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Abstract. This article presents a finite element algorithm for the numerical solution of boundary value problems for the 
deformation state of elastic beams made of functionally graded materials. The presented algorithm assumes that the density and 
elastic properties of the beam depend on the coordinates of the cross-section and on the coordinate along the longitudinal axis. The 
presented formulation allows to solve static and dynamic problems. The Euler-Bernoulli model and the third-order Reddy model 
are used to describe the deformation state of the beam. The beam finite element utilizes a Hermitian approximation. Using 
Hamilton’s variational principle, the beam equation of motion is obtained in matrix form. The numerical implementation of the 
resulting finite element algorithm is carried out in Python using the Numpy and Scipy libraries. As an example, a numerical 
analysis of the solution to the problem of the natural frequencies of vibrations of a bidirectional functionally graded cantilever 
beam is performed. The numerical convergence and reliability of the obtained solutions are demonstrated. The possibility of 
coupling of the longitudinal and transverse vibrations of a beam is demonstrated for certain distributions of the physical properties 
of the material in the beam’s cross-section. It is shown that distributing the material properties along the longitudinal axis improves 
the beam’s dynamic properties. 
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Аннотация. Представлен конечно-элементный алгоритм численного решения краевых задач о деформационном состоя-
нии упругих балок из функционально градиентных материалов. Предполагается, что плотность и упругие свойства балки 
зависят от координат поперечного сечения и от координаты вдоль продольной оси. Данная постановка допускает возмож-
ность решения статических и динамических задач. Для описания деформированного состояния балки использована мо-
дель Эйлера — Бернулли и модель третьего порядка Редди. В балочном конечном элементе применена эрмитова аппрок-
симация. С помощью вариационного принципа Гамильтона получено уравнение движения балки в матричном виде. Чис-
ленная реализация полученного конечно-элементного алгоритма осуществлена на языке Python с использованием библио-
тек Numpy и Scipy. В качестве примера осуществлен численный анализ решения задачи о частотах собственных колеба-
ний двунаправленной функционально-градиентной консольной балки. Продемонстрирована численная сходимость полу-
ченных решений и их достоверность. Показана возможность взаимосвязи продольных колебаний балки с поперечными 
при некоторых распределениях физических свойств материала в поперечном сечении балки. Показано, что распределение 
свойств материала вдоль продольной оси позволяет улучшить динамические свойства балки. 

Ключевые слова: функционально градиентные материалы, теории балок, метод конечных элементов 
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1. Introduction 

Functionally graded materials (FGMs) are a class of composites whose properties vary continuously 
and smoothly in at least one spatial direction. These property variations may be associated with 
composition, porosity, or microstructure. Such materials allow to optimally combine component properties 
and minimize stress concentration at the interface between different materials [1; 2]. Unlike layered 
composites, they are more resistant to crack propagation and delamination [3]. 

The concept of functionally graded materials was first proposed as early as the 1970s [4]. However, 
this idea had not yet been implemented at that time due to the lack of appropriate technologies. It was 
carried into effect in the following decade in Japan as part of an aerospace project [5; 6], which required the 
creation of a thermal barrier in a 10 mm thick structure wall. Currently, functionally graded materials are 
attracting increasing attention from researchers around the world. 

Examples of applications of functionally graded materials can be found in [7]. These include prosthetics 
that combine mechanical strength in the inner layers with biocompatibility in the outer layers [8], 
functionally graded blades for turbomachinery and wind turbines [9], reinforcement of mine tunnel walls 
[10], piezoelectric elements for structural vibration monitoring [11], microsensors and microactuators in 
nano- and microelectromechanical systems [12]. 
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Recently, there has been growing interest in the use of functionally graded materials in building 
structures [13]. In particular, much attention is given to the development of structures made of functionally 
graded concrete. Rational distribution of cement content in a structure allows to reduce its production cost 
and energy consumption [14], minimize residual stresses, and prevent cracking during the setting process 
[15]. Additive manufacturing and 3D printing, which are often used in the creation of graded materials [16; 
17], are well-suited for concrete structures [18–20]. 

The heterogeneity of functionally graded materials used in building structures is often associated with 
porosity [21]. Structures made of such materials have a good weight-to-strength ratio, as well as good 
vibration- and noise-absorbing properties. On the other hand, theories of functionally graded porous 
materials can be used in modeling distributed defects. 

Beams of short to medium length with rectangular cross-sections are typical elements of structures. 
Treating them as three-dimensional spatial structures results in unjustified computational costs. The earliest 
and most widely used theory of beams is the classical Euler — Bernoulli theory, in which the cross-section 
is assumed to be perpendicular to the neutral axis of the beam. This theory does not account for shear in the 
cross-section; it is suitable for long, slender beams with a high ratio of the longitudinal dimension to the 
transverse dimensions. For beams of short and medium length, as well as for cases where the assumed 
deformation shape of the beam neutral axis is comparable to the dimensions of its cross-section, this theory 
is insufficient. The first-order beam theory (Timoshenko) allows to analyze such structures. However, it 
requires knowledge of an additional parameter — the shear correction factor — which cannot be 
determined in terms of this theory. Furthermore, since the shear strain within the cross-section is assumed to 
be constant, the boundary conditions for the absence of shear stresses at the boundary of the cross-section 
are not satisfied [22]. All of the aforementioned problems are particularly relevant for heterogeneous beams, 
including functionally graded beams. 

Shear deformation theories of higher-order are free of many shortcomings. In these theories, the 
distribution of displacements across the cross-section is nonlinear and ensures that shear stresses at the free 
boundary are zero [23–25]. One such theory is Reddy’s third-order theory [26]. 

The presented review highlights the growing need to develop and implement effective numerical 
algorithms for solving static and dynamic boundary value problems involving the deformation of structures 
made of functionally graded materials. The capabilities of well-known software tools such as ANSYS and 
COMSOL for solving such problems are quite limited. 

Most articles on the dynamics of the considered structures focus on unidirectional functionally graded 
beams. Bidirectional functionally graded beams have been studied in a small number of papers [27–30]. 
These studies approximate displacements and rotation angles using series of functions that satisfy the 
kinematic boundary conditions in advance. This approach ensures good accuracy, but significantly reduces 
the versatility of the numerical method. This is particularly important when the beam is considered not as an 
isolated object, but as part of a more complex structure. The finite element method provides a single 
approach for beams with different boundary conditions. 

This article presents a variational formulation and implements a finite element method for beams 
made of functionally graded materials. A heterogeneous beam is considered, the physical properties of 
which can vary both within the cross-section and along the longitudinal axis. It will be referred to as a 
bidirectional functionally graded beam. The Euler — Bernoulli model and Reddy’s third-order model [26] 
are used to describe the deformed state of this beam. Hermitian approximation is used in the beam finite 
element. The numerical implementation of the resulting finite-element algorithm was carried out in Python. 
A numerical analysis of the solution to the problem of natural modes and frequencies of a bidirectional 
functionally graded beam was performed. The numerical convergence of the obtained solutions and their 
reliability were demonstrated. The possibility of coupling of the longitudinal and transverse vibrations of 
the beam is shown for certain distributions of physical properties of the material across the beam section. 
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2. Methods 

Beams of rectangular cross-section are widely used in construction (Figure 1). The figure shows the 
coordinate axes and the characteristic dimensions of the structure. 

 
 

 
Figure 1. Bidirectional functionally graded beam of rectangular cross-section 

S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov. 

 
Here L  is the beam length; h  and b  are the height and width. Directions of the coordinate axes: x is 

directed along the longitudinal axis of the beam; z  is perpendicular to the beam axis and lies in the plane of 
bending; y  is perpendicular to the pane of bending. 

2.1. Properties of Functionally Graded Materials 

A typical functionally graded material is a composite consisting of particles with a specified 
continuous distribution of the volume fractions of the constituent phases. In the case of isotropic phases, the 
material is isotropic, but heterogeneous. 

Among the models that describe the effective properties of a material based on the properties of its 
components, the most common and simplest is the Voigt model (the rule of mixtures). 

2211 VPVPPf  , (1) 

where fP  is the effective property of the material; iP  is the property of the pure i-th component of the 

material; iV  is the volume fraction of the pure i-th component of the material. The relationship 121 VV  

holds. Young’s modulus E , shear modulus G and mass density  can serve as property P . There are also a 

number of other models for describing the effective properties of a material, a review of which can be found 
in [31]. 

For moderate porosity, the theory of mixtures can also be used: 

 00 1 VPP ff  , (2) 

where 
0fP  is the effective property of the material without pores, calculated according to (1), 0V  is the 

volume fraction of pores. More complex relationships between material properties and porosity, taking into 
account the pore structure, can be found in [13, Table 3] and in [21]. 

2.2. Beam Models 

In the classical Euler-Bernoulli theory, the distribution of displacements across the cross-section takes 
the form: 

     xzwxuzxu xx
0
,

0,  ; (3) 
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Figure 2. Deformation of the cross-section:
1 — center line; 2 — normal plane; 

3 — deformed cross-section; 4 — plane tangent 
to the deformed cross-section at the point of its 

intersection with the center line. 
S o u r c e: made by I.N. Vasserman, 

I.O. Glot, I.N. Shardakov. 

   xwzxuz
0,  . (4) 

Here xu  and zu  are the longitudinal and transverse displacements of an arbitrary point of the beam; 0u  and 
0w  are the longitudinal and transverse displacements of a point on the central axis of the beam. 

The deformation energy and kinetic energy for them are expressed, according to [32], as 

       



 

L

xxxxxx dxwDwuDuDU
0

20
,22

0
,

0
,12

20
,11 2

2

1
 (5) 

and 

         



 

L

xx dxwIwuIwIuIK
0

20
,22

0
,

0
12

2
11

20
11 2

2

1  , (6) 

where 11 12 22 11 12 22, , , , ,D D D I I I  are the integral parameters of the cross-section, calculated as 

   
A

dAzxExD ,11 ;      
A

zdAzxExD ,12 ;      
A

dAzzxExD 2
22 , , (7) 

   
A

dAzxxI ,11 ;      
A

zdAzxxI ,12 ;       
A

dAzzxxI 2
22 , . (8) 

It is evident that, unlike homogeneous beams, when the material is distributed asymmetrically along 
the height, terms that couple longitudinal and transverse vibrations appear. 

In higher-order theories, the distribution of displacements across the section can be represented as 
follows [22–26]: 

         xzxzwxuzxu xx
00

,
0,  , (9) 

   xwzxuz
0,  . (10) 

Here 

     xxwx x
00

,
0   (11) 

is the transverse shear strain of a point on the neutral axis of the 

beam; 0  is the total flexural rotation of the cross-section on the 

neutral axis;  z  is the correction function. Angles 0  and 0  are 

shown in Figure 2. 
Function  z  depends on the cross-section and is selected 

in a way such that the condition of zero shear stresses on the 
boundary is satisfied. Taking   0 z  results in the Euler — 

Bernoulli theory,   zz   results in the Timoshenko theory. For 

Reddy’s third-order theory [26], the correction function has the 
form: 

  











2

2

3

4
1

h

z
zz .    (12) 
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The deformation energy of a beam with a rectangular cross-section can be expressed as [24]: 

         2 20 0 0 0 0 0
, , , , , ,

0

1
2 2

2

L

R xx x xx x xx xx x x xx xxU A u B u w E u D w      

      2 20 0 0 0
, , ,2 ,xx xx x xx x xzF w H A dx      

 (13) 

accordingly, the kinetic energy is: 

         2 20 0 0 0 0
, ,

0

1
2 2

2

L

R A B x E D xK I u I u w I u I w           

      2 20 0 0 0
,2 F x H AI w I I w dx     

   , (14) 

where , , , , ,xx xx xx A B DA B D I I I  are the integral parameters of the section, similar to parameters

11 12 22 11 12 22, , , , ,D D D I I I  for Bernoulli beams: 

   
A

xx dAzxExA , ;    
A

xx zdAzxExB , ;    
A

xx dAzzxExD 2, ;     (15) 

   
A

A dAzxxI , ;     
A

B zdAzxxI , ;    
A

D dAzzxxI 2, . (16) 

, , , , ,xx xx xx E F HE F H I I I  are the integral parameters of the section, containing correction function 

 z : 

      
A

xx dAzzxExE , ;            
A

xx zdAzzxExF , ;              
A

xx dAzzxExH 2, ; (17) 

      
A

E dAzzxxI , ;               
A

F zdAzzxxI , ;                 
A

H dAzzxxI 2, , (18) 

xzA  is the integral parameter of the section, associated with the contribution of shear strain, 

containing the derivative of the correction function with respect to z : 

       
A

zxz dAzzxGxA 2
,, . (19) 

In expressions (5, 6, 13, 14), terms 12D , 12I , xxB , BI , xxE , EI  couple the longitudinal and 

transverse vibrations. In the case of a material distribution across the section that is symmetric about the 
central axis, these terms are zero, and the corresponding vibrations are uncoupled. With an asymmetric 
distribution of material properties, the distribution of axial stresses will also be asymmetric, leading to the 
coupling of bending and tension in the beam. When considering bending not about the geometric center of 
the cross-section, but about the physical center cz , for which    

A
c dAzzzE 0 , then bending and tension 

can be decoupled for static problems. An approach that allows decoupling of bending and tension for 
higher-order bending theory is proposed in [33]. However, for dynamic problems, it is possible to 
simultaneously reduce 12D  and 12I , xxB  and BI , xxE  and EI  to zero in this manner only if the ratio of 

Young’s modulus to density is constant across the section. In a general case, the interaction between 
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Figure 3. Beam element with two nodes 
S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov. 

bending and tension will occur regardless of the choice of the centerline. This interaction should be 
distinguished from the effect of longitudinal load on the natural frequency of transverse vibration, which is 
closely related to Euler instability. 

2.3. Finite Element Approximation and Numerical Solution 

The finite element method is used to numerically solve the free vibration problem. The element 
diagram is shown in Figure 3. 

Each node is described by  iiii xwwwu  /,, . In Reddy’s model either the total bending rotation at 

the node i , or the transverse shear strain of a point on the neutral axis i  are added to the nodal 

unknowns. Let these variants of Reddy’s model be 
called  — variant and   — variant, respectively. 

For the finite-element approximation of longi- 
tudinal displacements and total bending rotations of 
the cross-section, the Lagrange approximation is used; 
for transverse displacements, the Hermitian approxi- 
mation is used. 

2211
0 NuNuu  , (20) 

2211
0 NN  , or 2211

0 NN  , (21) 

42213211
0 ˆˆ HlwHlwHwHww  . (22) 

Here 

  1
2

1
1N ;       1

2

1
2N   , (23) 

 3
1 32

4

1
H ;    32

2 1
4

1
H ;    3

3 32
4

1
H ;    32

4 1
4

1
H . (24) 

Using the expressions for deformation energy and kinetic energy (4, 5, 11, 12), Hamilton’s principle, 
and the finite-element approximation, the equation of motion can be written in matrix form: 

     ttt FKqqM  , (25) 

where K is the stiffness matrix; M  is the mass matrix;  tq  is the vector of nodal displacements,  tF  is the 

vector of external forces. When considering free vibrations, the vector of external forces is equal to zero, 
and the vector of nodal displacements can be represented as 

    tt cos~qq , (26) 

where   is the natural angular frequency of vibration of the beam,   is the phase, vector q~  does not 

depend on time. As a result, the frequency equation can be obtained in the form 

  0qMK  ~2 . (27) 

The local stiffness and mass matrices of the element are calculated as follows: 

dL
L

Te 


 DBΒk , (28) 

dL
L

Te 


 NINm . (29) 
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Assembly of the global K  and M  matrices from the local ek  and em  matrices is performed in the 
standard way [34]. 

For the Bernoulli model: 











2212

1211

DD

DD
D ; (30) 
















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2212

11

1211

0

00

0

II

I

II

I ; (31) 




















4321

4321

21

ˆ0ˆ0

ˆ0ˆ0

0000

HlHHlH

HlHHlH
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N ; (32) 














4321

21
ˆˆ
0000

HlHHlH

NN
B . (33) 

For higher-order models: 




















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xxxxxx
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0
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D ; (34) 
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Matrices N  and B  for the   — variant are calculated as 


















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
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






243121

243121

4321

21
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0ˆ00ˆ0
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NHlHNHlH
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HlHHlH

NN

B , (37) 

and for the   — variant: 
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




















0ˆ00ˆ0

000000

0ˆ00ˆ0

000000
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N ; (38) 




















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Here   
2

ˆ L
l


 ,  

x

N
N




 ,  
x

H
H




 ,  
2

2

x

H
H




 , where L  is the length of the element. 

A program based on the finite element method was implemented in Python (version 2.7.13) using the 
NumPy (version 1.11.3) and SciPy (version 0.18.11) libraries. Programs from [34] were used as a prototype. 
The general structure of the programs for assembling finite element matrices was taken from this book, with 
Matlab matrix operations replaced by the corresponding Numpy functions. The transition from Matlab to 
Python is due to the free availability of the latter. The scipy.linalg.eig function with default arguments was 
used as the eigenvalue solver. Integration of the finite element matrices (28, 29) was performed using the 
Gauss scheme with a number of points 2np . The cross-sectional characteristics (7, 8, 15–19) were 

calculated using the Gauss — Lagrange integration scheme (an equivalent of the Gauss scheme that 
includes points at the ends of the interval) with a number of points 11nh . 

3. Results and Discussion 

The examples below show the results of solving the problem of the natural vibrations of a cantilever 
beam made of a functionally graded material whose properties vary in both transverse and longitudinal 
directions. The beam has a rectangular cross-section. In general, the spatial distribution of the beam material 
properties is described by the following equations: 

    






 


L

x
zfzxE E

~
exp, ;          







 
  L

x
zfzx

~
exp, , (40) 

where 
~  is the parameter characterizing the intensity of variation of material properties along the beam 

axis;    zEzfE ,0  and  zf ,0  are the functions characterizing the variation of the Young’s modulus 

and the mass density in the transverse direction; L  is the beam length. 
Here, the exponential decrease in the Young’s modulus and mass density in the x-direction from the 

fixed end to the free end given by (2) can be attributed to an increase in porosity in that direction according 
to the law 








 


L

x
V

~
exp10 , (41) 

when 0
~
  . 

In the z-direction, the change in material properties is due to the varying content of components and is 
asymmetrical relative to the center line of the beam. Functions ff E ,  were calculated according to (1), 

where the content of the components varied according to a power law: 
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k

h

z
V 






 

2

1
2 ,   21 1 VV  , (42) 

where k  is a non-negative exponent. On the lower surface, the material consists only of the first 
component; on the upper surface, it consists only of the second. 

For a beam analyzed using Reddy’s model, Poisson’s ratio   was assumed to be constant, and the 
shear modulus was calculated as 

 
12

E
G . (43) 

Dimensionless frequencies were obtained 

D

B
L2 , (44) 

where   is the natural angular frequency of vibration of the beam, L  is the beam length, and ,B D  are the 

integral parameters calculated according to formulas 

2

2

,
h

h

B b f dz


      
2

2

2

,
h

E

h

D b z f dz


   (45) 

where b  and h are the width and height of the beam, respectively. 
In the considered examples, material constants from [32] were used to describe the beam material, 

corresponding to the properties of steel at the lower surface and alumina at the upper surface: 
210lE  GPa, 7800l kg/m3, 390uE GPa, 3980u kg/m3. Poisson’s ratio was taken as 0.3, and the 

exponent k in relation (42) is equal to 3. 
The results of the calculation of the reduced natural frequencies of the beam obtained using different 

models are presented below. 
Table 1 contains the natural frequencies for a beam that is heterogeneous in two directions ( = –1), 

obtained without taking into account the cross-coupling of longitudinal and transverse vibrations. The 
numerical solution based on the simplified Bernoulli model (which does not account for the rotational 
inertia of the cross-section relative to the beam neutral axis) virtually coincides with the result of the 
analytical solution [30]. Accounting for rotational inertia in the case of short beams leads to a significant 
decrease in natural frequencies, especially for higher modes. 

 
Table 1. Dimensionless natural frequencies of transverse vibrations (Bernoulli model)  = –1 

Mode 
Analytical 

solution [30] 

Finite element 
solution using 

a simplified model 

Taking into account
the rotational inertia

L/h=5 

Taking into account 
the rotational inertia 

L/h=10 

Taking into account
the rotational inertia

L/h=20 

1 4.7349 4.7349 4.6924 4.7242 4.7323 

2 24.2018 24.2018 23.049 23.8984 24.1250 

3 63.8645 63.8645 57.2544 61.9988 63.3825 

4 123.0979 123.0981 102.2526 116.6982 121.4002 

S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov. 

 
Asymmetric distribution of the physical properties of the material relative to the centerline leads to 

coupling of longitudinal and transverse vibrations. Table 2 lists the natural frequencies of the functionally 
graded beam. Columns 1 and 2 show the values obtained using the model that neglects the interdependence 
of flexural and longitudinal vibrations, while Column 3 shows the values obtained using the model that 
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accounts for this factor. Column 4 compares the amplitudes of longitudinal and transverse vibrations 
calculated using the full Bernoulli model. The table shows that accounting for the interdependence of 
longitudinal and flexural vibrations in an heterogeneous beam leads to a decrease in the natural frequencies, 
and this factor is more significant for higher modes. 

 
Table 2. Interaction of longitudinal and transverse vibrations (Bernoulli model)  = –1 

Mode 
Transverse vibrations taking
into account rotational inertia 

Longitudinal vibrations Full Bernoulli model |w|max 

1 4.6924  4.6143 0.016 

2 23.049  22.5405 0.09 

3  31.8648 32.0069 4.6 

4 57.2544  55.6523 0.12 

5  81.0948 81.7920 4.4 

6 102.2526  98.5168 0.24 

S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov. 

 
The analysis of the natural vibrations of a heterogeneous beam using Reddy’s model also yields lower 

values for the natural frequencies. Table 3 lists the natural frequencies obtained using the full Bernoulli 
model and the second-order Reddy’s model (  — variant). 

 
Table 3. Natural frequencies of a heterogeneous beam ( = –1) obtained 

using the full Bernoulli model and the Reddy model 

Mode 
Bernoulli 
L/h = 5 

Reddy 
L/h = 5 

|w|max 

(Reddy L/h = 5 ) 
Bernoulli 
L/h = 10 

Reddy 
L/h = 10 

Bernoulli 
L/h = 20 

Reddy 
L/h = 20 

1 4.6143 4.4792 0.015 4.6484 4.6120 4.6570 4.6478 

2 22.5405 19.7516 0.073 23.4913 22.5459 23.7304 23.4780 

3 32.0069 31.8974 7.4 60.7498 55.7234 62.3378 60.7801 

4 55.6523 44.2526 0.08 63.8790 63.7661 119.2573 114.0833 

5 81.7920 72.3770 0.13 114.3008 99.3542 – – 

6 98.5168 80.4830 4.9 – – – – 

S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov. 

 
Figures 4 and 5 demonstrate the convergence of the developed finite element algorithm. Figure 4 

shows how the obtained natural frequency values vary depending on the degree of discretization. Even with 
a fairly coarse finite element mesh, the accuracy of the solution is adequate. For example, dividing the beam 
into 8 nodal elements yields an accuracy of 0.03% for the first frequency and 0.4% for the third. The 
solutions obtained using the two variants of the algorithm (- and  -variants) differ to some extent, 

especially for the coarse mesh. However, in the -variant of the algorithm, a solution with the desired 
accuracy is achieved on a coarser mesh. 

Figure 5 shows that the results of the two algorithm variants converge as the number of nodal elements 
increases. The difference in the natural frequencies obtained using the - and  -variants of the algorithm 

( t  and g ) is more significant for higher frequencies. The third mode is predominantly longitudinal 

(Table 3); the contribution of shear strain is negligible, and therefore the solutions obtained using the two 
variants of the algorithm are virtually identical. 

The results presented in Table 4 allow to assess the significance of accounting for the heterogeneity 
of beam properties when calculating natural frequencies. The table summarizes the solutions obtained for 
a beam that is homogeneous along its length ( = 0) with 5/ hL  and for a beam whose properties vary in 
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the longitudinal and transverse directions ( = –1). The solutions were obtained using the full Bernoulli 
model and the Reddy model. The table shows that accounting for the heterogeneous distribution of the 
physical and mechanical characteristics of a cantilever beam in the longitudinal direction leads to an 
increase in the natural frequencies and, consequently, to an increase in dynamic rigidity in the sub-
resonance region. 

 

   
а                                                                      b                                                                 c 

Figure 4. Convergence of the numerical solution for (a) the first, (b) the third and (c) the fifth mode 
S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov. 

 

 
Figure 5. Relative frequency difference obtained 

using two variants of the algorithm. 
Digits indicate the mode number 

S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov.

  Table 4. Comparison of natural frequencies 
of a bidirectional ( = –1) and a longitudinally 

homogenous beam ( = 0) 

Mode 
Bernoulli 
 = –1 

Reddy 
 = –1 

Bernoulli 
 = 0 

Reddy 
 = 0 

1 4.6143 4.4792 3.4330 3.3510 

2 22.5405 19.7516 20.4895 17.9510 

3 32.0069 31.8974 26.4676 26.3736 

4 55.6523 44.2526 53.8033 42.7835 

5 81.7920 72.3770 79.6095 71.1021 

S o u r c e: made by I.N. Vasserman, I.O. Glot, I.N. Shardakov.

 
To test this finite-element implementation of the Reddy model, an alternative distribution of material 

properties presented in [28] was also considered, in which the Young’s modulus and mass density vary 
exponentially in both directions: 

  




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
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

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
 

2
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2

1
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h
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x
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
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 
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1
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z
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L

x
pzx zxm .  (46) 

The resulting dimensionless natural frequencies 

m

m

Eh

L 


2
, (47)

were compared with those calculated in [28] for the following 
parameter values: 210mE  GPa, 7850m  kg/m3, 1xp , 

1zp . The results are presented in Table 5. 

The deviation for the first three frequencies does not 
exceed 0.1%. 

 

Table 5. Comparison of natural 
frequencies with [28] 

Mode Karamanli [28] Present model 

1 0.7055 0.7055 

2 4.7302 4.7273 

3 6.3414 6.3415 

S o u r c e: made by I.N. Vasserman, 
I.O. Glot, I.N. Shardakov. 
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4. Conclusion 

A finite-element algorithm is proposed for solving problems involving the static and dynamic 
deformation of bidirectional functionally graded beams and structures composed of them in terms of the 
Bernoulli and Reddy beam theories. As an example, the results of a numerical solution to the problem of 
natural modes and frequencies of a cantilever bidirectional functionally graded beam are presented. Based 
on these results, the following conclusions can be drawn: 

1. The convergence of the obtained natural frequency values with an increase in the number of finite 
elements in the numerical solution has been established. In particular, for the simplified Bernoulli model, 
which does not account for the rotational inertia of the cross-sections or the cross-coupling of the 
longitudinal force and the bending moment, the obtained numerical values of the natural frequencies agree 
well with those of the analytical solution. 

2. For short beams (L/h ≤ 5), accounting for rotational inertia leads to a significant reduction in natural 
frequencies, especially for the higher modes. 

3. Numerical results that demonstrate the relationship between the natural frequencies and the 
asymmetry of the distribution of the physical properties of beam material in the cross-section relative to its 
centerline are presented. An interesting result is the obtained interdependence of the longitudinal and 
transverse vibrations of the beam when the stiffness properties are distributed asymmetrically relative to the 
centerline in the cross-sections. This interaction is unrelated to geometric or physical nonlinearity and 
should be distinguished from the effect of longitudinal loading on the natural frequency of transverse 
vibrations, which is closely associated with Euler instability. This result fundamentally distinguishes the 
vibrations of functionally graded beams from those of homogeneous beams. 

4. Using Reddy’s higher-order model also results in a decrease in the calculated natural frequencies. 
For the lower frequencies of long beams, this difference is less noticeable. 

5. It has been shown that an increase in the material porosity toward the free end of a cantilever beam 
leads to an increase in the natural frequencies and, consequently, to a decrease in dynamic displacements in 
the sub-resonance region. 

6. Thus, the gradient spatial distribution of the beam material properties in two directions substantially 
broadens the range of control over the parameters of its dynamic and static deformation behavior. 
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