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AHAIMTHYECKH pacyeT KOHUYeCKO 000/I0YKH HA JJLIHNTHYECKOM
OCHOBAHHMH MO 0€3MOMEHTHOI Teopuu

C.H. KpuBomanko

Poccuiickuii yauBepcuret apyx0s! HapoaoB, Mockea, Poccus

D4 sn_krivoshapko@mail.ru

HcTopus cTaTbu Annoranus. Jluddepennnansusie ypaBHEHN PaBHOBECHSI O€3MOMEHT-
HOW TeopuH 000JOYEK JIerde BCETO MHTEIPHPYIOTCS Ul LMIMHAPHYE-
CKUX M TpsSIMBIX KOHHYECKHX KpYyroBbiX oOojouek. TpynHee
3ajaua pemaercs A 000JI0UEeK HyJIEBOH IayCcCOBOM KPUBU3HBI, 3a/1aH-
HBIX HE B JIMHUSAX KPUBU3HBI. JTO €IIe pa3 MOATBEPXKIECHO Ha TIPUMEpE
KOHMYECKOH 3JUIMNTHYECKOH 0005104KH. BriepBble mosrydeHbl aHaIuTH-
3asiBJIeHUE O KOH(I)J'H/IKTC HHTEpPecoB YECKHUC CbOpMyJ'IBI JUIST OTIPEACIICHUSI HOPMAJIBHBIX U KaCaTECJIbHBIX BHYT-
PeHHHUX YCWIHHA B TPSIMOH KOHWYECKOW OJIUITUNTHYCCKOH 00O0I0UYKe
1o 0e3MOMEHTHOH Teopun 000JI0YEK, 33JaHHBIX B HEOPTOTOHAIBHOM
COIPSIKEHHOM CHUCTEME KpUBOJIMHENHBIX KoopauHatr. I[lomydenssie
pe3yabTaThl MOTYT OBITH MCHOJB30BAHBI JUIS MPUOIMKECHHON OLEHKH
HaNPSHKEHHOTO COCTOSHUSI TOHKUX KOHMYECKMX 000JI0UEK Ha AJUIHIITH-
YE€CKOM OCHOBAaHHWH, a TAKXKE€ IPHU HUCCICIOBAHUUN yCTOﬁ’{HBOCTl/I 9TUX
obosouek. YeTslpe BHYTPEHHUX TAaHT€HIMAIBHBIX YCWIINS, MOJydYCH-
HbIE HUHTETPUPOBAHUEM CUCTEMBI YETBHIPEX YPABHEHHI PABHOBECHS JJIe-
MeHTa 000JIOYKH, COJIEpIKAT ABE HEU3BECTHBIE (DYHKIIMU UHTEIPUPOBaA-
HUSI, KOTOPBIE HAXOISATCS IIPU BBIITOJIHEHUH ITOCTABIEHHBIX TPAaHUYHBIX
ycioBui. Vcnonap30BaHne MOIYYEHHBIX aHATUTHYECKHX (HOpMyI Impo-
UJUTIOCTPUPOBAHO Ha MPUMEPE pacyeTa yCeUeHHONM KOHNYECKOH 3IIIHII-
TUYECKOI 000JI0UKH cO CBOOOJHBIM BEPXHUM KpaeM. BHemrnsst Har-
py3ka — IIOBEPXHOCTHAs DPABHOMEPHO pacHpeielieHHas Harpyska
B HalpaBJICHWH BEPTUKAIBHON ocH 000s04Ky. [IpuBeieHHbIE (OPMYIIBI
JIETKO aAaNnTUPYIOTCS AJIS Cllydas pacyeTa MpsIMON KPYroBOil KOHHYe-
CKOM 000JI0YKH.

[Mocrynmia B pegakmmro: 28 derpanst 2024 r.
Hopaborana: 17 anpens 2024 r.
[Ipunsra k mybmukanuu: 26 anpemnst 2024 .

ABTOD 3asBIIsIEeT 00 OTCYTCTBUU
KOH(IINKTA HHTEPECOB.

KaioueBsie c10Ba: 37uMNTHYECKUH KOHYC, O€3MOMEHTHas Teopust 060-
JIOUCK, HCOPTOTOHAJIbHBIC KpMBOHHHeﬁHble KOOpAUHATHI, yCC‘leHHMﬁ
3JUIMNTUYECKUI KOHYC

JJasi uuTMpoBaHus

Krivoshapko S.N. Analytical calculation of momentless conical shell with elliptical base // CtpouTenbHas MexaHuKa
WHXXEHEPHBIX KOHCTPYKIUH U coopyxenmid. 2024. T.20. Ne 3. C. 265-275. http://doi.org/10.22363/1815-5235-2024-
20-3-265-275

1. Introduction

The momentless theory of the analysis of rigid thin shells is an approximate theory, but in some cases
it gives fairly accurate values of tangential internal forces, which can be used for preliminary analysis of the
stress state of a thin shell [1]. This data can be useful, for example, when assigning the thickness of the shell.
It has been established that the momentless theory of shells yields reasonable results in comparison with exact
results when fulfilling well-known requirements for supports, the type of external loads, boundary conditions
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cuiickuil yHUBEpCUTET JIpyKObl HapoaoB, Mocksa, Poccusi; eLIBRARY SPIN-koa: 2021-6966; ORCID: 0000-0002-9385-3699; E-mail: sn_krivoshapko@
mail.ru
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and the shape of the shell [2; 3]. Research on the momentless theory of rigid thin shells was being actively
developed especially until the 1980s [4]. Then came the fascination with numerical methods for calculating
moment shells using linear and physically or geometrically nonlinear calculation theories. However, in many
monographs of famous scientists of the last years of the 20th century, there was a necessary chapter devoted
to the momentless theory of calculating thin shells [1-3; 5], and textbooks contained information about
the application potential of this theory [6]. The momentless theory is used in the study of stability of thin
shells [7].

At the present day, the amount of studies on the momentless theory of shells has been significantly
reduced, but they are available [8]. Generally, a comparative analysis of the results obtained by the
momentless theory and by more precise methods using numerical methods is carried out [9]. There are
studies containing comparative analysis of the calculation results obtained using the momentless theory of
shells and the results obtained experimentally, for example, in the process of designing the conical shell
foundations [10].

The conical shape of shells is currently widely used in civil [11] and mechanical engineering [12]. Shells
in the form of right thin (Figure 1) and thick [13] circular cones have been applied in most cases, but conical
shells with elliptical base are also used [14-16]. Moreover, truncated conical shells with elliptical base have
found application even in medicine [17].

The purpose of this work is to obtain analytical expressions for determining tangential internal forces
in an elliptical conical shell according to the momentless theory.

The symmetric equation of a right elliptical conical surface may be expressed in the following form:

X2 y2 ZZ

L2 W2 T2

where T is the height of the conical surface.
Parametric equations of the elliptical cone (Figure 2) are known [18]:

x = x(uv)= VL[l —u], y =y(uv)= £ W]l —u][l — MZTZ’ z =z(u) =uT, (1)
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Figure 1. Circular cone, “City of Arts and Sciences”,
Valencia, Spain Figure 2. Right elliptical conical surface
Source:photo by S.L. Shambina Source:compiled by S.N. Krivoshapko
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Lateral area of an elliptical cone can be calculated with the following formula [19]:

A, zg[W\/L2+T2 FLW? +T2J.

Volume of an elliptical cone is determined by the following formula:

V.. ==TLW.
3

The surface depicted in Figure 2 is generated by a family of z = const sections (ellipses).
By adopting a new variable parameter 0 > B > 2z, so that v =sinp, 1 —v* =cos’, parametric equa-
tions (1) can be expressed in the following form:

x = x(u,v)= L[l —u] sinf;

y =y(u,v)= W[l —u] cosp; 2)

z =z(u) =uT.

Curvilinear coordinates u, v of the elliptical cone defined by parametric equations (1), (2) are non-
orthogonal and conjugate [18]. Coordinate lines u are straight generatrices of the cone, lines v are ellipses

lying in parallel planes. Coordinate lines v intersect coordinate lines u at right angles only along the straight
generatricesv =0 and v = 1.

2. Momentless Theory of Calculating Right Conical Surface with Elliptical Base

Paper [18] contains the derivation of analytical equations for determining the normal and tangential
internal forces of a thin shell, the middle surface of which is defined by equations (1). Using the momentless
shell theory, the system of three equilibrium equations of a shell element is obtained from the general
equations of equilibrium for shells defined in curvilinear non-orthogonal conjugate coordinates [5].

The equations for determining normal forces Ny, N, and tangential forces Su # S, per unit length of the
corresponding coordinate lines, obtained in article [18], can be expanded in the form, convenient for
computer-assisted calculations:

N, = (1 -u)fs(v);

N =m( f, — 1‘10)+(1_—V2)2{3V (L2 —WZ)V L/ 2(1/;u)v2}+(1—u) fo;

C(-w?) 2(1-u) f,| A Yy

Vi(v) |
(1-u)"’ )

fV. vio o2 Vi, oy dV
O[(ljzl)Az_ZAz(L -w?) Vl_E(L W )d_vl}

S, =(1-u) fg(v)+

U=

S (1—u)(1—v2); Vi, + (1(1_V )f
ﬁ“ W, (v);

where fi = fi(v) are known values, Vi(v), V2(v) are arbitrary functions of integration, which are determined
by satisfying boundary conditions defined in forces.
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Equations (3) contain constant geometric dimensions L, W, T of the shell middle surface, mentioned
in the comments to equations (1). In addition, new constants K and R have been introduced, which allowed
to slightly reduce the formulas given below for expressing the known functions fi(v):

K=L2-W?, R:(W2+T2)(T2+L2).

The known functions fi(v), contained in equations (3), obtained by integration of the three equilibrium
equations in paper [18], can be written as follows:

(V) =VA -T2 = VLW (1-v2); A = A (v) = V22 A W2 (1-v2) 4 T,

fo(v)=L"-v?K;

3
VA T [ (W2 T2) T WA | g W T2 12 (v)

f = 1
s(V) LTWA? LTWA?

fs(v)= (1—\/2 ); v (v);
f,(v)= (1—\/2 )E Vi (V);

fy(v) = L (W2 +T2) = VT2 (L2 -W?);

gK ( T 4]
f.(v)= R| 4——3|-T*|;
(V) 3ALTW\/A2—T2{ A?

2 [ 212 2
f(v)=t Jpll K 1-vt -Vt aRT sroTe |-
2Af(v) | A BLTWR(v)| fy(v) A

P \RT? - @
(1-v*)8vRT K]+@K[f5(v)+qT]}

A4

In equations (4), q denotes the external surface load, such as self-weight, in the direction opposite to the
fixed coordinate axis z.

Thus, the momentless shell theory allows to obtain approximate values of normal forces Nu, N,
and tangential forces Sy, S, using analytical equations (3).

3. Truncated Elliptical Conical Shell with Free Upper Edge

Let the upper edge u = uo of the thin shell be free and the lower edge u = 0 be simply supported,
with the direction of the supports coinciding with the direction of the straight generatrices of the cone.
The shell is smooth, without fractures, and of constant thickness. External load g = const is a constant
distributed load, such as self-weight. Thus, all the requirements for the application of the momentless
theory for the shell are fulfilled.
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Since the upper edge u = uo is free, the following two boundary conditions can be defined at this
edge:

Su=0,Nu=0atu=uo.
The expression for normal force Nu is taken from paper [18] and is equated to zero:

N, =—(S, -S,) l*/f: +N, =0,
(1-v?)z v(L2-W?) )

and by considering that Su = 0, the presented condition is simplified:

N, =S \/f: +N, =0.

u v 1 v

(1-v?)2v(LP-w?)

By substituting the second and the fourth formula from the system of equations (3) into the last
expression, it is possible to determine integration constant Vi(v):

Vi(v)=-q (1-uo) (U _Wz)v(l—\ﬁ)i{A2 il fs(V)+%_R(4sz—3J_T4} =

ALTW /A% —T? A

+qK [AZ_TZf 1

:—v(l—vz); (1—u0)3{f9(v) TR 5 (v) :—v(l—vz)i (1=Uy )’ Vo (V). 6)

The second integration constant V2(v) is determined from the fourth formula of the system of equa-
tions (3) by satisfying the boundary condition of Sy = 0:

V(l_VZ)KVZ(V):(1—u0)zv(1—v2)1/2 - 1 {Vl(v)[fsvz(lvz)Kzl

Af, (1-up) f, | A2 2

1-v?)K dV.
_V( V) uv)}_ @

2 dv

Now, by using equations (3), internal tangential forces per unit length of coordinate lines can be
calculated:

S, =%{[(H)3 ~(1-0p)" [y - qK(l_:é’ETWAZ T fs(v)}: )

(1) (1—u)2—(1—u0)2 +(u—u0)(l—u0)2 fs(v) N
S, =v(1-v) { (1-u) o (L-u)* fy (V) { A Var (V)
K@-v?)(W?+T2 Kv(1-v*) dV,, (v
+ 2,(6\2 )V01(v)—§vz\/01(v)+ (2 ) dv( )}} ©)
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Normal force N, is calculated with the first formula of the system of equations (3). Normal force Nu
is determined according to formula (5):

S | o IR CCC T I L i ) e e

= f o
K (1-u)’ T (@-uyALTw (1-u) °
_[(1—u)—(1—uo)](1—u0)2\/ £+K(1—v2)(W2+T2)_K\,z )
(1-u) f, " A 2A° 2
v(l—vz)(u—uo)(l—uo) dv,, B gV A2 -T2 :
* 2 K (1-u) g e (10)
2(1-u)" f, dv ALTW

Coefficients fi = fi(v) are defined by equations (4); coordinate u varies in the range of 0 <u < uo,
and uo < 1; coordinate v varies from -1 to +1 (Figure 3).

It should be noted that truncated conical shells are widely used in mechanical engineering
(Figure 4, a) and civil engineering (Figures 4, b, c). The momentless shell theory can be useful
in studying the stability of truncated conical shells [20].

a

Figure 4. Truncated conical shells in mechanical and civil engineering:
a — metal product; b — conical roofs at the Bundeskunsthalle in Bonn Germany;

Figure 3. Truncated elliptical

conical shell ¢ — water tower in Midrand, South Africa
Source:compiled Source:a— http://molodec-kyznec.ru/market/
by S.N. Krivoshapko izgotovlenie_obechaek/val_covka_konusov/; 6 — [11]; ¢ — [11]

3.1. Example of Calculation

As an example, let us determine the internal tangential forces along the straight generatrices of the
truncated conical elliptical shell considered above. Let us examine the straight generatrices coinciding
with coordinate lines v = 0 and v = =1. For these lines, parameters fi(v) are calculated and summarized
in Table.

It was noted earlier that the curvilinear coordinate system u, v is non-orthogonal conjugate,
so S, # Su. Coordinate lines u = const intersect coordinate lines v at right angles only atv=0and v=+1.
Therefore, due to the law of reciprocity of tangential stresses according to equations (8) and (9), it turns
out that Sy = Su.
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The straight generatrices coinciding with coordinate linesv=0and v = £1

v =0 (Figure 3) v = +1 (Figure 3)
fo=L? fo=W?2

f=(A2-T2)" =w f= (A2-T7)" =L
A?=W?2+T? A =1"+T°

f,=ql*/T fo=qW?/T

fo=0 fs=0

f7=0 f7=0

fo=L"(W*+T?) fy =W?(L*+T?)
quKﬁ*B—aNﬁQ—aNﬂﬂ _OK[TAW? 3w 3T |

f=
3LTW2 W2 +T2 ? AWTL2 VL +T2
oK [ T2 (L2 +W?)-aw* (L2 +T?)] QK[ WT? (L2 +W?)-3L* (W2 +T7)]
BLATW2 W24 T2 6LATWE L2+ T2
_ OKT (L -3w?) ~ OKT(W?-30%)

Vi, = v, -
Yoawe W eT? - VENE

fio = fio =

Source:compiled by S.N. Krivoshapko

Normal forces N, along coordinate lines u, i.e. at v=0 and v =1, are calculated according
to equations presented in Table. Normal forces Nu along the same coordinate lines can be calculated using
formula (10) at v =0 and v = +1. For example, formula (10) takes the following form when evaluated
atv=0:

MJV—O)=€E%ﬁ?{@—uxTﬂf—7EMVT2+mﬂN4+aNﬁQ)—

_(Lﬂ%)[Tzug_3N2x56—Nvﬂ]+gkjﬁl{4rﬂf—mﬂN4—9UMFT2} (11)

(1-u)

One can perform a check that normal force Nu, calculated with formula (11), must be zero at the
free edge u = uo (Figure 3).
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3.2. Right Circular Conical Surface

A right circular conical surface may be analysed using the formulas presented above by setting
K=L2-W2?=0and L =W =r, where r is the radius of the base of the cone.
Thus, the following may be obtained for a truncated circular conical shell with a free upper edge:

Su=S=0;

2

N, =(1-u)ds

_q W r2—T2)+ (1_u0)3 2_(1_u0)2 (2 L 5T2
N, _G—T{s(l— )(r*-T?) 8—(1_U)ZT = (3r*+5T )}

4, Results and Discussion

It is known that the differential equilibrium equations of the momentless shell theory are most easily
integrated for shells of zero Gaussian curvature, the middle surfaces of which are defined in lines
of curvature, e.g., cylindrical and right circular conical shells. The problem is more difficult to solve for
shells of zero Gaussian curvature defined in arbitrary coordinate lines [1]. This is further confirmed
by the example of an elliptical conical shell. The main difficulty in the calculation was the application
of a curvilinear non-orthogonal conjugate coordinate system, in which the middle surface of the thin shell
under consideration is defined. The equilibrium equations of the shell element defined in an arbitrary
curvilinear coordinate system were used for the analysis. These equations were obtained by the author
earlier.

1. For the first time, analytical expressions for the determination of normal and tangential internal
forces in a right elliptical conical shell according to the momentless theory of shells defined in a non-
orthogonal conjugate system of curvilinear coordinates are obtained. The obtained approximate results
can be used to evaluate the stress state of thin conical shells with an elliptic base, as well as to study the
stability of these shells.

2. The application of the formulas obtained for the first time for the calculation of tangential forces
according to the momentless shell theory is demonstrated by the example of a truncated elliptical conical
shell with a free upper edge subjected to a distributed load such as self-weight.

3. Itis shown that the obtained equations can be used for the analysis of right circular conical shells
according to the momentless theory.

5. Conclusion

Despite the development of powerful computer hardware and the creation of powerful software
systems capable of calculating the stress-strain state of complex thin-walled spatial structures on the basis
of the moment theory of shells, the momentless theory has not lost its relevance. Computational systems
are most often based on the application of numerical methods of calculation. The possibility of obtaining
analytical solutions is always preferable, as it allows to review the obtained solution. The momentless
stress state occupies an honorable place in the calculation of shells, being the ideal to which one should
strive when designing shells. The conditions of the momentless stress state cannot always be fulfilled
structurally. Even so, the results of the calculation, at some distance from problematic areas, may be
acceptable for preliminary design decisions.
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