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Combined logics of sentences and events consist of two parts: the external logic depending on episte-
mological assumptions and the internal logic depending on ontological ones. They were introduced by
V.A. Smirnov following some G. Frege’s and N. Vasiliev’s ideas. An analysis of the structure of combi-
ned logics shows that, in fact, they employs the links between two logical systems postulating in the role
of ontological part algebras which serve as the models of respective logics. It prompts us to consider sys-
tems which describe the direct interplay of two logics on syntactic level where we have an access to these
logics without mediation of their models. In the role of those systems might be used the so-called coex-
ponential and exponential ones which were introduced in [15]. In the paper the case of two paraconsis-
tent combined logics (having paraconsistent algebras as their ontological part) is considered.
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1. Introduction

The combined logic introduced by V.A. Smirnov essentially exploits some G. Fre-
ge’s and N.A. Vasiliev’s ideas. Since Vasiliev distinguished two levels in logic then com-
bined logic consists of two parts: the abstract (external) logic and the empirical (internal)
logic. The former depends on epistemological assumptions while ontological ones deter-
mine the latter. Such an approach becomes more transparent if we patently discern acts
of assertion (the relation of mental content with the way things are) and acts of predica-
tion (the synthesis of a property with the object). Following this course we, in effect,
maintain Frege’s differentiation of mental process (Gedanke) and assertion statement
(Urteil). In order to emphasize it Frege even introduces the special sign: “...we need a
special sign to assert that something or other is true. For this purpose I write the sign
‘ |—’ before the name of the truth-value, so that in ¢ |— 2? =4’ it is asserted that the square
of 2 is 4. I make a distinction between judgment and thought, and understand by judg-
ment the acknowledgement of the truth of a thought” [3. P. 156].

Being inspired by these ideas V.A. Smirnov introduces several combined calculi
of sentences and events (cf. [9; 10; 11; 12]) when both external and internal logic are
subjected to change. The language of those calculi includes two sorts of variables: event
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variables (terms) and propositional ones. If @ and b are terms then aUb, anb, ~a will
be also terms (complex events) while Oa, 0b are the formulas along with the formulas
0av0b, 0arbb, —a. Clearly, postulating some equivalencies like 6(aub) = 0avob,
0(anb) = Banbb etc. we arrive at different combination of algebras of events and pro-
positional calculi in the framework of one logic.

Meanwhile, if we bear in mind that N.A. Vasiliev assumed inconsistency on on-
tological level, but denied it on logical one, then it would be desirable to pursue this
program for combined logic too. One of proposals in this case consists in approaching
algebra of events as the discursive system which notion goes back to S. Jaskowski. In his
seminal paper “Propositional Calculus for Contradictory Deductive Systems” S. Jas-
kowski [4] offers a system of discursive logic by adding to S5 modal system a condi-
tional — (often written as ©d and called discursive implication) and defining a—f3 as
Oa—B. The logical truths of the pure — fragment of discursive logic are the same as
those of the pure o fragment of classical logic but unlike of the latter |= o—(—o—P)
fails, since g5 0(Cao(0—0oP)) fails too.

Approaching algebra of events as S5-modal algebra we are in position to cope
with contradictory character of ontological level by introducing counterpart of Jaskow-
ski’s type conditional in algebra of events and then O-translating it into sentential cal-
culus. The only question arising now is the nature of the possible event. What does it
mean intuitively? Are there any mechanisms allowing to separate real events from pos-
sible? Or there are some criteria for dividing events into possible and real one?

The proposal consisting in exploitation of the notion of ontological modality would
be the remedy we search for. Its basic idea can be expressed by means of the “making
possible” modal operator MP(x,y)<>yeac(x) (x makes possible y iff y is synthetizable
from x) [7]. Hence, we may treat the possible event ontologically by (i) purporting pos-
sibility as the case when a relation between some event and possible event take place
and (ii) identifying with this relation the relation “making possible” (usually such re-
lations are called “makers”). Thus, in a sense, one can consider possible events as
“ontologically generated” by some other events.

But there is also another, more popular in logical semantics, opportunity of event
treatment. In this case we assign to every event the non-empty set of possible worlds
in which this event comes about. In fact, such an approach purports the exploitation of
the usual technique of modal semantics and as consequence we arrive at the possible
world semantic frame where the accessibility relation must be taken into account. Again
we can treat accessibility relation as “making possible” relation: since some possible
worlds are accessible from another ones then the collection of the later could be obser-
ved as event and thus determines the former as event too. Indeed, under such treat-
ment the former would be acknowledged as the “possible” event.

Finally, there is another way to fulfill Vasiliev’s program. Instead of S5-algebra
in a role of event-ontology in this case more elaborated paraconsistent theories should
be adopted describing different cases and models of paraconsistency. Following this cour-
se of consideration one can accept da Costa algebra [2] reflected the most of logical

properties of da Costa systems C, as internal logic in assumed combined system. In this
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case the resulting system of combined logic also would be inconsistent (paraconsistent)
on ontological level but consistent on logical.

An analysis of the structure of combined logics shows that, in fact, they employs
the links between two logical systems postulating in the role of ontological part algeb-
ras which serve as the models of respective logics. In case of Jaskowski—Vasiliev com-
bined discursive system in this role we have S5-algera which is the algebraic model of
S5-modal system, in case of da Costa combined logic da Costa algebra is employed
which is an algebraic model of paraconsistent da Costa logic. It prompts us to consider
systems which describe the interplay of two logics on syntactic level where we have a
direct access to these logics without mediation of their models.

In the role of those systems might be used the so-called coexponential and expo-
nential ones which were introduced in [15]. In a nutshell they would be described in
the following way.

Let L, and L, be logical systems. Then a coexponential (or the unconstraint possible

translating) of L, into L, is a system L, in which we have '+, -, ¢ iff g[T"]F, g(¢)

for all translations g:L.,—L,. An exponential (or the constraint possible translating) of L,
into L, is a system L,_,; in which I'-,_; ¢ iff there exist translations 4:L,—L; and

g:L,—L, such that A(g[T']))FA(g(d)).

2. A System JVCD of Jaskowski—Vasiliev
Combined Discursive Logics

The language of the JVCD-system of Jaskowski—Vasiliev Combined Discursive
Logics can be described as follows. Let p, ¢, ... be event’s variables and we assume
(as in [9]) that event’s variables make terms. If a and b are terms, then anb, aub, ~a
are the terms as well. If @ is a term, then Oa is a formula; if o and 3 are formulas, then
avp, anP, aop, —o are formulas too. It is forbidden to mix terms and formulas.
Hence, for example, expressions of the form 6p>oq, anp, 6anb would be neither term,
nor formula: it is simply non-well-formed expression. Let event variables be defined
as above but we also have that Oa will be the term too. In his paper from 1948 S. Jas-
kowski defined a system D, of discursive logic as follows: “The system D, of the two-
valued discursive sentential calculus is the set of formulae T, termed the theses of the
system D, and marked by the following properties:

1) T includes sentential variables and at the moment the following functions: —,
O,V A,

2) Preceding T with the symbol ¢ yields a theorem in the two-valued sentential
calculus of modal sentences M,” [5. P. 150—151].

He proved also the following methodological theorems:

Methodological theorem 1 [5. P. 151]. Every thesis T in the two-valued sentential
calculi L,, which does not include constant symbol other then o, =, v, becomes a the-
sis Td in the discursive sentential calculi D, when in T the implication symbols o are
replaced by —, and the equivalence symbols = are replaced by <>.
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Methodological theorem 2 [5. P. 152]. If T is a thesis in the two-valued senten-
tial calculus L, and includes variables and at the most functors v, A, —, then

DT

2) =T—q;
are theses in D,.

Methodological theorem 3 [5. P. 153]. If in a thesis that belongs to the discursive
sentential calculus D, — is replaced by o, and <> by =, a thesis belonging to the sen-
tential calculus L, is obtained.

In order to explicate those theorems in the system of combined logic we add to
the axiom schemata of classical sentential logic and the rule modus ponens the follow-
ing schemes:

Al. 0avOb = 0(aub)

A2. —0a=6(~a)

Bl. 0(0(aub)) = 0(0a)vO(0b)

B2. 6a > 0(0a)

B3. 06(00a) o 0a

B4. 0(0a) o 6(~0~0a)

Let us hereafter a—b means ~0ab, a<>b means (~0aub)\(~0a0b). It easily can
be seen that the axioms A1—A2 provide us with a Boolean algebra structure of the
set of events and the following theses will take place:

A3. 0anbb = 0(anb)

B5. 08(a—b) o (6a o 0b)

B6. 0(a<>b) o (6a = 0b)

Let us denote 0(0a) as d(a). As it may be easily checked, 0(0a D) is S5-logically
equivalent to (¢a. ©0P) which leads to O(~0a v b) = ~0a v 0b as it algebraic counter-
part. Since “—” and “«<>” are, in effect, algebraic counterparts of the discussive impli-
cation and discussive equivalence respectively, then we are entitled to introduce an al-
gebraic counterpart “N,” of discussive conjunction ¢a. A B (aNb means Ganb) and an
algebraic counterpart “V” of discussive negation —Oa (Va means ~0a). All this opera-
tors would be together characterised with the help of the following theses:

D1. 8(aub) = d(a)vd(b)

D2. &(an,b)=d(a) A (b)

D3. d(Va)=-da

D4. 8(a—b) o (da > db)

D5. d(a<>b) = (8a = db)

It is easy to check by direct computation that —, N, U, <>, V possess all the proper-
ties of Boolean algebra operations D, A, v, — respectively. Obviously, the set of all 6-for-
mulas will be closed under the rule of discussive modus ponens:

da 8(a — b)

(8MP) 55

For the time being it seems that everything is going well. But detailed analysis
quickly shows that point 1) of Jaskowski’s methodological theorem 2 was left beyond
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the scope of our considerations. We know how to obtain a discussive formula from the
event and meanwhile we still have no idea of the correlation between usual formula and
respective event. But this is precisely the condition we ought to satisfy in our interpreta-
tion according to the sense of Jaskowski’s methodological theorem 2.

In order to bypass those difficulties arisen we borrow some notion from Smirnov’s
General Logic of Sentences and Events in [11]. There is an operator [—] in the language
of this calculus such that if a is a formula then [a] is a sentential term. Loosely speak-
ing, we relate with an every formula the respective event (e.g. as her referent). By means
of such an operator we enrich our system with the axioms:

B7. Ola]=

Bg. G[GVB = 0([a]wIB])

B9. 6[-a]= e(~[ ),

B10. a. > 6(~[a] — b),
where b is an arbitrary event in the event algebra. Those give us an explication of Jas-
kowski’s methodological theorem 3 we search for. It easy to see that we obtain

o D ofa]

o D (8(~[a]) D db)
as the corollaries of the newly introduced axioms.

It seems that an idea of the [—]-operator could be trace back to the J. Stupecki’s idea
from [8]. He proposed, namely, to enrich the language of modal logic with the expres-
sions p*x which might be read as follows:

(1) saying that p, we state (the event) x;

(2) sentence p states the event x.

Following this course we can read the expressions [o] as “saying that o we state
(the event) [a]” or “sentence o state the event [a]”.

If we would consider formula 0a as, in a sense, a description of the event a and da
as a discussive description of the event a then following N. C. A. da Costa we can de-
fine a discussive theory 7 of event interpretation in case when the following conditions
are satisfied:

(1) Ifaisan event, then daeT;

(2) T is closed under discussive detachment: if daeT and d(a—b)eT, then
d(b)eT.

Discussive theories seem to be reflecting the characteristic marks of Jaskowski’s
discursive system while describing or treating some set of events. According to Jaskow-
ski “a system which cannot be said to include theses that express opinion in agree-
ment with one another, be termed a discursive system... if a thesis 4 is recorded in a
discursive system, its intuitive sense ought to be interpreted so as if it were preceded
by the symbol Pos, that is, the sense ‘it is possible that A’. This is how an impartial ar-
biter might understand the theses of the various participants in the discussion” [4. P. 149].

We must take now into account that the cases of 6- and d-operators are of a dif-
ferent nature relatively to the notion of inconsistency. In fact, we need to distinguish
external and internal inconsistency where the former notion is the usual one due to the
classical character of our external logic (which is would not be the rule). There are any
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peculiarities concerning 6a and 6(~a) formulas because of the A2 axiom we have —0a
instead of O(~a) and everything is going on as usually. But in case of da and (~a)
situation is rather different.

Let I" be a set of formulas. (I') denotes the least theory, containing all elements
of I'. Then the following proposition will be true:

Proposition 1. There exist internally-inconsistent discussive theories of event in-
terpretation which are not over-complete (i.e. if T is such a theory then it is not always
the case that T = F where F is the set of all formulas).

Proof. If I' = {da, d(~a)}, then I is internally-inconsistent but not over-complete,
since &(aN,;~a — b) is not a thesis of T, where b is any event distinct from a. m

Hereafter m means the end of the proof.

In algebraic way semantics of JV'CD-logic might be obtained approaching proposi-
tions and events as two different kind of entities. Then an algebraic JV'CD-bundle will be
a 4-tuple (A4, B, f, g) where A = (4, +, —) is a Boolean algebra (4 contains two elements
at least), B = (B, @, ', @) is an S5-algebra, f: B — A, g: A — B are embedding func-
tions. Let 0, 1, ° and < be in both algebras defined as usual. For f'and g the following
conditions are fulfilled:

Sk®D) = f(k) + £(D),

S&) =—f(k),

fgx) =x,

glx+y)=gx) @ g(),

8(—x) =g(x),

x<f((eg(x)) ®y),
where x,yed and k, [ € B.

If F is a set of well-formed formulas and E is a set of events then a valuation v is
defined by:

v:FUE—> 4B,

v(avp) =v(a) + v(P),

v(—a) = —v(a)

(where a, B are wif and v(a), v(B) € 4),

v(aub) =v(a) @ v(b),

v(~a) =wa)’,

v(0a) = ev(a),

v(8a) = f (v(a)),

v([a]) =g (v(a))

(where a, b are events and v(a), v(b) €B).

Theorem 2. Axioms PC + (Al — A2, Bl — B4, B7 — B10) are valid in any (A, B, f,
g)-bundle.

Proof'is straightforward m.

The sense of exploiting the notion of a JVCD-bundle becomes more transparent
in case when in role of B we take a modal algebra B" = (M, U, N, —, ) where

(1) M= P(W) (aset of all subsets of W);

(i) v, Nn,—are set-theoretical join, meet and complementation in M;

(ii1) for4eM 04 = {x: Jy(yed and x < y)}
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if we use the standard Lemmon’s method of obtaining modal algebra for a frame (cf.
[Lemmon 1966]). On the one hand this construction of JVCD-bundle {4, B", f, g) preser-
ves our treatment of event as a set of possible worlds and from the other hand it shows
the “mechanism” of fibre bundles in combined logics semantics.

3. Coexponentials and Exponentials of JVCD

In a standard way we can also introduce a valuation vg,: Fgs — B for S5-logic by
means of the following definitions:

vss(avP) = vss(a) Ovgs(b),

Vss(anP) = vgs(a) ® vgs(b),

Vss(—a) = (vss(a))',

Vss(Oa) = & vgs(a),
where o, B are wif of S5-logic and vg(a), ve(B) € B.

If we split JVCD-valuation v into a valuation v7,,,, which is defined on formulas

and a valuation v{,., which is defined on events then this gives us the following dia-

gram of valuations and embeddings:

h
§5 «—= JVCD

1
vsjl Mﬁé@
8

B T————> 4

f

where A is a translation h: JV'CD — S5 defined by the conditions

h(a) = p,,

h(p) = p;,

h(ovpB) = h(a) v h(B),

h(—a) =— h(o)

h(aub) = h(a) v h(b),

h(~a) == h(a),

h(0a) = Oss h(a),

h(0a) = h(a),

h([a]) = h(a)
and 7 is a translation i: S5 — JVCD defined by the condition i(a) = 6(v ‘; 5 (o)) where
vz 5 (o) means substitution for S5-operators respective events-operators of JVCD i.e.
we replace @, ', e with U, ~, ¢ respectively. Now it is easy to define I'F;;-po and
I'Egso iff for any B € I and an every valuation v,y (= vaCD WY yep ) and vg; we

have v,,p(B) < v,cp(a) and vg(B) < vgs(a) respectively.
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Such a construction allows us develop a possible translating semantics (PST) of
JVCD according to the general scheme of PST elaborated by W. Carnielli in [1]. In

this case we define a local forcing relation =, for JVCD (in respect to h) as

TE" ., o iff h[T]Egs ()

for every set 'U{a} of formulas of JVCD. Generalizing we get a definition:
T'E ycpa iff for any translation 4 it is the case that TE ", a.

Since i(a) = 6(v§5 (o)) then substituting we analogously obtain TE"sso iff
OV s [TDEyepP(vss () and TEgo iff for any valuation wgs we have
0(v ; s [TDEpepd(v ; 5 (). In essence, the role of 8-operator would be depicted on the

diagram above with the help of the function j: B - JVCD, i.e. as

h
§5 «—= JVCD

l
vsjl % lvjf;w
g

B T————> 4

and we obtain (o) = j(vs(o)) where
Jj(@)=0a
Ja® b)=j(a) v j(b)
Jj@)=—=ja)
J(ea) =j(0a)
and respectively modified condition:
I'Fgs o iff for any valuation vg; we have j(ve[T)E jpcpj(vss(a)).

What will take place if we replace F with 7 In this case we can define local con-
sequence relation H" -, for JVCD (relative to h) as
I op o iff AT Fgsh(a),
and we define consequence relation on S5 via JVCD as
r |— vepa iff for any translation 4 it is the case that I” HVCD o.

In fact, our definition of I |— vep@ gives us the construction of coexponential of
JVCD to S5 which would be denoted JV'CD <« S5 since the last is the system in which
the consequence relation is determinate by the consequence relation of S5 depending
of all translations from JVCD to S5.

If as above i(a) = j(vgs(a)) then every translation of i-type will be determined by

the respective vgs, i.e. I’ |-§ s SSou iff j(wg[I]) |— vepJ(Ves() and T |—S5oc iff for any valua-

tion vg; we have j(vgs[I']) |- vepJ(Vss(a)). In this case we deal with the coexponential
S5 < JVCD of S5 to JVCD where translations i: S5 — JVCD are defined via vg;s.
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But if we replace JVCD with PC then the situation immediately changes: i should
not now depends on 0-operator and a valuation vgs and in this case instead of T’ I-S5OL
we deal with ' |—S5(:pc o where S5 <= PC (coexponential of S5 to PC) is a system in
which I I_S5<:PCa iff for any translation i: S5 — PC it is the case that I’ |—’S 5 —pcO. 1.€.

iff for any i: S5 — PC we have i[[] |—pC i(o).

The only problem is that since we did not impose constraints on different i then
it might be the case that i,(a) = i,(B) i.e. ' |—S5cpcoc and I’ |—S5cpcl3 would be deter-
mined by one and the same PC-formula. If we would like to have more precise defini-
tion of the consequence relation by means of translation then it seems promising to em-
ploy analogous to g translation k: PC — S5 and characterize a system PC=S5 (of con-
straint possible translating of PC to S5 or exponential of PC to S5) with the help of
condition I |—PC:>S5OL iff there are translations i: S5 — PC, k: PC — S5 such that

T |55 o e, KG(TD) Fosh(i().

Finally, if we take into account that Jaskowski’s methodological theorems, in fact,
specify us the translation m: PC — S5 (methodological theorems 1 and 2) and transla-
tion n: S5 — PC (methodological theorem 3) then we can speak of Jaskowski’s discur-
sive logic D, as the exponential S5=PC of PC to S5 where I' |—S5 —pco iff there is the
case that I" |-';,2 o i.e. n(m([I'])) |‘Pc n(m(a)).

4. Coexponentials and Exponentials of da Costa Combined Logic

We can try to adopt more elaborated paraconsistent theories describing different
cases and models of paraconsistency while fulfilling Vasiliev’s program. Following this
course of consideration we propose to accept da Costa algebra [2] reflected the most
of logical properties of da Costa systems C, as internal logic in our assumed combined
system. In this case the resulting system of combined logic also would be inconsistent
(paraconsistent) on ontological level but consistent on logical. Since our further theo-
retic constructions are essentially based on da Costa algebra then for the further proceed-
ings we adduce the complete definition.

Definition [2. P. 81]. By a da Costa algebra we mean a structure

A=(S,0,1,< N, U, —>,~)

such that for every a, b, ¢, x in S the following conditions hold:
1) <isa quasi-order;
2) anb<a,anb<b;
3) ifc<aandc<bthenc<and;
4) ana=a,ava=a;
5) an(buc) = (anb) U (anc);
6) a<aub,b<aub;
7) ifa<candb<cthenaub<c;
8) an(a—> b)<b;
9) ifanc<bthenc<(a— b);
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10) 0<a,a<;

11) x° < (~x)°, where x° = ~(x"~x);

12) xu~x <> 1, where a <> b iff a < b and b < q;

13) ~~x<x, where ~~x abbreviates ~(~x);

14) a® < (b > a) > (b = ~a) > ~b);

15) x’~(x%) > 0.

If there exists xeS such that it is not true that xn~x <= 0 the algebra A is said
to be a proper da Costa algebra.

In order to obtain da Costa paraconsistent combined logic PC*“" (cf. [13]) we en-
rich the axiom schemata of positive classic sentential logic and the rule modus ponens
with the following schemes:

Al.
A2.
A3.
A4.
AS.
A6.
AT.
A8.
AO9.
Al0.
All.
Al2.

0an0b = 0(anb);

0avOb = 0(aLb);

0anb(a — b) o 0b;

(6(anc) 2 0b) o (6¢c o B(a — b));
0(a") > 0(~a)°, where a® = ~(aU~a);
0(~~a) o Oa;

0(a”) 2 06((b = a) = ((b > ~a) = ~b));
0b o B(a~a);

8(a’~(a)) > 0b.

o D 0[a]

6lavp] = 6([a]J[B])

6laApB] = 6([a][B])

An algebraic semantics of PC*“ will be a an algebraic da Costa bundle which is
4-tuple (4, B, f, g) where A = (4, +, °) is a Boolean algebra (A4 contains two elements
at least), B=(B, 0, 1, <, N, U, -, ~) is a da Costa algebra (B contains three elements
at least), f: B —> A, g: A — B are embedding functions. For f, g the following condi-
tions are fulfilled:

f(aub) = f(a) + f(b),

Sflanb) =f(a) ° f(D),

f(@)efla—> D) <f(b);

(fanc) o f(b)) < (f(c) o f(a > b));

(@) <f(~a)’, where a° = ~(a~a);

f(~~a) < f(a);

(@) <f(b—> a) > (b —> ~a) > ~b));

f(b) < flau~a);

f@'o~(a) <f(b).
wherex Dy=—x+yanda, b, ceB;

glx+y)=gx) v gl),

8lx o y)=gx) N g,

x < f(g(x)),

where x, yeA.
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If F is a set of well-formed formulas and E is a set of events then a valuation v is
defined by:

v: FUE—> 4B,

v(avp) =v(a) + v(P),

v(anp) = v(a)e v(p),

v(—=a) =-v(a)

v([a]) =g ((a).

(where o, B are wff and v(a), v(B) €4),

v(awb) =v(a) U v(b),

v(anb) = v(a) N v(b),

v(a—b) = v(a) — v(b),

v(~a) =~w(a),

v(0a) = f (v(a)),

(where a, b are events and v(a), v(b) €B).

Theorem 3. Axioms PC+(A1—A12) are valid in any da Costa bundle (A, B, f, g).

Proof is straightforward m.

Let us remind that we can introduce a valuation v, : F, — B of da Costa sys-

tem C, by means of the following conditions:
ve (v B) = v, (a) U v, (),
ve, (@nB) = v, (@) A v, (),
v, (—0) =~ v (a),
v, (@P) = v, (@) — v, (b),
where a, B are wif of C, and v (o), v.(B) €B.

If we split PC %) _yaluation v into a valuation v o) which is defined on for-
PC

mulas and a valuation v ;Ce(CD which is defined on events then this gives us the follow-

ing diagram of valuations and embeddings:

_h 8(Cy)
C —=PC

[4
g

B ———>A

-
f
where h is a translation #: PC*“) — C, defined by the conditions
h(a) = p,
hp) =p;,

h(avpB) = h(o) © h(B),
h(anB) = h(o) N h(B),
h(aub) = h(a) U h(b),
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h(arb) = h(a) A h(b),
h(a — b) = h(a) — h(b),

h(~a) =~ h(a),
h(0a) = h(a),
h([a]) = aq

and i is a translation i: C, » PC%“" defined by the condition i(ct) = O(v Zl (o)) where

v*c1 (o) means substitution for C,-operators respective events-operators of PC*“",

i.e. we replace U, N, =, ~ with event-operators U, N, —, ~ respectively. Now it is

casy to define I'F , o(c;) o0 and I'= o iff for any B € I" and an every valuation v?fcc‘)

= v;Ce(q) U";CG(Cl) andv wehave v, o) (B) < v,.00c) (o) and v (B) < v ()

respectively.
Introducing analogously to the case of JFVCD PTS for PC*“" we define a local
forcing relation = ; O(CD) for PC* (in respect to k) as

TE" o) o iff AT]= ¢ h(a)

for every set "'U{a} of formulas of PC*“" . Generalizing we get a definition:
['F o) o iff for any translation A it is the case that I'F ’;,Ce(cl) a.

Since i(a) = G)(v*C1 (o)) then substituting we analogously obtain I'F VCCII o iff
0 ¢, (ITDEpeoien B(v¢, () and Tk o iff for any valuation v, we have
o(v *Cl ([TDE ';,Ce(cl) (v 21 (o)) . The role of B-operator would be depicted on the diagram

above with the help of the function j: B — PC*V ie. as

h 8(Cy)
O —=FPC

14
v /
l i lv
g

B T————> 4

and we obtain i(a)) = 0(v c (o)) where
j(@)=0a
Jjlaw b)=j(a)w jb)
Jjlanb) = j(a) N j(b)
Jj(~a) = 0(~a)
Jja—>b)=0(a — D)
and respectively modified condition:
I'= ¢, ouiff for any valuation v, we have j(v ¢, [I'])F ,.00c) j(v ¢, ().
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If as in case of JV'CD we replace F with |— then we can define local consequence
relation |-I;3Ce(cl) for PC®“) (relative to h) as
T Fheoien o iff AT F o (o),
and we define consequence relation on PC*“ via C, as

r |- pc0(C) O iff for any translation 4 it is the case that " |—'I§Ce(c1) a.

Our definition of T’ |— »c0(cp) o provide us with the construction of coexponential

of PC*“) to C, which would be denoted PC*“" « C, since the last is the system
in which the consequence relation is determinate by the consequence relation of C,

depending of all translations from PC*“V to C,.

If as above i(a) = O(v ¢, (o)) then every translation of i-type will be determined
by the respective v, , i.e. T & o iffjve, [T]) F o0 (v, (@) and T b o iff for
any valuation v . we have j(v ¢ [I']) |— 2 J(v ¢, (). In this case we deal with the
coexponential C; < PC*“) of C, to PC*“V where translations i: C;, - PC*“V are
defined viav . .

If we replace JVCD with PC then i will not depends on 0-operator and a valuation
v, and hence instead of T |-Cl o we will deal with I" |-C] <pc o where C<= PC (coexpo-

nential of C, to PC) is a system in which I" |'c1<: pc o iff for any translation i: C, - PC
it is the case that I |—iclcpc a i.e. iff for any i: C; — PC we have i[T] } p i(cv).

Again, the problem arises that there might be the case that i,(a)) = i,(B) i.e.
r |-ch pcaand I’ |_C1c pc B would be determined by one and the same PC-formula.

We as above employ analogous to g translation k: PC — C, and characterize a system
PC = C, (of constraint possible translating of PC to C, or exponential of PC to C))
with the help of condition I |— pec, o iff there are translations i: C; — PC, k: PC — C,

such that " |-’g] a i.e. k(i([T'])) |—C] k(i(a)). And the other way round, we can also con-
sider the exponential C,=PC of C, to PC where I |—Clj pc o iff there is the case that

T oie. i(k([T]) F pe ik(c)).
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KOMBUHUPOBAHHBIE NAPAHENPOTUBOPE4YUBLIE
JIOTMKU N UX (KO)SKCMOHEHLUUAJbI

B.JI. Bacioxos

Wucturyt punocopnn PAH
Bonxonka yn., 14, Mockea, Poccus, 119991

KoMOMHUpOBaHHBIC JIOTUKHU MPEIIOKEHUN U COOBITUI COCTOAT M3 JIBYX YaCTEi: BHEIIHEH JIOTHKH,
3aBUCALICH OT SMHMCTEMOJIOTHUECKUX JOIYIIEHUH, U BHYTPEHHEH JIOTHKH, 3aBUCALIECH OT OHTOJIOTHUECKUX
Jonyenuii. KoMOuHUpoBaHHbIE JTOTHKK ObUIM pazpaboransl B.A. CMupHOBBIM cienys unesm 1. Opere
u H. BacunbseBa. AHaIu3 CTPYKTypbl KOMOMHUPOBAHHBIX JIOTHK OOHAPY>KUBACT, YTO (PaKTUUECKH OHH HC-
TIONB3YIOT CBS3M MEXIY ABYMSI JIOTHYECKUMH CUCTEMaMH, IOCTYJIUPYS B POIH OHTOJIOTHYECKON YacTH
anreOpsl, CIy’)Kalle MOAECNISIMU COOTBETCTBYIOLIMX JIOTHK. DTO HABOJWUT HA MBICIH PACCMOTPETh CHCTEMBI,
OIMCHIBAIOIME B3aMMOOTHOIICHHE JBYX JIOTHK HAa CHHTAKCHYECKOM ypOBHE, KOTJa Y Hac €CTh JOCTYII
K 3THM JIOTUKaM 0e3 TIOCpEAHIIECTBa UX MoJienei. B poin mogjo0HbBIX cicTeM MOTYT OBITh HCITOJIb30BaHbI
TaK Ha3bIBaE€Mble KOIKCIIOHEHIIMAJIBI M SKCIIOHEHIIMANIBI, pa3paboTanHbie B [15]. B cratse paccmarpuBaeTcst
CIydJail BYX MapaHENPOTUBOPEUNBLIX KOMOMHHPOBAHHBIX JIOTHK (C MapaHENPOTHBOPEUUBHIMH anreOpa-
MH B Ka4€CTBE X OHTOJIOTHYECKUX YacTei).

KunroueBble cjioBa: KOMOMHIPOBAHHBIE JIOTHKH, AUCKYPCUBHAS JIOTHKA SICHKOBCKOTO, TTApaHETIpo-
TUBOpeYuBBIE JOruKH Aa KocTel, mepeBo, (He)orpaHUYeHHas! BO3MOXKHAS IEPEBOIUMOCTbD.
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