CTPOMTENBHAS MEXAHUKA UHXEHEPHBIX KOHCTPYKLIMIA U COOPYXXEHUIA * m’"‘
STRUCTURAL MECHANICS OF ENGINEERING CONSTRUCTIONS AND BUILDINGS

2026. 22(4). 317-330

ISSN 1815-5235 (Print), 2587-8700 (Online)
HTTP:/JJOURNALS.RUDN.RU/STRUCTURAL-MECHANICS

AHATIUTUYECKUE U YNCINEHHbBI E METOLbl PACYETA KOHCTPYKLIMA
ANALYTICAL AND NUMERICAL METHODS OF STRUCTURAL ANALYSIS

DOI: 10.22363/1815-5235-2026-22-4-317-330
EDN: LKNCQZ
Research article / HayuHas ctatbs

Finite Element Modeling of Dynamic Deformation of Bidirectional
Functionally Graded Beams

Igor N. Vasserman™", Irina O. Glot"”, Igor N. Shardakov

Institute of Continuous Media Mechanics, Ural Branch of the Russian Academy of Sciences (UB RAS), Perm, Russian Federation
D4 igorw@icmm.ru
Received: June 4, 2026

Revised: July 22,2026
Accepted: July 25,2026

Abstract. This article presents a finite element algorithm for the numerical solution of boundary value problems for the
deformation state of elastic beams made of functionally graded materials. The presented algorithm assumes that the density and
elastic properties of the beam depend on the coordinates of the cross-section and on the coordinate along the longitudinal axis. The
presented formulation allows to solve static and dynamic problems. The Euler-Bernoulli model and the third-order Reddy model
are used to describe the deformation state of the beam. The beam finite element utilizes a Hermitian approximation. Using
Hamilton’s variational principle, the beam equation of motion is obtained in matrix form. The numerical implementation of the
resulting finite element algorithm is carried out in Python using the Numpy and Scipy libraries. As an example, a numerical
analysis of the solution to the problem of the natural frequencies of vibrations of a bidirectional functionally graded cantilever
beam is performed. The numerical convergence and reliability of the obtained solutions are demonstrated. The possibility of
coupling of the longitudinal and transverse vibrations of a beam is demonstrated for certain distributions of the physical properties
of the material in the beam’s cross-section. It is shown that distributing the material properties along the longitudinal axis improves
the beam’s dynamic properties.
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AnHoranus. [IpencraBnen KOHEYHO-3JIEMEHTHBIA AITOPUTM UYHCIEHHOTO PEIICHHUS! KPaeBHIX 3a1ad O Ae(OpPManiOHHOM COCTOS-
HHUH yTIPYTUX OaNOK U3 (yHKIMOHAIBHO I'PaleHTHBIX MaTepuainos. [IpeamonaraeTcs, 4To IUIOTHOCTh U YIPYTHE CBOMCTBa OalKH
3aBUCAT OT KOOPAWHAT ITOTIEPEYHOTO CEYSHUSI M OT KOOPJHHATHI BIOJIb MPOJOJIBHOM ocH. JlaHHAs TTOCTaHOBKA JIOITyCKaeT BO3MOX-
HOCTbh PELICHUS CTaTMYECKUX M JAWHAMHUYECKHX 3aj1ad. Jng omucaHus n1eOpMUPOBAHHOIO COCTOSHHS OalIki MCIIONB30BaHA MO-
nens Diinepa — bepHyun u Mozens Tperbero nopsaka Penau. B 6agouHOM KOHEYHOM 3JIEMEHTE MPUMEHEHA SPMHUTOBA aIIpOK-
cuManys. C NOMOIIBIO BAPHALIMOHHOTO NMPHUHIMIA ['aMIIBTOHA MTOTy4YeHO ypaBHEHUE ABMXKCHHUS Oalky B MaTpUIHOM Buze. Ymc-
JICHHAas pealn3anys MOIyYeHHOTO KOHEYHO-2JIEMEHTHOTO aJropuTMa OCYIIECTBIeHa Ha si3bIke Python ¢ ncmons3oBanueM 6udmmo-
tek Numpy # Scipy. B kauecTBe mpumepa OCyIIECTBIEH YHCICHHBIH aHaJIH3 PEIIeHUs 3a1aud O YaCTOTaxX COOCTBEHHBIX KojeOa-
HUI JByHAINpaBIeHHON (YyHKIMOHAJIBHO-IPAIMEHTHON KOHCOIbHOM Oanku. I[IponeMoHCcTprpoBaHa YHCIEHHAs CXOAUMOCTD IIOJY-
YEHHBIX pEIleHHH U UX JOCTOBEpHOCTh. Il0Ka3aHa BO3MOXXHOCTH B3aMMOCBSI3H NPOAOJBHBIX KoJeOaHUH OaJKU C IONEepPEeYHbIMU
[P HEKOTOPBIX pacrpeesieHHsX GU3NUECKUX CBOMCTB MaTepualia B onepeuyHoM cedeHuu Oanku. [TokasaHo, 4to pacnpenencHue
CBOMCTB MaTepualia BIOJIb MIPOJOILHON OCH MO3BOJSET YAYULINTh JMHAMUYECKUE CBOMCTBA OaNKH.

KuoueBble ci10Ba: QyHKIIHOHAIBHO TPaJNCHTHBIE MaTePHAIbl, TEOPHU OaTOK, METOJ KOHEUHBIX IIEMEHTOB
Bxkiag aBropos. HepasnenbHoe coaBTopcTBO. Bee aBTOpBI 03HAKOMIIEHB] ¢ OKOHYATEIbHON BEpCUEN CTaTbU U ONOOPHIIH €€.
3asBiieHHe 0 KOH(UIMKTe HHTepecoB. ABTOPBI 3asBIISIOT 00 OTCYTCTBUU KOH(IUKTA UHTEPECOB.

3asiBjieHHe 00 HMCIOJIb30BAHMH TEXHOJIOTHI HCKYCCTBEHHOI'0 MHTEJLJICKTA. HpI/I CO3JIaHUW HACTOSIIIEH CTaTbu TEXHOJOTHU
TFCHEPATHBHOI'O UCKYCCTBCHHOI'O MHTCIIJIEKTA HE UCIIOJIb30BAJIUCH.

3asiBi1eHHE 0 JOCTYIHOCTH AAHHBIX. Bce TaHHbIe, OMyYeHHBIE B XOIE 3TOTO UCCIIEA0BAHNS, BKIIOYEHBI B ITyOIHKYEMYIO CTaThIO.
duHancupoBaHue. PaboTa BBINONIHEHA B paMKaX TOCYAapCTBEHHOTO 3aJ[aHusl, pETUCTPAIlMOHHBIA HOMep TeMbl 124020700047-3.

Joas uurupoBaumsi: Baccepman U.H., I'nom U.O., [llapoaxos U.H. KoHEeuHOIIEMEHTHOE MOJCIMPOBAHHE TUHAMHUYECKOTO Jie-
(hopMupoBaHus ABYHAIpPaBEHHBIX (QYHKIMOHAIBHO TPalueHTHBIX Oanok // CTpouTenbHas MEXaHHKAa MHXKEHEPHBIX KOHCTPYKIHMH
u coopyxenuii. 2026. T. 22. Ne 4. C. 317-330. http://doi.org/10.22363/1815-5235-2026-22-4-317-330 EDN: LKNCQZ

1. Introduction

Functionally graded materials (FGMs) are a class of composites whose properties vary continuously
and smoothly in at least one spatial direction. These property variations may be associated with
composition, porosity, or microstructure. Such materials allow to optimally combine component properties
and minimize stress concentration at the interface between different materials [1; 2]. Unlike layered
composites, they are more resistant to crack propagation and delamination [3].

The concept of functionally graded materials was first proposed as early as the 1970s [4]. However,
this idea had not yet been implemented at that time due to the lack of appropriate technologies. It was
carried into effect in the following decade in Japan as part of an aerospace project [5; 6], which required the
creation of a thermal barrier in a 10 mm thick structure wall. Currently, functionally graded materials are
attracting increasing attention from researchers around the world.

Examples of applications of functionally graded materials can be found in [7]. These include prosthetics
that combine mechanical strength in the inner layers with biocompatibility in the outer layers [§],
functionally graded blades for turbomachinery and wind turbines [9], reinforcement of mine tunnel walls
[10], piezoelectric elements for structural vibration monitoring [11], microsensors and microactuators in
nano- and microelectromechanical systems [12].
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Recently, there has been growing interest in the use of functionally graded materials in building
structures [13]. In particular, much attention is given to the development of structures made of functionally
graded concrete. Rational distribution of cement content in a structure allows to reduce its production cost
and energy consumption [14], minimize residual stresses, and prevent cracking during the setting process
[15]. Additive manufacturing and 3D printing, which are often used in the creation of graded materials [16;
17], are well-suited for concrete structures [18-20].

The heterogeneity of functionally graded materials used in building structures is often associated with
porosity [21]. Structures made of such materials have a good weight-to-strength ratio, as well as good
vibration- and noise-absorbing properties. On the other hand, theories of functionally graded porous
materials can be used in modeling distributed defects.

Beams of short to medium length with rectangular cross-sections are typical elements of structures.
Treating them as three-dimensional spatial structures results in unjustified computational costs. The earliest
and most widely used theory of beams is the classical Euler — Bernoulli theory, in which the cross-section
is assumed to be perpendicular to the neutral axis of the beam. This theory does not account for shear in the
cross-section; it is suitable for long, slender beams with a high ratio of the longitudinal dimension to the
transverse dimensions. For beams of short and medium length, as well as for cases where the assumed
deformation shape of the beam neutral axis is comparable to the dimensions of its cross-section, this theory
is insufficient. The first-order beam theory (Timoshenko) allows to analyze such structures. However, it
requires knowledge of an additional parameter — the shear correction factor — which cannot be
determined in terms of this theory. Furthermore, since the shear strain within the cross-section is assumed to
be constant, the boundary conditions for the absence of shear stresses at the boundary of the cross-section
are not satisfied [22]. All of the aforementioned problems are particularly relevant for heterogeneous beams,
including functionally graded beams.

Shear deformation theories of higher-order are free of many shortcomings. In these theories, the
distribution of displacements across the cross-section is nonlinear and ensures that shear stresses at the free
boundary are zero [23-25]. One such theory is Reddy’s third-order theory [26].

The presented review highlights the growing need to develop and implement effective numerical
algorithms for solving static and dynamic boundary value problems involving the deformation of structures
made of functionally graded materials. The capabilities of well-known software tools such as ANSYS and
COMSOL for solving such problems are quite limited.

Most articles on the dynamics of the considered structures focus on unidirectional functionally graded
beams. Bidirectional functionally graded beams have been studied in a small number of papers [27-30].
These studies approximate displacements and rotation angles using series of functions that satisfy the
kinematic boundary conditions in advance. This approach ensures good accuracy, but significantly reduces
the versatility of the numerical method. This is particularly important when the beam is considered not as an
isolated object, but as part of a more complex structure. The finite element method provides a single
approach for beams with different boundary conditions.

This article presents a variational formulation and implements a finite element method for beams
made of functionally graded materials. A heterogeneous beam is considered, the physical properties of
which can vary both within the cross-section and along the longitudinal axis. It will be referred to as a
bidirectional functionally graded beam. The Euler — Bernoulli model and Reddy’s third-order model [26]
are used to describe the deformed state of this beam. Hermitian approximation is used in the beam finite
element. The numerical implementation of the resulting finite-element algorithm was carried out in Python.
A numerical analysis of the solution to the problem of natural modes and frequencies of a bidirectional
functionally graded beam was performed. The numerical convergence of the obtained solutions and their
reliability were demonstrated. The possibility of coupling of the longitudinal and transverse vibrations of
the beam is shown for certain distributions of physical properties of the material across the beam section.
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2. Methods

Beams of rectangular cross-section are widely used in construction (Figure 1). The figure shows the
coordinate axes and the characteristic dimensions of the structure.
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Figure 1. Bidirectional functionally graded beam of rectangular cross-section
S o urce: made by I.N. Vasserman, 1.O. Glot, .N. Shardakov.

Here L is the beam length; / and b are the height and width. Directions of the coordinate axes: X is
directed along the longitudinal axis of the beam; z is perpendicular to the beam axis and lies in the plane of
bending; y is perpendicular to the pane of bending.

2.1. Properties of Functionally Graded Materials

A typical functionally graded material is a composite consisting of particles with a specified
continuous distribution of the volume fractions of the constituent phases. In the case of isotropic phases, the
material is isotropic, but heterogeneous.

Among the models that describe the effective properties of a material based on the properties of its
components, the most common and simplest is the Voigt model (the rule of mixtures).

Py =PV + Py, (1)
where P, is the effective property of the material; p; is the property of the pure i-th component of the

material; ¥; is the volume fraction of the pure i-th component of the material. The relationship ¥} +7, =1
holds. Young’s modulus £, shear modulus G and mass density p can serve as property P . There are also a

number of other models for describing the effective properties of a material, a review of which can be found
in [31].
For moderate porosity, the theory of mixtures can also be used:

Pr=Pro(1-Vp), (2)
where P, is the effective property of the material without pores, calculated according to (1), 7, is the

volume fraction of pores. More complex relationships between material properties and porosity, taking into
account the pore structure, can be found in [13, Table 3] and in [21].

2.2. Beam Models

In the classical Euler-Bernoulli theory, the distribution of displacements across the cross-section takes
the form:

g (r.2) =10 (6)— 200, (x); 3)
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u, (x, Z) = ! (x) 4)

Here u, and u, are the longitudinal and transverse displacements of an arbitrary point of the beam,; u® and

w? are the longitudinal and transverse displacements of a point on the central axis of the beam.

The deformation energy and kinetic energy for them are expressed, according to [32], as

U= %E[Dll(u,ox)z + 2D12(uchwgcx)+ Dy, (w,oxx)z}dx (5)
and
K= %ﬂ]ll(ao)z + 1, (W) + 2112(u°Xw2()+ Izz(w&)z}dx , (6)

where D,., D, D,,, I, I

> Dy, Dy, Iy, I,, I,, are the integral parameters of the cross-section, calculated as

Dyy(x)= jE(x,z)dA ;. Dpy(x)= —jE(x, z)zdA; Doy (x)z IE(x,z)zsz , (7)
I(x)= Ip(x, z)dA; Ij5(x)= —Ip(x,z)sz : I(x)= jp(x, Z)szA . )

It is evident that, unlike homogeneous beams, when the material is distributed asymmetrically along
the height, terms that couple longitudinal and transverse vibrations appear.

In higher-order theories, the distribution of displacements across the section can be represented as
follows [22-26]:

U, (x, Z) = uo(x)— zwgc (x) + (D(Z)yo(x) , )]
uz(x,z)zwo(x). (10) . AZ
/X
Here ‘/(;
A
70 () =wii(x)-0°(x) (11)
1
is the transverse shear strain of a point on the neutral axis of the 3 /
beam; 00 is the total flexural rotation of the cross-section on the
neutral axis; (I)(z) is the correction function. Angles 0° and yo are g
shown in Figure2. T -
Function ®(z) depends on the cross-section and is selected 4 5

in a way such that the condition of zero shear stresses on the
boundary is satisfied. Taking ®(z)=0 results in the Euler —

Bernoulli theory, ®(z)=z results in the Timoshenko theory. For

Reddy’s third-order theory [26], the correction function has the  Figure 2. Deformation of the cross-section:

form 1 — center line; 2 — normal plane;
’ 3 — deformed cross-section; 4 — plane tangent
to the deformed cross-section at the point of its

2 intersection with the center line.
4z
= —_—— . ourc el made by L.IN. vasserman,
®(z)=z1 (12) S deby LN. V.

3h 2 1.O. Glot, I.N. Shardakov.
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The deformation energy of a beam with a rectangular cross-section can be expressed as [24]:

2

U, %I A () =28, () () + 28, (1) (72) + D (L) -

—2F, (v’ )(72)+H, (7)) +sz(y°)2}dx, (13)

accordingly, the kinetic energy is:

=) 20,0 2, 0 1 ) -

—21F(Wi)(;}°)+1H(;}°)2+1A(Wo)z}dx, (14)

where A4, B, D, I,, I,, I, are the integral parameters of the section, similar to parameters
D,, D,, D, I, I,,, I,, for Bernoulli beams:

Ao ()= [E(x,2)dA; By (x)= [E(x,2)zdA; Dyy(x)= [ E(x,z)z%dA; (15)
A A A
1, (x) = Ip(x,z)dA ; Ip (x) = Ip(x, z)sz ; Ip (x) = Ip(x,z)zsz . (16)
A A A
E_,F_,H_ I, I., I, are the integral parameters of the section, containing correction function
d)(z):
E. (x) = IE(x, Z)q)(Z)dA ; Fi (x) = jE(x, Z)CD(Z)ZdA ; H,, (x) = _fE(x, Z)(CI)(Z))2 dA; (17)
A A4 A
Ig(x)= Jp(x,z)CD(z)dA ; Ip(x)= fp(x,z)@(z)sz ; Iy(x)= 'fp(x,z)((l)(z))z dA, (18)
A A A

A, 1is the integral parameter of the section, associated with the contribution of shear strain,
containing the derivative of the correction function with respect to z :

A, (x)= [Glx,z)@ . (z)Paa. (19)

In expressions (5, 6, 13, 14), terms Dy,, I, By, I, E,, Ig couple the longitudinal and
transverse vibrations. In the case of a material distribution across the section that is symmetric about the
central axis, these terms are zero, and the corresponding vibrations are uncoupled. With an asymmetric
distribution of material properties, the distribution of axial stresses will also be asymmetric, leading to the
coupling of bending and tension in the beam. When considering bending not about the geometric center of
the cross-section, but about the physical center z_, for which jE (z)(z -z, )dA =0, then bending and tension

4
can be decoupled for static problems. An approach that allows decoupling of bending and tension for
higher-order bending theory is proposed in [33]. However, for dynamic problems, it is possible to
simultaneously reduce D, and I}, B,, and I, E,. and [y to zero in this manner only if the ratio of

Young’s modulus to density is constant across the section. In a general case, the interaction between
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bending and tension will occur regardless of the choice of the centerline. This interaction should be
distinguished from the effect of longitudinal load on the natural frequency of transverse vibration, which is
closely related to Euler instability.

2.3. Finite Element Approximation and Numerical Solution

The finite element method is used to numerically solve the free vibration problem. The element
diagram is shown in Figure 3.

Each node is described by u;,w;,w; = (6w/dx);. In Reddy’s model either the total bending rotation at
the node 0;, or the transverse shear strain of a point on the neutral axis vy, are added to the nodal

unknowns. Let these variants of Reddy’s model be
G116 called 6 — variant and y — variant, respectively.

: Ois :
W,D WIHD For the finite-element approximation of longi-
) Ui Ui+l tudinal displacements and total bending rotations of
);-f ?';ff the cross-section, the Lagrange approximation is used,
E=1 &=1 for transverse displacements, the Hermitian approxi-

mation is used.

AL
« 1 MO = “1N1 + M2N2 , (20)

Figure 3. Beam element with two nodes 0 _ 0 _
S o urce: made by I.N. Vasserman, 1.O. Glot, LN. Shardakov. ¢ - ¢1N1 + (I)2N2 , O 7 = lel + yzNZ > (21)
WO :WIHI +W2H3 +WilH2 +W'2[H4. (22)

Here

Ni=2(-8) Na=20+8) 23)

H1=%(2—3E_,+§3); H2=%(1—<2—§2+§3); H3=i(2+3<2—§3); H4=%(—1—§+§2+§3)- (24)

Using the expressions for deformation energy and kinetic energy (4, 5, 11, 12), Hamilton’s principle,
and the finite-element approximation, the equation of motion can be written in matrix form:

M(t)+ Kq(r)=F(t), (25)

where K is the stiffness matrix; M is the mass matrix; q(t) is the vector of nodal displacements, F(t) is the

vector of external forces. When considering free vibrations, the vector of external forces is equal to zero,
and the vector of nodal displacements can be represented as

q(t)=Gcos(wr +¢), (26)

where ® is the natural angular frequency of vibration of the beam, ¢ is the phase, vector q does not
depend on time. As a result, the frequency equation can be obtained in the form

[K - mZM}a =0. (27)
The local stiffness and mass matrices of the element are calculated as follows:
k= [B"DBdL, (28)
AL
T
m’ = [N"I,NdL. (29)
AL
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Assembly of the global K and M matrices from the local k® and m® matrices is performed in the
standard way [34].
For the Bernoulli model:

D D

D:[ 1 12} (30)
Dy Dy
Iy 0 I

Ip= 0 ]11 0 | (31)
I, 0 Iy

N=|0 H, [Hy 0 Hy [H,|; (32)
0 H| [H) HY [H)
N 0 0 N, 0 0]
B = n 7 n n 7 4 * (33)
H{ [H, H3 [Hy |
For higher-order models:
Axx - Bxx Exx 0
D= _Bxx Dxx _Fxx 0 : (34)
E - F H 0

XX XX XX

0 0 0 A,

I, -1z Igp 0
-1 I -1 0
,=| % P F . (35)
Ig —Igp Iy 0

0 0 0 Iy
Matrices N and B for the © — variant are calculated as

NNy O 0 0 N, O 0 0
0 H [Hyb 0 0 H) [Hy 0

N= o o ; (36)
0 H| [Hy -N, 0 Hy [H) —N,
0 H [H, 0 0 Hy [Hf 0
0 0 0 N, 0 0 0

B , (37)

H{ [HY -N| 0 Hj [H) —N)

Nj
0 H! [Hy 0 0 H) [H} 0
0
0 H| [Hy -N, 0 H) [H, —-N,

and for the y — variant:
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Ny O 0 0 N, 0 0
H| [Hy 0 0 H} I[H, 0

N= ; (38)
0 0 N 0 0 0 N
0 H [H, 0 0 Hy [Hy 0
NN 0 0 0 Ny 0 0 0
0 H{ [Hy 0 0 H} IH) 0
B= 1 2 ' 3 4 . (39)
0 0 0 N 0 0 0 N
0 0 0 N O 0 0 N,
2
Here [ =£, N' =8—N, H' =8—H, H"= o°H , where AL is the length of the element.
2 ax 8x axz

A program based on the finite element method was implemented in Python (version 2.7.13) using the
NumPy (version 1.11.3) and SciPy (version 0.18.11) libraries. Programs from [34] were used as a prototype.
The general structure of the programs for assembling finite element matrices was taken from this book, with
Matlab matrix operations replaced by the corresponding Numpy functions. The transition from Matlab to
Python is due to the free availability of the latter. The scipy.linalg.eig function with default arguments was
used as the eigenvalue solver. Integration of the finite element matrices (28, 29) was performed using the
Gauss scheme with a number of points np=2. The cross-sectional characteristics (7, 8, 15-19) were

calculated using the Gauss — Lagrange integration scheme (an equivalent of the Gauss scheme that
includes points at the ends of the interval) with a number of points nhA=11.

3. Results and Discussion

The examples below show the results of solving the problem of the natural vibrations of a cantilever
beam made of a functionally graded material whose properties vary in both transverse and longitudinal
directions. The beam has a rectangular cross-section. In general, the spatial distribution of the beam material
properties is described by the following equations:

o) reClen| BEJ: - ptnc) pele] B (o)

where B is the parameter characterizing the intensity of variation of material properties along the beam

axis; fg(z)=E(0,z) and f, = p(0, z) are the functions characterizing the variation of the Young’s modulus

and the mass density in the transverse direction; L is the beam length.

Here, the exponential decrease in the Young’s modulus and mass density in the x-direction from the
fixed end to the free end given by (2) can be attributed to an increase in porosity in that direction according
to the law

Vozl—exp(ELxJ, (41)

when B <0 .

In the z-direction, the change in material properties is due to the varying content of components and is
asymmetrical relative to the center line of the beam. Functions [y, f,, were calculated according to (1),

where the content of the components varied according to a power law:
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k
z 1
V:—+— , VZI—V, 42
2 (h zj 1 2 (42)

where & 1is a non-negative exponent. On the lower surface, the material consists only of the first
component; on the upper surface, it consists only of the second.
For a beam analyzed using Reddy’s model, Poisson’s ratio v was assumed to be constant, and the

shear modulus was calculated as
E
G=——"—-. 43
2(1+v) 43)

Dimensionless frequencies were obtained

B
Q=o0l’|=, 44
ol |2 (44)

where ® is the natural angular frequency of vibration of the beam, L is the beam length, and B, D are the
integral parameters calculated according to formulas

/2 /2
B=b [ fdz, D=b [ 2fdz, (45)
—h/2 —h/2

where b and # are the width and height of the beam, respectively.

In the considered examples, material constants from [32] were used to describe the beam material,
corresponding to the properties of steel at the lower surface and alumina at the upper surface:
E; =210 GPa, p; =7800kg/m’, E, =390 GPa, p, =3980 kg/m’. Poisson’s ratio was taken as 0.3, and the

exponent k in relation (42) is equal to 3.

The results of the calculation of the reduced natural frequencies of the beam obtained using different
models are presented below.

Table 1 contains the natural frequencies for a beam that is heterogeneous in two directions (p =-1),
obtained without taking into account the cross-coupling of longitudinal and transverse vibrations. The
numerical solution based on the simplified Bernoulli model (which does not account for the rotational
inertia of the cross-section relative to the beam neutral axis) virtually coincides with the result of the
analytical solution [30]. Accounting for rotational inertia in the case of short beams leads to a significant
decrease in natural frequencies, especially for higher modes.

Table 1. Dimensionless natural frequencies of transverse vibrations (Bernoulli model)  =-1

Analytical Finitt? elemfent Taking i'nto ac.couqt Taking i.nto ac'couqt Taking i'nto ac.coul%t
Mode solution [30] s‘olutl.on using the rotational inertia | the rotational inertia | the rotational inertia
a simplified model L/h=5 L/h=10 L/h=20
1 4.7349 4.7349 4.6924 4.7242 4.7323
2 24.2018 24.2018 23.049 23.8984 24.1250
3 63.8645 63.8645 57.2544 61.9988 63.3825
4 123.0979 123.0981 102.2526 116.6982 121.4002

S our ce: made by I.N. Vasserman, 1.O. Glot, .N. Shardakov.

Asymmetric distribution of the physical properties of the material relative to the centerline leads to
coupling of longitudinal and transverse vibrations. Table 2 lists the natural frequencies of the functionally
graded beam. Columns 1 and 2 show the values obtained using the model that neglects the interdependence
of flexural and longitudinal vibrations, while Column 3 shows the values obtained using the model that
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accounts for this factor. Column 4 compares the amplitudes of longitudinal and transverse vibrations
calculated using the full Bernoulli model. The table shows that accounting for the interdependence of
longitudinal and flexural vibrations in an heterogeneous beam leads to a decrease in the natural frequencies,
and this factor is more significant for higher modes.

Table 2. Interaction of longitudinal and transverse vibrations (Bernoulli model) § = -1

Mode .Transverse vibrat.ions t.akinfg Longitudinal vibrations | Full Bernoulli model | [W|max
into account rotational inertia

1 4.6924 4.6143 0.016
2 23.049 22.5405 0.09
3 31.8648 32.0069 4.6
4 57.2544 55.6523 0.12
5 81.0948 81.7920 4.4
6 102.2526 98.5168 0.24

S ource: made by I.LN. Vasserman, 1.0. Glot, I.N. Shardakov.

The analysis of the natural vibrations of a heterogeneous beam using Reddy’s model also yields lower
values for the natural frequencies. Table 3 lists the natural frequencies obtained using the full Bernoulli
model and the second-order Reddy’s model (6 — variant).

Table 3. Natural frequencies of a heterogeneous beam (§ = —1) obtained
using the full Bernoulli model and the Reddy model

Mode Bernoulli Reddy |W|max Bernoulli Reddy Bernoulli Reddy
L/h=5 L/h=5 (Reddy L/h=5) L/h=10 L/h=10 L/h=20 L/h=20
1 4.6143 4.4792 0.015 4.6484 4.6120 4.6570 4.6478
2 22.5405 19.7516 0.073 23.4913 22.5459 23.7304 23.4780
3 32.0069 31.8974 7.4 60.7498 55.7234 62.3378 60.7801
4 55.6523 44.2526 0.08 63.8790 63.7661 119.2573 114.0833
5 81.7920 72.3770 0.13 114.3008 99.3542 - —
6 98.5168 80.4830 4.9 - - - -

S ource: made by I.LN. Vasserman, 1.0. Glot, I.N. Shardakov.

Figures 4 and 5 demonstrate the convergence of the developed finite element algorithm. Figure 4
shows how the obtained natural frequency values vary depending on the degree of discretization. Even with
a fairly coarse finite element mesh, the accuracy of the solution is adequate. For example, dividing the beam
into 8 nodal elements yields an accuracy of 0.03% for the first frequency and 0.4% for the third. The
solutions obtained using the two variants of the algorithm (0- and y-variants) differ to some extent,
especially for the coarse mesh. However, in the 0-variant of the algorithm, a solution with the desired
accuracy is achieved on a coarser mesh.

Figure 5 shows that the results of the two algorithm variants converge as the number of nodal elements
increases. The difference in the natural frequencies obtained using the 0- and y-variants of the algorithm

(Q; and Q,) is more significant for higher frequencies. The third mode is predominantly longitudinal

(Table 3); the contribution of shear strain is negligible, and therefore the solutions obtained using the two
variants of the algorithm are virtually identical.

The results presented in Table 4 allow to assess the significance of accounting for the heterogeneity
of beam properties when calculating natural frequencies. The table summarizes the solutions obtained for
a beam that is homogeneous along its length (f = 0) with L//4=5 and for a beam whose properties vary in
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the longitudinal and transverse directions (B = —1). The solutions were obtained using the full Bernoulli
model and the Reddy model. The table shows that accounting for the heterogeneous distribution of the
physical and mechanical characteristics of a cantilever beam in the longitudinal direction leads to an
increase in the natural frequencies and, consequently, to an increase in dynamic rigidity in the sub-
resonance region.

4.4815 — o 3101251 | — 0 73.4 — 0
4.4810 Y 31.9100 x| Y 73.2 1%
4.4805 31.9075 ".\ 73.0
c C 31.9050 G
4.4800 31.9025( |\ 72:8
4.4795 3190001 N\ 72.6 k
4.4790 e 31.8975 ~N— 72.4
20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120
Nej Nej N/
a b c
Figure 4. Convergence of the numerical solution for (a) the first, (») the third and (c¢) the fifth mode
S o urce: made by I.N. Vasserman, 1.O. Glot, .N. Shardakov.
Table 4. Comparison of natural frequencies
of a bidirectional ( =-1) and a longitudinally
g homogenous beam (B = 0)
Gm
| . .
& Mode Bernoulli Reddy Bernoulli Reddy
=-1 =-1 =0 B=0
1 4.6143 4.4792 3.4330 3.3510
20 40 60 80 100 120
Ney 2 22.5405 19.7516 20.4895 17.9510
3 32.0069 31.8974 26.4676 26.3736
Figure 5. Relative frequency difference obtained 4 55.6523 44.2526 53.8033 42.7835
i i f the algorithm. : - : :
using two variants ot the a gorithm 5 817920 | 723770 | 79.6095 | 71.1021
Digits indicate the mode number

S o urce: made by I.N. Vasserman, 1.O. Glot, LN. Shardakov. S o urce: made by I.N. Vasserman, I.O. Glot, L.N. Shardakov.

To test this finite-element implementation of the Reddy model, an alternative distribution of material
properties presented in [28] was also considered, in which the Young’s modulus and mass density vary

exponentially in both directions:
yerli-)
2)7 T 2))

E(x,z)=E,, exp(px [£+ lj +p; (5+ %D s plez)=pm expﬂpx [1+ (46)

L 2 h L

The resulting dimensionless natural frequencies

5= ol? Pm 47) Table 5. Comparison of natural
o E, ’ frequencies with [28]
were compared with those calculated in [28] for the following Mode | Karamanli [28] | Present model
parameter values: E,, =210 GPa, p,, =7850 kg/m’, p, =1, ! 0.7055 0.7055
. 2 4.7302 4.7273
p- =1. The results are presented in Table 5. 3 3414 T

The deviation for the first three frequencies does not

S ource: made by LN. Vasserman,

exceed 0.1%. LO. Glot, IN. Shardakov.

328 ANALYTICAL AND NUMERICAL METHODS OF STRUCTURAL ANALYSIS



Baccepmar W.H., Fnom W.0., liapdakos M.H. CTpouTenbHas MexaHuka MHXEHEPHBIX KOHCTPYKLMIA 1 coopyxeruit. 2026. T. 22. Ne 4. C. 317-330

4. Conclusion

A finite-element algorithm is proposed for solving problems involving the static and dynamic
deformation of bidirectional functionally graded beams and structures composed of them in terms of the
Bernoulli and Reddy beam theories. As an example, the results of a numerical solution to the problem of
natural modes and frequencies of a cantilever bidirectional functionally graded beam are presented. Based
on these results, the following conclusions can be drawn:

1. The convergence of the obtained natural frequency values with an increase in the number of finite
elements in the numerical solution has been established. In particular, for the simplified Bernoulli model,
which does not account for the rotational inertia of the cross-sections or the cross-coupling of the
longitudinal force and the bending moment, the obtained numerical values of the natural frequencies agree
well with those of the analytical solution.

2. For short beams (L/h < 5), accounting for rotational inertia leads to a significant reduction in natural
frequencies, especially for the higher modes.

3. Numerical results that demonstrate the relationship between the natural frequencies and the
asymmetry of the distribution of the physical properties of beam material in the cross-section relative to its
centerline are presented. An interesting result is the obtained interdependence of the longitudinal and
transverse vibrations of the beam when the stiffness properties are distributed asymmetrically relative to the
centerline in the cross-sections. This interaction is unrelated to geometric or physical nonlinearity and
should be distinguished from the effect of longitudinal loading on the natural frequency of transverse
vibrations, which is closely associated with Euler instability. This result fundamentally distinguishes the
vibrations of functionally graded beams from those of homogeneous beams.

4. Using Reddy’s higher-order model also results in a decrease in the calculated natural frequencies.
For the lower frequencies of long beams, this difference is less noticeable.

5. It has been shown that an increase in the material porosity toward the free end of a cantilever beam
leads to an increase in the natural frequencies and, consequently, to a decrease in dynamic displacements in
the sub-resonance region.

6. Thus, the gradient spatial distribution of the beam material properties in two directions substantially
broadens the range of control over the parameters of its dynamic and static deformation behavior.
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