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Jast uuTHpOBaHUSA
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ro pajuyca, pOTaTUBHbIC, CIIMPOHUIAIbHBIC U BUHTOBBIC moBepxHOCTH. Lenb uc-
CJICIOBAaHUS — MONyYeHUEe 00OOIICHHBIX MapaMETPUUSCKUX YPABHEHHUIl MOBEPX-
HOCTEH KOHTPYIHTHBIX CEYCHHII MasTHUKOBOIO THIIA HA NPSIMBIX LMIMHIPAX MPH
IUIOCKOIAPAJUICTIEHOM MIEPEHOCE MOBIKHBIX KECTKHX CYNepaJuIHicoB. Vcroms-
3YIOTCSL METO/IbI aHAJTUTHYECKOH reoMeTpuu. J{Jisi BU3yaln3aluuy MOBEPXHOCTEH
NpUMEHSIOTCs KomnbioTepHble cucteMbl MathCad u AutoCad. Pesynbrathl 3a-
KITFOYAIOTCSI B BBIBOJIE TTAPAMETPHIECCKUX YPABHEHHUH H3y9IaeMbIX MOBEPXHOCTEH
B 00IIeM BUjE, YIOOHOM JJisl HCIOJIb30BaHHSI METOJOB KOMIIBIOTEPHOTO MOJIC-
JIUpOBaHMs. MeToarKa MPOAEMOHCTPHPOBAHa HA IISITH MPUMEPax ¢ KOHIPYIHT-
HBIMH TIOJBH)KHBIME Cymepauiuncamu. OTMedaeTcss BO3MOXKHOCTh HCIIOIb30Ba-
HUSI TONYYEHHBIX (OPM MOBEPXHOCTEH B MapaMeTPUUSCKOIl apXUTEKType, apXu-
TEKType CBOOOIHBIX (opM U Tpu (opMoOOpa30BaHHHM MOBEPXHOCTEH HEKOTO-
PBIX TEXHUYECKHUX U3CIHUI.

KuroueBble cjIoBa: OBEPXHOCTh KOHIPYIHTHBIX CEUEHHH, CYNEPAIUIMIIC, IIO-
CKOTapaJuIeIbHbIA NEPEeHOC KPUBBIX, aCTPOU/IA, 3a/laHHE TIOBEPXHOCTH

Introduction

Recently, several papers have been published [1-4] devoted to the formation of surfaces of congruent sec-
tions of the pendulum type on arbitrary cylinders with forming plane curves in the form of circles [1; 2], parabo-
las [2; 3] and ellipses [4]. A surface of congruent sections is a surface bearing a continuous one-parameter family
of plane lines. Such a surface is obtained as a result of moving some flat line (generatrix). The simplest types of
surfaces of congruent sections are plane-and-parallel translation surfaces relative to the projection plane [5].
A plane-and-parallel transfer of a figure relative to the plane of projection is its movement in space, in which
each of its points moves in its plane of level. Varieties of plane-and-parallel translation surfaces are right transla-

tion surfaces [6] (Figure 1).

Figure 1. The circular translation surface
(Cheremushkinsky Market, Moscow, photo by [.A. Mamieva)

The number of surfaces under consideration can be significantly expanded if we accept congruent plane

curves, given in the form

ly[™
|Z|n = TTl <1 - Wm )

where n and m are constant non-negative numbers.
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By giving different values to the parameters n and m, it is possible to obtain various closed and open plane
curves. For n = m, closed curves called superellipses are obtained [7]. Superellipses with T = W are called Lame
curves', for n = m =2 and T = W, a circle is obtained, and forn = m =2 and T# W, an ellipse. The more the
value of the parameter n = m, the more precisely the shape of the superellipse approaches a rectangular contour.

Taking into account the method of forming of the surfaces under consideration, one can rank them among
kinematic surfaces [8].

So far, superellipses and Lame curves have made possible to expand the range of solved geometric problems
only in shipbuilding [9]. In architecture and construction, surfaces of congruent sections of the pendulum type with
simple generating Lame curves in the form of a circle and an ellipse have been used [2; 3]. A paper [10] provides
an example of using surface of congruent sections for cover of a bridge over the Kura River (Figure 2).

Figure 3. A shopping center, Khimki, Moscow region (photo by I.A. Mamieva)

There is also an example of a surface of congruent sections (Figure 3) in the city of Khimki (Moscow re-
gion). The need to construct an envelope of a family of congruent curves arises when surfaces of some technical
products are formed [11].

! Weisstein E.W. Lamé Curve. Wolfram MathWorld. Available from: https://mathworld.wolfram.com/LameCurve.html (accessed:
30.05.2021).

66 GEOMETRICAL MODELING OF SHELL FORMS



Anboposa /1.A., CmpawHos C.B. CTpontenbHast MexaHuka UHXeHepHbIX KOHCTPYKLMA 1 coopyxenuid. 2022. T. 18. Ne 1. C. 64-72

Problem statement
Consider a right cylinder with a guiding superellipse, given in the form
1

zo = +7 (1 - 222y, (1)

wm

and a movable generatrix superellipse, given in the local coordinate system as

|Y| k 1/ S
Z = it( - F) ) 2)
where n, m, k, s are constant non-negative numbers; the geometric parameters 7, W, ¢, ® are shown in Figure 4.
In this case, the area, covered by the movement of the center of the movable superellipse (2) along
the contour of the stationary superellipse (1), can be set according to Figure 4 by the equations:

[ my1/n K\ 1/s

Y =300 N =yo+ Y,z=200, )=l + 2= T (1-22) 7 £ ¢ (1 - 2F) ]; (3)
[ my 1/n K1/

=300 =yt ¥, 2= 200, )=z + 2= | =T (1-225) 7 1 ¢ (1 - ) ], @)

where — W <y<W, -0 <Y <o
In formulas (3) and (4), yoand Y are independent variable parameters.

Z, 20 7
Y
L Y
T 1
w”Z Y
zZo| Z
4
0] w Y, yo
-T

Figure 4. Scheme of formation of the surface of congruent sections

Considering that the movable superellipse performs oscillatory movements of the pendulum type and si-
multaneously moves uniformly along the xo axis (Figure 4), we can write:

Yo = Asin=>, (5)
where A4 is the maximum deviation of the center of the moving superellipse from the Oz axis, that is, the ampli-
tude of the sine wave in the horizontal plane xOy; [ is the step of the half-wave of the sine wave.

In this case, the parametric equations of the surface of congruent sections of the pendulum type will have

the form

x=x(x); y=yx,V)=p+Y; (6)
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1/n ky1/5
z=z0 V) =lao| + Z=T (1 -2 4 ¢ (1 - ED) (7)
and
my1/n k 1/S
2=z00 V) =z + Z=—T (1 -2 (1 - L) ®

Moreover, a formula (7) is used when constructing surface with a line of centers with zy > 0, and a for-
mula (8) with zy < 0. The limits of the change in the parameter x are chosen arbitrarily, if necessary.

Example 1. Let formulas (1) and (2) define circles, that is, m = n =k =s=2,and T = W =3 m,
t=0=1mA=2m,[=2m, <Y<t 0<x<4l

In this case, formulas (5)—(8) will take the form

x=x(x)=x; y=y0,V=p+7Y
z=2(x, )= |zo| + Z= (T* —y)"? £ (¢ = Y)Y2,
where
yo = Asin(mx/]).

The surface is shown in Figure 5. This surface can be attributed to the subgroup of cyclic surfaces with
a plane of parallelism from the class “Cyclic Surfaces.” Some varieties of these surfaces are presented in [12].

Figure 6. A congruent surface with a generative astroid on an oval cylinder and a line of centers of a movable astroid on the cylinder
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Example 2. Let the cross section of a right cylinder has the form of a superellipse given by the formula (1),
where T=1m, W= 1,5m; m = n=10/7, and the mobile superellipse has £k = s = 2/3, t = ® = 0.5 m, that is,
the mobile superellipse is an astroid [8]. In addition —® < Y <w; 0 <x <4/, [/ =2 m, A = 1 m. Substituting
the given values into formulas (5)—(8), we obtain parametric equations of the desired surface. The surface itself
is shown in Figure 6.

Example 3. Let formulas (1), (2) have the form

Y
s 2=,

thatism=n=k=s=l,andT=1m W=155m;t=0=05mA=1m; t<Y<t0<x<4[/=1m.
In this case, using formulas (5)—(8), it is possible to construct a box-shaped surface, shown in Figure 7.
Box-shaped surfaces can be used in some sectors of the national economy. Various box-shaped surfaces with

y

Y, //"10

,/‘,,'///',

Figure 7. A congruent box-shaped surface on a box-shaped cylinder
and a line of centers of a movable quadrilateral on a box-shaped cylinder

Figure 8. A congruent surface with generatrix ovals on an oval cylinder
and a line of centers of a movable oval

Example 4. Let the center of the movable oval (2) with £ = s =1.5; = 0.5 m, ® = 0.8 m moves along
a fixed oval (superellipse) (1) withm =n=1.5; T=1.5m; W=2.5m and besides 4=2m, /=2 m, -0 <Y <®;
0<x<3L

"EOMETPUYECKOE MOJENMPOBAHWE ®OPM OBONIOYEK 69



Alborova L.A., Strashnov S.V. Structural Mechanics of Engineering Constructions and Buildings. 2022;18(1):64-72

In this case, a formula (5) and parametric equations of the projected surface will take the form

x=x(x); y=yx, V)=n+Y,

1/1,5 1/1,5

re(1-%)

1,5
z =2z(x, ¥) = |z +Z=T(1 - l?;ll,s )

Vo = 2sin(mx/2).
The surface is shown in Figure 8.

New problem statement

Superellipses (1), (2), taking into account that m = n and k& = s, can be represented as
yo=yo(B) = Weos™B; 2o = zo(B) = Tsin"B; ©)
Y= Y(y) = ocos*ty; Z=Z(y) = tsin?*y, (10)
then the equation of the surface of congruent sections of the pendulum type can be represented as
x =x(x); ¥ =y(x,y) =yo + Y = Asin(nx/l) + ocos>*y;
z=z(x,y) = 2o + Z = Tsin?"B + tsin®*y = T(1 — cos?B)""™ + tsin”*y = T {1 — [(A/W)sin(mx/D)|™} """ + tsin®*y. (11)

It should be borne in mind that 0 < x < C; B, y are the angles measured from the horizontal axis x or X
(Figure 4), C is the required surface length,

Yo W 2
toX= —= —ct )
g Z0 T C gmf

where o, is the angle measured from the vertical axis Oz clockwise (Figure 4).

Example 5. Let the center of the movable shaft (10) with £ = 1.5; t = 0.5 m, ® = 0.8 m moves along
the stationary shaft (superellipse) (9) with m = 1.5; T= 1.5 m; W =2.5 m and in addition 4 = 2.5 m, [ =2 m,
—0<Y<m;0<x<4] 0<y<2m.

Figure 9. A congruent surface with generatrix ovals on an oval cylinder and a line of centers of a movable oval (10)

Substituting the above geometric parameters into the parametric equations of the surface (11), we obtain
a pendulum-type surface with congruent curves, shown in Figure 9.
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Results

Parametric equations of surfaces of congruent sections in the form of superellipses on right cylinders with
guiding superellipses are obtained. The given method of constructing considered plane-and-parallel translation
surfaces is illustrated by 5 examples. The four obtained surfaces are presented for the first time in Figures 5-8.
With the help of parametric equations of general form obtained in this article, a large number of new surfaces of
congruent sections of the pendulum type, as well as helical surfaces, can be constructed. Apparently, the surfaces
of congruent sections of the pendulum type can be distinguished into a separate subgroup of the class “Surfaces
of Congruent Sections.”

Conclusion

The article considers surfaces, formed by superellipses, that is, with » = m and s = k. But the obtained
parametric equations of the surface of the general form make it possible to consider the cases when n # m
and s # k. This will further expand the range of surfaces of congruent sections under consideration, since formu-
las (1), (2) can describe parabolas, hyperbolas and other open plane curves.
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