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Abstract

The aim of the work is to perform a comparative analysis of the results of
analyzing arbitrarily loaded shells of revolution using finite element method in
various formulations, namely, in the formulation of the displacement method and
in the mixed formulation. Methods. To obtain the stiffness matrix of a finite
element a functional based on the equality of the actual work of external and
internal forces was applied. To obtain the deformation matrix in the mixed for-
mulation the functional obtained from the previous one by replacing the actual
work of internal forces in it with the difference of the total and additional work
was used. Results. In the formulation of the displacement method for an eight-
node hexahedral solid finite element, displacements and their first derivatives are
taken as the nodal unknowns. Approximation of the displacements of the inner
point of the finite element was carried out through the nodal unknowns on
the basis of the Hermite polynomials of the third degree. For a finite element in
the mixed formulation, displacements and stresses were taken as nodal unknowns.
Approximation of the target finite element values through their nodal values
in the mixed formulation was carried out on the basis of trilinear functions.
It is shown on a test example that a finite element in the mixed formulation im-
proves the accuracy of the strength parameters of the shell of revolution stress-
strain state.

Keywords: solid finite element, mixed functional, finite element method im-
plementation, deformation matrix, stiffness matrix
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JJ1st nMTHpPOBAHUS

I'ypeesa H.A., Knoukos FO.B., Huxonaes A.I1,
FOwxun B.H. HanpspkeHHO-1ehopMUpOBaH-
HO€ COCTOSIHUE 00O0JI0UKH BpaLlEeHHs IpU
UCIIONB30BaHUY PA3IMYHBIX (HOPMYIHPOBOK
TPEXMEPHBIX KOHEUHBIX 31eMeHTOB // CTpou-
TeJbHAs MEXaHNKa MH)KCHEPHBIX KOHCTPYK-
it 1 coopyxxenuit. 2020. T. 16. Ne 5.

AHHOTANNSA

L]env uccnenoBaHus — BBIIOJIHATG CPABHUTEIBHBIIA aHAIN3 PE3YJILTATOB Pac-
4eTa IIPOU3BOJIBHO HAIPYKEHHBIX 000JIOUEK BpallIEeHUsI IPY HCIONB30BaHUN METOa
KOHEYHBIX JIEMEHTOB B Pa3IUUHbIX (JOPMYIUPOBKAX, a UMEHHO B (DOPMYIUPOB-
Ke MEeToJa NepeMelleHUH U B cMeIIaHHOR GopMynuposke. Memoowr. Jlns noiy-
YeHUs] MaTPHLbl KECTKOCTU KOHEUHOIO 3JIEMEHTAa NPUMEHEH (yHKLUOHAI, OC-
HOBaHHbII HAa PAaBEHCTBE €I CTBUTENBHBIX PAOOT BHELIHUX U BHYTPEHHUX CUIL,
a JUIs MOJy4YeHUs: MaTpuUllbl Je(OopMUpPOBaHUS B CMEIIaHHON (HOPMYIHPOBKE —
(yHKLUOHA, IOIYYSHHBIH U3 MPEbIAYIIEro IyTeM 3aMEHbl B HEM JEeHCTBUTENb-
HOI pa0GOThl BHYTPEHHHUX CUJI PA3HOCTHIO HMOJHOW U JONOJIHUTENBHON paboThL
Pesynomamui. B GpopMynupoBke MeToAa IepeMeLIeHH 111 00bEMHOIO KOHEY-
HOTO 2JIEMEHTA B BUJIE BOCBMHY3JI0BOIO IIECTUIPAHHUKA B KAYECTBE Y3JIOBBIX HEU3-
BECTHBIX IIPUHATH! IEPEMELICHUS U UX IEPBblE NPOU3BOJHbIE. ANNPOKCUMAIINSL
NepeMeIeHUH BHYTPEHHENH TOUYKM KOHEYHOI'O 3JIEMEHTA OCYILECTBISIIACH YEPE3
Y3710Bble HEU3BECTHbIE HA OCHOBE IOJIMHOMOB ODpMHTa TpeTbell creneHu. s ko-
HEYHOIro 3/1€MEeHTa B CMEIIAHHOH (POPMYIMPOBKE B KAUECTBE Y3/I0BBIX HEU3BECTHBIX
IIPUHUMAIIUCH NIEPEMEILEHUS U HAIPSDKEHUS. ATNPOKCUMALUS UCKOMBIX BEIUYUH
KOHEYHOTO JICMEHTA 4epe3 UX Y3JIOBbIC 3HAUCHUS B CMEIIAHHOH (hOPMYyIIHPOBKE
BBINOJIHAIACh HA OCHOBE TpUJIMHEHHBIX GyHKuui. Ha TecToBoM mpumepe mnoka-
3aHO, YTO KOHEUHBIH 3/1EMEHT B CMEIIAHHOH (OPMYIUPOBKE MO3BONISAET IOBLICUTD
TOYHOCTb IIPOYHOCTHBIX NAapaMETPOB HApPsKEHHO-Ie()OPMUPOBAHHOIO COCTOSI-
HUsI 000JIOUKY BpAIIECHHUS.

KioueBble ci10Ba: 00bEMHBINM KOHEUHBIH AJIEMEHT, CMEIIaHHbIN (DYHKIHO-

C. 361-379. http://dx.doi.org/10.22363/1815-

Hajl, peaqu3alys MeTola KOHEUHBIX 3JIEMEHTOB, MaTpHLa 1eGOpMUPOBaHS, MaT-
5235-2020-16-5-361-379

puna JXECTKOCTHU

1. Introduction

The theory of deformation of solids has been developed in sufficient detail to date [ 1-2]. However, analytical
obtaining of specific results is possible only in some cases, far from the practice of engineering calculations. Therefore,
the development of approximate and numerical methods for calculating structural elements of engineering struc-
tures is an actual task. Among the modern methods of studying the stress-strain state of building structures, the nu-
merical finite element method (FEM) based on the displacement method has become widespread recently [3—15].
It can be stated that the main disadvantages of this FEM formulation are the lack of continuity of the displacement
derivatives on the edges and side surfaces of finite elements. The development of finite elements in the mixed for-
mulation [16-25] allows to reduce the degree of approximating functions for expressing the desired quantities
through nodal unknowns, makes it possible to fulfill the conditions for the continuity of stresses and displacements
not only at the nodal points, but also on the edges and lateral surfaces of the discretization elements.

The subject of the study is the stress-strain state of the shell of rotation under arbitrary loading. The purpose of the
study is a comparative analysis of finite element algorithms for determining the strength parameters of the shell of rotation.

TI'ypeesa Hamanva Anamonvegna, 1oktop GU3MKO-MaTeMaTHIECKHUX HAyK, JOLEHT AemapTamenta MaTemaTuky; ORCID iD: https://orcid.org/0000-0003-
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To perform a comparative analysis of variants, finite element algorithms of the hexahedral finite element
are developed in two formulations: in the formulation of the displacement method and in the mixed formulation.
When obtaining the hexahedron stiffness matrix in the formulation of the displacement method, displacements
and their first derivatives are used as nodal unknowns. When forming the matrix of the stress-strain state of
a hexagon in a mixed formulation, displacements and stresses are taken as nodal unknowns.

2. Research methods

To obtain the stiffness matrix of a hexagonal finite element, the displacement method formulation uses
a functional based on the equality of the actual work of external loads on displacements and the actual work of
internal stresses on deformations over the volume of the finite element. To approximate the desired values of
the internal point of a finite element through nodal unknowns, third-degree Hermite polynomials were used.

To obtain the stress-strain state matrix in a mixed formulation, we used a functional obtained by replacing
the actual work of internal forces of the displacement method functional with the difference between the total
work of internal forces and their additional work. Trilinear relations are used to approximate displacements and
stresses through nodal unknowns.

2.1. Shell of revolution geometric parameters
Position of an arbitrary point M° in the shell of revolution middle surface is defined by radius vector

R =xi +r(x)sin® + r(x)cos 0k, (1)

where 7, ], k — unit vectors of the Cartesian coordinate system; 7(x) — radius of revolution for the considered

point of the middle surface; 6 — angle measured counterclockwise from the vertical diameter.
Basis vectors of an arbitrary point on the middle surface are determined by expressions

-0 _ p0 _ 7 . % 7
a, =R, =i+r sinbj+r, cosbk;

-0 40) i - 7.
a, =Ry =rcostj —rsinbk;

-0 __ =0 .
o a4 xd, ¥, - sin®

ay =————=—7—1I+
Colayxas| Nuo

cos0

Ju

j+—r, )

where u =1+r 7,

Position of an arbitrary point M of the shell located at a distance ¢ from the middle surface is defined
by radius vector

R" =R’ +ta. 3)
Base vectors of the point M ” are defined by differentiation (3):
g =R" =R’ +ta) =a, +ta, 4
gy =R =R +tady, =a, +tdy,;
g =R =d;. “)
Using (2) based on (4) the following matrix relations can be formed:

(g =[sii}: {7} =[sT"{2"}. 5)

3x1 3x3 3x1 3x1 3x3 3x1

where {gO}T ={§10 g5 §2}, {ZT}T ={ZT, Js E}

1x3 1x3
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Differentiating (4) taking into account (5), derivatives of the basis vectors of point M % can be defined
by the components in the same basis:

(@) =In i =[MIIsT {2’} =[m]{ &}

3x1 33 3x1 3x3 3x3 3x1 3x3  3x1
@l =[m{ 7= (W ]sT g =[] &'}
3x1 33 3x1 3x3 333 3x1 33 3x1

—~—

0Qy
-~ o

N
I

(V{7 =0T e =[] &'} (©)

3x1 3x3 3x1 3x3 33 3x1 3x3 3x1

where {g‘i}T ={§10,x,g73,x,§2’x }; {g%}T ={§ﬁe, é?,e,gé),e }; {g(;}T :{glo,z’gg,t’g;),t }

1x3 1x3 1x3

2.2. Displacements and deformations

Displacement vector of point M * from load action is represented by components in the basis of point M " :

7=vgl={g") (hm=123 ()

1x3 3x1

where {V}T = {vl v v3}.
1x3

Derivatives of displacement vector (7) with respect to curvilinear coordinates x, 0,7 are determined by
expressions
V= V8 +V'E, +V,8 +V' 8, + V.8 +VEL,. ®)

Based on (6) relations (8) can be represented in the form

V= frgis ©)

where fnf — functions of components of the displacement vector and its derivatives, defined by the expressions

1_ 1 1 2 3.
1 =V, +vmy +vimy, +vimg;

£2 =9 eV, v, + VL, (10)
Deformations are determined by the relationships of continuum mechanics:
= l( 5% +5 v ) 11
& =5\8&V, T8V ) (11)
Taking into account (4) and (9), we can form the matrix relationship

(e} =[], 1)

6x1 6x3  3x1

where {S}T = {811, €595 €335 2€15, 2€ 5, 2823}; [L] — matrix of algebraic and differential operators.
1x6
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2.3. Relationships between deformations and stresses

Hooke’s law is represented in curvilinear coordinate system by expressions
0 .
6, =M, (g)g; +2ue,;
j 0ij 0ik 0l .
o’ =M, (e)g"" +2ug’" g’ "e,;

1+v
SU:T U_E]( )gu’

1+v 0
84’/ E glmgjn _El( )gll’ (13)

0 mn

where /| (8) =g’ " =g""¢  is the first invariant of strain tensor; /, (0) =g’ " =g""c, is the first

m mn

0mn mn

. . 0 . . .
invariant of stress tensor; g, , & are covariant and contravariant components of metric tensor; €,,,&" are

mn

mn

covariant and contravariant components of strain tensor; ¢, ,G  are covariant and contravariant components

mn 2

of stress tensor; A, L are Lame parameters; £ is modulus of elasticity; v is Poisson’s ratio.
On the basis of relations (13) the following matrix expression is formed:

e} =[Cl{o"}, (14)
6x1 6x6  gxl1
T
where {0”} = {0”, 62,6,6"%, 0", 023}.
1x6
2.4. Shell of revolution finite element in displacements method formulation

The finite element is taken in the form of a hexahedron with nodes i, j, k, [, m, n, p, h. For performing

numerical integration, hexahedron is mapped onto a cube with local coordinates changing within the limits
—1<&, 1, {<1. Displacements and their derivatives in local coordinates are taken as nodal unknowns.

Approximation of displacement for the inner points of the finite element was performed on the basis of
Hermite polynomials of the third degree by the matrix expression below:

vy =[4){v}, (15)

3x1 3x96  96x1

1i 1h 1i 1h 1i 1h 3i 3h 3i 3h _ 3i 3h 3i 311}

T .
1 li 1h
where {Vy} —{V sees VoV V,ga ’n,...,an,V’C,..., V’C,...V 5 eees V =V,§='"vv,§ s Vo eens V,T] ’VVC""’VJQ

5o
1x96
Vectors of the nodal unknowns in local and global coordinate systems are related by the following matrix ratio:

vl =[r1{w (16)

96x1 96x96  96x1

T . . . . . .
r li 1h 1i 1h 1h li 1h 3i 3h 3i 3h 3i 3h 3i 3h
where {Vy} :{V yeeey V ,ij,...,V Ve,...,Vje,V’t,..., V,t sV 4,V L,V ...,V’ V,G""’ V’e sV, sy V }
1x96

Matrix [T ] is formed on the basis of differential relations

oq 8q ox 8q a6 ﬁq ot
ok ox 8& 00 8& ot 8&

G_q 0q Ox 8q86+8q8t
o oxom 00om ot on
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6_q aqax 0q b 8(] ot (17)
o oOx GC 00 6§ ot 8(;

where ¢ indicates components of the displacement vector Vv v
Using (15), deformations (12) are defined in matrix form

e} =[L]iv} =[] 41w} =[B]{}- (18)

6x1 6x3  3x1 6x3 3x96  96x1 6x96  96x]

In order to construct the stiffness matrix for the finite element, a functional based on the equality of work
done by internal and external forces is used:

@, :% [{o} {e}av - [{v} {q)ds. (19)

y  1x6  6x1 s Ix3 3x1

where V' is element volume; S — specified load application surface; {q}T = {ql, q,, q3} — components of ex-
1x3
ternal load vector.
Taking into account (14), (15), (16) and (18), functional (19) is given by expression

@, =L} (1] [[BY (] [B)av [1) v} -2 o1} (7 [T (a}as o)

| —
2 1x96  96x96 |y 96x6  6x6 6x96 96x96 96x1 1x96 96x96 ¢ 96x3  3x1

After performing minimization of functional (20) the following is obtained:

(K]} ={/); 1)

96x96 96x1 96x1

where [K .“B d V [T ] is finite element stiffness matrix; { f } = [T ] ’ J. [A]T {q} dS —nodal

96x96 96><96 y 96x6 6><6 6><96 96x96 96x1 96x96 ¢ 96x3 3x1
forces vector.

2.5. Shell of revolution finite element in mixed formulation

Displacements and stresses of the hexahedral finite element are taken as nodal unknowns:

T . . .
1i 1h 2i 2h 3i 3.
{V},} ={V I 2 U o e },

1x24

T . . . . . .
11 114 22i 22h 33i 33h 12 12h 13i 13h 23i 23h
{Gy} ={G ,.,0 ,0°,.,0077,067,.,07,067,.,07,06,..,6,07,...,0 } 22)
1x48

For approximating target quantities through nodal values, bilinear functions are adopted:

={o(&n.0)} {1}, (23)

1x8 8x1

where A refers to values v',v*,Vv’, 6", 6,6>,06",06", 06"
Based on (22) and (23) the following matrix relations are formed:

h=[4]1v}i {o"} =[S]{s,}. (24)

3x1 3x24  24x1 6x1 6x48  48x1
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Deformations (12) based on (24) can be written in matrix form:
tef=[L][4]{v b =[B]{}- (25)
6x1 6x3 3x24  24x1 6x24 24y

For obtaining the finite element deformation matrix a functional, obtained from (19) by replacing the actu-
al work of internal forces by the difference between total and additional work of internal forces, is used:

®.] {{ff (L3t {31}} v _%I b tajas .

Based on (24) and (25), functional (26) for the finite element is written as

o, ={o ) | [S]T[BC]dV{vy}—%{oy}T [ [S]T[C][S]dV{cy}—%{vy}T [[4] {a)as. @

1x48 y 48x6  6x24 24x1 1x48 y 48x6  6x6 6x48 48x1 1x24 § 24x3 3x1

T T
After variation of functional (27) by nodal unknowns {0 y} and {vy} the following systems of equations

are obtained:

P =[]0, }+ [0} =0
5{0},} 48x48 48x1  48x24 24x]
oD

<=[0]"{s,}-{1,} =0, (28)

T
6{vy} 24x48 48«1 24xl

where [0] = ([T [B.Jav: [#1]= [[ST [C]s]av: {1,} =[] {a)as.

48x24 y 48x6  6x24 48x48 y 48x6  6x6 6x48 24x1 S 24x3 3x1
Systems (28) are represented in traditional FEM formulation

[K]{z,}={F}, (29)
72x72  72x1 72x1
(] [0} o
where [K ] = 48X18 e is finite element deformation matrix; {Zy} = {{G y} , {vy} } —nodal unknowns row;
72x72 [Q] [0] 172 1x48  1x24

24x48 24x24

{F}T = {{O}T, {fy}T} — finite element nodal loads row

1x72 1x48 1x24

3. Results and their analysis

The stress state of cylindrical shell fixed at the ends and loaded by internal pressure of intensity g was de-
termined. The following initial data were specified: radius of middle surface R = 1.0 m; generatrix length L =
0.5 m; wall thickness 4 =0.02 m; g =5 MPa; modulus of elasticity £ = 2-10° MPa; Poisson’s ratio v = 0.3.

The results of the analysis are presented in Tables 1 and 2. The values of stresses in the direction of cylinder

25
axis are given at the points: 1 — located in the fixed end; 2 — located at a distance L /32 = Eh from the fixed

end; 3 — in the midspan.
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Analytical model is represented by a single strip of hexahedral elements along the cylinder axis.
The first column in Table 1 shows the number of rows of finite elements along the thickness of the cylinder,
the second column shows the number of nodal points in the axial direction and in the direction of shell thickness.

The remaining columns show numerical results of the stresses in the direction of the cylinder axis in inner "

and outer 6" fibers, respectively, at points 1, 2, 3.

Analysis of numerical results in Table 1 shows convergence of the computing process when using FEM in
formulation of the displacement method.

Differences in the results of calculations for point 1 are explained by the difference in boundary conditions
for finite elements in the specified formulations, namely, in the displacement method, boundary conditions are
assigned for the derivatives of displacements, and in the mixed formulation, boundary conditions for displace-
ments are assigned.

25
At point 2, which is at a distance 3—2h from the fixed support, the results stabilized by the mixed method

already with one finite element in thickness, and in the displacement method, it monotonically tends to the same
numerical values with an increase in the number of finite elements in thickness.

Numerical values of parameters for stress-strain state of cylindrical shell rable t
when using elements in displacement method formulation
Number of Mesh Cross section
rows of elements discretization Point 1 Point 2 Point 3
through cylinder's
thickness Stress, MPa
¢’ c" ¢ c" ¢ c"
17 x2 381.14 -308.97 298.26 -221.91 -57.04 141.07
33x2 396.74 -298.97 303.02 -211.51 -56.83 140.99
1 65x%2 430.50 -269.26 302.17 -212.05 -56.61 140.88
97x2 467.52 -236.44 301.87 -211.73 —56.46 140.81
1292 505.40 -202.51 301.66 -211.46 -56.33 140.74
17x3 44424 -329.74 331.64 -253.09 —73.52 157.34
33x3 464.29 -323.12 342.49 -260.16 -73.83 157.77
2 65x%3 489.77 -326.93 342.70 -261.20 —73.78 157.80
97 %3 516.03 —328.81 342.71 -260.89 —73.69 157.76
129% 3 540.37 -326.81 342.64 -260.69 —73.62 157.72
17 x4 472.09 —347.74 334.54 —262.45 —75.68 159.53
33x4 499.49 —349.06 345.85 -267.92 -76.03 160.00
3 65x4 527.69 -352.34 347.01 -267.10 -76.03 160.07
97 x4 552.45 -352.12 346.93 -266.94 —75.95 160.03
129x 4 578.18 -351.27 346.82 -266.77 —75.88 160.00
17x5 491.13 -354.73 338.14 -265.33 -76.91 160.78
33x5 526.89 -355.26 348.14 -270.49 —77.43 161.42
4 65x5 561.89 —355.87 350.38 —270.86 -77.50 161.56
97 x5 586.72 —355.73 350.32 -270.78 —77.45 161.54
129%5 611.58 —355.93 350.22 —270.64 —77.39 161.51
17x8 523.33 -362.29 348.61 -268.24 -78.25 162.14
33x8 584.38 -363.68 350.40 —274.48 —79.00 163.04
7 65x8 642.43 -365.46 354.14 -275.20 -79.19 163.29
97 x 8 677.46 -365.73 354.56 —275.23 —-79.19 163.32
129 x 8 704.12 -365.73 354.53 -275.16 -79.16 163.31
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Table 2
Numerical values of parameters for stress-strain state of cylindrical shell when using elements in mixed formulation

Number of Mesh Cross section
rows of elements discretization Point 1 Point 2 Point 3
through cylinder's
thickness Stress, MPa
o o" o o" o o"
17x2 472.47 -381.34 373.02 —288.59 -72.05 159.57
33x2 479.93 —390.65 365.74 -277.22 —79.57 165.13
1 65x2 480.76 -392.41 366.43 —278.84 —81.44 166.05
97 x 2 480.60 -392.55 366.27 —278.98 —81.76 166.07
129x2 480.43 —392.54 366.11 —278.98 —81.87 166.03
17x3 532.16 -335.43 364.93 -292.25 —74.68 160.75
33x3 543.99 -334.06 370.30 —278.72 -81.31 165.52
2 65x%x3 544.53 -332.87 369.31 -279.13 -82.49 166.10
97x3 543.17 -333.25 368.38 -279.17 —82.55 166.05
129x 3 542.10 -333.71 367.80 -279.22 —82.51 166.00
17 x4 516.60 -365.22 365.88 -293.70 —75.69 160.87
33x4 541.69 —384.38 363.23 —275.69 —81.81 165.84
3 65%x4 556.19 -394.50 364.47 —278.87 -82.82 166.42
97 x4 559.89 -397.72 364.49 —279.98 —82.84 166.34
129x 4 561.38 -399.15 364.43 —280.50 —82.80 166.26
17x5 519.91 -350.43 363.74 —296.82 -76.28 161.07
33x5 553.90 -367.90 361.51 —274.04 -82.07 165.86
4 65x%x5 583.84 —381.24 363.74 -2717.62 —82.99 166.41
97 x5 592.53 —385.93 364.13 —278.75 —82.99 166.33
129x 5 595.59 —388.04 364.09 -279.27 -82.92 166.24
17x8 517.45 —354.04 364.49 —298.62 —76.85 161.26
33x8 558.47 —382.77 358.64 -271.14 -82.31 165.97
7 65x8 616.05 —413.21 361.39 -275.66 -83.07 166.43
97 x 8 645.52 —425.87 363.43 -271.76 —83.06 166.35
129x 8 659.74 -431.69 364.19 -278.77 -83.01 166.28

Analysis of numerical results in Table 2 shows more rapid convergence of computational process when
using finite element method in the mixed formulation.

It is explained by the fact that in the mixed finite element the stresses are consistent not only at the nodes
of finite elements, but also on their faces. In the finite elements of the displacement method, there is no deformation
compatibility along the faces.

4. Conclusion

The accuracy of determining the strength parameters of the shell of revolution and the convergence of
computational process are higher when using finite elements in the mixed formulation. This is due to the fact that
when obtaining the deformation matrix of this finite element, the degree of approximating functions for approxi-
mating the desired values of the inner point of the finite element through the nodal unknowns in the mixed for-
mulation is lower than in the displacement method formulation. The compatibility condition of the target quanti-
ties in the displacement method formulation is satisfied only at nodal points. The aforementioned compatibility
conditions are absent on the edges and faces of hexahedral finite elements. When using finite elements in the mixed
formulation, the compatibility conditions for displacements and stresses are satisfied not only at nodal points,
but also on the edges and faces of the hexahedral element.
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RUS

1. BBeaenue

Teopust nedopMUpPOBAHUS TBEPIBIX TEN B HACTOSIIEE BPEMs Pa3BHTA JOCTATOYHO MOapoOHO [1-2]. OnHako aHa-
JIUTHYECKOE TIONTyYCHHE KOHKPETHBIX Pe3yIbTaTOB BO3MOXKHO TOJNBKO B HEKOTOPBIX CITYYasX, TATCKUX OT MPAKTHKH WH-
’KEHEPHBIX pacueToB. [103TOMy pa3paboTka MPUOIKESHHBIX W YUCIICHHBIX METOJIOB pacyeTa KOHCTPYKTHBHBIX 3JIeMEH-
TOB MH)KCHEPHBIX CTPYKTYP SABILIETCS aKTyalnbHOM 3a1a4eii. Cpei COBPEMEHHBIX METOIOB UCCIICIOBAHUS HAITPSHKEHHO-
nehopmupoBanHoro coctostaust (H/IC) cTpouTeNnbHBIX KOHCTPYKIMI B MOCTEAHEE BPEMsl MPAKTHUESCKH TTOBCEMECTHO
TIOTYYMIT PACTIPOCTPAHEHHE YHUCIICHHBINA MEeTO KOHEUHBIX 3eMeHToB (MKD) Ha ocHOBe MeToza riepemertteHnit [3—15].
OCcHOBHBIMHU HeZlocTaTKaMu JaHHOH (opmynmrpoBkr MKD MOXHO Ha3BaTh OTCYTCTBUE HETIPEPHIBHOCTH TPOU3BOIHBIX
OT TiepeMeIIeHri Ha peOpax 1 OOKOBBIX TIOBEPXHOCTSIX KOHEUHBIX 3JIEMEHTOB. Pa3pa0oTka KOHEUHBIX 3JICMEHTOB B
cMertanHor hopMympoBke [16—25] TI03BOMISET TIOHU3NUTH CTENCHD AIMIPOKCUMHPYIOMNMX (DYHKIMH YIS BBIPAKCHUS
HCKOMBIX BEJIMYUH Y€PE3 Y3JI0BBIC HCM3BCCTHLIC, TACT BO3MOYKHOCTE BBIIIOJIHUTE YCJIOBUA HEIIPEPBIBHOCTU HaHpiDKeHI/Iﬁ
Y TIEPEMEIIICHUI HE TOJTBKO B Y3JIOBBIX TOUKaX, HO U Ha peOpax U OOKOBBIX TOBEPXHOCTSIX JIEMEHTOB JIMCKPETHU3AIIUH.

ITpenMeToM HcCIeI0BaHUS ABIIACTCS HANPSHKEHHO-TC(hOPMUPOBAHHOE COCTOSHUE OOOJIOUKHU BPAILCHHUS TIPH
MPOU3BOJIBHOM HATPYKECHUH, [ENBI0 — CPABHUTEBHBIN aHAN3 KOHEYHO-3JIEMEHTHBIX AITOPHTMOB OINPEICIICHUS
MapaMeTpoB MPOYHOCTUA 000JIOUKH BpallleHUS.

JInisi BBITOTHEHUST CPABHUTEIBHOTO aHANN3a BAPHAHTOB Pa3pabOTaHbl KOHEYHO-3JICMEHTHBIC aJrOPHTMBI
NIECTUTPAHHOTO KOHEYHOTO BJIEMEHTa B JBYX (OPMYIHPOBKAX: B (HOPMYIMPOBKE METOJNA MepeMEICHI U B CMe-
mranHoi popmymnuposke. Ilpu momyueHnn MaTpHIbl )KECTKOCTH IIECTUTPAaHHHUKA B ()OPMYJIHPOBKE METOJa mepe-
MEIIEHHUH B KAYECTBE Y3JI0BBIX HEM3BECTHBIX MCIOJIBE30BAHBI MIEPEMEIICHHS U UX TIEPBBIC MPOU3BOHBIC, a IpU (Hop-
MHPOBAHHH MATPHUIIBI HAMPSHKEHHO-Ie(OPMUPOBAHHOTO COCTOSIHUS IIECTUTPAHHUKA B CMEIIAHHON (opMyiu-
POBKE B KQYC€CTBC Y3JIOBbIX HCU3BCCTHBIX IPHUHATEI IICPEMECIICHUA Y HATIPSKCHU.

2. MeToanI MCCJIe0BAHNA

Jn1st Iomy4eHust MaTpULbl )KECTKOCTH IECTUTPAHHOTO KOHEYHOT'O 3JIeMEHTa B (pOpMyIMpOBKE METOa Tie-
pEeMEIIEeHNH HCIIOIb30BaHUs (QYHKIMOHA, OCHOBAaHHBII Ha PAaBEHCTBE JI€HICTBUTENBHBIX Pa0OT BHEIIHUX Harpy-
30K Ha TepeMEIICHUsIX U JCUCTBUTENBHBIX paOdOT BHYTPEHHUX HAMpPSHKCHUH Ha IedopManusax mo oobemy Ko-
HEYHOTo 3jJeMeHTa. /[ annmpoKcMMaluM MCKOMBIX BEIHMYMH BHYTPEHHEH TOUYKH KOHEYHOI'O 3JEMEHTa 4Yepe3
y3J10BbI€ HEU3BECTHBIE IPUMEHSIINCH IIOJTMHOMBI DPMUTA TPETHEH CTETIEHH.

JI71s Oy "YeHus MaTpHILbl HANPSHKEHHO-Ie(OPMHUPOBAHHOTO COCTOSTHUSI B CMEIIAHHOH (DOPMYIIPOBKE HCIIONb-
30BajJicsl (PyHKLIMOHAT, TIOYYSHHBIN MMyTEeM 3aMEHBI ACHCTBUTENHHON pabOThHl BHYTPEHHHUX yCWIWi (yHKIHOHAA
METOo/Ia MEPEMELIEHIH Pa3HOCThIO MOJTHON PabOThl BHYTPEHHUX YCWIIMH U UX AOMOJHUTENIBLHON PabOThI, a A am-
MPOKCUMALIUK IIEPEMEILICHNI U HAIPSDKEHUI depe3 y37I0Bble HEM3BECTHBIE — TPUIIMHEHHBIE COOTHOLIEHHS.

2.1. I'eomempuueckue napamempul 000104KU 8PAULEHUA

o 0 v
TTonoxkeHne MPOU3BOJBHOM TOUKH M~ CPeANHHOM MOBEPXHOCTH OOOIOUKH BPAILCHYS OMPEIENACTCS PaInyc-
BEKTOPOM

R =xi +7(x)sin6 + r(x)cos 0k, (1)

rae I, j, Kk — OpThI IeKapTOBOW CHCTEMBI KOOPAUHAT; 7'(X) — paauyc BPAIlICHHUs PacCMATPUBAEMOM TOYKH Cpe-

JIMHHOW MOBEPXHOCTH; 6 — yroi, OTCYUTHIBAEMBIN OT BEPTHUKAILHOTO JHaMETpPa MPOTHB X0/ YaCOBOU CTPEIIKH.
BbasucHbie BeKTOPHI IPOM3BOIBEHON TOUYKH CPEAUHHOMN ITOBEPXHOCTHU OIIPENEIISIFOTCS BRIPAKEHISIMH

-0 _ p0 _ 7 . % 7.
a, =R =i+r sinbj+r cosbk;
i’ = R° = rcos0j —rsin0k;
a, =Ry =r )j —r ;

cos0

Ju

-0 -0 .
o G xd, T, - sin®

X
Ju

a3:—‘ = i+

a'xay| ~u

J+—1k, )

rie u=1+r".
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9 0t o o
Ilonoxenue MMPOU3BOJIbHOU TOYKHU obomnoukun M , OTCTOALICH Ha paCCTOSIHHUUN t ot CpCANHHOU ITOBEPX-
HOCTH, ONPCALIIAACTCA pauy COM-BEKTOPOM

p 0t 50 —0
R” =R +ta,. 3)
Basucusie Bextops Touku M " onpenensiores nuddepenuupopanuem (3):
g/ =R" =R’ +ta, =a, +tad, 4
0 750¢ 50 -0 -0 -0 .
g, =Ry =Ry +ta;y =a, +ta;y;
=0 _ B0 _=0
g, = RJ =d,. ()
[Ipu ncnons3zoBanuu (2) Ha ocHOBE (4) MOXXHO CPOPMHUPOBATH MATPUIHBIE COOTHOIIIEHUS

(@' =[sii}: {7} =[sT"{2"}. 5)

3x1 3x3 3x1 3x1 3x3 3x1
T T oL -
—0 =0 =0 =0). ; ralir-
rﬂe{g} ={g1 gzgz}a{l} ={l, J> k}'
1x3 1x3

0t
Iuddepennupobannem (4) mpu yuere (5) IpOU3BOAHBIE Oa3MCHBIX BEKTOPOB TOUkH M = MOKHO oIpeje-
JIUTh KOMITOHEHTAaMH B 3TOM e Oasuce:

(@) =[v i} =[M]IST (&'} =[m]{ &°)}:

3x1 33 3x1 3x3 3x3 3x1 33 3x1
@l =[m{ i} =W ]sT g =[] &'}
3x1 33 3x1 3x3 33 3x1 33 3x1
@ =T =m0 (&) =[] 2} ©)
3x1 3x3 3x1 3x3 33 3x1 3x3 3x1
me (20} =180, 8.8, | {a)) ={& 8.8, | (g} ={al. a2, .
1x3 1x3 1x3

2.2. Ilepemewenun u oehopmayuu
0 ~ 0
BekTop nepemenienns Touku M ' T f1elcTBUs HArpy3KH IPe/ICTaBseTcs KOMIIOHEHTaMH B 6asuce Touku M ' :

7=vgl={g"] (hm=123 ()

1x3 3x1

T 1.2.3
rae {V} Z{V vV v }
1x3
[IpousBoanbie BekTOpa nepemenieHus (7) Mo KPUBOJIMHEHMHBIM KOOpAMHATAM X, 6,2‘ OIPENEIAIOTCS. BBI-

PaXCHUAMU

_ .1 =0 10 2 =0 2 -0 3 =0 3 -0
I/,m - v,mgl +v gl,m +V,mg2 +v g2,m +v,mg3 +v g3,m‘ (8)
C yuetroM (6) cooTHotIeHHs (8) MOKHO TIPEICTABUTH B BUJIC
% k =0
V,m = f;n gk s (9)

k
rae f;n — q)YHKHI/II/I KOMITOHCHT BCKTOpPa NEPEMEIICHUA U UX TPOU3BOJHBIX, OIIPEACTIACMBIC BBIPAKCHUAMU
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1_ 1 1 2 3.
1 =V, +vim +vim, +vim,;

2 =vi +V I+ v, +V L. (10)

Jedbopmanmu onpenesoTcs COOTHOIICHISIMI MEXaHUKH CTUTOITHON CPEIIb:
I
sij—E(giv’j-i-gjv’i). (11)

C yuerom (4) 1 (9) MoxHO chopMUPOBATE MATPUIHOE COOTHOILICHHE

tef =[L]{v), (12)

6x1 6x3  3x1

T
rac {8} = {811, 822, 833, 2812, 2813, 2823}; [L] — MaTpuia anre6pa1/1qecmx n ):[,I/Iq)(bepeHL[I/IaﬂbHLIX OIICpaToOpPOB.
1x6

2.3. Coomuoutenusn medxcoy oepopmauuamu u HanPAHCeHUAMU

3akoH ['yka mpencraBiseTcs B KpUBOJIHMHEHHONW CHCTEME KOOPIUHAT BRIPAXKCHUIMHU

o, =M, (g)g; +2ue,;

y

o’ =M, (e)g’ +2ug’"g"'e,;

I+v v 0
& =7 i _Ell (o) g;:
1+V 0 0 _mn v 0
& = i 8in& O —Ell(c)gﬁ, (13)

0 mn

0 _.mn 0 mn o o _ 0 _mn _
rae Il(s)= g€ =g "€, — NepBbIi MHBapHAHT TeH30pa JAedopmariuii; Il(cs)— g.0 =g "o, -

o o 0 0
INEPBbIM MHBAPUAHT TCH30pa HAIIPSAKCHUU, gmn’ g "o KOBAPUAHTHBIC W KOHTpPABAPUAHTHBIC KOMIIOHCHTBI

mn

METPUYECKOTO TeH30pa; € €& — KOBapHMAHTHBIE M KOHTpaBapHWaHTHBIE KOMIIOHEHTHI TeH30pa Aedopmannii;

mn?

G,,,0  —KOBapHaHTHBIC M KOHTPaBapUaHTHBIC KOMIIOHEHTHI TEH30pa HALPSDKCHMUI; A, [L — mapameTpsl Jlame;

E — monyne ynpyroctu Marepuana; v — KO3(QQUIHEHT TOIEPEUHOH gehopMalnu.
Ha ocHoBanum cootHomenuit (13) hopMupyeTcss MaTpHIHOE BRIpAKCHIE

{e}=[C]{o"}, (14)

6x1 6x6  6x]

2.4. Koneunwtit snemenm 000104Ku 6pamieHus 8 hopmyauposke memooa nepemeujeHuil

KoHeuHblIii 3JIeMEHT NPUHAT B BUJIE MIECTUTPAHHKKA C y3Iamu i, j, k, [, m, n, p, h. JIjs BBINOTHEHNSs YKC-
JICHHOTO MHTETPUPOBAHUS IIECTUTPAHHUK OTOOpaskaeTcs Ha KyO ¢ JIOKaTbHBIMHA KOOPHMHATAMH, H3MCHSFOIMUCS
B npexenax —1 <& m, {<1. B kayecTBe y3/10BbIX HEU3BECTHBIX MPUHSTHI IEPEMEIIEHHS M UX TPOU3BOHBIE 11O
JIOKaJIbHBIM KOOPJIMHATAM.

AHHpOKCI/IMaHI/IH HepeMeH_ICHI/Ifl BHYTPGHHCﬁ TOYKH KOHCYHOI'O 3JICMCHTA BBIIIOJHAIACh HA OCHOBEC ITIOJIH-
HOMOB BpMI/ITa TpeTLeﬁ CTCIICHU MaTPpUYHBIM BBIPA’KCHUCM
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v =[4]{n},

3x1 3x96  96x1

1h li 1h 1i 1h 1i 1h 3i 3h 3i 3h 3i 3h3i

T .
1 1i
rue {vy} ={v pees Vs Vs ens Ve s Vs ey VI Vi s Vi oV s VT Vi s Ve s Vi ey Vi Vi s

n?
1x96

COOTHOIICHUEM
| _ r
{Vy} - [T] {Vy}’
96x1 96x96  96x1
T . . . . . .
r 1i 1h 1i 1h 1h 1i 1h 3i 3h 3i 3h 3h 3i
rac {Vy} ={V yeeey V ,V’x,...,V Ve,..., V’e ,V’t,...,V’t stV 4,V ,V’x,...,V VG""’V,S ’V,t 5 en
1x96

Marpuma [T ] chopmupoBaHa Ha OCHOBE AU HePEHITHATBHBIX COOTHOIICHMH

oq 6q 8x+6q 69+6q ot
0§ ox 0t 000t ot ot
oq 8q ox 8q 00 M . 9 dq ot
611 Ox 8\1 o0 on ot 611

oq 8q8x+6q80+8q8t
o oxadL 0oL ot o

1 2 3
IJIe IO/ ¢ TPUHHUMAIOTCS KOMIIOHEHTBI BEKTOPA IMepEeMEIIeHust vV , V™, V.
C ucrnionp3oBanueM (15) nedopmanmm (12) onpenensroTcss B MATPHIHOM BHC

e} =[L]{v} =[L][4]{v}} =[B]{v]}-

6x1 6x3  3x1 6x3 3x96 96x1 6x96  96x]

v

Y

(15)

3h}
L)

BCKTOpLI Y3JI0BbIX HCU3BCCTHBIX B JIOKAIIBHOM U TII00ANbHON cHCTEMax KOOpAWHAT CBA3aHbl MAaTPUYIHBIM

(16)

3h
AN

a7

(18)

Jis hopMupoBaHUs MaTPHUITHI )KECTKOCTH KOHEYHOTO AJIEMEHTA MCIIONB3YyeTCs (yHKITHOHAI, OCHOBAaHHBIH

Ha paBEHCTBE pabOT BHEIIHUX U BHYTPEHHUX CHII:

@, = [{o} {e}av -2 [} (g} s,

y Ix6  6x1 s 1x3 3x1

. T
rac V — obbeM JJIEMCHTA, S - MOBCPXHOCTH NPHUIIOKCHUA 3aJaHHON HATI'PY3KU, {q} = {ql’ q,, q3}
1x3

HEHTBI BEKTOPA BHEIIHUX HAIPY30K.
[Ipu yuete (14), (15), (16) u (18) dyuaxkumronan (19) 3anumieTcs: BEIpaKeHUEM

1 7 1( 7
@ =5 {w) (1] J[B] [T [Blav [T){v}-5{v}" [T]" [[4] {a}ds.
2 1x96  96x96 |y 96x6  6x6 96x96  96x1 2 1x96  96x96 ¢ 96x3  3xI

[Toce BBITTOTHEHUST MUHUMHE3AITUH GyHKITMoHAIA (20) moaydaeTrcs

(K]} ={r),

96x96  96x] 96x1

rae [K] = [T]T J-[B]T [C]f1 [B]dV [T] — MaTPHIIA )KECTKOCTH KOHEYHOIO DIIEMEHTA; “A

96x96 96x96  p 96x6 6x6  6x96 96x96 96><1 96><96 s 96x3

BEKTOP y3JIOBBIX YCHIIHAH.
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3><l

(20)

(e2))

a’S—

373



Gureeva N.A., Klochkov Yu.V., Nikolaev A.P., Yushkin V.N. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(5), 361-379

2.5. Koneunwtit anemenm 0060104Ku 6pawieHus 6 CMEUanHol hopmynuposke

B kadectBe Y3J0BBIX HCU3BCCTHBIX IECTUTPAHHOTO KOHCYHOI'O 3JICMCHTA NPUHUMAIOTCA NEPEMCIICHUA U
HaIIpsOKCHUA !

T . . . . . .
11 11h 22i 22h 33i 33h 12i 12h 13i 13h 23i 23h
{Gy} ={G ,..,0 ,0°,.,0077,67,.,07,67,.,0,0 ,..,6,07,..,0 } 22)
1x48

JUig anmpoKcUManuy UCKOMBIX BEJTMUMH Yepe3 Y3JI0Bble 3HAUCHUS PUHATH OMITMHEHHbIe (pyHKINU
T
={o(&n.0)} {1}, (23)
1x8 8x1

1 2 3 11 22 33 12 13 23
e o A MOHMMAKTCA BEJIMYUHEL V ,V ,V’,6 ,06°,06°,0 ,0 ,0

Ha ocnoge (22) u (23) dopMupyroTcss MaTpU4HbIE COOTHOIIICHHS
=141} {"} =[S]{o,}. (24)
3x1 3x24  24x1 6x1 6x48  48x1

Hedbopmanmu (12) Ha ocHOBE (24) 3aMUIIYTCS B MATPUIHOM BHJIE:
e} =LA ]{v f=[B.]{v} (25)
6x1 6x3 3x24  24x] 6x24  24x]

Jns mosryueHus MaTpuibl AeGOopMUpPOBaHUS KOHEUYHOTO 3JIEMEHTA HCIONb30BaH (PyHKIMOHAN, MOTydIeH-
Heli U3 (19) myTem 3aMeHbI JeicTBUTENBHON paboThl BHYTPEHHUX CHJI PAa3HOCTHIO MOJIHOM M TOTOJIHUTEIHHOMN
paboThl BHYTPEHHUX YCHIINIL:

1,7 1 T

o, = { 1L ey {o}}zv e 6)
1x6 6x3  3x1 1x6 6x1 2 s 1x3 3x1

C yueroM (24) u (25) dyHkmoHa (26) s KOHSTHOTO dJIEMEHTA 3aITUIICTCS BBIPAKCHHEM

o, ~{o,}" [[ST [V {v} - (o) [IST[CIS)av fo }-< (v} [I4T @7)

1x48 y 48x6  6x24 24x1 1x48 y 48x6  6x6 6x48 48><1 1><24 s 24x3 3><1

T T
[locne BappupoBanus GyHKIMOHATA (27) MO y3IOBBIM HEU3BECTHBIM {G y} u {vy} MOy YarOTCS] CHCTEMBI

YPaBHEHUN:

oo

= _[H]{Gy}+ [Q] {Vy} =0;
{Gy 48x48  48x1 48x24 24x1

oD

(0] fo, {1} =0, e

T
0 {vy 24x48  48x1 24x1

e [0]= [T [B.Jav: [#1]=[[sT [cls]av: {1,}=[[a]

48x24 y 48x6  6x24 48x48 y 48x6  6x6 6x48 24x1 S 24x3 3x1
Cucrtemsl (28) mpeAcTaBISIIOTCS B TpaaumuoHHOH 111 MKD dopme

[K1{Z,}={F}, (29)

72x72  72x1 72x1
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-[#] [2]
48x48  48x24 T T T
e [ ] = h — MaTpHIa 1eOpMUPOBAHUS KOHEUHOTO YJIEMEHTA; {Z y} = {G y} , {v y} — CTpoKa
72x72 [Q] [0] 172 48 1x24
2448 24x24

T T T
Y3JIOBBIX HCU3BCCTHBIX; {F} = {O} 5 {f;}} — CTPOKa Y3JIOBBIX HAIrpy30K KOHCYHOI'O 3JICMCHTA.
1x72 1x48 1x24

3. Pe3yabTaThl HCCJIeI0OBAHUI U UX aHAJIN3

Bruto onpeneneHo HanpsHkeHHOE COCTOSIHUE JKECTKO 3aIEMIICHHOH 110 TOpIaM IWIMHAPHYECKON 000I0UKHY,
Harpy>KCHHOW BHYTPEHHHMM JIaBICHUEM MHTEHCUBHOCTU ¢ . IIpHHATHI cienyrolue UCXOIHbIE JaHHbIE: paauyC Cpe-

nuHHOM ToBepxHOocTH R = 1,0 M; mnHa obpasyromeit L = 0,5 M; Tommuna crenkd £ = 0,02 M; g = 5 MIla;

Mozyib yrpyroctu mMatepuana E =2-10° Mlla; kosddumment monepednoit aepopmaruu v = 0,3.

Tabauya 1

YuciieHHbIC 3HAYCHUS IAPAMETPOB HANPSIKEHHO-1e(POPMUPOBAHHOI0 COCTOSIHHA LMINHAPUYECKOii 000/104KH
NPH UCII0JIL30BAHHM 3J1eMeHTOB B (JOpMY/IHPOBKE MeTO/1a NepeMelieHnii

Yuciio psinos Cerka Ceuyenne
3J1eMeHTOB AUCKPETH3AINH Touxa 1 Touxa 2 Touxa 3
“::“T J?;I:;I;:e Hanps:xenus, MIla
¢’ c" ¢ c" ¢ c"
17%x2 381,14 -308,97 298,26 -221,91 -57,04 141,07
33x2 396,74 —298,97 303,02 211,51 -56,83 140,99
1 65x%2 430,50 -269,26 302,17 -212,05 -56,61 140,88
97 x2 467,52 —236,44 301,87 -211,73 —56,46 140,81
129%x2 505,40 —202,51 301,66 —211,46 -56,33 140,74
17x3 444,24 -329,74 331,64 —253,09 -73,52 157,34
33x3 464,29 -323,12 342,49 -260,16 —73,83 157,77
2 65x%3 489,77 -326,93 342,70 —261,20 —73,78 157,80
97x3 516,03 -328,81 342,71 -260,89 —73,69 157,76
129% 3 540,37 -326,81 342,64 -260,69 —73,62 157,72
17x4 472,09 —347,74 334,54 —262,45 75,68 159,53
33x4 499,49 —-349,06 345,85 -267,92 -76,03 160,00
3 65 x4 527,69 -352,34 347,01 -267,10 —-76,03 160,07
97 x4 552,45 -352,12 346,93 —266,94 75,95 160,03
129 x 4 578,18 -351,27 346,82 -266,77 75,88 160,00
17x5 491,13 —354,73 338,14 —265,33 —76,91 160,78
33x5 526,89 -355,26 348,14 -270,49 -77,43 161,42
4 65x%5 561,89 —355,87 350,38 -270,86 -77,50 161,56
97 x5 586,72 —355,73 350,32 -270,78 —77,45 161,54
129x 5 611,58 —355,93 350,22 -270,64 -77,39 161,51
17x8 523,33 -362,29 348,61 —268,24 78,25 162,14
33x8 584,38 -363,68 350,40 —274,48 —-79,00 163,04
7 65x8 642,43 -365,46 354,14 -275,20 79,19 163,29
97 x 8 677,46 -365,73 354,56 —275,23 79,19 163,32
129x 8 704,12 -365,73 354,53 -275,16 -79,16 163,31
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Tabauya 2

YucyieHHBbIE 3HAYEHUS nmapaMeTpoB Hal]pﬂmeHHO-}qu)OpMHpOBaHHOFO COCTOSIHUSA IIHJII/IH}Z[pI/I‘leCKOﬁ 000JI0YKH
Npu UCIIOJIB30BAHUH 3JIEMEHTOB B CMeIIaHHOI (l)opmmepOBKe

Yuciio psinos Cetka Ceyenne
3J1eMEeHTOB AUCKPeTH3AINH Touka 1 Touka 2 Touka 3
HSHTJ?:;E];T Hanpsixenns, MIla
¢ c" ¢ G ¢ G
17x2 472,47 -381,34 373,02 —288,59 —72,05 159,57
33x2 479,93 -390,65 365,74 277,22 —79,57 165,13
1 65x2 480,76 -392,41 366,43 -278,84 —81,44 166,05
97x2 480,60 -392,55 366,27 —278,98 —81,76 166,07
129x 2 480,43 —392,54 366,11 —278,98 -81,87 166,03
17%3 532,16 —335,43 364,93 —292,25 —74,68 160,75
33x3 543,99 —334,06 370,30 -278,72 -81,31 165,52
2 65x%3 544,53 -332,87 369,31 -279,13 -82,49 166,10
97x3 543,17 —333,25 368,38 -279,17 —82,55 166,05
129x3 542,10 -333,71 367,80 -279,22 —82,51 166,00
17x4 516,60 -365,22 365,88 —293,70 75,69 160,87
33x4 541,69 —384,38 363,23 -275,69 —81,81 165,84
3 65x 4 556,19 -394,50 364,47 -278,87 —82,82 166,42
97 x4 559,89 -397,72 364,49 —279,98 —82,84 166,34
129x 4 561,38 -399,15 364,43 —-280,50 —82,80 166,26
17x5 519,91 -350,43 363,74 -296,82 76,28 161,07
33x5 553,90 -367,90 361,51 —274,04 —82,07 165,86
4 65x5 583,84 —381,24 363,74 —277,62 -82,99 166,41
97 x5 592,53 —385,93 364,13 —278,75 —82,99 166,33
129x 5 595,59 —388,04 364,09 -279,27 —82,92 166,24
17x8 517,45 —354,04 364,49 —298,62 76,85 161,26
33x8 558,47 —382,77 358,64 -271,14 -82,31 165,97
7 65x8 616,05 —413,21 361,39 —275,66 —83,07 166,43
97 x8 645,52 —425,87 363,43 —271,76 —83,06 166,35
129x 8 659,74 -431,69 364,19 -278,77 —-83,01 166,28

PesynbTatel pacueToB npencraBieHsl B Ta0n. 1 u 2. [IpuBeneHbl 3HaYCHUST HANPSDKEHUH 10 HATIPaBJICHHUIO

25
OCH IIWIMHJPA B TOUKAX, PACIIONIOKEHHBIX CIIEAYIOIIMM 00pa3oM: | — B 3amenke; 2 — Ha paccrosunu L /32 =—h

32
OT 33JIeNIKH; 3 — B CepeANHE TIPoJIeTa.
Pacuernas cxema npeacTaBieHa OQHON MOJIOCKOH MIECTUTPAHHBIX AJIEMEHTOB BJIOJIH OCH IIMIHHIIPA.
B Tabin. 1 B epBoii KOJIOHKE TIOKa3aHO YHCIIO PSIIOB KOHEUHBIX 3JIEMEHTOB IO TOJIIMHE IIMJIMHAPA, BO BTOPOH
KOJIOHKE — YHCIIO Y3JIOBBIX TOYEK B OCEBOM HAIPABJICHUY W B HANIPABICHUH TOJIIUHBI 000104KH. B mocnemyto-
IIUX KOJOHKaX MPUBEISHBl YUCIEHHBIE PE3yIbTaThl HAMIPSKEHUH 10 HAIPABJICHUIO OCH IMIMH/PA BO BHYTPEH-

HHX G° ¥ HapyXHBIX G BOJOKHAaX COOTBETCTBEHHO B TOUKax 1, 2, 3.

AHann3 4UCIEHHBIX Pe3yIbTaToB Tald. | MOKa3bIBaeT CXOAMMOCTH BBEIYHCIMTEIHHOTO TpOIIecca IpH HC-
nosib3oBanu MKD B popmynupoBke MeTo/1a IepeMEIICHUH.

Pasnuumsa B pe3ynpTarax pacueToB IS TOYKH | OOBSCHSIOTCS OTIMYMEM TPaHUYHBIX YCIOBUH IS KO-
HEYHBIX 3JIEMEHTOB B IPUHATHIX (POPMYITHPOBKAX, a IMEHHO: B METO/IC TIEPEMEIIeHNI Ha3HAYar0TCS TPAaHUIHBIE
YCJIOBHS TIO MPOU3BOIHBIM MEPEMEIICHNUM, a B CMEIIAHHOW (OPMYJIMPOBKE HA3HAYAIOTCS MPAHUYHBIC YCIOBHUS
0 MepEMELICHUSIM.
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B Touke 2, orcrosimieit OT 3aeNKi Ha PacCTOSHUH Eh , Pe3yIBTaThl CTAOUIN3UPOBAIHCH TIPH CMEIIaH-

HOM METO/JIe YK€ TIPY OJTHOM KOHEYHOM 3JIEMEHTE TI0 TOJIIIMHE, a B METO/IE MTepEeMEeIIeHHII MOHOTOHHO CTPEMHT-
¢S K TaKWM JK€ YUCJIOBBIM 3HAYCHUSAM IIPH YBEITUICHUH KOJTNICCTBA KOHEUHBIX 3JIECMEHTOB I10 TOJIIIIHHE.

AHanmu3 YUCIICHHBIX PE3YJIbTaTOB TaON. 2 TMOKa3bIBaeT 0ojiee OBICTPYIO CXOMUMOCTH BBIYUCIUTEIHHOTO
mpoliecca Mpy UCIOIb30BaHUH METO/Ia KOHSYHBIX AJICMEHTOB B CMEIIAHHOUM (pOpMYIIHPOBKE.

JT0 OOBSICHACTCS TEM, YTO B CMEIIAHHOM KOHEYHOM BJIEMEHTE BBITIOIHIETCS COBMECTHOCTD IO HAIpsIKe-
HUSIM HE TOJBKO B y3JaX KOHEYHBIX 3JIEMEHTOB, HO U 10 UX TpaHsM. B KOHEUHBIX AJIEMEHTAaX METOJa TepeMe-
IICHUN COBMECTHOCTH JiepopManuii o rpaHsIM OTCYTCTBYET.

4. 3akjIouyeHnue

To4HOCTh OmpeeNieHns TapaMeTpoB MPOYHOCTH O0OJOYKK BPAIICHHUS W CXOJUMOCTh BBIYHCIHTEFHOTO IIPO-
1iecca BBIIIE MPH UCIIOJIB30BAaHUN KOHEYHBIX 3JEMEHTOB B CMELIAHHON (POPMYTUPOBKE. ITO OOBACHAETCS TEM,
YTO MPH TMONYYCHUH MAaTPUIbI 1e(OPMUPOBAaHUS STOTO0 KOHEYHOTO AJIEMEHTAa CTENEHb aIpPOKCHUMHUPYIOIIHX
(GYHKIHHA U anmpOKCHMHUPOBAHUS NCKOMBIX BEIMYMH BHYTPEHHEH TOYKH KOHEYHOTO JIEMEHTa Yepe3 y3JIOBbIe
HEU3BECTHBIC B CMEIIAHHOW (POPMYJIHPOBKE HUXKE, 4eM B (POPMYJIMPOBKE METOA TepEeMEICHU. Y CIIOBUE COB-
MECTHOCTH MCKOMBIX BEIIMYHMH B (DOPMYJIUPOBKE METOJA MEPEMEIICHHUI BBITIOIHSIOTCS TOJNBKO B Y3JIOBBIX TOY-
kax. Ha peOpax u rpaHsx mIeCTUTpaHHBIX KOHEYHBIX JJIEMEHTOB BHINICYTIOMSHYTHIE YCIOBUS COBMECTHOCTH OT-
CyTCTBYIOT. [IpH HCTONB30BaHUN KOHEYHBIX 3JIEMEHTOB B CMELIaHHOW (YOPMYIHPOBKE YCIOBHUS COBMECTHOCTH
0 TMIEPEMEILEHUSIM 1 HAMPSHKCHUSM BBITIOJTHSIOTCS HE TOJBKO B Y3JIOBBIX TOYKAaX, HO M Ha pedpax W rpaHsx Iiie-
CTUTPAHHOTO 3JIEMEHTA.
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