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AnHotamus. Llens nccnenoBanus — pa3pabOTKa aropuTMa KOHEYHO-DJIEMEHTHOTO
pacdyera TOHKUX OOOJIOYEK BpalICHHs HA OCHOBE CMEIIAHHOW (OPMYIHPOBKH
METOa KOHEYHBIX JJICMEHTOB B JABYMCPHOMH [TOCTQHOBKE NPU HCIIOJIB30BAHUH
B KQueCTBE JJIEMEHTa IUCKPETU3ALUH YETHIPEXYTOJNBHOTO (hparMeHTa CpeIuH-

HOIf MOBEpXHOCTH. VICKOMBIMH y3JIOBBIMH HEHU3BECTHBIMU OBLTH BBIOPAHBI MPO-
JIOJIbHBIE YCUINS M MOMEHTHI, a TAaK)Ke€ KOMIIOHEHTBI BEKTOpa INepeMEIleHHUS.
KonnuecTBo UCKOMBIX HEU3BECTHBIX B KaXJOM U3 Y3JI0B YETBIPEXY3I0BOIO 3Je-
MEHTa JUCKPETH3aIlUU JAOCTHraeT JICBSTU: LIECTh CHJIOBBIX U TPH KMHEMaTHYe-
CKMX UCKOMBIX BEIMYMH. J[/Is Mogy4eHHs MaTpHLbl IOJATAMBOCTH U CTOIOLA
Y3JIOBBIX YCUINH MCIONIB30BaNCs MoauduupoBanHbiil GpyHkimonan Peiiccuepa,
B KOTOPOM TIONHAS yZAeNbHAas paboTa HaNpsDKEHHI MpecTaBlIeHa YASNbHON pa-
6010l MeMOpaHHBIX yCHIUI M M3rHOAIOIUX MOMEHTOB CPEIUHHON IOBEPXHO-
CTH Ha ee AedopManusIx M UCKPUBICHUAX, a yACIHbHAs JOIOIHATENbHAs paboTa
orpeJeNieHa yIeNbHOW paboTONH MEMOpaHHBIX YCHIIMI U U3rHOaIOIIX MOMEHTOB

CPEIMHHON TOBEPXHOCTH. B kauecTBe anmpOKCHMHUPYIOMINX BBIPAKEHHN M IS
CUJIOBBIX, U JJIs1 KHHEMATUYCCKHUX MCKOMBIX HCU3BCCTHBIX HCIIOJIb30BAJIMCh 61/[-
JUHEeHHbIe (QYHKIUH (OPMBI JIOKAaJBHBIX KOOpAHMHAT. Pa3MepHOCTh MaTpHIBI
HNOJATIMBOCTH YETBIPEXY3JIOBOIO JIEMEHTA AUCKPETH3alMu cocTaBuna 36x36.
Pemenne TecToBOH 3amauM MO aHANM3y HANpsHKEHHO-Ie()OPMUPOBAHHOTO CO-
CTOSIHUSI YCEUEHHOTO JIIMIICOMa BPALIeHUs, 3arpy>KEHHOT'O BHYTPEHHHM IaB-
JIEHUEM, [10Ka3a/10 JOCTATOUHYIO JUIl MH)XXEHEPHOU NPAKTUKH TOUHOCTH BBIYUC-
JICHUH TIPOYHOCTHBIX MapaMETPOB UCCIIEAYEMOit 000I0YEUHONH KOHCTPYKIIHH.
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Introduction

Finite element analysis of thin shells based on the displacement method (when the unknown nodal varia-
bles are displacements and their partial derivatives) has been developed quite well and is widely used today
in various software suites. In [1], FEM is presented as an alternative to the finite difference method with justifi-
cation of its advantages. It is widely used in the calculations of beams and frame structures [2], as well as multi-
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layer plates and shells [3; 4], and in the calculation of three-dimensional structures and thick slabs [5; 6]. FEM
was widely used in the formulation of the displacement method in the calculation of thin shells under elastic and
elastoplastic deformation [7—11]. This method is also used in the analysis of the nonlinear deformation of plates
and shells [12-15]. FEM is used in the formulation of the displacement method and in cases of large defor-
mations during loading of plates and shells [16—18], as well as in shell stability calculations [19; 20]. In engi-
neering stability problems, a mixed formulation based on the predictor-corrector scheme was proposed [21; 22].
To reach the appropriate level of accuracy for computing the unknown values, it is necessary to use the approxi-
mating expressions of class C?, since the Cauchy relations for thin shells [23; 24] contain second order partial
derivatives of the normal displacement vector. When using the mixed FEM (when the unknown nodal variables
are displacements, axial forces and moments), approximating the unknowns with functions of classes C’ and
C" is sufficient. A major advantage of using the mixed FEM is the ability to compute stresses and deformations
at an element node in terms of the evaluated unknowns of the element at this specific node. In contrast, to deter-
mine nodal stresses, FEM based on the displacement method requires calculating the unknowns at the adjacent
nodes, which increases the computational error. In this regard, the most relevant problem now is the development
of algorithms for linear and non-linear analysis of thin shells with the mixed FEM using curvilinear coordinates.

Methods

The Reissner functional is considered in the following definition [25; 26]:

r = [{o) {e}av -2 [{0)] [C, )fo)av — [ (U} (P}aF. ()
VIx3 34 2V 1x3  3x3 3x1 F Ix3  3xl

T
where {G}T ={011 622 012}, {8{;} z{sfl 8%2 8%2} are the stresses and deformations at a point in the shell,
which is located at vertical distance { from the corresponding point of the middle surface; matrix [Cs] repre-

sents the transformation matrix from vector {sc} to vector {G} , which is composed based on the Hooke’s law

for thin shells [23; 24]; {U }T = {uvw} is the row vector of displacement components of the middle surface point;
{P} is the external load vector.

Stresses {c} in functional (1) are expressed in terms of the forces of the middle surface [23; 24]:

N,
_ 11+CM11;

N,
! d =N22+CM22; i = 12+CM12,

o
11 I Ji 12 2 Vi

2

022

3
where [ = I is the moment of inertia of the cross-section; % is the height of the cross-section.

Deformations of an arbitrary layer of the shell are determined in terms of membrane and bending strains
by relations [23; 24]:

8%1 =&11 +CN1 3 8%2 =89 +LN9; 8%2 =¢g1p +20Ny;. (3)

Physical and geometric expressions (2) and (3) may be represented in matrix form:

o} =[Ta]{So}s {=*}=[re]{eol: @

3x1 3x6  6x1 3x1 3x6  6x1

66 ANALYTICAL AND NUMERICAL METHODS OF ANALYSIS OF STRUCTURES



Knoukos 0.B. u Op. CTpouTenbHas MexaHuka MHXEHepHbIX KOHCTPYKLMIA U coopyxeruin. 2023. T. 19. Ne 1. C. 64-72

where {So} ={N1j Noy Niy Myy My M} {eo} =1{eqy &2 212 Ny Nyp Nio

1x6 1x6

oo S 00

hl I 1 00¢CO0 0
[FG]=OZOO%O;[F8]=0100CO.
3x6 . C3><6 00100 2

00 — 00 =2

L h 1]

Membrane and bending strains of the middle surface are defined by expressions [27]:

[ L (@05, +a07 , +al%h +als
€ap zi(aguﬁ + a[(a)v,a); Nop :E( aPp ATtV + agvﬁ)’ ©

where 53 are the basis vectors of a middle surface point; v is the displacement vector of the middle surface

point; v =d — @’ is the difference vector of normal lines of the middle surface point in the deformed and unde-

formed states.
Relationships (5) may be expressed in matrix form:

{eo}=[L]{U}, (6)

6x1 6x3 3x1

where [L] is the differentiation and algebraic expressions matrix.
6x3
Moments M g and forces Nyp ata point on the middle surface, which are contained in (2), may be ex-

pressed in terms of the values of these force unknowns at the nodes of the quadrilateral element using approxi-
mating bilinear functions with the following matrix product:

(So}=[H]{s,} ()
6x1 6x24 24x1

T i N ok nl i [ i [ agi [ i [ agi ).
where {Sy} Z{Nlll Nljl NIINIINEZ”'NZZ Nllz...le Mlll"'MllM£2 ...M22 Mllz ...Mlz},

'I{EET _
oy
v
o .
oy
v

{(p}T ={@; 92 93 ¢4} are the bilinear functions of local coordinates —1<& n<1 of the quadrilateral finite
1x4
element [27].
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Deformations at a middle surface point (6) may expressed using bilinear functions ¢ as the following
matrix product:

teo}=[L][4){U ,} = [BI{U ,}. ®)

6x1 6x33x12 12x1 6x12 12x1

o) {0} {0}
where Ezﬂz {0} {(p}T {0} ; {Uy}T ={{uy}T {vy}T{wy}T}; {qy}T ={q qJ qk ql}, q represents
(o) (o) {(p}T 1x12 x4

tangential #,v or normal w displacement vector component.
Considering (4), (6), (7) and (8), functional (1) may be represented as

h
. B
op={,| [J[H]'| ] [Tal [Ts]dc|[B]dF{U, |-
1x24 F24x6 | h 6x3  3x6 6x12 12x1
2

1 T
s i Hr L e (s, - Lo, ) AT ®)
1x24 F24><6 _h 6x3 3x3 3x6 6x24 24x1 Ix12 F12x3 3><1
2

T
By minimizing functional (9) with respect to {S y} , the following relation can be obtained:

6CDR/6{Sy}T = [0] {u,}- [] {s,}=0, (10)

24x12 12x1  12x24 241

h h

2
where (0] = [[[H1"| [T [ruJac|[)ar: [¥] =[f[a)" | T [, [0 Jac ] ar
24x12 F24x6 | _h 63  3x6  |6x12 12x24  F24x6 | h 6x3 3><3 N6 |6x24
2 2

In order to minimize functional (7) with respect to unknown nodal displacements {U y} , equation (9)

needs to be represented in the following form:

v} e’ Th[ T[ry)dc |[]ar (s, }-

Ix12  F12x6 6x3  3x6 6x24 24x1

1x24 F 24x6 6x3  3x3 3x6 6x24 24x1 Ix12  F12x3 3><1

i) Thr " [c)ra)de |[#]ar {s, - {v, ) 4] (P (an
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T
Minimizing (11) with respect to {U y} yields the following matrix expression:
T T
oD p a{Uy} = (0] {Sy}—{fy}zo. (12)
1224 24x1 12x1

By rearranging (10) and considering (12), it is possible to obtain the flexibility matrix and the nodal forces
vector for the quadrilateral element in the following form:

-] el {s}] (1o

24x24  24x12 || 24x1 | _ | 24x1

= . (13)
o] [0] ||{u,}| |/}
12324 12x12 | 12x1 12x1
36x36 36x1 36x1

Thus, the dimension of the flexibility matrix of the quadrilateral element is 36 x 36, and the nodal un-
knowns vector contains 24 force and 12 kinematic factors, which are axial forces Nyg and moments Mg

and displacement components of a nodal point of the middle surface.
Construction of the general flexibility matrix and nodal forces vector of the entire shell is conducted using
the index matrix, which reflects the boundary conditions of the shell [28].

Results and discussion

Calculation example. In order to verify the developed algorithm, a truncated ellipsoid of revolution, which
is illustrated in Figure, was analyzed.

|

Truncated ellipsoid of revolution

The following initial data was adopted: ellipsoid shape parameters a =1.3 m; b =c = 0.9 m; shell thickness

h =0.02 m; modulus of elasticity £=2- 10° MPa; Poisson’s ratio v =0.3; internal pressure ¢ =5MPa. Only 1/8

of the shell was analyzed due to ellipsoid having planes of symmetry. The results of the analysis are presented
in Table, in which the numerical values of normal stresses of the middle surface at the support (x =0.0 m)
and end (x =1.2 m) sections of the ellipsoid with different finite element grid are given.
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The results in Table imply that refining the grid leads to stable convergence of the computational process.
However, convergence stability is a necessary, but not sufficient condition for the efficacy of the algorithm
in regards to the real physical distribution of stress in the shell.

To evaluate the objectiveness of the results, let us compute meridional stress at the support and end sec-
tions. The meridional stress at the support section can be obtained from the following equilibrium equation:

011,y =5 RG ~RE ), (14)

h2nR

where R, R;, are the radii of revolution of the ellipsoid at the support and the end sections respectively, besides
b 0.9

Ry=b=09m; R, =—\a* —x} =3 1.32 -1.22 =0.346 m.
a .

Values of normal stresses in the middle surface of the ellipsoid

Node grid Analytical solution
Section Sﬁf)s:, 41x 41 61 61 81 81 101 x 101 121 x 121 according to the
Laplace equation
Support, o, 95.93 95.89 95.88 95.87 95.87 95.86
x=00m 5, 179.03 179.04 179.05 179.05 179.05 179.06
End, o, 0.916 0.449 0.270 0.182 0.133 0.00
x=12m o, 167.75 168.45 168.78 168.96 169.06 167.82

By substituting the initial data into (14), it is possible to obtain the following value of meridional stress

B =;(n0.92 —n0.3462) —95.86 MPa.
¥=0"0.02-27-0.9
The meridional stress at the end section must be zero, since the right end of the shell is not loaded:

('511 =12 =0.00 MPa.

at the support section: oy

Circumferential stress ¢,, of the middle surface of the ellipsoid at the support and end sections may be
expressed using the Laplace equation:

Oi1 %22 _49 (15)
R, R, h

Radii of curvature R, and R, in (15) are defined by
Rl :—1/(x’35r,xx); R2 :1/(r/x,5), (16)

where r = (b/a)\/a2 —x? is the radius of revolution of the ellipsoid, Ty 1s the second order derivative of

2
the radius of revolution; x g = 1/ 1+ (1: x)

Thus, it is possible to obtain the analytical value of circumferential stress at the support and end sections

of the ellipsoid from (15):
q_ %1
Oy =| ——— |Ry. 17
22 (h Rl] 2 A7)

Substituting the corresponding initial data into (17) yields the values of the desired stresses:
onl,_,=179.06 MPa; oy _, , =167.82 MPa.
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Conclusion

By comparing the analytical values of meridional stress o;; and circumferential stress ¢,, computed

with equations (14)—(17) and the values obtained via the developed algorithm, it can be concluded that the ade-
quate level of accuracy of the finite element analysis has been reached, as the minimum computational error
does not exceed 1%. The developed algorithm may be recommended for application in engineering practice
for the analysis of thin shells.
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