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Hcropus ctatbn AHHoTanus. [l yyera ynpyromiacTH4eckoro AehopMUPOBaHUS UCHONb3YIOT-
csl (pU3MUECKUE YpaBHEHHS B TPeX BapuaHTax. B mepBoM BapuaHTe IPUMEHSIOT-
Cs OTIpe/IeIISIOINE yPaBHEHHUs] TEOPHH TEUEHHs, BO BTOPOM BapuaHTe (u3mde-
CKUX ypaBHEHUil IpupaiieHus ynpyrux aedopmaiuii onpenensiorcs, Kak U B
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TToctynuna B pepakuuto: 21 cenrsaops 2023 r.
Hopaborana: 3 nexabps 2023 r.
IIpunsTa k mybnukanuu: 17 nekadps 2023 r.

IpupameHus Hal'[pﬂ)KCHI/Iﬁ C HUCIOJIb30BAHUEM YCJIOBUSI UX MPONOPLHHUOHAIIBHO-

3asiBiieHHe 0 KOH(INKTe HHTEPECOB CTH KOMIIOHEHTaM JEBHATOpa IMPHpAIICHUN HANpsHKEHHH, B TPETHEM BapHaHTE
ABTOpBI 3asIBIAIOT 00 OTCYTCTBHU ¢du3nyeckre ypaBHEHHS Ha IIare Harpy»XeHWs MOoTydeHbl 0e3 THIIOTEe3bl O pa3fe-
KOH(JIMKTa MHTEPECOB. JeHuy aedopMaluii Ha yIpyrue U riacTudeckue 4acTu. s uxX rmojydeHus uc-

M10JIb30BAHO YCJIOBHE MPONOPLUOHAIBHOCTH KOMIIOHEHT JE€BHATOPOB INpHpale-

HUH fedopMaliii KOMIOHEHTaM JeBUATOPOB NPUpPAILCHUH HanpshkeHUH. Peanu-

3alMsl ypaBHEHHH BBINOJIHEHA C UCIIOIb30BaHMEM MMOPUIHOIO IPU3MATUYECKOTO

Hepas/ienpHoe COaBTOPCTBO. KOHEYHOT'O 2JIEMEHTa C TPEYrOJbHBIM OCHOBAaHHEM, Ha KOHKPETHOM IpUMEpE
MOKa3aHO MPEUMYIIIECTBO TPETHETO BapHaHTa (PH3HIECKUX YPAaBHCHUH.
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1. Introduction

For the majority of deformable materials, Hook’s law is only valid at loading levels, at which the stresses do
not exceed the yield stress of the material. Usually, plastic deformations emerge in stress concentration zones
already at insignificant levels of loading. Hence, structural analysis with account of elastoplastic deformation
zones is an important engineering problem.

Two elastoplastic deformation theories are most commonly used for solid bodies: flow plasticity theory and
the theory of incremental elastoplastic deformation' [1-3].

Displacement-based finite element method (FEM) has been widely used for elastoplastic deformation
analysis” [4-7]. This method was applied to thermoplastic and contact problems of continuum mechanics [8—12].
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FEM was also effectively employed in finite strain cases of elastoplastic deformation processes [13—16]. Mixed
finite element method has been extensively applied to elastoplastic deformation problems [17-21].

In this study, a prismatic finite element with triangular bases has been developed in mixed FEM
formulation. Three versions of governing equations are used as constitutive relations. The first version uses the
flow theory equations. The second version employs the governing equations obtained from the authors’
hypothesis, that the components of the incremental plastic strain tensor are proportional to the components of the
combined stress deviator tensor.

The third version does not separate strains into the elastic and plastic parts. For determining the
relationships between the strain increments and the stress increments, the condition of proportionality between
the components of the incremental strain deviator tensor to the components of the incremental stress deviator
tensor was used.

2. Methods

2.1. Shell Geometry

Arbitrary point M of the shell, which is located at distance ¢ from the middle surface, is defined by the fol-
lowing position vector:

RY=R%+", (1)

where R® = xi + rsin0 j+ rcosOK is the position vector of the corresponding point M° of the middle

surface; 7 is the radius of curvature of the middle surface point; i, j,k are the unit vectors of the Cartesian

coordinate system; x,0 are the axial and angular coordinates of point M?; a’ = 510 X Ei? is the normal line to the

middle surface at point M, 5110 X Ei? are the unit basis vectors at point M°.

The basis vectors of arbitrary point M” are determined by differentiating position vector (1):

=0 _ PO, =0 _ PO, =0 PO =0
g =R gZ_R,rB’ gz_R,x_a’ 2

,8 2

and by following [17], the matrix expressions of the derivatives of the basis vectors of an arbitrary point in the
basis of this point are formed:

{g::i?} = [Z]{g"}; (8} = [}fa]{égj}; g} ="}, 3)

X3 3x1 3x1 3 3x1 33 3x1

where {20} ={2)8% &b | (&) ={e. &, &) (&) ={an & & )s

1x3 1x3 1x3

ol _ |0 -0=0 . o : ¢
S ( =1\g| g>g3 ( are the row matrices of the derivatives of the basis vectors of M"".
1x3

Under gradually applied load, the incremental displacement vector at a load step is represented by
components in the basis of point M

AV = AV + G+ AVE ={3) (A, (4)

1x3 3x1

where {Av}T = vt Av? Ay } is the row matrix of displacements of point M"".
1x3
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The derivatives of the displacement vector are also expressed in terms of the basis vectors of point M
V. 120 220 320

AV, =8 + N8 + 183
\ 1-0 220 320

AV.,o= 18 + 38 + 1383 S))
\ 1-0 220 320

AV, =f38] + f38; + 383,

where
1 1 1 2 3. 3 3 | 2 3 .
Ji =Av, AV m AV I, + AV g f; = A, AV + AV + AV
my;,n;,l;; are the elements of matrices [m], [n] and [/].

Under specified load, an arbitrary point of the shell will displace to position M, which is determined by
position vector

R'=RY 4+ AV. (6)
The strain increments for a load step are governed by relations [3] in a geometrically linear definition

l(=0 = =0 .=
Z&Sﬁ ==E£(§;i 'ZX\/,j-Fggj ‘ZX\IH ). (7

Considering (5), strains (7) can be expressed in matrix form as

{aet=[L]{av}, )
6x1 6x3 3xl1
where {AS}T = {AS os Aegg At 2Ae g 2AE, 2y, } is the row matrix of strain increments; [L] is the matrix

1x6
of differentiation operators.

2.2. Relations of Flow Plasticity Theory
Full strain increments Ag j are combinations of elastic strains ASZ and plastic strains Asg :
— e p
Ag;; = Agj; +Ael . ©)

The relationships between the elastic strain increments and the stress increments are defined by expressions®

1
Agj; :E[(I—V)Acij —VAG.3; |, (10)

where F is the material Young’s modulus; V is the Poisson’s ratio; AG,. is the mean value of the normal stress

increments; 5,7 is the Kronecker delta.

In the flow theory, the plastic strain increments are defined by relations*

3 Samul V.1. Fundamentals of the theory of elasticity and plasticity: a textbook for university students. 2nd ed., revised. Moscow:
Vysshaya shkola; 1982. (In Russ.); Demidov S.P. Theory of elasticity. Moscow: Vysshaya shkola; 1979. (In Russ.); Demidov S.P. Theory
of elasticity. M.: Vysshaya shkola; 1979. (In Russ.)

4 Malinin M.M. Applied Theory of Plasticity and Creep. Moscow: Engineering; 1975. (In Russ.)
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Ag? =k(cl~j —GCSij), (11)

y

where £ is the coefficient of proportionality, which is defined according to® expression

PRSI B U (12)
26,\ E, E

H

Here: o, is the stress intensity; £, is the modulus of the initial segment of the stress-strain intensity

diagram; E, is the tangent modulus at the considered point on the stress-strain intensity diagram;
0c;
AGi = L
0G,,,

By combining (10) and (11) and taking into account (12), the matrix expression for the constitutive equa-
tions of the flow theory is formed:

(82} =[] 0

6%6

Ac,,, is the stress intensity increment.

The second version of the post-yield constitutive equations uses the hypothesis of proportionality between
the components of the incremental plastic strain tensor and the components of the incremental stress deviator
tensor:

Aa§ =\|11(Acsl-j —AGCSU-). (14)

Proportionality coefficient v, is defined according to® expression
3( 1 1
%=_ﬁ___ﬂ. (15)

2| E, E,

By combining (10) and (14), the matrix expression for the second version of constitutive relations is
obtained:

{Ae} =] €)' [{Ac}. (16)

6x1 6x6 6x1

The third version of constitutive relations is based on the hypothesis of proportionality between the incre-
mental strain deviator tensor and the incremental stress deviator tensor components:

3Ag; 31 . o : : . .
where y, = ———=——/ and the volumetric strain increment is determined as in the case of elastic
2Ac, 2E
1—

2v
deformation, Ag, =Ac, .

Based on (17), the third version of the constitutive relations is formed:

{Ae} =[] [{Ac}. (18)

5 Malinin M.M. Applied Theory of Plasticity and Creep. Moscow: Engineering; 1975. (In Russ.)
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2.3. Finite Element Stiffness Matrix

A prismatic finite element with triangular bases is considered. The nodal unknowns are the displacement
and stress increments. Coordinates s,0,7 of an arbitrary point of the shell are defined in terms of nodal

coordinates using linear functions &,m,{ with ranges 0<En<1; —1<{ <1,

A={rEn o i} (19)

16 6x1
where {Ky }T = {Xi Ao } is the row of nodal coordinate 5,0 or ;
T 1-C. C C 1+C. 1+C. 1+
N, =< (1-&—- : 1- : .
{f"(%X? 0)} {( &-n) 5 § 5 :(1-8-m) 5 g SR }

By using linear approximating functions (19), the interpolation expressions for Av components and the
components of the incremental stress tensor are formed:

{avk=[4l{av, | {act=[s]{ac, |, (20)

3x1 3X18 181 6x1 6X36  36x1

where {Avy} = {Avh AV AVFAVIAVIAVE AV AV AP } is the row-matrix of the nodal displace-
Ix18
ment increments;

T . . . .
{Ac} ={Ac,, AGgyAG,,AG 4AG A .} is the row of stress increments at a point;

1x6
is the row of stress increments at the nodes of the finite
fro, ¥ = {{mw}f{meey}f--~{A%}T}
1x36 1x6 1x6 1x6
element.

Considering (20), strain increments (8) can be represented in matrix form:

{ae}=[L] {avi=[L] [4] {av, j= [B] {av, 1)

61 63 3« 6x3 3x18 194 6418 184

The nonlinear mixed functional for a load step, obtained in [17], is expressed as

= I{AO'} [L]{Av}dV——j{A o} [Cl [{actav -

1x6 6x6 3x1

[ {aghas[{a {ghas[lo) (ac)av; (u=123)

(22)

Taking into account matrix relations (18) and (21), functional (22) for the prismatic finite element
becomes
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o={ac}' [[s] [Blav {av -2 {ao,|" [[s] [c/ ][s)av{ac, } -

1x36 y 36x6  6x18 18x1 1x36 y 36x6 6x6  6x36 36x1

1

_E{Av},}T [[4] {agyds —{av,} [[4] {q}ds+{av,} [[B] {c}av. (23)
1x18 s 18x3 3x1 1x18 s 18x1  3xI 1x18 y 18x6  6x1

By varying functional (23) with respect to nodal unknowns {AG ¥ }T and {Avy }T , the following systems of

1x36 Ix18
equations are obtained:

oD oD

Tho T a2l b [t o, J0n SR = o] aal- Ly, - (k)< en)

36x18 18x]  36x36 36x] 18x36  36x1 18x1  18x1

where [0] = [ [s)7 [8]av: [#] = [S)7[c”|[s1av: {av, )= | [A]" {aglas:

36x18  J36x6  6x18 36x36  36x6 g 6x36 18 S1&3 3

{R} = “A]T {q}dS —“B]T {G}dV is the Raphson residual.

18x1 s 18x3 3x1 v 18x6 6x1

Systems (24) can be combined into one

[K] {Zy}: {Fy }’ (25)

54x54 54 54x1

- H] o]
where [K ] = 36X3T6 3Od8 ) is the matrix of the stress-strain state of the hybrid finite element at a load
sisa | O] [o]

18x36 18x18

step; {Zy }T = {{Acy }T {Avy }T} — is the vector of nodal unknowns; {Fy }T = { {0 }T : {qu }T + {R }T } -

1x54 1x36 1x18 1x54 1x36 1x18 Ix18
1s the vector of nodal loads with residuals.

3.1. Sample Calculation 1

The shell of revolution depicted in Figure 1 with the middle surface in the shape of a truncated ellipsoid was
analyzed. The following input values were specified: a=021m; 6=0.15m; A=001m; /, =02 m;

E=2x10° MPa; v = 0.3. The height of truncation of the elliptical shell is

2 2
z, :6-1/1—11‘—2 =0.15- 1—0'202 =0.0457 m.
a 0.21

The stress-strain curve for the shell material was assumed to be in the form of Figure 2, where ¢, =200 MPa

is the yield stress of the material; ¢, =0.001 is the yield strain; g, =0.02 is the final strain; ¢, =400 MPa is the
final stress.

TEOPUA NNACTUYHOCTU 33



Kiseleva R.Z., Kirsanova N.A., Nikolaev A.P. et al. Structural Mechanics of Engineering Constructions and Buildings. 2024;20(1):27-39

{a

Figure 1. Truncated elliptical shell
Source: made by R.Z. Kiseleva

The stress-strain intensity curve was constructed using formulas®
1 2 2 271 ) S
o, ~5 (6, -065,) +(06, —05) +(05,—0,) —E[G +0+0 ]—0,

2 2 2(1+v
i :T[(Sn —€y )2 + (8 — 8y )2 C _811)2} :T[(s+va)2 +0+(_V8_8)2} :¥8'
o/ G,
?—i =f(&;)

I & ] 9

© o

| - & | &
87// Sk Eir i

Figure 2. Stress-strain curve of the elliptical shell material Figure 3. Stress-strain intensity curve of the shell material
Source: made by R.Z. Kiseleva Source: made by R.Z. Kiseleva

Values of the parameters of the stress-strain intensity curve: c,7 =67 =200 MPa is the stress intensity at

yield point;
2 2 : L : :
€r =— (l + V) & =— (1 + 0.3) -0.001=0.866667x107 is the strain intensity at yield point;
2 2 o . .
Ejp = 3(1 + v)sk = —(1 + 0.3) -0.01 = 0.866667x10 is the final strain intensity;

G« =0, =300 MPa is the final stress intensity.

¢ Malinin M.M. Applied Theory of Plasticity and Creep. Moscow: Engineering; 1975. (In Russ.)
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The stress-strain intensity curve is assumed to be defined by function 6, = f (Si ) in the form of a parabola

2
6, = ag; +be, +c(when g; >¢;7),

where a = —6612835.5282 MPa; b = 242231.47902 MPa; ¢ = 1795.0330258 MPa.

The presented shell of revolution was analyzed for the case of elastic deformation (¢ = 18.0 MPa). The
normal stress values at the fixed support are presented in Table 1, where the first column contains the number of
discretization nodes of the shell along its axis (NM) and along its thickness (NT).

The other columns contain normal stresses of the internal fibers along the axis (Gmt) and circumference
11

ext

(Gglet ) For the external fibers, these variables are denotes as (Gf’ft) and (099 ) respectively.

Table 1
Numerical values of normal stresses at the fixed support
NM x NT "', MPa oon , MPa o™, MPa G2, MPa
20%3 116.484 210.103 117.640 203.671
40x5 116.324 209.843 118.267 203.857
30x7 116.234 209.766 118.396 203.834

The results presented in Table 1 demonstrate convergence of the computational process with respect to
normal stresses of the shell at the fixed support.

3.2. Sample Calculation 2

The analysis of the shell from the previous section was performed under internal pressure ¢ = 27.65 MPa.
The specified load value was achieved in 16 steps and in 32 steps, and the results of the analysis using the three
versions of constitutive equations were found to be virtually identical.

The values of meridional stresses G, and circumferential stresses Ggg after 32 load steps are presented in
Table 2. The stress values were calculated along the shell thickness / in the left section using the third version of
the constitutive equations.

Table 2
Numerical values of meridional and circumferential stresses after 32 load steps
along the shell thickness % in the left section
oss, MPa 163.8 170.7 175.4 181.8 186.9 193.2 205.4
coo, MPa 3232 318.9 3144 313.1 309.0 306.9 302.8
h, m 0 0.00166 0.0033 0.005 0.0066 0.00833 0.01

The of results from Table 2 are used to plot the distributions of meridional stresses (Figure 4) and circum-
ferential stresses (Figure 5).
In order to control the accuracy of computation of meridional stresses, the check of Y x=0 is performed.

The check gives an acceptable discrepancy in the values of the resultant external and internal forces:

6=Mx100%=2.4%,

ext

where Q.,, is the resultant external force; Q,,, is the resultant internal force.
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Figure 4. Distribution of meridional stresses O gg
along the section thickness
Source: made by R.Z. Kiseleva

As seen from Figure 5, the circumferential stresses exceed the elastic limit significantly.
Table 3 provides the values of meridional and circumferential stresses in the external fibers along the merid-

ian arc length.
Numerical values of meridional and circumferential stresses in external fibers along the meridian arc length
0.2

A h cimn
302.846
309.017
M 313,067
05 L i
N 314425
-] x ¥a
X
g 318095
. O, MPa
“"-:.__isza.m 606
0 - : - - - 3
3000 3050 3100 3150 3200 3250

Figure 5. Distribution of circumferential stresses oo
Source: made by R.Z. Kiseleva

Table 3

0.237
0.6
251.1

0.185

0.172
134.9

142.2

Meridian arc length S, m
0.147

150.0

0.124
121.0

152.9

0.102
244.0

0.081
242.7

0.06

157.1
249.5

0.04
164.6

0.025
165.0

Stress
0.005
163.1

161.0
254.5

267.7

279.5

288.6

164.2
295.6

301.0

O g5, MPa
302.7

Cgg , MPa

302.9
The results from Table 3 were used to plot the distributions of meridional stresses O, and circumferential

stresses Ogq (Figure 6).
O MPa
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Figure 6. Distributions of meridional and circumferential stresses
in external fibers along the meridian arc length

Source: made by R.Z. Kiseleva
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The values of the meridional stresses in the end section are almost zero, which complies with the loading
condition. The circumferential stresses vary insignificantly along the meridian.

The analysis of the results in Tables 1-3 indicates correctness of the developed algorithm and shows
adequate convergence of the computational process.

4. Conclusion

The 3D stress-strain state of a shell is studied without using the straight-normal hypothesis for elastoplastic
deformation.

1. The constitutive relations beyond the elastic limit are implemented in three versions.

The first version uses the relationships of the flow theory.

The second version employs the governing equations, where the authors’ hypothesis is used for determining
the plastic strain increments. The hypothesis assumes that the components of the incremental plastic strain tensor
are proportional to the components of the incremental stress deviator tensor.

The third version of equations is based on the hypothesis of proportionality between the components of the
incremental strain deviator tensor and the components of the incremental stress deviator tensor without
separating the strains into elastic and plastic.

2. The analysis of the shell is performed using mixed FEM. For this purpose, the authors developed a 6-
node solid prismatic finite element with triangular bases. The nodal unknowns are the displacement vector
components and the nodal stress tensor components. The target variables are approximated by the nodal
unknowns using bilinear shape functions.

3. The presented study shows that all three versions of the governing equations for plastic deformation
produce identical results. The analysis of the constitutive equations shows that the most physically reasonable
version is the third one. This version does not separate the strain increments into elastic and plastic parts, and is
based on the hypothesis of proportionality between the components of the incremental strain deviator tensor to
the components of the incremental stress deviator tensor.

The proposed governing equations, without the strain separation, correspond to the physical meaning of the
process of deformation and have great potential for analyzing reservoirs, submersibles and other engineering
structures containing shells of revolution.
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