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Abstract. The wide circle of the surfaces formed by the motion of the right line
in the normal plain of some base directrix curve is regarded. The generate right
line may rotate at some low at the normal plane of the base curve. The vector
equation of the surface with any plane or space base curve is received. There are
given the formulas of the geometry characteristics of the surfaces, on the base of
them there is shown that the coordinate system of the normal ruled surfaces is
orthogonal but there is not conjugated in common, that is that the normal ruled
surfaces there are not developable surfaces in common way. The condition of
the rotation of directrix plane line when the coordinate system of the normal ruled
surfaces will be conjugated and the normal ruled surface will be developable is
received. The condition that the normal ruled surface with space base curve will
be the developable surface there is connected with its curvature of base curve.
The developable normal ruled surface with plane base curve is formed by motion
of right line at the normal plane of the base curve with the constant angle to
the plane of the base curve; the received surface is a surface of constant slope.
On the base of the vector equation of the surfaces there are made the figures of
the normal ruled surfaces with the help of program complex MathCAD.

Keywords: geometry of the curves, geometry of the surfaces, normal surfaces,
line surfaces, geometrical characteristics, surface

I'eomeTpusi HOpMaJIBbHBIX JHHEHYATHIX IOBEPXHOCTEN

B.H. UBanos

Poccuiickuil ynueepcumem opyoicovl Hapodos, Mockea, Poccuiickas @edepayus

X i.vivn@mail.ru

Hcropus cratbn

[Noctynmna B pegakuuro: 12 aBrycra 2021 r.
Jopaborana: 24 okrs0ps 2021 1.

[punsTa k myomukaimu: 30 oktsaopst 2021 T.

AHHoTanus. PaccmarpuBaercst hopMUpPOBaHUE IIUPOKOrO Kpyra HOBEPXHOCTEH
Ha OCHOBE HOPMAJBHBIX JMHEHYATHIX MOBEPXHOCTEH, 00pa3yeMbIX ABIKECHHEM
IOpssMOH JMHUM B HOPMaJIbHOHI IUIOCKOCTH 0a30BOH HampaBisiomieil KpUBOM.
Ob6pa3syromias mpsiMasi MOXKET BpaIaThCs 1O 3aJaHHOMY 3aKOHY B HOPMAalbHOM

Vyacheslav N. Ivanov, Doctor of Technical Sciences, Professor of the Department of Civil Engineering, Academy of Engineering, Peoples’ Friendship
University of Russia (RUDN University), 6 Miklukho-Maklaya St, Moscow, 117198, Russian Federation; ORCID: 0000-0003-4023-156X, eLIBRARY
SPIN-kox: 3110-9909, Scopus Author ID: 57193384761 i.v.ivn@mail.ru

Heanoe Bauecnae Hukonaeguy, TOXTOp TEXHUYECKUX HAYK, Ipodeccop nernapTaMeHTa CTpOUTENbCeTBa, MkeHepHas akaaemun, Poccuiickuit yHUBepCH-
TeT Apyx0bl HaponoB, Poccuiickas ®enepanus, 117198, Mocksa, yi. Muknyxo-Makiast, a. 6; ORCID: 0000-0003-4023-156X, eLIBRARY SPIN-kox:
3110-9909, Scopus Author ID: 57193384761; i.v.ivn@mail.ru

© Ivanov V.N., 2021
This work is licensed under a Creative Commons Attribution 4.0 International License
C https://creativecommons.org/licenses/by/4.0/

562 SHELL FORMING


https://orcid.org/0000-0003-4023-156X
https://orcid.org/0000-0003-4023-156X

MeaHos B.H. CTpouTenbHas MexaHuka UHXEHEPHBIX KOHCTPYKLMiA 1 coopyxeHuit. 2021. T. 17. Ne 6. C. 562-575

m10ckocTH 6a30B0M KpuBOil. IIpHBOAUTCS BEKTOPHOE YPABHEHUE ITOBEPXHOCTEN,
C IPOM3BOJIBHOM MPOCTPAHCTBEHHOM U IUIOCKOM Hampasiisitoulel kpusoid. Ilomy-
9eHbI (POPMYIIBI TEOMETPHUECKIX XapaKTEepHCTHK IToBepXHOCTH. Ha ocHoBe mo-
JydeHHBIX (OPMyJI MOKa3aHO, YTO KOOPIHHATHAS CHCTeMa HOPMAaTbHOM JIMHEH-
YaToi IOBEPXHOCTU SBJISETCS OPTOTOHAIBHOM, HO B OOLIEM Cilydae HE COINps-
skeHHOoM. IpsiMble TMHMM HE ABIAIOTCSA JMHHUAMH INIABHBIX KPUBH3H MOBEPXHO-
CTU M HOpMaJbHblE JHMHEHYaThle IOBEPXHOCTU B OOLIEM Cllydyae HE SIBISIOTCS
TOPCOBBIMH, Pa3BEPTHIBAIOLIMMHUCS MOBEepXHOCTAMHU. I[lonmyueHo ycnosue Bpa-
mieHus oOpasyromiell NpsMOi B HOPMaIbHOHM IJIOCKOCTU 0a30BOHl KpuUBOI, mpu
BBITIOJTHEHHH KOTOPOTO KOOPAWHATHASI CETh OyJeT CONPsIKEHHOH — HOpMallbHas
JIMHeuaTas MOBEPXHOCTh pa3BepThbiBarolleiics. s npocTpaHCTBEHHOH 6a30-
BOIl KpUBOW 3TO YCIIOBHE CBSI3aHO C KPHBH3HOH 0a30BOil KPUBOM, JUTS TIOCKOM
KpHUBOH 00pasylolas npsiMasi IBHKETCS B HOPMaJIbHOM INIOCKOCTU HAIpPAaBIIsIO-

LIeH MIOCKOW KPUBOW C MOCTOSIHHBIM HAKJIOHOM K IUIOCKOCTH 0a30BOH IJIOCKOH
KPHUBOH — MOBEPXHOCTh OAMHAKOBOIO ckata. Ha ocCHOBE BEKTOPHOIO ypaBHEHHUS
IIOCTPOCHBI PUCYHKH HOPMAJIBHBIX JIMHEHYATBIX MOBEPXHOCTEH € HCIONB30Ba-
HHUeM nporpammuoro kommiekca MathCAD.

Juiss uuTHpOBaHUA

Heanos B.H. I'eomeTpysi HOPMalbHBIX JIH-
HeluaTsIX MmoBepxHocTelt // CTponTenbHas
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17-6-562-575 KU TIOBEPXHOCTH

Introduction

The thin state constructions in the form of ruled surfaces are used wildly in building, machine-building,
air and rocket production. It’s based on the most simple way to realize the space constructions formed by
the straight lines. It’s comfortable to made the line straight timbering on the building site or made the timbering
forms for concrete blocks. The thin-walled metal ruled forms (developable surfaces) are made by bending of
the metal list plate.

The geometry of the ruled surfaces are considered in many monographs and science articles. Usually at all
classic monographs [1-7] and at the present monographs and textbooks on differential geometry and at the most
monographs and textbooks on the theory and methods of analyses of the thin-walled state structures, one can
find a section considered to the ruled surfaces [8—16]. In a monography of S.N. Krivoshapko [17], the most full
classification of the ruled surfaces is given and the variety of the subclasses of the ruled surfaces is shown.
The normal ruled surfaces form a subclass of the ruled surfaces. The cylindrical and conical surfaces, the con-
stant slope surfaces, and normal helicoids enter at this subclass. Shaping of the torus surfaces are based on
the construction of surfaces by the system of the tangents to the given space base directrix curve which is
the cuspidal edge of the torus surface, the exception is a forming of torus surfaces with two plane base curves.
The coordinate system of these torus surfaces isn’t orthogonal [9—11; 13]. The analyses of these shells by
the analytical methods aren’t possible usually. Numerical methods are used, for example the finite elements
method [18; 19]. As it will be shown further the coordinate system of the normal ruled surfaces is orthogonal but
not conjugated when the straight line rotates at the normal plane of the base directrix. But at any case it is possi-
ble to use analytical methods for some shells or to use a variation difference method [13; 20; 21] which gives
more exact results in comparison with finite elements method.

The vector equation and the geometric characteristics of the normal ruled surfaces

The normal ruled surfaces are formed by the moving generating straight at the normal plane of the direct-
rix curve [16; 22]. The generating curve may transform and rotate at the normal plane of the base directrix.
The normal ruled surfaces with straight generatrixes at the normal planes of the base directrix constitute one of
subclasses of the normal surfaces (Figure 1).

The vector equation of a normal ruled surface can be written as

plu,v)=r(u)+ve(u), (1)

where r(u)=x(u)i + y(u)j + z(u)k is a radius-vector of the base directrix curve; i, j, k are the orts of the Carte-

sian coordinate system; e (u) =vcosO (u) +Bsin0 (u) is a unit vector in the direction of the generating straight
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line; T, v, P are the unit vectors of tangent, normal and binormal of the base directrix curve; 0(u) is a function of
rotation of the generating right line at the normal plane of the base directrix curve; p(u,v) is a radius-vector of

the surface.

Figure 1. Normal ruled surface

The derivative of the vector e(u) is

e'(u)=—k, cos0(u)t+[—vsin0(u)+PBcosd(u)](x,+0")=—k cosOr+(x, +6') g (u), )

k,=s'k, y,=sy, s'= |r’ , k, v are curvature and torsion of the base curve, g(u) =-v sin@(u) +Bcosﬂ(u) is

the unit vector in the normal plane of the base curve orthogonal to the vector e(u),
g (u)=—-vsin®(u)+PcosO(u) =4k sin®(u)r—(x, +6")e(u). 3)

The derivatives of the equation of the normal ruled surface give

p, = (s' — vk, cos 9)‘[‘ + v(xs + 9’)g; p,= e(u); p,=0;
P = [(s’ — vk, cos 9)’ + vk, (Xs + 9’)sin 9:|‘L' +k, (s' — vk, cos 9)v - v(xs + 9’)2e + V(X; + 9”)g ;
p,, =—k, cosbt+ (Xs + 9’)g ;

m :MZ%[_V(L +0") T+ (s'— vk,cosd) g |. )

puxpv

The geometrical characteristics of the normal ruled surfaces
E =A% =(s'—vkcos 0) +v?(x, +0'); G=1; F=0.
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!

B v(xs +6’)

L= (Pm,m) = —{_[(S' vk cos 9) k sin O

+

(s'—vk,cosB)’;

y +vk, (%, +6')sin6}+(s'—vkscos 0)

M =(p,,m)=] vk cos0+(s' —vk, cos@)]xsze =sxs+0 ;

A ’N=(pvvm)=0' (5)

It’s seen from the formulas of the geometrical characteristics of the normal cycle surfaces that the coordinate
system of the normal ruled surfaces is orthogonal but it isn’t conjugated in common, the generating straight lines
are not the lines of principle curvatures and the normal ruled surfaces are not developable surfaces in common.

The normal developable surfaces

The normal ruled surfaces will be developable if geometrical coefficient M will be equal zero
M=0 - e(u)=—jxsdu+eo. (6)

So, for forming torus normal surface the function of rotation of the generating right line at the normal
plane of the base directrix must be linked up with the curvature of the base curve.

Consider some examples.

A helix is a base directrix [16]:

r(u)= ah(u)+ buk , (7)

h (u) =1icos u+ jsin v is a vector function of the circle of the unit radius,

XZ%’ s'= a2+b2, stS'Xzﬁ,, e(u)=—xsu+90. (8)
S s
We have for conical spiral [16]
r(u)=e” [ah(u)+ bk], 9)
X:%e_pu’ s=spers s =\alie p?)e07p? L === ou)= g6y, (10)
0

As it’s seen from the received formulas of those base curves, the angle of rotation of the generating
straight line at the normal plane of the helix and conical spiral are proportional to coordinate parameter of
the rotation u. The initial angle 0 = 0y in formulas (8), (10) links an initial coordinate of the base line u = 0.
If there is considered the section with the initial parameter uo # 0 then it’s better to use the formula

0(u) =~ (u — 19 )+ 0, . (11)

So the turn of the generating straight line at angle 0 will be at the beginning of the section.

The figures of the normal developable surfaces with a base helix and a conical spiral are shown at Figure 2.

The parameters of the base curves:

a) helix:a=2,5:b=1:u=0+6m: v=0+2;

b) conical spiral: a =2: b =3: p =0,15; u= 72,51 v = 0=6. 6= —7/2.

A developable normal surface with a flat base curve (y = 0, 6 = 6y) and the generating straight line that
moves at the normal plane of the base directrix with constant angle to the plane of the base curve will be the sur-
face of constant slope. If 6= 90°, then a cylindrical surface will be.
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Figure 2. Developable normal ruled surface base curves:
a — helix; b — cylindrical spiral

If 8= 0 and the generating straight line moves at the plane of the flat base curve then the surface degene-
rates into plane. At the plane there is forming the trapezium-curved orthogonal coordinate system, the system of
the curves parallel to the base directrix lines and the system of orthogonal to the base curve straight coordinate
lines. The method of forming the surfaces on the trapezium-curved plans was regarded in a paper [22; 23].

At Figure 3, the surfaces of constant slope with different base curve and different angle of slope of
the generating straight lines are shown. At the top row, the trapezium-curved plans (6= 0) with base curves ana-
log to the base curve of surfaces at lower row are shown.
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Figure 3. Trapezium-curved plans and surfaces of constant slope base curves:
a — parabola; b —hyperbole; ¢ — evolvent of the circle; d — ellipse

If the directrix is a straight line then the surface of straight conoid formed [24; 25].
The screw normal ruled surfaces and curves

Consider the normal ruled surfaces which are formed by the generating straight line rotating at the normal
plane of different base directrix proportional to the coordinate parameter u

u—u,

0(u)=2kn +0,, u=uy+u, (12)

U —u,

k is a number of the fool rotations of the generating straight line when it’s moving along the base curve (in may
be not hole number).
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The coordinate curve of a surface is formed with constant coordinate parameter v = vy.

If the base curve is a straight line, then the usual helical surface is formed.

At Figure 4, the normal screw surfaces with a base parabola x = u, y = aw’, a = 0.25, u = —8=8 and with
different number of rotation of the generating straight line, v = 0=3, 6= 0 are shown.

At Figure 5, the normal screw surfaces with a base ellipsex =a cosu,y =bsinu,a=5,b=3,u=02n
and with different number of rotation of the generating straight line, v = 0+1.5, 8= & are shown.
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Figure 5. Helical normal ruled surfaces with base ellipse:
a—e—0o=m; f— 00=2/3m;

At Figure 6, the normal screw surfaces with a base sine y = a sinm u/b, a =2, b = 4, u = 0+mb and with
different number of rotation of the generating straight line, v = 0+1, 6o = 0 are shown; m is a number of half-
waves of the sine. Figure 6, g: v=0.5+1.5; Figure 6, 4: v=1 is a screw curve.

At Figure 7, the normal screw surfaces with a base evolvent of the circle x = a(cos u+tu sin u);
y=a(sinu—ucosu);a=0.5; u=0.51+3.5n; v= 0+1; 8= 1 are shown.

At Figure 8, the normal screw surfaces with a base space helical curve x = a cos u; y = a sin u; z = bu;
a=2.5;b =1 are shown; u = 02n; 6p = m; a—f: v =0+2; g2 v=0,5+2; a) k = 0 is a right helix; g) v =2
iS a screw curve.

At Figure 9, the normal screw surfaces with a base conical spiral x = ae’cos u; y = ae’sin u; z=be™
are shown; a=2; b =3; p=0.15; u = 2n+4xn; o= 7/2; a—f> v = 0+6.
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Figure 6. Screw normal ruled surfaces with a base sine
a—c — on one halfwave; d—i — on two halfwaves

Figure 7. Screw normal ruled surfaces with a base evolvent of the circle
a—b — on one halfwave; ¢ — on two halfwaves
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b k=05 c k=1 d k=15

Figure 8. Helical normal ruled surfaces with base helix

a k=0 b k=05 c k=1

f k=15

Figure 9. Screw normal ruled surfaces with a base conical spiral
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The wave normal ruled surfaces

Consider the subclass of normal ruled wave surfaces with cosine function of the angle of rotation of
the generating straight line at the normal plane of the base directrix curve

0(u)=0, +c| cos Jn Lo +pl, (12)

U —u,

c is an amplitude of oscillation of the angle parameter of the generating straight line at the normal plane of
the base curve when it’s moving along the base directrixu =u, +u,; k is a number of half-wave of the cosine;

p =0, 1,—1is a parameter for tree types of the wave normal ruled surfaces.

If parameter ¢ = 0 and the base directrix is a plane curve then with the help of the equation (12), the sur-
face of constant slope will form. If ¢ > 0 and p = 1, then the wave surface will form which will touch the surface
of constant slope outside. If p = —1, the wave normal ruled surface will touch the surface of constant slope inside.
If p = 0, the wave normal ruled surface will be symmetrical about the surface of constant slope. The surfaces of
constant slope may be called the supporting surfaces of the wave normal ruled surfaces. As it was shown above,
if 8= 0 or 0o = m, then a surface of constant slope degenerates into the trapezium curved plane region. If 69 = 7,
a cylindrical surface will be received.

At Figure 10, the wave normal ruled surfaces with a base parabola x = u, y = au®, a = 0.25, u = —8+8;
v =0+8; 0p= 7, and ¢ = n/4 are shown with different parameters £, p.

a k=1
0 k=2
Ay >’>’/
N
6 k=4
e k=28

Figure 10. Wave normal ruled surfaces with base parabola

On some figures, the wave normal ruled surfaces are shown together with supporting surfaces of
constant slope.

At Figure 11, the wave normal ruled surfaces on the parabolic cylinder with 8= m/2 are shown.
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Figure 12. Wave normal ruled surfaces with a base parabola, o= 0.75n

At Figure 12, the wave normal ruled surfaces on a base parabola with 8y = /2 are shown.

Consider the wave normal ruled surfaces with a base ellipse.
At Figure 13, the wave normal ruled surfaces with a base ellipse x =a cosu; y =bsinu;a=3;b=2

and parameters 0y = w, ¢ = /4 are shown.
At Figure 14, the wave normal ruled surfaces with base ellipse x = a cos u; y = b sinu; a=3; b =2

and parameters 6y = m, ¢ = n/8 are shown. The figures of the wave surfaces are shown together with a supporting

ellipsoidal cylinder.
571
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Figure 13. Wave normal ruled surfaces with a base ellipse, 8o=n, c= /4
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Figure 14. Wave normal ruled surfaces with base ellipse, 00 = /2, ¢ = /8
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At Figure 15, the wave normal ruled surfaces with a base ellipse x =a cosu; y =bsinu;a=3;b=2
and parameters 0y = 0,75n. ¢ = n/8 are shown. The figures of the wave surfaces are shown together with a sup-

porting surface of constant slope.
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Figure 15. Wave normal ruled surfaces with a base ellipse, 80 = 0,75x, ¢ = /8

It’s seen from the shown figures of the wave normal ruled surfaces that the modules of waved normal
ruled surfaces with parameters p = 0 u p = —1 may intersect themselves and it depends of amplitude or cosine
and the length of the generating straight lines.

The wave normal ruled surfaces with uneven number of oscillation x = 1, 3, 5, ... will be unlocked (Fi-
gure 13, a, b). If k = 2.6, 10, ... (x/2 is uneven number) then the locked surface with one xOz plane of symmetry
will be formed; if « = 4.8, 12, ... then the locked surface with two planes of symmetry xOz, yOz will be formed.

Conclusion

The manuscript considers the geometry of normal ruled surfaces that are formed by moving straight ge-
nerating line at the normal plane of any base directrix curve. The generating straight line rotates at any law given
in advance at the normal plane of the base directrix curve. The vector equation of the surfaces and the coeffi-
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cients of the fundamental forms of these normal ruled surfaces are presented. It is shown that curvilinear coordi-
nate system of the normal ruled surfaces is orthogonal but non-conjugated in common. So, the generating
straight lines of the normal ruled surfaces are not the lines of principle curvatures of the surfaces in general.
The condition when the coordinate system will be conjugated and the normal ruled surface will be developable is
received. The figures of the normal ruled torus surfaces with plane base directrix curves which are the surfaces
of constant slope and figures of torus normal ruled surfaces with space base curves such as helix and conical spi-
ral are shown.

There are considered the subclasses of the normal ruled surfaces:

a) the screw normal ruled surfaces, that are formed by the movement of the generating straight line at
the normal plane of the base directrix curve with linear law of rotation of the generating line due to the coordi-
nate parameter of the base curve. If the base curve is a straight line one can receive the classic helix;

b) the wave normal ruled surfaces, that are formed by the oscillation of the generating straight line at
the normal plane of the base directrix.

In a paper, the figures of screw and wave normal ruled surfaces with different parameters are presented.

The figures of the surfaces are realized with using of the program complex MathCAD.

It is shown the possibility to construct the different forms of the normal ruled surfaces, which may be used
in building, machine building, air production and other technic area.
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