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Abstract. Roofs in the form of plates and shells of complex curvilinear plan are common structural solutions in architecture. Such
structures have a number of advantages. The mid-surface of shells and plates of curvilinear trapezoidal plan is constructed using
parametric and vector equations and has a number of special aspects to consider when calculating their stress-strain state. For
structures of this shape, no exact analytical solution has been obtained, but it is possible to obtain a numerical solution, for
example, by the finite element method and the variational-difference method. In such a situation, for verification of calculations,
comparing the results obtained using different numerical procedures is useful and relevant. A comparative analysis of the results of
calculating the stress-strain state of a plate curvilinear in plan, obtained by the methods mentioned above, was conducted. In the
literature, the topic of calculating plates and shells of curvilinear trapezoidal plan is insufficiently developed. The aim of the study
is to obtain data on the calculation of the stress-strain state of a plate of curvilinear trapezoidal plan, as well as to assess the
applicability and specifics of the two methods in calculating such structures. To accomplish the tasks, the following software was
used: ANSYS APDL software for calculation by the finite element method, and the author-developed SHELLVRM program for
calculation by the variational-difference method. The parameters of the stress-strain state of a plate of curvilinear trapezoidal plan
have been obtained and analyzed, verification of the obtained results has been carried out, recommendations for implementing
both calculation methods in the practice of structural analysis have been given, and computational difficulties and special aspects
of both methods have been identified.
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AnHoTanus. [TokpbITHS B BUJE IUIACTUH U 000JIOUEK Ha CIO0XKHBIX KPUBOJIMHEHHBIX IUIAHAX SBJISAIOTCS PACIPOCTPAHCHHBIMU KOH-
CTPYKTHBHBIMHU PELICHUSAMH B apXuTeKkType. Takue KOHCTPYKIUHN UMEIOT psf npeumMyniectB. CpeJMHHBIE TOBEPXHOCTH 000I09eK
U TUIACTHH HAa KPUBOJMHEHWHO-TPANEUUEBUIHBIX IUIAHAX CTPOSATCS NMPHU MOMOLIM MapaMETPUYECKUX U BEKTOPHBIX YPABHEHHUU U
UMEIOT psiZi 0OCOOCHHOCTEH MPH pacyueTe MX HAMpPsIKEHHO-Ae()OPMUPOBAHHOTO COCTOSIHUA. i1 KOHCTPYKIUH Takod (QOpMbI HE
MOJYYEHO aHAIUTHYECKOTO TOYHOI'O PELIEHHs, HO BO3MOXKHO IOJIyYUTh YHCIEHHOE PELIEHHE, HAIPUMEP, METOAOM KOHEYHBIX
3JIEMEHTOB M BapUaIlMOHHO-Pa3HOCTHBIM METOAOM. B Takoi cuTyanuu Ais BepU(UKALUM PacueTOB CPaBHEHUE PE3yJbTaTOB,
MTOJIyYEHHBIX MPH IMOMOIIHU Pa3HbIX YUCICHHBIX IPOLEAYD, MOIE3HO U aKTyanbHO. [IpoBeneH cpaBHUTENBHBIN aHAIN3 Pe3yJIbTaTOB
pacueTa HaIpsHKEHHO-AEe(OPMUPOBAHHOIO COCTOSHUSA IJIACTHHBI HA KPUBOJIMHEHHOM ILIaHEe, OIy4YEHHBIX IEepPeUUCICHHBIMI Me-
TogaMu. B nureparype HemocTaToOuyHO pa3zpaboTaHa TeMa pacyeTa IUIACTUH M 000JO0YeK Ha KPUBOIHMHEHHO-TPAIEHEeBUIHOM
rtane. Llens uccnenoBaHus — MOJMYYHTH JJAaHHBIE pacdeTa HaNpsKeHHO-1e(OPMHPOBAHHOIO COCTOSIHUS IJIACTUHBI HA KPUBOJIH-
HEWHO-TPaNleMEeBUAHOM IUIAHE, a TAK)Ke OLEHUTH IIPUMEHHUMOCTb U OCOOCHHOCTH IBYX METOJOB IPH pacyeTe MOJOOHBIX KOH-
cTpykuuid. JlJisl BRIOTHEHMsI TIOCTABJICHHBIX 3a/1a4 MPUMEHEHO MporpaMMHOe obecrieueHue: nmporpamMmubsii maker ANSYS APDL
JUI pacueTa METOAOM KOHEYHBIX 3JEeMEHTOB, aBTopckas mporpamma SHELLVRM mis pacueTa BapUallMOHHO-Pa3HOCTHBIM.
[Moxy4eHsl W TPOAHATU3UPOBAHBI MapaMeTPhl HANPsDKEHHO-IEe(POPMUPOBAHHOTO COCTOSIHUS IUIACTHHBI Ha KPUBOJIHHEHHO-
TparneneBUIHOM IIJIaHe, IPOU3BEICHA BepUpHKalMs NOTYYEHHBIX PE3Y/IbTaTOB, IaHbl PEKOMEHAINH 110 BHEJPEHHIO 000HX CII0-
co0O0B pacyeTa B IPAKTUKY aHAIN3a KOHCTPYKIHH, BEISABICHB! BEIYMCIUTEIbHBIE TPYAHOCTH H OCOOEHHOCTH 000HX METOOB.

KnroueBble cjloBa: TOHKas yIpyras IJIacTHHA, ceTKa y3i108, BPM, MKD, BHyTpeHHME CUIIOBbIE (hAKTOPLL, IIEPEMELIEHUS

Bruanx aBTopoB: Msanos B.H. — Hay4HOE PyKOBOJCTBO, KOHLENINS, Banunauus; 7ynukosa E.M. — nporpaMMHoe o0ecrieueHue,
rpadudeckoe odopmieHHe, MOArOTOBKA TEKCTa CTaThH; Puinkogckas M.M. — TmpoBeneHne HCCIeIOBaHMs, 00pa0doTKa JAaHHBIX,
HaIMCaHUE TEKCTa, PELIEH3UPOBaHKNE M PEJAKTHPOBaHUE. ABTOPBI O3HAKOMJICHBI C OKOHYATEIbHOM BEPCHEH CTaTbu M 0JJOOpUIIH €e.

3asiBiieHHe 0 KOH(JINKTE HHTEPECOB. ABTOPHI 3asBISIIOT 00 OTCYTCTBUH KOH(MIINKTA HHTEPECOB.

Jns nurupoBanus: Heanos B.H., Tynuxosa E.M., Puinkosckas M.M. CpaBHUTEIbHBII aHAIU3 pacyeTa IUIACTHHBI HA KPUBOJIM-
HEWHO-TPANeLIUeBUAHOM IUIaHE YUCICHHBIMU MeTojaMu // CTpouTelbHas MEXaHHKA MHXKEHEPHBIX KOHCTPYKIMH M COOPY>KEHHH.
2026. T. 22. Ne 2. C. 138-151. http://doi.org/10.22363/1815-5235-2026-22-2-138-151 EDN: KCJJXB

1. Introduction

In architecture, shell structures in the form of various analytical surfaces are often used to cover large
spans and complex ground plans [1]. The diversity of analytical surface shapes is illustrated, for example, in
encyclopedia [2]. The book presents basic equations for defining surfaces, as well as a brief overview of
their distinctive characteristics. S.N. Krivoshapko authored a series of seminal works on the systematization
of analytical surfaces [1-3]. This topic also attracts the attention of researchers of thin-walled structures
[4; 5]. Among all analytical surfaces, researchers identify certain classes that are particularly important for
practical use, such as ruled and developable surfaces [6—8], umbrella surfaces [9], and a number of other
surface types for application in construction [10-14]. Studies [15; 16] are devoted to the selection of
optimal surface shapes of building structures in terms of strength properties. Modeling of surfaces based on
two-dimensional curves is discussed in [17; 18]. Studies [19-21] are devoted to geometric modeling, while
the specific area of the geometry and modeling of ellipsoidal ring surfaces has been developed by author
V.N. Ivanov in [22; 23]. In most cases, such structures are analyzed using the finite element method [5; 24—
27]; however, there are also studies based on other structural analysis methods, such as analytical or semi-
analytical [28-31], variational difference [32-33], or a combination of methods [34-38]. Interest in the
analysis of plates of ellipsoidal ring shape in plan remains strong in the studies of international authors as
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well. A. Merneedi et al. examined free vibrations of an elliptical plate [39], S. Ceribas1 performed static and
dynamic analyses of thin plates made of functionally graded materials subjected to a uniformly distributed
load [40]. However, most of the research is conducted using software based on the finite element method,
such as Comsol [41].

It should be noted that no classical analytical solution has been obtained for an ellipsoidal ring plate.
An analytical solution to the problem of an ellipsoidal plate in bending was derived by V.I. Pogorelov,’
while a solution for a circular ring plate was obtained by S.P. Timoshenko [42]. Ellipsoidal ring plates and
shells can be constructed in a curvilinear coordinate system to best represent their internal geometry.

To obtain an orthogonal curvilinear coordinate system, an arbitrary plane base curve of the form

r (u)zx(u)i+ y(u) j and a system of lines orthogonal to it are adopted [22] (Figure 1). Then, the

n

equation of the coordinate system can then be written as:
r(u,v):rn(u)+ve(u), (D

where e(u)=—v; v is the normal line to the base curve; v is the coordinate of the generator lines along the

normal to the base curve.

[*AFUN,DEG

*SET,a,3

*SET,b,2

*SET,dt,1

*DO,t,0,90,dt
k,(t*100+1),a*sin(t),b*cos(t),0
k,(t*200+2),(a+2)*sin(t),(b+2)*cos(t),0
[,(t*100+1),(t*200+2)

*Enddo

/

Listing 1. Macro for creating guide points and lines

Figure 1. Ellipsoidal ring plate
S o urce: made by EXM. Tupikova.

The considered orthogonal curvilinear coordinate system will consist of a system of equidistant
curves, i.e., curves parallel to the base curve, and a system of lines orthogonal to them, and may be referred
to as pseudo-polar. If an open curve is chosen as the base curve, the result is a curvilinear trapezoidal
region. If the base curve is closed, e.g., an ellipse, the result is a closed oval region.

From the perspective of coordinate system geometry, the following characteristics can be identified [22]:

r,=s'"(1-k,v)T=At;

A=s'(1-kv);
r=v;
B=1, ()

where s’ is the coefficient of the length of the base curve; k, is the curvature of the base curve.

U'Pogorelov V1. Strength and stability of thin-walled structures. Moscow: State Publishing House of Physical and Mathematical
Literature; 1963. 635 p.
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If the vertical coordinate function z(x,v) is defined, the equation of the surface of curvilinear
trapezoidal plan can obtained in the following form [22]:

p(u,v):rn(u)+ve(u)+Z(u,v)k. 3)

If the vertical coordinate function Z(u,v) is arbitrary, then the coordinate system of surfaces of

curvilinear trapezoidal plan will not coincide with the lines of curvature of the surface, except when
Z =z(v), that is, the case when a constant curve moves in the normal plane of the base curve, and the

surface will belong to the class of Monge surfaces [20; 33].

The coefficients of the first quadratic form of the coordinate system under consideration can be taken
to be equal to the coefficients of the first quadratic form of the orthogonal coordinate system (2) [22; 23].
Then, the values of the curvatures of the surface system can be obtained from the formulas of differential
geometry:
1 040Z | 0°Z sk, 0Z

T AL ouou AL or A v
2
(- L77.
A ov?

4)

2. Materials and Methods

In the field of structural mechanics, the finite element method (FEM) is the predominant approach. It
often serves as the uncontested foundation for all calculations of complex structures performed using
certified software. Finite-clement-based software such as SCAD, LIRA, ANSYS, SolidWorks, as well as
their freely available alternatives, are universal tools for analyzing structures of virtually any shape designed
by an architect. Such programs require significant computer resources and license support, and they present a
number of challenges regarding usage, overcoming computational difficulties, and implementing the
assumptions of the model. Most importantly, when using such software tools, the finite element mesh is
critical, as the obtained results depend heavily on the generation of this mesh. Obviously, more accurate
results can be obtained by using smaller finite elements (FEs), however, when dealing with complex shapes,
the configuration of the finite elements (triangular or quadrilateral), the base points and lines on which the
program constructs the nodes of the mesh, and the correspondence between the internal geometry of the
structure or its element and the automatically generated mesh of FE nodes are also important.

Analyzing results in finite-element-based software for surfaces of complex geometry can be somewhat
difficult or limited by the standard functionality available in the software for displaying displacements,
strains, and stresses, for example, by the presence or absence of coordinate systems other than Cartesian,
spherical, and cylindrical, the ability to use local systems, and the calculation of stresses or forces in
directions characteristic of certain non-classical surfaces.

This paper presents a comparative analysis of the results obtained by two calculation methods applied
to a plate of curvilinear trapezoidal plan — an ellipsoidal ring plate. The finite element analysis was
performed using the ANSYS APDL software. Isoperimetric shell63 finite elements were employed.

It is assumed that the inner director ellipse of the considered ellipsoidal ring plate has dimensions
a =3 m, b =2 m, and the width of the plate is 2 m (Figure 1). The plate is fixed along the outer contour. The
plate is analysed under uniformly distributed load such as self-weight: ¢ = 1 kN/m?. The thickness of the
plate 2 = 0.1 m, Young’s modulus of the material £ = 3.5 x 10" kPa, Poisson’s ratio v = 0.15.

To model the geometry of the structure, a macro is used that involves creating guide points and lines,
followed by the generation of a surface based on the line frame (see Figure 1, Listing 1).

The model was then divided into finite elements (Figure 2). The ANSYS software supports both free
automatic meshing and meshing mapped to guide points using quadrilateral elements. The latter approach
was chosen, with the finite element size specified manually.
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A When using automatic meshing with quadri-
e It 1 lateral and triangular elements with element size of
0.05 m, the results show areas of questionable sharp
stress jumps. However, when meshing with larger
elements, up to 0.2 m, but with mapping to key points
and constructed surface guide lines, the results appear
more reliable.

For comparison with the finite-element solution,
this study uses the solution presented in [43], obtained
using the author-developed SHELLVRM program,
which is based on the variational difference method
(VDM). The program is compact and does not require
significant computer resources, while the results

o\

l

Figure 2. Model of the plate in ANSYS exhibit accuracy comparable to that of multifunctional
with characteristic cross-sections commercial software, as has already been demonst-
S our ce: made by EMM. Tupikova. rated, for example, in [34_3 6]

3. Results and Discussion

This section of the article presents the results of the finite element analysis of the plate, as well as a
comparison of these results with those obtained by the variational difference method; some of the data and
figures are cited from [22]. The finite element analysis was performed in accordance with the linear
Kirchhoff — Love theory, using the shell63 finite element type (four-node, quadrilateral shape) with the size
of 0.2 m. The material properties are specified as linearly elastic, with Young’s modulus E = 3.5 x 10" kPa
and Poisson’s ratio v = 0.15. Boundary conditions: fixed outer contour; loading: self-weight q = 1 kN/m?.
Contour plots were obtained using the standard POST1 post-processor, diagrams along the specified cross-
sections were constructed using the PATH function. Deflection, bending moment, and equivalent stress
values were obtained. Figure 3 shows the combined deflection diagrams in the characteristic cross-sections
of the plate.

The results are also presented in detail in the form of deflection graphs for characteristic sections 1-1
(Figure 4) and 6-6 (Figure 5) and contour plots of displacement (Figure 6) along the z-axis, as well as
equivalent stress graphs in characteristic sections 1-1 (Figure 7) and 6—6 (Figure 8) and contour plots of
equivalent stress (Figure 9). Figure 10 shows the deflections of the ellipsoidal ring plate obtained using the
variational difference method of analysis in [43].

The graph of deflection in the cross-section along the major axis of the ellipse (Figure 4) has a shape
similar to a parabola. The maximum deflection was 5 mm, which is in good agreement with the results
obtained using VDM in [43].

The graph of deflection in the cross-section along the
minor axis of the ellipse (Figure5) shows a maximum
deflection of 4.2 mm, which also indicates close agreement
with the calculation results from [43].

In Figure 6, which illustrates the deflection contour plot,
it can be seen that, for this support arrangement (fixed outer
edge), the largest deflections occur in the cross-sections
passing through the minor axis of the ellipse.

The graphs of equivalent stress in characteristic sections
1-1 (Figure 7) and 6-6 (Figure 8) along the major and minor
axes of the ellipse, respectively, indicate that the maximum

Figure 3. Combined deflection diagrams
at characteristic cross-sections, mm s
Source: made by EIM. Tupikova. stress values occur at the outer edge, and the minimum values
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are at the inner edge of the long side of the plate, and the maximum difference in equivalent stress values
occurs in the cross-section along the long side of the plate. At the same time, the zone of minimum
equivalent stresses in the cross-section along the short side of the plate is shifted away from the inner edge
compared to the zone of minimum stresses in the cross-section along the long side of the plate.

POST1
STEE=1
SUB =1
TIME=1
FATH FLOT )
WoDa=720 DA *-)
HOD2=5&7 5.002
4.5
4
3.5
3
.5
z
1.5
1
5
0
0 4 B 1.2 1.6 2002
z .E 1 1.4 1.8
DIST
Figure 4. Graph of deflection . in characteristic section 1-1, m
S o urce: made by E.M. Tupikova.
FOIT1
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SUE =1
TIME=1
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Figure 5. Graph of deflection u: in characteristic section 6-6, m
S our ce: made by E.M. Tupikova.
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Figure 6. Contour plot of deflection u-, m
S o urce: made by EXM. Tupikova.
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Figure 7. Graph of equivalent stress in section 1-1, N/m?
S our ce: made by EM. Tupikova.
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Figure 8. Graph of equivalent stress in section 6-6, N/m?

S o urce: made by E.M. Tupikova.
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Figure 9. Contour plot of equivalent stress, N/m?
S o urce: made by EXM. Tupikova.
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The von Mises equivalent stress (Figure 9) is calculated using standard tools of the software and
characterizes the material behavior within the structure. Such data can be useful for preliminary assessment
and selection of reinforcement. One can clearly see the areas of lowest stress (blue), the average background
stress level (light blue and green), and the most heavily loaded, fixed outer edges (red and yellow). The
model is analyzed for arbitrary reinforced concrete with linearly elastic characteristics. For a more detailed
reinforcement design, these zones can serve as a rough guide.

The deflection values at characteristic cross-sections, obtained using the finite element method and the
variational difference method, are presented in Table 1.

The bending moments at cross-sections 1-1 and 6—6, which are most suitable for the Cartesian
coordinate system used in FEM programs, calculated using the two methods, are shown in Table 2.

Table 1. Deflections in characteristic cross-sections according to FEM and VDM

Section ID and analysis method 1-1 2-2 3-3 4-4 5-5 6-6
Deflection according to FEM (mm) 5.00 4.94 4.75 4.48 4.21 4.08
Deflection according to VDM (mm) 5.1 5.0 4.7 4.5 43 4.2

S our ce: made by E.M. Tupikova, M.I. Rynkovskaya.

Table 2. Bending moments in characteristic cross-sections according to FEM and VDM

Section ID and compared parameters Section 1-1 Section 6-6
Analysis method My, N'm/m) | M,, N'm/m) | My, (N'm/m) | M,, (N-m/m)
FEM 14660 2170 11255 1168
VDM 15100 1800 11700 2300

S ource: made by E.M. Tupikova, M.I. Rynkovskaya.

18 10,18
& 34 [ Nsy /o7
0.51 0.50 31 0.15
0.47 20
0.45 14
0.43 )\ /-8

0.42 0.27 0.13

Figure 10. Deflection u (cm) of the ellipsoidal ring plate according to VDM
S ource: made by V.N. Ivanov [43].

The bending moment diagrams for the characteristic cross-sections, obtained using the finite element
method, are shown in Figures 11-14. For comparison, Figure 15 shows the corresponding results of the
calculation of bending moments using the variational difference method.

The diagrams (Figures 11-14) show that bending moment Mx is the primary parameter determining
the stress state of the plate, while the values of bending moment My are an order of magnitude smaller.
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Figure 11. Diagram of bending moment M, in characteristic section 1-1, N- m/m
S o urce: made by EXM. Tupikova.
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Figure 12. Diagram of bending moment M, in characteristic section 1-1, N- m/m
S o urce: made by E.M. Tupikova.
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Figure 13. Diagram of bending moment M. in characteristic section 6-6, N- m/m
S o urce: made by E.M. Tupikova.
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Figure 14. Diagram of bending moment M, in characteristic section 6-6, N- m/m
S o urce: made by E.M. Tupikova.

Figure 15. Diagrams of bending moments M. and M, (M, and M. , respectively,
in the curvilinear coordinate system of VDM), kN-m/m
S o urce: made by V.N. Ivanov [43].

The maximum moments, equal to 1.47 kN-m/m, occur in the cross-section along the minor axis of the
ellipse at the fixed support.
The comparison of the results obtained using the two methods shows that they are quite similar.
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4. Conclusion

This study examines the stress state of an ellipsoidal ring plate under a uniformly distributed load and
compares the results obtained using the finite element method and the variational difference method. The
necessary calculation procedures were performed for each method. To ensure the validity of the comparison,
model parameters, such as mesh size, were set to be identical. The values of internal stresses, moments, and
displacements at the nodes in identical cross-sections were obtained and analyzed. The obtained results
allow the following conclusions to be drawn:

1. Analysis of the ring plate of ellipsoidal plan using the variational difference method, implemented in
the author-developed program, and the finite element method in the ANSYS software yielded comparable
results for deflections and bending moments in characteristic cross-sections.

2.Since the results of analyzing a relatively simple object such as a plate depend significantly on its
internal geometry, it is essential to construct a finite element mesh, the key nodes of which are aligned with
the director lines. Often, meshing algorithms in commercial software do not fully ensure this alignment,
which negatively affects the results. When using author-developed software, this problem can be eliminated
for objects with complex geometry by employing a custom node generation algorithm in case of finite
element analysis.

3. When applying the variational difference method, the equation is solved by the variational method
with discretization of the solution domain, which allows the problem to be solved approximately using
mesh functions, and the integrals to be approximated by sums, while the derivatives are approximated by
differences. When using the variational difference method, it is possible to obtain results at significant
points and interpolate them.

4.Compared to the finite element method, the implementation of the variational difference method
requires fewer computational resources and yields results of sufficient accuracy. Software based on the
variational difference method has the potential to perform verification calculations for complex structures.

This article presents the results of the first stage of the study — plates of ellipsoidal ring plan. In the
future, it is planned to perform a comparative analysis of shells of ellipsoidal ring plan. It is anticipated that
differences in the FEM and VDM may have a significant impact on the analysis results of such shells.
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