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 Abstract. Geometers have proposed more than 600 analytical surfaces for im-
plementation. The largest number of these surfaces is used in architecture and 
mechanical engineering. Although digital architecture and free form architecture 
are now increasingly influencing the design of long-span shell structures and 
curved buildings, the research and application of analytical surfaces continues on 
an increasing scale. The purpose of the research is to study the state of affairs in 
the application of analytical surfaces in the construction and engineering indus-
tries and to clarify the classes of surfaces that have found application in the study 
of physical phenomena or in solving purely mathematical problems, but not used 
in other areas of human activity. Another goal is to find analytical surfaces 
promising for application in architecture and mechanical engineering, which are 
still little known to architects and engineers. It has been established that, as be-
fore, designers take new analytical surfaces to implement their creative ideas 
from well-studied classes of surfaces of revolution, transfer and umbrella, mini-
mal, ruled, wavy surfaces. 
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 Аннотация. Геометры предложили для внедрения более 600 аналитиче-
ских поверхностей, из них наибольшее число применяется в архитектуре и 
машиностроении. Несмотря на то что сейчас значительное влияние на про-
ектирование большепролетных оболочечных структур и искривленных 
зданий оказывают числовая архитектура и архитектура свободных форм, 
исследования и применение аналитических поверхностей продолжают уве-
личиваться. Цель исследования – изучение положения дел в применении 
аналитических поверхностей в строительной и машиностроительных от-
раслях и выяснение классов поверхностей, нашедших применение в иссле-
довании физических явлений или в решении чисто математических задач, 
но не используемых в других отраслях деятельности человека. Определя-
ются перспективы применения в архитектуре и машиностроении аналити-
ческих поверхностей, пока малоизвестных архитекторам и инженерам. 
Установлено, что дизайнеры по-прежнему берут новые аналитические по-
верхности для реализации своих творческих замыслов из хорошо изучен-
ных классов поверхностей вращения, переноса и зонтичных, минимальных, 
линейчатых, волнообразных поверхностей. 

Ключевые слова: аналитические поверхности, классификация поверхно-
стей, тонкие оболочки, архитектура оболочек, оболочки, машиностроение, 
параметрическая архитектура, перспективы применения 
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Introduction 
Spatial structures covering large areas without intermediate supports have been known to man since an-

cient times [1; 2]. Until the 20th century, shells were used in various technological structures: vertical shafts, 
horizontal and inclined tunnels, pipelines, furnaces, and defensive and religious buildings. In most cases, cylin-
drical structures with vertical and horizontal axes and shells of rotation, in particular domes were used. 

Then, in connection with the development of analytical and experimental methods for studying shells and 
shell structures, the shapes of the structures used became more complicated. They began to meet the ever-
increasing demands of architects and engineers and found application where structures with a frequent grid of 
columns, with numerous walls, or composite low-span buildings were previously used. 

The greatest enthusiasm for thin-walled shells continued until the 1980s [3], then interest in them began to 
decrease [4], but due to the demands of society at the beginning of the 21st century, their wider rational use be-
gan in small-sized housing construction, in industrial and public buildings [5; 6]. This was caused by the advent 
of refined numerical methods for calculating strength, stability, and seismicity, the creation of new building ma-
terials [7], and a large proposal from geometers of new forms of middle analytical surfaces of thin-walled 
shells [8] and rod shell structures [9]. In 1970, R. Buckminster Fuller received a gold-medal for his development 
of the geodesic dome. Eco Camp Patagonia was the world’s first geodesic hotel, it was built in 2001. Nowadays 
geodesic domes are almost everywhere. 
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However, builders have changed their attitude to the building construction materials used. Reinforced 
concrete was rarely used. Only through understanding why concrete shells' loss in popularity over the course of 
modern history can designers be equipped with the skills to create and apply this type of construction. Through 
modifications to design processes, construction stages, material understanding and relevant formwork improve-
ments will architects and designers be able to meet the demands of the 21st century [4]. 

Analytic surfaces are most fully presented and mathematically described in [8]. Here, more than 600 sur-
faces are divided into 38 classes, which in turn consist of subclasses, groups and subgroups. Analytical surfaces 
are well represented in electronic libraries.1 

Many works are devoted to the use of analytical surfaces in architecture [1] and mechanical engineer- 
ing [10–13], apparently, for the first time tried to find out the analytical surfaces most often used by architects 
and to establish cases of a single application in practice of some well-known analytical surfaces to geometers. 

Commonly used analytical surfaces 
The leaders, of course, are cylindrical, conical surfaces, ruled surfaces of negative Gaussian curvature 

(K < 0), as well as surfaces of revolution [14]. 
Ruled surfaces, including torso surfaces (K = 0), cylindroids (K < 0), cylindrical helical strips and cylin-

drical surfaces with aerodynamic profiles, rotative and spiroidal surfaces with straight generatrices are often used 
in mechanical engineering, shipbuilding and aircraft construction. 

Transfer surfaces, especially direct transfer surfaces, are taken as the basis for the formation of median 
surfaces of hundreds of thin shells on rectangular plans. They can be seen in any city in developed countries. 

Umbrella shells and shells of the umbrella type are actively used to block markets, business centers, cir-
cuses, religious buildings and to protect the radar [15]. Radar umbrella shells are operated at many airports 
around the world. 

The next class of surfaces according to the frequency of their use in the national economy can be consi- 
dered the class of cyclic surfaces [16]. They are used in the shaping of civil, industrial, and agricultural struc-
tures. They have found the same wide application in mechanical engineering. 

Seventeen algebraic surfaces of the second order are usually distinguished into a separate class, but almost 
all of these surfaces can be distributed among other classes [8; 17]. All surfaces of the second order, except 
for imaginary ones, can be seen in the outlines of many architectural structures [18] and machine-building pro- 
ducts [19]. Many shells, described with analytical functions, such as quadric surfaces, have certain geometric 
properties that allow for more feasible construction techniques. For example, a shell form based on a hyperbolic 
paraboloid can be built from straight elements, and a spherical dome has constant Gaussian and mean curvatures, 
minimizing the number of the components. 

From the class of helical surfaces, the group of ruled and circular helical surfaces is most often used. 
In mechanical engineering, there are examples of the use of helical surfaces of variable pitch [20]. The surface of 
the screw pillar and the surface of St. Elijah can often be seen in the outlines of the supporting columns of an-
cient buildings. The tubular helical surface is well known and widely used both in architecture and in mechanical 
engineering (coils). 

More and more architects support the idea of using minimal surfaces in architecture [21]. A new architec-
tural direction, Minimal Surface Architecture, has emerged. However, most of the ideas are implemented only in 
projects. 15 minimal surfaces are known that have a parametric form of the assignment. There are descriptions of 
real thin-walled shell structures built in the form of a minimum surface of revolution (catenoid), a minimum 
ruled surface (straight helicoid) and a minimum transfer surface (the first Sherk surface). The Olympic Stadium 
in Munich was built in 1972 using minimal surfaces close to the Schwartz surface. 

Rarely used analytical surfaces 
Very rarely, objects in the form of one-sided surfaces are used. Known for a dozen installations and sculp-

tures in the form of a Mobius strip. There are several wire art objects imitating the Klein surface. Mathematical 
model of the Boy's surface with a size of 2 × 2 m is available at Smith College, McConnell Hall. 

The torso coverings of public buildings, obtained by parabolic bending of a steel sheet, have already been 
used in several cases (Figure 1). Their shape is not an analytical surface, since they are built experimentally on 

 
1 Parametrische Flächen und Körper. Available from: www.3d-meier.de/tut3/seite0.html (accessed: 21.06.2021); Weisstein E.W. 

Wolfram. Available from: http://mathworld.wolfram.com (accessed: 21.06.2021). 
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two edge curves. The possibility of obtaining the equation of a torso surface containing two predetermined 
curves was proved by G. Monge, but only about a dozen torso surfaces containing two predetermined plane 
curves lying in parallel planes are described in the scientific literature [8]. Torso surfaces are used in shipbuild-
ing and in agricultural engineering for shaping plows and augers. 

 

 
Figure 1. Hotel Marques de Riscal, Spain, arch. Frank Gerhy 

(Available from: ru.pinterest.com) 

 
Figure 2. The gently sloping reinforced concrete pavement 

of the Nekrasovsky market in St. Petersburg, 1960 
(Available from: www.g2p.ru) 

 
Velaroidal shells are rarely found on a flat rectangular plan. Their median surfaces are outlined along the 

direct transfer surface with a generating curve, which changes its curvature during movement [22] and becomes 
a straight line on the contour. The efficient materialization of velaroidal (funicular) shells is particularly difficult. 
This hinders their application [23]. There is a well-known velaroidal shell for covering an industrial workshop, 
designed by M. Mihailescu [24], a sloping reinforced concrete velaroidal shell erected over the Nekrasovsky 
market in St. Petersburg in 1960 (Figure 2) and a fragment of the covering of the Cultural Center in Muscat 
(Oman) [25]. The group “Velaroidal surfaces” is often included in the class of transfer surfaces. 

Surfaces with a spherical directrix curve have a line lying on a sphere as a directrix curve. Of the many 
surfaces proposed by geometers, only a cylindrical-spherical strip was found on the playground (Figure 3). 
 

 
 

Figure 3. Object in the form of a strip
with a directrix curve on a sphere 

(photo by M. Gil-Oulbe) 

 
Figure 4. The surface of a ship's hull 
formed by a family of lines parallel 

to the waterline [8]

 
Figure 5. The Pavilion Purr, used as a visitor’s center,

Amsterdam’s historic defense line, 2012 
(Available from: archdally.com)

 
The class of continuous topographic surfaces is defined by the continuous frame of its horizontals (level 

lines) [8]. Surfaces of revolution are also included in this class, but it is generally accepted to single them out 
in a separate class. Algebraic surfaces given in explicit form z = z(x, y), Catalan surfaces (K < 0), surfaces of 
the same slope (K = 0) can also be considered continuous topographic surfaces. Continuous topographic surfaces 
are mainly used in topography, mining, landscape architecture and shipbuilding. In shipbuilding, they are called 
hydrodynamic surfaces [26] or algebraic surfaces for ship hulls (Figure 4). In the construction business, they are 
used very rarely, and they are not intended for use in the construction industry. 
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Spiral surfaces on circular cones are usually used to form spiral chambers [27]. Architects have found 
use for a cylindrical-conical spiral strip (second building of the German Historical Museum in Berlin), a spiral 
conical strip, for example, The Pavilion Purr by Emma Architecten Towers with Wooden Wonder (Figure 5) and 
a tubular spiral surface. 

Spiral surfaces are often confused with spiral surfaces, but spiral surfaces can have any spiral on any sur-
face as a guide curve, and the generating curve can change its shape in the process of movement. An example is 
a spherical spiral strip (Figure 3) and architectural structures in the form of shells. One of the buildings with 
a lined spiral roof is given in the article [13]. 

Surfaces from the “Carved surfaces” class are fully included in the “Surfaces of congruent sections” class. 
Carved surfaces include circular helical surfaces and helical surfaces with arbitrary flat generating curves. 
If we take into account all groups of surfaces with rigid flat generating curves that are included in the class of 
surfaces of congruent sections, then we must assume that these surfaces are popular with architects, especially 
since all geometric problems for them have already been solved. The author of [28] gives an example of a real 
structure with congruent curves. 

Analytical surfaces that have not found application in practice 
Wavy, wavy and corrugated surfaces are very widely represented in architecture, but they are all made in 

the style of digital architecture, i.e. the surfaces were built according to the given reference points and are not 
analytical surfaces (Figure 6). 

Velaroidal surfaces on a circular plan cannot be included in the wrapping surface class. In [29] they are 
called velaroidal surfaces. There are several projects of sports facilities and light surfaces (Figure 7), the geome-
try of these surfaces is well developed, but no real structures of this form have been found. 

Architects and machine builders were not interested in surfaces of constant Gaussian curvature (K = const). 
If we do not take into account the sphere with K = R2 = const, then the remaining surfaces of constant positive 
Gaussian curvature have not found application in various branches of human activity. Only the Sievert sur- 
face (Figure 8) with certain geometric parameters becomes similar to a self-intersecting umbrella-type surface, 
which can attract architects. Among the surfaces of the subclass “Surfaces of constant negative Gaussian curva-
ture” the pseudosphere is the best known. This surface has found application in garden and park architecture. 
Several large-scale mathematical models of a pseudosphere made of steel wire, plywood, and aluminum have 
been made [25; 30]. 

 

 
 

Figure 6. I. Viner-Usmanova Sports Palace in Luzhniki, Moscow 
(photo by L.A. Alborova) 
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Figure 7. Structure in the form of several 
identical velaroidal surfaces on a flat circular 

plan with a singular point in the center 
(the figure by L. Alborova)

 
Figure 8. One of the forms of the Sievert surface [8] 

 
Figure 9. Tooth surface 

of the 4th order [8] 

 
Algebraic surfaces above the second order may have a good architectural future [8]. The shape of some 

existing curvilinear structures in the world can be easily approximated by these surfaces. Surfaces such as the 
parabolic surface of Schroda, Goursat, Euler, the tooth surface (Figure 9), surfaces with two and three double 
straight lines, T. Nordstrand’s surface “Chair”, all of the 4th order; an 8th order surface with a 4th order Lame 
curve, a 4th order Lame curve and an ellipse in 3 principal coordinate sections [8] can easily be used in architec-
ture, or they can be used to solve various technical problems in mechanical engineering. 

Among the surfaces of constant mean curvature, the best known are the sphere (H = R), the cylindrical 
surface of revolution (H = R / 2), and the minimal surfaces (H = 0). These surfaces have found application 
in both architecture and mechanical engineering. Less well-known are nodoid and unduloid surfaces of revolu-
tion, which attract close attention from mathematicians who develop questions of conjugation of two surfaces of 
revolution [31]. 

The study of scientific, popular scientific and reference literature, materials contained on the Internet 
showed that some classes of surfaces have not yet found application in the construction and engineering indus-
tries. These are helical and pseudo-minimal [32] surfaces, most of the surfaces from the classes “Athene-minimal 
surfaces”, “Peterson surfaces”, except for the transfer surfaces of second-order curves, “Bonnet surfaces”, “Blu-
tel surfaces”, except for second-order surfaces, “Surfaces Hoshimoto” [33], “Weingarten surfaces”, except for 
surfaces of revolution. These surfaces are used to study some physical processes, solve purely mathematical 
problems and to determine surfaces isometric to surfaces of revolution. 

Possibilities of using new analytical surfaces in engineering structures 
The analysis carried out in [34] showed that architects and engineers used only about 5% of more than 

600 analytical surfaces proposed by geometer mathematicians. They are used mainly by architects working in 
the styles of “Parametric architecture”, “Geometric high-tech” and “Industrial architecture”. 

In the 21st century, shell structure design has become dominated by free-form, parametric, and organic ar-
chitectures. Some architects support this current [35], others doubt its usefulness [36]. E.V. Ermolenko [36] from 
Moscow Architectural Institute notes: “…postmodernism, deconstructivism, parametric architecture oversaturat-
ed the space of human life, a stylistic crisis arose.” 

Apparently, the architects have already exhausted the set of existing surface classes. Taking into account 
the demand of society for large-span structures and public buildings of an unusual shape, surfaces from well-
studied classes of surfaces of revolution, transfer, umbrella, minimal, ruled and undulating (Figure 6) surfaces 
will be used. Basically, shell structures will be designed taking into account environmental [37], energy-saving 
requirements and transforming structures. 

Passion for shell structures should not grow into an end in itself. I.A. Bondarenko [38] warns “that in this 
case one should not slide into populism. It is necessary to observe a sense of proportion in everything. Unfortu-
nately, today all the successes and failures of architects are based mainly on their personal business and human 
qualities. Individualism and hypertrophied – ‘breakthrough’ – creative creativity are encouraged too much. <…> 
This leads to the fact that something untenable can be presented as a professional achievement, as a senseless 
design originality as an architectural innovation.” 
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Conclusion 
In presented paper, it is demonstrated that a number of classes and groups of analytical surfaces used in 

national economy is increasing in the 21st century. 
The authors show that study and information on new analytical surfaces can give impetus to architects and 

industrial designers for their realization in real shell structures 
Voluminous literature containing 40 titles is presented. New surfaces and examples of their single applica-

tions are given. For example, a fragment of the covering of the Cultural Center in Muscat (Oman), a cylindrical-
spherical strip on child playgrounds in Moscow (Russia), the second building of the German Historical Museum 
in Berlin in the form of the cylindrical-and-conic spiral strip, and so on are mentioned. 

Commonly used classes of analytical surfaces and rarely used analytical surfaces are described. Analytical 
surfaces that have not found application in practice for the present but having great potential in future are pointed 
out too. 

CAD was already available in the 1970s and 1980s but its use only became common practice starting in 
the late 1980s with the availability of personal computers. This process greatly facilitated some of the tasks of 
designing curvilinear structures and attracted young researchers to their design. Materials and information con-
taining in this paper can help to consider a problem on possible wide using of computer modelling of shapes in 
connection with needs of parametrical, digital, generative, evolutionary, and bionic architecture. 
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