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Abstract

Relevance. The progressive development of views on the Saint-Venant for-
mulated principles and methods underlying the deformable body mechanics,
the growth of the mathematical analysis branch, which is used for calculation and
accumulation of rules of thumb obtained by the mathematical results interpreta-
tion, lead to the fact that the existing principles are being replaced with new,
more general ones, their number is decreasing, and this field is brought into
an increasingly closer relationship with other branches of science and technology.
Most differential equations of mechanics have solutions where there are gaps,
quick transitions, inhomogeneities or other irregularities arising out of an approxi-
mate description. On the other hand, it is necessary to construct equation solu-
tions with preservation of the order of the differential equation in conjunction with
satisfying all the boundary conditions. Thus, the following aims of the work were
determined: 1) to complete the familiar Saint-Venant’s principle for the case of
displacements specified on a small area; 2) to generalize the semi-inverse Saint-
Venant’s method by finding the complement to the classical local rapidly decaying
solutions; 3) to construct on the basis of the semi-inverse method a modernized
method, which completes the solutions obtained by the classical semi-inverse method
by rapidly varying decaying solutions, and to rationalize asymptotic convergence
of the solutions and clarify the classical theory for a better understanding of
the classic theory itself. To achieve these goals, we used such methods, as: 1) strict
mathematical separation of decaying and non-decaying components of the solu-
tion out of the plane elasticity equations by the methods of complex variable
theory function; 2) construction of the asymptotic solution without any hypothe-
ses and satisfaction of all boundary conditions; 3) evaluation of convergence.
Results. A generalized formulation of the Saint-Venant’s principle is proposed for
the displacements specified on a small area of a body. A method of constructing
asymptotic analytical solutions of the elasticity theory equations is found, which
allows to satisfy all boundary conditions.
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Hctopus crarbu AHHOTaIUsA

Ioctynuna B penakuuto: 23 asrycra 2020 r. Axmyansnocms. IlocTeneHHOE pa3BUTHE B3IVIAZ0B Ha CHOPMYNIUPOBAHHEIE
Jopabotana: 4 oktsiopst 2020 . CeH-BeHaHOM TPUHIMITBI B METOJIBI, JISKAIINE B OCHOBE MEXaHUKU JAe(OopMH-
IMpunsra k myomukamuu: 14 okts16ps 2020 r. pyeMoro Tena, pocT TOH BETBH MaTEMAaTU4ECKOr0 aHa/In3a, KOTOpas IPUMEHsEeT-

Csl TIPH BBIYHCIICHUSX, U HAKOIUICHUE MPAKTUYECKUX MPABUII, TTONYYaEMbIX MyTEM
HCTOJIKOBAHUSI MAaTEMAaTH4ECKUX PE3YJIbTATOB, IPUBOAAT K TOMY, YTO CYLIECTBY-
IOIHe TIPUHIUIEI 3aMEHSIOTCS HOBBIMH, OoJiee OOIMMHE, YHCIO X YMEHbIIACT-
csl ¥ AaHHas 00JIacTh MPUBOANTCS BO BCe OoJiee TECHYIO CBS3b C APYTHMH OTIe-
JIaMH HAYKH U TEXHUKH. BOMbIIMHCTBO AU hepeHIHATbHBIX YPABHEHHIT MEXaHHKH
o0azaer perieHUsIMH, B KOTOPBIX HAOIOAAI0TCS pa3phIBbI, OBICTPHIC IEPEXO/IbI,
HEOJHOPOIHOCTH WIH APYTHe HETPaBHIFHOCTH, BOSHUKAIOIINE U3 IIPUOIIKCH-
HOTO onucaHus. bosbioi uHTEpeC mpeacTaBiseT 0000IIeHHas GOPMYITHPOBKA
npuHimna Cen-BeHana s 3aTyXaHusl 3aaHHBIX HA MaJOM Y4YacTKe MepeMeleHUiH
IUIsl OOBSCHEHUSI TOJyYSHHBIX NMPUOMMKEHHBIX perreHuid. C Ipyrod CTOPOHH,
HEeoOXOMMO TIOCTPOCHHE PEIICHNH ypaBHEHMH C COXpaHeHHWeM Hopsaka mudde-
PEHIMAIBHOTO YPAaBHEHUS B COUETAHWHU C BBIIOJHEHHUEM BCEX TPAHMYHBIX yCIIO-
Buii. TakuM oOpa3oM, ObLIU ONpeeneHsl CAEAYIOIME yenu uccieoosanust: 1) 1o-
oJHUTh M3BecTHBbIM npuHiun CeH-BeHana juid ciydas 3aJaHHBIX Ha MaJloM
y4acTKe TeNa IepeMelIeHHil; 2) HOCTPOUTh Ha OCHOBE ITOTyOOpaTHOro MeTona
MOIEPHHU3UPOBAHHBIA METOJ], JTOMOJHSIOMNK MOTyYeHHbIe KIACCHYECKUM IOIy-
06paTHbIM MCTOZAOM PCLICHUS 6I>ICTpO MCHSIOIMMHUCS 3aTyXaroUIUMU PCHICHUAMU,
3) 000CHOBaTh ACHMIITOTHYECKYIO CXOAUMOCTD PEIeHHH ¥ YTOYHHUTH KIIACCUUECKHE
Teopuu AJsl OoJiee IOJHOrO MOHMMAHMS caMoil Kiaccudeckoi Teopuu. Jns mo-
CTI)KEHHMSI ITOCTABJIEHHBIX IeJIel UCTIONb30BANCh TaKHe Menoosbl, Kak: 1) cTpo-
roc MaTeMaTH4YeCKOE BBIICICHHUE 3aTyXarolleil M He3aTyXarolled KOMIOHEHT
pelIeHus U3 ypaBHEHHH IUIOCKOH 3a/1addl TEOPUH YIPYTOCTH METOJAMH TEOPHU

(GyHKIMH KOMIUIEKCHOIO HNEPEMEHHOr0; 2) IMOCTPOSHUE ACUMIITOTHYECKOTO pe-

st unTHpOBaHUSI IeHHs1 0e3 KaKHX-JIMOO TUIOTE3 M BBIMOJHEHNE BCEX TPAHUYHBIX YCIIOBHIA; 3) OlICHKA
3sepsies E.M. CoBpeMeHHasi TPAKTOBKA NPUH- cxoquMocTH pemenus. Pesyismamet. Tlpennoxena GopmynupoBka 0000mIEHHO-
1mna 1 nomyobparroro Merona Cen-Benana // ro npuanuna CeH-BeHana ays 3aJaHHBIX HA MAJIOM Y4acTKe Tela MepeMelIeHIH.
CrpoutenbHas MEXaHHKA HHKCHEPHBIX KOH- Haiinen meron nmocTpoeHUs] aCUMOTOTHYECKUX AHAIMTUYECKUX PELICHUH ypaB-
crpykumii i coopyxenmit. 2020. T. 16. Ne 5. HEHHUH TEOpUH YIPYTOCTH, O3BOJISIOLUIMN BBIIIOJIHUT BCE TPAaHUYHbIE YCIIOBUS.

C. 390-413. http://dx.doi.org/10.22363/1815-

5235-2020-16-5-390-413 KiroueBble ciioBa: TPUHIMIT CKAThIX 0T06pa>1<em/m, TE€OpEMa O HECIIOABMKHOU

TOUKe, YIpYrocTs, monoca, CeH-Benan, monxoe pemenue

1. Introduction

The main factor for refusing a researcher in recognition of his works becomes fairly meaningful and rea-
sonable lack of trust for something overly unconventional and provocative. If we go back to the image of sphere
of knowledge, then any attempt at leaping too far out of the bounds of the sphere will likely be eventually unsuc-
cessful. These are, for example, numerous attempts at creating a “theory of everything” or alternatively subver-
ting some fundamental theory — theory of relativity or evolution. Such “theories of everything” and “subversions
of fundamentals” look too mistrustful to spark an interest to seriously consider them. In this case the apriori lack
of trust for something excessively strange and pretentious serves as “population control” for disposing of poten-
tially destructive phenomena.

It is common for continuum mechanics and the related field of partial derivatives mathematics to gradually
develop fundamental ideas, put forth by the “founding fathers” of the science. Progressive development of views
on the principles underlying deformable body mechanics, growth of the mathematical analysis field, which is
used for computation and accumulation of rules of thumb, obtained by interpreting mathematical results, lead to

3eepaes Eezenuii Muxaiinoeuy, 10OKTOp TEXHUYECKHX HayK, mpodeccop, BeAylIuid Hay4HBI COTPYAHMK MHCTUTYTa NMpPUKIAJAHONW MAaTeMaTHKU UMEHH
M.B. Kengsimra PAH, npodeccop MockoBCKOro aBHallMOHHOTO HHCTUTYTA; Scopus Author ID: 57195225599, eLIBRARY SPIN-kox: 4893-2337.
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the fact that the principles are replaced by the other, more general ones, their number decreases, and this field is
brought into an increasingly closer relationship with other branches of physics. Besides, same physical princi-
ples, in the end, serve as a basis for them all.

Elasticity theory is considered to be founded on two basic Saint-Venant’s ideas: the principle and the semi-
inverse method. Saint-Venant’s principle, named after Adhemar Jean Claude Saint-Venant, may be expressed as
follows: “...the difference between the effects of two unique, but statically equivalent loads, becomes very small
at sufficiently large distances from the load”. This statement was published by Saint-Venant in 1855 [1]. Later,
von Mises brought forward an assumption that the principle cannot be applied to the bodies of finite dimen-
sions [2]. In this paper, this assertion is refuted.

The force and moment based (stress resultants) solution for thin-walled systems had been determining
the direction of researchers’ efforts for a long time. After constructing basic theories for plates, shells and thin-
walled systems some contradictions were noted: it is impossible to satisfy all the boundary conditions and
to evaluate all the stresses and displacements. Then, great difficulties were encountered in solving problems for
anisotropic composite materials. Due to this, attention was given to solving problems in stresses, at least in
the constraints area. The problem of applying semi-inverse Saint-Venant’s method to mechanics of composite
materials was brought to the forefront. Such problems require reconsideration of the accumulated practice and
its generalization in order to obtain new possibilities of expanded application of classic ideas to new problems
and materials on the basis of extended and generalized formulations.

Friedrichs and Dressler [3] and Goldenveiser and Kolos [4] have independently proven that the classical
Kirchhoff’s plate theory is the main term of the asymptotic expansion (by small parameter of thickness) for
the linear theory of thin-wall isotropic bodies. On the other hand, based on their approach the internal solution,
which has a value only close to an edge, is determined by a series of boundary value problems. These problems
are very complicated to solve, almost as complicated as the initial problem. Saint-Venant’s principle may be
used for boundary stresses to create boundary conditions in the classic plate theory and also for some external
expansions of higher order without any reference to the internal boundary solution. Attempts at obtaining
the corresponding boundary conditions for displacements were unsuccessful.

Gregory and Wan [5] applied a general method developed by them for obtaining the proper boundary con-
dition series for arbitrarily defined allowed boundary conditions (without an explicit solution of internal or
boundary layer) for a number of special cases of general interest, including cases with defined boundary dis-
placements. Their overall results demonstrate that in order to be strictly correct, the Saint-Venant’s principle can
be used only to the leading terms of the external solution, i.e. classical plate theory.

Horgan et al. [6—-10] investigated various aspects of applying the Saint-Venant’s principle to the boundary
layer and obtained a number of insightful practical results. The practical conclusions for composites are: effect of
the end constraints of samples in mechanical tests, effect of support elements, connections, cuts, etc., in compo-
site structures and limitations of strength of materials formulas when applied to composites. It was established
that neglecting the elasticity of the end constraints, generally rationalized by the Saint-Venant’s principle, cannot be
applied to problems involving composite materials. Particularly, in fiber reinforced composite material the charac-
teristic attenuation length of the end effects is significant, generally several times greater than in isotropic materials.
Even though the answers on many of the questions in Saint-Venant’s principle discussion in its classical inter-
pretation were obtained, the full analysis of extended physical and mathematical issues emerging with the as-
ymptotic solution in composites’ elasticity needs to be carried out.

Semi-inverse Saint-Venant’s method in its classical interpretation in the publications is used for obtaining
solutions of non-linear problems of elasticity theory, linear problems of porous and graded materials, etc. [10—14].
The wide applicability range of the Saint-Venant’s principle and the semi-inverse method may be also explained
by that they make it possible to construct insightful analytical solutions, which may serve as a guide for calcula-
tion automation by means of numerical methods.

In [15-19] the Saint-Venant’s method acquires an extended iteration-based interpretation, allowing to ob-
tain asymptotic analytical solutions without any hypotheses and to satisfy all the boundary conditions. The solu-
tion converges satisfying the Banach fixed-point theorem [20].

Saint-Venant’s principle is qualitative and, being applied to an end-loaded bar problem for the first
time, it states that a statically equivalent to zero system of forces, distributed over a small area, creates only local
disturbances. The disturbances decay rapidly with increasing distance from that area and become negligible at
sufficiently large distances compared to its dimensions. The stress state in a long prismatic bar, loaded only at
the end sections, practically does not depend on the way of surface forces distribution and is determined at some
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distance from the ends by their resulting vector and resulting moment. However, for example, this formulation is
insufficient for the extended theories of thin-walled systems from isotropic and composite material, which in-
clude bars, plates, shells and thin-walled bars. Stresses in corners, caused by the changing lateral dimension of
the long elastic strip, rise a question about the formulation of attenuation conditions stated for displacements [19]
given on a small area on frontal and side surfaces of a thin-walled body. Iteration-based interpretation of the semi-
inverse method expands its application range to composite materials [20].

2. Generalized formulation of Saint-Venant’s principle for stresses and displacements

Let us consider a problem of establishing stress-strain state localization conditions, analogous to the Saint-
Venant’s conditions, in a long prismatic bar, given the end displacements rather than stresses. Let a strip, model-

ling the state of the bar, be defined by 0<x </, —1<z<1. Long edges of the strip z*1 are free from any
loading and constraints. On the short edges x =0, [ the displacements are defined as

u(l,z):fl(z); w(l,z)=f2(z); u(O, z)=f3(z); w(0,2)=f4(z). (1)
On edges z+1

c (x, il)zr(x, il)zO. ?2)

The solution comes down to finding Airy’s stress function (p(x, z ) , which satisfies biharmonic equation

o'¢ ' 5 o'

+—t 3
ox* ozt ox’oz" ©)
Stresses in terms of (p(x, z ) function are calculated as follows:
o’ ol o
c, = (2P ; G, =— @ ; c,= —(ZP
0z Ox0z 0z
Deformations are evaluated with the help of elasticity relations
1 1 t
e =—(o,—-vo,); e, =—(0,-vo,); L=
X E ( X z ) E ( ) ’Y G
Deformation-displacement formulas allow to determine the displacements
ou ow
— =€ —=¢€_.
Ox 0z
Let us rewrite the equation (3) as follows:
oo 84(p 64(p
Cax’er 2| ax 82
Integrating it twice over x and twice over z , we get
_J¢ d'e
2 —[ H dxdx]+a( )x+b(z);
8 o 1 o0
e —[ ﬂ dzdzj+c( )z+d(x), 4)

where a,b,c,d are arbitrary functions of integration.
Elasticity relationships and deformation-displacement formulas, taking into account (4), yield
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pou_ o v(
E—=-—7+ V( 219 ‘szdzjw[c )y+d(x)];

0 0’ 0’
Ea_vzvz_ax(p V( i H (dedx]+v[a x+b ] (5)

Let us define in the equation (5)

Q= ng (x)Z.(2), (6)

where the functions Z, (Z) satisty the equation Z,"" =K} Z, and the conditions on the ends Z, ( il) =7, (il) =0.
Prime mark designates differentiation with respect to z coordinate. In this case the conditions (2) are satisfied
and the solution to equation (2) is sought by the Bubnov — Galerkin method. Functions X, (x) contain exponen-
tial multipliers, which provide the decay of the end effect.

Substituting expression (6) into formula (5) and integrating accordingly, the following is obtained:

= * | ]
EMZZ|:[1+§}X/{ Kk2+§Xk F Zk2+V|: Z+d :|+l’l

ko

k

Ew=i{(l+§} k"KL+2X** Zy+v]a (2)x+b" () [+ m(x). ()
k=1 a

Here m and n are arbitrary functions of integration the asterisk indicates that integration is carried out with

respect to the corresponding coordinate, i.e. Q IQ t)dt Z, are the eigenfunctions for the problem of free

vibration of a bar fixed at both ends and are fairly well examined. For a symmetrical about z axis case they become:
Z, =cosk, coshk,z—coshx, cosk,z;

! . .
Z,' =x,Z, =x, (cosx, sinhk,z—coshk, sink,z);

" _ 2 _ 2 .
Z,' =x,’Z,, =x,’(cosx, coshk,z—coshk, cosk,z);

"

_ 3 _ 3 . .
z," =x.Z,, =x,’(cosk, sinh k,z—cosh k, sink,z), (8)

where K, satisfies the transcendental equation

tank, +tanhk, =0. )
For asymmetrical about z axis case
Z, =cosk, sinhk,z—coshk, sink,z;

!

Z,' =x,Z, =x,(cosk, coshk,z—coshk, cosk,z);

"

—_— 2 —_— 2 1 ] .
z," =x,’Z,, =x,’(cosx, sinhk,z+coshk, sink,z);

"

_ 3 _ 3
Z," =x,’Z,; =x,’(cosk, coshk,z+coshk, cosk,z), (10)

where K, satisfies the transcendental equation tank, —tanhi, =0.
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Let us now consider the possibility of satisfying the conditions (1) by representing displacements in the
form of the expressions (7). On the end at X =/ there must be

- i v * A% n 1
Efl(z)=kz_;_(1+5j)(k Kk2 +5Xk K—kz}Zk2+v[ z+d ]+n
= [ \Y% | - . .
Ef,(z ;_(1+E]Xk K—k+2X }Zk3+v[a (z)x+b (z)]+m(1). (11)

Let us determine the conditions, which must be imposed on the functions f, and f, , for the expansions (11)

to be valid. If the systems of functions {Zkz} and {Zk3} are full, the arbitrary functions a*, b, ¢*, d*, m, n
must be zero. Let us check the fullness of these systems. May a certain symmetrical with respect to o function

o) on the interval (—1,1) be expanded in a series by functions Z,,(k,0) and antisymmetric function
&1( ) p Yy k2 \ N Yy

&, ((x) in a series by functions Z, (Kk(x) . Thus,

51(0‘)=2akzkz(‘<ka)$ E:z(a):ibkzm(‘(ka); (12)
0= [ () Zs (ciB)dB: By =~ [ £, (B)Ze (,B) . (13

where N j Z k2

Functions Z,,, Z,,, Z,; satisfy the following orthogonality conditions:

frcomtema-{] (2}

:i-le} (<:B)Zy, (x,B)dB = {E)Nk (n=k)

For symmetric functions Z,, it will be N, =cosh’ «, +cos’ x, .
Let us compose expressions for partial sums of the series (12) substituting coefficients (13) into them:

Sk (Zi224,) = 2]\1, Z, (k.0 J-EJL (.B)dB;
L1
S Zi3Z Z Zk3 K, J.E.)l 2, KkB) dp. (14)

k:l

Therefore, the problem of correspondence of left and right parts in the formulas (12) results in evaluating

the limits of the respective sums Sy (Zkz,Z ) Sy (Zk3,Z ) when K —00. Changing the order of summa-

tion and integration in (14), the expressions for partial sums can be written as follows:

S APV J.al ])VZkz( dp = I§1 B)QK 2L )dBQ

k
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jaz % K"“])sz“('("ﬁ Jap=-] a7z, (1s)

Let us also consider the same way as in [21] the contour integrals corresponding to the relationships (15):

~ 1 Z, (C(l)zkz (CB) .
1 (Z5:Z,,) = 2mi 1;[ cosh? {cos” Cy (€) -

I (Z Z ) 1 J’ Zk3(§a)zk1(CB) d, (16)

2 2mi ; cosh® {cos” Ly ()
which are evaluated by going in positive direction around a circle of radius R, , circumscribed from the origin in
the complex plane (. Radius Ry is chosen such that radiuses 2K of real and 2K imaginary roots of the equa-
tion (9) get inside the circle. The contour also does not pass the points Cio) =7 (2k + 1) / 2 and ng) =T ( 2k + 1) / 2,
which are the roots of the equation COS CSCO) =0 and cosh Cg) =0. Then, every integral in the formulas (16) is
equal to the sum of subtractions by all special points inside the circle R, .

With respect to the stated for the formulas (16) above and taking into account that IV, = cosh{cos C\V(C),

we obtain

Iy (ZkZ’Z ) 4QK 2L 22 OS 082k2+171:[3—2;
1,(Z,,,Z,,)=-40 (Z,,.Z,,) +22 c052k2+1nacoszk2+ln[3. (17)

The last term in the first expression (17) is subtraction for the integrand of the first integral from (16).
Subtraction in zero for the second integral is equal to zero. The expressions (17) lead to

llmQK kz’ Z COS 2k+17‘[B—_

2k+1
thK 4 Zcos nacos k; . (18)

Substituting the expressions (18) into the formulas (15), we obtain

lim §,(Z,5.7,,) = j& +1mcszk+1anB——f& (BMB =, (a Jé (B)a:
1im S (4,2, = j@ Zsm ! wsin 2k+1anB £, (0). (19)

Thus, the first series in the expression (12) converges to the original function &, , if

[ (B)dp=o0. (20)

The second series converges to the function &, unconditionally.

396 THEORY OF ELASTICITY



3BepsieB E.M. CtpouTensHas MexaHuka HXEeHepHbIX KOHCTPYKLMA u coopyxeHni. 2020. T. 16. Ne 5. C. 390-413

Let us now consider the case of expanding the asymmetric with respect to o function &; (OL) on the inter-
val (—1,1) in a series by antisymmetric functions Z,, (Kka) and symmetric function &, (a) in a series by anti-

symmetric functions Z,, (Kk(x) from the definitions (10). Operating the same way, we obtain the following ex-

pressions for the corresponding contour integrals:

< . 2k+1 2k+1
Iy (ZkZ’Zkz) =—40; (Zk2>Zk2)+2 Z Sm P — 60p;
k=—K
2k +1
1 (Z,5,2,))=—40, (2,5, Z,, +2Zcos a.cos— nB—S(l—Bz). 21)

In both cases the last terms are subtractions at the point { = 0. Proceeding to the limit when K —> 0 we
obtain the following for the partial sums:

lim S, (Z,,,2,,) =& j &, (BBaB;
S, (2,7 =4 () - 3[@(6)(1—62)%. @)

The first series converges to the original function &;, and the second series to the function &, if

j &, (B)Bp =0; I & (B)(1-B*)ap =0. (23)

Let us elaborate the meaning of the expressions (20) and (23). Let us consider a problem of a cantilever
bar of unit thickness, length / and height equal to two. Then f; = f, =0 in the expressions (1) as for a fixed

end. At x=/ the non-zero first two displacements (1) are defined. By removing the constraints defining these
displacements and substituting them by normal force N , shear force and bending moment M , statically equi-
valent to stresses, which do not decay away from X =/ edge, we obtain

1 3 3 3
GY:EN_'-EMZ_FEQ(Z_X)’ Gz:O; sz:Z(l_Zz)'

Let us calculate the work done by the non-decaying stresses on the displacements (1) at the x =/ end:

j o,/ (2)+5uha(2 )]dz=j[“%+%sz f)+20(-) fz(z)}dz. e

-1

Imposing a requirement that the emerging in the strip non-decaying stresses do not perform any work on
the defined displacements of the bar end, the following expressions are obtained, owing to the independence of
the values N, M, Q:

:l[fl(Z)dZ:0; ll[fl(z)zdz:o; j‘lfz(z)(l—zz)dZ=0,

which correspond to the conditions (20), (23), where the functions &, +&, and &, match in meaning with f|
and f, respectively.

Apparently, analogous to the famous Saint-Venant’s principle formulated for the cases of stresses on a small area,
it is possible to formulate the locality of stress-strain state in elastic body, specified by displacements on a small area.
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Displacements specified on a small area of elastic body produce only local stress-strain state, which decays
faster with increasing distance from that area and becomes negligibly small at sufficiently large distances com-
pared to the area dimensions, if the resulting vector and resulting moment, statically equivalent to the stresses on
that area, do not produce work on the specified displacements.

3. Generalized iteration-based formulation of semi-inverse Saint-Venant’s method

Let us consider a problem of generalizing the semi-inverse Saint-Venant’s method to iteration-based form
without resolving the equations in forces and moments by constructing an asymptotic analytical solution.
The issues associated with existence and uniqueness of the solutions are formulated in functional analysis as
a question about existence and uniqueness of a fixed point when a certain metric space is mapped onto itself.
Among the various criteria of existence and uniqueness of a fixed point the most general one is the contraction
mapping principle [21], which rationalises the convergence of simple iterations.

May a long rectangular strip be located in orthogonal coordinate system X,z such that 0<x </,

~h<z <h. The long edges of the strip carry some arbitrary load, the short edges may be loaded or con-
strained. The plane elasticity equations describing the stress-strain state of such strip are taken as

oc. ot 0. ot
+t+—=0, —+—=0;

0z Ox ox Oz

o = (e, +ve,); t*=—E Y; o.= (e.+ve,);
S PV 2(1+v) 1-v? g
ow' ou" ou ow
E=—) &, =o Y=ot

Oz Oox 0z Ox

Let us introduce the dimensionless coordinates x =x /1, z=z /h, dimensionless displacements u = ulh,
w=w /h along the axes x*, z respectively, and dimensionless stresses 6, = (51 /E, o, = (5: JE,t=1 /E

(dimensional displacements, stresses and loads are marked by an asterisk). Dimensionless equations with these
variables become

06 ot ot 0o
Zrg—=0; —+e—=0;
oz Ox Oz ox
1
cle_vz(strvsz); T=mY; GZ=1_V2(82+V8x);
ow ou ou ow
82 :_; 8x :8_; 'Y:_+8_.
o ox 0z  Ox

May the above equations be modified such that it is possible to successively calculate the remaining un-
known variables by choosing some arbitrary w, u 7y, as initial approximation values

ow Ou ow 1 0c, ot
—=g;  —=—t—+V; T=———; =—e—;
oz oz ox 2(1+v) oz Ox
ax:sa—u; G, =g, +Vo_; sZ:(l—vz)cz—vsx; a—W:sz;
ox oz
@:gz; ﬂ:—(—;acx; 'Y=2(1+V)T
14 Oz ox

by the method of successive approximations with increasing index (n) with respect to the following iteration scheme:
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ou, e ow,, iy :;Y
0z Ox (m)2 () 2(1+v) ()
aC;ZZ(n) _ ¢ a;;) DB T % G ) = Ex(my + VO3
B = (17V°) 0 = Ve % =E);
argzﬂ) - 5(;);,1) ; acé(;ﬂ) =-¢ a;g;l) L Yy =2(14 ) 7

From this point on the lower index in parenthesis indicates the number of approximation.
We will be interested in the equations of zero and first approximations when choosing values in accor-
dance with the semi-inverse Saint-Venant method in the form of initial approximation

Wo =W (x); Y0) =Yo (x)

Due to the initial approximation values being independent from z , all the other remaining unknowns are
calculated as a result of the quadratures by z :

W) =Wy (%); Vo) = Yo (X); Uiy = —aj w, dz + Iyodz +u,(x);
T, =7,/2(14V); G0 = —sj 1, dz+0  (x); €,(0) = El(g) ;
S 0) = E4(0) T V0.0 Ty = —sj cx(o)'dz +1,(x); Yoy = 2(1+v) Ty

€.0) = (1 —v? ) C.0) = VEy(0); Wy, = jsz(o)dz +w, (x).

Lower index 0 indicates the arbitrary functions of integration. Calculation of the next values by the previ-
ous ones is accompanied by multiplying by a small parameter € in order to write the unknowns in the form of
asymptotic series based on the power of €. It is clear that on this stage of iterations four arbitrary functions

Wy =W, (x), Yo =Yo (x), U, =u, (x), G., =0, (x) are obtained, which allow to satisfy four boundary condi-

tions on the long edges of the strip. From this point on dashes indicate differentiation over x ; zero without pa-
renthesis specifies the arbitrary functions of integration that depend only on x .

Now it is possible to write the expressions for all the unknowns in the problem, assuming that they de-
scribe the produced displacements, deformations and stresses sufficiently accurate:

2
2 ' 2 " 2 1|z
w~w0+[(1—v )020—8\/1/!0:|Z+[8 v, —e(1+v) 1, }7,

u=u, +[—8w0' +2(1+v)tOJz;
e ~eu, + [—azwo" +e(2+ v)ro'}z;
G, = Eu, +Vo_o+ [—szwo" +(2+ v)sro']z;
£, ~ (1 v’ )czo —gvu, + [sszo" —g(1+v)’ ro'}z;
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2
2 n ' 3 m 2|z
T~‘co—(8 u, +svcszo)z+[8 w, —(2+v)e’, }7,

2 3
- ' 3. m 2 n\Z 4 3.m |2
c ~620—8‘COZ+(8 u, +&vo_, )?J{—s w, +(2+v)8 T, JZ (25)

z

Values T and O, are given in the first approximation, the rest are in the zeroth approximation. Boundary

conditions that correspond to the loading conditions must be satisfied on the long edges of the strip z* =+h.
In dimensionless form these conditions are written as

c, :Z+(x), =X (x) npu z =1;

+

c :Zf(x), r:Xf(x) npu z =—1. (26)

z

Dimensionless loads are obtained by dividing the dimensional ones by stiffness E . Let us assume that —
the loads are slowly changing functions of coordinate x. Let the conditions (26) be satisfied by the first approxi-

mation values from the relationships (25). As a result the equations with respect to the unknowns W, T, , defining
the bending problem:

ew, —(2+V)82’[0” +21, =X, + X ;
—e'w," +(2+v)e’r, —6er, =3(Z,-Z.), (27)
and with respect to ¥, G, defining the axial load problem:
—&’u, —evo, =(X,-X_)/2;

eu, +e’vo,, +20. =7, +7Z_, (28)

are obtained.
Equations (27) and (28), assuming small variability of the functions T, and G_, after removing the values

with small multipliers, are brought to the classic form

M

ew +21 =X, +X_;

s

—etwy" —6et) =3(Z,-Z_); (29)
—&’uy —evel, =(X,-X_)/2

euy +20,=2,+7_, (30)

confirming that equations (27) and (28) generalize the classic representations of the semi-inverse Saint-Venant’s
method and their solutions depend on x. The upper index s indicates the association with slowly varying com-
ponents of the stress-strain state.

Subtracting by pair the equations (29) from (27) and equations (30) from (28) and taking into account as-

sumptions W, ~ £"w; (x), T ~e't) (x), T ~ g (x/€). it is possible to obtain singularly perturbed equa-

tions indicated by index ¢ :
—(2+4v)e’ty +214 =0; €1y

(2+v)e't!" —6ety =0. (32)
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Their solutions differ by a constant that must be removed as a non-conforming to the condition of large
variability. Therefore, both solutions of the equations (31) and (32) match:

C, exp (—k ij
€

¢, exp(_ij'

q _
Ty =
€

As they depend from the argument x/g, they can be used for satisfying lost boundary conditions and

smoothing out discontinuities in slowly varying classical solutions. The upper solution is true when x>0,

k .k X
and the lower is true when x<I. If taking C, = “oe then llnol—exp(—k—j 25()6). That means that
£ 60 g €

the equation (31) allows to establish a relationship between the ordinary numerical function t{ and the genera-

lized Dirac O function.

4. Conclusion

Two Saint-Venant’s methods are analysed and modernized. The first method involves evaluation of stress-
strain state components for the purpose of simplifying the problem statement of seeking the solution by apriori
removal of rapidly varying and decaying solution components. It was introduced because Saint-Venant took into
account the complexity of finding general solutions. Hence, by developing the method of solving the problem
he came to inventing the principle that rationalizes the components lost in the process of constructing the solu-
tion, in particular due to the transition from stresses to forces and moments (stress resultants). An addition to his
classical principle for the case of displacements specified on a small area was formulated on an example of
a long elastic strip, which is absent in the literature. However, both the Saint-Venant’s principle and the genera-
lized principle cannot give any recommendations to its constructive use, but are practical for mechanical inter-
pretation of the partial approximate solutions obtained by any method.

The second method was named semi-inverse, because Saint-Venant suggested to specify a part of the unknown
variables and to resolve the rest. With that Saint-Venant moved from stresses to forces and moments, rationali-
zing the transition by the principle. It can be stated that all the thin-walled body theories are based on forces and
moments, assuming the rationalization of transition to them by the Saint-Venant’s principle. It is shown in this
paper that if taking the idea of specifying a part of the unknowns, but not transitioning to forces and moments,
the semi-inverse method may be expanded into a constructive one and will be converging independently of
the choice of the initial approximation. This possibility is based on the Poincare small parameter method, Picard —
Lindel6f iteration method and Banach’s fixed point method. With that a transformation of a complex operator in
the problem to a series of simple integratable operators and a methodology of separating rapidly varying and
slowly varying components of the general solution, provided the satisfaction of all the boundary conditions of
the original problem, are proposed. The calculation process may be interpreted as splitting the complex operator
into four consecutive Picard’s operators with respect to lateral coordinate and three — with respect to longitudinal
coordinate. The accuracy of the obtained solution is evaluated by the order of the first removed term by € for
slowly varying values. Then the semi-inverse method becomes independent from the Saint-Venant’s principle.

RUS

1. BBenenune

OcHOBHBIM (DaKTOPOM AJISI OTKA3a MCCIEAOBATENIO B MPU3HAHUH €ro paboT CTAaHOBSATCS BIIOJHE 3[paBoe U
000CHOBaHHOE HEJOBEpHE K Uepecyyp HECTaHAAPTHOMY M BbI3bIBarouieMy. Ecim BepHyThes k 00pasy cdepbl uzy-
YEHHOI'0, TO JIIOOBIC MOMBITKY CHJIBHO BBIWTH 33 €€ IPaHMIbI C OOJBIION BEPOSTHOCTHIO OKAXKYTCSI B KOHEUHOM
cyeTe MpoBalbHBIMU. TaKOBBI, HAIIpUMEpP, MHOTOYHCIICHHBIE TIOMBITKU CO3JaTh «TEOPHIO BCETO» WJIH, HA000pOT,
HHUCIPOBEPTHYTH KaKyl0-HHOYAb KPaeyroJbHYIO TEOPHIO — OTHOCUTENBEHOCTH WK 3BoJtonuu. [1ogoOHbIe «Teopun

TEOPUA YMPYFOCTU 401



Zveryaev E.M. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 390-413

BCETO» U «HUCIIPOBEPKECHUS OCHOBY» BBITJISIAT CIUIIKOM ITOI03PUTEIHHO, YTOOBI BHI3BATh JKEJIAHUE B HUX BCEPhE3
pa3buparscs. B naHHOM ciydae arpropHOe HeJOBepre K M3JHIITHE CTPAHHOMY M IPETEHIIMO3HOMY BEITIOJHSET B
Hayke (DyHKIIHIO «CaHHUTapa Jieca» — YKOHOMHOTO Crioco0a n30aBUTHCS OT TIOTEHIMAIBHO JIECTPYKTUBHBIX SIBJICHUIA.

MexaHuKe CIUIOUTHBIX Cpejl U OJIM3KOW K Hell 007acTh MaTeMaTHKU yPaBHEHUM B YaCTHBIX IMPOHU3BOIHBIX
CBOMCTBEHHO IOATAITHOE PA3BUTHE OCHOBHBIX, BBIJIBUHHYTHIX «OTLAMU Haykm» uned. [locTeneHHoe pa3BHUTHE
B3MVISJIOB HA MPUHIIUIIEL, JISKAIIUE B OCHOBE MEXaHUKHU JIEPOPMHUPYEMOT0 Telia, POCT TON BETBH MAaTEMaTHYECKOTO
aHalM3a, KOTopas MPUMEHSETCS MIPY BBIYMCIICHUAX, U HAKOIUICHWE MPAKTUYECKUX MPABWII, TIOTy4YaeMbIX MyTeM
WCTOJIKOBAHHUS MAaTEMaTHYECKHUX Pe3yJIbTaTOB, MPUBOMIAT K TOMY, YTO OJHHU MPHHIUIIBI 3aMEHSIOTCS JIPYTHMH,
Oosee oOIIMMH, YHCIO UX YMEHBIIAETCA M JJaHHAsi 00JIacTh MPUBOJUTCS BO BCEe 0OJiee TECHYIO CBS3b C MHBIMHU
otnenaMu GU3NKH, TPUIEM OJNHAKOBBIE (hH3MUECKUE MPUHIIMIIBI CIIY>KaT B IMTOCIEAHEM CYETE OCHOBOW MX BCEX.

Cunraercs, 9TO TEOPHs YIPYTOCTH OCHOBBIBAaETCS Ha JABYX OCHOBHBIX Hiesx CeH-BeHaHa: IpUHIUI U TIOITY-
obparueiii Meton. [Ipunnun CeH-Benana, HaspanHbI B YecTh Anmemapa JKan-Kimoga me Cen-Benana, moxer
OBITh BBIPAXKEH CIICAYIOIIUM 00pa3oM: «...pa3Huila Mexay 3(p@dekraMu IBYyX pa3HbIX, HO CTATUYCCKH SKBHBA-
JICHTHBIX HAarpy30K CTAaHOBHUTCS OYCHb MaJioi IIpyu 10CTAaTOYHO OOJIBIINX PacCTOAHUAX OT HArpy3Ku». 9ITO0 3a5B-
nenue O0buT0 omyonukoBano Cen-Benanom B 1855 r. [1]. [lo3nnee Musec BRIIBUHYI MPEATIONOKEHUE, YTO TIPHHITATT
HENPUMEHUM K TeJlaM KOHEYHBIX pa3MepoB [2]. B Hamell craThe 3TO yTBEpKACHUE OIIPOBEPTaeTCsl.

Pemrenne B ycuusx u MOMEHTax (stress resultants) 3amad it TOHKOCTEHHBIX CUCTEM JIOJTOE BPEMs OIpeie-
JISUTO HampaBJICHUE UCKaHWH uccienoBareneid. [locie mocTpoeHrss OCHOBHBIX TEOPHA, ITACTHH, 000JIOYEK U TOHKO-
CTEHHBIX CHCTEM OBLIM OTMEUYEHBI MPOTHBOPEYHS B HIX: HEBO3MOXKHOCTh BBITIOIIHEHUS BCEX TPAHUYHBIX yCIOBHUI
Y OTpeZIeTIeHNs] BCeX HAIPsDKEHUN U repeMeltieHuit. Janee Ooubiime Tpy JTHOCTH BCTPETHIINCH TIPU PEIIeHUH 33124
JUTS. aHU30TPOITHBIX KOMITO3UIIMOHHBIX MaTepHalioB. B cBs3u ¢ 3THM OBLTO 00paIlieH0 BHUMaHWE Ha pelieHHe 3a-
Jlad B HATPSDKEHUSX, XOTSA OBl B 007acTh 3akperuieHnid. Ha mepBbIif TiaH BeIIIa pobiieMa MpUMEHEHHS TTOITy-
obparHoro Merona CeH-BeHaHa kK MexaHWKe KOMITO3UIIMOHHBIX MaTepraiioB. Takue 3ama4un TpeOyroT epeocMbICiie-
HUSI HAKOIJIEHHOTO OMBITA W €r0 OOOOMIEHHS C HEJIhI0 MONYYEeHUSI Ha OCHOBE PACIIMPEHHBIX W 00O0OIIEHHBIX
(1)OpMy.HI/IpOBOK HOBBIX BO3MOXKHOCTEH IMIPUMCHCHUSA KIIaCCHUYCCKUX H}Z[eﬁ K HOBBIM 3aJia4yaM U MaT€puraaM.

Opunpuxc u Hpeccnep [3] u lompaenseiizep u Konoc [4] He3aBUCHMO APYT OT Apyra MOKa3aid, 9YTO KIacCH-
YeCKasd TCOpUs IIaCTUHBI KI/IpXFO(i)a SABJIACTCA TJIaBHBIM YJICHOM aCUMIITOTHUYECKOTO Pa3IOKCHUSA (HO MaJIOMy
nmapaMeTpy TOJIIMHBI) JUIsl JIMHEHHOW TEOPUU TOHKOCTCHHBIX M30TPOMHBIX Tel. [Ipu Mx moaxozie BHYTpEHHEE
pellicHre, UMEIOIIIee 3HAUYCHHE JIUIIIb BOJIU3U Kpasi, ONPEIeNIIeTCs MOCIeI0BATSIbHOCTRIO KPAeBhIX 33/1a4, KOTOPhIC
OYCHBb TPYJHO PEIIUTH, TOYTH TaK K€ TPYIHO, KaK PEIIUTh UCXOJAHYIO 3a/lauy. B ciydae HanmpspKeHUE Ha Kparo
npuHiun CeH-BeHana MokeT OBITh HCIIONIB30BaH JIS CO3/IaHUS TPAHMYHBIX YCIOBUH B KIIACCHYECKOW TEOPUHU
TUTACTHH, a TAKXKe JJIs1 HEKOTOPHIX BHEITHUX Pa3IokKeHUN 0oJiee BEICOKOTO MOpsiAKa 0e3 KaKoH-ITM00 CCHUTKY Ha
BHyTpeHHee KpaeBoe perieHne. [1ombITKH MoTyduTh COOTBETCTBYIOIINE TPAHUYHBIE YCIOBHS JIJIS TIepeMEIIeHU
HE TIPUBEJH K YCIEXy.

I'peropu u Banu [5] mpuMmenmmm pa3paO0TaHHBI UMH METOJ TOJYyYCHUS MMPAaBUILHOM IOCIEI0BATEIBLHO-
CTH TPAaHUYHBIX YCIOBUH JUIA TIPOW3BOJIBHO 33JaHHBIX JIOMYCTHMBIX KPAaeBBIX YCIOBHU (0e3 SBHOTO peIIeHus
BHYTPEHHETO WJIM MOTPAaHUYHOTO CJIOA PEUICHHs) B pAe CHEeIUATbHBIX CIydaeB, MPEACTAaBISIONINX 00NN HH-
TEPEC, B TOM YHCJIC CIIYy4YacB C 3alaHHBIMHU KpPa€BbIMH IICPEMCUICHUAMMU. Nx PE3YbTAaThl MMOKA3bIBAIOT, YTO
ITPUHIAIL Cen-Benana CJICAYCT NPUMCEHATH TOJBKO K BEAYIIUM YICHAM BHCIIHETO PCIICHUA, TO €CTh K KilaCCH-
YECKOHU TEOPUU IIACTUHBI.

Horgan ¢ coaBTopamu [6—10] uccnenoBanu pasHble acneKTsl npuMeHeHus npuniuna Cen-Benana B mo-
TPaHUYHOM CJIO€ M TIOJYYHJIM MHOT'O MHTEPECHBIX MPAKTUUECKUX pe3ybTaToB. [JIs1 KOMIIO3UTOB OBLIO ompene-
JICHO BIIUSTHUE 3aKPETUICHUI KOHIIOB 00pa3I[OB B MEXaHHUYECKUX HCITBITAHUSX, BIUSHUE KPETICIKHBIX HIEMEHTOB,
COCJIMHEeHHI, BBIPE30B U TOMY IOJAOOHOTO B KOMITO3UTHBIX CTPYKTYpax, BBISBJICHA OIPAaHUYEHHOCTH (OpMYI
COIMPOTHUBIICHHUS MaTEPHAIIOB TPY MTPUMEHEHUH K KOMITO3UTaM. Y CTAHOBIIEHO, YTO MPEHEOPEKEHHNE YIPYTOCTHIO
KOHIIEBBIX 3aKPETJICHHI, KaK IIPaBHIIO, OTpaBsIBatonuxcs npuHimnoMm CeH-BeHnaHa, He MpUMEHNMO B 3a7a4dax,
CBSI3aHHBIX C KOMIIO3UTHBIMH MaTepHaiaMi. B dacTHOCTH, JUII apMHUPOBAHHOTO BOJOKHAMH KOMITIO3UIIHOHHOTO
MaTepuana XapaKkTepHas JUIMHA 3aTyXaHWs KOHIEBBIX 3(D(eKTOB sBIgeTCS 3HAUMTENHHOW, B 00ImIEM cirydae B
HECKOJIbKO pa3 JUIMHHEE, YeM B CJIy4ae M30TPOIHBIX MAaTEPUAIOB. XOTS Ha MHOTHE M3 00CYKIaeMbIX BOIIPOCOB
IIpUHLOMUIIA Cen-Benana B ero KjiaccH4ecKoi HUHTCPHIPETANUN OTBCTHI ObLIH TMMOJIYy4Y€HBI, JOJIKCH OBITH BBITIOJIHEH
MOJTHBIN aHaAIN3 60J1ee IUPOKUX (1)I/I3I/I'-ICCKI/IX U MaTEMAaTUYCCKUX BOIIPOCOB, BOBHUKAIONIUX B CBA3U C aCUMIITO-
TUKOH pEIICHUH B YIIPYTOCTH KOMITO3UTOB,

[MomyoOpatHbiii MeTon CeH-BeHana B ero KIacCHYECKOW WHTEPHPETAIIMHM B CTAThAX UCIOIB3YETCS IS
MOJTyYeHUs pelIeHNH HEeMHEHHBIX 3a7a4 TEOPHH YIPYTOCTH, JIMHEHHBIX 3a/1a4 ISl TIOPUCTHIX W TPaIUEHTHBIX

402 THEORY OF ELASTICITY



3BepsieB E.M. CtpouTensHas MexaHuka HXEeHepHbIX KOHCTPYKLMA u coopyxeHni. 2020. T. 16. Ne 5. C. 390-413

MaTepuanoB u T. A. [10—-14]. lllupoty npumeHenus noiayobpaTHoro Metona u npuHuuna CeH-BeHaHa MOXHO
OOBSICHUTD €Ille U TeM, YTO OHU JAIOT BO3MOXKHOCTH, €CIH yIACTCsl, HIOCTPOUTHh OHUMAaeMble aHATUTUYECKHE
peLIeHHUs], KOTOPBIE MOTYT CIY>KHTh PyKOBOJACTBOM JJIsl aBTOMaTH3aLMHU PacyeTOB YHCICHHBIMU METOJaMH.

B cratbsx [15-19] meton Cen-Benana npruoOpeTaeT paciIMpeHHYI0 HTEPAHOHHYIO TPAKTOBKY, MTO3BOJIS
MOJYYHUTh ACUMIITOTUYECKUE aHATUTHYECKHUE PEeIIeHHUs 0e3 KaKMX—IMO0O0 TUIOTE3 U BBHIOJIHUTH BCE TPAHUYHBIC
ycioBusl. Pemenne cxoauTcs, yIoBIeTBOPssA TeopeMe baHaxa o HemoaBkHOM Touke [20].

[Mpunmun Cen-Benana MeeT KauyecTBEHHBIN XapakTep W, Oyay4d BIepBble chOpMYIHPOBAHHBIM B TIPH-
MEHEHMH K 33/1a4€ O Harpy>KeHHOM IO KOHIIAM CTEp>KHE, COCTOUT B YTBEPXKAECHUH, UTO CTATUUECKH SKBUBAJICHT-
Hasl HyJIIO CHCTEMa CHJI, PACHPEACICHHBIX 110 MAJIOMY Y4acTKy MOBEPXHOCTH, CO3JAeT JIMIIb JIOKAJIbHbIE BO3MY-
HIEHUS, OBICTPO 3aTyXAOIIUE [T0 Mepe yAICHHUS OT 3TOT0 Y4acTKa M CTAHOBSINUECS MPEHEOPEKUMO MallbIMU Ha
PacCTOSIHUAX, TOCTATOYHO OONBLIMX MO CPAaBHEHUIO C €ro pasMepaMu. B INIMHHOM MpU3MaTH4eCKOM CTEpIKHE,
Harpy>keHHOM TOJIBKO IO KOHLIEBBIM CEUYEHUSIM, HAPSHKCHHOE COCTOSIHUE MPAKTHUECKH HE 3aBHUCHT OT CIIoco0a
pacIpenencHus 0 HeMy IOBEPXHOCTHBIX CHJI U ONPENENAeTCsl Ha HEKOTOPOM PAacCTOSHUM OT KOHIIOB MX IJIaB-
HBIM BEKTOPOM U TJIaBHBIM MOMEHTOM. OHaKO, HAlpUMep, JJIS1 yTOYHEHHBIX TEOPHI TOHKOCTEHHBIX CUCTEM M3
M30TPOMHOI0 ¥ KOMITO3HMLIMOHHOTO MaTepuaja, K KOTOPbIM OTHOCSATCS CTEP>KHH, IJIACTHHBI, 000JIOUKU U TOHKO-
CTCHHBIE CTEPXKHHM, TaKOH (JOpMYIMPOBKU INPUHLIUIIA CTAHOBUTCSA HEJOCTAaTOYHO. BBI3BaHHBIC H3MEHEHHUEM II0-
MEPEeYHOro pazMepa JUIMHHOM yNpYyrod MoJIoCkl HAPsKEHHs B yIilaX CTaBAT BOIPOC O (POPMYITUPOBKE YCIOBUI
3aTyXaHus, ONpeeSICHHBIX Ul nepeMerneHui [19], 3a1aHHbIX HA MAJIOM y4acTKe JHLEBOH 1 OOKOBOM MOBEpX-
HOCTEH TOHKOCTEHHOTro Teja. MtepalnuonHast TpakTOBKa MOIyOOpaTHOTO METOAA PACIIUPSET BO3MOXKHOCTU €T0
MIPUMEHEHHUS K KOMITO3UIIMOHHBIM Matepuaiam [20].

2. O6o0mennas popmyaupoBka npunuuna Cen-Benana /151 HanpsizkeHuii 1 nepeMereHuii

PaccMoTpuM 3a1ady 00 YCTaHOBIEHMH aHAJOTUYHBEIX ycnoBusM CeH-BeHaHa ycnoBuii IOKanu3aluu
HAIIPSKEHHO-T€(OPMHUPOBAHHOTO COCTOSIHMS B JUIMHHOM MPH3MATHYECKOM CTEpKHE, HA KOHIAX KOTOPOIO 3a-
JaHbl He HANPSDKEHHUS, a TepeMelienus. [1ycTh moaoca, ¢ IIOMOIIBIO KOTOPO MOIEIUPYETCS COCTOSHUE CTEPIK-
us, 3agana HepaseHctBamu 0 < x </, —1<z <1. [Inunnsle xpas monocel z 1 cBoGOAHBI OT KaKMX-TUOO Ha-
Ipy30K U 3akperuiennii. Ha kopotkux croponax x =0, / 3a1aHbl IepeMeNIeHUs

u(l,z):fl(z); w(l,z):fz(z); u(O, Z):f3(Z); W(O,Z):ﬂ(z). (1)
Ha xpasx z=x1

Gz(x,il):r(x, il)zO. ?2)

Pemenue cBoAMTCA K HAXOXKACHHIO QYHKIUU DpHU (p(x,z), YIOBJIETBOPSIONIEH OGUTrapMOHHYECKOMY

YpaBHEHHIO

do'¢ o'e o*e
+ +2 =0. 3
oxt ozt ox’oz* )

Hanpsokenust yepe3 QyHKIHIO (p(x, Z) BBIYHUCIISIOTCS IO GOpMyJiaM

_ ¢ _ P9 _ %
e GZ__ﬁxGZ’ Gx_g.
I[e(l)OpMaLlI/II/I HaXoOsATCs C IIOMOIIIBIO COOTHOIIEHUI yaopyrocTtu
exzf(cx—vcz); sz:%(cz—vcx); yxzz%.
q)OpMyJ-H)I He(bOpMaL[I/H/I — NepEeMCUICHNA JalOT BO3MOXHOCTb OIIPCACIIUTD NMEPEMCIICHUA
ou_.. ow_.
o oz
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[Nepenumem ypaBHeHue (3) cnexyromum o0pa3om:

oo 1 d% . o)
ax2 oz’ 2 oxt ozt )
HHTErpupys €ro IBaXKIbl M0 X W JBAXKIBI [0 Z , TIOJYYUM

o’¢ 1(&%¢ po'o
0 :E[ﬁxz +J.I P dxdx +a(z)x+b(z);

_ggg _{ [ @dnkJ+c()z+d(xL )

rae a,b,c,d — npousBosibHBIC GYHKIMHA HHTETPHPOBAHMSI.

CoOOTHOIIIEHUS YIIPYTOCTH B (GopMyITEI nedopMariiy — IEPEMEIIESHUS ¢ yIeTOM (4) maroT

pou_ P V(a(p+JIa(pdzdz)+V[C )y+d(x)]:

ax 0z*

8 0 0’
6vzv 8x(3+v( P .U (dedxj+v[a x+b(z)]. (5)

[omoxxum B ypaBHeHHH (5)

9=2 X, (x)Z,(2), (6)

k=1
rae QyHkmu Z, (Z) YJIOBIIETBOPSIFOT ypaBHEHHIO Z k”” = K:Z ; U YCIIOBHSAM Ha KOHLAX Z, (il) =7 k' (il) =0.
[ITpuxom o6o3HaUCHO MU epeHIMPOBaHIE 110 KOOpauHaTe Z . B 3ToM ciydae ycitoBus (2) BBITOTHEHBI, a pellre-
HHUe ypaBHeHUs (2) pasbickuBaeTcst MetonoM byOHoBa — ['anepkuna. @yukimu X, (x) COAEPKAT IKCIIOHEHIIH-

AJIbHBIC MHOXKUTCIIN, 06€CHC‘II/IB3.IOH_II/IG 3aTyXaHHUEC KOHIICBOTO BOSHCﬁCTBHH.

[ToacraBuB BeIpaxkeHue (6) B hopMyisl (5) M HHTETPUPYS COOTBETCTBYIOMIUM 00pa3oM, TOJydIUM BEIpa-
JKeHUS JJ1s IepeMEIeHUu

Eu:i{[H;}X K, +2X'" K12 Zk2+v[c( Jz+d"( ]+n

ko

Ew= i[(l +§J x," i+%Xk**Kk3 7, +v[a'(z)x+0"(2) ]+ m(x). (7)
= Ky J

3meck M W 11 TPOU3BOJIBHBIC (PYHKIIUU I/IHTerI/IpOBaHI/IH 3BE3/I0YKa O3HA4aeT, YTO MPOU3BEICHO UHTE-
TPUPOBAHUE [0 COOTBETCTBYIOIICH KOOPAUHATE, TO €CTh Q IQ t)dt ®dyHkuuu Z, ABIAIOTCA COOCTBEH-

HBIMH IS 3a1a91 O COOCTBEHHBIX KOJIeOaHUSIX 3aIeMJICHHOH 1O KOHITAM OaiK{ M JOCTATOYHO XOPOIIO HCCIIe-
TOBaHBL. [IJIsi CHMMETPUYIHOTO 110 KOOPAWHATE Z CIIy4asi OHU UMECIOT BH]I

Z, =cosx, coshk,z—coshk, cosk,z;

! . .
Z, =x,Z, =x, (cosk, sinhk,z—coshk, sink,z);

"

L7 2 :
Z,' =x,’Z,, =, (cosx, coshk,z —coshk, cosk,z);

"

_ 3 _ 3 . .
z," =x,’Z,; =x,’(cosx, sinhk,z—coshk, sink,z), ®)
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rae K, yAOBJICTBOPSCT TPAHCHCHACHTHOMY YPaBHCHHUIO
tank, +tanhk, =0.

JI7s aHTHCHMMETPUYHOTO IO Z Clrydast
Z, =cosk, sinhk,z—coshx, sink,z;

!

Z, =x,Z, =x,(cosk, coshk,z—coshk, cosk,z);

"

27 2 - ~ :
zZ,"=x.Z,, =x,’ (cosx, sinhk,z +cosh, sink,z);

"

_ 3 _ 3
Z," =xZ,; =x,’(cosk, coshk,z+coshk, cosk,z),

rIe K, yIOBICTBOPSET TPAHCLCHICHTHOMY ypaBHeHuto tank, —tanhk, = 0.

)

(10)

PaCCMOTpI/IM TCICPb BO3MOXXHOCTD BBITTIOJIHCHUA YCHOBI/Iﬁ (1) C MOMOIIBIO MPEACTABIICHU HGpeMeH.IeHI/Iﬁ

B BuI€ Beipaxenuii (7). Ha konue npu X =/ 10/kHO OBITH

-y (1+§j){k*1<k2 X ]H Zyy +v[e (D) z+d (1)]+n(2)

k=1 k

Ef,(z i (1+§JXk”L+§Xk**Kk3i|Zk3 +V[a*(z)x+b*(z)]+m(1).

= Ky

(11)

Omnpe/enuM yCIoBHsi, KOTOPBIE JOJDKHBI ObITh HAIOXKEHBI HA GYHKIME f, U f, JUIS TOro, 9T0OBI pasiio-

xenust (11) mmenmu mecto. Ecnm cucrembr (yHKIui {Zkz} u {Zk3}HOJIHLI, IIPOU3BOJIBI MHTETPUPOBAHMS

* * * *
a , b , C, d , M, N OOJIKHBI OBITh MOJOKEHBI HYJISIMU. HpOBepI/IM MOJIHOTY 3TUX CUCTCM. Paznoxxum HEKOTO-

PYIO CHMMETPHYHYIO [0 O GyHKIHIO &, ((x) Ha MHTEpBae (—1,1 ) B pan 1o byHKIMAM Z,, (Kkoc) 1 aHTHCHM-

METPHYHYIO GyHKIHIO &, ((1) B psift 0 GyHKUUAM Z,, (K k(x). Taxum o6pazom,

rae N, ( j Z," (x,B)dB.

®Oynxuuu Z,,, Z,,, Z,; yIOBIETBOPSIOT CICAYIOIIHM yCIOBHAM OPTOTOHAIBHOCTH:

Jueaten-{) (7

izks (x,B)Z,, (x,B)dB = {ka (r— i)

Jnst cummeTpuysbIX GyHKIMi Z,, 6yner N, = cosh” T cos’ K o

TEOPUA YMPYFOCTU
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CocTraBUM BBIpaXEHHsI U1l YACTUYHBIX CyMM psioB (12), moactaBus B HUX K03 duumeHTsI (13):

Sk (Zkz’Z ) ZZ\I, k2 Kk J.E.’l Z,» KkB) dp;

k=1 k
K
1
SK(Zk39Zk1):_zN st K, J.‘?h ;1 KkB) dp. (14)
k=1 k

CrietoBaTeNbHO 3a/1aua O COOTBETCTBHH JIEBBIX M MPaBBIX yacTell B popmynax (12) cBOAUTCS K HAXOXK]IE-
HUIO TIPEJEIOB COOTBETCTBYIONIMX CYMM S (Zkz,Z ) Sy (Z“,Zkl)npn K — 0. 3MeHUB TOPANIOK CyM-

MUPOBaHUS U HHTETpHpoBaHus B (14), 3amuineM BbIpaXeHHs U1 YACTUYHBIX CYMM B CIIEIYIOIIEM BUE:

S Z,,Z, Iﬁl %o Kk ])VZkz( dp = _..};1 B)QK 2oL, )dBQ

se(202,) = [ (20 [ o, 2z a9

Paccmotpum, Tak ke Kak 1 B [21], COOTBETCTBYIOIIHNE COOTHOIIEHUSIM (15) KOHTYpHbIE HHTETPaJIbI

1 Z,, (Ca)zkz (CB) .
I, (Zk27Z ) 2m.15[ cosh? CCOSZ C\II(C) &

J‘ A3 C(l kl(CB)
27‘CZR cosh” { cos’ C\V(C)

Iy (Zk3>Zk1 dc, (16)
BBIYUCIICHHBIE TIPH 00XOJIE B TIOJIOKHUTEIEHOM HANPABJICHHUH 10 KPyTy paguyca R, , ONMCaHHOMY M3 Hadana Koop-
IVHAT B KOMIUIEKCHOH TutockoctH . Pagmyc R, BbIOMpaeM TakuM 00pa3oM, 4TOOBI BHYTPbh OKPYKHOCTH HMOIAIIH
pamuycel 2K BemectBennbix 1 2K MHUMBIX KOpHEH ypaBHeHus (9). KOHTYp Takke He IPOXOIHUT YEPE3 TOUKH
(;SCO) = n(2k+1)/2 u CE{I) = ni(2k+l)/2 , SIBJISFOIIMECS KOPHAMH YPaBHEHHUs COS Cio) =0 u cosh Cg) =0
Torna kaxp1it mHTETpan B popmyinax (16) paBeH cyMMe BBIYETOB 110 BCEM 0COOBIM TOYKaM BHYTPH KpyTa R, .

B coorBercTBHH CO CKasaHHBIM 1tst popmyi (16) u yuursiBasi, uto N, = cosh{cos C\V(C), HOJTy9aeM

1:(Z,,,2,,) =40, (Z,,.Z 22 os 0052k2+1n[3—2;
K

1:(Z,3:2,,) =40 (230 Z,, ) +2 D 0052k2+1nacos2k2+1n[3. (17)
k=—K

IMocnenuuii uneH B mepBoM BbipaxkeHUH (17) ecTh BBIUET JUIS MOJBIHTETPATIHHOTO BBIPAKCHUS MEPBOTO
nHTerpana u3 (16). BeraeT B HyJe 1 BTOpOTro HHTETpaia paBeH Hymo. M3 Beipaxenuti (17) ciaemyer, 9ro

1 & 2k+1 2k+1
EE%QK( v/ ):§=Zcos 5 [3__
2k+1
EE?)QK 4 Zcos nacos 5 . (18)
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[MoncraBus Beipaxkenus (18) B popmysl (15), noxyanm

lm S, (Ze2,Z42) =5 [ () 3 02 mac 2k+1anB——I§1 (B)B=¢, (a I&I (B)a:

K—o©

. 2k+1
lim S, (Z,5.2,,) I Zsm i nBdB =&, (o). (19)

k=-0

CreoBatenbHO, MEPBBIN psij B BeipaxkeHuu (12) cxomutest k HexoqHoH dyHkuuun &, , ecu

[ (B)dp=o0. (20)

Bropoit psig cxoqutest K GyHKInu &, 6e3yCIoBHO.
PaccMOTpHM Tenepb Citydail pasiioxKeHHs] aHTHCHMMETPHYHOM 10 O QyHKuuu &, ((1) Ha MHTEpBaJIe (—1,1)
B PsJl IO QHTUCHMMETPHYHBIM (QYHKIHAM Z, , (Kka) U cUMMeTpuuHyo QyHKuuo &, (OL) B S IO aHTHCUM-

METPUYHBIM QYHKIUAM Z,, (K k(x) n3 onpexaenenuit (10). [Moctynas aHamoruyHbIM 00pa3oM, HOIXYYUM Ui CO-

OTBCTCTBYIOIIUX KOHTYPHBIX HHTCIPAJIOB BBIPAKCHUSA

2k+1
Iy (ZkZ’Z ) 4Q1< k2o kz +228m 73 — 60f;

< 2k +1 (2Kl
1 (23, 2,,) =—40, (2,5, Z,,) +2 ) cos T0.CO

k=K

np—3(1-p°). @1

B 060MX BBIPXEHHMAX TOCIEIHNE YIECHBI ABIAIOTCS Bhraetamu B Touke (= 0. Ilepeiins x npexeny npu

K — 00, nonmyunm u1st 4aCTUYHBIX CyMM

Il{iinS (Zkz,Z ) __aj.as B)BdB

im Sy (Z4:Z4) j &4 (B)(1-P*)dp. 22)

TlepBblii szt cxoautes K ucxoxHoit Gynkuun &, , a BTopoii pax k dyskumn &, , ecnn

jég(B)BdB=0; I & (B)(1-B*)ap =0. (23)

[Mosicaum cmbicn momydeHHBIX BbIpaxenuid (20) u (23). PaccmoTpuM 3amauy Ui KOHCONH €IWHUYHOMN
TOJILIUHBI, JUIMHOM | U BBICOTOM, paBHOIi 1ByM. B 9TOM ciiyuae B Boipakenusx (1) 1y 3a1€IKK HAZ0 MOJIOKHUTh
f; =/, =0.1Ilpu x =/ 3agansl HeHyIeBbIe TepBbIe ABa nepementerust (1). OTOpocHM 3aaroIue STH IepeMe-
IIEHHUS CBA3M U 3aMEHMM MX HOPMaJbHOM cuiioit N , monepeunoii cuioi u usrubaromum momentom M | cratu-
YECKU SKBUBAJIEHTHBIM HE3ATYXAIOIIMM 10 MEPE YAAJIEHHS OT Kpas X =/ HanpsHKeHUSIM.

1 3 3 3
GX:EN+EMZ+EQ(I_X); GZZO; sz:Z(l_Zz)'

[ToacuunraeM paboTy, COBEPLIAEMYIO HE3ATYXAIOIIMMH HANPSHKEHUAMH Ha niepemertenusx (1) konna x =1
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([N 3 3
22 4

U=_1[[fo1(z)+txzf2(z)]d2:j +—M:z fl(z)+—Q(l—zz)f2(z) z. (24)

[TotpeGoBaB, 4TOOBI BOHHUKAIOIIME B MOJ0CE HE3aTyXalOIIMe HAPSHKEHH He COBEpIIAN paboTy Ha 3aJIJaHHBIX
HepeMEIICHUAX KOHIA CTEP)KHSI, TIOJYYUM B CHITy He3aBUCUMOCTH Besmuud N, M, O criepyromine BIpaKeHUSL:

;[ﬁ(z)dZZO; llflfl(z)zdz=0; jlﬁ(z)(l—zz)dz:o,

conagaromue ¢ ycaousmu (20), (23), rae ¢pynxiuu & +&, n §, coBmamaror mo cMmeicay ¢ f, u f, cooTser-

CTBEHHO.

[o-BuaMMOMYy, TIO aHAJIOTHH C U3BECTHBIM NpuHIMIIoM CeH-BeHaHa, cpopMyIMpoBaHHBIM IS CITydasi 3a/1aH-
HBIX Ha MaJIOM YYacTKe HalpsHKSHHA, MOXKHO JaTh (DOPMYIUPOBKY JOKAILHOCTH HAMPSHKEHHO-IE(POPMUPOBAHHOTO
COCTOSIHUSI, BEI3BAHHOT'O B YIIPYTOM TeJI€ 3aJaHHBIMU Ha MaJIOM Y4acTKE €ro OBEPXHOCTU MEPEMEIICHUSMHU.

3agaHHBIE HA MAJIOM y9acTKe MOBEPXHOCTH YIPYTOro Tella MepeMenIeHNs CO3Maf0T JIUIIb JOKAIbHOE
HaNpsKEHHO-1e()OPMHUPOBAHHOE COCTOSTHHE, OBICTPO 3aTyXarollee 110 Mepe yJaJleHUs OT 3TOTO yJacTKa U CTa-
HOBSIIIIEECs MPEHEOPEKNMO MaJIbIM Ha PACCTOSHUSX, IOCTATOYHO OOINBIIHX MO CPaBHEHHUIO C pa3MepaMH ydacT-
Ka, €CNIM IJVIaBHBIA BEKTOP W IJIABHBIA MOMEHT, CTATHYECKH SKBUBAJICHTHBIC BO3HUKAIOIIMM HA 3TOM YYacTKe
HaIpPsKEHHUSIM, HE COBEPIIAIOT paboTy Ha 3aJaHHBIX IepEeMEIIeHUsX.

3. O000meHHast UTepauMoOHHAs (POPMYITUPOBKA NMOJIy0oOpaTHOro MeTona Cen-Benana

Paccmotpum Bompoc 06 0600meHnn nomyobpatHoro merona Cen-BeHaHa k uTepallmoHHOMY BHIY 0e3
CBEIICHUSI YPaBHEHUHN K YCUIUSM U MOMEHTaM ITyTE€M IOCTPOEHUS aCHMIITOTHYECKOTO aHAIUTUYECKOTO peIlie-
Husl. Bompockl, cBsi3aHHBIE C CYNIECTBOBAHUEM M CIMHCTBECHHOCTHIO PEUICHHI YPaBHEHUH, (OPMYIUPYIOTCS B
(YHKIIMOHAIEHOM aHaJIN3e B BHJIE BONPOCA O CYMIECTBOBAHWU W €AMHCTBEHHOCTH HETIOJBMKHON TOYKH TIPH HE-
KOTOPOM OTOOPaKEHUH COOTBETCTBYIOIIETO METPHUCCKOTO MMPOCTpaHCTBA B ce0s. Cpean pa3IMIHbIX KPUTEPUEB
CYIIIECTBOBAHUS W CAMHCTBEHHOCTH HEMOABIMKHOW TOYKHM HAanOOJee OOLIUM SBISICTCS MPHUHIIUI CHKATBIX O0TOO-
pakeHu#t [21], 000CHOBBIBAIOIINI CXOJUMOCTh IIPOCTHIX UTEPAITHA.

o * * *
JUIMHHYIO TIPSIMOYTOJIBHYIO TIOJIOCY OTHECEM K MPSIMOYTOJIBLHOM crucTeMe KoopauHar X , z ,Takuro 0 < x </,
*
—h <z <h. JlnuHHBIE CTOPOHBI IOJOCHI HECYT HEKOTOPYIO MPOU3BOJIBLHYIO HArPY3Ky, KOPOTKHE CTOPOHEI I10-
JIOCHI MOTYT OBITH TaK MJIM MHA4YE 3aKpeTUICHbI WIIM Harpy>XeHbl. Y paBHEHHS TUIOCKOH 3a/1a4y TEOPUH YIIPYTOCTH,
OTIHCHIBAIOIINE HANPSHKECHHO-1e(hOPMUPOBAHHOE COCTOSIHIE TAKOU MOJIOCH], BO3BMEM B CIICIYIONIEM BHJIC:

*

0c. Ot 0o. ot
=0 =0

0z Ox ox Oz

c. = (e, +ve); T = £ Y; ©.= (e, +ve,);
—v? 2(1+v) —v?
ow' ou" ou ow
= B =l Y=ot

Oz Oox 0z Ox

% % *
BBeenem GespasmepHble koopauHatel X=X /[, z=2z /h, Ge3pasmepubie nepemeumenus U =u /h,

* o £ * * *
w=w /h Bmome oceil X ,z COOTBETCTBEHHO M Oe3pasMmepHble Hanpsokeunsio, =o /E, o, =0_/E,

¥
T=1T /E (pa3MCpHBI€ NEPpEMCUICHNA, HAIPAXKCHUA W HAIPY3KU OTMECUAIOTCH 3B632[OLIKOI/I). Be3pa3MepHLIe
YpaBHCHUA B 3TUX IICPEMECHHBIX TPUHUMAIOT BU{

) ot ot 0o
Zrg—=0; —+e—=0;
oz Ox Oz ox
1
cle_vz(strvsz); T=mY; GZ=1_V2(82+V8x);
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ow ou ou ow
g, =—; € =&—; y=—+e—.
Oz ox 0z ox

Hpeo6pasyeM HX Tak, I'ITO6I>I, BLI6paB B KQa4C€CTBC BCIIMYMH HA4YaJIbHOI'O HpI/I6J'H/I)K€HI/IH HCKOTOPBIC W, U 7V,
MOYKHO OBLIO IOCICA0BATCIIbHO BEIYMCINUTE BCC OCTAJIBHBIC NCKOMBIC HCU3BCCTHBIC

ow Ou ow 1 oG, ot
—=c; — =——+7; T=—7; =—g—;
Oz Oz ox 2(1+v) 0z ox
sxzaa—u, o, =g +Vvo_; sZ:(l—vz)cZ—vsx, %:sz;
ox Oz
@:82; ﬁ:—gai, y=2(1+v)t
0z 0z ox

METOJIOM TTOCJIC/IOBATEIBHBIX MPUOIMKCHUHN IO MEpEe YBEITHUYCHHS HOMEpa (n) B COOTBETCTBUU CO CIEAYIOIICH
WTEPALlMOHHON CXEMOM:

Uy Moy L
0z o e T Ty (1+v) Yoy
oo ot ou
() T (m) _ (n) . _ .
Oz =€ Ox > gx(n) =€ o ’ Gr(n) 8x(n) +Voz(n)’
ow,
—(1_+2 _ (n _
B = (1790 Ve s — =8

ot 0o 0o ot
(n+1) —¢ x(n) : z(n+l) ——¢ (n+l) .

15/ ox oz ox

Vi) = 2 (1+v) Tiner) ™™

31ech U fanee HIKHAM HHACKCOM B CKOOKaxX 0003Ha4YeH HOMED MTPUOIMIKCHUS.

Hac OynyT mHTEepecoBaTh ypaBHEHHS HYJIEBOTO M IEPBOTO MPUOIMKEHUH MpU BRIOOPE BEIMYUH B COOT-
BETCTBUH C MOJyoOpaTHBIM MeToioM CeH-BeHaHa B Bujie HAUaIbHOTO PUOIIMKCHHS

Wo =W (x); Y0) = Yo (x)

B cuny He3aBHCUMOCTH BEJIMYMH HAYaJIbHOTO MPUONMKEHHUS OT Z BCE OCTAIbHBIC HEM3BECTHBIC BBHIYKC-
JISIOTCS B pe3ysbTaTe KBaApaTyp Mo Z :

W) =Wy (%); Yoy = Yo (%); ) = —aj w, dz + _[yoa’z +1, (x);
T, =7,/2(1+V); G0 = —SJ‘ 1, dz 40 (x); €,0) = eu(o)';
G (0) = £4(0) T VO.(0)} Ty = —SI cx(o)'dz +1,(x); Yoy = 2(1+v) T
. =(1=V") 0 = Ve, Wy = j £z +w (x).

Hwxuanm naaexcom 0 0603HaYeHBI IPOU3BOJIBI MHTETPUPOBAaHUSA. BhIUunCIeHne MOCIeAyIONINX BETHUYNH
0 MIPEIBIAYIINM COIPOBOXKIACTCSI YMHOXKEHUEM Ha MBI [TapaMeTp € C LeIbi0 (POPMUPOBAHUS 3aIICU HEH3-
BECTHBIX B BHJIE aCUMIITOTHYECKON MMOCJIEOBATENBHOCTH 110 CTENEHIM € . BuaHO, 9TO Ha JaHHOM JTamne uTepa-

IIMOHHBIX BBIYMCIECHUI MBI OIYYHIN YEThIPE MPOU3BOIBHBIX QYHKIMH W, = W), (x), Yo =70 (x) U, =u, (x),
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GZO = 020 (X) , IO3BOJISIFOIINE BBIMTOJHUTD YCTHIPC I'PAHUYHBIX YCJIOBUS HA AJIMHHBIX CTOPOHAX ITOJIOCHI. 3,Z[CCI> nu

Janee IITPUXOM 00O03HaueHO IudQepeHInpoBaHuE [0 X , B MHIEKCE HyjJeM 0e3 CKOOOK 00O3HAa4eHBI MPOU3-
BOJIbHBIE (DYHKITUM MHTETPUPOBAHUS, 3aBUCAIINE TOJIBKO OT X .

Teneps MOKHO 3amucaTh BbIpaXKEHMS IJIS BCEX HEM3BECTHBIX 3ajjauu, Mpeanosaras, YTo OHU JOCTaTOYHO
TOYHO OINHCHIBAIOT BO3HUKAIOLINE IIepeMeLeHus, JeopMay 1 HaupsHKeHUS:

2
2 z
wR W, +[(1—v2)020 —svuo'}z+[82vw0" —8(1+V) ‘co'}?;

!’
u~u, +[—8W0 +2(1+V)’COJ2;
' om ’
€ RElU, +[—8 W, +8(2+V)T0 :|Z;
G, ~Eu, +VG_ o+ [—azwo" +(2+ v)er'Jz;

- 2 ' 2 " 2 .
€, ~(l—v )Gzo—avuo +|:8 v, —g(1+v) 1, }z,
2

- 2" ' 3m 2 m|Z
T~‘C0—(8 u, +&vo_, )Z+|:8 w, —(2+v)8 T, }?,

2 3
' 3 m 2 n\Z 4 mm 3 . m | Z
c ~czo—sroz+(s u, +&’vo,, )7+[—8 W, +(2+V)e’r, JZ (25)

z

Benmwuuner T u GZ 3allMCaHbl B IIEPBOM HpI/I6HI/I)KeHI/II/I, OCTaJIbHBIC — B HYJICBOM. Ha OJIMHHBIX CTOpPOHAX

NOJIOCHl z =1/ JNOIKHBI yIOBJIETBOPATHCS TPAHMYHBIE YCIIOBHS, COOTBETCTBYIOIIME yCIOBHAM HArPYKEHUS.
B 6e3pa3mMepHOM BHIIE STH yCIOBHUS 3aIIMCHIBAIOTCS KaK

6,=Z,(x), =X, (x) npu z=1;

z

c :Z_(x), r:X_(x) npu z =—1. (26)

z

Be3pasmepHble Harpy3Ku MOJTyY€eHbl yTEM JEIEHUs Pa3MEPHBIX Ha KeCTKOCTh E . ByjeM cuurath Harpys-
KA MEJIEHHO M3MEHSIOMMMUCS (PYHKIUAMU KoopAuHATHI X . [lycTh ycnoBus (26) yAOBIETBOPSIOTCS BEITUYH-
HaMH TIEPBOTO MPHUOIIKEHUS U3 COOTHOMICHNH (25). B pesynbpTaTe mosydnM ypaBHEHUS OTHOCHTEIHEHO HEW3-

BECTHBIX WO 5 TO , OMPCACIIAIONIUX 3aJa9y n3ruoda:
" "
ew, —(2+v)e’t, +21,=X, + X ;
4 mn 3 m '
—&'w, +(2+v)e’, —6et, =3(Z,-Z.), (27)
1 OTHOCHUTCIIBHO uo, GZO , OIPEACIIAOINX 3a0a9y PaCTAXKCHUA — CKATHUA:

—&’u, —evo ) =(X,-X_)/2;

3 m 2 " _
gu, +e'vo , +20, =2 +72. (28)

VpaBHenus (27) u (28) B npeAnonoKeHUH Majloi H3MeHsIeMOCTH QyHKIUHA T, U G, Hocie oTOpachiBa-

HUA BEJINMYUH C MAJIBIMU MHOXKHUTCIAMU CBOAATCA K KIIACCUUCCKOMY BUIY
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s

ew) +21 =X, +X ;

—&'wy" —6et) =3(Z,-Z_); (29)
—&’uy —evol, =(X,-X_)/2;

eu) +20,=2,+7_, (30)

MOJTBEPKAAst, YTO ypaBHeHUs (27) u (28) 0000IAIOT KIacCHYECKHE MPEICTaBICHUS OIy0o0paTHOTO METOAa
CeHn-Benana u ux penieHus 3aBUCAT OT apryMeHTa X . BepxHuil MHIEKC § YKa3bIBaeT Ha MPUHAIJIEKHOCTD OT-
MEUEHHBIX UM BEIMYHH K MEJJICHHO MEHSIOIIMMCS] KOMIIOHEHTAaM HaNpsHKEHHO-1e(hOpPMUPOBAHHOTO COCTOSTHHS.

Brrunras w3 ypaBuenwuii (27) monapHo ypaBHeHus (29) u u3 ypaBHenuit (28) ypaBrHenus (30), ¢ yuerom

o s! 0. s s! 0_s q' -1_gq
OPEANONIOKEHUN W, ~ € Wo (X) s Tg ~ € T (X), Ty ~ € Ty (X/S) IIOJTyYM CHHI'YJIIPDHO BO3MYIICHHBIC ypaB-

HCHUA, OTMCUCHHBIC HHACKCOM ¢
—(2+4v)e*ty +21 =0; 31

(2+v)e’tl —6et] =0. (32)

Hx pemeHus OTIMYAIOTCS Ha KOHCTAHTY, KOTOpas IOJDKHA OBITH OTOpOIIEHA KaK HEyIOBICTBOPAOLIAS
YCJIOBHUIO OONBIION U3MEHAEMOCTH, T03TOMY 00a perenns ypaBHenuit (31) u (32) copmagaior:

C, exp k=

. €

Ty =
1—

C, exp —kM
€

HOCKOJII)KY OHHU 3aBUCAT OT apryMcHTa X/S , X MOXXHO HCIIOJIb30BaTh AJId YAOBJIIETBOPCHUS MMOTCPSIHHBIX

TpaHUYHBIX yCJ'IOBI/II‘/‘I " CriIaX)XUBaHUA Pa3pbIBOB B MEAJICHHO MCHAIOINHNUXCA KIIACCHUYCCKHUX PCHICHUMAX. BerHee

petenne crpasemBo npu X =0, a mmwkaee — npu x <1. Ecnu npunsts C, = g MOXHO IOKa3aTh, YTO

. X . Y
lim—exp| —k— |= 5()6) , TO ecTh ypaBHeHHEe (31) MO3BOJAET YCTAaHOBUTH CBA3b MEXIY OOBIYHON YHCIIOBOM
e-0 g Fes

dyHkumeit T 1 06o6mennoi & — dyHKIMeit upaka.

4. 3akaouenue

JBa metona CeH-Benana paccMOTpeHB! 1 MOACPHU3UPOBaHBI. [1epBbIii METO COCTOMUT B OLIEHKE KOMIIO-
HEHT HaNpsHKEHHO-1e()OPMHPOBAHHOTO COCTOSHHS C LIEIBI0 YIPOCTUTH MMOCTAHOBKY 3aJa4l HAXO0XKICHHUS pellie-
HUS TIyTEM alpHOPHOTO OTOpachIBaHUS OBICTPO MEHSIOMIMXCA M 3aTYXaloUIMX KOMIOHEHT pemeHus. OH Obul
IpeaIoxKeH, NocKoiIbKy CeH-BeHaH yuuThIBaaI TPYJHOCTh HaX0XAeHUs oomumx pemeHuid. [loatomy, pazpabatsi-
Basi METOJl IIOCTPOCHUS PELICHUS, OH MPHUILIEN K N300pPETCHNUIO IPUHIIMIIA, TO3BOJIIOIETO OIPaBAbIBATE IIOTeE-
PSHHBIE TIPU ITOCTPOCHUH PELICHHUS] KOMIIOHEHTHI PEIIeHHs], B YACTHOCTH M3-3a Mepexo/ia OT HANPsHKEHUH K yCH-
UM B MOMeHTaM (stress resultants). Ha npuMepe nimHHON ynpyro# mojaocsl chOpMyIHMPOBAHO TOMOJHEHUE K
€ro KJIacCHYECKOMY IPUHLUIY JUIA CIydas 3aJaHHBIX HA MaJIOM Y4acTKe NepeMEeIeHNH, OTCYTCTBYIOIIEE B JIH-
tepatype. Onnako u npuHnun Cen-Benana, 1 00001IEHHBIN TPUHIIWT HE MOTYT JIaTh HUKaKUX PEKOMEHIAIMN K
CBOEMY KOHCTPYKTMBHOMY HCIIOJIb30BaHHIO, HO MPUTOAHBI /Ul MEXaHHYECKOTO TOJKOBAaHMS IMOMYyUYEHHBIX Ka-
KUM-TTH00 cr10cOOOM HETIOIHBIX NPUOIMKEHHBIX PEIlCHHH.
Bropoii MeTox mosyuns Ha3BaHKE IOITyOOpaTHOTO, OcKoNbKy CeH-BeHaH npeiokui yacTe HCKOMBIX He-
W3BECTHBIX B YPAaBHEHUSX 33JaTh, a OCTaJlbHbIe BRIUMCINTE. [Ipn a3ToM CeH-BeHan nepemien ot HanpspKeHUR K
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YCHJIMSIM U MOMEHTaM, OIpaBIbIBas Mepexo ] MPUHIHUIOM. MOXKHO CKa3aTh, YTO BCE TEOPUU TOHKOCTEHHBIX TE
MOCTPOEHBI B YCUIIUSAX M MOMEHTaX, MPEAIoaras ClpaBeIIMBOCTh Nepexoaa K HUM, 000CHOBAaHHYIO TPHUHIIH-
nom Cen-Benana. B craThe mokaszaHo, 94To, eCiu B3ATh WACIO 33JaHHUS YaCTH HEU3BECTHBIX, HO HE MEPEXOTUTH K
YCHIIUSM U MOMEHTaM, MOJIyOOpaTHBIA METO]] MOXKET OBITh PACHIMPEH JI0 KOHCTPYKTUBHOTO U OyIET CXOASIINM-
Csl HE3aBUCHMO OT BBHIOOpA HadaJIbHOTO MPUOIMKEeHUs. Takas BO3MOXKHOCTh OCHOBAaHA Ha WIEE METOAa MaJoro
nmapameTtpa [lyankape, Metona mpocThix ureparuii Jluagemneda — [Tukapa u TeopemMe 0 HEMOIBIWKHOM Touke ba-
Haxa. [lpu 3TOM TmpesIokeHsl Mpeodpa3oBaHue CIOKHOTO OIepaTopa 3aladd B IMOCIEI0BATEIBHOCTh MPOCTHIX
WHTETPUPYEMBIX ONIEPATOPOB M METOAMKA PA3JICIICHUs] OBICTPO MEHSIOIIMXCS U MEJICHHO MEHSIOIIUXCS KOMIIO-
HEHT OOINEro pemieHus MPU BBITOJHEHNH BCEX TPAaHUYHBIX YCIOBHU MCXOMHOM 3amauu. [Ipomecc BeaucIeHUs
MOJKHO TPaKTOBaTh KaK pacIleIUIeHHe CJI0KHOTO OIllepaTropa Ha YeThIpe MOCie0BaTeNbHbIX oneparopa Ilukapa
OTHOCUTEIBHO MOMEPEYHON KOOPIAUHATHI U TPU — OTHOCUTEIBHO MPOAOIBHONU. BIIM30CTh MOTYyUYEHHOTO PelIeHUs
OLICHUBACTCA IOPAAKOM IIEPBOTO OT6pOIHeHHOFO YJICHA 110 € JIA MEIJICHHO MCHAIOIIUXCA BECJIINYUH. Torz[a noixy-
00paTHBIN METOJI CTAHOBUTCS HE3aBUCHMBIM OT npuHImna CeH-Benana.
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