue

Teopust nedopMUpPOBAHUS TBEPIBIX TEN B HACTOSIIEE BPEMs Pa3BHTA JOCTATOYHO MOapoOHO [1-2]. OnHako aHa-
JIUTHYECKOE TIONTyYCHHE KOHKPETHBIX Pe3yIbTaTOB BO3MOXKHO TOJNBKO B HEKOTOPBIX CITYYasX, TATCKUX OT MPAKTHKH WH-
’KEHEPHBIX pacueToB. [103TOMy pa3paboTka MPUOIKESHHBIX W YUCIICHHBIX METOJIOB pacyeTa KOHCTPYKTHBHBIX 3JIeMEH-
TOB MH)KCHEPHBIX CTPYKTYP SABILIETCS aKTyalnbHOM 3a1a4eii. Cpei COBPEMEHHBIX METOIOB UCCIICIOBAHUS HAITPSHKEHHO-
nehopmupoBanHoro coctostaust (H/IC) cTpouTeNnbHBIX KOHCTPYKIMI B MOCTEAHEE BPEMsl MPAKTHUESCKH TTOBCEMECTHO
TIOTYYMIT PACTIPOCTPAHEHHE YHUCIICHHBINA MEeTO KOHEUHBIX 3eMeHToB (MKD) Ha ocHOBe MeToza riepemertteHnit [3—15].
OCcHOBHBIMHU HeZlocTaTKaMu JaHHOH (opmynmrpoBkr MKD MOXHO Ha3BaTh OTCYTCTBUE HETIPEPHIBHOCTH TPOU3BOIHBIX
OT TiepeMeIIeHri Ha peOpax 1 OOKOBBIX TIOBEPXHOCTSIX KOHEUHBIX 3JIEMEHTOB. Pa3pa0oTka KOHEUHBIX 3JICMEHTOB B
cMertanHor hopMympoBke [16—25] TI03BOMISET TIOHU3NUTH CTENCHD AIMIPOKCUMHPYIOMNMX (DYHKIMH YIS BBIPAKCHUS
HCKOMBIX BEJIMYUH Y€PE3 Y3JI0BBIC HCM3BCCTHLIC, TACT BO3MOYKHOCTE BBIIIOJIHUTE YCJIOBUA HEIIPEPBIBHOCTU HaHpiDKeHI/Iﬁ
Y TIEPEMEIIICHUI HE TOJTBKO B Y3JIOBBIX TOUKaX, HO U Ha peOpax U OOKOBBIX TOBEPXHOCTSIX JIEMEHTOB JIMCKPETHU3AIIUH.

ITpenMeToM HcCIeI0BaHUS ABIIACTCS HANPSHKEHHO-TC(hOPMUPOBAHHOE COCTOSHUE OOOJIOUKHU BPAILCHHUS TIPH
MPOU3BOJIBHOM HATPYKECHUH, [ENBI0 — CPABHUTEBHBIN aHAN3 KOHEYHO-3JIEMEHTHBIX AITOPHTMOB OINPEICIICHUS
MapaMeTpoB MPOYHOCTUA 000JIOUKH BpallleHUS.

JInisi BBITOTHEHUST CPABHUTEIBHOTO aHANN3a BAPHAHTOB Pa3pabOTaHbl KOHEYHO-3JICMEHTHBIC aJrOPHTMBI
NIECTUTPAHHOTO KOHEYHOTO BJIEMEHTa B JBYX (OPMYIHPOBKAX: B (HOPMYIMPOBKE METOJNA MepeMEICHI U B CMe-
mranHoi popmymnuposke. Ilpu momyueHnn MaTpHIbl )KECTKOCTH IIECTUTPAaHHHUKA B ()OPMYJIHPOBKE METOJa mepe-
MEIIEHHUH B KAYECTBE Y3JI0BBIX HEM3BECTHBIX MCIOJIBE30BAHBI MIEPEMEIICHHS U UX TIEPBBIC MPOU3BOHBIC, a IpU (Hop-
MHPOBAHHH MATPHUIIBI HAMPSHKEHHO-Ie(OPMUPOBAHHOTO COCTOSIHUS IIECTUTPAHHUKA B CMEIIAHHON (opMyiu-
POBKE B KQYC€CTBC Y3JIOBbIX HCU3BCCTHBIX IPHUHATEI IICPEMECIICHUA Y HATIPSKCHU.

2. MeToanI MCCJIe0BAHNA

Jn1st Iomy4eHust MaTpULbl )KECTKOCTH IECTUTPAHHOTO KOHEYHOT'O 3JIeMEHTa B (pOpMyIMpOBKE METOa Tie-
pEeMEIIEeHNH HCIIOIb30BaHUs (QYHKIMOHA, OCHOBAaHHBII Ha PAaBEHCTBE JI€HICTBUTENBHBIX Pa0OT BHEIIHUX Harpy-
30K Ha TepeMEIICHUsIX U JCUCTBUTENBHBIX paOdOT BHYTPEHHUX HAMpPSHKCHUH Ha IedopManusax mo oobemy Ko-
HEYHOTo 3jJeMeHTa. /[ annmpoKcMMaluM MCKOMBIX BEIHMYMH BHYTPEHHEH TOUYKH KOHEYHOI'O 3JEMEHTa 4Yepe3
y3J10BbI€ HEU3BECTHBIE IPUMEHSIINCH IIOJTMHOMBI DPMUTA TPETHEH CTETIEHH.

JI71s Oy "YeHus MaTpHILbl HANPSHKEHHO-Ie(OPMHUPOBAHHOTO COCTOSTHUSI B CMEIIAHHOH (DOPMYIIPOBKE HCIIONb-
30BajJicsl (PyHKLIMOHAT, TIOYYSHHBIN MMyTEeM 3aMEHBI ACHCTBUTENHHON pabOThHl BHYTPEHHHUX yCWIWi (yHKIHOHAA
METOo/Ia MEPEMELIEHIH Pa3HOCThIO MOJTHON PabOThl BHYTPEHHUX YCWIIMH U UX AOMOJHUTENIBLHON PabOThI, a A am-
MPOKCUMALIUK IIEPEMEILICHNI U HAIPSDKEHUI depe3 y37I0Bble HEM3BECTHBIE — TPUIIMHEHHBIE COOTHOLIEHHS.

2.1. I'eomempuueckue napamempul 000104KU 8PAULEHUA

o 0 v
TTonoxkeHne MPOU3BOJBHOM TOUKH M~ CPeANHHOM MOBEPXHOCTH OOOIOUKH BPAILCHYS OMPEIENACTCS PaInyc-
BEKTOPOM

R =xi +7(x)sin6 + r(x)cos 0k, (1)

rae I, j, Kk — OpThI IeKapTOBOW CHCTEMBI KOOPAUHAT; 7'(X) — paauyc BPAIlICHHUs PacCMATPUBAEMOM TOYKH Cpe-

JIMHHOW MOBEPXHOCTH; 6 — yroi, OTCYUTHIBAEMBIN OT BEPTHUKAILHOTO JHaMETpPa MPOTHB X0/ YaCOBOU CTPEIIKH.
BbasucHbie BeKTOPHI IPOM3BOIBEHON TOUYKH CPEAUHHOMN ITOBEPXHOCTHU OIIPENEIISIFOTCS BRIPAKEHISIMH

-0 _ p0 _ 7 . % 7.
a, =R =i+r sinbj+r cosbk;
i’ = R° = rcos0j —rsin0k;
a, =Ry =r )j —r ;

cos0

Ju

-0 -0 .
o G xd, T, - sin®

X
Ju

a3:—‘ = i+

a'xay| ~u

J+—1k, )

rie u=1+r".
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9 0t o o
Ilonoxenue MMPOU3BOJIbHOU TOYKHU obomnoukun M , OTCTOALICH Ha paCCTOSIHHUUN t ot CpCANHHOU ITOBEPX-
HOCTH, ONPCALIIAACTCA pauy COM-BEKTOPOM

p 0t 50 —0
R” =R +ta,. 3)
Basucusie Bextops Touku M " onpenensiores nuddepenuupopanuem (3):
g/ =R" =R’ +ta, =a, +tad, 4
0 750¢ 50 -0 -0 -0 .
g, =Ry =Ry +ta;y =a, +ta;y;
=0 _ B0 _=0
g, = RJ =d,. ()
[Ipu ncnons3zoBanuu (2) Ha ocHOBE (4) MOXXHO CPOPMHUPOBATH MATPUIHBIE COOTHOIIIEHUS

(@' =[sii}: {7} =[sT"{2"}. 5)

3x1 3x3 3x1 3x1 3x3 3x1
T T oL -
—0 =0 =0 =0). ; ralir-
rﬂe{g} ={g1 gzgz}a{l} ={l, J> k}'
1x3 1x3

0t
Iuddepennupobannem (4) mpu yuere (5) IpOU3BOAHBIE Oa3MCHBIX BEKTOPOB TOUkH M = MOKHO oIpeje-
JIUTh KOMITOHEHTAaMH B 3TOM e Oasuce:

(@) =[v i} =[M]IST (&'} =[m]{ &°)}:

3x1 33 3x1 3x3 3x3 3x1 33 3x1
@l =[m{ i} =W ]sT g =[] &'}
3x1 33 3x1 3x3 33 3x1 33 3x1
@ =T =m0 (&) =[] 2} ©)
3x1 3x3 3x1 3x3 33 3x1 3x3 3x1
me (20} =180, 8.8, | {a)) ={& 8.8, | (g} ={al. a2, .
1x3 1x3 1x3

2.2. Ilepemewenun u oehopmayuu
0 ~ 0
BekTop nepemenienns Touku M ' T f1elcTBUs HArpy3KH IPe/ICTaBseTcs KOMIIOHEHTaMH B 6asuce Touku M ' :

7=vgl={g"] (hm=123 ()

1x3 3x1

T 1.2.3
rae {V} Z{V vV v }
1x3
[IpousBoanbie BekTOpa nepemenieHus (7) Mo KPUBOJIMHEHMHBIM KOOpAMHATAM X, 6,2‘ OIPENEIAIOTCS. BBI-

PaXCHUAMU

_ .1 =0 10 2 =0 2 -0 3 =0 3 -0
I/,m - v,mgl +v gl,m +V,mg2 +v g2,m +v,mg3 +v g3,m‘ (8)
C yuetroM (6) cooTHotIeHHs (8) MOKHO TIPEICTABUTH B BUJIC
% k =0
V,m = f;n gk s (9)

k
rae f;n — q)YHKHI/II/I KOMITOHCHT BCKTOpPa NEPEMEIICHUA U UX TPOU3BOJHBIX, OIIPEACTIACMBIC BBIPAKCHUAMU
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1_ 1 1 2 3.
1 =V, +vim +vim, +vim,;

2 =vi +V I+ v, +V L. (10)

Jedbopmanmu onpenesoTcs COOTHOIICHISIMI MEXaHUKH CTUTOITHON CPEIIb:
I
sij—E(giv’j-i-gjv’i). (11)

C yuerom (4) 1 (9) MoxHO chopMUPOBATE MATPUIHOE COOTHOILICHHE

tef =[L]{v), (12)

6x1 6x3  3x1

T
rac {8} = {811, 822, 833, 2812, 2813, 2823}; [L] — MaTpuia anre6pa1/1qecmx n ):[,I/Iq)(bepeHL[I/IaﬂbHLIX OIICpaToOpPOB.
1x6

2.3. Coomuoutenusn medxcoy oepopmauuamu u HanPAHCeHUAMU

3akoH ['yka mpencraBiseTcs B KpUBOJIHMHEHHONW CHCTEME KOOPIUHAT BRIPAXKCHUIMHU

o, =M, (g)g; +2ue,;

y

o’ =M, (e)g’ +2ug’"g"'e,;

I+v v 0
& =7 i _Ell (o) g;:
1+V 0 0 _mn v 0
& = i 8in& O —Ell(c)gﬁ, (13)

0 mn

0 _.mn 0 mn o o _ 0 _mn _
rae Il(s)= g€ =g "€, — NepBbIi MHBapHAHT TeH30pa JAedopmariuii; Il(cs)— g.0 =g "o, -

o o 0 0
INEPBbIM MHBAPUAHT TCH30pa HAIIPSAKCHUU, gmn’ g "o KOBAPUAHTHBIC W KOHTpPABAPUAHTHBIC KOMIIOHCHTBI

mn

METPUYECKOTO TeH30pa; € €& — KOBapHMAHTHBIE M KOHTpaBapHWaHTHBIE KOMIIOHEHTHI TeH30pa Aedopmannii;

mn?

G,,,0  —KOBapHaHTHBIC M KOHTPaBapUaHTHBIC KOMIIOHEHTHI TEH30pa HALPSDKCHMUI; A, [L — mapameTpsl Jlame;

E — monyne ynpyroctu Marepuana; v — KO3(QQUIHEHT TOIEPEUHOH gehopMalnu.
Ha ocHoBanum cootHomenuit (13) hopMupyeTcss MaTpHIHOE BRIpAKCHIE

{e}=[C]{o"}, (14)

6x1 6x6  6x]

2.4. Koneunwtit snemenm 000104Ku 6pamieHus 8 hopmyauposke memooa nepemeujeHuil

KoHeuHblIii 3JIeMEHT NPUHAT B BUJIE MIECTUTPAHHKKA C y3Iamu i, j, k, [, m, n, p, h. JIjs BBINOTHEHNSs YKC-
JICHHOTO MHTETPUPOBAHUS IIECTUTPAHHUK OTOOpaskaeTcs Ha KyO ¢ JIOKaTbHBIMHA KOOPHMHATAMH, H3MCHSFOIMUCS
B npexenax —1 <& m, {<1. B kayecTBe y3/10BbIX HEU3BECTHBIX MPUHSTHI IEPEMEIIEHHS M UX TPOU3BOHBIE 11O
JIOKaJIbHBIM KOOPJIMHATAM.

AHHpOKCI/IMaHI/IH HepeMeH_ICHI/Ifl BHYTPGHHCﬁ TOYKH KOHCYHOI'O 3JICMCHTA BBIIIOJHAIACh HA OCHOBEC ITIOJIH-
HOMOB BpMI/ITa TpeTLeﬁ CTCIICHU MaTPpUYHBIM BBIPA’KCHUCM
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v =[4]{n},

3x1 3x96  96x1

1h li 1h 1i 1h 1i 1h 3i 3h 3i 3h 3i 3h3i

T .
1 1i
rue {vy} ={v pees Vs Vs ens Ve s Vs ey VI Vi s Vi oV s VT Vi s Ve s Vi ey Vi Vi s

n?
1x96

COOTHOIICHUEM
| _ r
{Vy} - [T] {Vy}’
96x1 96x96  96x1
T . . . . . .
r 1i 1h 1i 1h 1h 1i 1h 3i 3h 3i 3h 3h 3i
rac {Vy} ={V yeeey V ,V’x,...,V Ve,..., V’e ,V’t,...,V’t stV 4,V ,V’x,...,V VG""’V,S ’V,t 5 en
1x96

Marpuma [T ] chopmupoBaHa Ha OCHOBE AU HePEHITHATBHBIX COOTHOIICHMH

oq 6q 8x+6q 69+6q ot
0§ ox 0t 000t ot ot
oq 8q ox 8q 00 M . 9 dq ot
611 Ox 8\1 o0 on ot 611

oq 8q8x+6q80+8q8t
o oxadL 0oL ot o

1 2 3
IJIe IO/ ¢ TPUHHUMAIOTCS KOMIIOHEHTBI BEKTOPA IMepEeMEIIeHust vV , V™, V.
C ucrnionp3oBanueM (15) nedopmanmm (12) onpenensroTcss B MATPHIHOM BHC

e} =[L]{v} =[L][4]{v}} =[B]{v]}-

6x1 6x3  3x1 6x3 3x96 96x1 6x96  96x]

v

Y

(15)

3h}
L)

BCKTOpLI Y3JI0BbIX HCU3BCCTHBIX B JIOKAIIBHOM U TII00ANbHON cHCTEMax KOOpAWHAT CBA3aHbl MAaTPUYIHBIM

(16)

3h
AN

a7

(18)

Jis hopMupoBaHUs MaTPHUITHI )KECTKOCTH KOHEYHOTO AJIEMEHTA MCIIONB3YyeTCs (yHKITHOHAI, OCHOBAaHHBIH

Ha paBEHCTBE pabOT BHEIIHUX U BHYTPEHHUX CHII:

@, = [{o} {e}av -2 [} (g} s,

y Ix6  6x1 s 1x3 3x1

. T
rac V — obbeM JJIEMCHTA, S - MOBCPXHOCTH NPHUIIOKCHUA 3aJaHHON HATI'PY3KU, {q} = {ql’ q,, q3}
1x3

HEHTBI BEKTOPA BHEIIHUX HAIPY30K.
[Ipu yuete (14), (15), (16) u (18) dyuaxkumronan (19) 3anumieTcs: BEIpaKeHUEM

1 7 1( 7
@ =5 {w) (1] J[B] [T [Blav [T){v}-5{v}" [T]" [[4] {a}ds.
2 1x96  96x96 |y 96x6  6x6 96x96  96x1 2 1x96  96x96 ¢ 96x3  3xI

[Toce BBITTOTHEHUST MUHUMHE3AITUH GyHKITMoHAIA (20) moaydaeTrcs

(K]} ={r),

96x96  96x] 96x1

rae [K] = [T]T J-[B]T [C]f1 [B]dV [T] — MaTPHIIA )KECTKOCTH KOHEYHOIO DIIEMEHTA; “A

96x96 96x96  p 96x6 6x6  6x96 96x96 96><1 96><96 s 96x3

BEKTOP y3JIOBBIX YCHIIHAH.
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— KOMIIO-

3><l

(20)

(e2))

a’S—
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2.5. Koneunwtit anemenm 0060104Ku 6pawieHus 6 CMEUanHol hopmynuposke

B kadectBe Y3J0BBIX HCU3BCCTHBIX IECTUTPAHHOTO KOHCYHOI'O 3JICMCHTA NPUHUMAIOTCA NEPEMCIICHUA U
HaIIpsOKCHUA !

T . . . . . .
11 11h 22i 22h 33i 33h 12i 12h 13i 13h 23i 23h
{Gy} ={G ,..,0 ,0°,.,0077,67,.,07,67,.,0,0 ,..,6,07,..,0 } 22)
1x48

JUig anmpoKcUManuy UCKOMBIX BEJTMUMH Yepe3 Y3JI0Bble 3HAUCHUS PUHATH OMITMHEHHbIe (pyHKINU
T
={o(&n.0)} {1}, (23)
1x8 8x1

1 2 3 11 22 33 12 13 23
e o A MOHMMAKTCA BEJIMYUHEL V ,V ,V’,6 ,06°,06°,0 ,0 ,0

Ha ocnoge (22) u (23) dopMupyroTcss MaTpU4HbIE COOTHOIIICHHS
=141} {"} =[S]{o,}. (24)
3x1 3x24  24x1 6x1 6x48  48x1

Hedbopmanmu (12) Ha ocHOBE (24) 3aMUIIYTCS B MATPUIHOM BHJIE:
e} =LA ]{v f=[B.]{v} (25)
6x1 6x3 3x24  24x] 6x24  24x]

Jns mosryueHus MaTpuibl AeGOopMUpPOBaHUS KOHEUYHOTO 3JIEMEHTA HCIONb30BaH (PyHKIMOHAN, MOTydIeH-
Heli U3 (19) myTem 3aMeHbI JeicTBUTENBHON paboThl BHYTPEHHUX CHJI PAa3HOCTHIO MOJIHOM M TOTOJIHUTEIHHOMN
paboThl BHYTPEHHUX YCHIINIL:

1,7 1 T

o, = { 1L ey {o}}zv e 6)
1x6 6x3  3x1 1x6 6x1 2 s 1x3 3x1

C yueroM (24) u (25) dyHkmoHa (26) s KOHSTHOTO dJIEMEHTA 3aITUIICTCS BBIPAKCHHEM

o, ~{o,}" [[ST [V {v} - (o) [IST[CIS)av fo }-< (v} [I4T @7)

1x48 y 48x6  6x24 24x1 1x48 y 48x6  6x6 6x48 48><1 1><24 s 24x3 3><1

T T
[locne BappupoBanus GyHKIMOHATA (27) MO y3IOBBIM HEU3BECTHBIM {G y} u {vy} MOy YarOTCS] CHCTEMBI

YPaBHEHUN:

oo

= _[H]{Gy}+ [Q] {Vy} =0;
{Gy 48x48  48x1 48x24 24x1

oD

(0] fo, {1} =0, e

T
0 {vy 24x48  48x1 24x1

e [0]= [T [B.Jav: [#1]=[[sT [cls]av: {1,}=[[a]

48x24 y 48x6  6x24 48x48 y 48x6  6x6 6x48 24x1 S 24x3 3x1
Cucrtemsl (28) mpeAcTaBISIIOTCS B TpaaumuoHHOH 111 MKD dopme

[K1{Z,}={F}, (29)

72x72  72x1 72x1
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-[#] [2]
48x48  48x24 T T T
e [ ] = h — MaTpHIa 1eOpMUPOBAHUS KOHEUHOTO YJIEMEHTA; {Z y} = {G y} , {v y} — CTpoKa
72x72 [Q] [0] 172 48 1x24
2448 24x24

T T T
Y3JIOBBIX HCU3BCCTHBIX; {F} = {O} 5 {f;}} — CTPOKa Y3JIOBBIX HAIrpy30K KOHCYHOI'O 3JICMCHTA.
1x72 1x48 1x24

3. Pe3yabTaThl HCCJIeI0OBAHUI U UX aHAJIN3

Bruto onpeneneHo HanpsHkeHHOE COCTOSIHUE JKECTKO 3aIEMIICHHOH 110 TOpIaM IWIMHAPHYECKON 000I0UKHY,
Harpy>KCHHOW BHYTPEHHHMM JIaBICHUEM MHTEHCUBHOCTU ¢ . IIpHHATHI cienyrolue UCXOIHbIE JaHHbIE: paauyC Cpe-

nuHHOM ToBepxHOocTH R = 1,0 M; mnHa obpasyromeit L = 0,5 M; Tommuna crenkd £ = 0,02 M; g = 5 MIla;

Mozyib yrpyroctu mMatepuana E =2-10° Mlla; kosddumment monepednoit aepopmaruu v = 0,3.

Tabauya 1

YuciieHHbIC 3HAYCHUS IAPAMETPOB HANPSIKEHHO-1e(POPMUPOBAHHOI0 COCTOSIHHA LMINHAPUYECKOii 000/104KH
NPH UCII0JIL30BAHHM 3J1eMeHTOB B (JOpMY/IHPOBKE MeTO/1a NepeMelieHnii

Yuciio psinos Cerka Ceuyenne
3J1eMeHTOB AUCKPETH3AINH Touxa 1 Touxa 2 Touxa 3
“::“T J?;I:;I;:e Hanps:xenus, MIla
¢’ c" ¢ c" ¢ c"
17%x2 381,14 -308,97 298,26 -221,91 -57,04 141,07
33x2 396,74 —298,97 303,02 211,51 -56,83 140,99
1 65x%2 430,50 -269,26 302,17 -212,05 -56,61 140,88
97 x2 467,52 —236,44 301,87 -211,73 —56,46 140,81
129%x2 505,40 —202,51 301,66 —211,46 -56,33 140,74
17x3 444,24 -329,74 331,64 —253,09 -73,52 157,34
33x3 464,29 -323,12 342,49 -260,16 —73,83 157,77
2 65x%3 489,77 -326,93 342,70 —261,20 —73,78 157,80
97x3 516,03 -328,81 342,71 -260,89 —73,69 157,76
129% 3 540,37 -326,81 342,64 -260,69 —73,62 157,72
17x4 472,09 —347,74 334,54 —262,45 75,68 159,53
33x4 499,49 —-349,06 345,85 -267,92 -76,03 160,00
3 65 x4 527,69 -352,34 347,01 -267,10 —-76,03 160,07
97 x4 552,45 -352,12 346,93 —266,94 75,95 160,03
129 x 4 578,18 -351,27 346,82 -266,77 75,88 160,00
17x5 491,13 —354,73 338,14 —265,33 —76,91 160,78
33x5 526,89 -355,26 348,14 -270,49 -77,43 161,42
4 65x%5 561,89 —355,87 350,38 -270,86 -77,50 161,56
97 x5 586,72 —355,73 350,32 -270,78 —77,45 161,54
129x 5 611,58 —355,93 350,22 -270,64 -77,39 161,51
17x8 523,33 -362,29 348,61 —268,24 78,25 162,14
33x8 584,38 -363,68 350,40 —274,48 —-79,00 163,04
7 65x8 642,43 -365,46 354,14 -275,20 79,19 163,29
97 x 8 677,46 -365,73 354,56 —275,23 79,19 163,32
129x 8 704,12 -365,73 354,53 -275,16 -79,16 163,31
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Tabauya 2

YucyieHHBbIE 3HAYEHUS nmapaMeTpoB Hal]pﬂmeHHO-}qu)OpMHpOBaHHOFO COCTOSIHUSA IIHJII/IH}Z[pI/I‘leCKOﬁ 000JI0YKH
Npu UCIIOJIB30BAHUH 3JIEMEHTOB B CMeIIaHHOI (l)opmmepOBKe

Yuciio psinos Cetka Ceyenne
3J1eMEeHTOB AUCKPeTH3AINH Touka 1 Touka 2 Touka 3
HSHTJ?:;E];T Hanpsixenns, MIla
¢ c" ¢ G ¢ G
17x2 472,47 -381,34 373,02 —288,59 —72,05 159,57
33x2 479,93 -390,65 365,74 277,22 —79,57 165,13
1 65x2 480,76 -392,41 366,43 -278,84 —81,44 166,05
97x2 480,60 -392,55 366,27 —278,98 —81,76 166,07
129x 2 480,43 —392,54 366,11 —278,98 -81,87 166,03
17%3 532,16 —335,43 364,93 —292,25 —74,68 160,75
33x3 543,99 —334,06 370,30 -278,72 -81,31 165,52
2 65x%3 544,53 -332,87 369,31 -279,13 -82,49 166,10
97x3 543,17 —333,25 368,38 -279,17 —82,55 166,05
129x3 542,10 -333,71 367,80 -279,22 —82,51 166,00
17x4 516,60 -365,22 365,88 —293,70 75,69 160,87
33x4 541,69 —384,38 363,23 -275,69 —81,81 165,84
3 65x 4 556,19 -394,50 364,47 -278,87 —82,82 166,42
97 x4 559,89 -397,72 364,49 —279,98 —82,84 166,34
129x 4 561,38 -399,15 364,43 —-280,50 —82,80 166,26
17x5 519,91 -350,43 363,74 -296,82 76,28 161,07
33x5 553,90 -367,90 361,51 —274,04 —82,07 165,86
4 65x5 583,84 —381,24 363,74 —277,62 -82,99 166,41
97 x5 592,53 —385,93 364,13 —278,75 —82,99 166,33
129x 5 595,59 —388,04 364,09 -279,27 —82,92 166,24
17x8 517,45 —354,04 364,49 —298,62 76,85 161,26
33x8 558,47 —382,77 358,64 -271,14 -82,31 165,97
7 65x8 616,05 —413,21 361,39 —275,66 —83,07 166,43
97 x8 645,52 —425,87 363,43 —271,76 —83,06 166,35
129x 8 659,74 -431,69 364,19 -278,77 —-83,01 166,28

PesynbTatel pacueToB npencraBieHsl B Ta0n. 1 u 2. [IpuBeneHbl 3HaYCHUST HANPSDKEHUH 10 HATIPaBJICHHUIO

25
OCH IIWIMHJPA B TOUKAX, PACIIONIOKEHHBIX CIIEAYIOIIMM 00pa3oM: | — B 3amenke; 2 — Ha paccrosunu L /32 =—h

32
OT 33JIeNIKH; 3 — B CepeANHE TIPoJIeTa.
Pacuernas cxema npeacTaBieHa OQHON MOJIOCKOH MIECTUTPAHHBIX AJIEMEHTOB BJIOJIH OCH IIMIHHIIPA.
B Tabin. 1 B epBoii KOJIOHKE TIOKa3aHO YHCIIO PSIIOB KOHEUHBIX 3JIEMEHTOB IO TOJIIMHE IIMJIMHAPA, BO BTOPOH
KOJIOHKE — YHCIIO Y3JIOBBIX TOYEK B OCEBOM HAIPABJICHUY W B HANIPABICHUH TOJIIUHBI 000104KH. B mocnemyto-
IIUX KOJOHKaX MPUBEISHBl YUCIEHHBIE PE3yIbTaThl HAMIPSKEHUH 10 HAIPABJICHUIO OCH IMIMH/PA BO BHYTPEH-

HHX G° ¥ HapyXHBIX G BOJOKHAaX COOTBETCTBEHHO B TOUKax 1, 2, 3.

AHann3 4UCIEHHBIX Pe3yIbTaToB Tald. | MOKa3bIBaeT CXOAMMOCTH BBEIYHCIMTEIHHOTO TpOIIecca IpH HC-
nosib3oBanu MKD B popmynupoBke MeTo/1a IepeMEIICHUH.

Pasnuumsa B pe3ynpTarax pacueToB IS TOYKH | OOBSCHSIOTCS OTIMYMEM TPaHUYHBIX YCIOBUH IS KO-
HEYHBIX 3JIEMEHTOB B IPUHATHIX (POPMYITHPOBKAX, a IMEHHO: B METO/IC TIEPEMEIIeHNI Ha3HAYar0TCS TPAaHUIHBIE
YCJIOBHS TIO MPOU3BOIHBIM MEPEMEIICHNUM, a B CMEIIAHHOW (OPMYJIMPOBKE HA3HAYAIOTCS MPAHUYHBIC YCIOBHUS
0 MepEMELICHUSIM.
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B Touke 2, orcrosimieit OT 3aeNKi Ha PacCTOSHUH Eh , Pe3yIBTaThl CTAOUIN3UPOBAIHCH TIPH CMEIIaH-

HOM METO/JIe YK€ TIPY OJTHOM KOHEYHOM 3JIEMEHTE TI0 TOJIIIMHE, a B METO/IE MTepEeMEeIIeHHII MOHOTOHHO CTPEMHT-
¢S K TaKWM JK€ YUCJIOBBIM 3HAYCHUSAM IIPH YBEITUICHUH KOJTNICCTBA KOHEUHBIX 3JIECMEHTOB I10 TOJIIIIHHE.

AHanmu3 YUCIICHHBIX PE3YJIbTaTOB TaON. 2 TMOKa3bIBaeT 0ojiee OBICTPYIO CXOMUMOCTH BBIYUCIUTEIHHOTO
mpoliecca Mpy UCIOIb30BaHUH METO/Ia KOHSYHBIX AJICMEHTOB B CMEIIAHHOUM (pOpMYIIHPOBKE.

JT0 OOBSICHACTCS TEM, YTO B CMEIIAHHOM KOHEYHOM BJIEMEHTE BBITIOIHIETCS COBMECTHOCTD IO HAIpsIKe-
HUSIM HE TOJBKO B y3JaX KOHEYHBIX 3JIEMEHTOB, HO U 10 UX TpaHsM. B KOHEUHBIX AJIEMEHTAaX METOJa TepeMe-
IICHUN COBMECTHOCTH JiepopManuii o rpaHsIM OTCYTCTBYET.

4. 3akjIouyeHnue

To4HOCTh OmpeeNieHns TapaMeTpoB MPOYHOCTH O0OJOYKK BPAIICHHUS W CXOJUMOCTh BBIYHCIHTEFHOTO IIPO-
1iecca BBIIIE MPH UCIIOJIB30BAaHUN KOHEYHBIX 3JEMEHTOB B CMELIAHHON (POPMYTUPOBKE. ITO OOBACHAETCS TEM,
YTO MPH TMONYYCHUH MAaTPUIbI 1e(OPMUPOBAaHUS STOTO0 KOHEYHOTO AJIEMEHTAa CTENEHb aIpPOKCHUMHUPYIOIIHX
(GYHKIHHA U anmpOKCHMHUPOBAHUS NCKOMBIX BEIMYMH BHYTPEHHEH TOYKH KOHEYHOTO JIEMEHTa Yepe3 y3JIOBbIe
HEU3BECTHBIC B CMEIIAHHOW (POPMYJIHPOBKE HUXKE, 4eM B (POPMYJIMPOBKE METOA TepEeMEICHU. Y CIIOBUE COB-
MECTHOCTH MCKOMBIX BEIIMYHMH B (DOPMYJIUPOBKE METOJA MEPEMEIICHHUI BBITIOIHSIOTCS TOJNBKO B Y3JIOBBIX TOY-
kax. Ha peOpax u rpaHsx mIeCTUTpaHHBIX KOHEYHBIX JJIEMEHTOB BHINICYTIOMSHYTHIE YCIOBUS COBMECTHOCTH OT-
CyTCTBYIOT. [IpH HCTONB30BaHUN KOHEYHBIX 3JIEMEHTOB B CMELIaHHOW (YOPMYIHPOBKE YCIOBHUS COBMECTHOCTH
0 TMIEPEMEILEHUSIM 1 HAMPSHKCHUSM BBITIOJTHSIOTCS HE TOJBKO B Y3JIOBBIX TOYKAaX, HO M Ha pedpax W rpaHsx Iiie-
CTUTPAHHOTO 3JIEMEHTA.
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Article history Abstract

Received: June 1, 2020 Relevance. Buckling analysis is important in the design of buildings and
Revised: September 24, 2020 structures. It is used in various fields of engineering — mechanical engineering,
Accepted: October 9, 2020 aircraft and shipbuilding, civil engineering, etc. Until the second half of the twen-

tieth century, mainly analytical methods of buckling were applied in practice.
With the appearance of computers, numerical methods, in particular, the finite
element analysis, began to prevail. Buckling analysis was implemented in pro-
grams of finite element analysis, such as NASTRAN, ANSYS, ABAQUS,
ADAMS, DIANA, and others. In view of great responsibility, buckling analysis
of structure should be carried out using at least two different programs. However,
due to the high cost of software products, not all project organizations are able to
have a number of programs. An alternative is to develop programs that can com-
plete buckling analysis using several methods. This would increase the reliability
and quality of calculation results. The PRINS computer program has opportunity
for buckling analysis using two methods — static and dynamic. The aims of
the work — to show the theoretical aspects and practical implementation of
the dynamic principle of buckling analysis in buildings and structures using
finite element method, as well as to give the algorithm implemented in the PRINS
program and the results of verification calculations confirming its reliability.
Results. The algorithm presented in this article and implemented in the PRINS

For citation computer program allows to determine critical loads using a dynamic buckling
Agapov V.P., Markovich A.S. Dynamic criterion. On the basis of numerous verification calculations, it was established
method for determining critical loads in that the implemented algorithm was effective for determining critical loads in
the PRINS computer program. Structural frame, thin-walled and ribbed plate structures. The use of the PRINS computer
Mechanics of Engineering Constructions and program enables to use an alternative method for determining critical loads for
Buildings. 2020;16(5):380-389. (In Russ.) a wide class of engineering problems in addition to the classical (static) method.
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1. Beeaenue

PacueTsr Ha yCTOWYHBOCTh UTPAIOT BXKHYIO POJb MPH MPOCKTUPOBAHWN KOHCTPYKIMHA U COOPYKEHUH,
WCTIOJB3yEeMBIX B Pa3IMYHBIX 00JACTSIX TEXHUKH — MAalIMHOCTPOCHUH, aBHa- U CYIJOCTPOSHHH, TIPOMBIIIJICHHOM
Y TPAXKIAHCKOM CTPOUTEIILCTBE U JIp. TeopeTHUeCKUe aCeKThl TPOOJIEMbl YCTOMUNBOCTH OTIMCAHBI B MHOTOYHC-
JICHHBIX )KYPHAJIBHBIX CTaThiax U MoHorpadusax [1-10]. Ha npaktuke 1o BTopoii momoBuHB XX BeKa MPUMEHS-
JIUCH, TJIABHBIM 00pa30M, aHATAUTHIECKHE METOMBI pacueTa Ha YCTOWIMBOCTE [1—5]. C MosBICHHEM BHIYHCITUTEITh-
HBIX MalllMH CTaIH MPpeo0IaaTh YUCICHHBIE METOBI, B YACTHOCTH METOJI KOHEUHBIX 3eMeHToB (MKD) [6-9].
B mocnenHee Bpemst BOIIPOCY YCTOWYMBOCTU CTEPXKHEH, MIIACTHH M 000JI0YEK MOCBAIICHO 0OJBIIOE KOJINYECTBO
nccienoBannii [11-15]. PacueTsr Ha yCTOWYHUBOCTh peaiM30BaHBl BO MHOTHX KOHEYHO-3JIEMEHTHBIX IPOTPaM-
Mmax, Harpumep, NASTRAN [16], ANSYS [17], ABAQUS [18], ADINA [19], DIANA [20] u np. B cuy 60mnb-
IIOH OTBETCTBEHHOCTH TPeOyeTCs MPOBOJIUThH PACYETHI HA YCTOMYUBOCTH MO KpaliHeW Mepe ¢ UCIOIb30BaHUEM
HECKOIIbKHUX TPOTPAMM, YTO HE BCET/Ia BHIITOJIHUMO I10 MPUYHHE BRICOKOW CTOMMOCTH MPOTPAMMHBIX IMPOTYKTOB.
Pa3zpaboTka mporpamm, B KOTOPBIX 3a7addl yCTOMYMBOCTH PEIIANCh Obl HECKOJIBKAMH METOIAMH, ITOBBICHUT
HaJIeKHOCTh M IOCTOBEPHOCTh PE3yJIbTATOB pacdyeTa Ha yCTOHYUBOCTD.
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O0pasioM MoA00HOM MPOrpaMMBI sIBJIsSETCs BerarcmTensHoM komiuiekce [IPUHC [21]. Pacuer Ha ycroiium-
BOCTB BEJIETCSI B HEM JIByMsI METOJaMH — CTATHYECKUM M AuHaAMHUdeckuM. [Ipu aTom cratnueckuii MeTo] pas3pa-
OortaH B (hopme, He TpeOYIOIIEH pemeHus MpoOIeMbl COOCTBEHHBIX 3HAUCHUN. DTO CTaJI0 BO3MOXKHBIM 0Jraroma-
Psl MCIIOJIL30BAHUIO KPUTEPUS MOTEPU YCTOWYMBOCTU B BUJC PABCHCTBA HYJIIO PEaKIUM CAMHCTBEHHOW HAJO-
JKEHHOHW Ha 3aJJaHHYIO CHCTEMY CBS3H IPU CMEIICHUH ATOHN CBSA3M Ha Majloe PACCTOSIHUE B HANPABJICHUHU OXKUIA-
€MOi TIOTEPH YCTOWYMBOCTH. TeopeTHdecKrue OCHOBBI ATOTO METO/Ia M eTr0 MPAKTHYECKas pealn3anis OMHUCaHbI
B pabore [22].

B nanHOI cTaThe OMUCHIBAIOTCS TEOPSTUYCCKUE ACTICKThI M MPaKTHUYECKas peaiu3alus TUHAMUIECKOTO Me-
TOJla pacyera Ha YCTOWYMBOCTH, a TAKXKe MPHUBOJSATCS PE3yNIbTaThl BEPH(PHUKAIIMOHHBIX PacueTOB, MOJITBEPKIA-
IOII[HE €r0 JOCTOBEPHOCTb.

2. MeToanl

YpaBHeHHE AJIs ONpeIeTICHNsT METOIOM KOHEUHBIX AIIEMEHTOB MUHHMAJIBHBIX KPUTUYECKUX HArpy30K, CO-
OTBETCTBYIOMIMX MOTEPE YCTONYNBOCTH HEIMHEHHO Ae(POPMHUPYEMBIX CHCTEM IPH HAIMYUH HAaYaJdbHBIX HAIPS-
JKEHUH U TIepeMeIeHuH, TpecTaBiseTcs B Buae [21]

(K+K,+K;+K,+K,;,)u=0, (1)

rie K = fB TpBav - MaTpuIa KECTKOCTH HyJieBoro mnopsiaka; K, = J(BTDBO + Bg DB, + BOT DB )d V' — mat-
V vV

pHIIa HaYaIbHBIX NepeMelenuil; K = jGT o6GdV — marpula HauanbHbIX Hanpsokenui; K, u K,;, — Henu-
V
HEWHBIC MATPHIIBI, TOTYIECHHE KOTOPBIX paCCMOTPEHO B [21]; # — BEKTOp IMepeMEIICHIIHA.

Kax mpaBuino, pemenne ypaBaeHUs (1) HAXOIUTCS METOAOM ITOCIIEIOBATEIHHBIX TTPUOIMKEHIH TIpH 3a1a-
HUY Harpysku B Bune P =\F), rae Fy — HOpMHUpOBaHHAs Harpyska.

B ToMm cnyvae, korja paccMaTpUBacMbIe CUCTEMbI IMHEHHO 1eGOPMUPYEMBI, 2 HAYaIbHbIC MEPEMEIICHHS
orcyrcrByoT (K, =K, ;; = K, ;, =0), pacyeT Ha yCTOHYMBOCTb CBOAUTCA K PEIIEHHIO 0000IIEHHON MpoOIeMsl

COOCTBEHHBIX 3HAUCHUN:
(K+MKg)u=0, )

rae A= P,./P — napaMeTp KpUTHYECKON HATPYy3KH.

B GonpmmHCTBE OTEYECTBEHHBIX M 3apYOEKHBIX MPOTPaMMHBIX KOMIUIEKCAX aJITOPUTM pacdera yCTONIH-
BOCTH KOHCTPYKIIMI CBOAMTCS K PEIICHHIO MPOOJIeMbl COOCTBEHHBIX 3HaueHUH (2). OOBIYHO OH OCTaeTCsl eIUH-
CTBEHHBIM METOAOM, JOCTYITHBIM T0JIb30BaTeI0 KOHKPETHOM MporpaMMbl. Takum oOpa3oM, IIpU pacueTe CIoXK-
HBIX CUCTEM C OOJIBIITUM KOJMYECTBOM HEU3BECTHBIX, JISl KOTOPHIX HE CYIIECTBYET TOYHOTO pelleHus, Bepudu-
IIAPOBATh MOJTyYECHHBIC HA OCHOBAHWH (2) pe3ysbTaThl 0€3 UCIOIB30BAHMS AIbTEPHATUBHBIX METOJOB OIpeIe-
JICHUS! KPUTHUYECKUX CHJI CTAHOBHUTHCS BECbMa 3aTPYJHUTEIBHO.

[Ipu pazpabotke Beranciurenpaoro komiuiekca [IPUHC (aBTop — 1OKTOp TEXHHYECKUX HAYK, Ipodeccop
B.II. AramoB) ObIT y4TEH 3TOT HEIOCTAaTOK. B KOMIIIEKce peaan30BaH ajJTOPUTM HCIIOIB30BAHMS JUHAMHYIECKO-
TO KPUTEPHS IS ONIpeeNICHHs] KPUTUIECKUX HAarpy30K.

Kak n3BecTHO, MpH JOCTHKEHUU HArpy3kaMi KpUTHUECKUX 3HauUeHHUN AeopMUpOBaHHAs CHCTEMa TepsieT
CITOCOOHOCTh COBepIIaTh KojebarenpHble ABMkKEHHS [2]. CiemoBaTeNbHO, KPUTEPHUEM IMOTEPU YCTOMYUBOCTH
SBIISICTCS PABEHCTBO HYJIIO YaCTOTHI COOCTBEHHBIX KOJICOAHUI CHCTEMBI. YpaBHEHHUE LIS OTPENENCHUS] YacTOT
COOCTBEHHBIX KOJIEOaHWU CHCTEMBI MOJ HArpy3Koi NpH HalWYMK HAYaIbHBIX MEpPEMEIIeHHH W HamnpsuKeHHH
MIPEJICTABIIACTCS CIEAYIOIUM 00pazoM:

(K+K, +K;)q—o*Mg=0, 3)

rae M — marpuiia Macc, ® M ¢ — COOCTBEHHBIE YaCTOTa U BEKTOP.

Merton onpeneneHusi COOCTBEHHBIX 9acTOT HArpPyKEHHOW KOHCTPYKIIH PEaJIM30BaH IIaroBO-UTEPAIIMOHHBIM
MeroaoM. it pacuera BBOIATCA HAYadbHOE M KOHEYHOE 3HAYCHUS IMapaMeTpa Harpy3KH, MPUPAIICHHE 3TOTO
napaMmeTpa, KOJIM4eCTBO HCCenyeMbIX (opM KolieOaHui, TpeOyeMoe YMCIIO IMaroB UTepalii U TOYHOCTh CXO-
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JuMocTH. Ha kaxom 1mare HarpyskKeHusl BBIYUCIAOTCA MaTpulel K, , K v u3 ypaBHeHus (3) onpenenstorcs

4acTOThl U BEKTOPHI (hopM coOCTBEHHBIX KojeOaHui. Ilo Mepe mpupalieHus napamerpa Harpy3Kd Ha KaxIOM
nrare cOOCTBEHHBIE YaCTOTHl YMEHBIIAOTCS M PacdeT MPOJ0JDKAETCS JI0 TeX MOp, MOKa 3HaYeHne COOCTBEHHON
YacTOTHl HE OOpaTHTCS B HOJb. TakuM 00pa3oM, mapameTp Harpy3KH, Ipyd KOTOPOM COOCTBEHHAs! 4acToTa oOpa-
IIa€TCs B HOJb, SIBIISIETCS KPUTUUYECKUM.

bnok-cxema anroputma onpeneneHus KpUTHUIECKUX Harpy30K ¢ UCIIOJIb30BaHUEM AMHAMHUYECKOI'O KpHUTe-
pus puBezeHa Ha puc. 1.

BBO/, UICXOAHBIX AAHHbIX: HAYAIbHOE U KOHEYHOEe 3HAYeHUst NapaMeTpa Harpy3ku A , npupaLLeHue 3Toro
napameTtpa AX , 4mcno popmM coBCTBEHHBIX KONeBGaHUii, KOMYECTBO UTEPALIMIA, TOYHOCTb CXOAMMOCTM

[Input of initial data: the first and final values of the load parameter A , load parameter increment A,
number of the form of waves, number of iterations, convergence accuracy]

v

Bbiumcnenue matpuy, K, M, P [Calculation of matrices K, M, P]

v

NameHeHve napameTpa Harpysku A, = A; + AA . Berucnenme matpnu, Ky v K.

JIHENHbI pacyeT Ha 4acToTbl COOCTBEHHbIX KofiebaHuin cornacHo (3)
[Change of load parameter A, =A; + AL . Calculation of matrices K, and Ko,
Solve of eigenvalue problem (3)]

v

Mposepka ycnosus
[Test of conditions]

(®i+1 - o; )/031' =0

L BoeiBog, pesynbraToB [Output of results]

Puc. 1. Biok-cxema anropuTMa Juisi OrpeieleHus] KpUTHUECKUX Harpy30K
[Figure 1. Scheme of the algorithm for determining critical loads]

3. Pe3yabTaThl 4 00CY:KAeHHE

Jist MIUTIOCTpaliii BO3MOXKHOCTEHW OMUCAHHOTO BBIIIE alrOPUTMa MBI IIPUBOJUM PSiI YUCICHHBIX pacyde-
TOB, BBRITIOJIHEHHBIX B BEIYMCIUTENNFHOM KoMmIuiekce [TIPTHC.

3.1. Ilpamoyzoavhasn c60600H0 onepmasn no KOHMypPy HAACMUHKA

PaccmarpuBaercs miacTUHKA, HarpyKeHHAs pacnpeneiIeHHON HArpy3Kou (puc. 2) mpu CIEIYIOIINX HC-
XOJHBIX MaHHbIX: qauHa a = 0,522 M, mupuna b =0,6 M, Toamwaa /4 =1cM, Moayns yopyroctd E=2- 108 klla,
koddpunuent Iyaccona v =0,3, yaensnblii Bec y =78, SkH/.

PacueTsl BHIMONHSIIACH C UCTIONIB30BAaHUEM TPEX- M YETHIPEXYTOJNBHBIX 000J0YEYHBIX KOHEUHBIX 3JIEMEH-
toB (KO) tuma EL36 B orcyrcTBum HauambHbIX nepementenuii (K, =0) npu pasouennn mnactunku Ha KO-cetky
cnenyromux pasmepon: 10x10, 20x20 u 3030 (puc. 3).

Jlnst onpe/ienieHns: KpUTUYECKUX HArpy30K 3a/1aBajioch HauallbHOE 3HaueHUe Harpy3ku ¢ = 1 kH/m. Ha kaxmom

nrare nNpupanieHue Harpy3Ku NpuHUManoch paBHbIM Ag =10g u u3 ypaBHeHus (3) onpeaensauch 4acToThl U
BEKTOPHI (hOpM COOCTBEHHBIX KoeOaHni. MTepaimoHHbBII NpOLEecC OCTAHABINBAJICS IIPH BBHIIIOJTHEHUH YCIIOBHS

(®i+1—0)i)/0)l' EO.
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PesynbTathl pacyera npsMOYTOIbHOHN MIACTUHKH MPEICTaBIeHbI B Ta0M. 1 (3HaYeHus1 B CKOOKaX OTHOCAT-
sl K pe3yJibTaTaM, IOIy4EeHHBIM ¢ HCIIoNb30BaHueM TpeyroiasHoro KO EL36).

Ha puc. 4, a npuBenena nepsas Gpopma cOOCTBEHHBIX KOJeOaHMI TUTACTUHKY MO HArpy3KOoi. 3aBHCHMOCTD
4acTOTHI KOJIEOaHMii OT ITapaMeTpa A TOKa3aHa Ha puc. 4, 6.

Kax u3BecTHO, aHANIUTHYECKOE YpAaBHEHHE JJIsl [IOBEPXHOCTH BBIITyYHBAHYS TUNIACTUHKU NPECTABILIETCS B BUIE

84w 84w 64w azw

D +2 + +q =0, )
at e et ) o
KOTOPOEC JOMYCKACT YaCTHOEC PEIICHUE
. mnx . nnx
w= Asin——sin—-. (5)
a
Z
A
q — - 9
| — x
a

Puc. 2. IIpsiMoyroJibHask IIACTHHKA, BCEM [IEPUMETPOM OIIEPTasi Ha KOHTYP
[Figure 2. Rectangular plate supported on the contour]

2 0 e

Puc. 3. KoHeuHO-311eMEHTHBIE CXEMBI [T pacueTa IpsSMOYTOJIbHOM TUIacTUHKY pu cetke KO pazmepom 10x10, 20x20, 30x30:
a, 6, 6 — C UCIIOJIB30BAHUEM YETBIPEX YT OJIBHBIX 3JIEMEHTOB; 2, 6, € — C UCIIOJIb30BAHUEM TPEYTOJIbHBIX 3JIEMEHTOB
[Figure 3. Finite element schemes for the rectangular plate calculating with a FE mesh dimension of 10x10, 20x20, 30x30:
a, 6, ¢ — using quadrangular elements; 2, 0, e — using triangular elements]
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Tabnuya 1
PesyabTaThl pacyera npAMOYroJbHOM NIIACTHHKHA
[Table 1. The results of rectangular plate calculation]
Pazmepnocts KO cerkn  YacTora coOCTBEHHBIX Kpurnueckuii napamerp narpysku A [Critical parameter of load A |

[Dimension of FE mesh| kosne6anuii HeHarpy:xeHHOI

KOHCTPYKIHH ©,, paj/c
pyxa 0> PAA Pemenue no MK2 Amnanuruueckoe peutenne  [orpemnocts A, %

[Structural frequency [FEM solution] [Analytical solution]  [Approximation error A, %]
without load ®,, , rad/s]
10x10 974,534 (975,534) 2080 (2070) 1,249 (0,763)
20%20 972,535 (972,535) 2060 (2060) 2054,335 0,276 (0,276)
30x30 972,535 (972,535) 2060 (2060) 0,276 (0,276)
1000 _ 1-ATOH
= ltone 1]
£ & 800
g £ 600
25 400
22
£ 200
0

-20 480 380 1480 15980

MapameTn HarpyaE1
[Load parameter]

o

Puc. 4. Pacuet npsAMOyrobHON INIAaCTUHKH:
a — popma KonebaHuif; 6 — rpaduK 3aBUCUMOCTU (1)(7\.)
[Figure 4. The calculation of a rectangular plate:
a — the form of waves; 6 — the schedule (,l)(}\.) 1

[Moxacrapmsist (5) B ypaBHeHue (4), ¢ yueTom rpaHndHbIX ycnoBuit (mpu x=0 u x =/, w=0) noxydaercs
BBIpa)KEHHE AJIS OTIPEIEICHUS] KpUTHYECKOI HATrpy3KH:

UE W

12(1-v2) 5>

rae U — xoadunmenT, npuHIMaeMsblii 1o tadi. A u3 [3].
TIPMMEHHTENBHO K PACCMATPUBAEMOMY IIPHMEPY ¢, =2054,335 kH/m. CrienoarensHo, mapametp A=g,,./q=2054,335.

Ger = (6)

3.2. Hlapnuupno onepmas no Kpaam RAACHMUHKA C RPEHCHUMU PA3Mepamu CmopoH,
HO NOOKPENIeHHAA YemblPbM PAGHOYOAIEHHBIMU NPOOOILHBIMU PEOPAMU IHCECHKOCHU

T'eoMeTpuueckue XapakTepucTHKU ceuenust pebep: F =8 cm?, J, =10,667 cm* (puc. 5).

PacueTs! BRINONHAINCH C UCMONIb30BaHUEM YeThIpexyroibHbIXx KO (Tum EL36) B 0TCyTCTBUM HayabHBIX Iie-
pememntennii ( K,, = 0) npu pazouennn koHcTpykimu Ha KO-cetky ¢ pasmepamu 10%x10, 20x20 u 30x30 (puc. 3, a—s).

Pe3ynprarer pacueTa MoAKpeIUIEHHON TUTACTUHKHY TPEACTaBICHBI B Ta0I. 2.

Ha puc. 6, a npuBeneHa mepBas ¢popMa COOCTBEHHBIX KOJICOAHWH MOIKPEITICHHOW TUIACTHHKH. 3aBHCH-
MOCTH 9acTOTHI KOJIeOaHMIi OT mapaMeTpa Harpy3KHy IoKa3aHa Ha puc. 6, 0.

VYpaBHeHUE I ONpe/eNieHUs] KPUTHYECKOW Harpy3KH B Cllydae MOJKPETUICHHOW peOpaMu MIacTHHKH
mpeacTaBisgeTcs Tak [3]:

4 \2
Ph (1+B)2+227i(sinnclj
i=1 b 7
er = 4 2 > (7
p2 1+226i(sinnbci)

i=1
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2 3
Dn B; F Eh
rne P=——, v, =—-, 8, ==X, B=a/b, B: = EJ_; — ecTKOCTb MOAKpEILItoIero pedopa, D =——— —
p2n D O b B=alb, B =EJ., P peRp 12(1—\/2)
[HIAHPHYECKast )KECTKOCTh ITACTUHKH.
Jlist paccMaTpuBaemMoi 3aaun ¢, = 5092 kH/m. Taknm 06pa3om, KpuTHuecKnii napametp A = q,,./q =5092.

Tabnuya 2
Pe3yJ’ll>TaTl>1 pacuera l'lOL[erl'lJ'leHHOﬁ IVIACTUHKH
[Table 2. The results of the ribbed plate calculation]
Pazmepnocts KO cerkn  YacToTa cOGCTBEHHBIX Kpuruuecknii mapamerp Harpyskn A [Critical parameter of load A |

[Dimension of FE mesh] kose6anmii HeHarpy:keHHOi

KOHCTPYKIHH ©,, paja/c
pyxut 0> PAA Pemenune no MK3 Amnanurnueckoe pemenne  [lorpemnocts A, %

[Structural frequency [FEM solution] [Analytical solution]  [Approximation error A , %]
without load o, , rad/s]
10x10 1269,394 5371 5,479
20%20 1269,394 5246 5092 3,024
30x30 1269,394 5177 1,669
4
a \
|
Q A o
o | = —
(O [T T T T T T T o
o T e e e :: q
o [T T T T T T =
- X
4
43 =
l B

Puc. 5. IlpsmoyronpHas MIaCTHHKA, TOAKPEIUICHHAS IPOIOIbHEIMU peOpaMu
[Figure 5. Rectangular plate supported by longitudinal ribs]

i ; e Et;;;on
1200 ==

1000
800
600
400 \
200

Kpyrogaa yactata
[Wave circular frequency]
/

-bb 1945 3945

MapameTp Harpyzen
[Load parameter]

a 0

Puc. 6. Pacuer moakpenieHHO! MIaCTHHKU:
a — popma konebaHuif; 6 — rpad K 3aBUCUMOCTU (1)(7\.)
[Figure 6. The calculation of the ribbed plate:
a — the form of waves; 6 — the schedule m(%) 1
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3.3. Huaunopuueckas 060104Ka ¢ WIAPHUPHO 3AKPENTIEHHBIM KPAAMU,
UCRBIMBIEAIOWAA PAGHOMEPHOE CHCAMUE 800716 OCU UUUHOPA

Onpefenenre KPUTMYECKUX HATPY30K BBINONHSIIOCH B OTCYTCTBHH HadalbHbIX nepemernenuii ( K, =0) nus
KD-cxem 060onouku ¢ pasmepamu 12x24, 16x32 n 24x40 (puc. 7). Ucxomnbie nannwie: [/R=2, R/h=25, h=1 cm,

E=2-108 klTa, v=0,3, y=78,5kH/M’. Hopmupoannas Harpyska g =100 kH/m.
PesynbpTathl onpeneneHus KpUTHIECKUX HArpy30K Uil 000I0YKH MpeACTaBIeHbl B Ta0. 3.

M e > ] o
By 1 A RN
1 ™~ L1 ] —t T~
] ESgiEag i 8 s .ﬁ??ﬁ?’g’ RSN
PR sy 0 [ W NN
M~ T ~ W e
Eeslied 1 ~ A
) ==
e K [ Nrrzemmmm NN
& B By & > N
B S=sS NeEs S3
= SS 2 N
] S8 % \NESSS===222
— ] § -~ -1
e S8 z NiS§SSE==2c2
—1 i o NASSSS===S22
e NN NSSSSS= £2
e NN 1 NINSES=====27
e NN ® &ssssa =27
e B | L] oy 4 i oy 1
e NWN ] NSSE===c227
= ANSE==252 |\SSESSSsss
] :“—**" \QHE = -
== T s
a
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Puc. 7. KoHeuHO-311€EMEHTHBIE CXEMBI HMIHHAPHYECKON 000I0UKH:
a — c pa3mepoM 12x24; 6 — 16%x32; ¢ — 24x40
[Figure 7. Finite-element meshes of a cylindrical shell:
a — with a size of 12x24; 6 — 16x32; ¢ — 24x40]

Tabauya 3
Pe3yJbTaThl pacuera HHJIHHIPHYECKOii 000J10YKHI
[Table 3. The results of the cylindrical shell calculation]

Pa3mepHocth KD cetkn  YacToTa COGCTBEHHBIX
[Dimension of FE mesh] kose6anuii HeHarpy:xeHHoi

Kpuruuecknii mapamerp Harpyskn A [Critical parameter of load A |

KOHCTpYKIHH © , pan/c TMorpermmocts A, %

[Approximation error A, %]

Pemenne mo MKD
[FEM solution]

AHaITHYECKOE PEIICHHE

[Structural frequency [Analytical solution]

without load o, , rad/s]
5447,398

5367,436
5337,450

12x24
16x32
24x40

482
476
474

0,454
1,694
2,106

484,20

1-H TOH
[tone 1]

:

:

:

Kpyroean JactoTa
[Wave circular freguency]

-2 98 198 298

MapameTp HarpyIku
[Load parameter]

a 0

Puc. 8. Pacuer munmmHgpudeckoi 000I09KH:

a — popma konebauuit; 6 — rpaduk 3aBUCUMOCTH (0(7»)
[Figure 8. The calculation of a cylindrical shell:
a — the form of waves; 6 — the schedule (.0(7\,) 1
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Ha puc. 8, a npuBenena nepsas Gopma KosebaHU 000I0UKH MO HATPY3KOH. 3aBUCUMOCTB 4aCTOTHI KO-
nebaHul OT MapamMeTpa Harpy3KH U pacCMaTpUBaeMOil 000I0UKH MTOKa3aHa Ha pucC. 8, 6.

N3BecTHO, 9TO I OCECHMMETPUIHON (OPMBI ITOTEPH YCTOHIMBOCTH CKATOH MIIMHIPHUICCKOW 000JI04-
KM CIIPaBEUINBO YpaBHEHHE [2]

DI YL 2y g Y. (8)

Ipu 1rapaupHOM OnupaHuy KpaeB 000104k (Ww=0 u d 2 w/ i = 0) pernreHre STOro ypaBHEHHS HUITICTCS B BUJIC
W= Asin@, (9)

TA€ m — YUCIIO0 MOTYBOJH.
[ToncranoBka (9) B ypaBHEHHE CPEOUHHON MOBEPXHOCTU 000JI0YKH (8) MO3BOJISIET MOMYUYHUThH BBIPAKEHHUE
JUIS HAXOXKIEHUSI MUHUMAJIbHON KPUTHUYECKON Harpy3Ku:

ER?
der zm' (10)

Jlnst paccMaTpuBaeMoro npumepa ¢, = 48420 kH/m, a kputudeckuii napametp =g, /q =484,20.

4. 3akJII0ueHue

AJTOpUTM, IPUBEACHHBIA B JAaHHON CTaThe W PEaTM30BaHHBIN B BeIMUCIUTENbHOM Komiuiekce [TPUHC,
MO3BOJISIET ONPEAETATh KPUTUUECKUE HATPY3KHU C UCIIOIB30BAHUEM JUHAMUYECKOTO KPUTEPHS YCTOMUYUBOCTH.

Ha ocHOBaHMHM MHOTOYHCIIEHHBIX BEPUGHUKAIMMOHHBIX PACUETOB YCTAHOBJICHO, YTO OMHCAHHBIA aJTOPUTM
o0nanaeT 3 PeKTUBHOCTHIO ONPECIICHUS KPUTUYSCKUX HATPY30K JJIs CTEPHKHEBBIX, TOHKOCTEHHBIX M TOKPETI-
JIEHHBIX KOHCTPYKIIHH.

Hcnons3oBanne BerancnurensHoro kommiekca IIPMHC maeT BO3MOKHOCTE B JIONOJIHEHHE K KJaccHUe-
CKOMY (CTaTHYECKOMY) METOTy MCIIOIB30BaTh alIbTEPHATHBHBINA (THHAMUYICCKUI) METOT OTIPEICICHIS KPUTHIC-
CKHX HAarpy30K JUisi IIHPOKOTO KJIACCa MHXKEHEPHBIX 331a4. Takum o0pa3oM, BeuHCIUTENbHbINM KomIuieke [IPUHC
YCHEITHO MOXKET OBITh MCIIOJIb30BaH MH)KEHEPaMHU TMPOEKTHBIX M HAyYHBIX OpTraHW3alllid JJIs pacdyera yCTOWYH-
BOCTH KOHCTPYKIIMHA U COOPYKEHUHU, TPEOYIOIINX OOJBITION OTBETCTBEHHOCTH.
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Abstract

Relevance. The progressive development of views on the Saint-Venant for-
mulated principles and methods underlying the deformable body mechanics,
the growth of the mathematical analysis branch, which is used for calculation and
accumulation of rules of thumb obtained by the mathematical results interpreta-
tion, lead to the fact that the existing principles are being replaced with new,
more general ones, their number is decreasing, and this field is brought into
an increasingly closer relationship with other branches of science and technology.
Most differential equations of mechanics have solutions where there are gaps,
quick transitions, inhomogeneities or other irregularities arising out of an approxi-
mate description. On the other hand, it is necessary to construct equation solu-
tions with preservation of the order of the differential equation in conjunction with
satisfying all the boundary conditions. Thus, the following aims of the work were
determined: 1) to complete the familiar Saint-Venant’s principle for the case of
displacements specified on a small area; 2) to generalize the semi-inverse Saint-
Venant’s method by finding the complement to the classical local rapidly decaying
solutions; 3) to construct on the basis of the semi-inverse method a modernized
method, which completes the solutions obtained by the classical semi-inverse method
by rapidly varying decaying solutions, and to rationalize asymptotic convergence
of the solutions and clarify the classical theory for a better understanding of
the classic theory itself. To achieve these goals, we used such methods, as: 1) strict
mathematical separation of decaying and non-decaying components of the solu-
tion out of the plane elasticity equations by the methods of complex variable
theory function; 2) construction of the asymptotic solution without any hypothe-
ses and satisfaction of all boundary conditions; 3) evaluation of convergence.
Results. A generalized formulation of the Saint-Venant’s principle is proposed for
the displacements specified on a small area of a body. A method of constructing
asymptotic analytical solutions of the elasticity theory equations is found, which
allows to satisfy all boundary conditions.

Keywords: contraction mapping principle, fixed point theorem, elasticity, strip,
Saint-Venant, complete solution
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Hctopus crarbu AHHOTaIUsA

Ioctynuna B penakuuto: 23 asrycra 2020 r. Axmyansnocms. IlocTeneHHOE pa3BUTHE B3IVIAZ0B Ha CHOPMYNIUPOBAHHEIE
Jopabotana: 4 oktsiopst 2020 . CeH-BeHaHOM TPUHIMITBI B METOJIBI, JISKAIINE B OCHOBE MEXaHUKU JAe(OopMH-
IMpunsra k myomukamuu: 14 okts16ps 2020 r. pyeMoro Tena, pocT TOH BETBH MaTEMAaTU4ECKOr0 aHa/In3a, KOTOpas IPUMEHsEeT-

Csl TIPH BBIYHCIICHUSX, U HAKOIUICHUE MPAKTUYECKUX MPABUII, TTONYYaEMbIX MyTEM
HCTOJIKOBAHUSI MAaTEMAaTH4ECKUX PE3YJIbTATOB, IPUBOAAT K TOMY, YTO CYLIECTBY-
IOIHe TIPUHIUIEI 3aMEHSIOTCS HOBBIMH, OoJiee OOIMMHE, YHCIO X YMEHbIIACT-
csl ¥ AaHHas 00JIacTh MPUBOANTCS BO BCe OoJiee TECHYIO CBS3b C APYTHMH OTIe-
JIaMH HAYKH U TEXHUKH. BOMbIIMHCTBO AU hepeHIHATbHBIX YPABHEHHIT MEXaHHKH
o0azaer perieHUsIMH, B KOTOPBIX HAOIOAAI0TCS pa3phIBbI, OBICTPHIC IEPEXO/IbI,
HEOJHOPOIHOCTH WIH APYTHe HETPaBHIFHOCTH, BOSHUKAIOIINE U3 IIPUOIIKCH-
HOTO onucaHus. bosbioi uHTEpeC mpeacTaBiseT 0000IIeHHas GOPMYITHPOBKA
npuHimna Cen-BeHana s 3aTyXaHusl 3aaHHBIX HA MaJOM Y4YacTKe MepeMeleHUiH
IUIsl OOBSCHEHUSI TOJyYSHHBIX NMPUOMMKEHHBIX perreHuid. C Ipyrod CTOPOHH,
HEeoOXOMMO TIOCTPOCHHE PEIICHNH ypaBHEHMH C COXpaHeHHWeM Hopsaka mudde-
PEHIMAIBHOTO YPAaBHEHUS B COUETAHWHU C BBIIOJHEHHUEM BCEX TPAHMYHBIX yCIIO-
Buii. TakuM oOpa3oM, ObLIU ONpeeneHsl CAEAYIOIME yenu uccieoosanust: 1) 1o-
oJHUTh M3BecTHBbIM npuHiun CeH-BeHana juid ciydas 3aJaHHBIX Ha MaJloM
y4acTKe TeNa IepeMelIeHHil; 2) HOCTPOUTh Ha OCHOBE ITOTyOOpaTHOro MeTona
MOIEPHHU3UPOBAHHBIA METOJ], JTOMOJHSIOMNK MOTyYeHHbIe KIACCHYECKUM IOIy-
06paTHbIM MCTOZAOM PCLICHUS 6I>ICTpO MCHSIOIMMHUCS 3aTyXaroUIUMU PCHICHUAMU,
3) 000CHOBaTh ACHMIITOTHYECKYIO CXOAUMOCTD PEIeHHH ¥ YTOYHHUTH KIIACCUUECKHE
Teopuu AJsl OoJiee IOJHOrO MOHMMAHMS caMoil Kiaccudeckoi Teopuu. Jns mo-
CTI)KEHHMSI ITOCTABJIEHHBIX IeJIel UCTIONb30BANCh TaKHe Menoosbl, Kak: 1) cTpo-
roc MaTeMaTH4YeCKOE BBIICICHHUE 3aTyXarolleil M He3aTyXarolled KOMIOHEHT
pelIeHus U3 ypaBHEHHH IUIOCKOH 3a/1addl TEOPUH YIPYTOCTH METOJAMH TEOPHU

(GyHKIMH KOMIUIEKCHOIO HNEPEMEHHOr0; 2) IMOCTPOSHUE ACUMIITOTHYECKOTO pe-

st unTHpOBaHUSI IeHHs1 0e3 KaKHX-JIMOO TUIOTE3 M BBIMOJHEHNE BCEX TPAHUYHBIX YCIIOBHIA; 3) OlICHKA
3sepsies E.M. CoBpeMeHHasi TPAKTOBKA NPUH- cxoquMocTH pemenus. Pesyismamet. Tlpennoxena GopmynupoBka 0000mIEHHO-
1mna 1 nomyobparroro Merona Cen-Benana // ro npuanuna CeH-BeHana ays 3aJaHHBIX HA MAJIOM Y4acTKe Tela MepeMelIeHIH.
CrpoutenbHas MEXaHHKA HHKCHEPHBIX KOH- Haiinen meron nmocTpoeHUs] aCUMOTOTHYECKUX AHAIMTUYECKUX PELICHUH ypaB-
crpykumii i coopyxenmit. 2020. T. 16. Ne 5. HEHHUH TEOpUH YIPYTOCTH, O3BOJISIOLUIMN BBIIIOJIHUT BCE TPAaHUYHbIE YCIIOBUS.

C. 390-413. http://dx.doi.org/10.22363/1815-

5235-2020-16-5-390-413 KiroueBble ciioBa: TPUHIMIT CKAThIX 0T06pa>1<em/m, TE€OpEMa O HECIIOABMKHOU

TOUKe, YIpYrocTs, monoca, CeH-Benan, monxoe pemenue

1. Introduction

The main factor for refusing a researcher in recognition of his works becomes fairly meaningful and rea-
sonable lack of trust for something overly unconventional and provocative. If we go back to the image of sphere
of knowledge, then any attempt at leaping too far out of the bounds of the sphere will likely be eventually unsuc-
cessful. These are, for example, numerous attempts at creating a “theory of everything” or alternatively subver-
ting some fundamental theory — theory of relativity or evolution. Such “theories of everything” and “subversions
of fundamentals” look too mistrustful to spark an interest to seriously consider them. In this case the apriori lack
of trust for something excessively strange and pretentious serves as “population control” for disposing of poten-
tially destructive phenomena.

It is common for continuum mechanics and the related field of partial derivatives mathematics to gradually
develop fundamental ideas, put forth by the “founding fathers” of the science. Progressive development of views
on the principles underlying deformable body mechanics, growth of the mathematical analysis field, which is
used for computation and accumulation of rules of thumb, obtained by interpreting mathematical results, lead to

3eepaes Eezenuii Muxaiinoeuy, 10OKTOp TEXHUYECKHX HayK, mpodeccop, BeAylIuid Hay4HBI COTPYAHMK MHCTUTYTa NMpPUKIAJAHONW MAaTeMaTHKU UMEHH
M.B. Kengsimra PAH, npodeccop MockoBCKOro aBHallMOHHOTO HHCTUTYTA; Scopus Author ID: 57195225599, eLIBRARY SPIN-kox: 4893-2337.

TEOPUA YMPYFOCTU 391



Zveryaev E.M. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 390-413

the fact that the principles are replaced by the other, more general ones, their number decreases, and this field is
brought into an increasingly closer relationship with other branches of physics. Besides, same physical princi-
ples, in the end, serve as a basis for them all.

Elasticity theory is considered to be founded on two basic Saint-Venant’s ideas: the principle and the semi-
inverse method. Saint-Venant’s principle, named after Adhemar Jean Claude Saint-Venant, may be expressed as
follows: “...the difference between the effects of two unique, but statically equivalent loads, becomes very small
at sufficiently large distances from the load”. This statement was published by Saint-Venant in 1855 [1]. Later,
von Mises brought forward an assumption that the principle cannot be applied to the bodies of finite dimen-
sions [2]. In this paper, this assertion is refuted.

The force and moment based (stress resultants) solution for thin-walled systems had been determining
the direction of researchers’ efforts for a long time. After constructing basic theories for plates, shells and thin-
walled systems some contradictions were noted: it is impossible to satisfy all the boundary conditions and
to evaluate all the stresses and displacements. Then, great difficulties were encountered in solving problems for
anisotropic composite materials. Due to this, attention was given to solving problems in stresses, at least in
the constraints area. The problem of applying semi-inverse Saint-Venant’s method to mechanics of composite
materials was brought to the forefront. Such problems require reconsideration of the accumulated practice and
its generalization in order to obtain new possibilities of expanded application of classic ideas to new problems
and materials on the basis of extended and generalized formulations.

Friedrichs and Dressler [3] and Goldenveiser and Kolos [4] have independently proven that the classical
Kirchhoff’s plate theory is the main term of the asymptotic expansion (by small parameter of thickness) for
the linear theory of thin-wall isotropic bodies. On the other hand, based on their approach the internal solution,
which has a value only close to an edge, is determined by a series of boundary value problems. These problems
are very complicated to solve, almost as complicated as the initial problem. Saint-Venant’s principle may be
used for boundary stresses to create boundary conditions in the classic plate theory and also for some external
expansions of higher order without any reference to the internal boundary solution. Attempts at obtaining
the corresponding boundary conditions for displacements were unsuccessful.

Gregory and Wan [5] applied a general method developed by them for obtaining the proper boundary con-
dition series for arbitrarily defined allowed boundary conditions (without an explicit solution of internal or
boundary layer) for a number of special cases of general interest, including cases with defined boundary dis-
placements. Their overall results demonstrate that in order to be strictly correct, the Saint-Venant’s principle can
be used only to the leading terms of the external solution, i.e. classical plate theory.

Horgan et al. [6—-10] investigated various aspects of applying the Saint-Venant’s principle to the boundary
layer and obtained a number of insightful practical results. The practical conclusions for composites are: effect of
the end constraints of samples in mechanical tests, effect of support elements, connections, cuts, etc., in compo-
site structures and limitations of strength of materials formulas when applied to composites. It was established
that neglecting the elasticity of the end constraints, generally rationalized by the Saint-Venant’s principle, cannot be
applied to problems involving composite materials. Particularly, in fiber reinforced composite material the charac-
teristic attenuation length of the end effects is significant, generally several times greater than in isotropic materials.
Even though the answers on many of the questions in Saint-Venant’s principle discussion in its classical inter-
pretation were obtained, the full analysis of extended physical and mathematical issues emerging with the as-
ymptotic solution in composites’ elasticity needs to be carried out.

Semi-inverse Saint-Venant’s method in its classical interpretation in the publications is used for obtaining
solutions of non-linear problems of elasticity theory, linear problems of porous and graded materials, etc. [10—14].
The wide applicability range of the Saint-Venant’s principle and the semi-inverse method may be also explained
by that they make it possible to construct insightful analytical solutions, which may serve as a guide for calcula-
tion automation by means of numerical methods.

In [15-19] the Saint-Venant’s method acquires an extended iteration-based interpretation, allowing to ob-
tain asymptotic analytical solutions without any hypotheses and to satisfy all the boundary conditions. The solu-
tion converges satisfying the Banach fixed-point theorem [20].

Saint-Venant’s principle is qualitative and, being applied to an end-loaded bar problem for the first
time, it states that a statically equivalent to zero system of forces, distributed over a small area, creates only local
disturbances. The disturbances decay rapidly with increasing distance from that area and become negligible at
sufficiently large distances compared to its dimensions. The stress state in a long prismatic bar, loaded only at
the end sections, practically does not depend on the way of surface forces distribution and is determined at some
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distance from the ends by their resulting vector and resulting moment. However, for example, this formulation is
insufficient for the extended theories of thin-walled systems from isotropic and composite material, which in-
clude bars, plates, shells and thin-walled bars. Stresses in corners, caused by the changing lateral dimension of
the long elastic strip, rise a question about the formulation of attenuation conditions stated for displacements [19]
given on a small area on frontal and side surfaces of a thin-walled body. Iteration-based interpretation of the semi-
inverse method expands its application range to composite materials [20].

2. Generalized formulation of Saint-Venant’s principle for stresses and displacements

Let us consider a problem of establishing stress-strain state localization conditions, analogous to the Saint-
Venant’s conditions, in a long prismatic bar, given the end displacements rather than stresses. Let a strip, model-

ling the state of the bar, be defined by 0<x </, —1<z<1. Long edges of the strip z*1 are free from any
loading and constraints. On the short edges x =0, [ the displacements are defined as

u(l,z):fl(z); w(l,z)=f2(z); u(O, z)=f3(z); w(0,2)=f4(z). (1)
On edges z+1

c (x, il)zr(x, il)zO. ?2)

The solution comes down to finding Airy’s stress function (p(x, z ) , which satisfies biharmonic equation

o'¢ ' 5 o'

+—t 3
ox* ozt ox’oz" ©)
Stresses in terms of (p(x, z ) function are calculated as follows:
o’ ol o
c, = (2P ; G, =— @ ; c,= —(ZP
0z Ox0z 0z
Deformations are evaluated with the help of elasticity relations
1 1 t
e =—(o,—-vo,); e, =—(0,-vo,); L=
X E ( X z ) E ( ) ’Y G
Deformation-displacement formulas allow to determine the displacements
ou ow
— =€ —=¢€_.
Ox 0z
Let us rewrite the equation (3) as follows:
oo 84(p 64(p
Cax’er 2| ax 82
Integrating it twice over x and twice over z , we get
_J¢ d'e
2 —[ H dxdx]+a( )x+b(z);
8 o 1 o0
e —[ ﬂ dzdzj+c( )z+d(x), 4)

where a,b,c,d are arbitrary functions of integration.
Elasticity relationships and deformation-displacement formulas, taking into account (4), yield
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pou_ o v(
E—=-—7+ V( 219 ‘szdzjw[c )y+d(x)];

0 0’ 0’
Ea_vzvz_ax(p V( i H (dedx]+v[a x+b ] (5)

Let us define in the equation (5)

Q= ng (x)Z.(2), (6)

where the functions Z, (Z) satisty the equation Z,"" =K} Z, and the conditions on the ends Z, ( il) =7, (il) =0.
Prime mark designates differentiation with respect to z coordinate. In this case the conditions (2) are satisfied
and the solution to equation (2) is sought by the Bubnov — Galerkin method. Functions X, (x) contain exponen-
tial multipliers, which provide the decay of the end effect.

Substituting expression (6) into formula (5) and integrating accordingly, the following is obtained:

= * | ]
EMZZ|:[1+§}X/{ Kk2+§Xk F Zk2+V|: Z+d :|+l’l

ko

k

Ew=i{(l+§} k"KL+2X** Zy+v]a (2)x+b" () [+ m(x). ()
k=1 a

Here m and n are arbitrary functions of integration the asterisk indicates that integration is carried out with

respect to the corresponding coordinate, i.e. Q IQ t)dt Z, are the eigenfunctions for the problem of free

vibration of a bar fixed at both ends and are fairly well examined. For a symmetrical about z axis case they become:
Z, =cosk, coshk,z—coshx, cosk,z;

! . .
Z,' =x,Z, =x, (cosx, sinhk,z—coshk, sink,z);

" _ 2 _ 2 .
Z,' =x,’Z,, =x,’(cosx, coshk,z—coshk, cosk,z);

"

_ 3 _ 3 . .
z," =x.Z,, =x,’(cosk, sinh k,z—cosh k, sink,z), (8)

where K, satisfies the transcendental equation

tank, +tanhk, =0. )
For asymmetrical about z axis case
Z, =cosk, sinhk,z—coshk, sink,z;

!

Z,' =x,Z, =x,(cosk, coshk,z—coshk, cosk,z);

"

—_— 2 —_— 2 1 ] .
z," =x,’Z,, =x,’(cosx, sinhk,z+coshk, sink,z);

"

_ 3 _ 3
Z," =x,’Z,; =x,’(cosk, coshk,z+coshk, cosk,z), (10)

where K, satisfies the transcendental equation tank, —tanhi, =0.
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Let us now consider the possibility of satisfying the conditions (1) by representing displacements in the
form of the expressions (7). On the end at X =/ there must be

- i v * A% n 1
Efl(z)=kz_;_(1+5j)(k Kk2 +5Xk K—kz}Zk2+v[ z+d ]+n
= [ \Y% | - . .
Ef,(z ;_(1+E]Xk K—k+2X }Zk3+v[a (z)x+b (z)]+m(1). (11)

Let us determine the conditions, which must be imposed on the functions f, and f, , for the expansions (11)

to be valid. If the systems of functions {Zkz} and {Zk3} are full, the arbitrary functions a*, b, ¢*, d*, m, n
must be zero. Let us check the fullness of these systems. May a certain symmetrical with respect to o function

o) on the interval (—1,1) be expanded in a series by functions Z,,(k,0) and antisymmetric function
&1( ) p Yy k2 \ N Yy

&, ((x) in a series by functions Z, (Kk(x) . Thus,

51(0‘)=2akzkz(‘<ka)$ E:z(a):ibkzm(‘(ka); (12)
0= [ () Zs (ciB)dB: By =~ [ £, (B)Ze (,B) . (13

where N j Z k2

Functions Z,,, Z,,, Z,; satisfy the following orthogonality conditions:

frcomtema-{] (2}

:i-le} (<:B)Zy, (x,B)dB = {E)Nk (n=k)

For symmetric functions Z,, it will be N, =cosh’ «, +cos’ x, .
Let us compose expressions for partial sums of the series (12) substituting coefficients (13) into them:

Sk (Zi224,) = 2]\1, Z, (k.0 J-EJL (.B)dB;
L1
S Zi3Z Z Zk3 K, J.E.)l 2, KkB) dp. (14)

k:l

Therefore, the problem of correspondence of left and right parts in the formulas (12) results in evaluating

the limits of the respective sums Sy (Zkz,Z ) Sy (Zk3,Z ) when K —00. Changing the order of summa-

tion and integration in (14), the expressions for partial sums can be written as follows:

S APV J.al ])VZkz( dp = I§1 B)QK 2L )dBQ

k
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jaz % K"“])sz“('("ﬁ Jap=-] a7z, (1s)

Let us also consider the same way as in [21] the contour integrals corresponding to the relationships (15):

~ 1 Z, (C(l)zkz (CB) .
1 (Z5:Z,,) = 2mi 1;[ cosh? {cos” Cy (€) -

I (Z Z ) 1 J’ Zk3(§a)zk1(CB) d, (16)

2 2mi ; cosh® {cos” Ly ()
which are evaluated by going in positive direction around a circle of radius R, , circumscribed from the origin in
the complex plane (. Radius Ry is chosen such that radiuses 2K of real and 2K imaginary roots of the equa-
tion (9) get inside the circle. The contour also does not pass the points Cio) =7 (2k + 1) / 2 and ng) =T ( 2k + 1) / 2,
which are the roots of the equation COS CSCO) =0 and cosh Cg) =0. Then, every integral in the formulas (16) is
equal to the sum of subtractions by all special points inside the circle R, .

With respect to the stated for the formulas (16) above and taking into account that IV, = cosh{cos C\V(C),

we obtain

Iy (ZkZ’Z ) 4QK 2L 22 OS 082k2+171:[3—2;
1,(Z,,,Z,,)=-40 (Z,,.Z,,) +22 c052k2+1nacoszk2+ln[3. (17)

The last term in the first expression (17) is subtraction for the integrand of the first integral from (16).
Subtraction in zero for the second integral is equal to zero. The expressions (17) lead to

llmQK kz’ Z COS 2k+17‘[B—_

2k+1
thK 4 Zcos nacos k; . (18)

Substituting the expressions (18) into the formulas (15), we obtain

lim §,(Z,5.7,,) = j& +1mcszk+1anB——f& (BMB =, (a Jé (B)a:
1im S (4,2, = j@ Zsm ! wsin 2k+1anB £, (0). (19)

Thus, the first series in the expression (12) converges to the original function &, , if

[ (B)dp=o0. (20)

The second series converges to the function &, unconditionally.
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Let us now consider the case of expanding the asymmetric with respect to o function &; (OL) on the inter-
val (—1,1) in a series by antisymmetric functions Z,, (Kka) and symmetric function &, (a) in a series by anti-

symmetric functions Z,, (Kk(x) from the definitions (10). Operating the same way, we obtain the following ex-

pressions for the corresponding contour integrals:

< . 2k+1 2k+1
Iy (ZkZ’Zkz) =—40; (Zk2>Zk2)+2 Z Sm P — 60p;
k=—K
2k +1
1 (Z,5,2,))=—40, (2,5, Z,, +2Zcos a.cos— nB—S(l—Bz). 21)

In both cases the last terms are subtractions at the point { = 0. Proceeding to the limit when K —> 0 we
obtain the following for the partial sums:

lim S, (Z,,,2,,) =& j &, (BBaB;
S, (2,7 =4 () - 3[@(6)(1—62)%. @)

The first series converges to the original function &;, and the second series to the function &, if

j &, (B)Bp =0; I & (B)(1-B*)ap =0. (23)

Let us elaborate the meaning of the expressions (20) and (23). Let us consider a problem of a cantilever
bar of unit thickness, length / and height equal to two. Then f; = f, =0 in the expressions (1) as for a fixed

end. At x=/ the non-zero first two displacements (1) are defined. By removing the constraints defining these
displacements and substituting them by normal force N , shear force and bending moment M , statically equi-
valent to stresses, which do not decay away from X =/ edge, we obtain

1 3 3 3
GY:EN_'-EMZ_FEQ(Z_X)’ Gz:O; sz:Z(l_Zz)'

Let us calculate the work done by the non-decaying stresses on the displacements (1) at the x =/ end:

j o,/ (2)+5uha(2 )]dz=j[“%+%sz f)+20(-) fz(z)}dz. e

-1

Imposing a requirement that the emerging in the strip non-decaying stresses do not perform any work on
the defined displacements of the bar end, the following expressions are obtained, owing to the independence of
the values N, M, Q:

:l[fl(Z)dZ:0; ll[fl(z)zdz:o; j‘lfz(z)(l—zz)dZ=0,

which correspond to the conditions (20), (23), where the functions &, +&, and &, match in meaning with f|
and f, respectively.

Apparently, analogous to the famous Saint-Venant’s principle formulated for the cases of stresses on a small area,
it is possible to formulate the locality of stress-strain state in elastic body, specified by displacements on a small area.
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Displacements specified on a small area of elastic body produce only local stress-strain state, which decays
faster with increasing distance from that area and becomes negligibly small at sufficiently large distances com-
pared to the area dimensions, if the resulting vector and resulting moment, statically equivalent to the stresses on
that area, do not produce work on the specified displacements.

3. Generalized iteration-based formulation of semi-inverse Saint-Venant’s method

Let us consider a problem of generalizing the semi-inverse Saint-Venant’s method to iteration-based form
without resolving the equations in forces and moments by constructing an asymptotic analytical solution.
The issues associated with existence and uniqueness of the solutions are formulated in functional analysis as
a question about existence and uniqueness of a fixed point when a certain metric space is mapped onto itself.
Among the various criteria of existence and uniqueness of a fixed point the most general one is the contraction
mapping principle [21], which rationalises the convergence of simple iterations.

May a long rectangular strip be located in orthogonal coordinate system X,z such that 0<x </,

~h<z <h. The long edges of the strip carry some arbitrary load, the short edges may be loaded or con-
strained. The plane elasticity equations describing the stress-strain state of such strip are taken as

oc. ot 0. ot
+t+—=0, —+—=0;

0z Ox ox Oz

o = (e, +ve,); t*=—E Y; o.= (e.+ve,);
S PV 2(1+v) 1-v? g
ow' ou" ou ow
E=—) &, =o Y=ot

Oz Oox 0z Ox

Let us introduce the dimensionless coordinates x =x /1, z=z /h, dimensionless displacements u = ulh,
w=w /h along the axes x*, z respectively, and dimensionless stresses 6, = (51 /E, o, = (5: JE,t=1 /E

(dimensional displacements, stresses and loads are marked by an asterisk). Dimensionless equations with these
variables become

06 ot ot 0o
Zrg—=0; —+e—=0;
oz Ox Oz ox
1
cle_vz(strvsz); T=mY; GZ=1_V2(82+V8x);
ow ou ou ow
82 :_; 8x :8_; 'Y:_+8_.
o ox 0z  Ox

May the above equations be modified such that it is possible to successively calculate the remaining un-
known variables by choosing some arbitrary w, u 7y, as initial approximation values

ow Ou ow 1 0c, ot
—=g;  —=—t—+V; T=———; =—e—;
oz oz ox 2(1+v) oz Ox
ax:sa—u; G, =g, +Vo_; sZ:(l—vz)cz—vsx; a—W:sz;
ox oz
@:gz; ﬂ:—(—;acx; 'Y=2(1+V)T
14 Oz ox

by the method of successive approximations with increasing index (n) with respect to the following iteration scheme:
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ou, e ow,, iy :;Y
0z Ox (m)2 () 2(1+v) ()
aC;ZZ(n) _ ¢ a;;) DB T % G ) = Ex(my + VO3
B = (17V°) 0 = Ve % =E);
argzﬂ) - 5(;);,1) ; acé(;ﬂ) =-¢ a;g;l) L Yy =2(14 ) 7

From this point on the lower index in parenthesis indicates the number of approximation.
We will be interested in the equations of zero and first approximations when choosing values in accor-
dance with the semi-inverse Saint-Venant method in the form of initial approximation

Wo =W (x); Y0) =Yo (x)

Due to the initial approximation values being independent from z , all the other remaining unknowns are
calculated as a result of the quadratures by z :

W) =Wy (%); Vo) = Yo (X); Uiy = —aj w, dz + Iyodz +u,(x);
T, =7,/2(14V); G0 = —sj 1, dz+0  (x); €,(0) = El(g) ;
S 0) = E4(0) T V0.0 Ty = —sj cx(o)'dz +1,(x); Yoy = 2(1+v) Ty

€.0) = (1 —v? ) C.0) = VEy(0); Wy, = jsz(o)dz +w, (x).

Lower index 0 indicates the arbitrary functions of integration. Calculation of the next values by the previ-
ous ones is accompanied by multiplying by a small parameter € in order to write the unknowns in the form of
asymptotic series based on the power of €. It is clear that on this stage of iterations four arbitrary functions

Wy =W, (x), Yo =Yo (x), U, =u, (x), G., =0, (x) are obtained, which allow to satisfy four boundary condi-

tions on the long edges of the strip. From this point on dashes indicate differentiation over x ; zero without pa-
renthesis specifies the arbitrary functions of integration that depend only on x .

Now it is possible to write the expressions for all the unknowns in the problem, assuming that they de-
scribe the produced displacements, deformations and stresses sufficiently accurate:

2
2 ' 2 " 2 1|z
w~w0+[(1—v )020—8\/1/!0:|Z+[8 v, —e(1+v) 1, }7,

u=u, +[—8w0' +2(1+v)tOJz;
e ~eu, + [—azwo" +e(2+ v)ro'}z;
G, = Eu, +Vo_o+ [—szwo" +(2+ v)sro']z;
£, ~ (1 v’ )czo —gvu, + [sszo" —g(1+v)’ ro'}z;
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2
2 n ' 3 m 2|z
T~‘co—(8 u, +svcszo)z+[8 w, —(2+v)e’, }7,

2 3
- ' 3. m 2 n\Z 4 3.m |2
c ~620—8‘COZ+(8 u, +&vo_, )?J{—s w, +(2+v)8 T, JZ (25)

z

Values T and O, are given in the first approximation, the rest are in the zeroth approximation. Boundary

conditions that correspond to the loading conditions must be satisfied on the long edges of the strip z* =+h.
In dimensionless form these conditions are written as

c, :Z+(x), =X (x) npu z =1;

+

c :Zf(x), r:Xf(x) npu z =—1. (26)

z

Dimensionless loads are obtained by dividing the dimensional ones by stiffness E . Let us assume that —
the loads are slowly changing functions of coordinate x. Let the conditions (26) be satisfied by the first approxi-

mation values from the relationships (25). As a result the equations with respect to the unknowns W, T, , defining
the bending problem:

ew, —(2+V)82’[0” +21, =X, + X ;
—e'w," +(2+v)e’r, —6er, =3(Z,-Z.), (27)
and with respect to ¥, G, defining the axial load problem:
—&’u, —evo, =(X,-X_)/2;

eu, +e’vo,, +20. =7, +7Z_, (28)

are obtained.
Equations (27) and (28), assuming small variability of the functions T, and G_, after removing the values

with small multipliers, are brought to the classic form

M

ew +21 =X, +X_;

s

—etwy" —6et) =3(Z,-Z_); (29)
—&’uy —evel, =(X,-X_)/2

euy +20,=2,+7_, (30)

confirming that equations (27) and (28) generalize the classic representations of the semi-inverse Saint-Venant’s
method and their solutions depend on x. The upper index s indicates the association with slowly varying com-
ponents of the stress-strain state.

Subtracting by pair the equations (29) from (27) and equations (30) from (28) and taking into account as-

sumptions W, ~ £"w; (x), T ~e't) (x), T ~ g (x/€). it is possible to obtain singularly perturbed equa-

tions indicated by index ¢ :
—(2+4v)e’ty +214 =0; €1y

(2+v)e't!" —6ety =0. (32)
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Their solutions differ by a constant that must be removed as a non-conforming to the condition of large
variability. Therefore, both solutions of the equations (31) and (32) match:

C, exp (—k ij
€

¢, exp(_ij'

q _
Ty =
€

As they depend from the argument x/g, they can be used for satisfying lost boundary conditions and

smoothing out discontinuities in slowly varying classical solutions. The upper solution is true when x>0,

k .k X
and the lower is true when x<I. If taking C, = “oe then llnol—exp(—k—j 25()6). That means that
£ 60 g €

the equation (31) allows to establish a relationship between the ordinary numerical function t{ and the genera-

lized Dirac O function.

4. Conclusion

Two Saint-Venant’s methods are analysed and modernized. The first method involves evaluation of stress-
strain state components for the purpose of simplifying the problem statement of seeking the solution by apriori
removal of rapidly varying and decaying solution components. It was introduced because Saint-Venant took into
account the complexity of finding general solutions. Hence, by developing the method of solving the problem
he came to inventing the principle that rationalizes the components lost in the process of constructing the solu-
tion, in particular due to the transition from stresses to forces and moments (stress resultants). An addition to his
classical principle for the case of displacements specified on a small area was formulated on an example of
a long elastic strip, which is absent in the literature. However, both the Saint-Venant’s principle and the genera-
lized principle cannot give any recommendations to its constructive use, but are practical for mechanical inter-
pretation of the partial approximate solutions obtained by any method.

The second method was named semi-inverse, because Saint-Venant suggested to specify a part of the unknown
variables and to resolve the rest. With that Saint-Venant moved from stresses to forces and moments, rationali-
zing the transition by the principle. It can be stated that all the thin-walled body theories are based on forces and
moments, assuming the rationalization of transition to them by the Saint-Venant’s principle. It is shown in this
paper that if taking the idea of specifying a part of the unknowns, but not transitioning to forces and moments,
the semi-inverse method may be expanded into a constructive one and will be converging independently of
the choice of the initial approximation. This possibility is based on the Poincare small parameter method, Picard —
Lindel6f iteration method and Banach’s fixed point method. With that a transformation of a complex operator in
the problem to a series of simple integratable operators and a methodology of separating rapidly varying and
slowly varying components of the general solution, provided the satisfaction of all the boundary conditions of
the original problem, are proposed. The calculation process may be interpreted as splitting the complex operator
into four consecutive Picard’s operators with respect to lateral coordinate and three — with respect to longitudinal
coordinate. The accuracy of the obtained solution is evaluated by the order of the first removed term by € for
slowly varying values. Then the semi-inverse method becomes independent from the Saint-Venant’s principle.

RUS

1. BBenenune

OcHOBHBIM (DaKTOPOM AJISI OTKA3a MCCIEAOBATENIO B MPU3HAHUH €ro paboT CTAaHOBSATCS BIIOJHE 3[paBoe U
000CHOBaHHOE HEJOBEpHE K Uepecyyp HECTaHAAPTHOMY M BbI3bIBarouieMy. Ecim BepHyThes k 00pasy cdepbl uzy-
YEHHOI'0, TO JIIOOBIC MOMBITKY CHJIBHO BBIWTH 33 €€ IPaHMIbI C OOJBIION BEPOSTHOCTHIO OKAXKYTCSI B KOHEUHOM
cyeTe MpoBalbHBIMU. TaKOBBI, HAIIpUMEpP, MHOTOYHCIICHHBIE TIOMBITKU CO3JaTh «TEOPHIO BCETO» WJIH, HA000pOT,
HHUCIPOBEPTHYTH KaKyl0-HHOYAb KPaeyroJbHYIO TEOPHIO — OTHOCUTENBEHOCTH WK 3BoJtonuu. [1ogoOHbIe «Teopun
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BCETO» U «HUCIIPOBEPKECHUS OCHOBY» BBITJISIAT CIUIIKOM ITOI03PUTEIHHO, YTOOBI BHI3BATh JKEJIAHUE B HUX BCEPhE3
pa3buparscs. B naHHOM ciydae arpropHOe HeJOBepre K M3JHIITHE CTPAHHOMY M IPETEHIIMO3HOMY BEITIOJHSET B
Hayke (DyHKIIHIO «CaHHUTapa Jieca» — YKOHOMHOTO Crioco0a n30aBUTHCS OT TIOTEHIMAIBHO JIECTPYKTUBHBIX SIBJICHUIA.

MexaHuKe CIUIOUTHBIX Cpejl U OJIM3KOW K Hell 007acTh MaTeMaTHKU yPaBHEHUM B YaCTHBIX IMPOHU3BOIHBIX
CBOMCTBEHHO IOATAITHOE PA3BUTHE OCHOBHBIX, BBIJIBUHHYTHIX «OTLAMU Haykm» uned. [locTeneHHoe pa3BHUTHE
B3MVISJIOB HA MPUHIIUIIEL, JISKAIIUE B OCHOBE MEXaHUKHU JIEPOPMHUPYEMOT0 Telia, POCT TON BETBH MAaTEMaTHYECKOTO
aHalM3a, KOTopas MPUMEHSETCS MIPY BBIYMCIICHUAX, U HAKOIUICHWE MPAKTUYECKUX MPABWII, TIOTy4YaeMbIX MyTeM
WCTOJIKOBAHHUS MAaTEMaTHYECKHUX Pe3yJIbTaTOB, MPUBOMIAT K TOMY, YTO OJHHU MPHHIUIIBI 3aMEHSIOTCS JIPYTHMH,
Oosee oOIIMMH, YHCIO UX YMEHBIIAETCA M JJaHHAsi 00JIacTh MPUBOJUTCS BO BCEe 0OJiee TECHYIO CBS3b C MHBIMHU
otnenaMu GU3NKH, TPUIEM OJNHAKOBBIE (hH3MUECKUE MPUHIIMIIBI CIIY>KaT B IMTOCIEAHEM CYETE OCHOBOW MX BCEX.

Cunraercs, 9TO TEOPHs YIPYTOCTH OCHOBBIBAaETCS Ha JABYX OCHOBHBIX Hiesx CeH-BeHaHa: IpUHIUI U TIOITY-
obparueiii Meton. [Ipunnun CeH-Benana, HaspanHbI B YecTh Anmemapa JKan-Kimoga me Cen-Benana, moxer
OBITh BBIPAXKEH CIICAYIOIIUM 00pa3oM: «...pa3Huila Mexay 3(p@dekraMu IBYyX pa3HbIX, HO CTATUYCCKH SKBHBA-
JICHTHBIX HAarpy30K CTAaHOBHUTCS OYCHb MaJioi IIpyu 10CTAaTOYHO OOJIBIINX PacCTOAHUAX OT HArpy3Ku». 9ITO0 3a5B-
nenue O0buT0 omyonukoBano Cen-Benanom B 1855 r. [1]. [lo3nnee Musec BRIIBUHYI MPEATIONOKEHUE, YTO TIPHHITATT
HENPUMEHUM K TeJlaM KOHEYHBIX pa3MepoB [2]. B Hamell craThe 3TO yTBEpKACHUE OIIPOBEPTaeTCsl.

Pemrenne B ycuusx u MOMEHTax (stress resultants) 3amad it TOHKOCTEHHBIX CUCTEM JIOJTOE BPEMs OIpeie-
JISUTO HampaBJICHUE UCKaHWH uccienoBareneid. [locie mocTpoeHrss OCHOBHBIX TEOPHA, ITACTHH, 000JIOYEK U TOHKO-
CTEHHBIX CHCTEM OBLIM OTMEUYEHBI MPOTHBOPEYHS B HIX: HEBO3MOXKHOCTh BBITIOIIHEHUS BCEX TPAHUYHBIX yCIOBHUI
Y OTpeZIeTIeHNs] BCeX HAIPsDKEHUN U repeMeltieHuit. Janee Ooubiime Tpy JTHOCTH BCTPETHIINCH TIPU PEIIeHUH 33124
JUTS. aHU30TPOITHBIX KOMITO3UIIMOHHBIX MaTepHalioB. B cBs3u ¢ 3THM OBLTO 00paIlieH0 BHUMaHWE Ha pelieHHe 3a-
Jlad B HATPSDKEHUSX, XOTSA OBl B 007acTh 3akperuieHnid. Ha mepBbIif TiaH BeIIIa pobiieMa MpUMEHEHHS TTOITy-
obparHoro Merona CeH-BeHaHa kK MexaHWKe KOMITO3UIIMOHHBIX MaTepraiioB. Takue 3ama4un TpeOyroT epeocMbICiie-
HUSI HAKOIJIEHHOTO OMBITA W €r0 OOOOMIEHHS C HEJIhI0 MONYYEeHUSI Ha OCHOBE PACIIMPEHHBIX W 00O0OIIEHHBIX
(1)OpMy.HI/IpOBOK HOBBIX BO3MOXKHOCTEH IMIPUMCHCHUSA KIIaCCHUYCCKUX H}Z[eﬁ K HOBBIM 3aJia4yaM U MaT€puraaM.

Opunpuxc u Hpeccnep [3] u lompaenseiizep u Konoc [4] He3aBUCHMO APYT OT Apyra MOKa3aid, 9YTO KIacCH-
YeCKasd TCOpUs IIaCTUHBI KI/IpXFO(i)a SABJIACTCA TJIaBHBIM YJICHOM aCUMIITOTHUYECKOTO Pa3IOKCHUSA (HO MaJIOMy
nmapaMeTpy TOJIIMHBI) JUIsl JIMHEHHOW TEOPUU TOHKOCTCHHBIX M30TPOMHBIX Tel. [Ipu Mx moaxozie BHYTpEHHEE
pellicHre, UMEIOIIIee 3HAUYCHHE JIUIIIb BOJIU3U Kpasi, ONPEIeNIIeTCs MOCIeI0BATSIbHOCTRIO KPAeBhIX 33/1a4, KOTOPhIC
OYCHBb TPYJHO PEIIUTH, TOYTH TaK K€ TPYIHO, KaK PEIIUTh UCXOJAHYIO 3a/lauy. B ciydae HanmpspKeHUE Ha Kparo
npuHiun CeH-BeHana MokeT OBITh HCIIONIB30BaH JIS CO3/IaHUS TPAHMYHBIX YCIOBUH B KIIACCHYECKOW TEOPUHU
TUTACTHH, a TAKXKe JJIs1 HEKOTOPHIX BHEITHUX Pa3IokKeHUN 0oJiee BEICOKOTO MOpsiAKa 0e3 KaKoH-ITM00 CCHUTKY Ha
BHyTpeHHee KpaeBoe perieHne. [1ombITKH MoTyduTh COOTBETCTBYIOIINE TPAHUYHBIE YCIOBHS JIJIS TIepeMEIIeHU
HE TIPUBEJH K YCIEXy.

I'peropu u Banu [5] mpuMmenmmm pa3paO0TaHHBI UMH METOJ TOJYyYCHUS MMPAaBUILHOM IOCIEI0BATEIBLHO-
CTH TPAaHUYHBIX YCIOBUH JUIA TIPOW3BOJIBHO 33JaHHBIX JIOMYCTHMBIX KPAaeBBIX YCIOBHU (0e3 SBHOTO peIIeHus
BHYTPEHHETO WJIM MOTPAaHUYHOTO CJIOA PEUICHHs) B pAe CHEeIUATbHBIX CIydaeB, MPEACTAaBISIONINX 00NN HH-
TEPEC, B TOM YHCJIC CIIYy4YacB C 3alaHHBIMHU KpPa€BbIMH IICPEMCUICHUAMMU. Nx PE3YbTAaThl MMOKA3bIBAIOT, YTO
ITPUHIAIL Cen-Benana CJICAYCT NPUMCEHATH TOJBKO K BEAYIIUM YICHAM BHCIIHETO PCIICHUA, TO €CTh K KilaCCH-
YECKOHU TEOPUU IIACTUHBI.

Horgan ¢ coaBTopamu [6—10] uccnenoBanu pasHble acneKTsl npuMeHeHus npuniuna Cen-Benana B mo-
TPaHUYHOM CJIO€ M TIOJYYHJIM MHOT'O MHTEPECHBIX MPAKTUUECKUX pe3ybTaToB. [JIs1 KOMIIO3UTOB OBLIO ompene-
JICHO BIIUSTHUE 3aKPETUICHUI KOHIIOB 00pa3I[OB B MEXaHHUYECKUX HCITBITAHUSX, BIUSHUE KPETICIKHBIX HIEMEHTOB,
COCJIMHEeHHI, BBIPE30B U TOMY IOJAOOHOTO B KOMITO3UTHBIX CTPYKTYpax, BBISBJICHA OIPAaHUYEHHOCTH (OpMYI
COIMPOTHUBIICHHUS MaTEPHAIIOB TPY MTPUMEHEHUH K KOMITO3UTaM. Y CTAHOBIIEHO, YTO MPEHEOPEKEHHNE YIPYTOCTHIO
KOHIIEBBIX 3aKPETJICHHI, KaK IIPaBHIIO, OTpaBsIBatonuxcs npuHimnoMm CeH-BeHnaHa, He MpUMEHNMO B 3a7a4dax,
CBSI3aHHBIX C KOMIIO3UTHBIMH MaTepHaiaMi. B dacTHOCTH, JUII apMHUPOBAHHOTO BOJOKHAMH KOMITIO3UIIHOHHOTO
MaTepuana XapaKkTepHas JUIMHA 3aTyXaHWs KOHIEBBIX 3(D(eKTOB sBIgeTCS 3HAUMTENHHOW, B 00ImIEM cirydae B
HECKOJIbKO pa3 JUIMHHEE, YeM B CJIy4ae M30TPOIHBIX MAaTEPUAIOB. XOTS Ha MHOTHE M3 00CYKIaeMbIX BOIIPOCOB
IIpUHLOMUIIA Cen-Benana B ero KjiaccH4ecKoi HUHTCPHIPETANUN OTBCTHI ObLIH TMMOJIYy4Y€HBI, JOJIKCH OBITH BBITIOJIHEH
MOJTHBIN aHaAIN3 60J1ee IUPOKUX (1)I/I3I/I'-ICCKI/IX U MaTEMAaTUYCCKUX BOIIPOCOB, BOBHUKAIONIUX B CBA3U C aCUMIITO-
TUKOH pEIICHUH B YIIPYTOCTH KOMITO3UTOB,

[MomyoOpatHbiii MeTon CeH-BeHana B ero KIacCHYECKOW WHTEPHPETAIIMHM B CTAThAX UCIOIB3YETCS IS
MOJTyYeHUs pelIeHNH HEeMHEHHBIX 3a7a4 TEOPHH YIPYTOCTH, JIMHEHHBIX 3a/1a4 ISl TIOPUCTHIX W TPaIUEHTHBIX
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MaTepuanoB u T. A. [10—-14]. lllupoty npumeHenus noiayobpaTHoro Metona u npuHuuna CeH-BeHaHa MOXHO
OOBSICHUTD €Ille U TeM, YTO OHU JAIOT BO3MOXKHOCTH, €CIH yIACTCsl, HIOCTPOUTHh OHUMAaeMble aHATUTUYECKHE
peLIeHHUs], KOTOPBIE MOTYT CIY>KHTh PyKOBOJACTBOM JJIsl aBTOMaTH3aLMHU PacyeTOB YHCICHHBIMU METOJaMH.

B cratbsx [15-19] meton Cen-Benana npruoOpeTaeT paciIMpeHHYI0 HTEPAHOHHYIO TPAKTOBKY, MTO3BOJIS
MOJYYHUTh ACUMIITOTUYECKUE aHATUTHYECKHUE PEeIIeHHUs 0e3 KaKMX—IMO0O0 TUIOTE3 U BBHIOJIHUTH BCE TPAHUYHBIC
ycioBusl. Pemenne cxoauTcs, yIoBIeTBOPssA TeopeMe baHaxa o HemoaBkHOM Touke [20].

[Mpunmun Cen-Benana MeeT KauyecTBEHHBIN XapakTep W, Oyay4d BIepBble chOpMYIHPOBAHHBIM B TIPH-
MEHEHMH K 33/1a4€ O Harpy>KeHHOM IO KOHIIAM CTEp>KHE, COCTOUT B YTBEPXKAECHUH, UTO CTATUUECKH SKBUBAJICHT-
Hasl HyJIIO CHCTEMa CHJI, PACHPEACICHHBIX 110 MAJIOMY Y4acTKy MOBEPXHOCTH, CO3JAeT JIMIIb JIOKAJIbHbIE BO3MY-
HIEHUS, OBICTPO 3aTyXAOIIUE [T0 Mepe yAICHHUS OT 3TOT0 Y4acTKa M CTAHOBSINUECS MPEHEOPEKUMO MallbIMU Ha
PacCTOSIHUAX, TOCTATOYHO OONBLIMX MO CPAaBHEHUIO C €ro pasMepaMu. B INIMHHOM MpU3MaTH4eCKOM CTEpIKHE,
Harpy>keHHOM TOJIBKO IO KOHLIEBBIM CEUYEHUSIM, HAPSHKCHHOE COCTOSIHUE MPAKTHUECKH HE 3aBHUCHT OT CIIoco0a
pacIpenencHus 0 HeMy IOBEPXHOCTHBIX CHJI U ONPENENAeTCsl Ha HEKOTOPOM PAacCTOSHUM OT KOHIIOB MX IJIaB-
HBIM BEKTOPOM U TJIaBHBIM MOMEHTOM. OHaKO, HAlpUMep, JJIS1 yTOYHEHHBIX TEOPHI TOHKOCTEHHBIX CUCTEM M3
M30TPOMHOI0 ¥ KOMITO3HMLIMOHHOTO MaTepuaja, K KOTOPbIM OTHOCSATCS CTEP>KHH, IJIACTHHBI, 000JIOUKU U TOHKO-
CTCHHBIE CTEPXKHHM, TaKOH (JOpMYIMPOBKU INPUHLIUIIA CTAHOBUTCSA HEJOCTAaTOYHO. BBI3BaHHBIC H3MEHEHHUEM II0-
MEPEeYHOro pazMepa JUIMHHOM yNpYyrod MoJIoCkl HAPsKEHHs B yIilaX CTaBAT BOIPOC O (POPMYITUPOBKE YCIOBUI
3aTyXaHus, ONpeeSICHHBIX Ul nepeMerneHui [19], 3a1aHHbIX HA MAJIOM y4acTKe JHLEBOH 1 OOKOBOM MOBEpX-
HOCTEH TOHKOCTEHHOTro Teja. MtepalnuonHast TpakTOBKa MOIyOOpaTHOTO METOAA PACIIUPSET BO3MOXKHOCTU €T0
MIPUMEHEHHUS K KOMITO3UIIMOHHBIM Matepuaiam [20].

2. O6o0mennas popmyaupoBka npunuuna Cen-Benana /151 HanpsizkeHuii 1 nepeMereHuii

PaccMoTpuM 3a1ady 00 YCTaHOBIEHMH aHAJOTUYHBEIX ycnoBusM CeH-BeHaHa ycnoBuii IOKanu3aluu
HAIIPSKEHHO-T€(OPMHUPOBAHHOTO COCTOSIHMS B JUIMHHOM MPH3MATHYECKOM CTEpKHE, HA KOHIAX KOTOPOIO 3a-
JaHbl He HANPSDKEHHUS, a TepeMelienus. [1ycTh moaoca, ¢ IIOMOIIBIO KOTOPO MOIEIUPYETCS COCTOSHUE CTEPIK-
us, 3agana HepaseHctBamu 0 < x </, —1<z <1. [Inunnsle xpas monocel z 1 cBoGOAHBI OT KaKMX-TUOO Ha-
Ipy30K U 3akperuiennii. Ha kopotkux croponax x =0, / 3a1aHbl IepeMeNIeHUs

u(l,z):fl(z); w(l,z):fz(z); u(O, Z):f3(Z); W(O,Z):ﬂ(z). (1)
Ha xpasx z=x1

Gz(x,il):r(x, il)zO. ?2)

Pemenue cBoAMTCA K HAXOXKACHHIO QYHKIUU DpHU (p(x,z), YIOBJIETBOPSIONIEH OGUTrapMOHHYECKOMY

YpaBHEHHIO

do'¢ o'e o*e
+ +2 =0. 3
oxt ozt ox’oz* )

Hanpsokenust yepe3 QyHKIHIO (p(x, Z) BBIYHUCIISIOTCS IO GOpMyJiaM

_ ¢ _ P9 _ %
e GZ__ﬁxGZ’ Gx_g.
I[e(l)OpMaLlI/II/I HaXoOsATCs C IIOMOIIIBIO COOTHOIIEHUI yaopyrocTtu
exzf(cx—vcz); sz:%(cz—vcx); yxzz%.
q)OpMyJ-H)I He(bOpMaL[I/H/I — NepEeMCUICHNA JalOT BO3MOXHOCTb OIIPCACIIUTD NMEPEMCIICHUA
ou_.. ow_.
o oz
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[Nepenumem ypaBHeHue (3) cnexyromum o0pa3om:

oo 1 d% . o)
ax2 oz’ 2 oxt ozt )
HHTErpupys €ro IBaXKIbl M0 X W JBAXKIBI [0 Z , TIOJYYUM

o’¢ 1(&%¢ po'o
0 :E[ﬁxz +J.I P dxdx +a(z)x+b(z);

_ggg _{ [ @dnkJ+c()z+d(xL )

rae a,b,c,d — npousBosibHBIC GYHKIMHA HHTETPHPOBAHMSI.

CoOOTHOIIIEHUS YIIPYTOCTH B (GopMyITEI nedopMariiy — IEPEMEIIESHUS ¢ yIeTOM (4) maroT

pou_ P V(a(p+JIa(pdzdz)+V[C )y+d(x)]:

ax 0z*

8 0 0’
6vzv 8x(3+v( P .U (dedxj+v[a x+b(z)]. (5)

[omoxxum B ypaBHeHHH (5)

9=2 X, (x)Z,(2), (6)

k=1
rae QyHkmu Z, (Z) YJIOBIIETBOPSIFOT ypaBHEHHIO Z k”” = K:Z ; U YCIIOBHSAM Ha KOHLAX Z, (il) =7 k' (il) =0.
[ITpuxom o6o3HaUCHO MU epeHIMPOBaHIE 110 KOOpauHaTe Z . B 3ToM ciydae ycitoBus (2) BBITOTHEHBI, a pellre-
HHUe ypaBHeHUs (2) pasbickuBaeTcst MetonoM byOHoBa — ['anepkuna. @yukimu X, (x) COAEPKAT IKCIIOHEHIIH-

AJIbHBIC MHOXKUTCIIN, 06€CHC‘II/IB3.IOH_II/IG 3aTyXaHHUEC KOHIICBOTO BOSHCﬁCTBHH.

[ToacraBuB BeIpaxkeHue (6) B hopMyisl (5) M HHTETPUPYS COOTBETCTBYIOMIUM 00pa3oM, TOJydIUM BEIpa-
JKeHUS JJ1s IepeMEIeHUu

Eu:i{[H;}X K, +2X'" K12 Zk2+v[c( Jz+d"( ]+n

ko

Ew= i[(l +§J x," i+%Xk**Kk3 7, +v[a'(z)x+0"(2) ]+ m(x). (7)
= Ky J

3meck M W 11 TPOU3BOJIBHBIC (PYHKIIUU I/IHTerI/IpOBaHI/IH 3BE3/I0YKa O3HA4aeT, YTO MPOU3BEICHO UHTE-
TPUPOBAHUE [0 COOTBETCTBYIOIICH KOOPAUHATE, TO €CTh Q IQ t)dt ®dyHkuuu Z, ABIAIOTCA COOCTBEH-

HBIMH IS 3a1a91 O COOCTBEHHBIX KOJIeOaHUSIX 3aIeMJICHHOH 1O KOHITAM OaiK{ M JOCTATOYHO XOPOIIO HCCIIe-
TOBaHBL. [IJIsi CHMMETPUYIHOTO 110 KOOPAWHATE Z CIIy4asi OHU UMECIOT BH]I

Z, =cosx, coshk,z—coshk, cosk,z;

! . .
Z, =x,Z, =x, (cosk, sinhk,z—coshk, sink,z);

"

L7 2 :
Z,' =x,’Z,, =, (cosx, coshk,z —coshk, cosk,z);

"

_ 3 _ 3 . .
z," =x,’Z,; =x,’(cosx, sinhk,z—coshk, sink,z), ®)
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rae K, yAOBJICTBOPSCT TPAHCHCHACHTHOMY YPaBHCHHUIO
tank, +tanhk, =0.

JI7s aHTHCHMMETPUYHOTO IO Z Clrydast
Z, =cosk, sinhk,z—coshx, sink,z;

!

Z, =x,Z, =x,(cosk, coshk,z—coshk, cosk,z);

"

27 2 - ~ :
zZ,"=x.Z,, =x,’ (cosx, sinhk,z +cosh, sink,z);

"

_ 3 _ 3
Z," =xZ,; =x,’(cosk, coshk,z+coshk, cosk,z),

rIe K, yIOBICTBOPSET TPAHCLCHICHTHOMY ypaBHeHuto tank, —tanhk, = 0.

)

(10)

PaCCMOTpI/IM TCICPb BO3MOXXHOCTD BBITTIOJIHCHUA YCHOBI/Iﬁ (1) C MOMOIIBIO MPEACTABIICHU HGpeMeH.IeHI/Iﬁ

B BuI€ Beipaxenuii (7). Ha konue npu X =/ 10/kHO OBITH

-y (1+§j){k*1<k2 X ]H Zyy +v[e (D) z+d (1)]+n(2)

k=1 k

Ef,(z i (1+§JXk”L+§Xk**Kk3i|Zk3 +V[a*(z)x+b*(z)]+m(1).

= Ky

(11)

Omnpe/enuM yCIoBHsi, KOTOPBIE JOJDKHBI ObITh HAIOXKEHBI HA GYHKIME f, U f, JUIS TOro, 9T0OBI pasiio-

xenust (11) mmenmu mecto. Ecnm cucrembr (yHKIui {Zkz} u {Zk3}HOJIHLI, IIPOU3BOJIBI MHTETPUPOBAHMS

* * * *
a , b , C, d , M, N OOJIKHBI OBITh MOJOKEHBI HYJISIMU. HpOBepI/IM MOJIHOTY 3TUX CUCTCM. Paznoxxum HEKOTO-

PYIO CHMMETPHYHYIO [0 O GyHKIHIO &, ((x) Ha MHTEpBae (—1,1 ) B pan 1o byHKIMAM Z,, (Kkoc) 1 aHTHCHM-

METPHYHYIO GyHKIHIO &, ((1) B psift 0 GyHKUUAM Z,, (K k(x). Taxum o6pazom,

rae N, ( j Z," (x,B)dB.

®Oynxuuu Z,,, Z,,, Z,; yIOBIETBOPSIOT CICAYIOIIHM yCIOBHAM OPTOTOHAIBHOCTH:

Jueaten-{) (7

izks (x,B)Z,, (x,B)dB = {ka (r— i)

Jnst cummeTpuysbIX GyHKIMi Z,, 6yner N, = cosh” T cos’ K o

TEOPUA YMPYFOCTU
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CocTraBUM BBIpaXEHHsI U1l YACTUYHBIX CyMM psioB (12), moactaBus B HUX K03 duumeHTsI (13):

Sk (Zkz’Z ) ZZ\I, k2 Kk J.E.’l Z,» KkB) dp;

k=1 k
K
1
SK(Zk39Zk1):_zN st K, J.‘?h ;1 KkB) dp. (14)
k=1 k

CrietoBaTeNbHO 3a/1aua O COOTBETCTBHH JIEBBIX M MPaBBIX yacTell B popmynax (12) cBOAUTCS K HAXOXK]IE-
HUIO TIPEJEIOB COOTBETCTBYIONIMX CYMM S (Zkz,Z ) Sy (Z“,Zkl)npn K — 0. 3MeHUB TOPANIOK CyM-

MUPOBaHUS U HHTETpHpoBaHus B (14), 3amuineM BbIpaXeHHs U1 YACTUYHBIX CYMM B CIIEIYIOIIEM BUE:

S Z,,Z, Iﬁl %o Kk ])VZkz( dp = _..};1 B)QK 2oL, )dBQ

se(202,) = [ (20 [ o, 2z a9

Paccmotpum, Tak ke Kak 1 B [21], COOTBETCTBYIOIIHNE COOTHOIIEHUSIM (15) KOHTYpHbIE HHTETPaJIbI

1 Z,, (Ca)zkz (CB) .
I, (Zk27Z ) 2m.15[ cosh? CCOSZ C\II(C) &

J‘ A3 C(l kl(CB)
27‘CZR cosh” { cos’ C\V(C)

Iy (Zk3>Zk1 dc, (16)
BBIYUCIICHHBIE TIPH 00XOJIE B TIOJIOKHUTEIEHOM HANPABJICHHUH 10 KPyTy paguyca R, , ONMCaHHOMY M3 Hadana Koop-
IVHAT B KOMIUIEKCHOH TutockoctH . Pagmyc R, BbIOMpaeM TakuM 00pa3oM, 4TOOBI BHYTPbh OKPYKHOCTH HMOIAIIH
pamuycel 2K BemectBennbix 1 2K MHUMBIX KOpHEH ypaBHeHus (9). KOHTYp Takke He IPOXOIHUT YEPE3 TOUKH
(;SCO) = n(2k+1)/2 u CE{I) = ni(2k+l)/2 , SIBJISFOIIMECS KOPHAMH YPaBHEHHUs COS Cio) =0 u cosh Cg) =0
Torna kaxp1it mHTETpan B popmyinax (16) paBeH cyMMe BBIYETOB 110 BCEM 0COOBIM TOYKaM BHYTPH KpyTa R, .

B coorBercTBHH CO CKasaHHBIM 1tst popmyi (16) u yuursiBasi, uto N, = cosh{cos C\V(C), HOJTy9aeM

1:(Z,,,2,,) =40, (Z,,.Z 22 os 0052k2+1n[3—2;
K

1:(Z,3:2,,) =40 (230 Z,, ) +2 D 0052k2+1nacos2k2+1n[3. (17)
k=—K

IMocnenuuii uneH B mepBoM BbipaxkeHUH (17) ecTh BBIUET JUIS MOJBIHTETPATIHHOTO BBIPAKCHUS MEPBOTO
nHTerpana u3 (16). BeraeT B HyJe 1 BTOpOTro HHTETpaia paBeH Hymo. M3 Beipaxenuti (17) ciaemyer, 9ro

1 & 2k+1 2k+1
EE%QK( v/ ):§=Zcos 5 [3__
2k+1
EE?)QK 4 Zcos nacos 5 . (18)
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[MoncraBus Beipaxkenus (18) B popmysl (15), noxyanm

lm S, (Ze2,Z42) =5 [ () 3 02 mac 2k+1anB——I§1 (B)B=¢, (a I&I (B)a:

K—o©

. 2k+1
lim S, (Z,5.2,,) I Zsm i nBdB =&, (o). (19)

k=-0

CreoBatenbHO, MEPBBIN psij B BeipaxkeHuu (12) cxomutest k HexoqHoH dyHkuuun &, , ecu

[ (B)dp=o0. (20)

Bropoit psig cxoqutest K GyHKInu &, 6e3yCIoBHO.
PaccMOTpHM Tenepb Citydail pasiioxKeHHs] aHTHCHMMETPHYHOM 10 O QyHKuuu &, ((1) Ha MHTEpBaJIe (—1,1)
B PsJl IO QHTUCHMMETPHYHBIM (QYHKIHAM Z, , (Kka) U cUMMeTpuuHyo QyHKuuo &, (OL) B S IO aHTHCUM-

METPUYHBIM QYHKIUAM Z,, (K k(x) n3 onpexaenenuit (10). [Moctynas aHamoruyHbIM 00pa3oM, HOIXYYUM Ui CO-

OTBCTCTBYIOIIUX KOHTYPHBIX HHTCIPAJIOB BBIPAKCHUSA

2k+1
Iy (ZkZ’Z ) 4Q1< k2o kz +228m 73 — 60f;

< 2k +1 (2Kl
1 (23, 2,,) =—40, (2,5, Z,,) +2 ) cos T0.CO

k=K

np—3(1-p°). @1

B 060MX BBIPXEHHMAX TOCIEIHNE YIECHBI ABIAIOTCS Bhraetamu B Touke (= 0. Ilepeiins x npexeny npu

K — 00, nonmyunm u1st 4aCTUYHBIX CyMM

Il{iinS (Zkz,Z ) __aj.as B)BdB

im Sy (Z4:Z4) j &4 (B)(1-P*)dp. 22)

TlepBblii szt cxoautes K ucxoxHoit Gynkuun &, , a BTopoii pax k dyskumn &, , ecnn

jég(B)BdB=0; I & (B)(1-B*)ap =0. (23)

[Mosicaum cmbicn momydeHHBIX BbIpaxenuid (20) u (23). PaccmoTpuM 3amauy Ui KOHCONH €IWHUYHOMN
TOJILIUHBI, JUIMHOM | U BBICOTOM, paBHOIi 1ByM. B 9TOM ciiyuae B Boipakenusx (1) 1y 3a1€IKK HAZ0 MOJIOKHUTh
f; =/, =0.1Ilpu x =/ 3agansl HeHyIeBbIe TepBbIe ABa nepementerust (1). OTOpocHM 3aaroIue STH IepeMe-
IIEHHUS CBA3M U 3aMEHMM MX HOPMaJbHOM cuiioit N , monepeunoii cuioi u usrubaromum momentom M | cratu-
YECKU SKBUBAJIEHTHBIM HE3ATYXAIOIIMM 10 MEPE YAAJIEHHS OT Kpas X =/ HanpsHKeHUSIM.

1 3 3 3
GX:EN+EMZ+EQ(I_X); GZZO; sz:Z(l_Zz)'

[ToacuunraeM paboTy, COBEPLIAEMYIO HE3ATYXAIOIIMMH HANPSHKEHUAMH Ha niepemertenusx (1) konna x =1
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([N 3 3
22 4

U=_1[[fo1(z)+txzf2(z)]d2:j +—M:z fl(z)+—Q(l—zz)f2(z) z. (24)

[TotpeGoBaB, 4TOOBI BOHHUKAIOIIME B MOJ0CE HE3aTyXalOIIMe HAPSHKEHH He COBEpIIAN paboTy Ha 3aJIJaHHBIX
HepeMEIICHUAX KOHIA CTEP)KHSI, TIOJYYUM B CHITy He3aBUCUMOCTH Besmuud N, M, O criepyromine BIpaKeHUSL:

;[ﬁ(z)dZZO; llflfl(z)zdz=0; jlﬁ(z)(l—zz)dz:o,

conagaromue ¢ ycaousmu (20), (23), rae ¢pynxiuu & +&, n §, coBmamaror mo cMmeicay ¢ f, u f, cooTser-

CTBEHHO.

[o-BuaMMOMYy, TIO aHAJIOTHH C U3BECTHBIM NpuHIMIIoM CeH-BeHaHa, cpopMyIMpoBaHHBIM IS CITydasi 3a/1aH-
HBIX Ha MaJIOM YYacTKe HalpsHKSHHA, MOXKHO JaTh (DOPMYIUPOBKY JOKAILHOCTH HAMPSHKEHHO-IE(POPMUPOBAHHOTO
COCTOSIHUSI, BEI3BAHHOT'O B YIIPYTOM TeJI€ 3aJaHHBIMU Ha MaJIOM Y4acTKE €ro OBEPXHOCTU MEPEMEIICHUSMHU.

3agaHHBIE HA MAJIOM y9acTKe MOBEPXHOCTH YIPYTOro Tella MepeMenIeHNs CO3Maf0T JIUIIb JOKAIbHOE
HaNpsKEHHO-1e()OPMHUPOBAHHOE COCTOSTHHE, OBICTPO 3aTyXarollee 110 Mepe yJaJleHUs OT 3TOTO yJacTKa U CTa-
HOBSIIIIEECs MPEHEOPEKNMO MaJIbIM Ha PACCTOSHUSX, IOCTATOYHO OOINBIIHX MO CPaBHEHHUIO C pa3MepaMH ydacT-
Ka, €CNIM IJVIaBHBIA BEKTOP W IJIABHBIA MOMEHT, CTATHYECKH SKBUBAJICHTHBIC BO3HUKAIOIIMM HA 3TOM YYacTKe
HaIpPsKEHHUSIM, HE COBEPIIAIOT paboTy Ha 3aJaHHBIX IepEeMEIIeHUsX.

3. O000meHHast UTepauMoOHHAs (POPMYITUPOBKA NMOJIy0oOpaTHOro MeTona Cen-Benana

Paccmotpum Bompoc 06 0600meHnn nomyobpatHoro merona Cen-BeHaHa k uTepallmoHHOMY BHIY 0e3
CBEIICHUSI YPaBHEHUHN K YCUIUSM U MOMEHTaM ITyTE€M IOCTPOEHUS aCHMIITOTHYECKOTO aHAIUTUYECKOTO peIlie-
Husl. Bompockl, cBsi3aHHBIE C CYNIECTBOBAHUEM M CIMHCTBECHHOCTHIO PEUICHHI YPaBHEHUH, (OPMYIUPYIOTCS B
(YHKIIMOHAIEHOM aHaJIN3e B BHJIE BONPOCA O CYMIECTBOBAHWU W €AMHCTBEHHOCTH HETIOJBMKHON TOYKH TIPH HE-
KOTOPOM OTOOPaKEHUH COOTBETCTBYIOIIETO METPHUCCKOTO MMPOCTpaHCTBA B ce0s. Cpean pa3IMIHbIX KPUTEPUEB
CYIIIECTBOBAHUS W CAMHCTBEHHOCTH HEMOABIMKHOW TOYKHM HAanOOJee OOLIUM SBISICTCS MPHUHIIUI CHKATBIX O0TOO-
pakeHu#t [21], 000CHOBBIBAIOIINI CXOJUMOCTh IIPOCTHIX UTEPAITHA.

o * * *
JUIMHHYIO TIPSIMOYTOJIBHYIO TIOJIOCY OTHECEM K MPSIMOYTOJIBLHOM crucTeMe KoopauHar X , z ,Takuro 0 < x </,
*
—h <z <h. JlnuHHBIE CTOPOHBI IOJOCHI HECYT HEKOTOPYIO MPOU3BOJIBLHYIO HArPY3Ky, KOPOTKHE CTOPOHEI I10-
JIOCHI MOTYT OBITH TaK MJIM MHA4YE 3aKpeTUICHbI WIIM Harpy>XeHbl. Y paBHEHHS TUIOCKOH 3a/1a4y TEOPUH YIIPYTOCTH,
OTIHCHIBAIOIINE HANPSHKECHHO-1e(hOPMUPOBAHHOE COCTOSIHIE TAKOU MOJIOCH], BO3BMEM B CIICIYIONIEM BHJIC:

*

0c. Ot 0o. ot
=0 =0

0z Ox ox Oz

c. = (e, +ve); T = £ Y; ©.= (e, +ve,);
—v? 2(1+v) —v?
ow' ou" ou ow
= B =l Y=ot

Oz Oox 0z Ox

% % *
BBeenem GespasmepHble koopauHatel X=X /[, z=2z /h, Ge3pasmepubie nepemeumenus U =u /h,

* o £ * * *
w=w /h Bmome oceil X ,z COOTBETCTBEHHO M Oe3pasMmepHble Hanpsokeunsio, =o /E, o, =0_/E,

¥
T=1T /E (pa3MCpHBI€ NEPpEMCUICHNA, HAIPAXKCHUA W HAIPY3KU OTMECUAIOTCH 3B632[OLIKOI/I). Be3pa3MepHLIe
YpaBHCHUA B 3TUX IICPEMECHHBIX TPUHUMAIOT BU{

) ot ot 0o
Zrg—=0; —+e—=0;
oz Ox Oz ox
1
cle_vz(strvsz); T=mY; GZ=1_V2(82+V8x);
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ow ou ou ow
g, =—; € =&—; y=—+e—.
Oz ox 0z ox

Hpeo6pasyeM HX Tak, I'ITO6I>I, BLI6paB B KQa4C€CTBC BCIIMYMH HA4YaJIbHOI'O HpI/I6J'H/I)K€HI/IH HCKOTOPBIC W, U 7V,
MOYKHO OBLIO IOCICA0BATCIIbHO BEIYMCINUTE BCC OCTAJIBHBIC NCKOMBIC HCU3BCCTHBIC

ow Ou ow 1 oG, ot
—=c; — =——+7; T=—7; =—g—;
Oz Oz ox 2(1+v) 0z ox
sxzaa—u, o, =g +Vvo_; sZ:(l—vz)cZ—vsx, %:sz;
ox Oz
@:82; ﬁ:—gai, y=2(1+v)t
0z 0z ox

METOJIOM TTOCJIC/IOBATEIBHBIX MPUOIMKCHUHN IO MEpEe YBEITHUYCHHS HOMEpa (n) B COOTBETCTBUU CO CIEAYIOIICH
WTEPALlMOHHON CXEMOM:

Uy Moy L
0z o e T Ty (1+v) Yoy
oo ot ou
() T (m) _ (n) . _ .
Oz =€ Ox > gx(n) =€ o ’ Gr(n) 8x(n) +Voz(n)’
ow,
—(1_+2 _ (n _
B = (1790 Ve s — =8

ot 0o 0o ot
(n+1) —¢ x(n) : z(n+l) ——¢ (n+l) .

15/ ox oz ox

Vi) = 2 (1+v) Tiner) ™™

31ech U fanee HIKHAM HHACKCOM B CKOOKaxX 0003Ha4YeH HOMED MTPUOIMIKCHUS.

Hac OynyT mHTEepecoBaTh ypaBHEHHS HYJIEBOTO M IEPBOTO MPUOIMKEHUH MpU BRIOOPE BEIMYUH B COOT-
BETCTBUH C MOJyoOpaTHBIM MeToioM CeH-BeHaHa B Bujie HAUaIbHOTO PUOIIMKCHHS

Wo =W (x); Y0) = Yo (x)

B cuny He3aBHCUMOCTH BEJIMYMH HAYaJIbHOTO MPUONMKEHHUS OT Z BCE OCTAIbHBIC HEM3BECTHBIC BBHIYKC-
JISIOTCS B pe3ysbTaTe KBaApaTyp Mo Z :

W) =Wy (%); Yoy = Yo (%); ) = —aj w, dz + _[yoa’z +1, (x);
T, =7,/2(1+V); G0 = —SJ‘ 1, dz 40 (x); €,0) = eu(o)';
G (0) = £4(0) T VO.(0)} Ty = —SI cx(o)'dz +1,(x); Yoy = 2(1+v) T
. =(1=V") 0 = Ve, Wy = j £z +w (x).

Hwxuanm naaexcom 0 0603HaYeHBI IPOU3BOJIBI MHTETPUPOBAaHUSA. BhIUunCIeHne MOCIeAyIONINX BETHUYNH
0 MIPEIBIAYIINM COIPOBOXKIACTCSI YMHOXKEHUEM Ha MBI [TapaMeTp € C LeIbi0 (POPMUPOBAHUS 3aIICU HEH3-
BECTHBIX B BHJIE aCUMIITOTHYECKON MMOCJIEOBATENBHOCTH 110 CTENEHIM € . BuaHO, 9TO Ha JaHHOM JTamne uTepa-

IIMOHHBIX BBIYMCIECHUI MBI OIYYHIN YEThIPE MPOU3BOIBHBIX QYHKIMH W, = W), (x), Yo =70 (x) U, =u, (x),
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GZO = 020 (X) , IO3BOJISIFOIINE BBIMTOJHUTD YCTHIPC I'PAHUYHBIX YCJIOBUS HA AJIMHHBIX CTOPOHAX ITOJIOCHI. 3,Z[CCI> nu

Janee IITPUXOM 00O03HaueHO IudQepeHInpoBaHuE [0 X , B MHIEKCE HyjJeM 0e3 CKOOOK 00O3HAa4eHBI MPOU3-
BOJIbHBIE (DYHKITUM MHTETPUPOBAHUS, 3aBUCAIINE TOJIBKO OT X .

Teneps MOKHO 3amucaTh BbIpaXKEHMS IJIS BCEX HEM3BECTHBIX 3ajjauu, Mpeanosaras, YTo OHU JOCTaTOYHO
TOYHO OINHCHIBAIOT BO3HUKAIOLINE IIepeMeLeHus, JeopMay 1 HaupsHKeHUS:

2
2 z
wR W, +[(1—v2)020 —svuo'}z+[82vw0" —8(1+V) ‘co'}?;

!’
u~u, +[—8W0 +2(1+V)’COJ2;
' om ’
€ RElU, +[—8 W, +8(2+V)T0 :|Z;
G, ~Eu, +VG_ o+ [—azwo" +(2+ v)er'Jz;

- 2 ' 2 " 2 .
€, ~(l—v )Gzo—avuo +|:8 v, —g(1+v) 1, }z,
2

- 2" ' 3m 2 m|Z
T~‘C0—(8 u, +&vo_, )Z+|:8 w, —(2+v)8 T, }?,

2 3
' 3 m 2 n\Z 4 mm 3 . m | Z
c ~czo—sroz+(s u, +&’vo,, )7+[—8 W, +(2+V)e’r, JZ (25)

z

Benmwuuner T u GZ 3allMCaHbl B IIEPBOM HpI/I6HI/I)KeHI/II/I, OCTaJIbHBIC — B HYJICBOM. Ha OJIMHHBIX CTOpPOHAX

NOJIOCHl z =1/ JNOIKHBI yIOBJIETBOPATHCS TPAHMYHBIE YCIIOBHS, COOTBETCTBYIOIIME yCIOBHAM HArPYKEHUS.
B 6e3pa3mMepHOM BHIIE STH yCIOBHUS 3aIIMCHIBAIOTCS KaK

6,=Z,(x), =X, (x) npu z=1;

z

c :Z_(x), r:X_(x) npu z =—1. (26)

z

Be3pasmepHble Harpy3Ku MOJTyY€eHbl yTEM JEIEHUs Pa3MEPHBIX Ha KeCTKOCTh E . ByjeM cuurath Harpys-
KA MEJIEHHO M3MEHSIOMMMUCS (PYHKIUAMU KoopAuHATHI X . [lycTh ycnoBus (26) yAOBIETBOPSIOTCS BEITUYH-
HaMH TIEPBOTO MPHUOIIKEHUS U3 COOTHOMICHNH (25). B pesynbpTaTe mosydnM ypaBHEHUS OTHOCHTEIHEHO HEW3-

BECTHBIX WO 5 TO , OMPCACIIAIONIUX 3aJa9y n3ruoda:
" "
ew, —(2+v)e’t, +21,=X, + X ;
4 mn 3 m '
—&'w, +(2+v)e’, —6et, =3(Z,-Z.), (27)
1 OTHOCHUTCIIBHO uo, GZO , OIPEACIIAOINX 3a0a9y PaCTAXKCHUA — CKATHUA:

—&’u, —evo ) =(X,-X_)/2;

3 m 2 " _
gu, +e'vo , +20, =2 +72. (28)

VpaBHenus (27) u (28) B npeAnonoKeHUH Majloi H3MeHsIeMOCTH QyHKIUHA T, U G, Hocie oTOpachiBa-

HUA BEJINMYUH C MAJIBIMU MHOXKHUTCIAMU CBOAATCA K KIIACCUUCCKOMY BUIY
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s

ew) +21 =X, +X ;

—&'wy" —6et) =3(Z,-Z_); (29)
—&’uy —evol, =(X,-X_)/2;

eu) +20,=2,+7_, (30)

MOJTBEPKAAst, YTO ypaBHeHUs (27) u (28) 0000IAIOT KIacCHYECKHE MPEICTaBICHUS OIy0o0paTHOTO METOAa
CeHn-Benana u ux penieHus 3aBUCAT OT apryMeHTa X . BepxHuil MHIEKC § YKa3bIBaeT Ha MPUHAIJIEKHOCTD OT-
MEUEHHBIX UM BEIMYHH K MEJJICHHO MEHSIOIIMMCS] KOMIIOHEHTAaM HaNpsHKEHHO-1e(hOpPMUPOBAHHOTO COCTOSTHHS.

Brrunras w3 ypaBuenwuii (27) monapHo ypaBHeHus (29) u u3 ypaBHenuit (28) ypaBrHenus (30), ¢ yuerom

o s! 0. s s! 0_s q' -1_gq
OPEANONIOKEHUN W, ~ € Wo (X) s Tg ~ € T (X), Ty ~ € Ty (X/S) IIOJTyYM CHHI'YJIIPDHO BO3MYIICHHBIC ypaB-

HCHUA, OTMCUCHHBIC HHACKCOM ¢
—(2+4v)e*ty +21 =0; 31

(2+v)e’tl —6et] =0. (32)

Hx pemeHus OTIMYAIOTCS Ha KOHCTAHTY, KOTOpas IOJDKHA OBITH OTOpOIIEHA KaK HEyIOBICTBOPAOLIAS
YCJIOBHUIO OONBIION U3MEHAEMOCTH, T03TOMY 00a perenns ypaBHenuit (31) u (32) copmagaior:

C, exp k=

. €

Ty =
1—

C, exp —kM
€

HOCKOJII)KY OHHU 3aBUCAT OT apryMcHTa X/S , X MOXXHO HCIIOJIb30BaTh AJId YAOBJIIETBOPCHUS MMOTCPSIHHBIX

TpaHUYHBIX yCJ'IOBI/II‘/‘I " CriIaX)XUBaHUA Pa3pbIBOB B MEAJICHHO MCHAIOINHNUXCA KIIACCHUYCCKHUX PCHICHUMAX. BerHee

petenne crpasemBo npu X =0, a mmwkaee — npu x <1. Ecnu npunsts C, = g MOXHO IOKa3aTh, YTO

. X . Y
lim—exp| —k— |= 5()6) , TO ecTh ypaBHeHHEe (31) MO3BOJAET YCTAaHOBUTH CBA3b MEXIY OOBIYHON YHCIIOBOM
e-0 g Fes

dyHkumeit T 1 06o6mennoi & — dyHKIMeit upaka.

4. 3akaouenue

JBa metona CeH-Benana paccMOTpeHB! 1 MOACPHU3UPOBaHBI. [1epBbIii METO COCTOMUT B OLIEHKE KOMIIO-
HEHT HaNpsHKEHHO-1e()OPMHPOBAHHOTO COCTOSHHS C LIEIBI0 YIPOCTUTH MMOCTAHOBKY 3aJa4l HAXO0XKICHHUS pellie-
HUS TIyTEM alpHOPHOTO OTOpachIBaHUS OBICTPO MEHSIOMIMXCA M 3aTYXaloUIMX KOMIOHEHT pemeHus. OH Obul
IpeaIoxKeH, NocKoiIbKy CeH-BeHaH yuuThIBaaI TPYJHOCTh HaX0XAeHUs oomumx pemeHuid. [loatomy, pazpabatsi-
Basi METOJl IIOCTPOCHUS PELICHUS, OH MPHUILIEN K N300pPETCHNUIO IPUHIIMIIA, TO3BOJIIOIETO OIPaBAbIBATE IIOTeE-
PSHHBIE TIPU ITOCTPOCHUH PELICHHUS] KOMIIOHEHTHI PEIIeHHs], B YACTHOCTH M3-3a Mepexo/ia OT HANPsHKEHUH K yCH-
UM B MOMeHTaM (stress resultants). Ha npuMepe nimHHON ynpyro# mojaocsl chOpMyIHMPOBAHO TOMOJHEHUE K
€ro KJIacCHYECKOMY IPUHLUIY JUIA CIydas 3aJaHHBIX HA MaJIOM Y4acTKe NepeMEeIeHNH, OTCYTCTBYIOIIEE B JIH-
tepatype. Onnako u npuHnun Cen-Benana, 1 00001IEHHBIN TPUHIIWT HE MOTYT JIaTh HUKaKUX PEKOMEHIAIMN K
CBOEMY KOHCTPYKTMBHOMY HCIIOJIb30BaHHIO, HO MPUTOAHBI /Ul MEXaHHYECKOTO TOJKOBAaHMS IMOMYyUYEHHBIX Ka-
KUM-TTH00 cr10cOOOM HETIOIHBIX NPUOIMKEHHBIX PEIlCHHH.
Bropoii MeTox mosyuns Ha3BaHKE IOITyOOpaTHOTO, OcKoNbKy CeH-BeHaH npeiokui yacTe HCKOMBIX He-
W3BECTHBIX B YPAaBHEHUSX 33JaTh, a OCTaJlbHbIe BRIUMCINTE. [Ipn a3ToM CeH-BeHan nepemien ot HanpspKeHUR K
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YCHJIMSIM U MOMEHTaM, OIpaBIbIBas Mepexo ] MPUHIHUIOM. MOXKHO CKa3aTh, YTO BCE TEOPUU TOHKOCTEHHBIX TE
MOCTPOEHBI B YCUIIUSAX M MOMEHTaX, MPEAIoaras ClpaBeIIMBOCTh Nepexoaa K HUM, 000CHOBAaHHYIO TPHUHIIH-
nom Cen-Benana. B craThe mokaszaHo, 94To, eCiu B3ATh WACIO 33JaHHUS YaCTH HEU3BECTHBIX, HO HE MEPEXOTUTH K
YCHIIUSM U MOMEHTaM, MOJIyOOpaTHBIA METO]] MOXKET OBITh PACHIMPEH JI0 KOHCTPYKTUBHOTO U OyIET CXOASIINM-
Csl HE3aBUCHMO OT BBHIOOpA HadaJIbHOTO MPUOIMKEeHUs. Takas BO3MOXKHOCTh OCHOBAaHA Ha WIEE METOAa MaJoro
nmapameTtpa [lyankape, Metona mpocThix ureparuii Jluagemneda — [Tukapa u TeopemMe 0 HEMOIBIWKHOM Touke ba-
Haxa. [lpu 3TOM TmpesIokeHsl Mpeodpa3oBaHue CIOKHOTO OIepaTopa 3aladd B IMOCIEI0BATEIBHOCTh MPOCTHIX
WHTETPUPYEMBIX ONIEPATOPOB M METOAMKA PA3JICIICHUs] OBICTPO MEHSIOIIMXCS U MEJICHHO MEHSIOIIUXCS KOMIIO-
HEHT OOINEro pemieHus MPU BBITOJHEHNH BCEX TPAaHUYHBIX YCIOBHU MCXOMHOM 3amauu. [Ipomecc BeaucIeHUs
MOJKHO TPaKTOBaTh KaK pacIleIUIeHHe CJI0KHOTO OIllepaTropa Ha YeThIpe MOCie0BaTeNbHbIX oneparopa Ilukapa
OTHOCUTEIBHO MOMEPEYHON KOOPIAUHATHI U TPU — OTHOCUTEIBHO MPOAOIBHONU. BIIM30CTh MOTYyUYEHHOTO PelIeHUs
OLICHUBACTCA IOPAAKOM IIEPBOTO OT6pOIHeHHOFO YJICHA 110 € JIA MEIJICHHO MCHAIOIIUXCA BECJIINYUH. Torz[a noixy-
00paTHBIN METOJI CTAHOBUTCS HE3aBUCHMBIM OT npuHImna CeH-Benana.

References / Cnincox urepartypsl

1. Saint-Venant A.J.C.B. Memoire sur la Torsion des Prismes. Mem. Divers Savants. 1855;14:233-560.

2. Mises R. On Saint-Venant's Principle. Bull. AMS. 1945;51:555-562.

3. Friedrichs K.O., Dressler R.F. A boundary layer theory for elastic bending of plates. Comm. Pure Appl. Math.
1961;14:1-33. https://doi.org/10.1002/cpa.3160140102

4. Goldenveiser A.L., Kolos A.V. K postroeniyu dvumernykh uravnenii teorii uprugikh tonkikh plastinok [On
the derivation of two-dimensional equations in the theory of thin elastic plates]. Journal of Applied Mathematics and
Mechanics. 1965;29(1):141-155.

Tonvoenseiizep A.JI., Koroc A.B. K IOCTpoeHUIO IBYMEPHBIX YPaBHCHUH TCOPUU YNPYTUX TOHKUX ITACTHHOK //
[Mpuknagnas maremarrka u Mexanuka. 1965. T. 29. Ne 1. C. 152—-162.

5. Gregory R.D., Wan F.Y.M. Decaying states of plane strain in a semi-infinite strip and boundary conditions
for plate theory. J. Elasticity. 1984;14:27—-64. https://doi.org/10.1007/BF00041081

6. Horgan C.O., Knowles J.K. Recent developments concerning Saint-Venant's principle. Advances in Applied
Mechanics. 1983;23:179-269. DOI: 10.1016/S0065-2156(08)70244-8.

7. Horgan C.O. Recent developments concerning Saint-Venant's principle: an update. Applied Mech. Reviews.
1989;42:295-303.

8. Horgan C.O. Recent developments concerning Saint-Venant's principle: a second update. Applied Mech.
Reviews. 1996;49:101-111.

9. Horgan C.O., Simmonds J.G. Saint-Venant end effects in composite structures. Composites Engineering.
1994;4(3):279-286. https://doi.org/10.1016/0961-9526(94)90078-7

10. De Pascalis R., Destrade M., Saccomandi G. The stress field in a pulled cork and some subtle points in the
semi-inverse method of nonlinear elasticity. Proc. R. Soc. Ser. A. Math., Phys., Engng. Sci., 2007; 463: 2945-2959.
URL.: https://doi.org/10.1098/rspa.2007.0010

11. De Pascalis R., Rajagopal K.R., Saccomandi G. Remarks on the use and misuse of the semi-inverse method in
the nonlinear theory of elasticity. Quart. J. Mech. Appl. Math. 2009;62(4):451-464. https://doi.org/10.1093/qjmam/hbp019

12. Bulgariu E. On the Saint-Venant’s problem in microstretch elasticity. Libertas Mathematica. 2011;31:147-162.

13. Chirieta S. Saint-Venant’s problem and semi-inverse solutions in linear viscoelasticity. Acta Mechanica.
1992;94:221-232. https://doi.org/10.1007/BF01176651

14. Placidi L. Semi-inverse method a la Saint-Venant for two-dimensional linear isotropic homogeneous second-
gradient elasticity. Math. Mech. Solids. 2015;22(5):919-937. https://doi.org/10.1177/1081286515616043

15. Zveryaev E.M. Interpretation of Semi-Invers Saint-Venant Method as Iteration Asymptotic Method. In: Pie-
traszkiewicz W., Szymczak C. (eds.) Shell Structures: Theory and Application. London: Taylor & Francis Group;
2006. p. 191-198.

16. Zveryayev Ye.M. Analysis of the hypotheses used when constructing the theory of beam and plates. Journal
of Applied Mathematics and Mechanics. 2003;67(3):425-434.

3eepses E.M. AHanu3 TUNoTe3, UCIOJNb3YEMBIX PU IIOCTPOCHUH Teopuu 0anok u iut // Ilpuknannas mareMa-
Tuka u Mexanuka. 2003. T. 67. Bemn. 3. C. 472-481.

412 THEORY OF ELASTICITY



3BepsieB E.M. CtpouTensHas MexaHuka HXEeHepHbIX KOHCTPYKLMA u coopyxeHni. 2020. T. 16. Ne 5. C. 390-413

17. Zveryayev Ye.M., Makarov G.I. A general method for constructing Timoshenko-type theories. Journal of
Applied Mathematics and Mechanics. 2008;72(2):197-207. Available from: https://www.elibrary.ru/item.asp?id=10332626
(accessed: 10.07.2020).

3eepsies E.M., Maxapos I'.M. O6mmii MeTo mocTpoeHus Teopuid Tuna Tumomnenko // IlpuknaaHas MaTeMaTu-
ka u mexanuka. 2008. T. 72. Bem. 2. C. 308-321. URL: https://www.elibrary.ru/item.asp?id=10332626 (nara o6pa-
menus: 10.07.2020).

18. Zveryayev E.M., Olekhova L.V. Reduction 3D equations of composite plate to 2D equations on base of
mapping contraction principle. KIAM Preprint No. 95. Moscow; 2014. (In Russ.) Available from: http://library.
keldysh.ru/preprint.asp?id=2014-95 (accessed: 10.07.2020).

3eepses E.M., Onexosa JI.B. Cenenune tpexmepHbix ypaBHeHui H/IC mumacTuHbI M3 KOMITO3UIIMOHHOTO MaTe-
pHana K JIBYMEPHBIM Ha 0a3e MPHUHIMIA CKAThIX oToOpaxenuid // [Ipenpuatel UIIM mvenn M.B. Kenngpima. 2014.
Ne 95. 29 c. URL: http://library.keldysh.ru/preprint.asp?id=2014-95 (nara obpammenus: 10.07.2020).

19. Zveryaev E.M. Saint-Venant — Picard — Banach Method for Integrating Thin-Walled System Equations of
the Theory of Elasticity. Mechanics of Solids. 2020;55(7):124—132. (In Russ.) DOI: 10.1134/S0032823519050126.

3eepsies E.M. Meton Cen-Benana — Ilukapa — banaxa UHTErpupoBaHus ypaBHEHUN TEOPUM YIPYTOCTH TOHKO-
cTeHHBIX cucteM // [Ipukiamnas matematuka U Mmexanuka. 2019. T. 83. Ne 5-6. C. 823-833. DOI: 10.1134/S0032823
519050126.

20. Granas A. Fixed point theory. New York: Springer-Verlag; 2003.

21. Greenberg G.A. O metode, predlozhennom P.F. Papkovichem dlya resheniya ploskoi zadachi teorii upru-
gosti dlya pryamougol'noi oblasti i zadachi izgiba pryamougol'noi tonkoi plity s dvumya zakreplennymi kromkami,
i o nekotorykh ego obobshcheniyakh [On the method proposed P.F. Papkovich for solutions theory of elasticity plan
problem for the rectangular area, and the bending problem for rectangular thin plate with two fixed edges, and some of
its generalizations]. Journal of Applied Mathematics and Mechanic. 1953;17(2):211-228. (In Russ.)

I'punbepe I''A. O merone, npemioxernaom [1.d. TTankoBuYeM JJIs pelICHUs TUIOCKOW 3aJa4l TEOPHH YNPYTo-
CTH JIJIsI IPSMOYTOJIBHOM 00JIACTH U 3a[aui U3ruba MPsIMOYTOIBHOW TOHKOH TUTUTHI C IBYMS 3aKPEIUICHHBIMU KPOM-
KaMH, ¥ 0 HEKOTOPHIX ero 00o0menusx // Ilpuknagnas maremaruka u Mmexanuka. 1953. T. 17. Buim. 2. C. 211-228.

TEOPUA YMPYFOCTU 413



2020. 16(5). 414-423

CTPOMTENBHASA MEXAHUKA UHXEHEPHBIX KOHCTPYKLIMIA U COOPY)XEHWHA

STRUCTURAL MECHANICS OF ENGINEERING CONSTRUCTIONS AND BUILDINGS
HTTP//IJOURNALS.RUDN.RU/STRUCTURAL-MECHANICS

OKCTTIEPUMEHT ANbHBIE NCCNEQOBAHMS
EXPERIMENTAL RESEARCHES

DOI 10.22363/1815-5235-2020-16-5-414-423

YK 621.039:621.311.22:519.257:519.222:51-74 HAVYHAS CTATS / RESEARCH PAPER

OcraTouHnas Ile(l)eKTHOCTL H BEPOSAATHOCTH CYIIECCTBOBAHUSA Ile(l)eKTOB C pasmMepom,
MPEBLIMNANINUM J0IMYCKAEMOE€ 3HAYCHUE

J.A. Ky3bmun, A.JO. KysbmMunueBckuii, M.B. Bepramenox*

Bceepoccuiickuit Hayuno-uccnedosamenbCKuti UHCMumym no 9KCHIyamayuu amomHulx snekmpocmanyuti, Poccutickas ®edepayus, Mocksa,
ya. Qepeanckas, 25
*rodionova_m@bk.ru

Hcropust cratbu AHHOTanMs

[Toctynuna B penakuuto: 15 utomnst 2020 r. Axmyanvrocms. Hepazpylaroomuii KOHTpOoIb MeTajuia onpeaensier (akruye-
Jopab6orana: 21 centsiops 2020 T. CKOE€ COCTOSTHHE METaJlIa, HAIMIMe HECIDIOMIHOCTEH M MX pa3Mephl, a TaKKe TT03BO-
IMpunsta k myomikarmy: 27 ceHtsiops 2020 T. JSIeT OIPENeIUTh KAaKUM MEXaHW3MaM Jerpajaliy MeTaul Obul noasepxeH. OnHoi

13 OCHOBHBIX XapaKTePHCTHK KauecTBa HEPa3pyIIalolIero KOHTPOIS SIBISETCS
BBISBIISIEMOCTb HECIUIONIHOCTEH U edexToB. Ecinu nedextsl He ObuM nmporyiie-
HBI, TO MOXHO IapaHTUPOBATh HANEKHYI0 PabOTy 00BbEKTa 10 CIIEAYIOLIEro IIa-
HOBOTO KOHTpOms. CTaThsl MOCBAIIEHA U3YYEHHIO (QYHKINN BEPOSATHOCTH OOHa-
pyxeHHs Je(EeKTOB U OIpe/e/ICeHUIO BEPOATHOCTU CYILECTBOBAHUS OCTATOYHOTO
nedexTa ¢ pazMepoM, NPEBHILAIONINM JOITyCKaeMoe 3HaueHue. [lens uccneno-
BaHMs — pa3paboTaTh METOJ, MO3BOJIIOIIUNA ONPENEIUTh BEPOSTHOCTb CYLECTBO-
BaHUS OCTAaTOYHOTO AedeKTa ¢ pa3MepoM, IPEBHIMIAIONINM AOIyCKaeMoe 3Hade-
HUeE, NOCIIe IPOBEIEHUS HEPA3PYIIAIOIIEr0 KOHTPOIIS U PEMOHTa 000pyJOBaHUS
1 TpyOONPOBOIOB aTOMHOM 3JEKTPHUYECKON CTaHIH. Memoouwl. Tlpu nposene-
HUM pabOThl ObUIU HCIONB30BaHbl ()OPMYIIBI BEPOSTHOCTH OOHAPYKEHUS Ae(ek-
Ta U UCXOJHOM 1e(DEeKTHOCTH, HOPMATUBHBIC TPEOOBaHHS B 00JIACTH aTTECTALUU
Je()eKTOCKOIMUCTOB, PE3yJIbTAaThl UCCIIEN0BaHUN 0 HEepa3pyllaoUeMy KOHTPO-
mo. Pesynemamui. TIpeacTaBieH METON ONpPEAENIeHHs BEPOSTHOCTH CYIIECTBO-
BaHMA Je()EKTOB C pa3MEpOM, IPEBBIIIAIOLINM JOIIyCKaeMOE 3HaYEeHUe, Ha IPpU-
Mepe KOopIryca peakTopa. MeTonrka OCHOBaHa Ha OCTaTOYHOH Ae(EKTHOCTH, KOTO-
past y4UTHIBAET BBISBISIEMOCTD Ae(EKTOB. Y CTaHOBICHO 3HaUeHHE KO3 duien-
Ta, YYUTHIBAIOLIErO BIMSHHE YeJIOBEYeCKOro (akropa, NMpUOOPHO-METOANYECKHX

HEIOCTAaTKOB UJIK CJIOKHOCTHU AOCTYIIAa K MECTY KOHTPOJIsA, YTO IMO3BOJIACT CHU-

J1si {UTHPOBaHMS 3UTh CTENIEHb HEONPEIEeNCHHOCTH IPH JHArHOCTHKE OCTATOYHOU JE(EKTHOCTH.
Kysomun J[A., Kysbmuuesckuii A.FO., Bep- Pesynbrarhl mpoBeieHHON paboThl MO3BOJISIOT ONPENEIUTh BEPOSTHOCTD CyLIe-
mawenok M.B. OcraTtouyHasi 1e(eKTHOCTb CTBOBaHUS Ae(eKTa ¢ pa3MepoM, MPEBBIIIAIOIINM J0MyckaeMoe 3HaueHue. Pas-
1 BEPOSITHOCTH CYIIECTBOBAHUS Ae(EKTOB BUTHE OCTATOYHOIO Je(eKTa J0 KPUTUYECKUX 3HAYCHHUH XapaKTepH3yeT UCXO[-
C pa3MepoM, IPEBBIIAIONIUM J0ITYyCKAaeMOe HOE COOBITHE JUISI Pa3pyLICHUs] [EeNOCTHOCTH KOHCTPYKUMHU. TakuM oOpaszom,
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Accepted: September 27, 2020 mine what mechanisms of metal degradation were subjected to. One of the main

characteristics of the quality of non-destructive testing is the detectability of dis-
continuities and defects. If no defects were missed, then it’s possible to guarantee
the reliable operation of the facility until the next scheduled inspection. The arti-
cle is devoted to the study of the probability function of detecting defects and
determining the probability of the existence of a residual defect with a size ex-
ceeding the permissible value. The aim of the work — to develop a method to
determine the probability of the existence of a residual defect with a size exceeding
the permissible value after non-destructive testing and repairs of equipment and
pipelines of a nuclear power plant. Methods. During the work formulas for
the probability of detecting a defect and initial defectiveness, regulatory require-
ments in the field of certification of flaw detectors, and the results of research on
non-destructive testing were used. Results. A method for determining the proba-
bility of defects with a size exceeding the allowed value, using the example of
a reactor vessel, is presented. The method is based on residual defects, which
takes into account the detectability of defects. The value of the coefficient that
takes into account the influence of the human factor, instrument and methodo-
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1. BBeaenune

B Meranne co BpeMeHeM MPOUCXOAAT U3MEHEHMs], BIMSIOIINE Ha MEXaHUYECKHe CBOIMCTBA. DTH U3MEHe-
HUsI HauboJiee BEpOSATHBI IPH Pa3IMYHbIX BO3ACHCTBUAX, TAKMX KaK TeMIIEpaTypa, AaBJICHUE, BIMSHUE CPEBL,
KOTOpbIe HEM30€XKHbI BO BpeMsl IKCIUTyaTaluu. J[jis aToOMHON SHEPreTUKHU KOHTPOJIb 32 COCTOSIHUEM METaJllInye-
CKHX KOHCTPYKILUWH UTPaeT BXKHYIO POJIb.

[IpoBenenue koHTponst MeTamia B Poccuiickoit @epepanun perynupyercs JoKkyMeHToM [1] u BKitouaeT B
ce0s1 KOHTPOJIb COCTOSIHUS METaJUla Hepa3pyIIaloMH U pa3pyIIaloIMU METOIAaMH, a TaKXKe MMOIpa3aesieTcs
Ha MPeIIKCIUTyaTallMOHHBIH, 3KCITyaTallMOHHBIN (TepuoanYecKkuil) 1 BHeodepeaHoil. KoHTposb cocTosiHuA Me-
TaJjia BBINOJHAETCS HEpa3pyIIAIONIMMU U pa3pylIaloMMI METOJaMi, HO UMEHHO Hepa3pyIIatoluil KOHTPOJIb
MO3BOJIICT ONPEACINUTh (PAKTHUECKOE COCTOSHHE 00OpYIOBaHMA, HE Hapyllas ero IelocTHocTh. Hepemko mo
pe3yibTaTaM IPOBEIECHUSI HEPa3pYLIAIOLIEr0 KOHTPOJIS 0OHAPYKUBAKOTCA HECIUIOIIHOCTH U Ae()EKThl, KOTOpbIE
MOTYT NMPHUBECTH K aBapusiM. Hanbosnee ycrosBIrecs METObI HEpa3pyIaoIIero KOHTPOI sl OOHApy KeHUsS U
OIICHKH pa3BUTHS Ne(heKTOB MPUBEACHEI B paboTax [2—4].

IIpenMyIIeCTBEHHO HM3-3a HEAOCTATKOB TEXHOJIOTMH HU3TOTOBIICHHS B IIEPBBIE TOABI AKCIUTyaTAllUd BO3HHU-
KaeT 3HaYUTEJIbHOE KOJMYECTBO HAPYLIEHUH CIUIOIIHOCTU MeTaula. Beerna umeercs KoHEUHast BEPOSITHOCTh IIPU

Dmitry A. Kuzmin, Candidate of Technical Sciences, Head of the Strength Reliability Division of Nuclear Power Plant; Scopus iD: 56804728400,
eLIBRARY SPIN-code: 3207-3489.

Alexander Yu. Kuzmichevsky, Candidate of Technical Sciences, chief expert of the Strength Reliability Division of Nuclear Power Plant; eLIBRARY
SPIN-code: 3408-6736.
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KOHTPOJIE MPOMYCTUTH Ne(PEeKT, KOTOPHIA MOXKET MOBIUATH Ha 0E30HacHOCTh. B CBSA3HM C 3TUM MOXKHO yTBEp-
JKAATh, YTO TIOCJIEe U3TOTOBJICHHS, KOHTPOJISA U PEMOHTA B KOHCTPYKIIUAX €IIle MOTYT OCTaBaThCs HE BHISBICHHBIC
nedexTs! [S]. COBOKYIHOCTh OCTABIIMXCS IOCIIC KOHTPOJS M peMOHTa MeheKTOB B M3ACIUHA HA30BEM OCTATOY-
Hol gedexTHOCTBIO. VccenoBanus B 001aCTH OLEHKH 0€30MIaCHOCTH M HaJle)KHOCTH 000pyAoBaHus ¢ AedeKTa-
MU paccMaTpUBAIIUCh B CTaThiAX [6—12].

C TouYKH 3peHUs MMPOYHOCTH U pecypca KOHCTPYKIIMH OCTaTOYHAs Ne(EeKTHOCTH SBISETCS BaKHEHIIIeH xa-
PaKTEPUCTUKON MaTepHaia JaHHOW KOHCTPYKIMHU. JIeHCTBUTENBHO, €CIM NMPOMYIIEHHBIN He(eKT J0CTUraeT KpH-
TUYECKUX Pa3MEpOB, TO MIPOUCXOIUT Pa3pyIICHUE BCell KOHCTPYKIMHU WM €€ 3JIEMEHTA, a TaK Kak HHQOpMaIus
0 TIPOITYIIEHHOM Ae(eKTe OTCYTCTBYET, TO pa3pylIeHHe IPOUCXOIUT BHE3AITHO.

Llenpto HacTOALIEH CTaThU SBISETCSA HCCIEAOBAaHHE OCTATOUYHON Je(PEeKTHOCTH MOcie MPOBEACHUS Hepas-
PYIIAIONIETO KOHTPOJIS KOPITyca PeakTopa aTOMHOM CTaHIIMUA C YYETOM BEIUYUHBI BBISBISIEMOCTH IC(EKTOB.
BrIsBIsIEMOCT IEPEKTOB — 3TO BEPOSITHOCTh OOHApPYKEeHUS Ne(hEeKTOB C 3aJaHHBIMU XapaKTEPUCTUKAMHU, KOTO-
pas ompezeneHa B HOPMaTUBHBIX JOKyMeHTax B pazmepe 70 % oT o0miero KonndecTBa HECTIONTHOCTEH pa3me-
POM, TPEBBIMIAIOIINM YYBCTBUTEIBHOCTh MPHUOOpa MPHU KOHTPOJIE. B COOTBETCTBHU C OMBITOM 3KCIUTyaTalluu
MIPUHSATO HCIIONB30BaTh KOHCEPBATHBHEIN MOXOM MPU PACCMOTPEHUH PE3yJbTaTOB HEpa3pyIIAIONIET0 KOHTPOJIA,
TO €CTh BCE€ HECIUIOMIHOCTH IMPEJICTABIATh B BUE TPEIIMHBI KaK HanOoJee OIMacHOTO IS SKCIUTyaTalliy BUJA.
Paccuurano 3HaueHne K03hUIUEHTa, YIUTHIBAIOIIETO BIMSIHIE YETIOBEYECKOTO (hakTopa, MPHOOPHO-METOIHIECKHIX
HEJIOCTATKOB MJIM CI0KHOCTH JOCTYIA K MECTY KOHTPOJIS, YTO MO3BOJIAET CHU3UTh HEONPEIEICHHOCTh PH OIpeie-
JIEHUH ocTaTtouHoi nedektHocTH. Takxke onpeneseHa BEpOSTHOCTh CyIIeCTBOBaHUS AedekTa ¢ pasMepoM, IMPeBbI-
MIAIOMINM JOITYCKAaeMO€e 3HaYEHHUE, TO eCTh Ae(eKTa, KOTOPHIA MOXKET IMPUBECTH K Pa3pyIICHHIO KOHCTPYKITHH.

2. MeToanl
2.1. Beposmnocmos oonapysicenun oegekmoes

@DyHKIMA BEpOATHOCTH OOHApy’KeHHUs Ne(PEKTOB B 3aBUCUMOCTH OT JMHEHHOIO pa3Mepa nedeKTa, Halpu-
Mep IIIyOuHBI a, umeeT BUL [5; 13]

F(a) =1 — e Bla—ao), (1)

IJie dy — TPAaHUYHBIA HAMMEHBIIUIA pa3Mep BBIABISEMOTO JNe(eKTa, 3aBUCSINUN OT YYBCTBHTEILHOCTH METOA
KOHTPOJIS, MM; 3 — K03 PHUIIMEHT, YUUTHIBAIOLINI BIMSHAC YEIOBEUECKOTO (pakTOpa, MPUOOPHO-METOIUICCKIX
HEJOCTATKOB MIIM CIIOKHOCTH JOCTYIA K MECTY KOHTPOJIS, MM .

B kauectBe nuHEHHOro pazmepa aeeKTa TaKKe MOTYT OBITh HCIIOJIb30BaHbI ITyOHUHA, TPOTSKEHHOCTD,
KOMOWHAITHS JTMHEHHBIX pa3MepoB, TUIOMIAAb I 00heM AcdeKTa.

BepostHOCTE 00Hapyx)eHHs NeeKTOB Npu a < A, PaBHA HYIIIO, TaK KaK MPU IPOBEACHUU KOHTPOJIS TPH-
00p HE MOXKET OMPENEUTh Je(PEKT MEHBIIIE, YeM YYBCTBUTEIBHOCTh PUOOPA, TO €CTh

Fla<ay) =0. (2)

3aBucumocthb (1) B oOmieM BuIe UMeEET BHJ, IpPEACTaBICHHBIH Ha puc. 1, mpu aedeKkTax ¢ pazmepamu
ap < a < S§,rae S — ToNUIMHA CTEHKU.

—_

BeposarHocTs 06HapyKEeHUS
nedekra F(a)
[Probability of F(a) defect
detection]

=

@p  I'nyGuna HECIUIOUIHOCTH @ S
[Depth of defect a]

Puc. 1. I'paduk GyHKIMHU pacnpeieneHus BEPOSITHOCTH 0OHapyKeHust Ae(eKTOB OT UX pa3mepa
[Figure 1. Graph of a distribution function of a probability of detection of defects from their size]
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OyHKIUS IUIOTHOCTH BeposiTHOCTH (1) uMeeT Bu

f(a) = pePla=ao), 3)

Haiitn Bce nedekthl ¢ pasmepamu ay < a < S He NMpeJCTaBIsieTCs] BO3MOXKHBIM. [laHHBIE SKCIIEpUMEH-
TaJIBHBIX MCCIICAOBAaHMUI IO BHISABISIEMOCTH Ae(DEKTOB MO pe3yIbTaTaM Hepa3pyLIAloUIero KOHTPOJIS C UCIIONIB30-
BaHUEM TeCT-00pa3ioB npeacTaBieHbl B Tabn. 1 [5]. Y3 HUX BHIHO, 4TO BBIABISAEMOCTH Je(EKTOB MpU Hepas-
pymaromem KoHTposie Bapsupyercs oT 50 go 100 % B 3aBHCHMOCTH OT YCJIOBHH €ro MPOBEIECHHS, TAKUX Kak
METO/I KOHTPOJISA, pa3Mephl 3aJI0KEHHBIX JeQEeKTOB U KBaMu(pUKauu NeeKTOCKOMUCTOB. B HacTosiee BpeMs
BEJICTCS MHOKECTBO MCCJICIOBAHUH, OPUCHTUPOBAHHBIX HA M3YUYCHHE BIUSHHS Pa3IMYHBIX (DAKTOPOB Ha BBISB-
JIIEMOCTH Te(PEKTOB M YCOBEPIICHCTBOBAHNE METOI0B Hepa3pymaromero KouTpois [14—18].

Tabauya 1
Pe3yabTaThl Hec/IeI0BaHMIT ITO BHISIBJSIEMOCTH AeheKTOB
M0 pe3yJabTaTaM Hepa3pylIaoiiero KOHTPOJIs ¢ NCI0Ib30BaHHEM TecT-00pa3IoB
[Table 1. The results of researches to determine the detection of defects
according to the results of non-destructive testing using test samples]
HporsxenHocTs nedexra, MM [Defect length, mm]
Merton xoutpoJs [Control method]
Mo [Up to] 15 15-20 20-25 25-30 30-35 35-40
Panuorpadus [Radiography] 86 % 100 % 75 % 50 % 100 % 100 %
ABTOMaTHYECKUH yIBTPa3ByKOBOW KOHTPOJIb 84 9 750, 100 % 750, 100 % 100 %

[Automatic ultrasonic testing]

CoryracHO HOpMAaTUBHOMY TOKyMeHTY P® [19], denepanbHO# CIy»KO0MH 1O SKOJIOTHIECKOMY, TEXHOJIOTH-
YeCKOMY U aTOMHOMY Ha/I30pY YCTaHOBIICHBI TPEOOBAHUSI K KOJIMUECTBY OOHAPYKEHHBIX Ne(heKTOB IS IIepCOHaa,
BBITIOJTHSIOIIET0 HEpa3pyIIaloMui KOHTPOIb, B pazMepe 70 % nim Gosiee 0T 00IIEro KOIWYecTBa HECIUIONIHO-
cTel pasmepoM Oosee ay. 3HaueHue 70 % yCTaHOBIEHO Kak IIOPOrOBOE VIS MOJIYUYECHUS IOJIOXKUTEIBHOTO pe-
HICHUS TI0 aTTeCTallMy B 00JIACTH Hepa3pyIIaroIero KOHTPOJs. B cooTBeTCTBUM ¢ 3THM Haiijgem 3HadeHHe [[3]
¢ynkuuu (1), mpyu KOTOPOM COBOKYITHOCTh OOHAPYKEHHBIX HECIUIOIHOCTE! cocTaBisieT 70 % oT o0mero Koiam-
YeCcTBa HECIUIOIIHOCTEH B MeTalle:

fjo(1 — e [Bl@-a0))gq = 0,7(S — ay). (4)
[Ipeobpazyem ypaBuenue (4):
1 _IB1(S—
(S —ay) — ﬁ(1 — e7IBlIS=a0)) = 0,7(S — ay). (5)
W3 ypaBHeHus (5) moryaum
1 10 10 3,197
81 =52 (w (- ——) +5) =2 ©

rae W (z) — W-¢pynkuus Jlambepra.

[TeperucaB BeipaxkeHue (4) B 00IIeM BUJIE B 3aBUCUMOCTH OT BEJIMYMHBI BBISBIIEMOCTH Ae(EKTOB P, BBI-
PKEHHOH B OJSAX €AMHHIIBI, MOKHO TIONYYHUTh BhIpaxkeHHE s KodduimeHTa 3, yIUTHIBAIOIIETO YCIOBHS TPO-
BE/ICHHSI KOHTPOJIS:

1
1 1 - 1
B=(W(-—LreaP) + 1), @)
S—ag (1-P) (1-P)
rae S — TONIWHA CTEHKH, MM; Gy — YyBCTBUTCILHOCTh METOJAa KOHTPOJISA, MM; P — BBIABISIEMOCTh Ne(DEKTOB,
BBIPaXXCHHAS B JOJISIX SIUHUIIBL.

[Mony4ennoe B (6) 3HaueHue [] onpenenseT MUHUMAIBHO JOMTYCTUMOE 3HAUYEHHE JJIsl 00ecIIeueHusl Tpe-

OoBanus o oOHapyxeHuto nedextoB B pasmepe 70 % nnu Gojee OT 0OIIET0 KOJUYECTBAa HECIUIOIIHOCTEN pas-
3,197

S—ao'
[NoncraBuB monyueHHOE BhipakeHue (6) B (yHKIuUIO (3), MojyyaeM 3aBUCUMOCTh (DYHKIIMH IIOTHOCTU BE-
posATHOCTH OOHApPYKEHUs Ae(PEeKTa OT TOJIIIMHBI CTEHKU S ¥ YyBCTBUTEIBHOCTH U3MEPCHHS Q"

MepoM Ooree a,. Jlanee OyaeT ucnonp3oBaHo 3HaueHue [f] =
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3197 —227(a-a,)
- S—a,
fio@) =5~ e s7ao (8)
Torma BepoATHOCTH OOHAPYKEHUS NedeKTa ONPEISASTCS CIETyIONTIM 00pa3oM:
- (a-ao)
F[B] (a) =1—e S % . (9)

Hcronp3ys 3Ha4eHHUs TOMMIUHBI CTeHKH S =150 MM ms xopiryca peakropa BBOP-440 u gyBCTBUTEND-
HOCTh M3MEPEHHs MPH yJIbTPa3ByKOBOM KOHTpoNe dy = 1 MM, nonydaem [B] = 0,021 MM~ ! mns obecnevenus
BhIsBIIeHUs 70 % OT 00IIero KoJIM4ecTBa HECILIONHOCTEH B MeTaJlIe.

2.2. Konuuecmeennasn oyeHka 00RapysHcennou oehpekmuocmu

Yucno oOHapyxkeHHbIX Ae(PeKTOB Nyg, () MOXKHO MPEACTaBUTh 3aBUCUMOCTBIO OT UCXOIHOM JIe(eKTHO-
cti N, (a) u OT TOCTOBEPHOCTH KOHTPOJIS, KOTOPYIO MOXHO OMHCATh (DYHKIMEH BEPOSATHOCTH OOHApPY KCHUS
nedexros F(a) [5-7; 20]:

N06H(a) = Nncx(a)F(a)- (10)

[Tox mcxomHoOU NMedheKTHOCTHIO TOHUMAETCS 3aBUCUMOCTEH KOJTHYECTBA Ne(PEKTOB, HAXOIAIIMXCS B MaTe-
puane 1151 0 < a < S, OT ux pazmMepa.

®Oyuknuio F(a) moxkHo omucath ypaBHeHueM (1), a N, (a) MoxeT ObITh OIlCHEHa HAa OCHOBE aHAIM3a
nedeKTOB Ha 3aBOJIE-M3TOTOBHUTENE BO B3aMMOCBS3M C KOHKPETHOW TEXHOJIOTHEH HM3TOTOBHTENS M TPSMBIMU
AKCIIEPUMEHTAILHBIMU UCCIICOBAHUSMU BBISBIIIEMOCTH JIe(DEKTOB Ha TECT-00pasax.

B o0miem cirydae mormycTiMo yTBEpPKAaTh, YTO YHCIIO HECIUIOMTHOCTEH B KOHCTPYKIIUM YMEHBIIIAETCS C yBE-
JYEHUEM HX pa3MepoB. Takyro 3aBUCUMOCTH Ny, OT pa3mepa aedeKkTa MOKHO OIHCATh B BUJIE

Nyex(a) = Aa™™, (11)

rae A u n — ko3 PUIMEHTHI allIPOKCUMAIIVH, KOTOPBIE B OOIIEM CITydae 3aBUCST OT TEXHOJIOTHH.
3aBucuMocTb (11) MOATBEPIKAACTCS TEM, YTO HECIJIOIIHOCTH, HAXOMAIINECS B METAJIE, YCIOBHO pa3jie-
JISTFIOTCS HAa TPY TPYIIITEI B COOTBETCTBUH € UX pazMepamu (Tadi. 2).

Tabnuya 2

Buabl HeCIJIONIHOCTEH B MeTaJLIe

KoauuecTBo

Ne Buj HeciomuocTH, pazmep

Hp](l‘ll/l]-lbl BO3HUKHOBCHHUS

CyOMHKPOCKOIINYECKHE, CPABHUMBI
C pa3MepaMu aTOMOB

JleheKThI KpHCTATITIYECKOH PeIeTKH

B MeTalle KOIMYECTBO OYEHb BEIHMKO (B CEUeHHE
1 cm® nonagaer 108+10'2 aucnokanuii)

MI/IKPOCKOHI/I‘ICCKI/IC, CPpaBHUMBI
C pasMe€paMu 3€pEH B METAJJIE

CBsi3aHBI C MPOLIECCAMH ITOJTYYCHHUS
CIIUTKA, €r0 00pabOTKH JIABJICHUEM,
M3rOTOBIICHUS Moy abdprkara jiera-
M (MHKPOIIOPBI, HEMETAJUINYECKUe
BKJTFOUCHHSI, MUKPOHA/IPBIBBI U T. I1.)

Uncnmo MEKPOCKOIIMYECKHX Je(EKTOB CYIIECTBEHHO
MEHBIIIE CyOMHKPOCKOITMYECKHX, HO BCE €llle BeJU-
k0. Ha 1 cM? MOXeT ObITh HECKOIBKO Ae(EKTOB

I

Makpockonuueckue

XapakTepHbl, KaK PaBUIO, IS CBAp-
HBIX COCTMHEHUMN

BeposaTHOCTh MOMafaHus B SKCIUTYyaTalHIO KOH-
CTPYKIIMH C MAaKpoAe(peKTOM B OCHOBHOM MeTal-
Jie OYeHb Majla, HO CYIIECTBYET

Table 2

Types of discontinuities in metal

Type of discontinuity, size

Causes

Quantity

Submicroscopic, comparable to atom
sizes

Lattice defects

The quantity in the metal is very large (108 + 102
dislocations fall in the cross section of 1 cm?)

II

Microscopic, comparable to grain
sizes in metal

Associated with the processes of ob-
taining an ingot, its processing by
pressure, manufacturing of a semi-
finished product (micropores, non-
metallic inclusions, micro bursts, etc.)

The number of microscopic defects is significant-
ly less than submicroscopic, but still large. There
may be several defects per 1 cm®

I

Macroscopic

Typical for welded joints

The probability of getting into operation of a struc-
ture with a macrodefect in the base metal is very
small, but exists
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[oncrasus Beipakenus (11) u (9) B (10), momyuaem

_3,197(a_a )
Nogy gy (@) = Aa™ (1 —e Sa ° ) (12)

VYpaBuenue (12) mo3BosseT M0 3aBUCUMOCTH JUIsl OOHAPYKEHHOU Je(heKTHOCTH, ONPEICICHHON KaK OTH-
Oarolasi THCTOrpaMMBbI PE3YJIBTAaTOB HEPa3pyIIAIOLIET0 KOHTPOJI, ONMPeaeuTh HCXOAHYI0 AedekTHocTh. Takas
3aa4a CBOAUTCS K BBISIBIICHHIO HEM3BECTHBIX MOCTOSHHBIX 4, 7.

B pabote [6] 3amava mo ompenencHU0 00HAPYKEHHOH Ne(hEKTHOCTH pelajach B 3aBUCHMOCTH OT TpeX
nepeMeHHBIX A, n ¥ 3. CHHKEeHHUE CTENICHH HEONPENeIeHHOCTH K IBYM MEpPEeMEHHBIM A U 1 3a CUeT UCMOIb30-
BaHMS YCJIOBHSI O BEIMYMHE BBIABIsieMOCTH B pazmepe 70 % oT o0I1ero Koim4ecTBa HECIUIOIIHOCTEH U onpene-
JeHus 3, NCTIONBb3yeMbIe B HACTOSIIEM METO/IE, CYIIECTBEHHO YIPOINAET 3a1ady.

Jlnist vccneioBaHus pe3yabTaToB 110 HEpa3pylIalonieMy KOHTPOIIIO HCIOIb3yeM JaHHBIC MO Je(peKTHOCTH
Kopryca peakropa BBOP-440 [20]. [TonyunM GyHKUIUIO 3aBUCUMOCTH OOHAPYKEHHOU NEe(PEeKTHOCTH OT TIyOH-
HBl nedekra. MccnenoBanue pe3yabTaToB HEPA3pyLIAOMIETO KOHTPOJIS IPUMEHSAIOCH IIPH OIIpeeeHHN (PaKTH-
YeCKHX TOJIIIUH CTEHOK 00opymoBaHUSA U TpyOomporoaoB (OuT), moaBep)KEeHHBIX 3PO3HOHHO-KOPPO3ZHOHHOMY
u3Hocy [9]. Annmpokcumariyis THCTOrpaMMBbl IIPEJICTaBlIeHa Ha puc. 2.

Lh

i : * H o | i
1 10 100
I'my6una necruontnoctH, MM [Depth of defect, mm]

KonuuectBo Hecrumomnoctel, mt [Number of defects]

Puc. 2. OyHKIWs 3aBUCHMOCTH 00HAPYKEHHOU 1ehEeKTHOCTH OT IiyOuHbI 1e()eKTOB
[Figure 2. The function of the dependence of the detected defect on the depth of defects]

Jlns kopryca peaktopa BBOP-440, cornacuo (6), [B] = 0,021 MM™1, ucnonbs3ys anmpokcUMaIuio 1oiy-
vaem [A] = 877,9 Mm?585 u [n] = 2,585. IoacraBus ux 3Hauenus B (12), moyyaeM 3aBHCHMOCTb KOJIHYe-
cTBa 00HAPYKEHHBIX Ne(heKTOB N4, OT pazMepa aedexra a:

877,9 _ _
Nosijp) (@) = =555 (1 — e70021 (@71), (13)

2585

[Mony4yeHHast QyHKIMsI OMHMCHIBAET 3aBUCUMOCTh OOHAPYKEHHOH Ne(eKTHOCTH OT pasMepa aedekra mpH
YCIIOBUHU BBISIBICHUS MpH KOHTpoJe 70 % oT o0mmero KonudecTBa HECIUIOIIHOCTEH pasMepoM ap < a < S i
Kopmyca peakropa BB2OP-440.

2.3. Konuuecmeennan oyenka ocmamounoi 0egpekmuocmu

Bce u3BecTHBIE CIOCOOBI HEpa3pyLIAIONIETO KOHTPOJIS HE 00ECIIEUMBAIOT MOJHOE BBISBICHUE NE(EKTOB,
OCTAIOTCS HECTUTOIIHOCTH WK Je(DEKThI, KOTOPBIC BIUSIOT Ha HaaexHOCTh kciutyaramun OuT ADC. COBOKYITHOCTb
OCTaBIIIMXCS TIOCTIE KOHTPOJIST M PEMOHTA IEPEKTOB OMPEACIITIOT TEPMUHOM «OCTaTouHast 1epeKTHOCTRY [2—5; 20].

OcraTouHyto eeKTHOCTh N, MOKHO ONIPEEITUTh 10 opMyIie

NOCT(a') = Nncx(a) - NOGH(a)’ (14)

rae N, (a) — pyHKIusS uCXoqHOM 1e(heKTHOCTH.
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[MoncraBus Beipaxkenue (10) B ypasaenue (14), moryuum

NOCT(a) = NI/ICX(a) - Nucx(a)F(a) = chx(a)(l - F(a)) (15)

VYpasuenue (15) crnpasemmmBo 11 obnactu, rae F > 0. DTa 00macTh onpeaensercss 9yBCTBUTEIBHOCTHIO
MeTO/a KOHTPOJIA a.
[Honcrasus Beipakenus (1) u (11) B ypaBuenue (15), momyuum

Nocr (@) = = e P(@300), (16)

rae B B obmeM Buze onpeaensercs mo Gopmysie (7).
Ucnonesys 3nadenue [[] mist obecriedenus oisiBieHust 70 % 0T 00Iero KoiudecTBa HECTUIONTHOCTEH B
MeTaje, noaydaeM

3,197

A —_— -
Nocr (g] (a) = e S—ag@ ao).

(17

[pumensis nomydeHnsie 3Hadenns [A] = 877,9 Mm>°85 u [n] = 2,585 nns kopryca peaktropa BBOP-440
1 ycnoBus BeisgBieHns: 70 % oT 00IIero KoJM4ecTBa HECIOUTHOCTEH, MoydaeM

_ 8779 —0,021(a—1)
Nocr ] (@) = 22585 € . (18)

o 5 E
= =) E
g = 250 -
=.,.33 1
xZQﬁé
3 M =

o 9
£2< 8
R 3
S9'E 3 E
E82 g
om§.5 1 -
o =
m§“58 il
= oa, B E
O B e s E
o=z 8 ]
=SE ]
g =
57 3
2 &

O T T T T T T

0 20 40 60 80
Pasmep nedexra a, mm [Size of defect a, mm]|

Puc. 3. ®ynkuuns octaTo4HOM Ae)EeKTHOCTH OT ITyOMHBI nedeKTa
(ipu ycnoBu BeIsiBIIeHUS 70 % OT 00IIEro KOMMYECTBAa HECIIOIIHOCTEH B METaIIIE)
[Figure 3. The function of residual defectiveness on the depth of discontinuity
(provided that 70 % of the total number of discontinies in the metal be detected)]

3aBucumocTs (18), mpencraBneHHas Ha puc. 3, MOKA3bIBACT, YTO MOCTE MPOBEICHUS KOHTPOJISI U PEMOHTA
elIe 0CTarTCs Ne(EeKThI, MO3TOMY BaXKHO, YTOOBI OHU HE OKA3aJHMCh OMACHBIMH, TO €CTh MPUBOISIIUMH K pa3-
pYIICHUIO KOHCTpYKIUH. [lanee onmpeeniM BepoSTHOCTh CYIIeCTBOBaHHsI JedekTa pasMepoM Ooliee JomycKae-
MOTO 3HAUCHHUS.

3. Pe3yabTaThl HCCIeI0BaAHMT

3.1. Hceneoosanue eeposmuocmu Cyuecmeosanus oegexma c pamepom,
npesvlaloOuUM OOnyCcKaemoe 3HaueHue

OnpenenuM BEpOSATHOCTh HAXOXKACHUS OCTATOYHOTO OMACHOTO JedeKTa, TO eCTh Ne(eKTa pazMepoM 00JIb-
uie JOMyCKaeMoro 3HaueHus [a).
BBeneM (yHKIHIO BEpOSATHOCTH CYIIECTBOBAHUS eeKTa pasMepoM a = [a] cieayromum oopa3om:

S
_ f[a] Nocr(@)da

> =
P[a](a = [a]) f:o Noor(@)da'

(19)
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3HaMeHaTeNb B BhIpakeHuH (19) uMeeT cMbICT HOPMUPOBOYHOTO K03 duineHTa.
[Moncrasus (16) B BeIpakenue (19), momydaem

fS ine—B(a—ao)da

S Ty (20)

ne_B(a_aO)da.

P[a](a = [a]) =

Jaga
Pesynprarel Beruncienuii B BelpaskeHnd (20) matoT GopMyiry ompeneneHusl BeposTHOCTH OCTATOYHOTO Je-
(exra pazmepom OoJIbIIE AOMYCKAeMOT0 3HaYeHus [a]:

_ y(-nSp-y(1-n[alp)
Pa(@=1aD = o o amnaopy @h

rae y(m,z) = foz t ™ le~tdt — auxuas HenomHas ramMa-pyHKus, t > 0.

3.2. Onpeodenenue 6eposmHoOCHU CYULECMBOBANHUA OeheKma ¢ pasmepom,
npesvluLaOuWUM 00OnycKaemoe 3HaueHue, Ha npumepe KOpnyca peaKkmopa

Hcnons3yst 3HaUeHus TOMIUHBI CTeHKH S = 150 MM kopmyca peakropa BBOP-440, 9yBCTBUTEIHHOCTE W3-
MEpeHHUsI TIPU YIbTPa3BYKOBOM KOHTpOJIE ay = 1 MM, ycnoBus BbisiBIeHUs 70 % OT 001Iero KoJM4ecTBa HeCIUIOTHO-
creit, mpu kotopoMm [B] = 0,021 mm™~1, [n] = 2,585, npeanonoxkum, 4To J0IMyCKaeMOe 3HaYeHHE pasMepa Jie-
dekra [a] = 0,25 S, nonyuum

Pg(a = 0,255) = 8,86 - 1074 (22)

BeposTHOCTE CymecTBOBaHUs B Kopmyce peaktropa BBOP-440 medexra ¢ pazMepom, IpeBHIIIAIONTAM J0-
nyckaeMoe 3Hadenue (He 6osee 0,25S), papHa 8,86 - 1074,

Pa3Butne octaTouHOTO JedexTa ¢ pa3MepoM OOITbIIE TOMYCKaeMOTro 3HAYSHHS IO KPUTHISCKAX 3HAUCHUH
MOJKET XapaKTepru30BaTh UCXOIHOE COOBITHE pa3pyLIeHH IeT0CTHOCTH 000pyHoBaHus Win Tpyoompososa. I1o-
ATOMY BEPOATHOCTH (22) MOKHO HCIOIB30BaTh JJIS OMHMCAHUS YACTOTHI BOSHUKHOBEHHUS HCXOJTHBIX COOBITHIA,
CBSI3aHHBIX C pe3yJIbTaTaMH HEepa3pyIIaloMero KOHTPOJIS, TP PacyeTe BEPOSATHOCTH pa3pyIICHHUS.

4. 3akJI0ueHue

Hccnenoana QyHKIMS BEPOSITHOCTH O0OHAPYXEHUs JeeKToB. VCmonb3ys (GyHKIHIO TNIOTHOCTH paclpe-
JICTICHUSI BEPOSITHOCTH OOHApy KeHus nedekTa U TpeOOBaHUi HaJA30pHOTO OpraHa B 4acTH HEOOXOAMMOro oobema
0o0OHapyIKEHUs HECTUIONIHOCTEH, MOoyueHa 3aBUCUMOCTh K03 (duIreHTa 3, yIUTHIBAIOIIETO BIUSHUE 0COOCHHO-
CTel IPOBEJICHUSI KOHTPOJIS, OT TOJIIUHBI CTEHKH S ¥ YYBCTBUTEIBHOCTH MPHOOpA MPU KOHTPOIIE dg.

Jnst kopryca peakropa BBOP-440 nonmydeno 3Havenne kodddunmenta [] = 0,021 nust obecrieueHus BbISB-
aenust 70 % ot o0IIero KoJIM4ecTBa HECIUIOMIHOCTEH B METallIe, a TAKXKE 3aBHCHMOCTh OCTAaTOYHOH Je(eKTHOCTH
Nycr OT pa3mepa aedeKkTa, MOKa3bIBAOIIA, YTO TOCIE MPOBEACHHS KOHTPOJIS U PEMOHTA €IIle OCTAIOTCS AC(PEKTHI,
MO3TOMY Ba)KHO, YTOOBI OHM HE OKa3aITUCh OTACHBIMH, TO €CTh PHUBOJISIIMMH K Pa3pyIICHUO KOHCTPYKITHH.

Pazpabotan MeTos1, MO3BOJISIOLINIA OMPEIETUTh BEPOSTHOCTH CYIIECCTBOBAHUS OCTATOYHOTO JedeKkTa ¢ pa3me-
POM, TIPEBBIIIAOIINM JIOTyCKaeMOe 3HAYEHHUE, TIOCIIE IPOBECHHUS Hepa3pyiaroiero KoHTpodis u pemonta OuT ADC.

IpencraBieHHbIl METOJ] TIO3BOIUT CJENAaTh BBIBOJBI O HEOOXOJMMOCTH Pa3pabOTKH JOMOJHHUTEIHHBIX
YCJIOBHIA KauecTBa U KOHTPOJIS MeTasia Jyisi 00eCTieueHUs: KpUTEpUeB 0€30IMacHOCTH, B YaCTHOCTH:

— omnpezeseHus TpeOOBaHHUM K aTTECTAlMU Ie(EKTOCKOIUCTOB;

— JIOTyCKAaeMbIX 3HAUCHHI XapaKTEePUCTHK KOHTPOJS MeTaslia (1yBCTBUTEIBHOCTH, TOYHOCTH OTPEJICIICHUS
pa3MepoB Ae(eKToB U 1Ip.);

— BO3MOJKHBIX Pa3MEPOB M KOJHUECTBA 0OHAPYIKUBAEMBIX IE(PEKTOB;

— MEPHUOTUYHOCTH MPOBEACHUS KOHTPOJISI METAILIA.
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Memoowr. JInisi NOCTHKEHHS MTOCTABICHHOM 1e7M ObLIO UCIBITAHO M PACCUUTAHO
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noGasmsuiock 1,6 % IUCTIEprHpOBAaHHOTO PYOIEHOro 0a3aIbTOBOTO BOJIOKHA, KOTO-
poe CIyXuJIo Uit apMupoBanust 6etoHa. KpoMe Toro, B 9KCIIEPUMEHTAX UCTIOIb-
30Bajiach ceTka u3 0a3aIbTOBOrO BOJNOKHA. Pezymvmamut. LmmHApdecKkas KOJIOHHA
u3 Kepam3ura 0e3 0a3aJbTOBOrO BOJIOKHA JieprKalia Harpy3ky ao 19,6 T B Tede-

HHE 58 MUH, KOJIOHHA € JUCIICPIrUpOBaHHBIM py6HeHBIM 0a3aJIbTOBBIM BOJIOK-

Jast uuTHpoBaHUsI HOM — 710 26,67 T B TeueHue 61 MUH, a KOJOHHA C JTUCIIEPTUPOBAHHBIM py0OIte-
Chiadighikaobi P.C. Improving the compres- HbIM 0a3aJIbTOBBIM BOJIOKHOM, YCHJICHHAass 000JI0YKOW M3 0a3albTOBOH CETKH,
sive strength of lightweight cylindrical con- paspyumuiachk npu 29 T uepes 64 muH. TakuM 00pa3oM, ONBITHI IOKA3alU, YTO
crete column with basalt fiber reinforced poly- JIETKHE NUIMHAPHYECKHE KePaM3UTOOCTOHHBIC KOJIOHHBI, YCHIICHHBIC CETKOH U3
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coopyxkermit. 2020. T. 16. Ne 5. C. 424-434. HaMH 0e3 BOJIOKHA.

Illgps/ /ggleézrg/ 10.22363/1815-5235-2020- KirioueBbie CJ10Ba: [UIMHIPUYECKUE KOJIOHHBI, KEPAM3UTOOETOH, YCUIIEHUE

0a3aIbTOBO CETKOI1, MPOYHOCTH, OETOHHBIC KOJOHHBI

1. Introduction

Concrete is the widely used construction material throughout the world; however, it completely losses
the load-carrying capacity once cracks/failures are initiated. To overcome these issues, the inclusion of short dis-
persed fibers in concrete has been practiced and studied by various researchers.

The randomly oriented short fibers control the propagation of microcrack and improve the overall crack
resistance of the concrete. Also, the fiber-reinforced concrete (FRC) behaves like a composite material and this
behavior is significantly different from the conventional concrete.

Lightweight concrete (LWC) is generally defined as concrete made of ordinary Portland cement (OPC),
water, river sand (or lightweight sand), and lightweight coarse aggregates, and its density is typically below to
1950 kg/m® [1]. Consider the growing demand, including high-rise buildings, large-span concrete structures, and
floating structures, lightweight concrete that is made by diverse types of aggregate has been widely studied and
successfully developed and applied over the past two decades [2—6].

LWC offers several advantages, such as saving dead loads for foundations, high strength/weight ratio, and
service as ideal filled materials for sandwich structures. Thus, lightweight concrete has many potential applica-
tions in the construction industry. Nevertheless, some drawbacks in lightweight concrete’s natural mechanical
properties have limited applications, especially as load-bearing structural members [3]. At the same mixing ratio
and compressive strength, the brittleness of LWC is much higher than normal concrete (NC). Plus, the defor-
mation capacity of lightweight concrete is also poor when compared with NC [7].
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Figure 1. Mechanism of weak column strong beam Figure 2. Mechanism of formation of
in a building frame [8] plastic hinge in beams [8]

In many recent earthquakes, it has been observed that buildings with relatively weak columns collapsed in
a pancake fashion. This is due to the presence of soft stories and due to the presence of strong beams but com-
paratively weaker columns (Figure 1). In multistory reinforced concrete buildings, it is desirable to form plastic
hinges in beams rather than in columns to dissipate earthquake induced energy by yielding of the beams rather
than the columns (Figure 2). The columns are responsible for the overall strength and stability of the structure,
during severe seismic jolt. Furthermore, columns are compression members and axial compression reduces
the ductility of reinforced concrete columns, thus necessitating more stiff confining reinforcement. Therefore,
it is preferable to control inelasticity in columns, to the extent possible, while dissipating most of the energy
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through yielding of the beams as a measure against the total collapse of the structure [9; 10]. To achieve this
“weak beam strong column” objective, the columns of a building can be made stiffer against deformation by
wrapping them with fiber-reinforced polymers (FRP). Research work was done to conduct experimental studies
of reinforced concrete retaining walls, including considering their reinforcement by inclined reinforcing bars [11].
The results obtained from the research showed the opening of horizontal interblock joints, the formation of inclined
cracks emerging from the joints. An increase in the strength of reinforced concrete structures of retaining walls
and a decrease in their deformability due to reinforcement by inclined rods in the interblock weld were recorded.

Confinement has been known to add both strength and ductility in the axial direction for concrete column
and this idea originally developed back in the 1920s [12]. Numerous conventional techniques, e.g. ferrocement,
concreting overlay, grout injection, external reinforcement, post-tensioning, near-surface retrofitting, etc.,
are available and getting popular for retrofitting of the concrete column. In recent years, the use of fiber-
reinforced polymers as an external strengthening has gained considerable popularity over conventional streng-
thening and repair of concrete structures. The FRP composites have been used successfully for rehabilitation and
strengthening of existing reinforced concrete elements to meet the higher standard of seismic loading. One po-
pular technique of FRP strengthening is the wrapping of reinforced concrete columns to increase their axial
strength, shear strength, and seismic resistance.

Fiber-reinforced polymer composites have become a favorite material of professionals in both engineering
and construction due to its advantages. Major ones include lightweight, high strength, and construction conve-
nience [13—-19]. FRP composites provide excellent corrosion resistance, which keeps costs down and increases
the service life of structural materials [20-29]. The circumferential confinement of FRPs restrains the transverse
expansion of concrete; thus, the strength and ductility of FRP-confined concrete are notably enhanced when the con-
crete is subjected to a triaxial compressive load [30-33]. Therefore, it can be inferred that the problem of high
brittleness and the poor ductility of lightweight aggregate concrete can be effectively solved by using FRP con-
finement. Thus, FRP application can make it an effective method to reduce self-weight in structural design.
The advantage of the composite structure is that it can fully use the characteristics of the multi-materials [34-36].

Concrete elements are known for their brittleness therefore the need to strengthen the elements. The column
is a very important load-bearing element in structures. Though a lot of researches have been done on the strength
improvement of conventional concrete columns, very few researches have been done on the strength of light-
weight expanded concrete with or without basalt fiber (BF). Based on the above, this research work has the task
to suggest or solve the problem associated with the brittleness of lightweight concrete structural elements.

2. Materials and methods

This experimental study of concrete is carried out by using the state standard GOST 10180-2012 [37].
The materials for the lightweight concrete mix and the production of the concrete for this study are listed below
for better illustration.

1. Lightweight expanded clay aggregate of 5-8 mm fraction as coarse aggregate. The lightweight expanded
clay was washed to remove the dust in the aggregate. After washing the aggregate, it was spread on the metal
surface for 48 hours to dry up. Expanded clay aggregate is a lightweight aggregate from clay. The clay is dried,
heated, and burned in rotary kilns at 1100—1300 °C inhabiting essential properties like lightweight, insulating, strong,
non-combustible, and fire-resistant, extremely stable and durable, natural material for sustainable construction,
versatility, and high drainage capacity [38—42].

2. Quartz sand of 0.6—1.2 mm fraction as fine aggregate. A feature of the proposed quartz is the presence
of coarse-grained sand, with a large modulus of fineness up to M3,5. Quartz sand has a rounded part with a low
content of clay inclusions and inclusions of soft rocks. The resulting quartz sand undergoes additional enrichment
and drying. The moisture content is up to 0.2% [43].

3. Mineral filler Silverbond quartz flour of 50 pm. Quartz flour is produced by grinding chemically pure,
natural quartz sand to a finely divided state. The technology used guarantees the stability of the chemical composition
during grinding and allows to get a constant particle size distribution of quartz flour. The crushed quartz flour is
represented by rounded particles with uneven, broken edges. Quartz differs from other mineral fillers in hardness,
abrasion and chemical resistance, anti-corrosion, and low coefficient of thermal expansion. Quartz is a chemically
stable mineral, it is soluble only in hydrofluoric acid. With a low oil absorption and a small surface area of
the particles, the use of quartz flour will enable to get a system with a high degree of filling.

4. Binder Holcim Portland cement M500 D20 CEM 1II 42.5 N. The characteristics of Holcim Portland cement
M500 D20 CEM 1I 42.5 N: M — brand, 500 is a figure showing the average compressive strength for 28 days in kg/cm?,
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D — additives, 20 — allowable number of additives in % (up to 20%), CEM II — cement containing additives, and
the content of additives is 6-20%, I-type additives, limestone, 42.5-class compressive strength for 28 days, must
be at least this value, and B-quick hardening.

5. Organic mineral-based additives: silica fume, and fly ash.

6. Super plasticizing and water-reducing additive Sika Plast concrete.

7. Tap water at room temperature. Generally, water that is suitable for drinking is satisfactory for use in concrete.

For concrete reinforcement, the following materials are needed.

8. Chopped basalt fiber. The length of the chopped basalt fiber used is 20 mm and the diameter 15 pm.

9. Basalt mesh. Technical characteristics of the construction grid Ecostroy (basalt mesh):

o tensile strength: longitudinal direction — 50 kn/m, transverse — 50 kn/m;

o the relative elongation (longitudinal, transverse direction) is about 4%;

e the surface density is 200 g/m%;

o characteristics of the roll: width — 36 cm, length — 50 m;

o cell parameters: 25%25 mm.

The tests will be done on nine expanded clay concrete (ECC) cylindrical columns of four sets of lightweight
concrete mixtures. The dimensions of the concrete cylindrical columns are height 300 mm x diameter 150 mm.
The percentage of BF used as dispersed chopped BF in the ECC is stated in Table in the result section. The three
sets of cylindrical concrete mix are:

1) three cylindrical concrete columns without both dispersed chopped basalt fiber and confinement basalt mesh;

2) three cylindrical concrete columns with dispersed chopped basalt fiber without confinement basalt mesh;

3) three cylindrical concrete columns with dispersed chopped basalt fiber and confined with basalt mesh.

Figure 3. Process of ECC cylindrical column:
a — euro cylinder with basalt mesh for confinement inside; » — ECC in mold; ¢ — ECC cylindrical columns

Figure 4. The compressive test is done Figure 5. Strain gauge sensor location on ECC cylindrical column
on hydraulic press PG-100
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The columns will be molded in a Euro cylinder of dimensions @150 mm x height 300 mm. The concrete
columns are molded in Euro cylinder forms according to Eurocode 1 and 2 [44; 45] as shown in Figure 3. After
pouring the ECC in cylindrical columns molds, the molds were covered with polytelin and kept at room tem-
perature (20 £ 5) °C and relative air humidity (95 + 5)%. On the 76™ hour, the ECC columns were removed from
the molds and kept in the curing bath till the 28" day then the columns were tested for deformation on a com-
pressive test on a hydraulic press PG-100 (Figure 4).

After the test, a comprehensive strength comparison of the three sets of concrete will be done. From the
analysis, the stress deformation and time will be analyzed from the average results of three columns from each of
the three sets for comparison. Three strain gauge sensors are clued on the body of the ECC cylindrical column
and numbered 1, 2, 3 as shown in Figure 5. Sensors 1 and 2 are for measuring the stress-strain deformation on
the vertical zone of the column while sensor 3 is for measuring the horizontal deformation of the column.

3. Results

The 1.6% dispersed chopped basalt fiber used in this research experiment was derived from the compres-
sive test results in Table where ECC cube with 1.6% BF showed better compressive strength.

Table
Results of the laboratory tests of ECC specimens of 100100100 mm on the compressive strength

Compressive strength, MPa

Curing period, days

0% BF 0.45% BF 0.9% BF 1.2% BF 1.6% BF
7 14.145 15.861 18.248 20.189 23.573
14 19.738 21.596 24.969 27.771 31.326
28 22.524 25.123 28.497 31.926 36.235

Figures 6, 9, 10, and 11 show the views of the ECC cylindrical columns after they have undergone
imposed loads. From the experiments, the ECC cylindrical column could hold imposed loads of up to 19.6 tons.
The deformations were measured at a pace of 5 tonnes. The compressive test started at time 18:05 and noticeable
deformation started at 18:53 and complete test destruction ended at 19:03. Therefore, it took 58 minutes to achieve
the compressive test result at deformation. Figure 9 shows the comparison of the maximum compressive load
strength of the columns. Figure 11, it is seen the effect of the load on the strain gage. In Figure 11, the strain
gage 1 (in green line graph) sustained from 18:02 — 18:55, strain gage 2 (in red) sustained from 18:02 — 19:02
while strain gage 3 (in blue) sustained from 18:03 — 18:56.

Figures 7, 9, 10, and 12 show the views of the ECC + BF cylindrical columns after undergoing imposed
loads. The ECC + BF cylindrical columns could hold imposed loads of up to 26.67 tons. The deformations were
measured at a pace of 5 tonnes. The compressive test started at time 16:56 and complete test destruction at 17:57.
It took 1 hour and 01 minute for the complete deformation. Figure 12 shows that strain gage 1 (in green line graph)
sustained from 16:56 — 17:57, strain gage 2 (in blue) sustained from 16:59 — 17:57 while strain gage 3 (in red)
sustained from 16:59 — 17:57.

b c

Figure 6. ECC cylindrical column after imposed loading shows deformation:
a — at tensile gage 3; b — at tensile gage 1; ¢ — at tensile gage 2
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Figure 7. ECC + BF cylindrical column after imposed loading shows deformation:
a — at tensile gage 1; b — at tensile gage 2; ¢ — at tensile gage 3

C

Figure 8. ECC + BF + basalt mesh cylindrical column after imposed loading shows deformation:
a — at tensile gage 1; b — at tensile gage 2; ¢ — at tensile gage 3

5 |

ECC cylindrical column ECC + BF cylindrical ECC + BF + Basalt mesh
column cylindrical column
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Figure 9. Compressive load diagram of ECC cylindrical columns

OKCNEPUMEHTAILHBIE UCCNEROBAHMA 429



Chiadighikaobi P.C. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 424-434

65

64
63
62

, 61

g

g

< 60

E

= 59
58
57
56
55

ECC cylindrical column  ECC + BF cylindrical column  ECC + BF + Basalt mesh
cylindrical column

Concrete types

Figure 10. Compressive load time diagram of ECC cylindrical columns
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Figure 11. The time-deformation of ECC cylindrical column
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Figure 12. The time-deformation of ECC with BF cylindrical column
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Figure 13. The time-deformation of ECC with both BF and basalt mesh confined cylindrical column
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Figures 8, 9, 10, and 13 show the results of ECC + BF + Basalt mesh confined cylindrical columns after
imposed loads. The ECC + BF + basalt mesh sustained a load of 29 tons. The compressive test started at time
16:56 and noticeable deformation started at 17:50 and complete test destruction ate 18:00. It took 64 minutes for
the complete deformation. Figure 13 shows that strain gage 1 (in green line graph) sustained from 16:59 — 17:59,
strain gage 2 (in blue) sustained from 16:59 — 17:59 while strain gage 3 (in red) sustained from 17:00 — 18:00.

4. Conclusion

From the experimental results, the following conclusions are made.

1. The addition of basalt fiber in ECC affected the strength of the concrete and the destruction time.

2. The BF increased the compressive load of the column by 36% compared to the regular column.

3. The ECC column with both BF and basalt mesh improved the compressive strength by 48% compared
to the regular column.

4. A 9% increase in strength was calculated when comparing the ECC column with BF and basalt mesh to
the column with the only BF.
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