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Abstract. If a circle rolls around another motionless circle then a point bind with
the rolling circle forms a curve. It is called epicycloid, if a circle is rolling out-
side the motionless circle; it is called hypocycloid if the circle is rolling inside
the motionless circle. The point bind to the rolling circle forms a space curve if
the rolling circle has the constant incline to the plane of the motionless circle.
The cycloid curve is formed when the circle is rolling along a straight line. The geo-
metry of the curves formed by the point bind to the circle rolling along some base
curve is investigated at this study. The geometry of the surfaces formed when the circle
there is rolling along some curve and rotates around the tangent to the curve is
considered as well. Since when the circle rotates in the normal plane of the base
curve, a point rigidly connected to the rotating circle arises the circle, then an epi-
hypocycloidal cyclic surface is formed. The vector equations of the epihypocy-
cloid curve and epihypocycloid cycle surfaces with any base curve are estab-
lished. The figures of the epihypocycloids with base curves of ellipse and sinus
are got on the base of the equations obtained. These figures demonstrate the op-
portunities of form finding of the surfaces arised by the cycle rolling along dif-
ferent base curves. Unlike epihypocycloidal curves and surfaces with a base cir-
cle, the shape of epihypocycloidal curves and surfaces with a base curve other
than a circle depends on the initial rolling point of the circle on the base curve.

Keywords: geometry of the curves, geometry of the surfaces, base curve, epihypo-
cycloids, epihypocycloid cycle surfaces
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AnHoTanus. [Ipu xaueHnn OKPYKHOCTH IO IPYTroil HEMOABHUKHON OKPYKHOCTH
TOYKA, )KECTKO CBSI3aHHAS C IOJIBKKHOM OKPY>KHOCTBIO, 00pa3yeT KpHUBYIO: IIPH Ka-
YEHUU HEMOJBHKHOW OKPYKHOCTH — SIMLUKIOUAY, IPU Ka4€HUU [0 BHYTPEHHEH
CTOPOHE HENOJBUKHOW OKPYKHOCTU — TMIOLUKIONAY. [Ipy KkaueHun OKpy»xKHO-
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CTH IIPU MOCTOSIHHOM HAKJIOHE K IJIOCKOCTH HEMOABHYKHON OKPY>KHOCTH TOYKa,
JKECTKO CBS3aHHAs C MOJBUKHOM OKPY’KHOCTbIO, OIIUCBIBAET IPOCTPAHCTBEHHYIO
kpuByt0. [{uxnonoil Ha3pIBaeTCs KpuUBasi, 00pa30BaHHAS TOUKON MOBIKHOI OKpYK-
HOCTY, KaTsuleiica o NpsMoil. PaccMaTpuBaeTcs reoMeTpust KpuBbIX, 0Opasye-
MBIX TOYKOH, KECTKO CBSI3aHHOH C OKPY’KHOCTBIO, KaTsAILIEHCA 110 IIPOU3BOJILHON
0a30BOIf KPUBOH, a TaK)Ke T€OMETPHS MOBEPXHOCTEH, 00Pa30BaHHBIX MPH OTHO-
BPEMEHHOM Kau€HUHU OKPY:KHOCTU IO 0a30BOH KpPUBOW U BPALICHUH OKPYXKHO-
CTH BOKpYT KacaTellbHOH K 0a30Bol KpuBoOif. Tak Kak ImpH BpaIeHUH OKPYKHO-
CTH B HOPMAJILHOM TIJIOCKOCTH 0a30BOM KPUBOM TOYKA, KECTKO CBSI3aHHASI C Bpalla-
IOIIEiicsT OKPY’KHOCTBIO, OITHCBHIBAET OKPYXKHOCTB, TO 00pa3yeTcs SMUTHIONHK-
JIOUIaJIbHAsl LUMKJIMYECKas MOBEPXHOCTh. I10JIyd4eHO BEKTOPHOE YpaBHEHHUE 3IIH-
TUIOLMKIION]] U SIUTUINOLIMKIONIATIBHBIX HUKINYECKUX IOBEPXHOCTEHN C MPOU3-
BOJIbHOHU 0a30Boi kpuBoil. Ha oCHOBE BEKTOPHBIX YPaBHEHUH C UCIOIb30BaHU-
eM nporpamMHoro kommiekca MathCad moctpoeHs! rpaguky 3MUTHIIONUKION-
JalbHBIX KPUBBIX C 0a30BBIM 3JUIUICOM M cuHycounoi. IlpuBeneHsl pUCyHKU
SIUTUIOLMKIOUIAIBHBIX LHUKINYECKUX IOBEPXHOCTEH ¢ 0Ga30BBIM 3ILUIUIICOM.

Jasi nuTHpoBaHus OHM NOKa3bIBAIOT OOJIBIIME BO3MOXHOCTU (POPMOOOPA30BAHMS HOBBIX BHIOB
Hearos B.H. DIATANONUKIONIBI ¥ SITATHIIO- HOBEPXHOCTEH NPHU KAYCHHH OKPYXXHOCTH IO PA3IIMYHBIM 0a30BBIM KPHBBIM.
LIMKITHYECKHE TIOBEPXHOCTH C IPOH3BONBHOM B ominyue OT SHHMTHMIOLNMKIOHAATBHBIX KPUBBIX M IIOBEPXHOCTEH ¢ 0a30BoOif
6a3oBoit kpuBoil // CtpouTtenbHas Mexa- OKPY/KHOCTBIO dbopma STHIHIOHMKIOHIATHBIX KPUBBIX H HOBepi;HOCTeﬁ c 6a-
HYKA HEOKCHEPHBIX KOHCTPYKIMIL H COOpY- 30BOM KPUBOH, OTIIMYHON OT OKPYKHOCTH, 3aBHCUT OT HA4albHOH TOYKH Kaue-
sxenuit. 2021. T. 17. Ne 4. C. 404-413. HH OKPY)KHOCTH Ha 6a30BOH KPHBOH.
http://dx.doi.org/10.22363/1815-5235-2021-

KirroueBble ¢JI0Ba: reOMETpPHs KPHBBIX, [€OMETPHS IIOBEPXHOCTEH, 6a30Bast KPUBAs,

17-4-404-413 SIIATUIOIUKIION B, SITUT MITOUKIONIAJIBHBIC TUKINYCCKUE ITOBEPXHOCTHU

Introduction

Geometry of epi- and hypocycloids formed by the point bind with the circle which is rolling inside or outside
the motionless circle is given in various textbooks, references books, monographs [1-9]. If the moving circle is
moving along another motionless circle with some constant slope, then the point bind with the moving circle forms
the space curve. If the moving circle is rotating around the tangent at the point of contact of the circles, the point
bind with moving circle is arising a circle normal the tangent line. With rotation at 180° the point of epicycloid
goes to point of hypocycloid and if the moving circle is rolling around the motionless circle and rotating at 180°
the epicycloid curve goes to the hypocycloid curve. The space curves formed with constant slope of moving circle
can be called the space epihypocycloids. If the moving circle is rolling along the motionless circle with rotating
around tangents, the cyclic surfaces are formed. The geometry of the epihypocycloids and epihypocycloidal cycle
surfaces there were analyzed in [10; 11]. It is shown in this paper that the epihypocycloid cycle surfaces are the canal
surfaces [3; 12—15]. This article discusses the geometry of the epihypocycloid and epihypocycloidal surfaces formed
when rolling a circle along an arbitrary base curve and cyclic surfaces formed when rolling and rotating a circle.

Geometry of the epihypocycloids of the common type

Let us consider the directrix base line ry(u) along which the circle of radius a is rolling (Figure 1).
The point d which is linked with the moving circle is arising the curve r(u). To obtain the equation of the curve
it’s necessary to determine the length of the base line, covered by the moving circle from the initial point uo

u

! I __
Ostu ,THe S, =

a
For many curves the integral of the length doesn’t have an analytical solution, but the integrals can be cal-
culated by numerical methods, for example using MathCad software.
The vector equation of the formed curve can be written as

rH

to the contact point u of the motionless cycle: S, (u) = .[

U,

. The radius of the moving circle

will be rotated relative the normal of the base curve at the angle 0 (u) =

r(u)=r,(u)—a(l-pcosB)v, —apsindr,, (1)
where T, v, — the vectors of the tangent and normal of the base curve.
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Figure 1. Rolling of the circle along base directrix

If the there is rolling along the base curve at the angle v to the plane of the base curve, then the point d
forms the space curve, the vector equation of which can be obtained as following:

r(u,v)=r, (u)—apsinbt, +a(1-pcosb)e(u,v), )

where e (u, v) =vcosv+psinv, p— binormal of the base curve.
If the circle rolls from point uy towards point u; of the base curve and the radius of the rolling circle is de-

S u .
termined as a = 2i, where S, = I l s! du , then the moving circle makes k complete turns of 2.
ty

For plane base curve p = k is an ort of rectangular coordinate system.
If angle v is 0, then the circle moves at concave side of the base curve, the hypocycloid is arised, if v=m
epicycloid is formed at the convex side of the base curve.

If parameter v changes from 0 to 2z, then point d describes a circle of radius R = a(l— ucosO) around

the tangent to the base curve. If parameter v changes from 0 to m then point of the hypocycloid transforms into
the point of the epicycloid.

If the moving circle is rolling along a base curve and rotating v = (0 + 2x) the cycle surface is forming at
all points of the contacts with the base curve.

p(u,v)=r,(u) —apsinbt, +a(l—pcosd)e(u,v). 3)

The equations (2), (3) are correct for forming cycloid surfaces by rolling the circle around both plane
and space curve.
Epihypocycloids

At the Figure 2 there is shown the figures of the epihypocycloids with the base ellipse, given by the equa-
tion r, (u) =bcosu +csinu , with parameters b = 2, ¢ = 1 with point d on the moving circle (n = 1) and with dif-

ferent radius of the moving circle and initial point uo at the base curve.
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Figure 2. Epihypocycloids with the base ellipse b = 2, ¢ = 1 formatting point is on the circle, p =1
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Figure 3. Epihypocycloids with the base ellipse b = 2, ¢ = 1 formatting point is out of the circle, p =2
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Figure 4. Epihypocycloids with the base ellipse b = 2, ¢ = 1 formatting point is inside the circle, p = 0.5
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As it’s seen from the Figure 2 the shapes of the epi- and hypocycloids depend on the initial point uon the base curve.

At the Figure 3 the figures of the epihypocycloids are shown, with the on the base ellipse with parameters
b =2, c=1 and the forming point d outside the rolling circle (u = 2) and with different parameters of rolling circle.

At the Figure 4 the figures of the epihypocycloids are shown, with the base ellipse with parameters b = 2,
¢ = 1 and the forming point d inside the rolling circle (n = 0.5) and with different parameters of rolling circle.

At the Figure 5 the figures of the epihypocycloids are shown with the base sine curve y = asinmx/L,
a=0.65,L=1,x=0+2L; with various parameter of u: a) p=1; b) u=0.5; ¢) p=2.

TOES

: 2
—

3 %%

Figure 5. Epihypocycloids with the base sinus curve on two halfwaves:
a-pu=1;b—-pn=0.5;c—p=2; 1 —toprow k= 1; 2 — middle row x = 2; 3 — lower row x =3

At the Figures 5, al, b1, ¢2 the hypocycloids are shown. At another figures epi- and hypocycloids together are
shown. It’s seen from the combined figures that hypocycloids on the base sine are antisymmetrical to the epicycloids.

Epihypocycloid cycle surfaces

The figures of epihypocycloid cycle surfaces on the base ellipse are given with parameters x = 1 (Figu-
re 6), k =2 (Figure 7), x = 3 (Figure 8).

At the Figure 9 there are shown epihypocycloid cycle surfaces on base sine with different numbers of half-
waves.

Figure 6. Epihypocycloid cycle surfaces with the base ellipse, £ = 1:
a—pu=1b-p=05c-—p=2
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Figure 9. Epihypocycloid cyclic surfaces with the base sine:
a-pu=1;b-p=05c—p=2

Conclusion

The article shows the possibility of constructing generalized epihypocycloidal curves, formed by the cycle
with bind point rolling along any base curve, and the epihypocycloid cyclic surfaces, formed by rotating
the moving circle around the tangent of the base curve.

The figures are shown of the variants of the epihypocycloids and epihypocycloid cycle surfaces with rol-
ling cycle at the base ellipse and sine. The figures of curves and surfaces are made with the help of MathCad
software, on the base of the vector equations (1), (3). Using the equations with the different base curves inclu-
ding space ones it is possible to create various shapes of cyclic surfaces.

The given examples of surface visualization show great opportunities for creating new forms of spatial
structures and their use in architecture and modern urban planning.
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