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 Abstract. If a circle rolls around another motionless circle then a point bind with 
the rolling circle forms a curve. It is called epicycloid, if a circle is rolling out-
side the motionless circle; it is called hypocycloid if the circle is rolling inside 
the motionless circle. The point bind to the rolling circle forms a space curve if 
the rolling circle has the constant incline to the plane of the motionless circle. 
The cycloid curve is formed when the circle is rolling along a straight line. The geo-
metry of the curves formed by the point bind to the circle rolling along some base 
curve is investigated at this study. The geometry of the surfaces formed when the circle 
there is rolling along some curve and rotates around the tangent to the curve is 
considered as well. Since when the circle rotates in the normal plane of the base 
curve, a point rigidly connected to the rotating circle arises the circle, then an epi-
hypocycloidal cyclic surface is formed. The vector equations of the epihypocy-
cloid curve and epihypocycloid cycle surfaces with any base curve are estab-
lished. The figures of the epihypocycloids with base curves of ellipse and sinus 
are got on the base of the equations obtained. These figures demonstrate the op-
portunities of form finding of the surfaces arised by the cycle rolling along dif-
ferent base curves. Unlike epihypocycloidal curves and surfaces with a base cir-
cle, the shape of epihypocycloidal curves and surfaces with a base curve other 
than a circle depends on the initial rolling point of the circle on the base curve. 

Keywords: geometry of the curves, geometry of the surfaces, base curve, epihypo-
cycloids, epihypocycloid cycle surfaces 
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 Аннотация. При качении окружности по другой неподвижной окружности 
точка, жестко связанная с подвижной окружностью, образует кривую: при ка-
чении неподвижной окружности – эпициклоиду, при качении по внутренней 
стороне неподвижной окружности – гипоциклоиду. При качении окружно-
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 сти при постоянном наклоне к плоскости неподвижной окружности точка, 
жестко связанная с подвижной окружностью, описывает пространственную 
кривую. Циклоидой называется кривая, образованная точкой подвижной окруж-
ности, катящейся по прямой. Рассматривается геометрия кривых, образуе-
мых точкой, жестко связанной с окружностью, катящейся по произвольной 
базовой кривой, а также геометрия поверхностей, образованных при одно-
временном качении окружности по базовой кривой и вращении окружно-
сти вокруг касательной к базовой кривой. Так как при вращении окружно-
сти в нормальной плоскости базовой кривой точка, жестко связанная с враща-
ющейся окружностью, описывает окружность, то образуется эпигипоцик-
лоидальная циклическая поверхность. Получено векторное уравнение эпи-
гипоциклоид и эпигипоциклоидальных циклических поверхностей с произ-
вольной базовой кривой. На основе векторных уравнений с использовани-
ем программного комплекса MathCad построены графики эпигипоциклои-
дальных кривых с базовым эллипсом и синусоидой. Приведены рисунки 
эпигипоциклоидальных циклических поверхностей с базовым эллипсом. 
Они показывают большие возможности формообразования новых видов 
поверхностей при качении окружности по различным базовым кривым. 
В отличие от эпигипоциклоидальных кривых и поверхностей с базовой 
окружностью форма эпигипоциклоидальных кривых и поверхностей с ба-
зовой кривой, отличной от окружности, зависит от начальной точки каче-
ния окружности на базовой кривой. 

Ключевые слова: геометрия кривых, геометрия поверхностей, базовая кривая, 
эпигипоциклоиды, эпигипоциклоидальные циклические поверхности 
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Introduction 
Geometry of epi- and hypocycloids formed by the point bind with the circle which is rolling inside or outside 

the motionless circle is given in various textbooks, references books, monographs [1–9]. If the moving circle is 
moving along another motionless circle with some constant slope, then the point bind with the moving circle forms 
the space curve. If the moving circle is rotating around the tangent at the point of contact of the circles, the point 
bind with moving circle is arising a circle normal the tangent line. With rotation at 180° the point of epicycloid 
goes to point of hypocycloid and if the moving circle is rolling around the motionless circle and rotating at 180°  
the epicycloid curve goes to the hypocycloid curve. The space curves formed with constant slope of moving circle 
can be called the space epihypocycloids. If the moving circle is rolling along the motionless circle with rotating 
around tangents, the cyclic surfaces are formed. The geometry of the epihypocycloids and epihypocycloidal cycle 
surfaces there were analyzed in [10; 11]. It is shown in this paper that the epihypocycloid cycle surfaces are the canal 
surfaces [3; 12–15]. This article discusses the geometry of the epihypocycloid and epihypocycloidal surfaces formed 
when rolling a circle along an arbitrary base curve and cyclic surfaces formed when rolling and rotating a circle. 

Geometry of the epihypocycloids of the common type 
Let us consider the directrix base line rн(u) along which the circle of radius a is rolling (Figure 1).  

The point d which is linked with the moving circle is arising the curve r(u). To obtain the equation of the curve 
it’s necessary to determine the length of the base line, covered by the moving circle from the initial point u0  

to the contact point u of the motionless cycle:  
0

н н

u

u
S u s du  , где н

нs
u

 

r

. The radius of the moving circle 

will be rotated relative the normal of the base curve at the angle    нθ
S u

u
a

 . 

For many curves the integral of the length doesn’t have an analytical solution, but the integrals can be cal-
culated by numerical methods, for example using MathCad software. 

The vector equation of the formed curve can be written as 

     н н н1 μ cosθ μsinθu u a a   ν τr r ,                                                (1) 

where н н,τ ν  – the vectors of the tangent and normal of the base curve. 
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Figure 1. Rolling of the circle along base directrix 
 
If the there is rolling along the base curve at the angle v to the plane of the base curve, then the point d 

forms the space curve, the vector equation of which can be obtained as following: 

       н н, μsinθ 1 μcosθ ,u v u a a u v   τr r е ,                                           (2) 

where  , cos sin ,u v v v ν βе  β – binormal of the base curve. 
If the circle rolls from point u0 towards point u1 of the base curve and the radius of the rolling circle is de-

termined as 01 ,
2 π
Sa
k

  where 
1

0
12 н

u

u
S s du  , then the moving circle makes k complete turns of 2π. 

For plane base curve β = k is an ort of rectangular coordinate system. 
If angle v is 0, then the circle moves at concave side of the base curve, the hypocycloid is arised, if v = π, 

epicycloid is formed at the convex side of the base curve.  
If parameter v changes from 0 to 2π, then point d describes a circle of radius  1 μcosθR a   around  

the tangent to the base curve. If parameter v changes from 0 to π then point of the hypocycloid transforms into 
the point of the epicycloid. 

If the moving circle is rolling along a base curve and rotating v = (0 ÷ 2π) the cycle surface is forming at 
all points of the contacts with the base curve. 

       н нн, μsinθ 1 μcosθ ,u v u a a u v   ρ τr е .                                        (3) 

The equations (2), (3) are correct for forming cycloid surfaces by rolling the circle around both plane  
and space curve. 

Epihypocycloids 

At the Figure 2 there is shown the figures of the epihypocycloids with the base ellipse, given by the equa-
tion  н cos sinu b u c u r , with parameters b = 2, с = 1 with point d on the moving circle (μ = 1) and with dif-
ferent radius of the moving circle and initial point u0 at the base curve. 

б
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Figure 2. Epihypocycloids with the base ellipse b = 2, c = 1 formatting point is on the circle, μ = 1 

f  k = 7   а = 0.220  

d  k = 4   а = 0.386  

b  k = 2   а = 0.771  

u0 = 0 

u0 = π/4 

u0 = π/2 

c  k = 3   а = 0.514  

e  k = 5   а = 0.308  

u0 = π/4 

u0 = π/2 

a  

u0 = 0 

k = 1   а = 1.542  



Ivanov V.N. Structural Mechanics of Engineering Constructions and Buildings. 2021;17(4):404–413 
 

 

408   GEOMETRY OF MIDDLE SURFACES OF SHELLS 

 
 
 

Figure 3. Epihypocycloids with the base ellipse b = 2, c = 1 formatting point is out of the circle, μ = 2 

e        k = 5   а = 0.308  

a        k = 1   а = 1.542  

u0 = π/2 

u0 = π/4 

u0 = 0 

c        k = 3   а = 0.514  

b        k = 2   а = 0.771  

f        k = 7   а = 0.220  

d        k = 4   а = 0.386  
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Figure 4. Epihypocycloids with the base ellipse b = 2, c = 1 formatting point is inside the circle, μ = 0.5 
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As it’s seen from the Figure 2 the shapes of the epi- and hypocycloids depend on the initial point u0 on the base curve. 
At the Figure 3 the figures of the epihypocycloids are shown, with the on the base ellipse with parameters 

b = 2, c = 1 and the forming point d outside the rolling circle (μ = 2) and with different parameters of rolling circle. 
At the Figure 4 the figures of the epihypocycloids are shown, with the base ellipse with parameters b = 2, 

c = 1 and the forming point d inside the rolling circle (μ = 0.5) and with different parameters of rolling circle. 
At the Figure 5 the figures of the epihypocycloids are shown with the base sine curve у = аsinx/L,  

a = 0.65, L = 1, x = 0  2L; with various parameter of μ: а) μ =1; b) μ = 0.5; c) μ = 2. 
 

 
 

Figure 5. Epihypocycloids with the base sinus curve on two halfwaves:  
а – μ = 1; b – μ = 0.5; c – μ = 2; 1 – top row к = 1; 2 – middle row к = 2; 3 – lower row к = 3 

 
At the Figures 5, а1, b1, c2 the hypocycloids are shown. At another figures epi- and hypocycloids together are 

shown. It’s seen from the combined figures that hypocycloids on the base sine are antisymmetrical to the epicycloids. 

Epihypocycloid cycle surfaces 
The figures of epihypocycloid cycle surfaces on the base ellipse are given with parameters к = 1 (Figu- 

re 6), к = 2 (Figure 7), к = 3 (Figure 8). 
At the Figure 9 there are shown epihypocycloid cycle surfaces on base sine with different numbers of half-

waves. 
 

 
 

Figure 6. Epihypocycloid cycle surfaces with the base ellipse, k = 1: 
a – μ = 1; b – μ = 0.5; c – μ = 2 
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Figure 7. Epihypocycloid cycle surfaces with the base ellipse, k = 2: 
а – μ = 1; b – μ = 0.5; c – μ = 2 

 
 
 
 

 
 
 

Figure 8. Epihypocycloid cycle surfaces with the base ellipse, k = 3: 
а – μ = 1; b – μ = 0.5; c – μ = 2 
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Figure 9. Epihypocycloid cyclic surfaces with the base sine: 
а – μ = 1; b – μ = 0.5; c – μ = 2 

 
 

Conclusion 
The article shows the possibility of constructing generalized epihypocycloidal curves, formed by the cycle 

with bind point rolling along any base curve, and the epihypocycloid cyclic surfaces, formed by rotating  
the moving circle around the tangent of the base curve.  

The figures are shown of the variants of the epihypocycloids and epihypocycloid cycle surfaces with rol- 
ling cycle at the base ellipse and sine. The figures of curves and surfaces are made with the help of MathCad 
software, on the base of the vector equations (1), (3). Using the equations with the different base curves inclu- 
ding space ones it is possible to create various shapes of cyclic surfaces. 

The given examples of surface visualization show great opportunities for creating new forms of spatial 
structures and their use in architecture and modern urban planning.  

 
 
 

References 

1. Bronshtain I.N., Semenov K.A. Reference book on mathematics: for engineers and students of technical institutes. 
Moscow: GIFizMatlit Publ.; 1962. (In Russ.) 

2. Smirnov V.I. Course of higher mathematics (vol. 1). Мoscow: Nauka Publ.; 1965. (In Russ.) 
3. Ivanov V.N., Romanova V.A. Constructive forms of space constructions. Visualization of the surfaces at the sys-

tems “MathCAD”, “AutoCAD”. Мoscow: ASV Publ.; 2016. (In Russ.) 
4. Lawrence J.D. A catalog of special plane curves. New York: Dover Publications; 1972. p. 161, 168–170, 175.  
5. Corneli J. The PlanetMath Encyclopedia. ITP 2011 Workshop on Mathematical Wikis (MathWikis 2011) Nijme-

gen, Netherlands, August 27, 2011. Nijmegen, 2011. Pp. 6–12. 
6. Vinogradov I.M. (ed.) Mathematical encyclopedia (vol. 1). Moscow: Sovetskaya Encyclopediya Publ.; 1977. 

(In Russ.) 
7. Коrn G., Коrn Т. Reference book on mathematic for science workers and engineers. Мoscow: Nauka Publ.; 1977. 

(In Russ.) 
8. Churkin G.M. A quality of the points of the points of hypocycloid. Novosibirsk; 1989. (In Russ.) 
9. Barra M. The cycloid. Educ. Stud. Math. 1975;6(1):93–98.   

a b c 

k = 1 

k = 3 

k = 2 



Иванов В.Н. Строительная механика инженерных конструкций и сооружений. 2021. Т. 17. № 4. С. 404–413 
 

 

ГЕОМЕТРИЯ СРЕДИННЫХ ПОВЕРХНОСТЕЙ ОБОЛОЧЕК 413 

10. Ivanov V.N. Epi-hypocycloids and epi-hypocycloidal canal surfaces. Structural Mechanics of Engineering Con-
structions and Buildings. 2018;14(3):242–247. (In Russ.) https://doi.org/10.22363/1815-5235-2018-14-3-242-247  

11. Ivanov V.N. Epi-hypocycloidal canal surfaces in lines of main curvatures. Engineering Systems – 2019: Works  
of Sciences-Practical Conference with International Participation (Moscow, 3–5 April 2019). Moscow: RUDN University; 
2019. p. 147–157. (In Russ.)  

12. Shulikovskiy V.I. Classical differential geometry. Moscow: GIFML Publ.; 1963. (In Russ.) 
13. Soliman M.A., Mahmoud W.M., Solouma E.M., Bary M. The new study of some characterization of canal sur-

faces with Weingarten and linear Weingarten types according to Bishop frame. Journal of the Egyptian Mathematical So-
ciety. 2019;27:26. https://doi.org/10.1186/s42787-019-0032-y 

14. Krivoshapko S.N., Bock Hyeng C.A. Classification of cyclic surfaces and geometrical research of canal surfaces. 
International Journal of Research and Reviews in Applied Sciences. 2012;12(3):360–374. 

15. Krivoshapko S.N., Ivanov V.N. Encyclopedia of analytical surfaces. Springer International Publishing; 2015.  
16. Constructing shells and their visualization in system “MathCad” on basis of vector equations of surfaces. IOP 

Conference Series: Materials Science and Engineering. 2018;456:012018. https://doi.org/10.1088/1757-899X/456/1/012018 
 
 


