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 Abstract. The purpose of study is to develop an algorithm for the analysis
of thin shells of revolution based on the hybrid formulation of finite element 
method in two dimensions using a quadrilateral fragment of the middle surface 
as a discretization element. Nodal axial forces and moments, as well as compo-
nents of the nodal displacement vector were selected as unknown variables.
The number of unknowns in each node of the four-node discretization element 
reaches nine: six force variables and three kinematic variables. To obtain the flexi-
bility matrix and the nodal forces vector, a modified Reissner functional was 
used, in which the total specific work of stresses is represented by the specific 
work of membrane forces and bending moments of the middle surface on its 
membrane and bending strains, and the specific additional work is determined
by the specific work of membrane forces and bending moments of the middle 
surface. Bilinear shape functions of local coordinates were used as approximat-
ing expressions for both force and displacement unknowns. The dimensions of 
the flexibility matrix of the four-node discretization element were found to be 
36×36. The solution of benchmark problem of analyzing a truncated ellipsoid of 
revolution loaded with internal pressure showed sufficient accuracy in calcu-
lating the strength parameters of the studied shell. 

Keywords: four-node discretization element, stress-strain state, flexibility
matrix 
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 Аннотация. Цель исследования – разработка алгоритма конечно-элементного 
расчета тонких оболочек вращения на основе смешанной формулировки 
метода конечных элементов в двумерной постановке при использовании
в качестве элемента дискретизации четырехугольного фрагмента средин-
ной поверхности. Искомыми узловыми неизвестными были выбраны про-
дольные усилия и моменты, а также компоненты вектора перемещения. 
Количество искомых неизвестных в каждом из узлов четырехузлового эле-
мента дискретизации достигает девяти: шесть силовых и три кинематиче-
ских искомых величин. Для получения матрицы податливости и столбца 
узловых усилий использовался модифицированный функционал Рейсснера, 
в котором полная удельная работа напряжений представлена удельной ра-
ботой мембранных усилий и изгибающих моментов срединной поверхно-
сти на ее деформациях и искривлениях, а удельная дополнительная работа 
определена удельной работой мембранных усилий и изгибающих моментов 
срединной поверхности. В качестве аппроксимирующих выражений и для 
силовых, и для кинематических искомых неизвестных использовались би-
линейные функции формы локальных координат. Размерность матрицы 
податливости четырехузлового элемента дискретизации составила 36×36. 
Решение тестовой задачи по анализу напряженно-деформированного со-
стояния усеченного эллипсоида вращения, загруженного внутренним дав-
лением, показало достаточную для инженерной практики точность вычис-
лений прочностных параметров исследуемой оболочечной конструкции. 

Ключевые слова: четырехузловой элемент дискретизации, напряженно-
деформированное состояние, матрица податливости 
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Introduction 

Finite element analysis of thin shells based on the displacement method (when the unknown nodal varia-
bles are displacements and their partial derivatives) has been developed quite well and is widely used today 
in various software suites. In [1], FEM is presented as an alternative to the finite difference method with justifi-
cation of its advantages. It is widely used in the calculations of beams and frame structures [2], as well as multi-
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layer plates and shells [3; 4], and in the calculation of three-dimensional structures and thick slabs [5; 6]. FEM 
was widely used in the formulation of the displacement method in the calculation of thin shells under elastic and 
elastoplastic deformation [7–11]. This method is also used in the analysis of the nonlinear deformation of plates 
and shells [12–15]. FEM is used in the formulation of the displacement method and in cases of large defor-
mations during loading of plates and shells [16–18], as well as in shell stability calculations [19; 20]. In engi-
neering stability problems, a mixed formulation based on the predictor-corrector scheme was proposed [21; 22]. 
To reach the appropriate level of accuracy for computing the unknown values, it is necessary to use the approxi-
mating expressions of class С(2), since the Cauchy relations for thin shells [23; 24] contain second order partial 
derivatives of the normal displacement vector. When using the mixed FEM (when the unknown nodal variables 
are displacements, axial forces and moments), approximating the unknowns with functions of classes С(0) and 
С(1) is sufficient. A major advantage of using the mixed FEM is the ability to compute stresses and deformations 
at an element node in terms of the evaluated unknowns of the element at this specific node. In contrast, to deter-
mine nodal stresses, FEM based on the displacement method requires calculating the unknowns at the adjacent 
nodes, which increases the computational error. In this regard, the most relevant problem now is the development 
of algorithms for linear and non-linear analysis of thin shells with the mixed FEM using curvilinear coordinates. 

Methods 

The Reissner functional is considered in the following definition [25; 26]: 

            ζ
ε

1 3 1 3 3 1 1 3 3 13 33 1

1 1Ф σ ε σ σ ,
2 2

T T T
R

V V F
dV C dV U P dF

    

                                             (1) 

where    11 22 12σ σ σ σ ,T      ζ ζ ζζ
11 22 12ε ε ε ε

T
  are the stresses and deformations at a point in the shell, 

which is located at vertical distance ζ  from the corresponding point of the middle surface; matrix  εC  repre-

sents the transformation matrix from vector  ζε to vector  σ , which is composed based on the Hooke’s law 

for thin shells [23; 24];    TU uvw  is the row vector of displacement components of the middle surface point; 

 P  is the external load vector. 
Stresses  σ  in functional (1) are expressed in terms of the forces of the middle surface [23; 24]: 

11 11 22 22 12 12
11 22 12

ζ ζ ζσ ; σ ; σ ,N M N M N M
h I h I h I

                                             (2) 

where 
3

12
hI   is the moment of inertia of the cross-section; h  is the height of the cross-section. 

Deformations of an arbitrary layer of the shell are determined in terms of membrane and bending strains 
by relations [23; 24]: 

ζ ζ ζ
11 11 22 22 12 1211 22 12ε ε ζ ; ε ε ζ ; ε ε 2ζ .                                                   (3) 

Physical and geometric expressions (2) and (3) may be represented in matrix form: 

         ζ
σ 0 ε 0

3 1 3 6 3 66 1 6 13 1

σ ; ε ε ,S
   

                                                                 (4) 
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where    0 11 22 12 11 22 12
1 6

;TS N N N M M M


     0 11 22 12 11 22 12
1 6
ε ε ε ε ;T


      

 σ
3 6

1 ζ0 0 0 0

1 ζ0 0 0 0 ;

1 ζ0 0 0 0

h I

h I

h I



 
 
 
    
 
 
  

  ε
3 6

1 0 0 ζ 0 0
0 1 0 0 ζ 0 .
0 0 1 0 0 2ζ

 
    
  

 

 
Membrane and bending strains of the middle surface are defined by expressions [27]: 

   0 0 0 0 0 0
αβ α ,β β ,α αβ ,α ,β ,β ,α α ,β β ,α

1 1ε ; ,
2 2

n na v a v a v a v a v a v      
           

                             (5) 

where 0
αa  are the basis vectors of a middle surface point; v  is the displacement vector of the middle surface 

point; 0nv a a 
    is the difference vector of normal lines of the middle surface point in the deformed and unde-

formed states. 
Relationships (5) may be expressed in matrix form: 

    0
3 16 36 1

ε ,L U


                                                                             (6) 

where  
6 3
L


 is the differentiation and algebraic expressions matrix. 

Moments αβM  and forces αβN  at a point on the middle surface, which are contained in (2), may be ex-
pressed in terms of the values of these force unknowns at the nodes of the quadrilateral element using approxi-
mating bilinear functions with the following matrix product: 

    0
6 246 1 24 1

,yS H S
 

                                                                         (7) 

where    11 11 11 22 22 12 12 11 11 22 22 12 1211
1 24

... ... ... ... ... ;
T ji k l i l i l i l i l i l

yS N N N N N N N N M M M M M M


  

 

 

 

 

 

 

 

1 4

1 4

1 4

6 24
1 4

1 4

1 4

φ

φ

φ
;

φ

φ

φ

T

T

T

T

T

T

H














 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

  

   1 2 3 4
1 4
φ φ φ φ φT


  are the bilinear functions of local coordinates 1 ξ, η 1    of the quadrilateral finite 

element [27]. 
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Deformations at a middle surface point (6) may expressed using bilinear functions φ  as the following 
matrix product:  

         0
6 3 3 12 6 126 1 12 1 12 1

ε ,y yL A U B U
    

                                                               (8) 

where  
     
     
     

3 12

φ 0 0

0 φ 0 ;

0 0 φ

T

T

T

A


 
 
   
 
  

             
1 12 1 4

; ;
T T T T T i j k l

y y y y yU u v w q q q q q
 

   q  represents 

tangential ,u v  or normal w  displacement vector component. 
Considering (4), (6), (7) and (8), functional (1) may be represented as 

           
2

σ ε
24 6 6 126 3 3 61 24 12 1

2

Ф ζ

h

T T T
R y y

hF
S H d B dF U

   

 
 

    
 
  

   

                  
2

σ ε σ
3 124 6 6 24 12 36 3 3 3 3 61 24 24 1 1 12

2

1 1ζ .
2 2

h

T TT T T
y y y

hF F
S H C d H dF S U A P dF

      

 
 

    
 
  

                          (9) 

By minimizing functional (9) with respect to  T
yS , the following relation can be obtained: 

         
24 12 12 2412 1 24 1

Ф 0,
T

R y y yS Q U Y S
  

                                                  (10) 

where          
2

σ ε
24 12 24 6 6 126 3 3 6

2

ζ ;

h

T T

hF
Q H d B dF
   

 
 

   
 
  

             
2

σ ε σ
12 24 24 6 6 246 3 3 3 3 6

2

ζ .

h

T T

hF
Y H C d H dF
    

 
 

   
 
  

   

In order to minimize functional (7) with respect to unknown nodal displacements  yU , equation (9) 
needs to be represented in the following form: 

           
2

ε σ
12 6 6 246 3 3 61 12 24 1

2

ζ

h

T T T
y y

hF
U B d H dF S

   

 
 

   
 
  

   

                  
2

σ ε σ
3 124 6 6 24 12 36 3 3 3 3 61 24 24 1 1 12

2

1 1ζ .
2 2

h

T TT T T
y y y

hF F
S H C d H dF S U A P dF

      

 
 

    
 
  

                       (11) 
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Minimizing (11) with respect to  T
yU yields the following matrix expression: 

       
12 24 24 1 12 1

Ф 0.
T T

R y y yU Q S f
  

                                                             (12) 

By rearranging (10) and considering (12), it is possible to obtain the flexibility matrix and the nodal forces 
vector for the quadrilateral element in the following form:  

   

   

 

 

 

 
24 24 24 12 24 1 24 1

12 112 24 12 12 12 1 36 136 36 36 1

0
.

0

y

T
y

SY Q

fQ U

   

  
 

               
     
       

                                                           (13) 

Thus, the dimension of the flexibility matrix of the quadrilateral element is 36 36, and the nodal un-
knowns vector contains 24 force and 12 kinematic factors, which are axial forces αβN  and moments αβM  
and displacement components of a nodal point of the middle surface.  

Construction of the general flexibility matrix and nodal forces vector of the entire shell is conducted using 
the index matrix, which reflects the boundary conditions of the shell [28]. 

Results and discussion 
Calculation example. In order to verify the developed algorithm, a truncated ellipsoid of revolution, which 

is illustrated in Figure, was analyzed.  
 

 
 

Truncated ellipsoid of revolution 
 

The following initial data was adopted: ellipsoid shape parameters 1.3a  m; 0.9b c  m; shell thickness 
0.02h  m; modulus of elasticity 52 10E   MPa; Poisson’s ratio ν 0.3 ; internal pressure 5q  MPa. Only 1/8 

of the shell was analyzed due to ellipsoid having planes of symmetry. The results of the analysis are presented 
in Table, in which the numerical values of normal stresses of the middle surface at the support ( 0.0x  m) 
and end ( 1.2x  m) sections of the ellipsoid with different finite element grid are given. 
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The results in Table imply that refining the grid leads to stable convergence of the computational process. 
However, convergence stability is a necessary, but not sufficient condition for the efficacy of the algorithm 
in regards to the real physical distribution of stress in the shell. 

To evaluate the objectiveness of the results, let us compute meridional stress at the support and end sec-
tions. The meridional stress at the support section can be obtained from the following equilibrium equation: 

 2 2
11 00

0
σ π π ,

2π kx
q R R

h R                                                            (14) 

where 0 , kR R  are the radii of revolution of the ellipsoid at the support and the end sections respectively, besides 

0 0.9R b  m; 2 2 2 20.9 1.3 1.2 0.346
1.3k k

bR a x
a

     m. 
 

Values of normal stresses in the middle surface of the ellipsoid 

Section Stress, 
MPa 

Node grid Analytical solution 
according to the 
Laplace equation 41 41 61 61 81 81 101  101 121  121 

Support, 
x = 0.0 m 

σ11 95.93 95.89 95.88 95.87 95.87 95.86 
σ22 179.03 179.04 179.05 179.05 179.05 179.06 

End, 
x = 1.2 m 

σ11 0.916 0.449 0.270 0.182 0.133 0.00 
σ22 167.75 168.45 168.78 168.96 169.06 167.82 

 
By substituting the initial data into (14), it is possible to obtain the following value of meridional stress 

at the support section:  2 2
11 0

5σ π0.9 π0.346 95.86
0.02 2π 0.9x   

 
 MPa. 

The meridional stress at the end section must be zero, since the right end of the shell is not loaded: 

11 1.2σ 0.00x   MPa. 
Circumferential stress 2 2σ  of the middle surface of the ellipsoid at the support and end sections may be 

expressed using the Laplace equation:  

11 22

1 2

σ σ .q
R R h

                                                                           (15) 

Radii of curvature 1R  and 2R  in (15) are defined by  

   3
1 , , 2 ,1 ; 1 ,S xx SR x r R r x                                                         (16) 

where   2 2r b a a x   is the radius of revolution of the ellipsoid, ,xxr  is the second order derivative of 

the radius of revolution;  2, ,1 1S xx r  . 

Thus, it is possible to obtain the analytical value of circumferential stress at the support and end sections 
of the ellipsoid from (15):  

11
22 2

1

σσ .q R
h R

 
  
 

                                                                      (17) 

Substituting the corresponding initial data into (17) yields the values of the desired stresses: 
22 0σ 179.06x   MPa; 22 1.2σ 167.82x   MPa. 
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Conclusion 
By comparing the analytical values of meridional stress 11σ  and circumferential stress 2 2σ  computed 

with equations (14)–(17) and the values obtained via the developed algorithm, it can be concluded that the ade-
quate level of accuracy of the finite element analysis has been reached, as the minimum computational error 
does not exceed 1%. The developed algorithm may be recommended for application in engineering practice 
for the analysis of thin shells. 
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