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YcToiiuMBOCTh CTAJIbHBIX KOHUYECKHUX MaHeJIeH,
YCHJICHHBIX peOpaMu KeCTKOCTH

A.A. Cemenos =, JI.LH. Konaparbesa ~, B.H. Tayxux
CankT-ITeTepOyprekuii rocy1apcTBEHHbIH apXUTEKTYPHO-CTPOUTENBHBINA YHUBEPCUTET,

Canxm-Ilemep6ype, Poccuiickas ®edepayus
P sw.semenov@gmail.com

Hcropus ctatbn AnHortauusa. KoHudeckne 00ONOYKM M WX TAHETH SBISIOTCS BaXKHBIMHU
TIMocTtynuna B pegakmuio: 5 centsaops 2023 r. 9JIEMEHTaMU CTPOUTENbHBIX KOHCTPYKIUI, OJTHAKO M3yUYEeHBI €Ile HEJA0CTa-
Jopaborana: 17 HostOpst 2023 r. TouHO. B pa60Te MPEACTABIEHO HCCIEIOBAHUE YCTOMYMBOCTU CTAJIbHBIX
IpunsTa k myOnukaiuu: 25 Hosi0pst 2023 r. YCEUEHHBIX KOHUYECKUX MaHeNel, MOJKPEINIEHHBIX OPTOTOHAILHOM CEeTKOM

pebep xecTKocTH. KOHCTpYKIMM 3aKperuieHbl IapHUPHO-HENOABMKHO U

HAXOAATCS MOJ AECHCTBHEM BHEIIHEH paBHOMEPHO PacIpeAeleHHON more-
pe4HOM Harpy3ku, AEHUCTBYIOLIEW O HOPMAIM K MOBepXHOCTU. Mcnonb3y-
ABTODBI 3a5BIIAIOT 00 OTCYTCTBHH KOHPIMKTA €TCsl TEOMETPUUYECKU HEIMHEWHAs MaTeMaTu4ecKasi MOJIEib, YUUThIBAIOLLIAS
HHTCPECOB. TOTIepeYHbIe CIBUTH. YUeT pedep KECTKOCTH paccMaTpUBAECTCA B IBYX

BapHaHTax: 110 YTOYHEHHOMY IHCKPETHOMY METOAY M METOAY KOHCTPYK-

3asBijieHHe 0 KOH(JIUKTE HHTEPecoB

THBHOW aHM30TPONHH (PKECTKOCTh pedep «pa3massiBacTCs»). PacueTHbIit

aJTOPUTM OCHOBAaH Ha MeToAe PurTna m MeTone mpoIo/KEeHUs PEIEHHUs 110

HepaspenbHoe coaBTopcTBO. HawlydlieMy napamerpy. IIporpammHas peanusanysi BBIIOJHEHA B Cpele
AQHAJIMTHYECKUX BblUMciIeHnid Maple. [lns AByX BapHaHTOB KOHMYECKUX
IIaHEJICH IOJIy4YEHbl 3HAYCHUs] KPUTUYECKUX HArPy30K IOTEPU yCTOMYMBO-
CTH IpW pa3HBIX BapuHaHTax HOAKpeIUieHus peOpamu xectkoctH. ITokaza-
HBI TpaMKK 3aBUCHMOCTEH «Harpyska — mporud». CrenaHbsl BBIBOJBI O
CXOJMIMOCTH METO/IOB ydeTa pedep >KECTKOCTH IPU YBEJIMYEHHH YHuCia
MOJKPEIUIAIOIINX JIEMEHTOB. BBISBIEHO, YTO ISl KOHMYECKHX IaHeENel
TIpH BEIOOpE B aNpOKCHMAIIMK MaJIOTO YMCIIa HEU3BECTHHIX K03(duimen-
TOB BO3MOXKHO «IPOCKaKMBaHHE» 3HAYEHHs KPUTUYECKOM Harpysku Hu
HEoOXOIMMO BBIOMpATh OOJbLIEE YHUCIO HEM3BECTHBIX 0 CPAaBHEHHIO C
LUJIMHAPUYECKUMH MAHEISAMH WIN HOJIOTHMH 000JI0YKAaMH JBOSIKOH KpH-
BH3HBI.

Bkaag aBTopoB

KuroueBble ciioBa: 000JI0OYKM, KOHMYECKHE IIaHENH, YCTOWYHMBOCTH, pedpa
JKECTKOCTH, MeToA PuTiia, yTOYHEHHBII TUCKPETHBIN METOM, METOJ KOHCTPYK-
TUBHOH aHU30TPOIUH

,H.]'lﬂ HUTHPOBAHUSA

Semenov A.A., Kondratieva L.N., Glukhikh V.N. Buckling of steel conical panels reinforced with stiffeners / Ctpourensnas me-
XaHUKA WHXXKEHEPHBIX KOHCTPYKLUMI U coopysxeHuil. 2023. T. 19. Ne 6. C. 583-592. http://doi.org/10.22363/1815-5235-2023-19-6-
583-592

1. Introduction

The analysis of deformation of thin-walled elements in structures is essential in various technical fields,
including structural engineering. Thin-walled shell structures are used in constructing hangars, petroleum tanks,
industrial reservoirs, as well as large span public facilities [1-5]. In analyzing such structures, special attention
has to be given to buckling [6-9] and determining the critical loads. For example, H.M. Wagqas et. al. [8] model
the buckling process of shells with different dimensions and thickness using the first-order shear deformation
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theory (FSDT). The program was developed in MATLAB environment. The results were compared with
previous studies and FEM analysis.

Conical shells and their panels are common in building structures. However, they are more complex in terms
of calculations compared to cylindrical or flat shells of double curvature. High-accuracy non-linear analysis of
deformation of conical panels non-linearity is a topical problem [10-14].

S.N. Krivoshapko [1] points out that thin-walled structures are employed in construction in just about all
countries, the difference generally being in the selected materials.

A. Sofiyev [12] presents an extensive review of studies on vibration and buckling of conical shells made of
functionally graded materials (FGM). Therein, various design problems, for example, linear and non-linear
vibrations and buckling due to different loadings and environments are discussed. The author highlights the
potential of such structures in nuclear, space and marine engineering, electronics and biomedicine fields.

S.-R. Cho et. al. [14] conduct experimental and numerical investigations of the strength of steel conical
shells under external hydrostatic pressure. Initial imperfections and other geometrical parameters were taken into
account. The numerical analysis was performed using ABAQUS software.

Papers [12; 14-19] are devoted to bucking of conical panels. Article [15] contains a buckling analysis of
truncated conical shells subjected to axial compression and uniform external pressure. The shells are reinforced
by orthogonal stiffeners. The obtained equations are solved using the Galerkin method. The effect of material
properties, dimensional parameters and stiffener plates on the bucking behavior of the shell is discussed.

A K. Gupta et. al. [17] investigate progressive failure of multilayer conical panels under compression taking
into account geometric non-linearity and damage propagation in the material. Non-linear equations are solved
using the Newton—Raphson iterative method.

Using stiffener plates substantially increases the performance characteristics of shells. Such structures were
studied, for example, in papers [20-23].

A.A. Dudchenko and V.N. Sergeev [24] present a mathematical model of the deformation of a stiffened
conical shell. Nonlinear equilibrium equations for a shell stiffened by a discrete set of frames are derived using
vector analysis. The shell and frame constitutive stiffness relationships are worked out.

The purpose of this study is to employ the previously developed mathematical models, analysis algorithm
and the refined discrete method of accounting for the effect of stiffeners to evaluate buckling of conical shells
and discuss their practical potential.

2. Methods

Let us consider a non-closed conical panel with segment angle b (Figure 1). The panel is simply supported
along the contour and is subjected to uniform load ¢, which acts normal to the surface. Besides that, dead load
is also taken into account. Thus, the total load along each axis of the local coordinate system is given by
9=4q0+4s, 5 =Py, B, =P

Xsv? ysv*

Figure 1. Conical panel in the local coordinate system
Source: made by the authors

Let us use the geometrically non-linear mathematical model obtained in paper [25]. The model is based on
the Timoshenko—Reissner hypotheses, considers lateral shearing and material orthotropy and allows to analyze
shells of various shapes. Moreover, the model accounts for stiffening elements according to the refined discrete
method (the contact of the shell and the stiffener occurs “along the strip””) and the structural anisotropy method
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(smearing the stiffness of the stiffeners across the entire structure). Each of the many relationships of this model
are not presented here, instead, let us only show the non-linear geometric relations and the full deformational
potential energy functional:

E,=E}+E}, (1)
where £ SO is the part of the functional, which corresponds to the shell and the external force work:
o _ 124 o 0 Lo 0 0 0 0 0
E)=> [ I{Nxax +Nl%, +5(ny N )Yy + MO+ My + (MO, + M, )y +
a 0
+0) (W, —6,)+0) (¥, —0,)-2(PU+PV + qW)}xsin Odxdy, 2)
and E 5 is the part of the functional, which corresponds to the stiffeners:
r_1E0 on R 1R R R R R R
E” =5H Nfe, +Nle, +5(ny NS )y + M+ M+ (M + M ), +
a 0

+Of (W, -6,)+0f (¥, —6,) | vsin 8dxdy. 3)

The non-linear geometric relationships for conical panels have the following form:

ex:a—U+lelz,
ox 2
1 dV U ctgd 1
y: - _ +—922, (4)
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’ny_ ___+6162’

" ox  xsin® ady x

ow 1 oW  ctg®
0 =——| 06,=- —+ Vi,
: (ij 2 (xsine dy x ]

¥ 1 Jd¥Y, v, 1| 9¥, 1 oy, VY,
= -t XIZZE R
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where ¢ ,€ are the strains along axes x, y of the middle surface; v, is the shearing strain in plane xOy.
Functional (1) represents the difference of the potential energy of the system and the work of external loads
Px,Py ,q, and it is a function of five unknown displacement functions U, V, W, ¥ _, ‘I’y .

According to the Lagrange variational principle, the equilibrium is reached when the energy is at minimum.
For minimizing functional (1), let us use the Ritz method. For this purpose, the unknown functions are
represented as a sum of products of the unknown numeric parameters and the basis functions:

NN o JN N o JNJIN ol

U(XJ):ZZUlelYla V(an’):ZZVk/Xzyza W(an’):ZZWk/Xsysa ®)
k=11=1 k=1 1=1 k=1 I=1
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—
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where Uy, Vg, Wy, ¥y, ¥ ), are the unknown coefficients; X lk - X é‘ , Yl/ - Ys/ are the known approximating

functions of x and y, which satisfy boundary conditions at the contour of the shell; N =1,4,9,16,... is the
number of decomposition terms.

With greater number of terms N , the solution accuracy increases, but the computational cost also rises.

By substituting expression (5) into functional (1), the functional is converted into a function, which has SN
unknown parameters. Thus, we arrive at a function minimization problem: the derivatives with respect to all the
unknown parameters need to be set to zero. As a result, we obtain a system of non-linear algebraic equations, the
solution of which requires special techniques. The method of continuing the solution using the best parameter
(the arc length of equilibrium states in multidimensional space) is recommended. A detailed description of this
method for solving such class of problems is presented in [26].

The mathematical model and the algorithm are implemented using the Maple analytical computation
software. All the relations in the program are defined with dimensionless parameters when performing the
calculations.

3. Results and Discussion

Let us first consider truncated conical panels without stiffeners. Their geometric parameters, along with
surface area S° and volume V' are given in Table 1.

Table 1
Characteristics of the conical panels under consideration
Input data Parameter
Case
h, m a, m b, rad a1, m 0, rad S% m? ", m?
1 0.02 8 2.574 4 0.2618 16 0.32
2 0.01 25 T 5 0.78 663 6.63
Table 2 presents the critical buckling load for cases 1 and 2.
The panel material is S345 steel (£ =2.1- 10° MPa, w=0.3, p=7800 kg/m?).
Table 2

Critical buckling loads for steel conical panels (without stiffeners)

Case Material N Critical buckling load ¢ .., MPa

9 +

1 Steel S345
16 5.9667
4 +
9 +

2 Steel S345
16 1.0561
25 0.2721

The convergence analysis of the Ritz method was performed by calculating the case 2 panel at different N .
It showed that at small N the critical load cannot be traced, and it is necessary to retain at least 16 unknown
variables for each unknown function.

Figure 2 demonstrates the load-deflection curves for the case 2 conical panel. As seen from the graph, the
number of terms in the Ritz method has a significant effect on determining the critical load value. Moreover, it
sometimes allows to find a point of local buckling before the global buckling.
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Figure 2. Load-deflection curves for steel conical panel (case 2)
Source: made by the authors

Let us now consider conical panels with stiffeners. The orthogonal stiffener plate grid is located on the
inside of the shell. The height and width of the plates are selected as 4’ =h/ =3h, r, = r; =2h respectively. The
number of stiffeners is the same in both directions, increasing it by a factor of 2 or 4 for each new grid case.

Table 3 shows the critical buckling loads for the considered steel conical panels. The distance between the
stiffeners is denoted as x, . The difference in the critical load values for the structural anisotropy method and the
refined discrete method is given in percentage. These values are represented graphically in Figure 3.

Table 3
Values of critical buckling loads ¢, for conical panels

., MPa
Method N Qe
ox0 | 22 | a4 | ex6 | 88 | 12x2 | 16x16 | 20x20
Case 1
X, ,m - - 1.96 0.98 0.65 0.49 0.32 0.24 0.19
9 + + 1543 | 17.01 | 18.59 | 21.50 24.10 26.47
Refined Discrete Method
16 | 596 | 87915 | 12.84 | 15.16 | 16.88 19.79 22.23 24.40
_ 9 + + 1542 | 17.02 | 18.60 | 21.51 24.11 26.48
Structural Anisotropy Method
16 | 5.96 9.78 13.17 | 15.16 | 16.90 19.80 22.24 24.41
9 + + 0.09 0.02 0.06 0.05 0.03 0.03
A, %
16 + 11.3 2.50 0 0.14 0.04 0.03 0.03
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Figure 3. Comparison of methods for taking into account stiffeners for case 1 conical panel
Source: made by the authors

Figure 4 shows the load ¢ — deflection W relationship at different number of stiffeners for the case 1
panel. The curves for both the structural anisotropy method and the refined discrete method are given.

q, MPa* w20 20
20 20 4d> 4s
w2 w Wi g6
cd> es cd>Wes W16 Pyl
1 4d> " as
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2w, 12
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Figure 4. Load ¢ — deflection W relationship at different numbers

of stiffeners for the case 1 conical panel (N = 16)
Source: made by the authors

4. Conclusion

The object of this study is truncated conical panels reinforced with stiffeners.

The analysis methodology is based on the Ritz method, the method of continuing the solution using the best
parameter, and the refined discrete method proposed earlier.

In the study, the mathematical model and analysis algorithm were adapted for a new class of problems. A
corresponding program was implemented and computational experiments were carried out. As a result, the
following conclusions can be drawn:

1. The presented approach can be applied to analyze conical plates with stiffeners and allows to study their
buckling.

2. It can be seen from the obtained data for the case 1 panel, that the structural anisotropy method converges
with the refined discrete method later than for the cylindrical panels studied previously by the authors. Possible
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reasons may be that the conical panel has a more complex geometrical shape and is non-symmetrical, which
requires to account for non-symmetrical terms in the approximation.

3. Increasing the number of terms in the approximation to N =25 leads to substantially greater compu-
tational cost (with the refined discrete method). However, it is reasonable to perform such analysis with the
structural anisotropy method.
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