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Crarudeckyl onpezenumas Iiockas (epma MMeeT MPSMOJIMHEWHBIE T105ica U TPEYTroJib-
HYI0 PEUIeTKY, COCTOSIIYI0 M3 CIBOCHHBIX packocoB. UeThlpe ONMOpHBIE CBA3M JETAIOT €€
BHEIIIHE CTaTHYEeCKU HeorpeaeauMoi. [laercs BbIBoJ (GopMyIibl 3aBUCUMOCTH Iporuda ot ee
pasMepoB U Yuciia MaHeaeld. YCHIIUs B CTEPXKHSIX ONPEJNEISIOTC B CUMBOJIBHOM opme MeTo-
JIOM BBIP€3aHUsI y3J110B U3 PELICHUs CUCTEMBl ITMHEHHBIX YPaBHEHHH B CUCTEME KOMIBIOTEp-
HoW Maremaruku Maple. Jlnst onpeaeneHus mnpornba ucrosszyercst popmyiaa Makcsemia —
Mopa. CrepxHH (KpOME >KECTKHX ONOPHBIX) MPEANONAraloTcs yIPYTUMHA ¢ OAMHAKOBOW
XKecTKoCThI0. O000IIeHNE OTAENbHBIX PEIICHUI Ha ITPOM3BOIIBHOE YUCIIO TAHENICH MPOHU3BO-
JUTCST MeTo0M MHAYKImH. Oneparopsl cucteMbl Maple, onupasick Ha JaHHBIE PacyeToB, J1a-
10T JIMHEHHBIE OJHOPOJHBIC PEKYPPEHTHBIE YpaBHEHUS Ul KOI(G(OUIMEHTOB HCKOMOH (op-
MyJbl. PemieHusMu 3THX ypaBHEHUH SIBISIOTCS OOIIME WICHBI MOIY4YEHHBIX HOCIIEI0BATEIb-
Hocreil. [Tomy4yens! u conocraBieHsl GOPMYIIBI A TpEX THIIOB HArpy30K (paBHOMEpHas
Harpyska y3JI0B HHKHETO U BEPXHEro IMOsICOB U COCPEIOTOUCHHAs CHJIa B CEPEUHE MPOJIETa).
KpuBble 3aBucHMOCTH Hporuda OT 4YMclia MaHejdeld MMEIOT CIa0OBbIPaKEHHbIE MHHUMYMBI.
BriBe/IeHBI 3aBHCIMOCTH YCHIIMH B HanOoJIee CHKAThIX U PACTSIHYTHIX CTEPXKHSAX OT YHCIIA I1a-
Henel. JlaHbl aCHMITOTHYECKHE 110 YMCIY IMaHeled OLEHKH PEUIeHUH NMpHu (UKCHPOBAHHOM
IIpoJIeTe KOHCTPYKIMHK M 33JaHHO 001eli Harpyske.

KuroueBsle ciioBa: gepma, pemerka pepmsr, Maple, mporu6d

INocranoBka 3agauyu. CyIIecTBYIOIINE [TAKEThl CUMBOJIBHON MaTeMaTHKH Ha OcC-
HOBE M3BECTHBIX AJITOPUTMOB IO3BOJIIIOT CPABHUTENHHO JIETKO MOMy4aTh aHAJUTHYE-
CKHE PEIICHHS 3a/1a4 CTPOUTENbHBIX KOHCTpYKUMid. OnHako, 001acTh TPUMEHHUMOCTH
TaKUX peleHuil OyJeT HeBeNNKa, €CIM B UTOTOBBIX (hOpMyJiaX UMEIOTCS TOJIBKO pa3-
Mepbl KOHCTPYKILMHU, Harpy3Ka U mapameTpsl Martepuana. B 3agagax o depmax BaxkHO
ydecTh U YUCIIO TaHeNeH, ecnu gepMa UMeeT peryJisipHyio cTpykTypy. [loMmumo yHH-
BEPCAJILHOCTH TaKOE pelIeHUe MPHOOPETaeT ellie OAHO CBOWCTBO — BO3MOXKHOCTh TPO-
CTOTrO pacyera KOHCTPYKUUl ¢ OOJBIIMM YHCIIOM CTEpKHEN 0e3 OTepH TOYHOCTH, Xa-
paKTepHOH Ul YUCICHHBIX MeTOJ0B. O000IIeHNE pellleHUi Ha IIPOU3BOJIBHOE YUCIIO
naHeneil BO3MOKHO METOAOM MHIYKUIUH. MIMEHHO Tak OBbUTH MOJy4eHBI PELICHUS s
mporu6a tiockux [1-7] u mpocTpaHcTBEHHBIX [§] hepM. DTUM Ke METOIOM PACCUHTHI-
BaeTcs Mporud npeiaracMoil KOHCTPYKIIMK OaliouHol GepMbl Ha puc. 1.

Cxema ¢epmbl. Pemerka ¢epMbl COCTOMT M3 CABOSHHBIX PACKOCOB JIMHOH

c=~h’+a’, 0OpasylIIUX KECTKUE TPEYTOJBHUKU CO CTEPKHSAMH BEPXHEH U

HIDKHEH TaHesnel, u cToek mmHoi b. KpoMme OOBIUHBIX IS OaIOYHBIX (hepM OTop,
¢depMa ommpaeTrcs Ha JIOMOTHUTENBHYI0 TOPU30HTAIBHYIO OOKOBYIO omopy. HecMmor-
ps Ha 3TO, 33/1a4a CTaTHYECKH omnpezenumMa. JlecTBUTENBHO, B epMe ¢ 1 TTaHETIMHU
B TIOJIOBHHE TMPOJIETa CONEPKUTCS 87 + 2 COCNUHUTENBHBIX y370B (MapHUPOB) U
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m = 16n + 4 crepkHEeH, BKIIOYasl 4eThIpe OmopHble. TakuM 00pa3oM, CTaHIapTHAS
cxema pacyera (hepMsl, 110 KOTOPOIl CHa4aja ONpEeAeNAI0TCA PEeakuuy omnop (374ech UX
YeThIpe), a IOTOM IOCJIE0BATEIbHBIM BBIPE3aHNEM y3JIOB HAXOISTCS YCUIIHS B CTEPIK-
HSIX, HE POXOoAUT. s pemenus 3a1aud Heo0X0JMMO COCTaBUTh YPaBHEHUs paBHOBE-
CHsI BCEX Y3JIOB M HalTH PELICHHE CHUCTEMBI JTMHEHHBIX YPaBHEHHN. 3aMETHM TaKXKe,
9TO METOJ cedeHn PuTTepa B 3TOM hepMe MPUMEHUM TOIBKO TS KpaHUX TaHeIIeH.

bp I be be Ip

a a a a a a a a a a a a

Puc. 1. ®epma npu n = 3. Harpy3ka Ha HUKHUIA mosic
[Fig. 1. Truss at n = 3. The load on the bottom chord of truss]

Cucrema KOMIBIOTEpHOW MaTeMaTHKH Maple 1mMo3BosseT pemuTh 3Ty 3a/1ady B
cuMBONbHOU (opme. Tlomb3ysachk mporpammoit [9] u ombiToM ee mpuMeHeHus [1-7]
MPU PEIICHUH aHAJIOTHYHBIX 3a/1a4 JUIA IJIOCKUX (pepMm, 3a1aiuM KOOPIUHATHI Y3JI0B.
Hauano xoopaunaTt BeIOepeM B JI€BOI MOABHXHOH omope. Hymepauusi crepkneil u
Y3II0B IPUMEHHUTEIHHO K CiTydaro #n = 2 naHa Ha puc. 2. COOTBETCTBYIOIIHMH (pparMeHT
MporpaMMBbI Ha s13bIke Maple nmeeT BUJT

> for i to 2*n+l do

x[i] :=2*a*i-2%a; y[i]:=0;
> x[i+2*n+1] :=2*a*i-2*a; y[i+2*n+1] :=b;
> end:
> for i to 2*n do
x[i+4*n+2] :=2*a*i-a;y[i+4*n+2] :=h;
x[i+6*n+2] :=2*a*i-a; y[i+6*n+2] :=h+b;
end:

Puc. 2. Homepa y3,10B U cTep:kHeil npu n = 2
[Fig. 2. Nodes and rods number at n = 2]

CprKTypy PCUICTKU 3aaaJUM BEKTOpaMHu, COACPKAIIUMU B CBOUX KOOpAMWHATAX
HOMEpa KOHIIOB CTCp)KHCﬁZ

for i to 2*n do

N[i]:=[i,i+1];

N[i+4*n-1]:=[i+4*n+2,i];

N[i+6*n-1] :=[i+4*n+2 ,i+1];
N[i+8*n-1]:=[i+4*n+2,i+6*n+2];
N[i+10*n-1]:=[i+2*n+1,i+6*n+2];
N[i+1l2*n-1]:=[i+2*n+2,i+6*n+2];

end:

for i to 2*n-1 do N[i+2*n]:=[i+6*n+2,i+6*n+3]; end:
for i to 2*n+l do N[i+1l4*n-1]:=[i,i+2*n+1]; end:
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Marpuila ypaBHEHUN paBHOBECHS] COCTOUT M3 HAIPABIISIIOIIAX KOCUHYCOB yCH-
JIMH, BEIYUCIEHHBIX N0 KoopauHatam N[i] [1], N[i] [2], KOHLOB CTep>KHEH U
mx amuH L [1]. 3anomHeHre MaTPHIIB UACT B IIUKIIE IT0 YHCITy CTEPIKHEH m:

> for i to m do

> Lxy[1] :=x[N[i] [2]]-x[N[i] [1]]:

> Lxy[2] :=y[N[i] [2]]-y[N[i] [1]]:

> L[i]:= sqrt(Lxy[l]"2+Lxy[2]"2);

> for j to 2 do

> k:=2*N[i] [2]-2+7:

> if k<=m then G[k,i]:=-Lxy[j]/L[i]:£fi;
> k:=2*N[i] [1]-2+7:

> if k<=m then G[k,i]:= Lxy[j]/L[i]:fi;
> od;

> od:

Omnpenenum no ¢opmyne Makcpemna — Mopa mporud ¢epmbl moa neicTBreM
PaBHOMEPHOH Harpy3KH, IPUIOKEHHON K y3J1aM HHKHEro nosca. B ¢popmyie yuurtsi-
BAIOTCSI TOJBKO IPOJIOIbHBIE yCUIIHS:

m—4
A=YSsl /(EF),
i=l1

rae S; — yCwIns OT IEHCTBHS BHEIIHEH HArpy3KH; §; — YCWIHA OT €IUHUYHON BEpPTH-
KaJbHOM Harpy3KH, IPHIOKECHHOH K CpeJHEMY y3IIy HIKHErO 1osica (Tae u3Mepsaercs
BEPTUKAIBEHOE CMEIICHUE); /; — JUIMHBI CTEPIKHEW; m — YHCIO CTEeP)KHEH, BKIIOYast
OTIOPHBIE CTEPKHHU.

OOumii BuA pe3ynbTaTa Al pa3HOTro YMCiia aHeslel He MeHseTcs (CBOHCTBO pe-
TYJSIPHOCTH KOHCTPYKITMH) U UMEET BUJL

EFA=PC (@’ +2bh> +¢*) /. (1)

Koaddumment Cn obpa3syer mocienoBaTeabHOCTh 3, 52, 267, 848, 2075, 4308,

7987, 13632, 21843, 33300... . C nomompro oneparopa rgf findrecur us nakera
genfunc cucremMbl Maple MOXXHO HaWTH PEKypPPEHTHOE YpaBHEHHE, KOTOPOMY
YAOBJICTBOPSIIOT YWICHBI OCIESI0BATEILHOCTH

G =5C,.,—-10C_, +10C, s -5C,_,+C, 5
Penrenne 3Toro ypaBHeHHs JaeT oneparop rsolve:
C,=n*(10n" -1)/3.

Amnanornunyto Gopmy (1) uMeer perieHne B ciiydae 3arpykKeHHUsI BEpXHETO oS-
ca (puc. 3). Koadumuent B popmyse umeeT B

C,=2n"(5n" +1)/3.

Puc. 3. Harpy3ka Ha BepXHUii mosic
[Fig. 3. The load on the upper belt]
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IIpu onpenenernu nporuda GpepMbl OT TEHCTBHUS OTHON COCPEAOTOUCHHOH CHIIBI
B CepeIMHe HUXKHEro nosica hopmyiia Makcreiia — Mopa ynpomiaeTcs

m—4
A=P) sl /(EF).
i=1

Koaddunment B (1) B 3TOM citydae uMeeT BUJ

C, =n8n* +1)/3.
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Puc. 4. 3aBucumocTts nporuda ot yucjaa naneei, L =100 M, b =2 m, h =5 m:
1 — HIKHUH 10sic; 2 — BEpXHUH MOsIC; 3 — COCPEAOTOUEHHAs CHila
[Fig. 4. Dependence of the deflection on the number of panels, L=100 m,b=2m, /=5 m:
1 —lower belt; 2 — upper belt; 3 — concentrated force]

Ha puc. 4 nanb! KpuBBIE MTOTYYEHHBIX 3aBUCUMOCTEH NpU (PUKCUPOBAHHOW TN~
He mponeta L = 4an = 100 M u 3agaHHOil obweil Harpyske F). Ilpu 3arpyxeHuu
HWKHETo nosca P, =P(2n—1), BepxHero mosaca £, =P(2n), mjua COCPeIOTOYEHHOM

cunsl By =P . Beeneno o6o3Hauenue s 6espazmeproro nporuba A'=AEF /(RL) .

Cna0oBbIpaKeHHBI MUHAMYM ISl CITy4asl paclpeAesICHHBIX Harpy3oK IMpHXO-
JIUTCSI Ha HEepeaJlbHO MaJlble YKcliia naHenedl. B yacTHOCTH, [JI 3alaHHOTO IMpOJeTa
COOTBETCTBYIOIIAs JTMHA TIAHEH JO0JDKHA OBITh paBHOHM 12 M. OmHaKO I IPYyTHX
COYETaHMH HArpy30K M pazMepoB (hepMbl HANUYHE 3TOH OCOOCHHOCTH MOXKET ONTH-
MHU3UPOBATh KOHCTPYKIIMIO 110 KECTKOCTH.

Yeuaus B KPUTHYECKHX CTEPKHAX M aCHMITOTUKA. J[J1 OLIEHKHM TIPOYHOCTH U
YCTOHYMBOCTH (PepMBI TIOJIE3HO UMETH (POPMYJITBI TS YCHIINI B HANOOJIeE CIKATHIX U pac-
TSHYTBIX CTEPXKHIX KOHCTPYKIMH. KpUTHUYECKUMU TSl JTaHHOH ()epMBI SIBJISTFOTCS CTEPXK-
HHU B cepeivHe MpoJieTa. BeiienuM YeThIpe CTepiKHS: CKaThiid cTepeHb O B BEpXHEM

nosice, U — pacTsHyThII CTEPKEHb B HUKHEM | 1Ba packoca D), D, (puc. 2). Unaykuuei
IO pe3yJIbTaTaM pacdeTa BCero mecTr pepM MoTydaeM CIeAyIoIIre 3HaYeHHUS

O=-Pn’a/h, U=P2n*> —1)a/(2h), D,=-P(2n* —1)c/(2h), D, =Pn’c/h.
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KoaddurmenTs! B 3THX opMyaax OKazaaucCh HOCTATOYHO MPOCTBHIMHU, M OIEpa-
TOpBI cucTeMbl Maple /1715t UX BbIBO/Ia TIPUBJIEKATh HE TIOTPEOOBAIOCH.

C nomomip0 onepatopoB Maple MOXKHO HAalTH W aCHMIITOTHYECKUE CBOHCTBA
MOJTYYSHHBIX PEIICHUN AJIs1 TPOruoda, MOKa3bIBAIOIINE OOIIHMI XapakTep 3aBUCUMOCTEH
npu GUKCHPOBAHHOM HArpy3Ke U 3aIaHHOM rpoJiere. [Jis pactpeieieHHbIX Harpy30K
poCT MMeeT KyOu4ecKuil XapakTep, /Ui COCPEIOTOUYCHHOM — MapaOOoIMYeCKui YeT-
BEPTOro MOPSIIKA:
limA, "/ n’ = li_>ngc A,/ n’ =5(h+2b)/(3L),

n

n—>0

KmA, " n* =10(h+2b)/ 3L).

O030p aHATUTHYECKUX PELICHUH 3a1a4 O porude ockux ¢pepm NpuBeneH B [S].

BoiBoasbl. [Ipemmaraemas cxeMa cTaTHIECKA OMPENCTUMON (hepMBI SBIISIETCS pe-
TYJSIPHOM M JOMyCKaeT aHaJIMTUYECKOe pelleHue I BeIW4YMHBI Iporuba mpu pas-
JIMYHBIX Harpy3kax. OCHOBHBIM JOCTOMHCTBOM IOJIyYEHHOTO PELICHUs SIBJISETCS HaJIU-
qre NPOCTON PyHKIMOHANBHOW 3aBUCHMOCTHU OT YHCJIa aHeJIeH. DTO MO3BOJsET
MPUMEHSTH €ro JJIsl LIMPOKOTO Kiacca mojo0HBIX (epM, B TOM uucie U 1jst hepM ¢
0ONBIIMM YHCIIOM CTEp)KHEH, YTO aKTyaJlbHO IPU COBPEMEHHON TEHIEHLUH CTPOU-
TEJILCTBA OOJBLICTIPONIETHBIX COOPYKEHUH.

© Kupcanos M.H., 2018
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ANALYTICAL CALCULATION OF THE DEFLECTION
OF A BEAM TRUSS WITH DOUBLE BRACING

M.N. KIRSANOV

National Research University “MPEI”
14 Krasnokazarmennaya St., Moscow, 111250, Russian Federation

(received: November 11, 2017; accepted: March 05, 2018)

A statically determinate planar truss has rectilinear belts and a triangular lattice consisting
of double braces. The four links make it seemingly statically indeterminate. The derivation of
the formula for the dependence of the deflection on its dimensions and the number of panels is
given. Forces in rods are determined in symbolic form by cutting out nodes from the solution
of a system of linear equations in the system of computer mathematics Maple. To determine
the deflection, the Maxwell — Mohr’s formula is used. Rods (except all rigid support) are
assumed to be elastic with the same rigidity. The generalization of individual solutions to
an arbitrary number of panels is done by induction. Operators of the Maple system from
the calculation data yield linear homogeneous recurrence equations for the coefficients of
the desired formula. The solutions of these equations give the general terms of the obtained
sequences. Formulas for three types of loads are obtained and compared (the uniform loading
of the nodes of the lower and upper belts and the concentrated force in the middle of the span).
Curves of the dependence of deflection on the number of panels have weakly expressed minima.
The dependencies of the forces in the most compressed and stretched rods on the number of
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panels are derived. Also given are asymptotic estimates for solutions in accordance with
the number of panels in fixed spans of the construction and at a given total load.

Keywords: truss, lattice, Maple, deflection
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