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PesynbTathl pacyera npsMOYTOIbHOHN MIACTUHKH MPEICTaBIeHbI B Ta0M. 1 (3HaYeHus1 B CKOOKaX OTHOCAT-
sl K pe3yibTaram, IMOJyIeHHBIM C HCTIONb30BaHneM TpeyroisHoro KO EL36).
Ha puc. 4, a npuBenena nepsas Gpopma cOOCTBEHHBIX KOJeOaHMI TUTACTUHKY MO HArpy3KOoi. 3aBHCHMOCTD

4acTOTHI KOJIEOaHMii OT ITapaMeTpa A TOKa3aHa Ha puc. 4, 6.
Kak H3BECTHO, aHAJIMTUYCCKOC YPABHCHHUC VI IIOBEPXHOCTU BBITYUHMBAHUSA IUIACTUHKHA MIPEACTABIIACTCA B BUAC
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Puc. 2. IIpsiMoyroJibHask IIACTHHKA, BCEM [IEPUMETPOM OIIEPTasi Ha KOHTYP
[Figure 2. Rectangular plate supported on the contour]
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Puc. 3. KoHeuHO-311eMEHTHBIE CXEMBI [T pacueTa IpsSMOYTOJIbHOM TUIacTUHKY pu cetke KO pazmepom 10x10, 20x20, 30x30:
a, 6, 6 — C UCIIOJIB30BAHUEM YETBIPEX YT OJIBHBIX 3JIEMEHTOB; 2, 0, € — C UCIIOJIb30BAHUEM TPEYTOJIbHBIX 3JIEMEHTOB
[Figure 3. Finite element schemes for the rectangular plate calculating with a FE mesh dimension of 10x10, 20x20, 30%30:
a, 6, ¢ — using quadrangular elements; 2, 0, e — using triangular elements]
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Tabnuya 1
PesyabTaThl pacyera npAMOYroJbHOM NIIACTHHKHA
[Table 1. The results of rectangular plate calculation]
Pazmepnocts KO cerkn  YacTora coOCTBEHHBIX Kpurnueckuii napamerp narpy3ku A [Critical parameter of load A |

[Dimension of FE mesh| kosne6anuii HeHarpy:xeHHOI

KOHCTPYKIHH ©,, paj/c
pyxa 0> PAA Pemenue no MK2 Amnanuruueckoe peutenne  [orpemnocts A, %

[Structural frequency [FEM solution] [Analytical solution]  [Approximation error A, %]
without load ®,, , rad/s]
10x10 974,534 (975,534) 2080 (2070) 1,249 (0,763)
20%20 972,535 (972,535) 2060 (2060) 2054,335 0,276 (0,276)
30x30 972,535 (972,535) 2060 (2060) 0,276 (0,276)
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Puc. 4. Pacuet npsAMOyrobHON INIAaCTUHKH:
a — popma KonebaHuif; 6 — rpaduK 3aBUCUMOCTU (1)(7\.)
[Figure 4. The calculation of a rectangular plate:
a — the form of waves; 6 — the schedule (,l)(}\.) 1

[Moxacrapmsist (5) B ypaBHeHue (4), ¢ yueTom rpaHndHbIX ycnoBuit (mpu x=0 u x =/, w=0) noxydaercs
BBIpa)KEHHE AJIS OTIPEIEICHUS] KpUTHYECKOI HATrpy3KH:

UE W

12(1-v2) 5>

rae U — xoadunmenT, npuHIMaeMsblii 1o tadi. A u3 [3].
TIPMMEHHTENBHO K PACCMATPUBAEMOMY IIPHMEPY ¢, =2054,335 kH/m. CrienoarensHo, mapametp A=g,,./q=2054,335.

Ger = (6)

3.2. Hlapnuupno onepmas no Kpaam RAACHMUHKA C RPEHCHUMU PA3Mepamu CmopoH,
HO NOOKPENIeHHAA YemblPbM PAGHOYOAIEHHBIMU NPOOOILHBIMU PEOPAMU IHCECHKOCHU

T'eoMeTpuueckue XapakTepucTHKU ceuenust pebep: F =8 cm?, J, =10,667 cm* (puc. 5).

PacueTs! BRINONHAINCH C UCMONIb30BaHUEM YeThIpexyroibHbIXx KO (Tum EL36) B 0TCyTCTBUM HayabHBIX Iie-
pememntennii ( K,, = 0) npu pazouennn koHcTpykimu Ha KO-cetky ¢ pasmepamu 10%x10, 20x20 u 30x30 (puc. 3, a—s).

Pe3ynprarer pacueTa MoAKpeIUIEHHON TUTACTUHKHY TPEACTaBICHBI B Ta0I. 2.

Ha puc. 6, a npuBeneHa mepBas ¢popMa COOCTBEHHBIX KOJICOAHWH MOIKPEITICHHOW TUIACTHHKH. 3aBHCH-
MOCTH 9acTOTHI KOJIeOaHMIi OT mapaMeTpa Harpy3KHy IoKa3aHa Ha puc. 6, 0.

VYpaBHeHUE I ONpe/eNieHUs] KPUTHYECKOW Harpy3KH B Cllydae MOJKPETUICHHOW peOpaMu MIacTHHKH
mpeacTaBisgeTcs Tak [3]:
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2 3
Dn B; F Eh
rne P=——, v, =—-, 8, ==X, B=a/b, B: = EJ_; — ecTKOCTb MOAKpEILItoIero pedopa, D =——— —
p2n D O b B=alb, B =EJ., P peRp 12(1—\/2)
[HIAHPHYECKast )KECTKOCTh ITACTUHKH.
Jlist paccMaTpuBaemMoi 3aaun ¢, = 5092 kH/m. Taknm 06pa3om, KpuTHuecKnii napametp A = q,,./q =5092.

Tabnuya 2
Pe3yJ’ll>TaTl>1 pacuera l'lOL[erl'lJ'leHHOﬁ IVIACTUHKH
[Table 2. The results of the ribbed plate calculation]
Pazmepnocts KO cerkn  YacToTa cOGCTBEHHBIX Kpuruuecknii mapamerp Harpyskn A [Critical parameter of load A |

[Dimension of FE mesh] kose6anmii HeHarpy:keHHOi

KOHCTPYKIHH ©,, paja/c
pyxut 0> PAA Pemenune no MK3 Amnanurnueckoe pemenne  [lorpemnocts A, %

[Structural frequency [FEM solution] [Analytical solution]  [Approximation error A , %]
without load o, , rad/s]
10x10 1269,394 5371 5,479
20%20 1269,394 5246 5092 3,024
30x30 1269,394 5177 1,669
4
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Puc. 5. IlpsmoyronpHas MIaCTHHKA, TOAKPEIUICHHAS IPOIOIbHEIMU peOpaMu
[Figure 5. Rectangular plate supported by longitudinal ribs]
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Puc. 6. Pacuer moakpenieHHO! MIaCTHHKU:
a — popma konebaHuif; 6 — rpad K 3aBUCUMOCTU (1)(7\.)
[Figure 6. The calculation of the ribbed plate:
a — the form of waves; 6 — the schedule m(%) 1
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3.3. Huaunopuueckas 060104Ka ¢ WIAPHUPHO 3AKPENTIEHHBIM KPAAMU,
UCRBIMBIEAIOWAA PAGHOMEPHOE CHCAMUE 800716 OCU UUUHOPA

Onpefenenre KPUTMYECKUX HATPY30K BBINONHSIIOCH B OTCYTCTBHH HadalbHbIX nepemernenuii ( K, =0) nus
KD-cxem 060onouku ¢ pasmepamu 12x24, 16x32 n 24x40 (puc. 7). Ucxomnbie nannwie: [/R=2, R/h=25, h=1 cm,

E=2-108 klTa, v=0,3, y=78,5kH/M’. Hopmupoannas Harpyska g =100 kH/m.
PesynbpTathl onpeneneHus KpUTHIECKUX HArpy30K Uil 000I0YKH MpeACTaBIeHbl B Ta0. 3.

M e > ] o
By 1 A RN
1 ™~ L1 ] —t T~
] ESgiEag i 8 s .ﬁ??ﬁ?’g’ RSN
PR sy 0 [ W NN
M~ T ~ W e
Eeslied 1 ~ A
) ==
e K [ Nrrzemmmm NN
& B By & > N
B S=sS NeEs S3
= SS 2 N
] S8 % \NESSS===222
— ] § -~ -1
e S8 z NiS§SSE==2c2
—1 i o NASSSS===S22
e NN NSSSSS= £2
e NN 1 NINSES=====27
e NN ® &ssssa =27
e B | L] oy 4 i oy 1
e NWN ] NSSE===c227
= ANSE==252 |\SSESSSsss
] :“—**" \QHE = -
== T s
a

o)

Puc. 7. KoHeuHO-311€EMEHTHBIE CXEMBI HMIHHAPHYECKON 000I0UKH:
a — c pa3mepoM 12x24; 6 — 16%x32; ¢ — 24x40
[Figure 7. Finite-element meshes of a cylindrical shell:
a — with a size of 12x24; 6 — 16x32; ¢ — 24x40]

Tabauya 3
Pe3yJbTaThl pacuera HHJIHHIPHYECKOii 000J10YKHI
[Table 3. The results of the cylindrical shell calculation]

Pa3mepHocth KD cetkn  YacToTa COGCTBEHHBIX
[Dimension of FE mesh] kose6anuii HeHarpy:xeHHoi

Kpuruuecknii mapamerp Harpy3kn A [Critical parameter of load A |

KOHCTpYKIHH © , pan/c TMorpermmocts A, %

[Approximation error A, %]

Pemenne mo MKD
[FEM solution]

AHaITHYECKOE PEIICHHE

[Structural frequency [Analytical solution]

without load o, , rad/s]
5447,398

5367,436
5337,450

12x24
16x32
24x40

482
476
474

0,454
1,694
2,106

484,20

1-H TOH
[tone 1]

:

:

:

Kpyroean JactoTa
[Wave circular freguency]

-2 98 198 298

MapameTp HarpyIku
[Load parameter]

a 0

Puc. 8. Pacuer munmmHgpudeckoi 000I09KH:

a — popma konebauuit; 6 — rpaduk 3aBUCUMOCTH (0(7»)
[Figure 8. The calculation of a cylindrical shell:
a — the form of waves; 6 — the schedule (.0(7\,) 1
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Ha puc. 8, a npuBenena nepsas Gopma KosebaHU 000I0UKH MO HATPY3KOH. 3aBUCUMOCTB 4aCTOTHI KO-
nebaHul OT MapamMeTpa Harpy3KH U pacCMaTpUBaeMOil 000I0UKH MTOKa3aHa Ha pucC. 8, 6.

N3BecTHO, 9TO I OCECHMMETPUIHON (OPMBI ITOTEPH YCTOHIMBOCTH CKATOH MIIMHIPHUICCKOW 000JI04-
KM CIIPaBEUINBO YpaBHEHHE [2]

DI YL 2y g Y. (8)

Ipu 1rapaupHOM OnupaHuy KpaeB 000104k (Ww=0 u d 2 w/ i = 0) pernreHre STOro ypaBHEHHS HUITICTCS B BUJIC
W= Asin@, (9)

TA€ m — YUCIIO0 MOTYBOJH.
[ToncranoBka (9) B ypaBHEHHE CPEOUHHON MOBEPXHOCTU 000JI0YKH (8) MO3BOJISIET MOMYUYHUThH BBIPAKEHHUE
JUIS HAXOXKIEHUSI MUHUMAJIbHON KPUTHUYECKON Harpy3Ku:

ER?
der zm' (10)

Jlnst paccMaTpuBaeMoro npumepa ¢, = 48420 kH/m, a kputudeckuii napametp =g, /q =484,20.

4. 3akJII0ueHue

AJTOpUTM, IPUBEACHHBIA B JAaHHON CTaThe W PEaTM30BaHHBIN B BeIMUCIUTENbHOM Komiuiekce [TPUHC,
MO3BOJISIET ONPEAETATh KPUTUUECKUE HATPY3KHU C UCIIOIB30BAHUEM JUHAMUYECKOTO KPUTEPHS YCTOMUYUBOCTH.

Ha ocHOBaHMHM MHOTOYHCIIEHHBIX BEPUGHUKAIMMOHHBIX PACUETOB YCTAHOBJICHO, YTO OMHCAHHBIA aJTOPUTM
o0nanaeT 3 PeKTUBHOCTHIO ONPECIICHUS KPUTUYSCKUX HATPY30K JJIs CTEPHKHEBBIX, TOHKOCTEHHBIX M TOKPETI-
JIEHHBIX KOHCTPYKIIHH.

Hcnons3oBanne BerancnurensHoro kommiekca IIPMHC maeT BO3MOKHOCTE B JIONOJIHEHHE K KJaccHUe-
CKOMY (CTaTHYECKOMY) METOTy MCIIOIB30BaTh alIbTEPHATHBHBINA (THHAMUYICCKUI) METOT OTIPEICICHIS KPUTHIC-
CKHX HAarpy30K JUisi IIHPOKOTO KJIACCa MHXKEHEPHBIX 331a4. Takum o0pa3oM, BeuHCIUTENbHbINM KomIuieke [IPUHC
YCHEITHO MOXKET OBITh MCIIOJIb30BaH MH)KEHEPaMHU TMPOEKTHBIX M HAyYHBIX OpTraHW3alllid JJIs pacdyera yCTOWYH-
BOCTH KOHCTPYKIIMHA U COOPYKEHUHU, TPEOYIOIINX OOJBITION OTBETCTBEHHOCTH.
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Abstract

Relevance. The progressive development of views on the Saint-Venant for-
mulated principles and methods underlying the deformable body mechanics,
the growth of the mathematical analysis branch, which is used for calculation and
accumulation of rules of thumb obtained by the mathematical results interpreta-
tion, lead to the fact that the existing principles are being replaced with new,
more general ones, their number is decreasing, and this field is brought into
an increasingly closer relationship with other branches of science and technology.
Most differential equations of mechanics have solutions where there are gaps,
quick transitions, inhomogeneities or other irregularities arising out of an approxi-
mate description. On the other hand, it is necessary to construct equation solu-
tions with preservation of the order of the differential equation in conjunction with
satisfying all the boundary conditions. Thus, the following aims of the work were
determined: 1) to complete the familiar Saint-Venant’s principle for the case of
displacements specified on a small area; 2) to generalize the semi-inverse Saint-
Venant’s method by finding the complement to the classical local rapidly decaying
solutions; 3) to construct on the basis of the semi-inverse method a modernized
method, which completes the solutions obtained by the classical semi-inverse method
by rapidly varying decaying solutions, and to rationalize asymptotic convergence
of the solutions and clarify the classical theory for a better understanding of
the classic theory itself. To achieve these goals, we used such methods, as: 1) strict
mathematical separation of decaying and non-decaying components of the solu-
tion out of the plane elasticity equations by the methods of complex variable
theory function; 2) construction of the asymptotic solution without any hypothe-
ses and satisfaction of all boundary conditions; 3) evaluation of convergence.
Results. A generalized formulation of the Saint-Venant’s principle is proposed for
the displacements specified on a small area of a body. A method of constructing
asymptotic analytical solutions of the elasticity theory equations is found, which
allows to satisfy all boundary conditions.

Keywords: contraction mapping principle, fixed point theorem, elasticity, strip,
Saint-Venant, complete solution
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CoBpeMeHHas1 TPAKTOBKA NMPUHIMIIA U M0Jy00paTHOro Metona Cen-Benana
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Hctopus crarbu AHHOTaIUsA

Ioctynuna B penakuuto: 23 asrycra 2020 r. Axmyansnocms. IlocTeneHHOE pa3BUTHE B3IVIAZ0B Ha CHOPMYNIUPOBAHHEIE
Jopabotana: 4 oktsiopst 2020 . CeH-BeHaHOM TPUHIMITBI B METOJIBI, JISKAIINE B OCHOBE MEXaHUKU JAe(OopMH-
IMpunsra k myomukamuu: 14 okts16ps 2020 r. pyeMoro Tena, pocT TOH BETBH MaTEMAaTU4ECKOr0 aHa/In3a, KOTOpas IPUMEHsEeT-

Csl TIPH BBIYHCIICHUSX, U HAKOIUICHUE MPAKTUYECKUX MPABUII, TTONYYaEMbIX MyTEM
HCTOJIKOBAHUSI MAaTEMAaTH4ECKUX PE3YJIbTATOB, IPUBOAAT K TOMY, YTO CYLIECTBY-
IOIHe TIPUHIUIEI 3aMEHSIOTCS HOBBIMH, OoJiee OOIMMHE, YHCIO X YMEHbIIACT-
csl ¥ AaHHas 00JIacTh MPUBOANTCS BO BCe OoJiee TECHYIO CBS3b C APYTHMH OTIe-
JIaMH HAYKH U TEXHUKH. BOMbIIMHCTBO AU hepeHIHATbHBIX YPABHEHHIT MEXaHHKH
o0azaer perieHUsIMH, B KOTOPBIX HAOIOAAI0TCS pa3phIBbI, OBICTPHIC IEPEXO/IbI,
HEOJHOPOIHOCTH WIH APYTHe HETPaBHIFHOCTH, BOSHUKAIOIINE U3 IIPUOIIKCH-
HOTO onucaHus. bosbioi uHTEpeC mpeacTaBiseT 0000IIeHHas GOPMYITHPOBKA
npuHimna Cen-BeHana s 3aTyXaHusl 3aaHHBIX HA MaJOM Y4YacTKe MepeMeleHUiH
IUIsl OOBSCHEHUSI TOJyYSHHBIX NMPUOMMKEHHBIX perreHuid. C Ipyrod CTOPOHH,
HEeoOXOMMO TIOCTPOCHHE PEIICHNH ypaBHEHMH C COXpaHeHHWeM Hopsaka mudde-
PEHIMAIBHOTO YPAaBHEHUS B COUETAHWHU C BBIIOJHEHHUEM BCEX TPAHMYHBIX yCIIO-
Buii. TakuM oOpa3oM, ObLIU ONpeeneHsl CAEAYIOIME yenu uccieoosanust: 1) 1o-
oJHUTh M3BecTHBbIM npuHiun CeH-BeHana juid ciydas 3aJaHHBIX Ha MaJloM
y4acTKe TeNa IepeMelIeHHil; 2) HOCTPOUTh Ha OCHOBE ITOTyOOpaTHOro MeTona
MOIEPHHU3UPOBAHHBIA METOJ], JTOMOJHSIOMNK MOTyYeHHbIe KIACCHYECKUM IOIy-
06paTHbIM MCTOZAOM PCLICHUS 6I>ICTpO MCHSIOIMMHUCS 3aTyXaroUIUMU PCHICHUAMU,
3) 000CHOBaTh ACHMIITOTHYECKYIO CXOAUMOCTD PEIeHHH ¥ YTOYHHUTH KIIACCUUECKHE
Teopuu AJsl OoJiee IOJHOrO MOHMMAHMS caMoil Kiaccudeckoi Teopuu. Jns mo-
CTI)KEHHMSI ITOCTABJIEHHBIX IeJIel UCTIONb30BANCh TaKHe Menoosbl, Kak: 1) cTpo-
roc MaTeMaTH4YeCKOE BBIICICHHUE 3aTyXarolleil M He3aTyXarolled KOMIOHEHT
pelIeHus U3 ypaBHEHHH IUIOCKOH 3a/1addl TEOPUH YIPYTOCTH METOJAMH TEOPHU

(GyHKIMH KOMIUIEKCHOIO HNEPEMEHHOr0; 2) IMOCTPOSHUE ACUMIITOTHYECKOTO pe-

st unTHpOBaHUSI IeHHs1 0e3 KaKHX-JIMOO TUIOTE3 M BBIMOJHEHNE BCEX TPAHUYHBIX YCIIOBHIA; 3) OlICHKA
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1. Introduction

The main factor for refusing a researcher in recognition of his works becomes fairly meaningful and rea-
sonable lack of trust for something overly unconventional and provocative. If we go back to the image of sphere
of knowledge, then any attempt at leaping too far out of the bounds of the sphere will likely be eventually unsuc-
cessful. These are, for example, numerous attempts at creating a “theory of everything” or alternatively subver-
ting some fundamental theory — theory of relativity or evolution. Such “theories of everything” and “subversions
of fundamentals” look too mistrustful to spark an interest to seriously consider them. In this case the apriori lack
of trust for something excessively strange and pretentious serves as “population control” for disposing of poten-
tially destructive phenomena.

It is common for continuum mechanics and the related field of partial derivatives mathematics to gradually
develop fundamental ideas, put forth by the “founding fathers” of the science. Progressive development of views
on the principles underlying deformable body mechanics, growth of the mathematical analysis field, which is
used for computation and accumulation of rules of thumb, obtained by interpreting mathematical results, lead to

3eepaes Eezenuii Muxaiinoeuy, 10OKTOp TEXHUYECKHX HayK, mpodeccop, BeAylIuid Hay4HBI COTPYAHMK MHCTUTYTa NMpPUKIAJAHONW MAaTeMaTHKU UMEHH
M.B. Kengsimra PAH, npodeccop MockoBCKOro aBHallMOHHOTO HHCTUTYTA; Scopus Author ID: 57195225599, eLIBRARY SPIN-kox: 4893-2337.
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the fact that the principles are replaced by the other, more general ones, their number decreases, and this field is
brought into an increasingly closer relationship with other branches of physics. Besides, same physical princi-
ples, in the end, serve as a basis for them all.

Elasticity theory is considered to be founded on two basic Saint-Venant’s ideas: the principle and the semi-
inverse method. Saint-Venant’s principle, named after Adhemar Jean Claude Saint-Venant, may be expressed as
follows: “...the difference between the effects of two unique, but statically equivalent loads, becomes very small
at sufficiently large distances from the load”. This statement was published by Saint-Venant in 1855 [1]. Later,
von Mises brought forward an assumption that the principle cannot be applied to the bodies of finite dimen-
sions [2]. In this paper, this assertion is refuted.

The force and moment based (stress resultants) solution for thin-walled systems had been determining
the direction of researchers’ efforts for a long time. After constructing basic theories for plates, shells and thin-
walled systems some contradictions were noted: it is impossible to satisfy all the boundary conditions and
to evaluate all the stresses and displacements. Then, great difficulties were encountered in solving problems for
anisotropic composite materials. Due to this, attention was given to solving problems in stresses, at least in
the constraints area. The problem of applying semi-inverse Saint-Venant’s method to mechanics of composite
materials was brought to the forefront. Such problems require reconsideration of the accumulated practice and
its generalization in order to obtain new possibilities of expanded application of classic ideas to new problems
and materials on the basis of extended and generalized formulations.

Friedrichs and Dressler [3] and Goldenveiser and Kolos [4] have independently proven that the classical
Kirchhoff’s plate theory is the main term of the asymptotic expansion (by small parameter of thickness) for
the linear theory of thin-wall isotropic bodies. On the other hand, based on their approach the internal solution,
which has a value only close to an edge, is determined by a series of boundary value problems. These problems
are very complicated to solve, almost as complicated as the initial problem. Saint-Venant’s principle may be
used for boundary stresses to create boundary conditions in the classic plate theory and also for some external
expansions of higher order without any reference to the internal boundary solution. Attempts at obtaining
the corresponding boundary conditions for displacements were unsuccessful.

Gregory and Wan [5] applied a general method developed by them for obtaining the proper boundary con-
dition series for arbitrarily defined allowed boundary conditions (without an explicit solution of internal or
boundary layer) for a number of special cases of general interest, including cases with defined boundary dis-
placements. Their overall results demonstrate that in order to be strictly correct, the Saint-Venant’s principle can
be used only to the leading terms of the external solution, i.e. classical plate theory.

Horgan et al. [6—-10] investigated various aspects of applying the Saint-Venant’s principle to the boundary
layer and obtained a number of insightful practical results. The practical conclusions for composites are: effect of
the end constraints of samples in mechanical tests, effect of support elements, connections, cuts, etc., in compo-
site structures and limitations of strength of materials formulas when applied to composites. It was established
that neglecting the elasticity of the end constraints, generally rationalized by the Saint-Venant’s principle, cannot be
applied to problems involving composite materials. Particularly, in fiber reinforced composite material the charac-
teristic attenuation length of the end effects is significant, generally several times greater than in isotropic materials.
Even though the answers on many of the questions in Saint-Venant’s principle discussion in its classical inter-
pretation were obtained, the full analysis of extended physical and mathematical issues emerging with the as-
ymptotic solution in composites’ elasticity needs to be carried out.

Semi-inverse Saint-Venant’s method in its classical interpretation in the publications is used for obtaining
solutions of non-linear problems of elasticity theory, linear problems of porous and graded materials, etc. [10—14].
The wide applicability range of the Saint-Venant’s principle and the semi-inverse method may be also explained
by that they make it possible to construct insightful analytical solutions, which may serve as a guide for calcula-
tion automation by means of numerical methods.

In [15-19] the Saint-Venant’s method acquires an extended iteration-based interpretation, allowing to ob-
tain asymptotic analytical solutions without any hypotheses and to satisfy all the boundary conditions. The solu-
tion converges satisfying the Banach fixed-point theorem [20].

Saint-Venant’s principle is qualitative and, being applied to an end-loaded bar problem for the first
time, it states that a statically equivalent to zero system of forces, distributed over a small area, creates only local
disturbances. The disturbances decay rapidly with increasing distance from that area and become negligible at
sufficiently large distances compared to its dimensions. The stress state in a long prismatic bar, loaded only at
the end sections, practically does not depend on the way of surface forces distribution and is determined at some
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distance from the ends by their resulting vector and resulting moment. However, for example, this formulation is
insufficient for the extended theories of thin-walled systems from isotropic and composite material, which in-
clude bars, plates, shells and thin-walled bars. Stresses in corners, caused by the changing lateral dimension of
the long elastic strip, rise a question about the formulation of attenuation conditions stated for displacements [19]
given on a small area on frontal and side surfaces of a thin-walled body. Iteration-based interpretation of the semi-
inverse method expands its application range to composite materials [20].

2. Generalized formulation of Saint-Venant’s principle for stresses and displacements

Let us consider a problem of establishing stress-strain state localization conditions, analogous to the Saint-
Venant’s conditions, in a long prismatic bar, given the end displacements rather than stresses. Let a strip, model-

ling the state of the bar, be defined by 0<x </, —1<z<1. Long edges of the strip z*1 are free from any
loading and constraints. On the short edges x =0, [ the displacements are defined as

u(l,z):fl(z); w(l,z)=f2(z); u(O, z)=f3(z); w(0,2)=f4(z). (1)
On edges z+1

c (x, il)zr(x, il)zO. ?2)

The solution comes down to finding Airy’s stress function (p(x, z ) , which satisfies biharmonic equation

o'¢ ' 5 o'

+—t 3
ox* ozt ox’oz" ©)
Stresses in terms of (p(x, z ) function are calculated as follows:
o’ ol o
c, = (2P ; G, =— @ ; c,= —(ZP
0z Ox0z 0z
Deformations are evaluated with the help of elasticity relations
1 1 t
e =—(o,—-vo,); e, =—(0,-vo,); L=
X E ( X z ) E ( ) ’Y G
Deformation-displacement formulas allow to determine the displacements
ou ow
— =€ —=¢€_.
Ox 0z
Let us rewrite the equation (3) as follows:
oo 84(p 64(p
Cax’er 2| ax 82
Integrating it twice over x and twice over z , we get
_J¢ d'e
2 —[ H dxdx]+a( )x+b(z);
8 o 1 o0
e —[ ﬂ dzdzj+c( )z+d(x), 4)

where a,b,c,d are arbitrary functions of integration.
Elasticity relationships and deformation-displacement formulas, taking into account (4), yield

TEOPUA YMPYFOCTU 393



Zveryaev E.M. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 390-413

pou_ o v(
E—=-—7+ V( 219 ‘szdzjw[c )y+d(x)];

0 0’ 0’
Ea_vzvz_ax(p V( i H (dedx]+v[a x+b ] (5)

Let us define in the equation (5)

Q= ng (x)Z.(2), (6)

where the functions Z, (Z) satisty the equation Z,"" =K} Z, and the conditions on the ends Z, ( il) =7, (il) =0.
Prime mark designates differentiation with respect to z coordinate. In this case the conditions (2) are satisfied
and the solution to equation (2) is sought by the Bubnov — Galerkin method. Functions X, (x) contain exponen-
tial multipliers, which provide the decay of the end effect.

Substituting expression (6) into formula (5) and integrating accordingly, the following is obtained:

= * | ]
EMZZ|:[1+§}X/{ Kk2+§Xk F Zk2+V|: Z+d :|+l’l

ko

k

Ew=i{(l+§} k"KL+2X** Zy+v]a (2)x+b" () [+ m(x). ()
k=1 a

Here m and n are arbitrary functions of integration the asterisk indicates that integration is carried out with

respect to the corresponding coordinate, i.e. Q IQ t)dt Z, are the eigenfunctions for the problem of free

vibration of a bar fixed at both ends and are fairly well examined. For a symmetrical about z axis case they become:
Z, =cosk, coshk,z—coshx, cosk,z;

! . .
Z,' =x,Z, =x, (cosx, sinhk,z—coshk, sink,z);

" _ 2 _ 2 .
Z,' =x,’Z,, =x,’(cosx, coshk,z—coshk, cosk,z);

"

_ 3 _ 3 . .
z," =x.Z,, =x,’(cosk, sinh k,z—cosh k, sink,z), (8)

where K, satisfies the transcendental equation

tank, +tanhk, =0. )
For asymmetrical about z axis case
Z, =cosk, sinhk,z—coshk, sink,z;

!

Z,' =x,Z, =x,(cosk, coshk,z—coshk, cosk,z);

"

—_— 2 —_— 2 1 ] .
z," =x,’Z,, =x,’(cosx, sinhk,z+coshk, sink,z);

"

_ 3 _ 3
Z," =x,’Z,; =x,’(cosk, coshk,z+coshk, cosk,z), (10)

where K, satisfies the transcendental equation tank, —tanhi, =0.
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Let us now consider the possibility of satisfying the conditions (1) by representing displacements in the
form of the expressions (7). On the end at X =/ there must be

- i v * A% n 1
Efl(z)=kz_;_(1+5j)(k Kk2 +5Xk K—kz}Zk2+v[ z+d ]+n
= [ \Y% | - . .
Ef,(z ;_(1+E]Xk K—k+2X }Zk3+v[a (z)x+b (z)]+m(1). (11)

Let us determine the conditions, which must be imposed on the functions f, and f, , for the expansions (11)

to be valid. If the systems of functions {Zkz} and {Zk3} are full, the arbitrary functions a*, b, ¢*, d*, m, n
must be zero. Let us check the fullness of these systems. May a certain symmetrical with respect to o function

o) on the interval (—1,1) be expanded in a series by functions Z,,(k,0) and antisymmetric function
&1( ) p Yy k2 \ N Yy

&, ((x) in a series by functions Z, (Kk(x) . Thus,

51(0‘)=2akzkz(‘<ka)$ E:z(a):ibkzm(‘(ka); (12)
0= [ () Zs (ciB)dB: By =~ [ £, (B)Ze (,B) . (13

where N j Z k2

Functions Z,,, Z,,, Z,; satisfy the following orthogonality conditions:

frcomtema-{] (2}

:i-le} (<:B)Zy, (x,B)dB = {E)Nk (n=k)

For symmetric functions Z,, it will be N, =cosh’ «, +cos’ x, .
Let us compose expressions for partial sums of the series (12) substituting coefficients (13) into them:

Sk (Zi224,) = 2]\1, Z, (k.0 J-EJL (.B)dB;
L1
S Zi3Z Z Zk3 K, J.E.)l 2, KkB) dp. (14)

k:l

Therefore, the problem of correspondence of left and right parts in the formulas (12) results in evaluating

the limits of the respective sums Sy (Zkz,Z ) Sy (Zk3,Z ) when K —00. Changing the order of summa-

tion and integration in (14), the expressions for partial sums can be written as follows:

S APV J.al ])VZkz( dp = I§1 B)QK 2L )dBQ

k
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jaz % K"“])sz“('("ﬁ Jap=-] a7z, (1s)

Let us also consider the same way as in [21] the contour integrals corresponding to the relationships (15):

~ 1 Z, (C(l)zkz (CB) .
1 (Z5:Z,,) = 2mi 1;[ cosh? {cos” Cy (€) -

I (Z Z ) 1 J’ Zk3(§a)zk1(CB) d, (16)

2 2mi ; cosh® {cos” Ly ()
which are evaluated by going in positive direction around a circle of radius R, , circumscribed from the origin in
the complex plane (. Radius Ry is chosen such that radiuses 2K of real and 2K imaginary roots of the equa-
tion (9) get inside the circle. The contour also does not pass the points Cio) =7 (2k + 1) / 2 and ng) =T ( 2k + 1) / 2,
which are the roots of the equation COS CSCO) =0 and cosh Cg) =0. Then, every integral in the formulas (16) is
equal to the sum of subtractions by all special points inside the circle R, .

With respect to the stated for the formulas (16) above and taking into account that IV, = cosh{cos C\V(C),

we obtain

Iy (ZkZ’Z ) 4QK 2L 22 OS 082k2+171:[3—2;
1,(Z,,,Z,,)=-40 (Z,,.Z,,) +22 c052k2+1nacoszk2+ln[3. (17)

The last term in the first expression (17) is subtraction for the integrand of the first integral from (16).
Subtraction in zero for the second integral is equal to zero. The expressions (17) lead to

llmQK kz’ Z COS 2k+17‘[B—_

2k+1
thK 4 Zcos nacos k; . (18)

Substituting the expressions (18) into the formulas (15), we obtain

lim §,(Z,5.7,,) = j& +1mcszk+1anB——f& (BMB =, (a Jé (B)a:
1im S (4,2, = j@ Zsm ! wsin 2k+1anB £, (0). (19)

Thus, the first series in the expression (12) converges to the original function &, , if

[ (B)dp=o0. (20)

The second series converges to the function &, unconditionally.
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Let us now consider the case of expanding the asymmetric with respect to o function &; (OL) on the inter-
val (—1,1) in a series by antisymmetric functions Z,, (Kka) and symmetric function &, (a) in a series by anti-

symmetric functions Z,, (Kk(x) from the definitions (10). Operating the same way, we obtain the following ex-

pressions for the corresponding contour integrals:

< . 2k+1 2k+1
Iy (ZkZ’Zkz) =—40; (Zk2>Zk2)+2 Z Sm P — 60p;
k=—K
2k +1
1 (Z,5,2,))=—40, (2,5, Z,, +2Zcos a.cos— nB—S(l—Bz). 21)

In both cases the last terms are subtractions at the point { = 0. Proceeding to the limit when K —> 0 we
obtain the following for the partial sums:

lim S, (Z,,,2,,) =& j &, (BBaB;
S, (2,7 =4 () - 3[@(6)(1—62)%. @)

The first series converges to the original function &;, and the second series to the function &, if

j &, (B)Bp =0; I & (B)(1-B*)ap =0. (23)

Let us elaborate the meaning of the expressions (20) and (23). Let us consider a problem of a cantilever
bar of unit thickness, length / and height equal to two. Then f; = f, =0 in the expressions (1) as for a fixed

end. At x=/ the non-zero first two displacements (1) are defined. By removing the constraints defining these
displacements and substituting them by normal force N , shear force and bending moment M , statically equi-
valent to stresses, which do not decay away from X =/ edge, we obtain

1 3 3 3
GY:EN_'-EMZ_FEQ(Z_X)’ Gz:O; sz:Z(l_Zz)'

Let us calculate the work done by the non-decaying stresses on the displacements (1) at the x =/ end:

j o,/ (2)+5uha(2 )]dz=j[“%+%sz f)+20(-) fz(z)}dz. e

-1

Imposing a requirement that the emerging in the strip non-decaying stresses do not perform any work on
the defined displacements of the bar end, the following expressions are obtained, owing to the independence of
the values N, M, Q:

:l[fl(Z)dZ:0; ll[fl(z)zdz:o; j‘lfz(z)(l—zz)dZ=0,

which correspond to the conditions (20), (23), where the functions &, +&, and &, match in meaning with f|
and f, respectively.

Apparently, analogous to the famous Saint-Venant’s principle formulated for the cases of stresses on a small area,
it is possible to formulate the locality of stress-strain state in elastic body, specified by displacements on a small area.
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Displacements specified on a small area of elastic body produce only local stress-strain state, which decays
faster with increasing distance from that area and becomes negligibly small at sufficiently large distances com-
pared to the area dimensions, if the resulting vector and resulting moment, statically equivalent to the stresses on
that area, do not produce work on the specified displacements.

3. Generalized iteration-based formulation of semi-inverse Saint-Venant’s method

Let us consider a problem of generalizing the semi-inverse Saint-Venant’s method to iteration-based form
without resolving the equations in forces and moments by constructing an asymptotic analytical solution.
The issues associated with existence and uniqueness of the solutions are formulated in functional analysis as
a question about existence and uniqueness of a fixed point when a certain metric space is mapped onto itself.
Among the various criteria of existence and uniqueness of a fixed point the most general one is the contraction
mapping principle [21], which rationalises the convergence of simple iterations.

May a long rectangular strip be located in orthogonal coordinate system X,z such that 0<x </,

~h<z <h. The long edges of the strip carry some arbitrary load, the short edges may be loaded or con-
strained. The plane elasticity equations describing the stress-strain state of such strip are taken as

oc. ot 0. ot
+t+—=0, —+—=0;

0z Ox ox Oz

o = (e, +ve,); t*=—E Y; o.= (e.+ve,);
S PV 2(1+v) 1-v? g
ow' ou" ou ow
E=—) &, =o Y=ot

Oz Oox 0z Ox

Let us introduce the dimensionless coordinates x =x /1, z=z /h, dimensionless displacements u = ulh,
w=w /h along the axes x*, z respectively, and dimensionless stresses 6, = (51 /E, o, = (5: JE,t=1 /E

(dimensional displacements, stresses and loads are marked by an asterisk). Dimensionless equations with these
variables become

06 ot ot 0o
Zrg—=0; —+e—=0;
oz Ox Oz ox
1
cle_vz(strvsz); T=mY; GZ=1_V2(82+V8x);
ow ou ou ow
82 :_; 8x :8_; 'Y:_+8_.
o ox 0z  Ox

May the above equations be modified such that it is possible to successively calculate the remaining un-
known variables by choosing some arbitrary w, u 7y, as initial approximation values

ow Ou ow 1 0c, ot
—=g;  —=—t—+V; T=———; =—e—;
oz oz ox 2(1+v) oz Ox
ax:sa—u; G, =g, +Vo_; sZ:(l—vz)cz—vsx; a—W:sz;
ox oz
@:gz; ﬂ:—(—;acx; 'Y=2(1+V)T
14 Oz ox

by the method of successive approximations with increasing index (n) with respect to the following iteration scheme:
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ou, e ow,, iy :;Y
0z Ox (m)2 () 2(1+v) ()
aC;ZZ(n) _ ¢ a;;) DB T % G ) = Ex(my + VO3
B = (17V°) 0 = Ve % =E);
argzﬂ) - 5(;);,1) ; acé(;ﬂ) =-¢ a;g;l) L Yy =2(14 ) 7

From this point on the lower index in parenthesis indicates the number of approximation.
We will be interested in the equations of zero and first approximations when choosing values in accor-
dance with the semi-inverse Saint-Venant method in the form of initial approximation

Wo =W (x); Y0) =Yo (x)

Due to the initial approximation values being independent from z , all the other remaining unknowns are
calculated as a result of the quadratures by z :

W) =Wy (%); Vo) = Yo (X); Uiy = —aj w, dz + Iyodz +u,(x);
T, =7,/2(14V); G0 = —sj 1, dz+0  (x); €,(0) = El(g) ;
S 0) = E4(0) T V0.0 Ty = —sj cx(o)'dz +1,(x); Yoy = 2(1+v) Ty

€.0) = (1 —v? ) C.0) = VEy(0); Wy, = jsz(o)dz +w, (x).

Lower index 0 indicates the arbitrary functions of integration. Calculation of the next values by the previ-
ous ones is accompanied by multiplying by a small parameter € in order to write the unknowns in the form of
asymptotic series based on the power of €. It is clear that on this stage of iterations four arbitrary functions

Wy =W, (x), Yo =Yo (x), U, =u, (x), G., =0, (x) are obtained, which allow to satisfy four boundary condi-

tions on the long edges of the strip. From this point on dashes indicate differentiation over x ; zero without pa-
renthesis specifies the arbitrary functions of integration that depend only on x .

Now it is possible to write the expressions for all the unknowns in the problem, assuming that they de-
scribe the produced displacements, deformations and stresses sufficiently accurate:

2
2 ' 2 " 2 1|z
w~w0+[(1—v )020—8\/1/!0:|Z+[8 v, —e(1+v) 1, }7,

u=u, +[—8w0' +2(1+v)tOJz;
e ~eu, + [—azwo" +e(2+ v)ro'}z;
G, = Eu, +Vo_o+ [—szwo" +(2+ v)sro']z;
£, ~ (1 v’ )czo —gvu, + [sszo" —g(1+v)’ ro'}z;

TEOPUA YMPYFOCTU 399



Zveryaev E.M. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 390-413

2
2 n ' 3 m 2|z
T~‘co—(8 u, +svcszo)z+[8 w, —(2+v)e’, }7,

2 3
- ' 3. m 2 n\Z 4 3.m |2
c ~620—8‘COZ+(8 u, +&vo_, )?J{—s w, +(2+v)8 T, JZ (25)

z

Values T and O, are given in the first approximation, the rest are in the zeroth approximation. Boundary

conditions that correspond to the loading conditions must be satisfied on the long edges of the strip z* =+h.
In dimensionless form these conditions are written as

c, :Z+(x), =X (x) npu z =1;

+

c :Zf(x), r:Xf(x) npu z =—1. (26)

z

Dimensionless loads are obtained by dividing the dimensional ones by stiffness E . Let us assume that —
the loads are slowly changing functions of coordinate x. Let the conditions (26) be satisfied by the first approxi-

mation values from the relationships (25). As a result the equations with respect to the unknowns W, T, , defining
the bending problem:

ew, —(2+V)82’[0” +21, =X, + X ;
—e'w," +(2+v)e’r, —6er, =3(Z,-Z.), (27)
and with respect to ¥, G, defining the axial load problem:
—&’u, —evo, =(X,-X_)/2;

eu, +e’vo,, +20. =7, +7Z_, (28)

are obtained.
Equations (27) and (28), assuming small variability of the functions T, and G_, after removing the values

with small multipliers, are brought to the classic form

M

ew +21 =X, +X_;

s

—etwy" —6et) =3(Z,-Z_); (29)
—&’uy —evel, =(X,-X_)/2

euy +20,=2,+7_, (30)

confirming that equations (27) and (28) generalize the classic representations of the semi-inverse Saint-Venant’s
method and their solutions depend on x. The upper index s indicates the association with slowly varying com-
ponents of the stress-strain state.

Subtracting by pair the equations (29) from (27) and equations (30) from (28) and taking into account as-

sumptions W, ~ £"w; (x), T ~e't) (x), T ~ g (x/€). it is possible to obtain singularly perturbed equa-

tions indicated by index ¢ :
—(2+4v)e’ty +214 =0; €1y

(2+v)e't!" —6ety =0. (32)
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Their solutions differ by a constant that must be removed as a non-conforming to the condition of large
variability. Therefore, both solutions of the equations (31) and (32) match:

C, exp (—k ij
€

¢, exp(_ij'

q _
Ty =
€

As they depend from the argument x/g, they can be used for satisfying lost boundary conditions and

smoothing out discontinuities in slowly varying classical solutions. The upper solution is true when x>0,

k .k X
and the lower is true when x<I. If taking C, = “oe then llnol—exp(—k—j 25()6). That means that
£ 60 g €

the equation (31) allows to establish a relationship between the ordinary numerical function t{ and the genera-

lized Dirac O function.

4. Conclusion

Two Saint-Venant’s methods are analysed and modernized. The first method involves evaluation of stress-
strain state components for the purpose of simplifying the problem statement of seeking the solution by apriori
removal of rapidly varying and decaying solution components. It was introduced because Saint-Venant took into
account the complexity of finding general solutions. Hence, by developing the method of solving the problem
he came to inventing the principle that rationalizes the components lost in the process of constructing the solu-
tion, in particular due to the transition from stresses to forces and moments (stress resultants). An addition to his
classical principle for the case of displacements specified on a small area was formulated on an example of
a long elastic strip, which is absent in the literature. However, both the Saint-Venant’s principle and the genera-
lized principle cannot give any recommendations to its constructive use, but are practical for mechanical inter-
pretation of the partial approximate solutions obtained by any method.

The second method was named semi-inverse, because Saint-Venant suggested to specify a part of the unknown
variables and to resolve the rest. With that Saint-Venant moved from stresses to forces and moments, rationali-
zing the transition by the principle. It can be stated that all the thin-walled body theories are based on forces and
moments, assuming the rationalization of transition to them by the Saint-Venant’s principle. It is shown in this
paper that if taking the idea of specifying a part of the unknowns, but not transitioning to forces and moments,
the semi-inverse method may be expanded into a constructive one and will be converging independently of
the choice of the initial approximation. This possibility is based on the Poincare small parameter method, Picard —
Lindel6f iteration method and Banach’s fixed point method. With that a transformation of a complex operator in
the problem to a series of simple integratable operators and a methodology of separating rapidly varying and
slowly varying components of the general solution, provided the satisfaction of all the boundary conditions of
the original problem, are proposed. The calculation process may be interpreted as splitting the complex operator
into four consecutive Picard’s operators with respect to lateral coordinate and three — with respect to longitudinal
coordinate. The accuracy of the obtained solution is evaluated by the order of the first removed term by € for
slowly varying values. Then the semi-inverse method becomes independent from the Saint-Venant’s principle.

RUS

1. BBenenune

OcHOBHBIM (DaKTOPOM AJISI OTKA3a MCCIEAOBATENIO B MPU3HAHUH €ro paboT CTAaHOBSATCS BIIOJHE 3[paBoe U
000CHOBaHHOE HEJOBEpHE K Uepecyyp HECTaHAAPTHOMY M BbI3bIBarouieMy. Ecim BepHyThes k 00pasy cdepbl uzy-
YEHHOI'0, TO JIIOOBIC MOMBITKY CHJIBHO BBIWTH 33 €€ IPaHMIbI C OOJBIION BEPOSTHOCTHIO OKAXKYTCSI B KOHEUHOM
cyeTe MpoBalbHBIMU. TaKOBBI, HAIIpUMEpP, MHOTOYHCIICHHBIE TIOMBITKU CO3JaTh «TEOPHIO BCETO» WJIH, HA000pOT,
HHUCIPOBEPTHYTH KaKyl0-HHOYAb KPaeyroJbHYIO TEOPHIO — OTHOCUTENBEHOCTH WK 3BoJtonuu. [1ogoOHbIe «Teopun
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BCETO» U «HUCIIPOBEPKECHUS OCHOBY» BBITJISIAT CIUIIKOM ITOI03PUTEIHHO, YTOOBI BHI3BATh JKEJIAHUE B HUX BCEPhE3
pa3buparscs. B naHHOM ciydae arpropHOe HeJOBepre K M3JHIITHE CTPAHHOMY M IPETEHIIMO3HOMY BEITIOJHSET B
Hayke (DyHKIIHIO «CaHHUTapa Jieca» — YKOHOMHOTO Crioco0a n30aBUTHCS OT TIOTEHIMAIBHO JIECTPYKTUBHBIX SIBJICHUIA.

MexaHuKe CIUIOUTHBIX Cpejl U OJIM3KOW K Hell 007acTh MaTeMaTHKU yPaBHEHUM B YaCTHBIX IMPOHU3BOIHBIX
CBOMCTBEHHO IOATAITHOE PA3BUTHE OCHOBHBIX, BBIJIBUHHYTHIX «OTLAMU Haykm» uned. [locTeneHHoe pa3BHUTHE
B3MVISJIOB HA MPUHIIUIIEL, JISKAIIUE B OCHOBE MEXaHUKHU JIEPOPMHUPYEMOT0 Telia, POCT TON BETBH MAaTEMaTHYECKOTO
aHalM3a, KOTopas MPUMEHSETCS MIPY BBIYMCIICHUAX, U HAKOIUICHWE MPAKTUYECKUX MPABWII, TIOTy4YaeMbIX MyTeM
WCTOJIKOBAHHUS MAaTEMaTHYECKHUX Pe3yJIbTaTOB, MPUBOMIAT K TOMY, YTO OJHHU MPHHIUIIBI 3aMEHSIOTCS JIPYTHMH,
Oosee oOIIMMH, YHCIO UX YMEHBIIAETCA M JJaHHAsi 00JIacTh MPUBOJUTCS BO BCEe 0OJiee TECHYIO CBS3b C MHBIMHU
otnenaMu GU3NKH, TPUIEM OJNHAKOBBIE (hH3MUECKUE MPUHIIMIIBI CIIY>KaT B IMTOCIEAHEM CYETE OCHOBOW MX BCEX.

Cunraercs, 9TO TEOPHs YIPYTOCTH OCHOBBIBAaETCS Ha JABYX OCHOBHBIX Hiesx CeH-BeHaHa: IpUHIUI U TIOITY-
obparueiii Meton. [Ipunnun CeH-Benana, HaspanHbI B YecTh Anmemapa JKan-Kimoga me Cen-Benana, moxer
OBITh BBIPAXKEH CIICAYIOIIUM 00pa3oM: «...pa3Huila Mexay 3(p@dekraMu IBYyX pa3HbIX, HO CTATUYCCKH SKBHBA-
JICHTHBIX HAarpy30K CTAaHOBHUTCS OYCHb MaJioi IIpyu 10CTAaTOYHO OOJIBIINX PacCTOAHUAX OT HArpy3Ku». 9ITO0 3a5B-
nenue O0buT0 omyonukoBano Cen-Benanom B 1855 r. [1]. [lo3nnee Musec BRIIBUHYI MPEATIONOKEHUE, YTO TIPHHITATT
HENPUMEHUM K TeJlaM KOHEYHBIX pa3MepoB [2]. B Hamell craThe 3TO yTBEpKACHUE OIIPOBEPTaeTCsl.

Pemrenne B ycuusx u MOMEHTax (stress resultants) 3amad it TOHKOCTEHHBIX CUCTEM JIOJTOE BPEMs OIpeie-
JISUTO HampaBJICHUE UCKaHWH uccienoBareneid. [locie mocTpoeHrss OCHOBHBIX TEOPHA, ITACTHH, 000JIOYEK U TOHKO-
CTEHHBIX CHCTEM OBLIM OTMEUYEHBI MPOTHBOPEYHS B HIX: HEBO3MOXKHOCTh BBITIOIIHEHUS BCEX TPAHUYHBIX yCIOBHUI
Y OTpeZIeTIeHNs] BCeX HAIPsDKEHUN U repeMeltieHuit. Janee Ooubiime Tpy JTHOCTH BCTPETHIINCH TIPU PEIIeHUH 33124
JUTS. aHU30TPOITHBIX KOMITO3UIIMOHHBIX MaTepHalioB. B cBs3u ¢ 3THM OBLTO 00paIlieH0 BHUMaHWE Ha pelieHHe 3a-
Jlad B HATPSDKEHUSX, XOTSA OBl B 007acTh 3akperuieHnid. Ha mepBbIif TiaH BeIIIa pobiieMa MpUMEHEHHS TTOITy-
obparHoro Merona CeH-BeHaHa kK MexaHWKe KOMITO3UIIMOHHBIX MaTepraiioB. Takue 3ama4un TpeOyroT epeocMbICiie-
HUSI HAKOIJIEHHOTO OMBITA W €r0 OOOOMIEHHS C HEJIhI0 MONYYEeHUSI Ha OCHOBE PACIIMPEHHBIX W 00O0OIIEHHBIX
(1)OpMy.HI/IpOBOK HOBBIX BO3MOXKHOCTEH IMIPUMCHCHUSA KIIaCCHUYCCKUX H}Z[eﬁ K HOBBIM 3aJia4yaM U MaT€puraaM.

Opunpuxc u Hpeccnep [3] u lompaenseiizep u Konoc [4] He3aBUCHMO APYT OT Apyra MOKa3aid, 9YTO KIacCH-
YeCKasd TCOpUs IIaCTUHBI KI/IpXFO(i)a SABJIACTCA TJIaBHBIM YJICHOM aCUMIITOTHUYECKOTO Pa3IOKCHUSA (HO MaJIOMy
nmapaMeTpy TOJIIMHBI) JUIsl JIMHEHHOW TEOPUU TOHKOCTCHHBIX M30TPOMHBIX Tel. [Ipu Mx moaxozie BHYTpEHHEE
pellicHre, UMEIOIIIee 3HAUYCHHE JIUIIIb BOJIU3U Kpasi, ONPEIeNIIeTCs MOCIeI0BATSIbHOCTRIO KPAeBhIX 33/1a4, KOTOPhIC
OYCHBb TPYJHO PEIIUTH, TOYTH TaK K€ TPYIHO, KaK PEIIUTh UCXOJAHYIO 3a/lauy. B ciydae HanmpspKeHUE Ha Kparo
npuHiun CeH-BeHana MokeT OBITh HCIIONIB30BaH JIS CO3/IaHUS TPAHMYHBIX YCIOBUH B KIIACCHYECKOW TEOPUHU
TUTACTHH, a TAKXKe JJIs1 HEKOTOPHIX BHEITHUX Pa3IokKeHUN 0oJiee BEICOKOTO MOpsiAKa 0e3 KaKoH-ITM00 CCHUTKY Ha
BHyTpeHHee KpaeBoe perieHne. [1ombITKH MoTyduTh COOTBETCTBYIOIINE TPAHUYHBIE YCIOBHS JIJIS TIepeMEIIeHU
HE TIPUBEJH K YCIEXy.

I'peropu u Banu [5] mpuMmenmmm pa3paO0TaHHBI UMH METOJ TOJYyYCHUS MMPAaBUILHOM IOCIEI0BATEIBLHO-
CTH TPAaHUYHBIX YCIOBUH JUIA TIPOW3BOJIBHO 33JaHHBIX JIOMYCTHMBIX KPAaeBBIX YCIOBHU (0e3 SBHOTO peIIeHus
BHYTPEHHETO WJIM MOTPAaHUYHOTO CJIOA PEUICHHs) B pAe CHEeIUATbHBIX CIydaeB, MPEACTAaBISIONINX 00NN HH-
TEPEC, B TOM YHCJIC CIIYy4YacB C 3alaHHBIMHU KpPa€BbIMH IICPEMCUICHUAMMU. Nx PE3YbTAaThl MMOKA3bIBAIOT, YTO
ITPUHIAIL Cen-Benana CJICAYCT NPUMCEHATH TOJBKO K BEAYIIUM YICHAM BHCIIHETO PCIICHUA, TO €CTh K KilaCCH-
YECKOHU TEOPUU IIACTUHBI.

Horgan ¢ coaBTopamu [6—10] uccnenoBanu pasHble acneKTsl npuMeHeHus npuniuna Cen-Benana B mo-
TPaHUYHOM CJIO€ M TIOJYYHJIM MHOT'O MHTEPECHBIX MPAKTUUECKUX pe3ybTaToB. [JIs1 KOMIIO3UTOB OBLIO ompene-
JICHO BIIUSTHUE 3aKPETUICHUI KOHIIOB 00pa3I[OB B MEXaHHUYECKUX HCITBITAHUSX, BIUSHUE KPETICIKHBIX HIEMEHTOB,
COCJIMHEeHHI, BBIPE30B U TOMY IOJAOOHOTO B KOMITO3UTHBIX CTPYKTYpax, BBISBJICHA OIPAaHUYEHHOCTH (OpMYI
COIMPOTHUBIICHHUS MaTEPHAIIOB TPY MTPUMEHEHUH K KOMITO3UTaM. Y CTAHOBIIEHO, YTO MPEHEOPEKEHHNE YIPYTOCTHIO
KOHIIEBBIX 3aKPETJICHHI, KaK IIPaBHIIO, OTpaBsIBatonuxcs npuHimnoMm CeH-BeHnaHa, He MpUMEHNMO B 3a7a4dax,
CBSI3aHHBIX C KOMIIO3UTHBIMH MaTepHaiaMi. B dacTHOCTH, JUII apMHUPOBAHHOTO BOJOKHAMH KOMITIO3UIIHOHHOTO
MaTepuana XapaKkTepHas JUIMHA 3aTyXaHWs KOHIEBBIX 3(D(eKTOB sBIgeTCS 3HAUMTENHHOW, B 00ImIEM cirydae B
HECKOJIbKO pa3 JUIMHHEE, YeM B CJIy4ae M30TPOIHBIX MAaTEPUAIOB. XOTS Ha MHOTHE M3 00CYKIaeMbIX BOIIPOCOB
IIpUHLOMUIIA Cen-Benana B ero KjiaccH4ecKoi HUHTCPHIPETANUN OTBCTHI ObLIH TMMOJIYy4Y€HBI, JOJIKCH OBITH BBITIOJIHEH
MOJTHBIN aHaAIN3 60J1ee IUPOKUX (1)I/I3I/I'-ICCKI/IX U MaTEMAaTUYCCKUX BOIIPOCOB, BOBHUKAIONIUX B CBA3U C aCUMIITO-
TUKOH pEIICHUH B YIIPYTOCTH KOMITO3UTOB,

[MomyoOpatHbiii MeTon CeH-BeHana B ero KIacCHYECKOW WHTEPHPETAIIMHM B CTAThAX UCIOIB3YETCS IS
MOJTyYeHUs pelIeHNH HEeMHEHHBIX 3a7a4 TEOPHH YIPYTOCTH, JIMHEHHBIX 3a/1a4 ISl TIOPUCTHIX W TPaIUEHTHBIX
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MaTepuanoB u T. A. [10—-14]. lllupoty npumeHenus noiayobpaTHoro Metona u npuHuuna CeH-BeHaHa MOXHO
OOBSICHUTD €Ille U TeM, YTO OHU JAIOT BO3MOXKHOCTH, €CIH yIACTCsl, HIOCTPOUTHh OHUMAaeMble aHATUTUYECKHE
peLIeHHUs], KOTOPBIE MOTYT CIY>KHTh PyKOBOJACTBOM JJIsl aBTOMaTH3aLMHU PacyeTOB YHCICHHBIMU METOJaMH.

B cratbsx [15-19] meton Cen-Benana npruoOpeTaeT paciIMpeHHYI0 HTEPAHOHHYIO TPAKTOBKY, MTO3BOJIS
MOJYYHUTh ACUMIITOTUYECKUE aHATUTHYECKHUE PEeIIeHHUs 0e3 KaKMX—IMO0O0 TUIOTE3 U BBHIOJIHUTH BCE TPAHUYHBIC
ycioBusl. Pemenne cxoauTcs, yIoBIeTBOPssA TeopeMe baHaxa o HemoaBkHOM Touke [20].

[Mpunmun Cen-Benana MeeT KauyecTBEHHBIN XapakTep W, Oyay4d BIepBble chOpMYIHPOBAHHBIM B TIPH-
MEHEHMH K 33/1a4€ O Harpy>KeHHOM IO KOHIIAM CTEp>KHE, COCTOUT B YTBEPXKAECHUH, UTO CTATUUECKH SKBUBAJICHT-
Hasl HyJIIO CHCTEMa CHJI, PACHPEACICHHBIX 110 MAJIOMY Y4acTKy MOBEPXHOCTH, CO3JAeT JIMIIb JIOKAJIbHbIE BO3MY-
HIEHUS, OBICTPO 3aTyXAOIIUE [T0 Mepe yAICHHUS OT 3TOT0 Y4acTKa M CTAHOBSINUECS MPEHEOPEKUMO MallbIMU Ha
PacCTOSIHUAX, TOCTATOYHO OONBLIMX MO CPAaBHEHUIO C €ro pasMepaMu. B INIMHHOM MpU3MaTH4eCKOM CTEpIKHE,
Harpy>keHHOM TOJIBKO IO KOHLIEBBIM CEUYEHUSIM, HAPSHKCHHOE COCTOSIHUE MPAKTHUECKH HE 3aBHUCHT OT CIIoco0a
pacIpenencHus 0 HeMy IOBEPXHOCTHBIX CHJI U ONPENENAeTCsl Ha HEKOTOPOM PAacCTOSHUM OT KOHIIOB MX IJIaB-
HBIM BEKTOPOM U TJIaBHBIM MOMEHTOM. OHaKO, HAlpUMep, JJIS1 yTOYHEHHBIX TEOPHI TOHKOCTEHHBIX CUCTEM M3
M30TPOMHOI0 ¥ KOMITO3HMLIMOHHOTO MaTepuaja, K KOTOPbIM OTHOCSATCS CTEP>KHH, IJIACTHHBI, 000JIOUKU U TOHKO-
CTCHHBIE CTEPXKHHM, TaKOH (JOpMYIMPOBKU INPUHLIUIIA CTAHOBUTCSA HEJOCTAaTOYHO. BBI3BaHHBIC H3MEHEHHUEM II0-
MEPEeYHOro pazMepa JUIMHHOM yNpYyrod MoJIoCkl HAPsKEHHs B yIilaX CTaBAT BOIPOC O (POPMYITUPOBKE YCIOBUI
3aTyXaHus, ONpeeSICHHBIX Ul nepeMerneHui [19], 3a1aHHbIX HA MAJIOM y4acTKe JHLEBOH 1 OOKOBOM MOBEpX-
HOCTEH TOHKOCTEHHOTro Teja. MtepalnuonHast TpakTOBKa MOIyOOpaTHOTO METOAA PACIIUPSET BO3MOXKHOCTU €T0
MIPUMEHEHHUS K KOMITO3UIIMOHHBIM Matepuaiam [20].

2. O6o0mennas popmyaupoBka npunuuna Cen-Benana /151 HanpsizkeHuii 1 nepeMereHuii

PaccMoTpuM 3a1ady 00 YCTaHOBIEHMH aHAJOTUYHBEIX ycnoBusM CeH-BeHaHa ycnoBuii IOKanu3aluu
HAIIPSKEHHO-T€(OPMHUPOBAHHOTO COCTOSIHMS B JUIMHHOM MPH3MATHYECKOM CTEpKHE, HA KOHIAX KOTOPOIO 3a-
JaHbl He HANPSDKEHHUS, a TepeMelienus. [1ycTh moaoca, ¢ IIOMOIIBIO KOTOPO MOIEIUPYETCS COCTOSHUE CTEPIK-
us, 3agana HepaseHctBamu 0 < x </, —1<z <1. [Inunnsle xpas monocel z 1 cBoGOAHBI OT KaKMX-TUOO Ha-
Ipy30K U 3akperuiennii. Ha kopotkux croponax x =0, / 3a1aHbl IepeMeNIeHUs

u(l,z):fl(z); w(l,z):fz(z); u(O, Z):f3(Z); W(O,Z):ﬂ(z). (1)
Ha xpasx z=x1

Gz(x,il):r(x, il)zO. ?2)

Pemenue cBoAMTCA K HAXOXKACHHIO QYHKIUU DpHU (p(x,z), YIOBJIETBOPSIONIEH OGUTrapMOHHYECKOMY

YpaBHEHHIO

do'¢ o'e o*e
+ +2 =0. 3
oxt ozt ox’oz* )

Hanpsokenust yepe3 QyHKIHIO (p(x, Z) BBIYHUCIISIOTCS IO GOpMyJiaM

_ ¢ _ P9 _ %
e GZ__ﬁxGZ’ Gx_g.
I[e(l)OpMaLlI/II/I HaXoOsATCs C IIOMOIIIBIO COOTHOIIEHUI yaopyrocTtu
exzf(cx—vcz); sz:%(cz—vcx); yxzz%.
q)OpMyJ-H)I He(bOpMaL[I/H/I — NepEeMCUICHNA JalOT BO3MOXHOCTb OIIPCACIIUTD NMEPEMCIICHUA
ou_.. ow_.
o oz

TEOPUA YMPYFOCTU 403



Zveryaev E.M. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 390-413

[Nepenumem ypaBHeHue (3) cnexyromum o0pa3om:

oo 1 d% . o)
ax2 oz’ 2 oxt ozt )
HHTErpupys €ro IBaXKIbl M0 X W JBAXKIBI [0 Z , TIOJYYUM

o’¢ 1(&%¢ po'o
0 :E[ﬁxz +J.I P dxdx +a(z)x+b(z);

_ggg _{ [ @dnkJ+c()z+d(xL )

rae a,b,c,d — npousBosibHBIC GYHKIMHA HHTETPHPOBAHMSI.

CoOOTHOIIIEHUS YIIPYTOCTH B (GopMyITEI nedopMariiy — IEPEMEIIESHUS ¢ yIeTOM (4) maroT

pou_ P V(a(p+JIa(pdzdz)+V[C )y+d(x)]:

ax 0z*

8 0 0’
6vzv 8x(3+v( P .U (dedxj+v[a x+b(z)]. (5)

[omoxxum B ypaBHeHHH (5)

9=2 X, (x)Z,(2), (6)

k=1
rae QyHkmu Z, (Z) YJIOBIIETBOPSIFOT ypaBHEHHIO Z k”” = K:Z ; U YCIIOBHSAM Ha KOHLAX Z, (il) =7 k' (il) =0.
[ITpuxom o6o3HaUCHO MU epeHIMPOBaHIE 110 KOOpauHaTe Z . B 3ToM ciydae ycitoBus (2) BBITOTHEHBI, a pellre-
HHUe ypaBHeHUs (2) pasbickuBaeTcst MetonoM byOHoBa — ['anepkuna. @yukimu X, (x) COAEPKAT IKCIIOHEHIIH-

AJIbHBIC MHOXKUTCIIN, 06€CHC‘II/IB3.IOH_II/IG 3aTyXaHHUEC KOHIICBOTO BOSHCﬁCTBHH.

[ToacraBuB BeIpaxkeHue (6) B hopMyisl (5) M HHTETPUPYS COOTBETCTBYIOMIUM 00pa3oM, TOJydIUM BEIpa-
JKeHUS JJ1s IepeMEIeHUu

Eu:i{[H;}X K, +2X'" K12 Zk2+v[c( Jz+d"( ]+n

ko

Ew= i[(l +§J x," i+%Xk**Kk3 7, +v[a'(z)x+0"(2) ]+ m(x). (7)
= Ky J

3meck M W 11 TPOU3BOJIBHBIC (PYHKIIUU I/IHTerI/IpOBaHI/IH 3BE3/I0YKa O3HA4aeT, YTO MPOU3BEICHO UHTE-
TPUPOBAHUE [0 COOTBETCTBYIOIICH KOOPAUHATE, TO €CTh Q IQ t)dt ®dyHkuuu Z, ABIAIOTCA COOCTBEH-

HBIMH IS 3a1a91 O COOCTBEHHBIX KOJIeOaHUSIX 3aIeMJICHHOH 1O KOHITAM OaiK{ M JOCTATOYHO XOPOIIO HCCIIe-
TOBaHBL. [IJIsi CHMMETPUYIHOTO 110 KOOPAWHATE Z CIIy4asi OHU UMECIOT BH]I

Z, =cosx, coshk,z—coshk, cosk,z;

! . .
Z, =x,Z, =x, (cosk, sinhk,z—coshk, sink,z);

"

L7 2 :
Z,' =x,’Z,, =, (cosx, coshk,z —coshk, cosk,z);

"

_ 3 _ 3 . .
z," =x,’Z,; =x,’(cosx, sinhk,z—coshk, sink,z), ®)
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rae K, yAOBJICTBOPSCT TPAHCHCHACHTHOMY YPaBHCHHUIO
tank, +tanhk, =0.

JI7s aHTHCHMMETPUYHOTO IO Z Clrydast
Z, =cosk, sinhk,z—coshx, sink,z;

!

Z, =x,Z, =x,(cosk, coshk,z—coshk, cosk,z);

"

27 2 - ~ :
zZ,"=x.Z,, =x,’ (cosx, sinhk,z +cosh, sink,z);

"

_ 3 _ 3
Z," =xZ,; =x,’(cosk, coshk,z+coshk, cosk,z),

rIe K, yIOBICTBOPSET TPAHCLCHICHTHOMY ypaBHeHuto tank, —tanhk, = 0.

)

(10)

PaCCMOTpI/IM TCICPb BO3MOXXHOCTD BBITTIOJIHCHUA YCHOBI/Iﬁ (1) C MOMOIIBIO MPEACTABIICHU HGpeMeH.IeHI/Iﬁ

B BuI€ Beipaxenuii (7). Ha konue npu X =/ 10/kHO OBITH

-y (1+§j){k*1<k2 X ]H Zyy +v[e (D) z+d (1)]+n(2)

k=1 k

Ef,(z i (1+§JXk”L+§Xk**Kk3i|Zk3 +V[a*(z)x+b*(z)]+m(1).

= Ky

(11)

Omnpe/enuM yCIoBHsi, KOTOPBIE JOJDKHBI ObITh HAIOXKEHBI HA GYHKIME f, U f, JUIS TOro, 9T0OBI pasiio-

xenust (11) mmenmu mecto. Ecnm cucrembr (yHKIui {Zkz} u {Zk3}HOJIHLI, IIPOU3BOJIBI MHTETPUPOBAHMS

* * * *
a , b , C, d , M, N OOJIKHBI OBITh MOJOKEHBI HYJISIMU. HpOBepI/IM MOJIHOTY 3TUX CUCTCM. Paznoxxum HEKOTO-

PYIO CHMMETPHYHYIO [0 O GyHKIHIO &, ((x) Ha MHTEpBae (—1,1 ) B pan 1o byHKIMAM Z,, (Kkoc) 1 aHTHCHM-

METPHYHYIO GyHKIHIO &, ((1) B psift 0 GyHKUUAM Z,, (K k(x). Taxum o6pazom,

rae N, ( j Z," (x,B)dB.

®Oynxuuu Z,,, Z,,, Z,; yIOBIETBOPSIOT CICAYIOIIHM yCIOBHAM OPTOTOHAIBHOCTH:

Jueaten-{) (7

izks (x,B)Z,, (x,B)dB = {ka (r— i)

Jnst cummeTpuysbIX GyHKIMi Z,, 6yner N, = cosh” T cos’ K o

TEOPUA YMPYFOCTU
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CocTraBUM BBIpaXEHHsI U1l YACTUYHBIX CyMM psioB (12), moactaBus B HUX K03 duumeHTsI (13):

Sk (Zkz’Z ) ZZ\I, k2 Kk J.E.’l Z,» KkB) dp;

k=1 k
K
1
SK(Zk39Zk1):_zN st K, J.‘?h ;1 KkB) dp. (14)
k=1 k

CrietoBaTeNbHO 3a/1aua O COOTBETCTBHH JIEBBIX M MPaBBIX yacTell B popmynax (12) cBOAUTCS K HAXOXK]IE-
HUIO TIPEJEIOB COOTBETCTBYIONIMX CYMM S (Zkz,Z ) Sy (Z“,Zkl)npn K — 0. 3MeHUB TOPANIOK CyM-

MUPOBaHUS U HHTETpHpoBaHus B (14), 3amuineM BbIpaXeHHs U1 YACTUYHBIX CYMM B CIIEIYIOIIEM BUE:

S Z,,Z, Iﬁl %o Kk ])VZkz( dp = _..};1 B)QK 2oL, )dBQ

se(202,) = [ (20 [ o, 2z a9

Paccmotpum, Tak ke Kak 1 B [21], COOTBETCTBYIOIIHNE COOTHOIIEHUSIM (15) KOHTYpHbIE HHTETPaJIbI

1 Z,, (Ca)zkz (CB) .
I, (Zk27Z ) 2m.15[ cosh? CCOSZ C\II(C) &

J‘ A3 C(l kl(CB)
27‘CZR cosh” { cos’ C\V(C)

Iy (Zk3>Zk1 dc, (16)
BBIYUCIICHHBIE TIPH 00XOJIE B TIOJIOKHUTEIEHOM HANPABJICHHUH 10 KPyTy paguyca R, , ONMCaHHOMY M3 Hadana Koop-
IVHAT B KOMIUIEKCHOH TutockoctH . Pagmyc R, BbIOMpaeM TakuM 00pa3oM, 4TOOBI BHYTPbh OKPYKHOCTH HMOIAIIH
pamuycel 2K BemectBennbix 1 2K MHUMBIX KOpHEH ypaBHeHus (9). KOHTYp Takke He IPOXOIHUT YEPE3 TOUKH
(;SCO) = n(2k+1)/2 u CE{I) = ni(2k+l)/2 , SIBJISFOIIMECS KOPHAMH YPaBHEHHUs COS Cio) =0 u cosh Cg) =0
Torna kaxp1it mHTETpan B popmyinax (16) paBeH cyMMe BBIYETOB 110 BCEM 0COOBIM TOYKaM BHYTPH KpyTa R, .

B coorBercTBHH CO CKasaHHBIM 1tst popmyi (16) u yuursiBasi, uto N, = cosh{cos C\V(C), HOJTy9aeM

1:(Z,,,2,,) =40, (Z,,.Z 22 os 0052k2+1n[3—2;
K

1:(Z,3:2,,) =40 (230 Z,, ) +2 D 0052k2+1nacos2k2+1n[3. (17)
k=—K

IMocnenuuii uneH B mepBoM BbipaxkeHUH (17) ecTh BBIUET JUIS MOJBIHTETPATIHHOTO BBIPAKCHUS MEPBOTO
nHTerpana u3 (16). BeraeT B HyJe 1 BTOpOTro HHTETpaia paBeH Hymo. M3 Beipaxenuti (17) ciaemyer, 9ro

1 & 2k+1 2k+1
EE%QK( v/ ):§=Zcos 5 [3__
2k+1
EE?)QK 4 Zcos nacos 5 . (18)
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[MoncraBus Beipaxkenus (18) B popmysl (15), noxyanm

lm S, (Ze2,Z42) =5 [ () 3 02 mac 2k+1anB——I§1 (B)B=¢, (a I&I (B)a:

K—o©

. 2k+1
lim S, (Z,5.2,,) I Zsm i nBdB =&, (o). (19)

k=-0

CreoBatenbHO, MEPBBIN psij B BeipaxkeHuu (12) cxomutest k HexoqHoH dyHkuuun &, , ecu

[ (B)dp=o0. (20)

Bropoit psig cxoqutest K GyHKInu &, 6e3yCIoBHO.
PaccMOTpHM Tenepb Citydail pasiioxKeHHs] aHTHCHMMETPHYHOM 10 O QyHKuuu &, ((1) Ha MHTEpBaJIe (—1,1)
B PsJl IO QHTUCHMMETPHYHBIM (QYHKIHAM Z, , (Kka) U cUMMeTpuuHyo QyHKuuo &, (OL) B S IO aHTHCUM-

METPUYHBIM QYHKIUAM Z,, (K k(x) n3 onpexaenenuit (10). [Moctynas aHamoruyHbIM 00pa3oM, HOIXYYUM Ui CO-

OTBCTCTBYIOIIUX KOHTYPHBIX HHTCIPAJIOB BBIPAKCHUSA

2k+1
Iy (ZkZ’Z ) 4Q1< k2o kz +228m 73 — 60f;

< 2k +1 (2Kl
1 (23, 2,,) =—40, (2,5, Z,,) +2 ) cos T0.CO

k=K

np—3(1-p°). @1

B 060MX BBIPXEHHMAX TOCIEIHNE YIECHBI ABIAIOTCS Bhraetamu B Touke (= 0. Ilepeiins x npexeny npu

K — 00, nonmyunm u1st 4aCTUYHBIX CyMM

Il{iinS (Zkz,Z ) __aj.as B)BdB

im Sy (Z4:Z4) j &4 (B)(1-P*)dp. 22)

TlepBblii szt cxoautes K ucxoxHoit Gynkuun &, , a BTopoii pax k dyskumn &, , ecnn

jég(B)BdB=0; I & (B)(1-B*)ap =0. (23)

[Mosicaum cmbicn momydeHHBIX BbIpaxenuid (20) u (23). PaccmoTpuM 3amauy Ui KOHCONH €IWHUYHOMN
TOJILIUHBI, JUIMHOM | U BBICOTOM, paBHOIi 1ByM. B 9TOM ciiyuae B Boipakenusx (1) 1y 3a1€IKK HAZ0 MOJIOKHUTh
f; =/, =0.1Ilpu x =/ 3agansl HeHyIeBbIe TepBbIe ABa nepementerust (1). OTOpocHM 3aaroIue STH IepeMe-
IIEHHUS CBA3M U 3aMEHMM MX HOPMaJbHOM cuiioit N , monepeunoii cuioi u usrubaromum momentom M | cratu-
YECKU SKBUBAJIEHTHBIM HE3ATYXAIOIIMM 10 MEPE YAAJIEHHS OT Kpas X =/ HanpsHKeHUSIM.

1 3 3 3
GX:EN+EMZ+EQ(I_X); GZZO; sz:Z(l_Zz)'

[ToacuunraeM paboTy, COBEPLIAEMYIO HE3ATYXAIOIIMMH HANPSHKEHUAMH Ha niepemertenusx (1) konna x =1
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([N 3 3
22 4

U=_1[[fo1(z)+txzf2(z)]d2:j +—M:z fl(z)+—Q(l—zz)f2(z) z. (24)

[TotpeGoBaB, 4TOOBI BOHHUKAIOIIME B MOJ0CE HE3aTyXalOIIMe HAPSHKEHH He COBEpIIAN paboTy Ha 3aJIJaHHBIX
HepeMEIICHUAX KOHIA CTEP)KHSI, TIOJYYUM B CHITy He3aBUCUMOCTH Besmuud N, M, O criepyromine BIpaKeHUSL:

;[ﬁ(z)dZZO; llflfl(z)zdz=0; jlﬁ(z)(l—zz)dz:o,

conagaromue ¢ ycaousmu (20), (23), rae ¢pynxiuu & +&, n §, coBmamaror mo cMmeicay ¢ f, u f, cooTser-

CTBEHHO.

[o-BuaMMOMYy, TIO aHAJIOTHH C U3BECTHBIM NpuHIMIIoM CeH-BeHaHa, cpopMyIMpoBaHHBIM IS CITydasi 3a/1aH-
HBIX Ha MaJIOM YYacTKe HalpsHKSHHA, MOXKHO JaTh (DOPMYIUPOBKY JOKAILHOCTH HAMPSHKEHHO-IE(POPMUPOBAHHOTO
COCTOSIHUSI, BEI3BAHHOT'O B YIIPYTOM TeJI€ 3aJaHHBIMU Ha MaJIOM Y4acTKE €ro OBEPXHOCTU MEPEMEIICHUSMHU.

3agaHHBIE HA MAJIOM y9acTKe MOBEPXHOCTH YIPYTOro Tella MepeMenIeHNs CO3Maf0T JIUIIb JOKAIbHOE
HaNpsKEHHO-1e()OPMHUPOBAHHOE COCTOSTHHE, OBICTPO 3aTyXarollee 110 Mepe yJaJleHUs OT 3TOTO yJacTKa U CTa-
HOBSIIIIEECs MPEHEOPEKNMO MaJIbIM Ha PACCTOSHUSX, IOCTATOYHO OOINBIIHX MO CPaBHEHHUIO C pa3MepaMH ydacT-
Ka, €CNIM IJVIaBHBIA BEKTOP W IJIABHBIA MOMEHT, CTATHYECKH SKBUBAJICHTHBIC BO3HUKAIOIIMM HA 3TOM YYacTKe
HaIpPsKEHHUSIM, HE COBEPIIAIOT paboTy Ha 3aJaHHBIX IepEeMEIIeHUsX.

3. O000meHHast UTepauMoOHHAs (POPMYITUPOBKA NMOJIy0oOpaTHOro MeTona Cen-Benana

Paccmotpum Bompoc 06 0600meHnn nomyobpatHoro merona Cen-BeHaHa k uTepallmoHHOMY BHIY 0e3
CBEIICHUSI YPaBHEHUHN K YCUIUSM U MOMEHTaM ITyTE€M IOCTPOEHUS aCHMIITOTHYECKOTO aHAIUTUYECKOTO peIlie-
Husl. Bompockl, cBsi3aHHBIE C CYNIECTBOBAHUEM M CIMHCTBECHHOCTHIO PEUICHHI YPaBHEHUH, (OPMYIUPYIOTCS B
(YHKIIMOHAIEHOM aHaJIN3e B BHJIE BONPOCA O CYMIECTBOBAHWU W €AMHCTBEHHOCTH HETIOJBMKHON TOYKH TIPH HE-
KOTOPOM OTOOPaKEHUH COOTBETCTBYIOIIETO METPHUCCKOTO MMPOCTpaHCTBA B ce0s. Cpean pa3IMIHbIX KPUTEPUEB
CYIIIECTBOBAHUS W CAMHCTBEHHOCTH HEMOABIMKHOW TOYKHM HAanOOJee OOLIUM SBISICTCS MPHUHIIUI CHKATBIX O0TOO-
pakeHu#t [21], 000CHOBBIBAIOIINI CXOJUMOCTh IIPOCTHIX UTEPAITHA.

o * * *
JUIMHHYIO TIPSIMOYTOJIBHYIO TIOJIOCY OTHECEM K MPSIMOYTOJIBLHOM crucTeMe KoopauHar X , z ,Takuro 0 < x </,
*
—h <z <h. JlnuHHBIE CTOPOHBI IOJOCHI HECYT HEKOTOPYIO MPOU3BOJIBLHYIO HArPY3Ky, KOPOTKHE CTOPOHEI I10-
JIOCHI MOTYT OBITH TaK MJIM MHA4YE 3aKpeTUICHbI WIIM Harpy>XeHbl. Y paBHEHHS TUIOCKOH 3a/1a4y TEOPUH YIIPYTOCTH,
OTIHCHIBAIOIINE HANPSHKECHHO-1e(hOPMUPOBAHHOE COCTOSIHIE TAKOU MOJIOCH], BO3BMEM B CIICIYIONIEM BHJIC:

*

0c. Ot 0o. ot
=0 =0

0z Ox ox Oz

c. = (e, +ve); T = £ Y; ©.= (e, +ve,);
—v? 2(1+v) —v?
ow' ou" ou ow
= B =l Y=ot

Oz Oox 0z Ox

% % *
BBeenem GespasmepHble koopauHatel X=X /[, z=2z /h, Ge3pasmepubie nepemeumenus U =u /h,

* o £ * * *
w=w /h Bmome oceil X ,z COOTBETCTBEHHO M Oe3pasMmepHble Hanpsokeunsio, =o /E, o, =0_/E,

¥
T=1T /E (pa3MCpHBI€ NEPpEMCUICHNA, HAIPAXKCHUA W HAIPY3KU OTMECUAIOTCH 3B632[OLIKOI/I). Be3pa3MepHLIe
YpaBHCHUA B 3TUX IICPEMECHHBIX TPUHUMAIOT BU{

) ot ot 0o
Zrg—=0; —+e—=0;
oz Ox Oz ox
1
cle_vz(strvsz); T=mY; GZ=1_V2(82+V8x);
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ow ou ou ow
g, =—; € =&—; y=—+e—.
Oz ox 0z ox

Hpeo6pasyeM HX Tak, I'ITO6I>I, BLI6paB B KQa4C€CTBC BCIIMYMH HA4YaJIbHOI'O HpI/I6J'H/I)K€HI/IH HCKOTOPBIC W, U 7V,
MOYKHO OBLIO IOCICA0BATCIIbHO BEIYMCINUTE BCC OCTAJIBHBIC NCKOMBIC HCU3BCCTHBIC

ow Ou ow 1 oG, ot
—=c; — =——+7; T=—7; =—g—;
Oz Oz ox 2(1+v) 0z ox
sxzaa—u, o, =g +Vvo_; sZ:(l—vz)cZ—vsx, %:sz;
ox Oz
@:82; ﬁ:—gai, y=2(1+v)t
0z 0z ox

METOJIOM TTOCJIC/IOBATEIBHBIX MPUOIMKCHUHN IO MEpEe YBEITHUYCHHS HOMEpa (n) B COOTBETCTBUU CO CIEAYIOIICH
WTEPALlMOHHON CXEMOM:

Uy Moy L
0z o e T Ty (1+v) Yoy
oo ot ou
() T (m) _ (n) . _ .
Oz =€ Ox > gx(n) =€ o ’ Gr(n) 8x(n) +Voz(n)’
ow,
—(1_+2 _ (n _
B = (1790 Ve s — =8

ot 0o 0o ot
(n+1) —¢ x(n) : z(n+l) ——¢ (n+l) .

15/ ox oz ox

Vi) = 2 (1+v) Tiner) ™™

31ech U fanee HIKHAM HHACKCOM B CKOOKaxX 0003Ha4YeH HOMED MTPUOIMIKCHUS.

Hac OynyT mHTEepecoBaTh ypaBHEHHS HYJIEBOTO M IEPBOTO MPUOIMKEHUH MpU BRIOOPE BEIMYUH B COOT-
BETCTBUH C MOJyoOpaTHBIM MeToioM CeH-BeHaHa B Bujie HAUaIbHOTO PUOIIMKCHHS

Wo =W (x); Y0) = Yo (x)

B cuny He3aBHCUMOCTH BEJIMYMH HAYaJIbHOTO MPUONMKEHHUS OT Z BCE OCTAIbHBIC HEM3BECTHBIC BBHIYKC-
JISIOTCS B pe3ysbTaTe KBaApaTyp Mo Z :

W) =Wy (%); Yoy = Yo (%); ) = —aj w, dz + _[yoa’z +1, (x);
T, =7,/2(1+V); G0 = —SJ‘ 1, dz 40 (x); €,0) = eu(o)';
G (0) = £4(0) T VO.(0)} Ty = —SI cx(o)'dz +1,(x); Yoy = 2(1+v) T
. =(1=V") 0 = Ve, Wy = j £z +w (x).

Hwxuanm naaexcom 0 0603HaYeHBI IPOU3BOJIBI MHTETPUPOBAaHUSA. BhIUunCIeHne MOCIeAyIONINX BETHUYNH
0 MIPEIBIAYIINM COIPOBOXKIACTCSI YMHOXKEHUEM Ha MBI [TapaMeTp € C LeIbi0 (POPMUPOBAHUS 3aIICU HEH3-
BECTHBIX B BHJIE aCUMIITOTHYECKON MMOCJIEOBATENBHOCTH 110 CTENEHIM € . BuaHO, 9TO Ha JaHHOM JTamne uTepa-

IIMOHHBIX BBIYMCIECHUI MBI OIYYHIN YEThIPE MPOU3BOIBHBIX QYHKIMH W, = W), (x), Yo =70 (x) U, =u, (x),
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GZO = 020 (X) , IO3BOJISIFOIINE BBIMTOJHUTD YCTHIPC I'PAHUYHBIX YCJIOBUS HA AJIMHHBIX CTOPOHAX ITOJIOCHI. 3,Z[CCI> nu

Janee IITPUXOM 00O03HaueHO IudQepeHInpoBaHuE [0 X , B MHIEKCE HyjJeM 0e3 CKOOOK 00O3HAa4eHBI MPOU3-
BOJIbHBIE (DYHKITUM MHTETPUPOBAHUS, 3aBUCAIINE TOJIBKO OT X .

Teneps MOKHO 3amucaTh BbIpaXKEHMS IJIS BCEX HEM3BECTHBIX 3ajjauu, Mpeanosaras, YTo OHU JOCTaTOYHO
TOYHO OINHCHIBAIOT BO3HUKAIOLINE IIepeMeLeHus, JeopMay 1 HaupsHKeHUS:

2
2 z
wR W, +[(1—v2)020 —svuo'}z+[82vw0" —8(1+V) ‘co'}?;

!’
u~u, +[—8W0 +2(1+V)’COJ2;
' om ’
€ RElU, +[—8 W, +8(2+V)T0 :|Z;
G, ~Eu, +VG_ o+ [—azwo" +(2+ v)er'Jz;

- 2 ' 2 " 2 .
€, ~(l—v )Gzo—avuo +|:8 v, —g(1+v) 1, }z,
2

- 2" ' 3m 2 m|Z
T~‘C0—(8 u, +&vo_, )Z+|:8 w, —(2+v)8 T, }?,

2 3
' 3 m 2 n\Z 4 mm 3 . m | Z
c ~czo—sroz+(s u, +&’vo,, )7+[—8 W, +(2+V)e’r, JZ (25)

z

Benmwuuner T u GZ 3allMCaHbl B IIEPBOM HpI/I6HI/I)KeHI/II/I, OCTaJIbHBIC — B HYJICBOM. Ha OJIMHHBIX CTOpPOHAX

NOJIOCHl z =1/ JNOIKHBI yIOBJIETBOPATHCS TPAHMYHBIE YCIIOBHS, COOTBETCTBYIOIIME yCIOBHAM HArPYKEHUS.
B 6e3pa3mMepHOM BHIIE STH yCIOBHUS 3aIIMCHIBAIOTCS KaK

6,=Z,(x), =X, (x) npu z=1;

z

c :Z_(x), r:X_(x) npu z =—1. (26)

z

Be3pasmepHble Harpy3Ku MOJTyY€eHbl yTEM JEIEHUs Pa3MEPHBIX Ha KeCTKOCTh E . ByjeM cuurath Harpys-
KA MEJIEHHO M3MEHSIOMMMUCS (PYHKIUAMU KoopAuHATHI X . [lycTh ycnoBus (26) yAOBIETBOPSIOTCS BEITUYH-
HaMH TIEPBOTO MPHUOIIKEHUS U3 COOTHOMICHNH (25). B pesynbpTaTe mosydnM ypaBHEHUS OTHOCHTEIHEHO HEW3-

BECTHBIX WO 5 TO , OMPCACIIAIONIUX 3aJa9y n3ruoda:
" "
ew, —(2+v)e’t, +21,=X, + X ;
4 mn 3 m '
—&'w, +(2+v)e’, —6et, =3(Z,-Z.), (27)
1 OTHOCHUTCIIBHO uo, GZO , OIPEACIIAOINX 3a0a9y PaCTAXKCHUA — CKATHUA:

—&’u, —evo ) =(X,-X_)/2;

3 m 2 " _
gu, +e'vo , +20, =2 +72. (28)

VpaBHenus (27) u (28) B npeAnonoKeHUH Majloi H3MeHsIeMOCTH QyHKIUHA T, U G, Hocie oTOpachiBa-

HUA BEJINMYUH C MAJIBIMU MHOXKHUTCIAMU CBOAATCA K KIIACCUUCCKOMY BUIY
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s

ew) +21 =X, +X ;

—&'wy" —6et) =3(Z,-Z_); (29)
—&’uy —evol, =(X,-X_)/2;

eu) +20,=2,+7_, (30)

MOJTBEPKAAst, YTO ypaBHeHUs (27) u (28) 0000IAIOT KIacCHYECKHE MPEICTaBICHUS OIy0o0paTHOTO METOAa
CeHn-Benana u ux penieHus 3aBUCAT OT apryMeHTa X . BepxHuil MHIEKC § YKa3bIBaeT Ha MPUHAIJIEKHOCTD OT-
MEUEHHBIX UM BEIMYHH K MEJJICHHO MEHSIOIIMMCS] KOMIIOHEHTAaM HaNpsHKEHHO-1e(hOpPMUPOBAHHOTO COCTOSTHHS.

Brrunras w3 ypaBuenwuii (27) monapHo ypaBHeHus (29) u u3 ypaBHenuit (28) ypaBrHenus (30), ¢ yuerom

o s! 0. s s! 0_s q' -1_gq
OPEANONIOKEHUN W, ~ € Wo (X) s Tg ~ € T (X), Ty ~ € Ty (X/S) IIOJTyYM CHHI'YJIIPDHO BO3MYIICHHBIC ypaB-

HCHUA, OTMCUCHHBIC HHACKCOM ¢
—(2+4v)e*ty +21 =0; 31

(2+v)e’tl —6et] =0. (32)

Hx pemeHus OTIMYAIOTCS Ha KOHCTAHTY, KOTOpas IOJDKHA OBITH OTOpOIIEHA KaK HEyIOBICTBOPAOLIAS
YCJIOBHUIO OONBIION U3MEHAEMOCTH, T03TOMY 00a perenns ypaBHenuit (31) u (32) copmagaior:

C, exp k=

. €

Ty =
1—

C, exp —kM
€

HOCKOJII)KY OHHU 3aBUCAT OT apryMcHTa X/S , X MOXXHO HCIIOJIb30BaTh AJId YAOBJIIETBOPCHUS MMOTCPSIHHBIX

TpaHUYHBIX yCJ'IOBI/II‘/‘I " CriIaX)XUBaHUA Pa3pbIBOB B MEAJICHHO MCHAIOINHNUXCA KIIACCHUYCCKHUX PCHICHUMAX. BerHee

petenne crpasemBo npu X =0, a mmwkaee — npu x <1. Ecnu npunsts C, = g MOXHO IOKa3aTh, YTO

. X . Y
lim—exp| —k— |= 5()6) , TO ecTh ypaBHeHHEe (31) MO3BOJAET YCTAaHOBUTH CBA3b MEXIY OOBIYHON YHCIIOBOM
e-0 g Fes

dyHkumeit T 1 06o6mennoi & — dyHKIMeit upaka.

4. 3akaouenue

JBa metona CeH-Benana paccMOTpeHB! 1 MOACPHU3UPOBaHBI. [1epBbIii METO COCTOMUT B OLIEHKE KOMIIO-
HEHT HaNpsHKEHHO-1e()OPMHPOBAHHOTO COCTOSHHS C LIEIBI0 YIPOCTUTH MMOCTAHOBKY 3aJa4l HAXO0XKICHHUS pellie-
HUS TIyTEM alpHOPHOTO OTOpachIBaHUS OBICTPO MEHSIOMIMXCA M 3aTYXaloUIMX KOMIOHEHT pemeHus. OH Obul
IpeaIoxKeH, NocKoiIbKy CeH-BeHaH yuuThIBaaI TPYJHOCTh HaX0XAeHUs oomumx pemeHuid. [loatomy, pazpabatsi-
Basi METOJl IIOCTPOCHUS PELICHUS, OH MPHUILIEN K N300pPETCHNUIO IPUHIIMIIA, TO3BOJIIOIETO OIPaBAbIBATE IIOTeE-
PSHHBIE TIPU ITOCTPOCHUH PELICHHUS] KOMIIOHEHTHI PEIIeHHs], B YACTHOCTH M3-3a Mepexo/ia OT HANPsHKEHUH K yCH-
UM B MOMeHTaM (stress resultants). Ha npuMepe nimHHON ynpyro# mojaocsl chOpMyIHMPOBAHO TOMOJHEHUE K
€ro KJIacCHYECKOMY IPUHLUIY JUIA CIydas 3aJaHHBIX HA MaJIOM Y4acTKe NepeMEeIeHNH, OTCYTCTBYIOIIEE B JIH-
tepatype. Onnako u npuHnun Cen-Benana, 1 00001IEHHBIN TPUHIIWT HE MOTYT JIaTh HUKaKUX PEKOMEHIAIMN K
CBOEMY KOHCTPYKTMBHOMY HCIIOJIb30BaHHIO, HO MPUTOAHBI /Ul MEXaHHYECKOTO TOJKOBAaHMS IMOMYyUYEHHBIX Ka-
KUM-TTH00 cr10cOOOM HETIOIHBIX NPUOIMKEHHBIX PEIlCHHH.
Bropoii MeTox mosyuns Ha3BaHKE IOITyOOpaTHOTO, OcKoNbKy CeH-BeHaH npeiokui yacTe HCKOMBIX He-
W3BECTHBIX B YPAaBHEHUSX 33JaTh, a OCTaJlbHbIe BRIUMCINTE. [Ipn a3ToM CeH-BeHan nepemien ot HanpspKeHUR K
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YCHJIMSIM U MOMEHTaM, OIpaBIbIBas Mepexo ] MPUHIHUIOM. MOXKHO CKa3aTh, YTO BCE TEOPUU TOHKOCTEHHBIX TE
MOCTPOEHBI B YCUIIUSAX M MOMEHTaX, MPEAIoaras ClpaBeIIMBOCTh Nepexoaa K HUM, 000CHOBAaHHYIO TPHUHIIH-
nom Cen-Benana. B craThe mokaszaHo, 94To, eCiu B3ATh WACIO 33JaHHUS YaCTH HEU3BECTHBIX, HO HE MEPEXOTUTH K
YCHIIUSM U MOMEHTaM, MOJIyOOpaTHBIA METO]] MOXKET OBITh PACHIMPEH JI0 KOHCTPYKTUBHOTO U OyIET CXOASIINM-
Csl HE3aBUCHMO OT BBHIOOpA HadaJIbHOTO MPUOIMKEeHUs. Takas BO3MOXKHOCTh OCHOBAaHA Ha WIEE METOAa MaJoro
nmapameTtpa [lyankape, Metona mpocThix ureparuii Jluagemneda — [Tukapa u TeopemMe 0 HEMOIBIWKHOM Touke ba-
Haxa. [lpu 3TOM TmpesIokeHsl Mpeodpa3oBaHue CIOKHOTO OIepaTopa 3aladd B IMOCIEI0BATEIBHOCTh MPOCTHIX
WHTETPUPYEMBIX ONIEPATOPOB M METOAMKA PA3JICIICHUs] OBICTPO MEHSIOIIMXCS U MEJICHHO MEHSIOIIUXCS KOMIIO-
HEHT OOINEro pemieHus MPU BBITOJHEHNH BCEX TPAaHUYHBIX YCIOBHU MCXOMHOM 3amauu. [Ipomecc BeaucIeHUs
MOJKHO TPaKTOBaTh KaK pacIleIUIeHHe CJI0KHOTO OIllepaTropa Ha YeThIpe MOCie0BaTeNbHbIX oneparopa Ilukapa
OTHOCUTEIBHO MOMEPEYHON KOOPIAUHATHI U TPU — OTHOCUTEIBHO MPOAOIBHONU. BIIM30CTh MOTYyUYEHHOTO PelIeHUs
OLICHUBACTCA IOPAAKOM IIEPBOTO OT6pOIHeHHOFO YJICHA 110 € JIA MEIJICHHO MCHAIOIIUXCA BECJIINYUH. Torz[a noixy-
00paTHBIN METOJI CTAHOBUTCS HE3aBUCHMBIM OT npuHImna CeH-Benana.
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[Toctynuna B penakuuto: 15 utomnst 2020 r. Axmyanvrocms. Hepazpylaroomuii KOHTpOoIb MeTajuia onpeaensier (akruye-
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13 OCHOBHBIX XapaKTePHCTHK KauecTBa HEPa3pyIIalolIero KOHTPOIS SIBISETCS
BBISBIISIEMOCTb HECIUIONIHOCTEH U edexToB. Ecinu nedextsl He ObuM nmporyiie-
HBI, TO MOXHO IapaHTUPOBATh HANEKHYI0 PabOTy 00BbEKTa 10 CIIEAYIOLIEro IIa-
HOBOTO KOHTpOms. CTaThsl MOCBAIIEHA U3YYEHHIO (QYHKINN BEPOSATHOCTH OOHa-
pyxeHHs Je(EeKTOB U OIpe/e/ICeHUIO BEPOATHOCTU CYILECTBOBAHUS OCTATOYHOTO
nedexTa ¢ pazMepoM, NPEBHILAIONINM JOITyCKaeMoe 3HaueHue. [lens uccneno-
BaHMs — pa3paboTaTh METOJ, MO3BOJIIOIIUNA ONPENEIUTh BEPOSTHOCTb CYLECTBO-
BaHUS OCTAaTOYHOTO AedeKTa ¢ pa3MepoM, IPEBHIMIAIONINM AOIyCKaeMoe 3Hade-
HUeE, NOCIIe IPOBEIEHUS HEPA3PYIIAIOIIEr0 KOHTPOIIS U PEMOHTa 000pyJOBaHUS
1 TpyOONPOBOIOB aTOMHOM 3JEKTPHUYECKON CTaHIH. Memoouwl. Tlpu nposene-
HUM pabOThl ObUIU HCIONB30BaHbl ()OPMYIIBI BEPOSTHOCTH OOHAPYKEHUS Ae(ek-
Ta U UCXOJHOM 1e(DEeKTHOCTH, HOPMATUBHBIC TPEOOBaHHS B 00JIACTH aTTECTALUU
Je()eKTOCKOIMUCTOB, PE3yJIbTAaThl UCCIIEN0BaHUN 0 HEepa3pyllaoUeMy KOHTPO-
mo. Pesynemamui. TIpeacTaBieH METON ONpPEAENIeHHs BEPOSTHOCTH CYIIECTBO-
BaHMA Je()EKTOB C pa3MEpOM, IPEBBIIIAIOLINM JOIIyCKaeMOE 3HaYEeHUe, Ha IPpU-
Mepe KOopIryca peakTopa. MeTonrka OCHOBaHa Ha OCTaTOYHOH Ae(EKTHOCTH, KOTO-
past y4UTHIBAET BBISBISIEMOCTD Ae(EKTOB. Y CTaHOBICHO 3HaUeHHE KO3 duien-
Ta, YYUTHIBAIOLIErO BIMSHHE YeJIOBEYeCKOro (akropa, NMpUOOPHO-METOANYECKHX

HEIOCTAaTKOB UJIK CJIOKHOCTHU AOCTYIIAa K MECTY KOHTPOJIsA, YTO IMO3BOJIACT CHU-

J1si {UTHPOBaHMS 3UTh CTENIEHb HEONPEIEeNCHHOCTH IPH JHArHOCTHKE OCTATOYHOU JE(EKTHOCTH.
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Investigation of the probability of existence of defects
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Article history Abstract

Received: July 15, 2020 Relevance. Non-destructive testing of metal determines the actual state of
Revised: September 21, 2020 the metal, the presence of discontinuities and their sizes, and also allows to deter-
Accepted: September 27, 2020 mine what mechanisms of metal degradation were subjected to. One of the main

characteristics of the quality of non-destructive testing is the detectability of dis-
continuities and defects. If no defects were missed, then it’s possible to guarantee
the reliable operation of the facility until the next scheduled inspection. The arti-
cle is devoted to the study of the probability function of detecting defects and
determining the probability of the existence of a residual defect with a size ex-
ceeding the permissible value. The aim of the work — to develop a method to
determine the probability of the existence of a residual defect with a size exceeding
the permissible value after non-destructive testing and repairs of equipment and
pipelines of a nuclear power plant. Methods. During the work formulas for
the probability of detecting a defect and initial defectiveness, regulatory require-
ments in the field of certification of flaw detectors, and the results of research on
non-destructive testing were used. Results. A method for determining the proba-
bility of defects with a size exceeding the allowed value, using the example of
a reactor vessel, is presented. The method is based on residual defects, which
takes into account the detectability of defects. The value of the coefficient that
takes into account the influence of the human factor, instrument and methodo-

For citation logical shortcomings or complexity of access to the control point is determined,
Kuzmin D.A., Kuzmichevsky A.Yu., Ver- which reduces the degree of uncertainty in determining the residual defect.
tashenok M.V. Investigation of the proba- The results of this work permit to evaluate the probability of the existence of
bility of existence of defects with a size a defect with a size exceeding the allowed value. The development of a residual
exceeding the allowed value. Structural Me- defect to critical values characterizes the initial event for the destruction of
chanics of Engineering Constructions and the integrity of the structure. Thus, the probability of a residual defect can be used
Buildings. 2020;16(5):414—423. (In Russ.) when performing a safety analysis of the water-water energetic reactor vessel.
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1. BBeaenune

B Meranne co BpeMeHeM MPOUCXOAAT U3MEHEHMs], BIMSIOIINE Ha MEXaHUYECKHe CBOIMCTBA. DTH U3MEHe-
HUsI HauboJiee BEpOSATHBI IPH Pa3IMYHbIX BO3ACHCTBUAX, TAKMX KaK TeMIIEpaTypa, AaBJICHUE, BIMSHUE CPEBL,
KOTOpbIe HEM30€XKHbI BO BpeMsl IKCIUTyaTaluu. J[jis aToOMHON SHEPreTUKHU KOHTPOJIb 32 COCTOSIHUEM METaJllInye-
CKHX KOHCTPYKILUWH UTPaeT BXKHYIO POJIb.

[IpoBenenue koHTponst MeTamia B Poccuiickoit @epepanun perynupyercs JoKkyMeHToM [1] u BKitouaeT B
ce0s1 KOHTPOJIb COCTOSIHUS METaJUla Hepa3pyIIaloMH U pa3pyIIaloIMU METOIAaMH, a TaKXKe MMOIpa3aesieTcs
Ha MPeIIKCIUTyaTallMOHHBIH, 3KCITyaTallMOHHBIN (TepuoanYecKkuil) 1 BHeodepeaHoil. KoHTposb cocTosiHuA Me-
TaJjia BBINOJHAETCS HEpa3pyIIAIONIMMU U pa3pylIaloMMI METOJaMi, HO UMEHHO Hepa3pyIIatoluil KOHTPOJIb
MO3BOJIICT ONPEACINUTh (PAKTHUECKOE COCTOSHHE 00OpYIOBaHMA, HE Hapyllas ero IelocTHocTh. Hepemko mo
pe3yibTaTaM IPOBEIECHUSI HEPa3pYLIAIOLIEr0 KOHTPOJIS 0OHAPYKUBAKOTCA HECIUIOIIHOCTH U Ae()EKThl, KOTOpbIE
MOTYT NMPHUBECTH K aBapusiM. Hanbosnee ycrosBIrecs METObI HEpa3pyIaoIIero KOHTPOI sl OOHApy KeHUsS U
OIICHKH pa3BUTHS Ne(heKTOB MPUBEACHEI B paboTax [2—4].

IIpenMyIIeCTBEHHO HM3-3a HEAOCTATKOB TEXHOJIOTMH HU3TOTOBIICHHS B IIEPBBIE TOABI AKCIUTyaTAllUd BO3HHU-
KaeT 3HaYUTEJIbHOE KOJMYECTBO HAPYLIEHUH CIUIOIIHOCTU MeTaula. Beerna umeercs KoHEUHast BEPOSITHOCTh IIPU

Dmitry A. Kuzmin, Candidate of Technical Sciences, Head of the Strength Reliability Division of Nuclear Power Plant; Scopus iD: 56804728400,
eLIBRARY SPIN-code: 3207-3489.
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KOHTPOJIE MPOMYCTUTH Ne(PEeKT, KOTOPHIA MOXKET MOBIUATH Ha 0E30HacHOCTh. B CBSA3HM C 3TUM MOXKHO yTBEp-
JKAATh, YTO TIOCJIEe U3TOTOBJICHHS, KOHTPOJISA U PEMOHTA B KOHCTPYKIIUAX €IIle MOTYT OCTaBaThCs HE BHISBICHHBIC
nedexTs! [S]. COBOKYIHOCTh OCTABIIMXCS IOCIIC KOHTPOJS M peMOHTa MeheKTOB B M3ACIUHA HA30BEM OCTATOY-
Hol gedexTHOCTBIO. VccenoBanus B 001aCTH OLEHKH 0€30MIaCHOCTH M HaJle)KHOCTH 000pyAoBaHus ¢ AedeKTa-
MU paccMaTpUBAIIUCh B CTaThiAX [6—12].

C TouYKH 3peHUs MMPOYHOCTH U pecypca KOHCTPYKIIMH OCTaTOYHAs Ne(EeKTHOCTH SBISETCS BaKHEHIIIeH xa-
PaKTEPUCTUKON MaTepHaia JaHHOW KOHCTPYKIMHU. JIeHCTBUTENBHO, €CIM NMPOMYIIEHHBIN He(eKT J0CTUraeT KpH-
TUYECKUX Pa3MEpOB, TO MIPOUCXOIUT Pa3pyIICHUE BCell KOHCTPYKIMHU WM €€ 3JIEMEHTA, a TaK Kak HHQOpMaIus
0 TIPOITYIIEHHOM Ae(eKTe OTCYTCTBYET, TO pa3pylIeHHe IPOUCXOIUT BHE3AITHO.

Llenpto HacTOALIEH CTaThU SBISETCSA HCCIEAOBAaHHE OCTATOUYHON Je(PEeKTHOCTH MOcie MPOBEACHUS Hepas-
PYIIAIONIETO KOHTPOJIS KOPITyca PeakTopa aTOMHOM CTaHIIMUA C YYETOM BEIUYUHBI BBISBISIEMOCTH IC(EKTOB.
BrIsBIsIEMOCT IEPEKTOB — 3TO BEPOSITHOCTh OOHApPYKEeHUS Ne(hEeKTOB C 3aJaHHBIMU XapaKTEPUCTUKAMHU, KOTO-
pas ompezeneHa B HOPMaTUBHBIX JOKyMeHTax B pazmepe 70 % oT o0miero KonndecTBa HECTIONTHOCTEH pa3me-
POM, TPEBBIMIAIOIINM YYBCTBUTEIBHOCTh MPHUOOpa MPHU KOHTPOJIE. B COOTBETCTBHU C OMBITOM 3KCIUTyaTalluu
MIPUHSATO HCIIONB30BaTh KOHCEPBATHBHEIN MOXOM MPU PACCMOTPEHUH PE3yJbTaTOB HEpa3pyIIAIONIET0 KOHTPOJIA,
TO €CTh BCE€ HECIUIOMIHOCTH IMPEJICTABIATh B BUE TPEIIMHBI KaK HanOoJee OIMacHOTO IS SKCIUTyaTalliy BUJA.
Paccuurano 3HaueHne K03hUIUEHTa, YIUTHIBAIOIIETO BIMSIHIE YETIOBEYECKOTO (hakTopa, MPHOOPHO-METOIHIECKHIX
HEJIOCTATKOB MJIM CI0KHOCTH JOCTYIA K MECTY KOHTPOJIS, YTO MO3BOJIAET CHU3UTh HEONPEIEICHHOCTh PH OIpeie-
JIEHUH ocTaTtouHoi nedektHocTH. Takxke onpeneseHa BEpOSTHOCTh CyIIeCTBOBaHUS AedekTa ¢ pasMepoM, IMPeBbI-
MIAIOMINM JOITYCKAaeMO€e 3HaYEHHUE, TO eCTh Ae(eKTa, KOTOPHIA MOXKET IMPUBECTH K Pa3pyIICHHIO KOHCTPYKITHH.

2. MeToanl
2.1. Beposmnocmos oonapysicenun oegekmoes

@DyHKIMA BEpOATHOCTH OOHApy’KeHHUs Ne(PEKTOB B 3aBUCUMOCTH OT JMHEHHOIO pa3Mepa nedeKTa, Halpu-
Mep IIIyOuHBI a, umeeT BUL [5; 13]

F(a) =1 — e Bla—ao), (1)

IJie dy — TPAaHUYHBIA HAMMEHBIIUIA pa3Mep BBIABISEMOTO JNe(eKTa, 3aBUCSINUN OT YYBCTBHTEILHOCTH METOA
KOHTPOJIS, MM; 3 — K03 PHUIIMEHT, YUUTHIBAIOLINI BIMSHAC YEIOBEUECKOTO (pakTOpa, MPUOOPHO-METOIUICCKIX
HEJOCTATKOB MIIM CIIOKHOCTH JOCTYIA K MECTY KOHTPOJIS, MM .

B kauectBe nuHEHHOro pazmepa aeeKTa TaKKe MOTYT OBITh HCIIOJIb30BaHbI ITyOHUHA, TPOTSKEHHOCTD,
KOMOWHAITHS JTMHEHHBIX pa3MepoB, TUIOMIAAb I 00heM AcdeKTa.

BepostHOCTE 00Hapyx)eHHs NeeKTOB Npu a < A, PaBHA HYIIIO, TaK KaK MPU IPOBEACHUU KOHTPOJIS TPH-
00p HE MOXKET OMPENEUTh Je(PEKT MEHBIIIE, YeM YYBCTBUTEIBHOCTh PUOOPA, TO €CTh

Fla<ay) =0. (2)

3aBucumocthb (1) B oOmieM BuIe UMeEET BHJ, IpPEACTaBICHHBIH Ha puc. 1, mpu aedeKkTax ¢ pazmepamu
ap < a < S§,rae S — ToNUIMHA CTEHKU.

—_

BeposarHocTs 06HapyKEeHUS
nedekra F(a)
[Probability of F(a) defect
detection]

=

@p  I'nyGuna HECIUIOUIHOCTH @ S
[Depth of defect a]

Puc. 1. I'paduk GyHKIMHU pacnpeieneHus BEPOSITHOCTH 0OHapyKeHust Ae(eKTOB OT UX pa3mepa
[Figure 1. Graph of a distribution function of a probability of detection of defects from their size]
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OyHKIUS IUIOTHOCTH BeposiTHOCTH (1) uMeeT Bu

f(a) = pePla=ao), 3)

Haiitn Bce nedekthl ¢ pasmepamu ay < a < S He NMpeJCTaBIsieTCs] BO3MOXKHBIM. [laHHBIE SKCIIEpUMEH-
TaJIBHBIX MCCIICAOBAaHMUI IO BHISABISIEMOCTH Ae(DEKTOB MO pe3yIbTaTaM Hepa3pyLIAloUIero KOHTPOJIS C UCIIONIB30-
BaHUEM TeCT-00pa3ioB npeacTaBieHbl B Tabn. 1 [5]. Y3 HUX BHIHO, 4TO BBIABISAEMOCTH Je(EKTOB MpU Hepas-
pymaromem KoHTposie Bapsupyercs oT 50 go 100 % B 3aBHCHMOCTH OT YCJIOBHH €ro MPOBEIECHHS, TAKUX Kak
METO/I KOHTPOJISA, pa3Mephl 3aJI0KEHHBIX JeQEeKTOB U KBaMu(pUKauu NeeKTOCKOMUCTOB. B HacTosiee BpeMs
BEJICTCS MHOKECTBO MCCJICIOBAHUH, OPUCHTUPOBAHHBIX HA M3YUYCHHE BIUSHHS Pa3IMYHBIX (DAKTOPOB Ha BBISB-
JIIEMOCTH Te(PEKTOB M YCOBEPIICHCTBOBAHNE METOI0B Hepa3pymaromero KouTpois [14—18].

Tabauya 1
Pe3yabTaThl Hec/IeI0BaHMIT ITO BHISIBJSIEMOCTH AeheKTOB
M0 pe3yJabTaTaM Hepa3pylIaoiiero KOHTPOJIs ¢ NCI0Ib30BaHHEM TecT-00pa3IoB
[Table 1. The results of researches to determine the detection of defects
according to the results of non-destructive testing using test samples]
HporsxenHocTs nedexra, MM [Defect length, mm]
Merton xoutpoJs [Control method]
Mo [Up to] 15 15-20 20-25 25-30 30-35 35-40
Panuorpadus [Radiography] 86 % 100 % 75 % 50 % 100 % 100 %
ABTOMaTHYECKUH yIBTPa3ByKOBOW KOHTPOJIb 84 9 750, 100 % 750, 100 % 100 %

[Automatic ultrasonic testing]

CoryracHO HOpMAaTUBHOMY TOKyMeHTY P® [19], denepanbHO# CIy»KO0MH 1O SKOJIOTHIECKOMY, TEXHOJIOTH-
YeCKOMY U aTOMHOMY Ha/I30pY YCTaHOBIICHBI TPEOOBAHUSI K KOJIMUECTBY OOHAPYKEHHBIX Ne(heKTOB IS IIepCOHaa,
BBITIOJTHSIOIIET0 HEpa3pyIIaloMui KOHTPOIb, B pazMepe 70 % nim Gosiee 0T 00IIEro KOIWYecTBa HECIUIONIHO-
cTel pasmepoM Oosee ay. 3HaueHue 70 % yCTaHOBIEHO Kak IIOPOrOBOE VIS MOJIYUYECHUS IOJIOXKUTEIBHOTO pe-
HICHUS TI0 aTTeCTallMy B 00JIACTH Hepa3pyIIaroIero KOHTPOJs. B cooTBeTCTBUM ¢ 3THM Haiijgem 3HadeHHe [[3]
¢ynkuuu (1), mpyu KOTOPOM COBOKYITHOCTh OOHAPYKEHHBIX HECIUIOIHOCTE! cocTaBisieT 70 % oT o0mero Koiam-
YeCcTBa HECIUIOIIHOCTEH B MeTalle:

fjo(1 — e [Bl@-a0))gq = 0,7(S — ay). (4)
[Ipeobpazyem ypaBuenue (4):
1 _IB1(S—
(S —ay) — ﬁ(1 — e7IBlIS=a0)) = 0,7(S — ay). (5)
W3 ypaBHeHus (5) moryaum
1 10 10 3,197
81 =52 (w (- ——) +5) =2 ©

rae W (z) — W-¢pynkuus Jlambepra.

[TeperucaB BeipaxkeHue (4) B 00IIeM BUJIE B 3aBUCUMOCTH OT BEJIMYMHBI BBISBIIEMOCTH Ae(EKTOB P, BBI-
PKEHHOH B OJSAX €AMHHIIBI, MOKHO TIONYYHUTh BhIpaxkeHHE s KodduimeHTa 3, yIUTHIBAIOIIETO YCIOBHS TPO-
BE/ICHHSI KOHTPOJIS:

1
1 1 - 1
B=(W(-—LreaP) + 1), @)
S—ag (1-P) (1-P)
rae S — TONIWHA CTEHKH, MM; Gy — YyBCTBUTCILHOCTh METOJAa KOHTPOJISA, MM; P — BBIABISIEMOCTh Ne(DEKTOB,
BBIPaXXCHHAS B JOJISIX SIUHUIIBL.

[Mony4ennoe B (6) 3HaueHue [] onpenenseT MUHUMAIBHO JOMTYCTUMOE 3HAUYEHHE JJIsl 00ecIIeueHusl Tpe-

OoBanus o oOHapyxeHuto nedextoB B pasmepe 70 % nnu Gojee OT 0OIIET0 KOJUYECTBAa HECIUIOIIHOCTEN pas-
3,197

S—ao'
[NoncraBuB monyueHHOE BhipakeHue (6) B (yHKIuUIO (3), MojyyaeM 3aBUCUMOCTh (DYHKIIMH IIOTHOCTU BE-
posATHOCTH OOHApPYKEHUs Ae(PEeKTa OT TOJIIIMHBI CTEHKU S ¥ YyBCTBUTEIBHOCTH U3MEPCHHS Q"

MepoM Ooree a,. Jlanee OyaeT ucnonp3oBaHo 3HaueHue [f] =
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3197 —227(a-a,)
- S—a,
fio@) =5~ e s7ao (8)
Torma BepoATHOCTH OOHAPYKEHUS NedeKTa ONPEISASTCS CIETyIONTIM 00pa3oM:
- (a-ao)
F[B] (a) =1—e S % . (9)

Hcronp3ys 3Ha4eHHUs TOMMIUHBI CTeHKH S =150 MM ms xopiryca peakropa BBOP-440 u gyBCTBUTEND-
HOCTh M3MEPEHHs MPH yJIbTPa3ByKOBOM KOHTpoNe dy = 1 MM, nonydaem [B] = 0,021 MM~ ! mns obecnevenus
BhIsBIIeHUs 70 % OT 00IIero KoJIM4ecTBa HECILIONHOCTEH B MeTaJlIe.

2.2. Konuuecmeennasn oyeHka 00RapysHcennou oehpekmuocmu

Yucno oOHapyxkeHHbIX Ae(PeKTOB Nyg, () MOXKHO MPEACTaBUTh 3aBUCUMOCTBIO OT UCXOIHOM JIe(eKTHO-
cti N, (a) u OT TOCTOBEPHOCTH KOHTPOJIS, KOTOPYIO MOXHO OMHCATh (DYHKIMEH BEPOSATHOCTH OOHApPY KCHUS
nedexros F(a) [5-7; 20]:

N06H(a) = Nncx(a)F(a)- (10)

[Tox mcxomHoOU NMedheKTHOCTHIO TOHUMAETCS 3aBUCUMOCTEH KOJTHYECTBA Ne(PEKTOB, HAXOIAIIMXCS B MaTe-
puane 1151 0 < a < S, OT ux pazmMepa.

®Oyuknuio F(a) moxkHo omucath ypaBHeHueM (1), a N, (a) MoxeT ObITh OIlCHEHa HAa OCHOBE aHAIM3a
nedeKTOB Ha 3aBOJIE-M3TOTOBHUTENE BO B3aMMOCBS3M C KOHKPETHOW TEXHOJIOTHEH HM3TOTOBHTENS M TPSMBIMU
AKCIIEPUMEHTAILHBIMU UCCIICOBAHUSMU BBISBIIIEMOCTH JIe(DEKTOB Ha TECT-00pasax.

B o0miem cirydae mormycTiMo yTBEpPKAaTh, YTO YHCIIO HECIUIOMTHOCTEH B KOHCTPYKIIUM YMEHBIIIAETCS C yBE-
JYEHUEM HX pa3MepoB. Takyro 3aBUCUMOCTH Ny, OT pa3mepa aedeKkTa MOKHO OIHCATh B BUJIE

Nyex(a) = Aa™™, (11)

rae A u n — ko3 PUIMEHTHI allIPOKCUMAIIVH, KOTOPBIE B OOIIEM CITydae 3aBUCST OT TEXHOJIOTHH.
3aBucuMocTb (11) MOATBEPIKAACTCS TEM, YTO HECIJIOIIHOCTH, HAXOMAIINECS B METAJIE, YCIOBHO pa3jie-
JISTFIOTCS HAa TPY TPYIIITEI B COOTBETCTBUH € UX pazMepamu (Tadi. 2).

Tabnuya 2

Buabl HeCIJIONIHOCTEH B MeTaJLIe

KoauuecTBo

Ne Buj HeciomuocTH, pazmep

Hp](l‘ll/l]-lbl BO3HUKHOBCHHUS

CyOMHKPOCKOIINYECKHE, CPABHUMBI
C pa3MepaMu aTOMOB

JleheKThI KpHCTATITIYECKOH PeIeTKH

B MeTalle KOIMYECTBO OYEHb BEIHMKO (B CEUeHHE
1 cm® nonagaer 108+10'2 aucnokanuii)

MI/IKPOCKOHI/I‘ICCKI/IC, CPpaBHUMBI
C pasMe€paMu 3€pEH B METAJJIE

CBsi3aHBI C MPOLIECCAMH ITOJTYYCHHUS
CIIUTKA, €r0 00pabOTKH JIABJICHUEM,
M3rOTOBIICHUS Moy abdprkara jiera-
M (MHKPOIIOPBI, HEMETAJUINYECKUe
BKJTFOUCHHSI, MUKPOHA/IPBIBBI U T. I1.)

Uncnmo MEKPOCKOIIMYECKHX Je(EKTOB CYIIECTBEHHO
MEHBIIIE CyOMHKPOCKOITMYECKHX, HO BCE €llle BeJU-
k0. Ha 1 cM? MOXeT ObITh HECKOIBKO Ae(EKTOB

I

Makpockonuueckue

XapakTepHbl, KaK PaBUIO, IS CBAp-
HBIX COCTMHEHUMN

BeposaTHOCTh MOMafaHus B SKCIUTYyaTalHIO KOH-
CTPYKIIMH C MAaKpoAe(peKTOM B OCHOBHOM MeTal-
Jie OYeHb Majla, HO CYIIECTBYET

Table 2

Types of discontinuities in metal

Type of discontinuity, size

Causes

Quantity

Submicroscopic, comparable to atom
sizes

Lattice defects

The quantity in the metal is very large (108 + 102
dislocations fall in the cross section of 1 cm?)

II

Microscopic, comparable to grain
sizes in metal

Associated with the processes of ob-
taining an ingot, its processing by
pressure, manufacturing of a semi-
finished product (micropores, non-
metallic inclusions, micro bursts, etc.)

The number of microscopic defects is significant-
ly less than submicroscopic, but still large. There
may be several defects per 1 cm®

I

Macroscopic

Typical for welded joints

The probability of getting into operation of a struc-
ture with a macrodefect in the base metal is very
small, but exists
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[oncrasus Beipakenus (11) u (9) B (10), momyuaem

_3,197(a_a )
Nogy gy (@) = Aa™ (1 —e Sa ° ) (12)

VYpaBuenue (12) mo3BosseT M0 3aBUCUMOCTH JUIsl OOHAPYKEHHOU Je(heKTHOCTH, ONPEICICHHON KaK OTH-
Oarolasi THCTOrpaMMBbI PE3YJIBTAaTOB HEPa3pyIIAIOLIET0 KOHTPOJI, ONMPeaeuTh HCXOAHYI0 AedekTHocTh. Takas
3aa4a CBOAUTCS K BBISIBIICHHIO HEM3BECTHBIX MOCTOSHHBIX 4, 7.

B pabote [6] 3amava mo ompenencHU0 00HAPYKEHHOH Ne(hEKTHOCTH pelajach B 3aBUCHMOCTH OT TpeX
nepeMeHHBIX A, n ¥ 3. CHHKEeHHUE CTENICHH HEONPENeIeHHOCTH K IBYM MEpPEeMEHHBIM A U 1 3a CUeT UCMOIb30-
BaHMS YCJIOBHSI O BEIMYMHE BBIABIsieMOCTH B pazmepe 70 % oT o0I1ero Koim4ecTBa HECIUIOIIHOCTEH U onpene-
JeHus 3, NCTIONBb3yeMbIe B HACTOSIIEM METO/IE, CYIIECTBEHHO YIPOINAET 3a1ady.

Jlnist vccneioBaHus pe3yabTaToB 110 HEpa3pylIalonieMy KOHTPOIIIO HCIOIb3yeM JaHHBIC MO Je(peKTHOCTH
Kopryca peakropa BBOP-440 [20]. [TonyunM GyHKUIUIO 3aBUCUMOCTH OOHAPYKEHHOU NEe(PEeKTHOCTH OT TIyOH-
HBl nedekra. MccnenoBanue pe3yabTaToB HEPA3pyLIAOMIETO KOHTPOJIS IPUMEHSAIOCH IIPH OIIpeeeHHN (PaKTH-
YeCKHX TOJIIIUH CTEHOK 00opymoBaHUSA U TpyOomporoaoB (OuT), moaBep)KEeHHBIX 3PO3HOHHO-KOPPO3ZHOHHOMY
u3Hocy [9]. Annmpokcumariyis THCTOrpaMMBbl IIPEJICTaBlIeHa Ha puc. 2.

Lh

i : * H o | i
1 10 100
I'my6una necruontnoctH, MM [Depth of defect, mm]

KonuuectBo Hecrumomnoctel, mt [Number of defects]

Puc. 2. OyHKIWs 3aBUCHMOCTH 00HAPYKEHHOU 1ehEeKTHOCTH OT IiyOuHbI 1e()eKTOB
[Figure 2. The function of the dependence of the detected defect on the depth of defects]

Jlns kopryca peaktopa BBOP-440, cornacuo (6), [B] = 0,021 MM™1, ucnonbs3ys anmpokcUMaIuio 1oiy-
vaem [A] = 877,9 Mm?585 u [n] = 2,585. IoacraBus ux 3Hauenus B (12), moyyaeM 3aBHCHMOCTb KOJIHYe-
cTBa 00HAPYKEHHBIX Ne(heKTOB N4, OT pazMepa aedexra a:

877,9 _ _
Nosijp) (@) = =555 (1 — e70021 (@71), (13)

2585

[Mony4yeHHast QyHKIMsI OMHMCHIBAET 3aBUCUMOCTh OOHAPYKEHHOH Ne(eKTHOCTH OT pasMepa aedekra mpH
YCIIOBUHU BBISIBICHUS MpH KOHTpoJe 70 % oT o0mmero KonudecTBa HECIUIOIIHOCTEH pasMepoM ap < a < S i
Kopmyca peakropa BB2OP-440.

2.3. Konuuecmeennan oyenka ocmamounoi 0egpekmuocmu

Bce u3BecTHBIE CIOCOOBI HEpa3pyLIAIONIETO KOHTPOJIS HE 00ECIIEUMBAIOT MOJHOE BBISBICHUE NE(EKTOB,
OCTAIOTCS HECTUTOIIHOCTH WK Je(DEKThI, KOTOPBIC BIUSIOT Ha HaaexHOCTh kciutyaramun OuT ADC. COBOKYITHOCTb
OCTaBIIIMXCS TIOCTIE KOHTPOJIST M PEMOHTA IEPEKTOB OMPEACIITIOT TEPMUHOM «OCTaTouHast 1epeKTHOCTRY [2—5; 20].

OcraTouHyto eeKTHOCTh N, MOKHO ONIPEEITUTh 10 opMyIie

NOCT(a') = Nncx(a) - NOGH(a)’ (14)

rae N, (a) — pyHKIusS uCXoqHOM 1e(heKTHOCTH.
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[MoncraBus Beipaxkenue (10) B ypasaenue (14), moryuum

NOCT(a) = NI/ICX(a) - Nucx(a)F(a) = chx(a)(l - F(a)) (15)

VYpasuenue (15) crnpasemmmBo 11 obnactu, rae F > 0. DTa 00macTh onpeaensercss 9yBCTBUTEIBHOCTHIO
MeTO/a KOHTPOJIA a.
[Honcrasus Beipakenus (1) u (11) B ypaBuenue (15), momyuum

Nocr (@) = = e P(@300), (16)

rae B B obmeM Buze onpeaensercs mo Gopmysie (7).
Ucnonesys 3nadenue [[] mist obecriedenus oisiBieHust 70 % 0T 00Iero KoiudecTBa HECTUIONTHOCTEH B
MeTaje, noaydaeM

3,197

A —_— -
Nocr (g] (a) = e S—ag@ ao).

(17

[pumensis nomydeHnsie 3Hadenns [A] = 877,9 Mm>°85 u [n] = 2,585 nns kopryca peaktropa BBOP-440
1 ycnoBus BeisgBieHns: 70 % oT 00IIero KoJM4ecTBa HECIOUTHOCTEH, MoydaeM

_ 8779 —0,021(a—1)
Nocr ] (@) = 22585 € . (18)

o 5 E
= =) E
g = 250 -
=.,.33 1
xZQﬁé
3 M =

o 9
£2< 8
R 3
S9'E 3 E
E82 g
om§.5 1 -
o =
m§“58 il
= oa, B E
O B e s E
o=z 8 ]
=SE ]
g =
57 3
2 &

O T T T T T T

0 20 40 60 80
Pasmep nedexra a, mm [Size of defect a, mm]|

Puc. 3. ®ynkuuns octaTo4HOM Ae)EeKTHOCTH OT ITyOMHBI nedeKTa
(ipu ycnoBu BeIsiBIIeHUS 70 % OT 00IIEro KOMMYECTBAa HECIIOIIHOCTEH B METaIIIE)
[Figure 3. The function of residual defectiveness on the depth of discontinuity
(provided that 70 % of the total number of discontinies in the metal be detected)]

3aBucumocTs (18), mpencraBneHHas Ha puc. 3, MOKA3bIBACT, YTO MOCTE MPOBEICHUS KOHTPOJISI U PEMOHTA
elIe 0CTarTCs Ne(EeKThI, MO3TOMY BaXKHO, YTOOBI OHU HE OKA3aJHMCh OMACHBIMH, TO €CTh MPUBOISIIUMH K pa3-
pYIICHUIO KOHCTpYKIUH. [lanee onmpeeniM BepoSTHOCTh CYIIeCTBOBaHHsI JedekTa pasMepoM Ooliee JomycKae-
MOTO 3HAUCHHUS.

3. Pe3yabTaThl HCCIeI0BaAHMT

3.1. Hceneoosanue eeposmuocmu Cyuecmeosanus oegexma c pamepom,
npesvlaloOuUM OOnyCcKaemoe 3HaueHue

OnpenenuM BEpOSATHOCTh HAXOXKACHUS OCTATOYHOTO OMACHOTO JedeKTa, TO eCTh Ne(eKTa pazMepoM 00JIb-
uie JOMyCKaeMoro 3HaueHus [a).
BBeneM (yHKIHIO BEpOSATHOCTH CYIIECTBOBAHUS eeKTa pasMepoM a = [a] cieayromum oopa3om:

S
_ f[a] Nocr(@)da

> =
P[a](a = [a]) f:o Noor(@)da'

(19)
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3HaMeHaTeNb B BhIpakeHuH (19) uMeeT cMbICT HOPMUPOBOYHOTO K03 duineHTa.
[Moncrasus (16) B BeIpakenue (19), momydaem

fS ine—B(a—ao)da

S Ty (20)

ne_B(a_aO)da.

P[a](a = [a]) =

Jaga
Pesynprarel Beruncienuii B BelpaskeHnd (20) matoT GopMyiry ompeneneHusl BeposTHOCTH OCTATOYHOTO Je-
(exra pazmepom OoJIbIIE AOMYCKAeMOT0 3HaYeHus [a]:

_ y(-nSp-y(1-n[alp)
Pa(@=1aD = o o amnaopy @h

rae y(m,z) = foz t ™ le~tdt — auxuas HenomHas ramMa-pyHKus, t > 0.

3.2. Onpeodenenue 6eposmHoOCHU CYULECMBOBANHUA OeheKma ¢ pasmepom,
npesvluLaOuWUM 00OnycKaemoe 3HaueHue, Ha npumepe KOpnyca peaKkmopa

Hcnons3yst 3HaUeHus TOMIUHBI CTeHKH S = 150 MM kopmyca peakropa BBOP-440, 9yBCTBUTEIHHOCTE W3-
MEpeHHUsI TIPU YIbTPa3BYKOBOM KOHTpOJIE ay = 1 MM, ycnoBus BbisiBIeHUs 70 % OT 001Iero KoJM4ecTBa HeCIUIOTHO-
creit, mpu kotopoMm [B] = 0,021 mm™~1, [n] = 2,585, npeanonoxkum, 4To J0IMyCKaeMOe 3HaYeHHE pasMepa Jie-
dekra [a] = 0,25 S, nonyuum

Pg(a = 0,255) = 8,86 - 1074 (22)

BeposTHOCTE CymecTBOBaHUs B Kopmyce peaktropa BBOP-440 medexra ¢ pazMepom, IpeBHIIIAIONTAM J0-
nyckaeMoe 3Hadenue (He 6osee 0,25S), papHa 8,86 - 1074,

Pa3Butne octaTouHOTO JedexTa ¢ pa3MepoM OOITbIIE TOMYCKaeMOTro 3HAYSHHS IO KPUTHISCKAX 3HAUCHUH
MOJKET XapaKTepru30BaTh UCXOIHOE COOBITHE pa3pyLIeHH IeT0CTHOCTH 000pyHoBaHus Win Tpyoompososa. I1o-
ATOMY BEPOATHOCTH (22) MOKHO HCIOIB30BaTh JJIS OMHMCAHUS YACTOTHI BOSHUKHOBEHHUS HCXOJTHBIX COOBITHIA,
CBSI3aHHBIX C pe3yJIbTaTaMH HEepa3pyIIaloMero KOHTPOJIS, TP PacyeTe BEPOSATHOCTH pa3pyIICHHUS.

4. 3akJI0ueHue

Hccnenoana QyHKIMS BEPOSITHOCTH O0OHAPYXEHUs JeeKToB. VCmonb3ys (GyHKIHIO TNIOTHOCTH paclpe-
JICTICHUSI BEPOSITHOCTH OOHApy KeHus nedekTa U TpeOOBaHUi HaJA30pHOTO OpraHa B 4acTH HEOOXOAMMOro oobema
0o0OHapyIKEHUs HECTUIONIHOCTEH, MOoyueHa 3aBUCUMOCTh K03 (duIreHTa 3, yIUTHIBAIOIIETO BIUSHUE 0COOCHHO-
CTel IPOBEJICHUSI KOHTPOJIS, OT TOJIIUHBI CTEHKH S ¥ YYBCTBUTEIBHOCTH MPHOOpA MPU KOHTPOIIE dg.

Jnst kopryca peakropa BBOP-440 nonmydeno 3Havenne kodddunmenta [] = 0,021 nust obecrieueHus BbISB-
aenust 70 % ot o0IIero KoJIM4ecTBa HECIUIOMIHOCTEH B METallIe, a TAKXKE 3aBHCHMOCTh OCTAaTOYHOH Je(eKTHOCTH
Nycr OT pa3mepa aedeKkTa, MOKa3bIBAOIIA, YTO TOCIE MPOBEACHHS KOHTPOJIS U PEMOHTA €IIle OCTAIOTCS AC(PEKTHI,
MO3TOMY Ba)KHO, YTOOBI OHM HE OKa3aITUCh OTACHBIMH, TO €CTh PHUBOJISIIMMH K Pa3pyIICHUO KOHCTPYKITHH.

Pazpabotan MeTos1, MO3BOJISIOLINIA OMPEIETUTh BEPOSTHOCTH CYIIECCTBOBAHUS OCTATOYHOTO JedeKkTa ¢ pa3me-
POM, TIPEBBIIIAOIINM JIOTyCKaeMOe 3HAYEHHUE, TIOCIIE IPOBECHHUS Hepa3pyiaroiero KoHTpodis u pemonta OuT ADC.

IpencraBieHHbIl METOJ] TIO3BOIUT CJENAaTh BBIBOJBI O HEOOXOJMMOCTH Pa3pabOTKH JOMOJHHUTEIHHBIX
YCJIOBHIA KauecTBa U KOHTPOJIS MeTasia Jyisi 00eCTieueHUs: KpUTEpUeB 0€30IMacHOCTH, B YaCTHOCTH:

— omnpezeseHus TpeOOBaHHUM K aTTECTAlMU Ie(EKTOCKOIUCTOB;

— JIOTyCKAaeMbIX 3HAUCHHI XapaKTEePUCTHK KOHTPOJS MeTaslia (1yBCTBUTEIBHOCTH, TOYHOCTH OTPEJICIICHUS
pa3MepoB Ae(eKToB U 1Ip.);

— BO3MOJKHBIX Pa3MEPOB M KOJHUECTBA 0OHAPYIKUBAEMBIX IE(PEKTOB;

— MEPHUOTUYHOCTH MPOBEACHUS KOHTPOJISI METAILIA.
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Memoowr. JInisi NOCTHKEHHS MTOCTABICHHOM 1e7M ObLIO UCIBITAHO M PACCUUTAHO
JEBATH [MJIMHAPHIECKUX OSTOHHBIX KOJOHH M3 Kepam3ura. B GeToHHYyIO cMech
noGasmsuiock 1,6 % IUCTIEprHpOBAaHHOTO PYOIEHOro 0a3aIbTOBOTO BOJIOKHA, KOTO-
poe CIyXuJIo Uit apMupoBanust 6etoHa. KpoMe Toro, B 9KCIIEPUMEHTAX UCTIOIb-
30Bajiach ceTka u3 0a3aIbTOBOrO BOJNOKHA. Pezymvmamut. LmmHApdecKkas KOJIOHHA
u3 Kepam3ura 0e3 0a3aJbTOBOrO BOJIOKHA JieprKalia Harpy3ky ao 19,6 T B Tede-

HHE 58 MUH, KOJIOHHA € JUCIICPIrUpOBaHHBIM py6HeHBIM 0a3aJIbTOBBIM BOJIOK-

Jast uuTHpoBaHUsI HOM — 710 26,67 T B TeueHue 61 MUH, a KOJOHHA C JTUCIIEPTUPOBAHHBIM py0OIte-
Chiadighikaobi P.C. Improving the compres- HbIM 0a3aJIbTOBBIM BOJIOKHOM, YCHJICHHAass 000JI0YKOW M3 0a3albTOBOH CETKH,
sive strength of lightweight cylindrical con- paspyumuiachk npu 29 T uepes 64 muH. TakuM 00pa3oM, ONBITHI IOKA3alU, YTO
crete column with basalt fiber reinforced poly- JIETKHE NUIMHAPHYECKHE KePaM3UTOOCTOHHBIC KOJIOHHBI, YCHIICHHBIC CETKOH U3
mer acting under imposed load // Ctpouterns- 0a3aJIbTOBOIO BOJIOKHA, BBIJICPKHUBAIOT 00JIee BBICOKHE HArpy3KH MO CPABHEHHIO
Hasl MEXaHUKA WHKEHEPHBIX KOHCTPYKIIHHN U C KOJIOHHAMH TOJIBKO C TUCTICPTUPOBAHHBIM 0a3aIbTOBBIM BOJIOKHOM U C KOJIOH-
coopyxkermit. 2020. T. 16. Ne 5. C. 424-434. HaMH 0e3 BOJIOKHA.

Illgps/ /ggleézrg/ 10.22363/1815-5235-2020- KirioueBbie CJ10Ba: [UIMHIPUYECKUE KOJIOHHBI, KEPAM3UTOOETOH, YCUIIEHUE

0a3aIbTOBO CETKOI1, MPOYHOCTH, OETOHHBIC KOJOHHBI

1. Introduction

Concrete is the widely used construction material throughout the world; however, it completely losses
the load-carrying capacity once cracks/failures are initiated. To overcome these issues, the inclusion of short dis-
persed fibers in concrete has been practiced and studied by various researchers.

The randomly oriented short fibers control the propagation of microcrack and improve the overall crack
resistance of the concrete. Also, the fiber-reinforced concrete (FRC) behaves like a composite material and this
behavior is significantly different from the conventional concrete.

Lightweight concrete (LWC) is generally defined as concrete made of ordinary Portland cement (OPC),
water, river sand (or lightweight sand), and lightweight coarse aggregates, and its density is typically below to
1950 kg/m® [1]. Consider the growing demand, including high-rise buildings, large-span concrete structures, and
floating structures, lightweight concrete that is made by diverse types of aggregate has been widely studied and
successfully developed and applied over the past two decades [2—6].

LWC offers several advantages, such as saving dead loads for foundations, high strength/weight ratio, and
service as ideal filled materials for sandwich structures. Thus, lightweight concrete has many potential applica-
tions in the construction industry. Nevertheless, some drawbacks in lightweight concrete’s natural mechanical
properties have limited applications, especially as load-bearing structural members [3]. At the same mixing ratio
and compressive strength, the brittleness of LWC is much higher than normal concrete (NC). Plus, the defor-
mation capacity of lightweight concrete is also poor when compared with NC [7].
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Figure 1. Mechanism of weak column strong beam Figure 2. Mechanism of formation of
in a building frame [8] plastic hinge in beams [8]

In many recent earthquakes, it has been observed that buildings with relatively weak columns collapsed in
a pancake fashion. This is due to the presence of soft stories and due to the presence of strong beams but com-
paratively weaker columns (Figure 1). In multistory reinforced concrete buildings, it is desirable to form plastic
hinges in beams rather than in columns to dissipate earthquake induced energy by yielding of the beams rather
than the columns (Figure 2). The columns are responsible for the overall strength and stability of the structure,
during severe seismic jolt. Furthermore, columns are compression members and axial compression reduces
the ductility of reinforced concrete columns, thus necessitating more stiff confining reinforcement. Therefore,
it is preferable to control inelasticity in columns, to the extent possible, while dissipating most of the energy
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through yielding of the beams as a measure against the total collapse of the structure [9; 10]. To achieve this
“weak beam strong column” objective, the columns of a building can be made stiffer against deformation by
wrapping them with fiber-reinforced polymers (FRP). Research work was done to conduct experimental studies
of reinforced concrete retaining walls, including considering their reinforcement by inclined reinforcing bars [11].
The results obtained from the research showed the opening of horizontal interblock joints, the formation of inclined
cracks emerging from the joints. An increase in the strength of reinforced concrete structures of retaining walls
and a decrease in their deformability due to reinforcement by inclined rods in the interblock weld were recorded.

Confinement has been known to add both strength and ductility in the axial direction for concrete column
and this idea originally developed back in the 1920s [12]. Numerous conventional techniques, e.g. ferrocement,
concreting overlay, grout injection, external reinforcement, post-tensioning, near-surface retrofitting, etc.,
are available and getting popular for retrofitting of the concrete column. In recent years, the use of fiber-
reinforced polymers as an external strengthening has gained considerable popularity over conventional streng-
thening and repair of concrete structures. The FRP composites have been used successfully for rehabilitation and
strengthening of existing reinforced concrete elements to meet the higher standard of seismic loading. One po-
pular technique of FRP strengthening is the wrapping of reinforced concrete columns to increase their axial
strength, shear strength, and seismic resistance.

Fiber-reinforced polymer composites have become a favorite material of professionals in both engineering
and construction due to its advantages. Major ones include lightweight, high strength, and construction conve-
nience [13—-19]. FRP composites provide excellent corrosion resistance, which keeps costs down and increases
the service life of structural materials [20-29]. The circumferential confinement of FRPs restrains the transverse
expansion of concrete; thus, the strength and ductility of FRP-confined concrete are notably enhanced when the con-
crete is subjected to a triaxial compressive load [30-33]. Therefore, it can be inferred that the problem of high
brittleness and the poor ductility of lightweight aggregate concrete can be effectively solved by using FRP con-
finement. Thus, FRP application can make it an effective method to reduce self-weight in structural design.
The advantage of the composite structure is that it can fully use the characteristics of the multi-materials [34-36].

Concrete elements are known for their brittleness therefore the need to strengthen the elements. The column
is a very important load-bearing element in structures. Though a lot of researches have been done on the strength
improvement of conventional concrete columns, very few researches have been done on the strength of light-
weight expanded concrete with or without basalt fiber (BF). Based on the above, this research work has the task
to suggest or solve the problem associated with the brittleness of lightweight concrete structural elements.

2. Materials and methods

This experimental study of concrete is carried out by using the state standard GOST 10180-2012 [37].
The materials for the lightweight concrete mix and the production of the concrete for this study are listed below
for better illustration.

1. Lightweight expanded clay aggregate of 5-8 mm fraction as coarse aggregate. The lightweight expanded
clay was washed to remove the dust in the aggregate. After washing the aggregate, it was spread on the metal
surface for 48 hours to dry up. Expanded clay aggregate is a lightweight aggregate from clay. The clay is dried,
heated, and burned in rotary kilns at 1100—1300 °C inhabiting essential properties like lightweight, insulating, strong,
non-combustible, and fire-resistant, extremely stable and durable, natural material for sustainable construction,
versatility, and high drainage capacity [38—42].

2. Quartz sand of 0.6—1.2 mm fraction as fine aggregate. A feature of the proposed quartz is the presence
of coarse-grained sand, with a large modulus of fineness up to M3,5. Quartz sand has a rounded part with a low
content of clay inclusions and inclusions of soft rocks. The resulting quartz sand undergoes additional enrichment
and drying. The moisture content is up to 0.2% [43].

3. Mineral filler Silverbond quartz flour of 50 pm. Quartz flour is produced by grinding chemically pure,
natural quartz sand to a finely divided state. The technology used guarantees the stability of the chemical composition
during grinding and allows to get a constant particle size distribution of quartz flour. The crushed quartz flour is
represented by rounded particles with uneven, broken edges. Quartz differs from other mineral fillers in hardness,
abrasion and chemical resistance, anti-corrosion, and low coefficient of thermal expansion. Quartz is a chemically
stable mineral, it is soluble only in hydrofluoric acid. With a low oil absorption and a small surface area of
the particles, the use of quartz flour will enable to get a system with a high degree of filling.

4. Binder Holcim Portland cement M500 D20 CEM 1II 42.5 N. The characteristics of Holcim Portland cement
M500 D20 CEM 1I 42.5 N: M — brand, 500 is a figure showing the average compressive strength for 28 days in kg/cm?,
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D — additives, 20 — allowable number of additives in % (up to 20%), CEM II — cement containing additives, and
the content of additives is 6-20%, I-type additives, limestone, 42.5-class compressive strength for 28 days, must
be at least this value, and B-quick hardening.

5. Organic mineral-based additives: silica fume, and fly ash.

6. Super plasticizing and water-reducing additive Sika Plast concrete.

7. Tap water at room temperature. Generally, water that is suitable for drinking is satisfactory for use in concrete.

For concrete reinforcement, the following materials are needed.

8. Chopped basalt fiber. The length of the chopped basalt fiber used is 20 mm and the diameter 15 pm.

9. Basalt mesh. Technical characteristics of the construction grid Ecostroy (basalt mesh):

o tensile strength: longitudinal direction — 50 kn/m, transverse — 50 kn/m;

o the relative elongation (longitudinal, transverse direction) is about 4%;

e the surface density is 200 g/m%;

o characteristics of the roll: width — 36 cm, length — 50 m;

o cell parameters: 25%25 mm.

The tests will be done on nine expanded clay concrete (ECC) cylindrical columns of four sets of lightweight
concrete mixtures. The dimensions of the concrete cylindrical columns are height 300 mm x diameter 150 mm.
The percentage of BF used as dispersed chopped BF in the ECC is stated in Table in the result section. The three
sets of cylindrical concrete mix are:

1) three cylindrical concrete columns without both dispersed chopped basalt fiber and confinement basalt mesh;

2) three cylindrical concrete columns with dispersed chopped basalt fiber without confinement basalt mesh;

3) three cylindrical concrete columns with dispersed chopped basalt fiber and confined with basalt mesh.

Figure 3. Process of ECC cylindrical column:
a — euro cylinder with basalt mesh for confinement inside; » — ECC in mold; ¢ — ECC cylindrical columns

Figure 4. The compressive test is done Figure 5. Strain gauge sensor location on ECC cylindrical column
on hydraulic press PG-100
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The columns will be molded in a Euro cylinder of dimensions @150 mm x height 300 mm. The concrete
columns are molded in Euro cylinder forms according to Eurocode 1 and 2 [44; 45] as shown in Figure 3. After
pouring the ECC in cylindrical columns molds, the molds were covered with polytelin and kept at room tem-
perature (20 £ 5) °C and relative air humidity (95 + 5)%. On the 76™ hour, the ECC columns were removed from
the molds and kept in the curing bath till the 28" day then the columns were tested for deformation on a com-
pressive test on a hydraulic press PG-100 (Figure 4).

After the test, a comprehensive strength comparison of the three sets of concrete will be done. From the
analysis, the stress deformation and time will be analyzed from the average results of three columns from each of
the three sets for comparison. Three strain gauge sensors are clued on the body of the ECC cylindrical column
and numbered 1, 2, 3 as shown in Figure 5. Sensors 1 and 2 are for measuring the stress-strain deformation on
the vertical zone of the column while sensor 3 is for measuring the horizontal deformation of the column.

3. Results

The 1.6% dispersed chopped basalt fiber used in this research experiment was derived from the compres-
sive test results in Table where ECC cube with 1.6% BF showed better compressive strength.

Table
Results of the laboratory tests of ECC specimens of 100100100 mm on the compressive strength

Compressive strength, MPa

Curing period, days

0% BF 0.45% BF 0.9% BF 1.2% BF 1.6% BF
7 14.145 15.861 18.248 20.189 23.573
14 19.738 21.596 24.969 27.771 31.326
28 22.524 25.123 28.497 31.926 36.235

Figures 6, 9, 10, and 11 show the views of the ECC cylindrical columns after they have undergone
imposed loads. From the experiments, the ECC cylindrical column could hold imposed loads of up to 19.6 tons.
The deformations were measured at a pace of 5 tonnes. The compressive test started at time 18:05 and noticeable
deformation started at 18:53 and complete test destruction ended at 19:03. Therefore, it took 58 minutes to achieve
the compressive test result at deformation. Figure 9 shows the comparison of the maximum compressive load
strength of the columns. Figure 11, it is seen the effect of the load on the strain gage. In Figure 11, the strain
gage 1 (in green line graph) sustained from 18:02 — 18:55, strain gage 2 (in red) sustained from 18:02 — 19:02
while strain gage 3 (in blue) sustained from 18:03 — 18:56.

Figures 7, 9, 10, and 12 show the views of the ECC + BF cylindrical columns after undergoing imposed
loads. The ECC + BF cylindrical columns could hold imposed loads of up to 26.67 tons. The deformations were
measured at a pace of 5 tonnes. The compressive test started at time 16:56 and complete test destruction at 17:57.
It took 1 hour and 01 minute for the complete deformation. Figure 12 shows that strain gage 1 (in green line graph)
sustained from 16:56 — 17:57, strain gage 2 (in blue) sustained from 16:59 — 17:57 while strain gage 3 (in red)
sustained from 16:59 — 17:57.

b c

Figure 6. ECC cylindrical column after imposed loading shows deformation:
a — at tensile gage 3; b — at tensile gage 1; ¢ — at tensile gage 2
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Figure 7. ECC + BF cylindrical column after imposed loading shows deformation:
a — at tensile gage 1; b — at tensile gage 2; ¢ — at tensile gage 3

C

Figure 8. ECC + BF + basalt mesh cylindrical column after imposed loading shows deformation:
a — at tensile gage 1; b — at tensile gage 2; ¢ — at tensile gage 3

5 |

ECC cylindrical column ECC + BF cylindrical ECC + BF + Basalt mesh
column cylindrical column
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Figure 9. Compressive load diagram of ECC cylindrical columns
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Figure 10. Compressive load time diagram of ECC cylindrical columns
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Figure 11. The time-deformation of ECC cylindrical column
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Figure 12. The time-deformation of ECC with BF cylindrical column
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Figure 13. The time-deformation of ECC with both BF and basalt mesh confined cylindrical column
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Figures 8, 9, 10, and 13 show the results of ECC + BF + Basalt mesh confined cylindrical columns after
imposed loads. The ECC + BF + basalt mesh sustained a load of 29 tons. The compressive test started at time
16:56 and noticeable deformation started at 17:50 and complete test destruction ate 18:00. It took 64 minutes for
the complete deformation. Figure 13 shows that strain gage 1 (in green line graph) sustained from 16:59 — 17:59,
strain gage 2 (in blue) sustained from 16:59 — 17:59 while strain gage 3 (in red) sustained from 17:00 — 18:00.

4. Conclusion

From the experimental results, the following conclusions are made.

1. The addition of basalt fiber in ECC affected the strength of the concrete and the destruction time.

2. The BF increased the compressive load of the column by 36% compared to the regular column.

3. The ECC column with both BF and basalt mesh improved the compressive strength by 48% compared
to the regular column.

4. A 9% increase in strength was calculated when comparing the ECC column with BF and basalt mesh to
the column with the only BF.
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ODUINAJTIBHBIN SI3bIK

AHTIIMACKUHA.

IIYBJINKALIUA MATEPUAJIOB ®OPYMA

Crartbu OyayT onmyOJIMKOBaHBI B COOpHUKE Tpya0B, nHAekcupyeMmoM B BJI Scopus u Web of Science.
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