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 Abstract. The aim of the research – to investigate the behavior of thin-walled 

beam I-section loaded with bending and torsion using theoretical, numerical,  

and experimental approaches. In this paper, the main criteria for consideration of 

the different methods of analysis is the geometric characteristic of the section. 

The results obtained by the finite element method, the numerical method, as well 

as experimental data are compared. The analysis by finite element method by 

considering an additional degree of freedom at a node to include the restrained 

torsion and the dimension of the stiffness matrix is thus 14×14. The results of 

the calculation according to this theory are compared with the numerical solution 

obtained using finite element software, and with the results of the experiment. 

The I-beam section subject to bending with torsion is considered. The deformations, 

strain, and stress distributions of open thin-walled structures subjected to bending 

and torsion are presented using experimental methods. The comparative results 

for the angle of twisting, deformations, and normal stresses in the frame element 

subjected to combined loading are displayed graphically. To evaluate the results, 

a theoretical, numerical, and experimental investigation of I-beam behavior under 

bending and restrained torsion was carried out. As a result of the comparison, 

it was revealed that the results obtained according to the refined theory proposed 

by the authors have good convergence with experimental data and are also quite 

close to the values obtained using commercial software. 

Keywords: experimental study, thin-walled sections, finite element method, 

combined loading, torsion, bending, warping torsion 
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 Аннотация. Цель работы – исследовать поведение тонкостенной балки I сече-
ния, нагруженной изгибом и кручением, используя теоретические, численные 
и экспериментальные подходы. В данной работе основным критерием для 
рассмотрения различных методов анализа является геометрическая харак-
теристика сечения. Сравниваются результаты, полученные методом конеч-
ных элементов, численным методом, а также экспериментальные данные. 
При анализе методом конечных элементов учитывается дополнительная 
степень свободы в узле для включения повторно деформированного кручения, 
таким образом, размерность матрицы жесткости составляет 14×14. Резуль-
таты расчета по данной теории сравниваются с численным решением, по-
лученным с помощью программы конечных элементов, и с результатами 
эксперимента. Рассматривается двутавровое сечение балки, подверженной 
изгибу с кручением. Представлены деформации, напряжения и распределе-
ния напряжений открытых тонкостенных конструкций, подверженных изгибу 
и кручению, с использованием экспериментальных методов. Сравнитель-
ные результаты для угла закручивания, деформаций и нормальных напря-
жений в элементе рамы, подвергнутом комбинированному нагружению, 
отображены графически. Для оценки полученных результатов проведено 
теоретико-калькуляционное, численное и экспериментальное исследование 
поведения двутавровой балки при изгибе и ограниченном кручении. Выяв-
лено, что результаты, полученные в соответствии с предложенной автора-
ми уточненной теорией, имеют хорошую сходимость с экспериментальны-
ми данными и достаточно близки к значениям, полученным с помощью 
коммерческого программного обеспечения. 

Ключевые слова: экспериментальное исследование, тонкостенные профи-
ли, метод конечных элементов, комбинированная нагрузка, кручение, изгиб, 
деформирующее кручение 
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Introduction 
Thin-walled steel beams used in various engineering structures can be assembled to withstand a combined 

loading situation of bending and torsion. They are well-known for their high strength, high flexibility, ductility, 
quick construction, and effective space partitioning. Various challenges in the use of thin-walled structures 
emerge on a routine basis, and numerous studies are called upon to provide proper solution. Steel beams with 
thin-walled sections are one of the suggested possible solutions in such scenarios because they are commonly 
used in various fields of engineering. When a thin-walled section is subjected to a combined load, they are inef-
fective at resisting, and it leads to reduce the capacity of the beam. Consequently, proper experimental and nu-
merical bearing strength analysis is required to assess it, especially for open sections such as I-profiles. Bending 
results in strain and shear force in common construction practice, but in thin walled sections, normal stresses 
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determine the bearing capacity of the beam because they are the sum of longitudinal force acting, bending mo-

ments of two planes, and bimoment [1; 2]. Considering the analysis of beams loaded for bending and torsion 

by considering its plastic deformations allows for a reduction in steel usage when compared the analysis with 

the elastic range [3]. Considering the plastic deformations in the analysis allows increasing the bearing capacity 

of profile [4; 5]. The significance of elastic behavior is commonly used in experimental studies to assess the be-

havior of thin-walled structures subjected with the combined loading.  

There are different studies which accounts only the elastic behavior of the steel element [6–10]. In sum-

mary, basic structural analysis relies on the well-known Euler – Bernoulli and Vlasov beam theories, which pre-

dict displacements and stresses in the frame element [11]. Occasionally, those theories overlook the shear defor-

mation effect for long span members [12]. Numerical and experimental investigations of thin-walled structures 

subjected to bending and torsion revealed that it is dependent on section properties and that non-uniform torsion 

is influenced by moments [13]. Various studies use section properties as a primary criterion for analyzing finite 

element methods of thin-walled sections with restrained torsion [14–19]. Typically, section properties were used 

as a benchmark for predicting the behavior of open and closed thin-walled sections in those studies [20]. Various 

commercial programs usually consider six degrees of freedom at each node of a member element of a 3D frame, 

neglecting warping effects, as a common approach [12; 21–24]. When the finite element analysis for torsion only 

considers Saint-Venant torsion, the analysis may overlook the torsion in the members, tends to result in an un-

conservative design. Numerous scholars attempted to overcome this inconsistency by developing a 14×14 stiff-

ness matrix that does include warping due to torsion as an additional degree of freedom at each node of a thin-

walled section [25–30]. In addition, there are new findings in finite element methods analysis using quadratic 

and linear approximations methods to develop the stiffness matrixes [31]. 

A theoretical, numerical, and experimental investigation of I-beam behavior under bending and restrained 

torsion should be carried out in this study. As various authors have studied, it is acknowledged that the load car-

rying capacity of an I-section tends to increase as the action of combined loading increases. This study provides 

an analysis of the theoretical, experimental, and numerical calculations that use the section property as the pri-

mary criterion for implementing the theoretical method. The angle of twisting, normal stresses value from bend-

ing, and warping torsion are compared using theoretical, experimental, and numerical calculations. Based on 

the study's findings, the parameters of test specimens and the productive solution of beam angle of twisting, 

normal stresses for I-sections were calculated. 

Method 

To incorporate the warping behavior into the study, a bar element of length L with an I-cross section beam 

is considered. At each node of the element, a seventh degree of freedom is added to the well-known six DOFs of 

the classical three-dimensional frame element to account for warping torsion. In the local coordinate system, 

the nodal displacement and load vector are shown below:  

1 2 3 1 2 3 1,1 1 2 3 1 2 3 1,1

1 2 3 1 2 3 ω 1 2 3 1 2 3 ω

β β β β β β β β
T

e A A A A A A A B B B B B B A

T

m A A A A A A A B B B B B B B

v v v v v v

n n n m m m m n n n m m m m

=

=

v

q

 

The stiffness matrix as it is known, the relationship between the generalized force vector qm and the gene- 

ralized displacement vector vm is established by the stiffness matrix Km of the element. 

.m m m=q K v                                                                              (1) 

The design diagram of the structure under test, which includes a cantilever thin-walled section beam under 

bending and torsion as shown Figure 1. The beam is subjected to a load acting in the vertical plane with eccen-

tricity relative to the longitudinal axis, causing the beam to experience torsional and bending moments at the same 

time. To validate the theoretical calculation of the behavior of a thin-walled section with restrained torsion of 

an I-beam section with a length of 500 mm, a height of 100 mm, a flange thickness of 5.7 mm, a flange width of 

55 mm, and a web thickness of 4.5 mm as shown in Figure 1. A cantilever I-profile is subjected to a combined 



Gebre T.H., Galishnikova V.V., Lebed E.V. Structural Mechanics of Engineering Constructions and Buildings. 2022;18(4):341–350 
 

 

344   ANALYTICAL AND NUMERICAL METHODS OF ANALYSIS OF STRUCTURES 

loading which are torsional moment MT or a point load F with lever arm e is applied at the free end as shown in 

Figure 1. The material properties of the prismatic cantilever steel beam are as follows: Young modulus E = 200 GPa, 

Poisson ration ν = 0.3, and shear modulus G = E/(2(1+ν)) = 76.92 GPa. The maximum applied concentrated 

force is applied gradually, and its magnitude is 91.893 kg including its self-weight.  

 

    
 

Figure 1. Geometry, boundary conditions, loading and cross-section of the beam 

 
Experimental test set-up and instrumentation: the strain is measured using eight LVDT sensors, four of 

which are placed at the fixed end and four at the free end of the specimen as shown in Figure 2. At the top of 

the section, two LVDTs are used, and similarly, at the bottom of the section, two LVDTs are installed in both 

the fixed and endplates. Eight LVDTs sensers are used, of which four LVDTs are placed at fixed end and four 

of them are placed at the free end of the specimen used to measure the strain. Two LVDTs are used at the top of 

the section and similarly two LVDTs are placed at the bottom of the section in both the fixed and endplates.  

 

    
 

Figure 2. The specimen alignment, with measuring systems, and combined loading test stand 

(photos by Tesfaldet H. Gebre) 

 

The specimen is adjusted for creating warping restraints at one end and free at the other end as shown in 

Figure 2. The specimen is carefully placed on the test setup on the fixing plate so that the required loading can be 

applied. The test setup and instrumentation adopted is shown in Figure 2. Three angular rotation measurement 

devices are used to measure the angle of twisting in three different axes as shown in Figure 2.  
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Result and discussion 

The member variables are collected in member displacement vector Vm and member load vector qm and 

the matrices are arranged correspondingly in member stiffness matrix km. 

1 2

3 4 6 4

9 10 12 10

1 2 3 4

10 11 13 14

4 5 7 8

5 6 7 8

2 1

6 7 3 7

12 13 9 13

9 10 11 12
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k k k k

k k k k

=K  

The nonzero elements of the stiffness matrix for the 3D finite element calculation of beam element with 

restraint torsion are given below: 

1 2

1

2 1

1 1

1 1

k kE A

k ka

−
= =

−
K                                                            (2) 
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2

1 11 6 16

sinhθ
θsinhθ, (coshθ ) ;
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Experiments were used to obtain the deformation, angle of twisting, strain data, and stress of the corre-

sponding pointes. The distributions of the experiment's results based on the applied loading conditions are given 

below. The graphs are the comparison between applied loading, angle of twisting and load application point dis-

placement for the three experimental trials as shown in Figures 3–5. 

 

  
 

Figure 3. The distribution of the first experiment's results of 

applied loading, angle of twisting and load application point displacement 

 

Figure 4. The distribution of the second experiment's results 

of applied loading, angle of twisting  

and load application point displacement 

  

 
 

Figure 5. The distribution of the third experiment's results of applied loading, angle of twisting and load application point displacement 
 

During the loading process, the angle of twisting, strain and deflection of beam end-span section were 

measured. Graphs of strains and stress vs the lever arm deformation which is measured experimentally as shown 

in Figure 6. 

As a result of the three tests, the twist angles of the beams were measured and graphically expressed as 

twist angles vs load, as shown in Figure 7. 

Furthermore, using the three-dimensional finite element (FE) model of the thin-walled bar with an open 

cross-section developed in the ANSYS environment, we compared the experimental data with both theoretical 

calculations and numerical simulations, as shown in Figure 8. ANSYS finite element software was also used to 

model the beam. Ansys simulations with beam 189 elements were performed, with an additional degree of free-
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dom considered. A computer program for analysis is created based on the proposed finite element analysis. 

An illustration of the accuracy of the presented method is demonstrated by comparing using experiment and fi-

nite element software. The comparison of various results is presented graphically. A concentrated torque and 

point load are applied to the shear centre of the wall at the free end. 

 

    
 

Figure 6. The strains and stress, MPa vs the lever arm deformation measured experimentally 

 

 

 
 

Figure 7. Applied load vs twisting angle relationships for the three tests 

 

 

 
 

Figure 8. Open thin-walled section beam model and angle of twisting 
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Figure 9 depicts the percentage differences of the experimental tests in comparison to the results of 

the current theory and numerical results. The load-angle dependencies and their correlations for the theoretical, 

experimental, and numerical results are presented graphically as shown in Figure 9. 
 

 
 

Figure 9. Load vs. angle of twisting of the three experimental tests, current theory, and numerical results 

 

      
 

Figure 10. The section's normal stress distribution values using Ansys 

 

 
 

Figure 11. The stresses vs loads results by experimental, theoretical, and numerical 
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The obtained results are displayed for the predefined points on the cross section which is considered dur-

ing the experiment. For typical beams, the stress concentrations at the sensor’s locations of the I-beam thin-

walled section are shown in throughout the span with the applied combined load as shown in Figure 10. 

The graphical expression of the variation in stresses with increasing applied loads as determined by expe- 

rimental, theoretical, and numerical calculations as shown in Figure 10. 

Refereeing Figure 11 of the theoretical, numerical, and experimental normal-stress distribution graphs 

is practically identical to each other. The relative deviation between the three results is estimated to be between 

2.5 and 3.5% 

Conclusion 

The following conclusions could be drawn based on the experimental results and analysis of the I-shape 

thin-walled steel beams under combined bending and torsion loads. 

● The simple geometric properties of the section are used to generate the stiffness matrix for thin-walled 

beam sections with retrained torsion. By considering an additional degree of freedom at each node, the trigono-

metric and approximation solutions of an interpolation function are used to express the 14×14 DOFs stiffness 

matrix for non-uniform torsion.  

● The stiffness matrix for 3D thin-walled sections subjected to combined loading is presented, making ad-

vanced structural analysis bar elements more convenient. This stiffness matrix is more applicable for open thin-

walled sections because the value of characteristics number for open section is very small compared to the closed 

thin-walled sections.  

● An investigation was carried out between the theoretical, experimental, and numerical results of an I-beam 

section under the combined loading conditions of bending and torsion. The behavior of experimental specimens 

has confirmed that beams in bending, and torsion have significant reserves of bearing capacity when compared 

to steel work at the elastic stage.  

● As the experiment is conducted within the elastic range, the rotation angles for the three methods are 

nearly identical. In addition to the experiment results, numerical calculations are commonly used as a compari-

son in engineering design procedures because they allow for the use of a wider range of parameters engineering 

design procedure of beams under combined loading. 

● Experimental, theoretical, and numerical investigations of I-beam profile beams section is carried out. 

The behavior of experimental specimens was analyzed, and it was discovered that beams in bending, and torsion 

have similar results to theoretical results within the elastic stage of steel work. The bearing capacity of 

the spaceman is determined by the distribution of normal stresses in the experiment for the I-beam with re-

strained torsion. When compared to each other, the rotation angles begin to increase smoothly based on the ap-

plied loading and they are similar. 
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