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IIpennararorcst sBHbIE ¥ MapaMeTPUUYECKUE YPABHEHUS ITOBEPXHOCTEH C TJIaBHBIM
KapKacoM M3 TpeX 3apaHee 3aJaHHBIX CYNEPIUIUICOB, JEKAIIUX B TPEX KOOp-
JUHATHBIX TUIOCKOCTSX. DTH YPaBHEHUs OMMCHIBAIOT OOJIBIION HAOOp aHAIUTHU-
geckuX (opM, IPUTOAHBIX LIl GOPMHUPOBAHUS CPEAUHHBIX MOBEPXHOCTEH TOHKHX
CTpOUTENBHBIX 00onouek. OIUH U3 CYNEPIUIMIICOB B3AT B BUJE OKPY)KHOCTH.
O00709KH MOKHO IPOSKTUPOBATH Ha KPYIJIOM U POMOMUYECKOM IUTaHAaX, a TAKXKe
Ha IJIaHax B OpMe CYNepaJUIMIICOB OOLIEro BUAA C BHITYKJIBIMH M BOTHYTBIMHU

cTopoHamu. Bce pekomeHayeMble TOBEPXHOCTH MPOMJUTIOCTPUPOBAHBI Ha 24 mpu-
Mepax CpeAcTBaMH KOMITbIOTepHO# rpaduku. C nomoinsio 0e3pa3MepHbIX He3a-
BHCHMBIX NAapaMeTPOB Ha MOBEPXHOCTSAX c(HOPMUPOBAHA CETh KPUBOJIMHEHHBIX
HEOPTOTOHAJBHBIX KOOpAMHAT. PaccmarpuBaemble MOBEPXHOCTH MOTYT BOMTH
B pe3epB IMOBEPXHOCTEH A JajbHEHIIEro HCIOIb30BaHUS B PEalbHBIX KOH-
CTPYKLHUSAX U COOPYIKEHUSX.

JJ1st puTHpOBAaHUS

Krivoshapko S.N. Surfaces with a main
framework of three given curves which
include one circle / CrpoutenpHas mexa-
HUKa WHXCHEPHBIX KOHCTPYKIHHA U CO-
opyxenuii. 2023. T. 19. Ne 2. C. 210-219.
http://doi.org/10.22363/1815-5235-2023- KiroueBble cjioBa: cynepaumic, poMO, [IMHAPOU, KPYTOBOH KOHYC, ITIOBEpX-
19-2-210-219 HOCTb IIepeHoca

1. Introduction

Until recently, surfaces with a given three flat curves of the main framework in three coordinate planes
were in demand in shipbuilding to form the hulls of surface and underwater vessels [1-3]. Then there were pro-
posals to use superellips as flat curves of the main framework [4-6]. This made it possible to significantly ex-
pand the number of shapes for ship hulls.

In [7-8] it was first proposed to use thin shells with median surfaces containing three flat super ellipses of
the main frame in construction and architecture. For the first time, a calculation was carried out for a distributed
load of the self-weight type using the SCAD computer complex [7]. An attempt was made to find the most opti-
mal shell from the three shells with the same main frame.

It is noted in [9] that surfaces containing superellipses are becoming more and more in demand due to
their universality in various branches of science [10] and national economy [11]. However, some geometric
problems for such surfaces are still unsolved.

It was assumed in [6; 7; 12] that the plane curves of the main frame of the considered surfaces are given
in the form:

— the first curve of the main frame in the plane xOy (curve z = 0):

e fy I
ly[m=w"{1 Tk €Y
— the second curve of the main frame in the plane yOz (curve x = 0):
lyl™
|z|" =T" <1 —wm ) 2

— the third curve of the main frame in the plane xOz (curve y = 0):
|x|*
|Z|S=TS<1—L—k ) (3)
where for convex curves r, t, n, m, s, k > 1; for concave curves r, t,n, m, s, k < 1.
The curves (1)—(3) are superellipses [13]. In formulas (1)—(3) it is necessary to take r =t,n=m, s = k.
Using the methodology described in [6; 12; 14], it is possible to obtain explicit equations for three algebraic
surfaces with the same main skeleton (1)—(3) and with the generating family of the same-type sections x = const:

1 1
2] = T(1 - lal* /%) [1 = ly/wim/ @ = /L™, )
with the generating family of the same-type sections y = const:
1
2] = T(1 = [y™ /W™ Y1 — /LI = |y W], )
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and with the generating family of the same-type sections z = const:
1
lyl = W = |z["/T™)Y™[1 — |x/L|*/(1 = |z/T|*)"/¥] r (6)

where -L <x<L,-W<y<W,0<z<T.
The explicit surface equations (4)—(6) can be transferred to a parametric form of setting:

x=x(u) =zxulL,y=y(u,v) =vW[1 - uf]i/r, z = z(u, v) = T[1 - uk]¥/s[1 - |v|m]i/n; (7)
x=x(u, v) =vL[1 - uVt, y =y(u) = xulW, z = z(u) = T[1 - um]V/n[1 - |v|K]1/s; (8)
x=x(u, v) =vL[1 - us]/k y =y(u, v) =+ W[1 - un]/m[1 - |v|t]¥/r, z = z(u) = uT, 9

where 0 <u<1,-1<v<1;u,v-dimensionless parameters.

Equations (4)—(9) were used in [15] to create five groups of new linear surfaces. Some of these linear sur-
faces were taken as the middle surfaces of thin building shells, for which their stress-strain state under the action
of the static load of the self-weight type was studied in [16; 17].

2. Materials and methods
2.1. Possible triples of surfaces with a main framework of three flat curves, one of which is a circle
As is known, the circle is one of the main curves used in the design of curvilinear surfaces of thin shells
in construction. Let suppose that the superellips (2) is a semicircle, then we have:

n=m=2and T=W,z=0. (10)

With this assumption, we can obtain four groups of surfaces containing the semicircle (10). Each group
will contain three surfaces with the same main frame.

2.1.1. The first triple of surfaces. If the superellipses (1) and (3) decompose into rhombuses, then
r =t=s =k =1. The triple surface equations (4)—(6) with the same main frame will have the form:

—a surface formed by a family of straight lines in the planes x = const:

|x| 2 1/2
2= [(1 - T) T2 - yZ] ; (11)
—a surface formed by a family of straight lines in the planes y = const:

1
2

Z2=T <1 Y ol (12)

)2

[ 1 [ ——

w2 AT
L(1-1)

—a surface formed by a family of straight lines in the planes z = const:

2
|y|=W<1—%>(1+;)<1—;—|)LC—|>. (13)

The explicit surface equations (11)—(13) can be written in the parametric form (7)—(9).

x=x(u)=#uL,y=y(u,v)=vW[1 -u],z=2z(u, v) = T[1 - u][1 - v2]V/%; (11a)
x=x(u,v)=vL[1-u],y=y(u) =zuW, z=z(u) = T[1 - u2]¥/2[1 - |v|]; (12a)
x=x(u,v)=vL[1-u],y=y(u, v) =+W[1 - uz]/2[1 - |v|], z=z(u) = uT. (13a)
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Figure 1 shows a triple of surfaces with the same main frame with dimensions T=W=5m,L=7m.
The presented triple of surfaces consists of a composite conical surface (Figure 1, a) [18] and two cylin-
droids (Figure 1, b, ¢) [19].

Figure 1. Analytical surfaces on a rhombic plan (the first triple):
a — the surface is created using the formulas (11a); b — the surface is created using the formulas (12a); ¢ — the surface is created using the formulas (13a)

2.1.2. The second triple of surfaces. Let the superellips (1) decompose into a rhombus, then r =t =1,
n =m = 2. The equations of the triples of surfaces (4)—(6) with the same main frame will take the form: surface
formed by a family of circles in the planes x = const:

2 = T(1 = xl* /) [1 = (/W21 = [l /L)1, (14)
with a generating family of sections of the same type y = const:

|z| = T = |y|2/W>)Y2[1 — |x/LI*/(1 = |y|/W)K]/5, (15)
and with a generating family of sections of the same type z = const:

Iyl =w@ - |zI*/T*)"2[1 = |x/LI/(1 = |2/T|*)"/¥], (16)

where -L <x<L,-W<y<W,0<z<T.
The explicit surface equations (14)—(16) can be transfered into a parametric form of setting:

x=x(u)=#uL,y=y(u, v)=vW[1-u],z=z(u, v) = T[1 - uk]*/s[1 - v2]1/2 (14a)
x=x(u,v)=vL[1-ul,y=y(u) =zuW, z=z(u) = T[1 - u]/2[1 - |v|K]V/s; (15a)
x=x(u, v) =vL[1 - us]¥k y =y(u, v) = £ W[1 - u?]1/2[1 - |v|], z = z(u) = uT, (16a)

where 0 <u <1, -1<v<1;u,Vv-dimensionless parameters.

a b c

Figure 2. Analytical surfaces on a rhombic plan (the second triple):
a — the surface is created using the formulas (11a); b — the surface is created using the formulas (12a); ¢ — the surface is created using the formulas (13a)
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Figure 2 shows a triple of surfaces with the same main frame with dimensions T=W=5m,L=7m
and with s = k = 2. The superellips (3) is taken in the form of a simple ellipse.

2.1.3 The third triple of surfaces. Let the superellipse (3) decompose into a rhombus, then s = k = 1,
n = m = 2. The equations for the triplet of surfaces (4)—(6) with the same main framework will take the form:
surface formed by a family of circles in the planes x = const:

l2] = T = xl/D[1 = ly/W /(1 = /LI, (17)
with a generating family of sections of the same type y = const:
|zl = T(1 = lyI2/WHV2[1 = |x|/L/ (A = ly/WI)M], (18)
and with a generating family of sections of the same type z = const:
lyl =w(@—2?/T*)Y?[1 = |x/LI* /(1 — |2/T|)T", (19)
where -L <x<L,-W<y<W,0<z<T.

The explicit surface equations (17)—(19) can be transferred into a parametric form of setting:
x=x(u)=%ulL,y=y(u, v) =vW[1 -ut]/r, z=2z(u, v) = T[1 - u][1 - v2]1/2% (17a)
x=x(u, v) =vL[1-uV,y =y(u) = tuW, z=z(u) = T[1 - u2]¥/2[1 - |v|]; (18a)

x=x(u,v)=vL[1-ul,y=y(u v) =+W[1 - u2]1/2[1 - |v|]1/r, z = z(u) = uT, (19a)

where 0 <u <1, -1<v<1;u,v-—dimensionless parameters.

Figure 3. Analytical surfaces on the plan in the superellipsoidal form (the third triple):
a — the surface is created using the formulas (17a); b — the surface is created using the formulas (18a); ¢ — the surface is created using the formulas (19a)

Figure 3 shows a triple of surfaces with the same main framework with dimensions T = W = 5 m,
L=7m,and withr =t=23/4.

2.1.4. The fourth triple of surfaces. To generate the fourth triple of surfaces, meet only conditions (10).
In this case, equations (4)—(6) take the form:

— with the forming family of circles lying in the sections x = const:

2] = T(1 = |xl*/L%) " [1 = y/W12/(1 = x/L12] % (20)
— with a generating family of sections of the same type y = const:
2| = T(1 = y?/W2Y2[1 = x/LI* /(1 = ly/ W], 1)

214 GEOMETRICAL MODELING OF SHELL FORMS



Kpusowanko C.H. CTpoutenbHas MexaHuka UHXEHEPHbIX KOHCTPYKLMiA 1 coopykeHuid. 2023. T. 19. Ne 2. C. 210-219

— with a generating family of sections of the same type z = const:
Iyl = WL = 22/TY?[1 = x/LI/( = |2/T|)], (22)

where -L <x <L,-W<y<W,0<z<T.
The explicit surface equations (20)—(21) can be transferred into a parametric form of setting:

x=x(u) =zxulL,y=y(u,v) =vW[1 - ut]i/r, z = z(u, v) = T[1 - uk]1/s[1 - v2]1/2; (20a)
x=x(u, v) =vL[1 - u|Vt, y =y(u) = xulW, z = z(u) = T[1 - u?]1/2[1 - |v|K]1/s; (21a)
x=x(u, v) =vL[1 - us|V/k y =y(u, v) = £ W[1 - u2]1/2[1 - |v|]¥/r, z = z(u) = uT, (22a)

where 0 <u<1,-1<v<1;u,v-dimensionless parameters.
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Figure 4. Analytical surfaces on an elliptical plan (the fourth triple):
a —the surface is created using the formulas (20a); b — surface is created using the formulas (21a); ¢ — surface is created using the formulas (22a)

Figure 4 shows a triple of surfaces with the same main framework with dimensions T = W = 5 m,
L=7mandwithr=t=2,s=k=3/4.

2.2. Triples of surfaces with the same main framework on a round plan

These surfaces are generated using the same formulas given above. It is only necessary to change the area
of changes in the variable parameters u, v in the parametric equations and the area of changes in the Cartesian
coordinates in the explicit equations. It is assumed that the Ox axis is directed upward, and that there is a circle
in the yOz plane. When generating the new surfaces, the dimensions are left unchanged T=W =5m,L=7m,
and 0 <x <L, -W<y<W,-T<z<T,n=m=2.

For the considered case, equations (7)—(9) will take the form:

x=x(u)=ulL,y=y(u,v) =vW[1 - ut]¥/r, z = z(u, v) = +T[1 - uk]1/s[1 - |v|m]1/n; (23)
x=x(u,v) = [v/[L[1 - uw]V, y =y(u) = xuW, z = z(u) = £T[1 - um]/7[1 - |v|K]V/s; (24)
x=x(u, v) = [v/[L[1 - us]Vk y =y(u, v) = £W[1 - ur]/m[1 - |v|]i/r, z = z(u) = *uT, (25)

where 0 <u<1,-1<v<1I;u,vare dimensionless parameters.

Using parametric equations (23)—(25), the first triple of surfaces at r =t = s = k = 1 (Figure 5),
the second triple of surfaces at r =t = 1, s = k = 2 (Figure 6), the third triple of surfaces at s = k = 1,
r =t = 3/4 (Figure 7) and the fourth triple of surfaces at r =t = 2, s = k = 3/4 (Figure 8) are generated.
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IHiarygtes
i 2

Figure 5. Analytical surfaces on a round plan (the first triple):
a —the surface is created using the formulas (23); b — the surface is created using the formulas (24); ¢ — the surface is created using the formulas (25)

a b c

Figure 6. Analytical surfaces on a round plan (the second triple):
a —the surface is created using the formulas (23); b — the surface is created using the formulas (24); ¢ — the surface is created using the formulas (25)

/]

a b c

Figure 7. Analytical surfaces on a round plan (the third triple):
a —the surface is created using the formulas (23); b — the surface is created using the formulas (24); ¢ — the surface is created using the formulas (25)
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Figure 8. Analytical surfaces on a round plan (the fourth triple):
a —the surface is created using the formulas (23); b — the surface is created using the formulas (24); ¢ — the surface is created using the formulas (25)

All the surfaces presented in this section are located on a circular basis on the plane yOz (x = 0). Several
examples of surfaces on a circular plane with two superellips in intersecting planes are considered in [20].
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3. Results and discussion

The paper shows the formation of four triples of surfaces, based on previously obtained analytical
and parametric equations of surfaces with the main framework of three superellipses. All the 12 surfaces contain
a circle as one of the flat curves of the main framework. The presented surfaces are visualized graphically
for better recognition of them by architects and builders. In the author's opinion, these surfaces can be taken
as the basis for the shapes of building and mechanical engineering objects, as well as the linear surfaces pro-
posed earlier in [15]. At the very least, these surfaces may be in the reserve of surfaces waiting for their applica-
tion [21] within one of the architectural styles [22].

4. Conclusion

The considered surfaces need further study, both from the point of view of differential geometry and structural
mechanics of shells (surface areas, volume of internal space, stress-strain state of thin shells with middle surfaces
in the form of proposed surfaces, finding optimal shells according to selected optimality criteria, etc.). The num-
ber of surfaces with circles can be significantly expanded by changing the exponents in formulas (1), (3).
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