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Maremarnieckasi Teopus Tejierpadnuka
1 CeTH TeJIEeKOMMYHUKAINA

VIK 519.21;51-74
DOLI: 10.22363/2312-9735-2017-25-3-209-216

K BBIUYMCaeHUI0O BEepOATHOCTHBIX XapaKTtepuctuk CMO
OrPAaHUYEHHOUN EMKOCTH CO CJIYYAliHBIMU TPeOOBaHUSMU K
pecypcaMm
O. I'. Buxposa

Kagedpa npurradnoti ungpopmamuru u meopuu eepoamuocmer
Poccutickuti ynusepcumem opyotcovl Hapodos
ya. Murayxo-Maxaas, 0. 6, Mockea, Poccus, 117198

1l COBpeMEHHBIX ceTeil CBA3M XapaKTePeH BBICOKHI yPOBEHb POCTa MOOHJIBHOIO Tpaduka
JMAHHBIX. YCTOWYMBBLIE TEHJIEHIIMM POCTa HATPY3KM B GECIIPOBOIHBIX CETSX YCKOPSIIOT DA3BUTHE
TEXHOJIOTHMI U [IEePexoJl K ceTsiM HOBOTO 1oKosienus (5G). Ilnanupyemble yiIydIineHus: mo3BoJIsAT B
HECKOJILKO Pa3 YBEJUYIUTH IIPOIYCKHYIO CIIOCOOHOCTH KAHAJIOB CBSI3M M IIO3BOJIAT YCTPOUCTBAM
OJTHOBPEMEHHO TOJJIEP?KUBATH KaK COETUHEHUSI COTON CBA3U, TaK U, HAIIPUMED, IMOJKJIIOYEHNE K
Wi-Fi cersim, BO3MOXKHa Iepeiada JaHHBIX OT YCTPOHCTBA K yCTpOHCTBY HanpsiMyto (device-to-
device, D2D). B yciioBusix BBIHY2KIEHHOI M€ TEPOr€HHOCTH CETeil CBSI3U NPEJJIaraeTCst OTKA3aThCs
OT TPaJUIMOHHON «mapHOi» accormanuu Bocxogamero (BK) u mucxonsmero (HK) xananos u
pas3ziesiATh UX IPU YCJIOBUU T'apaHTUU HEOOXOJIMMOrO YPOBHsI KadecTBa. Pa3iesieHne pecypcoB
B COBPEMEHHBIX I'€TEPOTEHHBIX CETAX IIPEIaraeTcsl MOJIEJIMPOBATh B BUJE CHUCTEMBI MaCCOBOTO
obcyxupanus (CMO) co ciydaiinbivu TpeGoBarusMu. [10100HBIE MOIENN K AHATU3Y MOKA3a-
Teseil KadecTBa B OECIIPOBOJHBIX CETSX paHee He NPUMeHsUIHCh. Mcciemyercss MHOromumHeiiHasA
CMO c¢ pa3saum9IHBIMU KJIACCAMU 3asBOK, IJe KaXKJIOW MOCTYNUBINEH 3asBKe BBIIC/ISETCS HEKO-
TOPBI BEKTOD CJIyYaiHBIX TpeboBaHUil K pecypcam. Bpuio 0Ka3aHo, UTO MpU 0O0bEIUHEHUN
TIOTOKOB 3asBOK PA3JIMYHBIX KJIACCOB B OJIMH IOTOK CO CPEJ/IHEB3BEIIEHHBIM TPEOOBAHUEM CTAITHU-
OHAPHBIE BEPOSITHOCTU HE 3ABHUCAT OT IMOPSIKA MOCTYIJICHUS 3asdBOK, & 3aBHUCAT OT UX OOIIEro
qnciia B cucreMe u o0béMa 3aHnMaeMbIx pecypcoB. llosmyden Gosiee mpoctoit Bus bOpMyT Jist
BEPOSITHOCTU OJIOKUPOBKH M CPETHETO 00bEMA 3aHATHIX PECYPCOB, OJIHAKO aHAJIUTHIECKUE (HOP-
MYJIbI TPEOYIOT BBIMHUCJIEHUS N—KPATHBIX CBEPTOK JJIsI BCEX BO3MOXKHBIX HAOOPOB BEKTOPOB 3a-
HUMAaeMBIX PECYPCOB, IJle 1 — KOJIMYECTBO 3asIBOK B crucreMe. Bour pazpaboran 3dpdeKTUBHBII
AJICOPUTM BBIYUCJIEHUS HOPMUPOBOYHOI KOHCTAHTBI, C IIOMOIIBIO KOTOPOIt IOy Y€HbI PEKYPPEHT-
Hble DOPMYJIBI /I CTAIIMOHAPHBIX BEPOSTHOCTEN W OCHOBHBIX BEPOSTHOCTHBIX XapPAKTEPHUCTUK

CMO.

Kuarouessbie cioBa: pecypcaass CMO, orpanndyenHas EMKOCTD, TPeOOBaHUS CITyYaiiHO-
ro 06béMa, HOPMUPOBOYHAST KOHCTAHTA, BEPOSITHOCTHBIE XaPAKTEPUCTUKY, PEKYPPEHTHBIN AJIro-
PHUTM, TeTEPOTeHHAs CETh

1. Bsenenue

CrpeMuTeIBbHBI POCT HOIMYJISPHOCTH MOOMIBHBIX TPUIOXKEHUH, 10 MHEHUIO [IPEJICTa-
BuTEeeHl MHMOOKOMMYHUKAIIMOHHON OTPAC/IH, CIOCOOCTBYET AKTHUBHOMY DPA3BUTHUIO TEX-
mosioruu 4G u yxxe K 2020 rogy nmpuBeAET K ITOJTHOMACIITAOHOMY Pa3BEPTHIBAHUIO WH-
dbpactpykryp st rexsosorun nokosierus 5G [1]. VIsmenenus: 3arponyT dbusnueckuii
VPOBEHb C TIEJbIO TTOBBINIEHNS CKOPOCTH TEPeSIady JaHHBIX, a TaKyKe KOCHYTCS CeTeBOM
APXUTEKTYPBI, COBPEMEHHBIE MOOUIbHBIE YCTPOMCTBA MOT'YT PAOOTATh B JIBYX PEXKMMAX
— IOJIJIEPXKUBATh COTOBOE COEJIMHEHUS W MOAKJIIOYATHCS K YACTHBIM CETSAM MAaJIbIX COT

Crarbsa nocrynuia B pegaknuio 13 ampens 2017 r.

WccnenoBanue BbinosHeHo npu (uHAHCOBOH momjep:kke Mwunobpuayku Poccun (cornamenne Ne
02.203.21.0008) u PODU B pamkax npoexroB Ne 15-07-03051, 16-07-00766.
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(MuKpO-, uKO-, pemrocor) [2]. Hosblil Kiace npsiMbIx coeunenuii yerpoiicts D2D, ko-
TOPBIE MOT'YT OCYILECTBJISATHCH KAK BHYTPH HOJIOCHI IIPOIIYCKAHKS, TAK U BHE BbIACICHHON
IIOJTOCKI, TTO3BOJISIT MIPOMU3BOAUTE OOMEH JTAHHBIMU MHUHYsI 6a30BbI€ CTAHIINM U HE CO37Ia-
BATh JIONOJHUTE/ILHYIO HAIPY3Ky Ha CyllecTByomue KaHasbl [3]. Bee npemioxenubie
W3MEHEHNUsT IOpa3yMeBaioT 6ostee 3P PEeKTUBHOE UCIOIB30BAHNE U Pa3/Ie/IEHIe PECYPCOB
U MTO3BOJIAT CYIIECTBEHHO YJIYUIIUTH MPOIYCKHYIO CIIOCOOHOCTH OECITPOBOIHBIX KAHAJIOB
nepeadn JaHHbIX.

IIpuHIMI reTeporeHHOCTH ceTell, COrJIACHO KOTOPOMY IIPOMCXOINT HAJIOKEHUE 30H
MOKPBITUST MAaKPOCOT W MaJIbIX COT, OKa3aJICs CaMbIM JIOCTYIIHBIM U OIOJKETHBIM CIIO-
cobOM yIydIUTh MPOITYCKHYIO crocobrocTh ceteit LTE. Konmnenmus pasnenenus BK n
HK 6biia npemiokena B [4] 1, 10 MHEHHIO ABTOPOB, JIOJIZKHA HOBBICUTD 9(D(hEKTHBHOCTD
UCIIOJIb30BAHUs PAJINOPECYPCOB GeCIPOBOHbIX ceTeil. [Ipusenénnbie B |5, 6] anamuruye-
CKHUE WCCJIEIOBAHUS U Pe3yJIbTaThl UMATAIIMOHHOI'O MOJIEJINPOBAHUSI CBUIETEILCTBYIOT O
CYIIIECTBEHHOM BBIMI'PBIIIE B IIPOU3BOJAMTEILHOCTH CETH IIPH Pa3e/IbHOI aCCOLUAIUN.

Cy1mecTByIoIIye MOJIEN Pa3/ie/leHusl PaJuopecypcoB B NeTEPOTEHHBIX CETAX II03BO-
JIAIOT OIIPEIE/IUTD HaPaMeTPhl CETH IPHU (PUKCUPOBAHHOM KOJIMYECTBE I10Jb30BaTEIbCKIX
YCTPOMCTB W He MPUHUMAIOT BO BHUMAHUE ITPOIECCHI YCTAHOBJIEHNSI HOBBIX COEIMHEHM
U 3aBEpIINEeHNs] CyIIeCTBYIONMX. ITOOBI MMeTh BO3MOXKHOCTH HabJIIOIATh 3a IOKa3aTe-
JISIMU KadecTBa CeTH B JIMHAMUKe, B |7| mpeJjiozkeHa MOJIENb Pa3JIeJIeHUs PECYyPCOB CO
CJIEIYIONINMU TIPEIITOTOXKEHISIMIU:

1) mocrynuBmuii 3ampoc Ha yCTAHOBJEHHWe COeJMHEeHUsI ¢ Ga30BON craHiumedl Tpebyer
HEKOTOPBIil CIyUIaitHbINT 00beM PECYPCOB HECKOJIBKUX TUIIOB;

2) ecsm Jyisi OOCIIY?KMBaHUSI COEJIMHEHUsT HEJIOCTATOYHO PECYyPCOB, TO 3alpoc OyJIeT oT-
KJIOHEH;

3) ycrpoiicTBO 3aHUMaeT TpeOyeMblii 0ObEeM PECypCoOB Ha BCe BpeMsl OOCIIyKUBAHUS U
0CBODOXKIAET €r0 TI0 3aBEPITEHUH OOC/TYKUBAHUS.

Mogzesnb ¢ TpebGoBaHUsAME CIyd9aliHOrO 00béMa Oblia IpejcraBieHa B [8], eé anamus
B 0bIeM Bue npezyioxken aBropoM B [9]. B [10] ucciemyercs obmast Mojienb ¢ orpaHu-
YEeHHBIM PECYPCOM U TPEOOBAHUSMU CJIyIANHOTO 00bEMA K PA3IUIHBIM TUIIAM PECYPCOB.
Pecypchl 3annMaltoTcst Ha Bce BpeMst OOCTTYyKUBAHUS, & 10 €r0 OKOHYAHUU 0CBOOOXK TaeTCs
POBHO TOT 00bEM PECypcoB, KOTOPBIi 3anuMalicst. CirydaiiHblii poriecc, OnuChIBaIONIni
[IOBEJIEHUE CUCTEMBI, TOJI2KEH YINTHIBATH 00bEMBI 3aHATHIX PECYPCOB KAXKJION U3 3asBOK,
YTO CYIIECTBEHHO YCJIOXKHSAET €ro aHan3. BhIIO IPEJIJIOKEHO YITPOIIEHUE, COIVIACHO KOTO-
POMY IO 3aBEpIIEHUN OOCTYKUBAHUS 3asBKH OCBODOXKIACTCA HEKU CIyUIaHBIN BEKTOP
PeCypCcoB, He 3aBUCSIINN OT MTOBEJIEHNS CHCTEMBI B IIPOIIJIOM ITPH 33 IaHHON YHCJIIe 3asTBOK
U BEKTOPE 3aHATBHIX PECYPCOB.

B [11] u [12] ¢ mOMOIIBI0 HMHUTAIOHHOTO MOJIECINPOBAIS OBLIN HOJIYyYeHbI BEPOSIT-
HOCTHBIE XapPaKTEPUCTUKU HCXOTHONW M YIIPOIIEHHOIN MOeseil, a TakxKe ObLIN HaIeHbI
CTaIlMOHAPHBIE BEPOSTHOCTH B IIPEIIIOJIOKEHNN O IIyaCCOHOBCKOM BXOJIAIIEM IIOTOKE 3a-
SIBOK U HKCIIOHEHITNAJIHLHOM BPEMEHU UX OOC/IyKMBaHUs. BBIIO T0KA3aHO, 9TO MTOJIYI€H-
Hble 3HAYEHHs CTAIIMOHAPHBIX BEPOSITHOCTEN I 0benx Mojeseil sKBuBajeHTHI. lIpes-
CTaBJIeHHbIE B PabOTe Pe3yJIbTaThl sIBJIAIOTCS MIPOJIOJZKEHIEM uccaenoBanuit B [13,14].

2. Maremarunyeckasi MOJ€EJIb

Pacemarpusaerca muoronuueiinas CMO orpamnmyennoit émkoctu. duciao mpubopos
JJIs ODCJIY?KUBAHUSI B CUCTEMe He IpeBbImaeT [V, a JOCTYIHBIA pecypc OrpaHUYeH BEK-
TopoM R = (Ry,...,Ry). B cucremy mocrymaer moTok 3asiBOK L KJ1accoB, KaXKJI0f U3
3asBOK KJlacca | Jyist 06CIyKUBaHusi HEOOXOIMMO BBIIEJIUTH BEKTOD Ty = (T17,. .., 7))
caydaitHpix TpeboBaHuili K pecypcam M tumos. Bee 3HaUeHUsI BEKTOPOB Iy HE3aBUCUMBI
OT BXOJSIIETO MOTOKA U HE3ABUCUMBI B COBOKYIHOCTU. MOMEHTBI IIOCTYILIEHUS 3asIBOK
[-ro KJ1acca MOINHEHBI TyacCOHOBCKOMY PACIIPEJIEIEHAI0 ¢ THTEHCUBHOCTBIO A;, & BpeMe-
Ha OOC/IY’KUBaHUS 3asIBOK HE3ABUCHUMBI OT MPOIECCa MOCTYILJIEHNST 3asiBOK, HE3ABUCUMBI
B COBOKYITHOCTHU ¥ PACIIPEJIEJIEHBI SKCIIOHEHITNAIBHO C TAPAMETPOM ;.
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BagBka [-ro Kiacca 3afiMET I; €IMHUI] PECYPCOB C BEPOATHOCTBIO Py r,. Ecim BbIpa-
(k) _

R
k—1 . . . .
JKEHHE P, > pl,jpl(,j ) apnsercs k-xpaTHOIT CBEPTKOII BEPOATHOCTEH Py y,, TOL1A BCE

j=0
k; 3agBOK Kjacca | 3aiiMyT I €JUHUI] PECYPCOB C BEPOSITHOCTHIO pglif). B [14] 6bu10 mOKA-

3aHO, UTO pacIpe/ie/ieHre CTAIMOHAPHBIX BeposiTHOCTel paccMarpuBaemoit CMO nmeer
By (1) ¢ HAYAJIBHBIM 3HaYeHnEM (2):

k) k) PV PEE
1 L
a1 (r1,...,r1) =qo E pl’lfl ...pL;L e B (1)
ki4-+kr=n 1 L:
1 L

kr

S k) ) PP -
_ 1 L 1 L
qo = g g E Piw, - PLx, ol o] ) (2)

n=0ki+--+kr=nri+---+r.=R

Beeném dyHKIUIO gk (), IPOCYMMIPOBAB BEPOSTHOCTH q'f . (r1,...,r) O BCeM Bek-
ey
TOPaM 3aHATBIX PECYyPCOB I' =Ty + ... +I:

L

k;
ki) P
am= Y 3 p?,ﬁ}kf.- (3)

ri+..4+ri=rki+..+kr=kl=1

Teopema 1. Pacnpedenenue cmavyuonaphvix seposmuocmetc CMO ¢ 0b6sedunénmnvim
L

L
6TO0AULUM NOMOKOM CO Cpednessseuienvm mpebosaruem pr = 3 Bipiy,, 2dep =3 pi,
=1 =1
3adaémes popmyramu:

-1

p* AN
ae(r) =qo'ypt, w= 3 > Tl ) (4)
’ k=0r=0 "

HdokazarenbcTBo. [Ipocymmupyem obe 1acTi paBeHCTBA (1) IO BCEeM BEKTOpaM Iy,
r+..+rrp=r

k1 kr
k . (k1) (k) P1 Pr,

Z qi . p(r1,...,rp) = Z Z GoPir; - PLr 1 1

ri+..4rp=r ri+..4rp=rky+..+kr=k 1 L
L ki

k _ (ki) P

doood ) =0 Y >, w5y
ritotro=r r1to AT =t ky .. Ak =k =1 b

L ki
P
() =q ) > le(,krlz) klll’ 9k (r) = Gog(r)-

1‘1+...+1‘L:r k1++kL:k‘ =1

ITokaxkem Ternepb, 49T0 gi(r) siBiasiercsi k-KpaTHOil CBEPTKON BEPOSITHOCTEN Py U

k
g(r) = %p,(rk). IIycts 2" = (21%,...,2)})"), Torma npoussomsamas yukims II(z) ms

gk (r) mmeer By

L

R R ki
He=Yamz=3( > > )=
r=0 :

r=0 \ri+..4rr=rki+..+kr=kl=1
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R L k;
=> 1 X > T DS le ' (2
- pl,rl k'z -
r=0 \ri+..+rp=rki+. +kp=ki=1 I kit Akp=kl=1 !
k

L I k .
1 k! N 1
= ! ( Z mn(ﬂﬂrz(z)) ) = H (anﬂz)) (Z/; )
ki+..+kr=k 1=1 —1 —
R

r
k , "
rie m(z) = Zo Z pg rll) "I rakiKe sIBJIsIeTCsI Ipon3Bosiieit dyukiueii. [Tpoussenenue k
r r =

dbyukumit m(z) aBisiercss k-KpaTHON CBEPTKOI CPEIHEB3BEIIIEHHOTO TPeOGOBAHUS Dy, T.€.

k L (k) k
4 Z Pl k)
gk(r) - k" (l_l ppl,rl> k'pr .

Teopema 1 103BOJISIET MOIYYINTH AHAJTUTHYIECKHE (DOPMYJIBI [IJIsT BEPOATHOCTH OJIOKU-
poBKu B u cpenHero obbémMa 3aHITHIX pecypcoB b:

N-1 o R N o R
BZl_QOZ HZPJ‘(HH), bZQOZHijj(n)~ (5)
n=0 j n=0 Jj

=

3. PekyppeHTHBIi1 aJroputm

Dopmysbl (5) TpebyrOT BbIUUC/IEHNs k-KPATHBIX CBEPTOK BEPOSITHOCTEN Py JJIsl BCEX
BO3MOXKHBIX BeKTOPOB r<R. UT0OOBI MOHM3UTH BBITUCIUTEIBHYIO CJI0KHOCTH (HOPMYJI,
ObLT pa3paboTaH aJrOPUTM JIJIsl BBIYUCJIEHUsT HOPMUPOBOUYHOM KoucTanThl G (N,R) =
qo~ !, amanornunpiit anroputmy B [15]. C MOMONTBHI0 HOPMHUPOBOYHON KOHCTAHTHI GBIIH
MOJIyIeHBI PEKYPPEHTHBIE (DOPMYJIBI JIJISI HAXOXKJIEHUSI BEPOATHOCTHBIX XapaKTEPUCTHK

CMO.

BgeséMm obo3nauenue:
o
G (n,r) = Zij(k)ﬁ, n=0, r>0.
k=0 j=0 )

Teopema 2. Pynkyus G (n,r) ydosaemeopaem pexyppenmmomy coommowenuro (6)
¢ Hauanvrvmu yerosuamu (7):

Gnr) =Gn—10)+ 53 p(Gn—Lr=5)~CGn-2r-j), (6
G(0,r)=1, r >0, G(l,r):1+p§:pj. (7)

JokazaresibcTBO. 3aauM 1Al WHIYKIH:

N-1 R R

Gnr)—Gn—1r Zzprmp Zzprmp "Zprm) _

n=0r=0 n=0 r=0 r=0
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n

roJ n T r n T n—1 r—i
_r (=) _ P , (=) P i (n=1) | _
= nl Zplp_]—l D= ol Zpl ij—l D= nl §p1 (n_ 1)‘ j_ZOpJ ! =

" j=0i=0 i=0  _7

=5 n(@m-1r—§)-Gm-21-j).
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R
B=1-G " (N,R)) pG(N-1,R—j). 8)
j=0

HoxkazareabcrBo. [loayunm u3 (4) peKyppeHTHY0 (hOpMYITy JJisi BEDOSTHOCTH OJI0-
knpoBku CMO c¢ yuérom (6):
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M Ry,
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CiaencrBue 3. BTopoii MOMEHT 4wnciia 3aHATHIX PECYPCOB MOXKET ObITh HAMIEH II0

dopmyire:
R

b+G ' (N,R)Y r(G(N,R)—G(N, r))} , (10)
r=0

b =2
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rae b” = (b1°,...,by”). Torga aucnepens o6bEMA 3aHATHIX PECYPCOB 072 = b — b2,
Jloka3areabcTBO.
R R N R R N o
b® =23 x} > @) =23 r> > GHNR) =

r=0 j=r n=0 r=0 j=r n=0 ’
R R N Ror N o N o

=2GTHNR)Y r | DY T =Y Y i Y k| =
r=0 j=rn=0 j=0 n=0 n=0

=2

R
b+G ' (N,R)) r(G(N,R)- G(N,r))} .

r=0

4. 3akJjrodyeHue

Muorosuneitayro CMO orpanndeHHO# EMKOCTH ¢ BEKTOPOM CJIyYafiHbIX TpebOBaHMil
K pecypcaM U HECKOJIbKUMHE KJIACCAMU 3asBOK IIpe/ijlaraercd anaansuposars B Bujge CMO
¢ 0OBbeIMHEHHBIM BXOJSIIIM ITOTOKOM CPEIHEB3BEIEHHBIX TpebOBaHM 6e3 moTepu TOY-
Hoctu. B kadecTBe 3(pPEKTUBHOTO METOJa PacYéTa CTAIMOHAPHBIX BEPOSITHOCTEH W Be-
POATHOCTHBIX XapakrepucTuk yupoméntoin CMO 6bu1 paspaboTaH peKyppeHTHBINR aJi-
TOPUTM BBIUHCIEHUsT HOPMUPOBOYHON KOHCTAHTHI U MOy IEHbBI PEKYPPEHTHBIE (DOPMYIIHI
JIJISI BEPOAATHOCTH OJIOKUPOBKU U CPEJIHEr0 00bEMa U JIMCIIEPCUN 3aHSITHIX PECYPCOB.
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About Probability Characteristics Evaluation in Queuing System
with Limited Resources and Random Requirements

O. G. Vikhrova

Department of Applied Probability and Informatics
Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

Mobile data traffic increases on everyday basis for the last decade and is going to keep this
trend in the near future. Exponential growth of data traffic in wireless networks accelerates the
development of new technologies and the transition to 5G networks. The ongoing improvements
will allow to increase the channels throughput and will allow devices to simultaneously support
both cellular and Wi-Fi networks, and even allow direct device-to-device (D2D) connection
without any base station involved. Evolving heterogeneous networks promise more efficient
radio resources usage by a macro cell traffic offloading to the small cells and uplink and downlink
decoupling (DUDe). A resource-sharing model in heterogeneous networks is for the first time
proposed to be analyzed in terms of queuing system with random requirements. We suggest
a multiserver queuing network with limited resources where each class of customers requires
a random vector of resources to be served. It has been proved that stationary probabilities
of the system with aggregated flow of customers with mean-weighted requirement are equal
to the stationary probabilities of the suggested system. The analytical method for the key
probability characteristics evaluation requires calculating all k-fold convolutions for each set of
vectors requirements. We propose a recurrent computation algorithm for normalization constant
evaluation and efficient formulas for blocking probability, mean volume and variance of the
occupied resources.

Key words and phrases: queuing system with limited resources, random requirements,
recurrent algorithm, probability characteristics, normalization constant, heterogeneous networks
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MatemaTnieckoe MoOAeJINPOBaHIE
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MeTo/1 KOHEYHBIX 3JIEMEHTOB BBICOKOTO MOPS/IKA TOYHOCTH
penmiennsd KpaeBbIX 3aJla4 JJIA 3JJIAIITUYeCKOro ypaBHEHUA B
YaCTHbBIX IIPOM3BOJHDBIX
A. A. T'yces

065edunénroill urncmumym AIEPHLIT UCCALA08AHUL
ya. Koauvo-Kropu, 0. 6, 2. ybra, Mockosckas obaacms, Poccus, 141980

Hpe,zmomeHa HOBad BBIYUC/IUTEJIbHAA CXeMa METOAa KOHEYHBIX 3JIEMEHTOB BBICOKOI'O IIOPAIKa
TOYHOCTHU PEHIeHNd KPaeBbIX 3aJa4 JId SJITUINTUYICCKOI'O YpaBHEHUA B YaCTHBIX ITPOU3BOJIHBIX,
COXPAHSIOINIAasI HENPEPBIBHOCTH IIPOU3BOJHBIX IIPUOJINKEHHOIO PeIeHUsI B OIPAHUYEHHON 06-
JIACTU MHOTOMEPHOI'O €BKJIMIOBa IMPOCTPaHCTBa. KycodHO-HENpPEePHIBHBIN 6a3UC METOAa KOHed-
HBIX 3JIEMEHTOB I'€HEepUpyeTCd C IIOMOHIBIO MHTEPIIOJIAIIMOHHBIX ITOJIMHOMOB 9pMI/ITa HECKOJIb-
KUX IIEPpEMEHHbIX 1 O6€CH6‘II/IB&6T HEINIPEepPBIBHOCTL HE TOJIBKO HpI/I6HI/I)KeHHOI‘O perrennda, HO 1
€ro NMpoUu3BOJHBIX M0 3aJaHHOI'O MOPANKa Ha TI'PaHUIlaX KOHEYHbBIX JJIEMEHTOB B 3aBUCHMOCTU
OT TJIAJIKOCTH IIEPEMEHHBIX K0P DUIMEHTOB ypaBHEHUsI U I'paHUIlbl obsactu. JdOEKTUBHOCT
U TIIOPAIOK TOYHOCTH BBIYHNCJIUTEIBHON CXEMbI, aJJropuTMa 1 IIporpaMMbl JEMOHCTPUPYETCA Ha
mpuMepe TOYHO-PEIaeMoil KpaeBoOil 3a/1a4u Ha COOCTBEHHbBIE 3HAUEHUS JJIsT TPEYTOJIbHON MeM-
OpaHbl B 3aBUCHUMOCTH OT HUHCJIa KOHEYHBIX 3JIEMEHTOB pas30meHust 0bJIaCTH M OT Pa3MepPHOCTU
COOCTBEHHOT'O BEKTOpa ajirebpaunveckoii 3agaqu. [lokazano, 94To j1s1 JOCTMXKEHUS 3aJaHHOM TOY-
HOCTH HpI/I6JII/I)KéHHOI‘O perreHnussa cxXeMoi METOJa KOHEYHBIX 3JIEMEHTOB C MHTEPIIOJIAINOHHBIMA
[IOJINHOMAaMU DPMHUTA JJIMHA COOCTBEHHOI'O BEKTOpA IIPUMEPHO B J[Ba pa3a MEHbINe, YeM JJIst
CXEeM C MHTEPIOJAIMOHHBIMUA ITOJIMHOMAaMMU ﬂarpaHx(a, COXPaHAIONNX Ha I'PaHUIaAX KOHEYIHbIX
3JIEMEHTOB TOJIBKO HEIIPEPBIBHOCTD HpI/I6J'II/I)KéHHOFO permeHnsd. BbI‘{I/ICIII/ITeIIbHaH cxemMa MeToaa
KOHEYHBIX 3JIEMEHTOB BBICOKOT'O ITOPSI/IKa TOYHOCTU OPMEHTHUPOBAHA HA PACUETHI CIEKTPAIBHBIX
U OIITUYECKHX XaPaKTEePUCTUK KBAHTOBOMEXAHUYIECCKUX CUCTEM.

KurogeBble cjioBa: 3/JIMITHYECKNE YPABHEHUS B YACTHBIX IIPOU3BOJHBIX, KDAEBbIE 3a-
Ja4qu Ha COOCTBEHHBbIE 3HAYEHUS, METOJ KOHEYHBIX 3JIEMEHTOB, MHTEPIOJSIIMOHHBIE TOJTMHOMBI

1. Bsenenue

B paborax [1,2] paspaGoTaHbl CHUMBOJBHO-IUCIEHHBIE AJTOPUTMbL ¥ IPOIPAMMBI Pe-
IIeHNns] KPAEBbIX 3aJ1a49 JIJI CHCTEMBbI OOBIKHOBEHHBIX (M dDEPEHINANIBHBIX YPaBHEHHIT
BTOPOTO MOPsiJIKAa METOIOM KOHeuHbIX 3j1eMeHTOB (MKD) BbICOKOrO 1mopsijika TOYHOCTH ¢
[PUMEHEHUEM WHTEPIIOJISIIIMOHHBIX TIoJImHOMOB DpMuTa, (T19). Takas peanusanus MK
B OTJINYHUE OT TPAJUIIMOHHOI ¢ NCIOJIB30BAHNEM UHTEPIIOJISAIUOHHBIX IIOJIUHOMOB Jlarpan-
xka (UILJI) obecrieunBaer HEPEPHIBHOCTH IIPOU3BOHBIX JI0 38/IAHHOTO TIOPSIIKA IPUOIIU-
JKEHHOT'O DeIIeHUsI He TOJIbKO Ha KOHEYHBIX JIEMEHTaX CETKHM, HO M Ha I'DAHMUIAX KO-
HEYHBIX 9JIEMEHTOB [3], T.e. obecreunBaeT 3aKOHBI COXPAHEHUsI TOKA HOCUTEJICH 3apsi/ia B
KBAaHTOBO-Pa3MEPHBIX MMOJTYIIPOBOIHUKOBBIX CUCTEMAaX WJIM TOKA BEPOSITHOCTU B KBAHTO-
BOMEXaHIYECKUX 3a/a4ax paccesunust |4]. Beraucimrenpuas cxema MKD perennst ¢ BbI-
COKOI TOYHOCTBIO KPAEeBbIX 33/1a4 HA COOCTBEHHBIE 3HAYUEHUS JIJIsl SJLIMIITUIECKOTO YPaB-
HeHUs B YACTHBIX [IPOU3BOJIHLIX B OIPAHUYEHHOI 00OJIACTH JABYMEPHOTO IIPOCTPAHCTBA C
npumenenuem WITJI nana B pabore [5]. O606mmenne Boraucaurensoii cxembl MKD s
peIlleHns JUINIITHIeCKIUX KPAEBbIX 3a/a4 ¢ npuMeHerneM WD cocrasiser 1eipb panHOil
paboThI.

Crarba nocrynuia B pegaxkmuio 31 mapra 2017 1.

Asrop 6uarogapur O. Yymnyyubaarapa, C./. Bununkoro, B.JI. [lep6osa, B.II. T'epara, A. I'yxkaka u
JI.A. CeBacTbsiHOBa 3a COTPYHUYECTBO.

Pabora nognepxana PODU (rpant 16-01-00080).
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B nacrosimmeit pabore mpejcraBiieHa BhIYUCIUTEIbHAs cxema MK?D perrenust ¢ BbICO-
KO TOYHOCTBIO JINITUIECKUX KPAEBBIX 3a/1a9 B OTPAHMYEHHON 00J1aCTH MHOTOMEPHO-
T'0 eBKJINJOBA ITPOCTPAHCTBA, 33 JAHHOTO B BHUJIe MHOTOrpaHHIKa. KyCcOUHO-HeIpEepPhIBHDII
6azuc MK remepupyercst ¢ momomibio UIID HeCKOIbKUX ITepeMEHHBIX U 00eCIIeIrnBaeT
HEMPEPBIBHOCTH HE TOJBKO MPUOJINKEHHOTO PEIeHNs, HO M €0 IMPOU3BOIHBIX 10 331aH-
HOT'O TIOPSIKA B 3aBUCUMOCTH OT TJIAIKOCTH IEePEMEHHBIX KOX(hMOUINEHTOB yPABHEHUA U
rpaHuIlbl 001aCTH. DPMEKTUBHOCTD BHIYUCIUTEHBHONR CXEMBI, aJlOPUTMa U ITPOrPAMMBI
JEMOHCTPUPYETCS Ha IPUMEPE ITAJTOHHON TOTHO-PEIaeMOoi KPaeBoil 3a1a4u Ha COOCTBEH-
Hble 3HAYEHUS JIJIsT TPEYTOJbHON MEMOpPaHHI.

Crpykrypa paboTsl ciaemyoomast. B pasmese 2 mama moctanoBka 3ama4au. B pazaese 3
naHa (GopMyJINPOBKa BBIYUCIUTEIbHON cxeMbl MKD ¢ npumenenunem MITD meckoabKux
mepeMeHHbIX. B pa3zjesne 4 mpeicTaBaeHbl Pe3yIbTaThl PACIETOB ITAJOHHON KpaeBoil 3a-
a9, TeMOHCTPHUPYIONHe 3DDEKTUBHOCT BBIYUCIUTEIHHOM CXEMBI U TOPSIIOK TOTHOCTH
IO YHUCJIy KOHEYHBIX 3JIEMEHTOB pa30ueHus 00/IaCTH U YUCITY KYyCOUHO-TIOJTUMHOMUAIBHBIX
dyuknmit mpu pazaudnabix UIID aByx nepemenabix. B 3akimoduTebHOM pasjelie JaHbl
MePCIEKTUBBI PA3BUTHUS W IPUMEHEHUSI TPETOXKEHHBIX BBIUNCIUTEIbHBIX CXEM.

2. IlocTraHoBKa 3agaun

Pacemorpum caMoconpsizKEHHYIO KpaeByIo 3a/ady IS SJLINITHIECKOTo auddepeH-
[MAJBHOTO yPaBHEHUsT BTOPOI'O TOPSIIKA:

d
1 0 0
D-E) o) =|-——— S Lgi2) +V(z)—E| d() =0. (1)
go(z) ijzl 02,77 0z
st K03 DUIMEHTOB IIABHON TacTh (1) BBIMIOJIHSAETCS YCJIOBUE PABHOMEPHON JJIJINII-
TUYHOCTH B OFPAHUYIEHHON 00acTH Z:(zl, RN Zd)EQ €BKJIAJIOBA IIPOCTPAHCTBA Rd, T.€.
CYIIEeCTBYIOT KOHCTAHTHI i > 0, v > 0 Takue, 4T0
Z glj élg‘] X y Zﬁ Vf S Rd
,j=1 i=1

Takzke npesnosaraercs, 9to go(z) > 0, gji(z) = ¢i;(z) u V(z) — dbyukuun, HenpepbIs-
HbIE BMECTE CO CBOMMM OGOBIIEHHBIMUI [TPOU3BOIHBIMH JI0 33 JaAHHOTO HOPsi/IKa B 00JIACTH,
z € Q = QU IS ¢ KyCOTHO-IOITMHOMUAJIbHOM Tpanuteit S = 0f), obecrieunBaroT CyIe-
CTBOBaHUE HETPUBUAJILHBIX PENEHUi, NOMIMHEHHBIX IPAHUIHBIM yctoBusM nepsoro (I),
sroporo (II) mmm Tpersero (III) pozxa [6,7]:

(D): a(:)]s =0,
0P(z)
(II) - =0,
8nD S ) (2)
(| wopels =0, TE = 3 0,090

8nD 82’]' ’

rie o(s) = o(s(z)) — usBecrnas dbyHkms Ha rpanune obaacru s(z) € S, 0P, (z)/Onp —
IPOM3BO/HASL [I0 HAIIPABJIEHUIO KOHOPMAJIH, 7, — BHEIIHss HOPMaJb K IPaHUIE 00IacTH

d
S = 090, é; — eAMHUIHBI BEKTOP BEKTOpa 2 = Y €;2;, (N, €;) — CKaJsIPHOE IIPOU3Bejie-
i=1
mue B R%.
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Jljis 33129 JUCKPETHOTO criekTpa cobcrsenuble hynkmun P, (z) 3 npocrpancrsa
>1 >1
Cobonesa Hy7 (Q), ®,,(2) € Hy7 (), cooTBeTCTBYyONME COOCTBEHHBIM 3HAUEHHSIM

sueprun F: B < Fs < ... < E,, < ... yIOBIETBOPSIOT yCJIOBUAM HOPMHUPOBKHU U
OPTOrOHAJILHOCTHI
(P, (2)| P (2)) = /go(z)q)m(z)q)m/(z)dz =0mm, dz=dz...dzg. (3)
Q

Pemenne MKD kpaesbix 3aa4 (1)—(3) cBoAUTCS K HAXOXK/IEHUIO CTAIMOHAPHBIX TO-
Y€K BapHaIlMOHHOrO (byHKIHoHaa |7, 8|

=(®,, B, 2) = /g0<z)<1>m(z) (D — B,) ®()dz =

Q
_ 3,
= U@, B 2) — § B0 52 s, )
8nD
S
rie (P, By, 2) — CHMMETPHYHBIN KBaPATHIHBINA (DYHKIHOHA BHIA
d —
00,,(2) 09,,(z —
(@ Bo2) = [ | 3 00 200 08, ()0 (V) — B | d
o |#d=t g J

(5)

ITosepxHocTHBIT HETErpas B (4) BEIMUCIACTCS ¢ yI€TOM (2).

3. BeruucaurespHaga cxema MK

B MKD obmacts 2 = Qp(z) = UqQ:1 Ay, 3alaHHAs B BHUJe MHOIOI'DAHHUKA, ITOKPbI-
BaeTCs KOHCYHBIMH 3JIEMEHTAMH, B JIAHHOM CiIydae cuminiekcamu A, ¢ d + 1 BepmmmHaMu
Zi = (Zi1,2i2,...,%.a) npu i = 0,...,d. Kaxnoe pebpo cummtexca A, pasbusaeM Ha
P PABHBIX YacTeil W MPOBOINM CEMENCTBa MapaJlIebHBIX TMIePITocKocTer H (i, k), HY-
Mepys KayKIyIo mejibiM duciaoMm oT k = (,...,p, HAYWHAA OT COOTBETCTBYIONIEH IpaHuU,
HAIpUMeD, Kak mokasaHo upu d = 2 na puc. 1 (cm. takxke [9, C. 220]). Ypasuenue ru-
nepmiiockoctu H (i, k) : H(i;z) — k/p = 0, tae H(i; z) — nuneiinas byHKI@s OT 2.

V3J10BBIE TOUKH TIEpeCedeHnsl TUIIEPILTOCKOCTE A, HyMepyeM HabOpaMU TeJIBIX TUCeT

[noy .. ynal, ni =20, ng+...+ng =p, tae n;, i = 0,1,...,d — HOMEpPA I'MIIEPILIOCKO-
cTeil, mapaJsleJIbHbIX TPAHU CUMILIEKCa, He cojepxkarieil i-sepumny 2; = (21, ... Zid)-
Koopnunaret & = (§1,. .., &q) y3710B0it ToUkH A, € A, BBIUUCIAIOTCS IO HOPMYIIE

(&1, &a) = (201, -5 20a)n0/p + (211, -+, Zra)na/p + . oo+ (a1, - -+ s Zaa)na/p - (6)

depe3 KOOPAUHATHI BepnH Z; = (21, . ., 2jq). Torma UILT ¢, (2) paBHble eaunuIe B TOY-
ke A, ¢ kooppunaramu & = (&1, .. .,&rq), XaPAKTEPU3YEMON YUCIAME [Ng, N1, . . . , N, T
HYJIIO B OCTAJIBHBIX TOYKaX &, T.e. ©r.(§/) = Oppr MMEIOT BUJL

i H(z z)—n./p
H H gr —n’/p . (7)

1=0n)=
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[0,0,5]

0,41\ [0,1,4]

—
oy

2031\

[3,0,2] [2

[4.,0,1] [3

[5,0,0] [4,1,0] [3,2,0] [2,3,0] [1,4,0] [0,5.0]
(2) (b)

Puc. 1. (a) Hymepanus y3maos A,, r=1,...,(p+ 1)(p + 2)/2, HaGopamu uncen
[no, n1,n2] cranmapTHOro TpeyrosbpHoro ajieMeHTa A njs cxemsl ¢ VITIIJI nsitoro
nopsgaka p' = p =5 npu d = 2; uHun (IATH MepeceKaloluxcs NPSMbIX) — HyJIH

UILJI ¢14(2') m3 (13), paBHOrO equUHUIlE B TOYKEe, IPOHYMEPOBAaHHON TPoOitKoit

amcedt [no,n1,n2] = [2,2,1]; (b) nsonuann UILIT p14(2")

OrmernmM, uto mocrpoenue NIID ¢ (z) ¢ dukcupoBanHbIMU 3HAYCHUSIMU (DYHKIHI
K L] K —
{5 (&)} u npoussommbix {05 ¢r (2)].=¢,, } B y31ax & yxKe npu d = 2 IPUBOIUT K I'PO-
MO3JIKUM BBIPAXKEHUSIM, 3aTPATHBIM JJjisl Uclojb3oBanus B MKD Ha HepaBHOMepHBIX
CeTKaX.
DKOHOMUWYHAST peann3alusi, npuasaTas B MK, cmemyromast:
— PpaCcYéThI IPOBOAATCS B JIOKAJbHBIX KOOPAUHATAX 2’ , B KOTOPBIX KOOPAUHATHI BEPIIHH
Lol (s 51 o 5.
cumiuiexca A caenytomme: 25 = (21, ...,2%,), £ = djk,
— UIID B uCXOMHBIX KOOPAWHATAX Zz HUINETCS B BUJE JIMHEIHBIX KOMOWHAIMIA MTOJIH-
HOMOB B JIOKAJIbHBIX KOOPAUHATAX 2', IIPH 3TOM IEPEXOJ B MCXOJHBIC KOOPAUHATDHI
BBINIOJIHSIETCS TOJILKO Ha 3Talle YUCJIEHHOIO PeIleHUs] KOHKPETHONH KpaeBoil 3aJa4u

(1)-(4),

— BBbIYHUCJICHUC WHTETrPaJIOB MK?D BbINONHACTCA B JIOKAJILHBIX KOOpaAmHaTax.

ITocrponm HMIIS ma mpomnssosnbHOM d-MepHOM cummtekce A, ¢ d + 1 BepmmHamu

Zi = (211, Zi2y - -+ 2id), © = 0,...,d. s 917010 BBEIEM JIOKATBHYIO CHCTEMY KOODJIUHAT
2= (21,2, ...,25) € RY, B KoTOpOIl KOOD/IMHATHI BEPIIUH CUMILIEKCA CJIeylomue: 2 =
(2l = 0ir, k =1,...,d). CBsa3b Mexk Ly KOOpIUHATAME JaETCst bOPMYJIOii:
d
~ ~ ~ / .
zi = Z20i + E (Zji_ZOi)Zjv i=1,...,d, (8)
i=1

i B MaTpUIHOM BuUIE

21 Zo1 21 Z11—Zo1  Z21—Z01 ... Zd1—Z201
22 202 | 2 .| Fr2—202 Zo2—Z02 ... Za2—Z02

2d 20d 24 21d—%0d #2d—20d --- 2dd—20d
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O6parHoe Ipeobpa3oBaHue UMEET BT

A~

/
21 z1 Z01
; ~
z A_ Z2 s 202
2 — 1 _J 1 (10)
2 Zd Z0d
Orcioma ciemyeT CBA3b MEXKIy omeparopamu auddepeHinpoBaHms
o) sl o)
9z} 0z 0z1 9z}
o o)
7 LY a. a. A 7
0z}, :JT Ozo , Ozo :(J 1)T 0z}, ) (11)
_0_ d 9 0
8Zd 8zd azd 82(1

Dopmysna (11) npumensiercst st Berancaenust UIID ¢f (2 )={@r(2'), Qs(2')} u3 (21),
yaoBiersopstiormux yesaosusim (14), (18), (19) uz caemyrommero pasfeina, ¢ hbUKCHPOBaH-
HBIMU ITPOM3BOJAHBIMHA 10 3aJaHHOTO MOPAJKa B y3aax &.. [Ipu 3TOM IpOM3BOIHBIE TIO
HOpMAaJIi K TPaHUIle 3JIeMEHTa B HCXOMHON CHCTEMe KOOPAMHAT B OOIIEM CiIydae He sSB-
JIAIOTCS TAKOBBIME B JIOKAJIbHBIX KoopauaaTax z'. IIpu mocrpoennn VIS B moKaIbHBIX
KoopanHaTax 2z’ Tpebyercd mepecdér (bMKCHPOBAHHBIX IPOM3BOJHBIX B y3Jax &, 3Je-

menta A, B y3mbl £, snementa A, UCHoab3ys MaTpuibl J !, 3ajaHHbIe TPOMO3IKUME
BIpazkeHusIMH. 11o9TOMy TpebyeMblil 1epecuér HPOM3BOIHBLIX BBINOIHSETCS, HCIOJIb3Ys
coorHomrerns (8)—(11), mas KazkI0ro KOHEYHOro sjeMenTa A, Ha dTane GOPMUPOBAHUS

—/
6azuca NI {pF (2')}L_| ma xomeunom siemente A, KOTODBIi BBINOIHAETCS TUCICHHO
110 AHAJUTHIECKUM (POPMYIIaM, IPEJCTABIEHHBIM B CIEAYIOMEM pa3elle.

Wurerpasbl, BXOjsImue B BapuaruoHHbIH dyHKimoHan (4) ma obmactu Qp(z) =
UqQ:1 Ay, BeIpaXkKaeM 4yepe3 MHTerpaJbl, BEIYHCIEHHbIE Ha dJleMeHTe A, IepecuuTaHHbIe
B JIOKAJIbHBIE KOOPJAMHATHI 2’ Ha 3jeMenTe A,

/go(Z)W?(Z)@ff/(Z)U(Z)dZ = J/go(Z(Z')Mf(Z’)sOf/”(Z’)U(Z(Z’))dZ’,
A, A

D (2) D (=
[ g2 02 By (12)

Ag

/! /
z z
ti,ta=1 6 t1 8 to

d K ’ ! ’
= J Z (j_l)tlsl (j_l)t232 /95152 (Z(Z/))a(pr (Z ) 8807" (Z )dzl,
A

rae J=det J>0 onpememmrens marpumpt J, @ (2)={@F(2'), Q.(2)} m3 (21), d’ =
dzy...dz).

3.1. WurepnoagnnoHHbIE NOJUHOMBI Jlarpam>ka

B sokasnbubix koopaunarax UILT ¢,.(2'), paBHble eaunune B y3/10Boil TOUKe &, Xa-

PaKTEpU3yeMOil IHUCIaMHA [1g, N1, . . ., Nq), 1 HYJTIO B OCTAJIBHBIX Y3/JI0BBIX TOUKAX !, , T.€.,
/

n,'or(f;,) :d&«,n/ onpezessiiorest 110 dopmyie (7) upu H(0; 2" )=1-2—... =2}, H(i;2")==2],
i=1,...,d:



222 Becruuk PYIH. Cepust MU ®. T.25, Ne3,2017. C.217-233

d n;— ng—1

H H zi—nl/p H l—zi—...—2,—ngy/p . (13)

! 7
i1 =0 n; /p n./p g no/p—ng/p

ITpupasauBanue yucaureneir B (13) Hya0 1aéT cemelicTBa ypaBHEHUI IPSMbIX, Ha-
IpaBJI€HHBIX <«T'OPU3OHTAJIbBHO», «BEPTHUKAJIbHO» MW <«HAKJIOHHO» B JIOKaJILHOM CcHUCTeMe
KOODJIMHAT 3jieMeHTa A, KoTopas cBsi3aHa addUHHBIM npeobpasoBanneM (8) ¢ cemeii-
CTBaMU <«HAKJOHHO» PACIOJIOZKEHHBIX HpAMbIX 3jementa A,. Ha puc. 1 gam npumep,

winroctpupytomuii nocrpoenne UL upu d =2, r,r' =1,...,(p+1)(p+2)/2, p =5 Ha
sjieMenTe A B BUJIE IPSIMOYTOJIBHOIO TPEYTOIbHIKA C BepIIMHAMu 2 = (20, 2(2) = (0, 0),
21 = (311, 212) = (1,0), 25 = (25, 255) = (0,1).

Kycouno-nionmmuaomuasibubie byuknuu Pj(z), bopMupyroiie KOHeIHO3IEMEHTHBII Oa~
suc {Py(z)},, xKoropsie crposres myrém cumsku UILT ¢, (2) u3 (7), noryuaembrx u3
(13) ¢ momomrpio npeobpazosanus (10), Ha KOHEIHBIX 1eMeHTax A,

Pi(z) ={pi(2), AL Ag; 0, A1 ¢ Ay},

ABJISIOTCS HEIIPEPBIBHBIME, HO UX IIPOU3BOJHBIE TEPIAT Pa3phLIBbI HA IPAHUIAX 3JIEMEH-
TOB A.

3.2. HMHTepnoasiinoHHbIE MOJMHOMbBI DPMHUTA

ITocrponm WIID mopsaka p’, CHIMBKOH KOTOPBIX MOXKHO IIOJIYYUTh KyCOYHO-
HOJIMHOMUAJIbHBIE (DYHKIMU (25), COXpAHSIIONNE HENPEPbIBHOCTD POM3BOHBIX J0 3a-
JIAHHOI'O IIOPAIKA K’ .

3.2.1. Bcnomorarensubie nonuaomsr (BII1)

st mocrpoennst UITD B T0KaIbHBIX KOOpAHHATAX 2’ BBEAEM HAOOD BCIOMOTaTeIbHBIX
nosmuomos (BIIT)

@yt (5;):57%’6%10 -+ 010,

am---ud(pfﬁ---ﬁd(zf)
92,0z Z/:: OrrrOps - Orapas (14)

0<I€1+I€2+.--+K/d</€max_l7
0</L1+,U2+--~+,Uad<"€max_1-

3/ech B y3/10BbIX TOUKAX ., ONpeiesiéHHbIX corytacHo (6), B ormane or UTLJT 3amansl
3HAYEHUsT He TOJIBKO (DYHKIINM, HO U UX TPOU3BOTHBIX IO TTOPAIKA Kmax— 1. BII1 gatoTcs
BBIPAXKEHUSIMI

PRE() = wy () Y a2 — €)M L x (2 = €
HEA,

max

et e \ (9 15
w, ()= HH<( i | I1 o)

! / max
=1 nl /p T /p n6:0 (no/p_nO/p>K

wr(g;) =1,
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/e Ko3huImenTer @it -1 Hd BLIquCIIAI0TC U3 PEKYPPEHTHBIX COOTHOIIEHHH, IOy -
YEeHHBIX B pe3ysbrare moJcTaHoBku (15) B yciaosus (14),

O» 15T R 7 < Iil+-"+/€d7(ulu"‘7,ud) 7£ (Hl,...,lid);

¢
HF; (/’Lla"‘aﬂd):(’ih"'?’id);

a”l"'“d:l”‘l"-ud: =1 v
" d
Z H # :fliul,.“’udi”d(5,,’,.)@?1“"{4’,/1“.1/(1 (16)
IR | 9
veA, \i=1 (MZ VZ)'
M1t ... +pg > K1+ .. KRG
1 8"{1'{2“'de7‘(2/)

K1K2...Kq N
g (2') = -
wy(2") 02171 025" ... 92
IIpu d > 1 u Kmax > 1, anciao N,y WIS cremenn p’ u KpaTHOCTH Y3JI0B Kmax
MeHbIIIEe IHCIa MOTHHOMOB N1y , GOPMHUPYIONIUX 6A3UC B IPOCTPAHCTBE IOJIMHOMOB CTe-
nenn p’ (manpumep, UILT u3 (13)), r.e. mosmHOMBI, yaoBieTBopsitomue (14), ompeesieHbt
HEO/THO3HATHO.

3.2.2. Bcnomorareabusie nosmmaombl (BII2 u BII3)

1 ONHO3HAYHOTO OlpelesieHns IOJUHOMHAIBHOrO Oasmca BBenéM K = Ny, —
Nypoawp’ BCIOMOTATENBHBIX HOMMHOMOB (Qs(2) nByx Tmmos: BII2 u BII3, snumeiino-

HeszaBucuMblx or BII1 mu3 (15) u yZ0BIIETBOPSIONUX YCJIOBHSIM B y3JIOBBIX TOYKax &/,
BII1:

an’lm’Q...nliQ (Z/)
s(€.))=0, s =0, s=1,...,K,
Q‘ (gr ) aziﬂlazéﬁm . az(liﬂd leg,/ $ (17)

0<H1+/€2+-'-+5d</€max_17 0<M1+M2+-~-+ud<5max_]—-

OrmernM, 9TO I 0OeCIeveHnsl HEMPEPBIBHOCTH MTPOM3BOIHBIX YACTH MOJTHHOMOB,
Ha3bIBaeMbIX BII2, MO/KHBI yI0BIETBOPATH YCIOBUIO

9"Qs(2')
872 =055, 8,8=1,....,T1(K), k=k(s), (18)
ni(s) z’:n;/
rae 0. = (Nqs .-, Nk y) — BHIODAHHbBIE TOYKH, JIEZKAIIIE HA IPAHIX BCEBOZMOMKHBIX pa3-

mepHocreil (or 1 710 d — 1) d-mepHOro cumiuiekca A U He COBIAJAIONINE C Y3JIOBBIMI
toukamvu WIS &, B KoTophx BeImonHsAeTca (14), 0/0n; ;) — TPOU3BOIHAA 1O HAIPABJIe-
HUIO BEKTODA 1;, HAIIPABJIEHHOIO 110 HOPMAJIM K COOTBETCTBYIOMIEH i-if rpaHu d-MepHOro
cuMIntekca A, B TOUKE 1)y B UCXOJHOI CHCTEME KOODJIMHAT, KOTOPBI [IePeCIUTLIBACTCS
B TOYKY 7)., TPAHH CHMILIEKCa A B JIOKAJIbHOI CHCTEME KOODIUHAT, HCIOJIB3Yys COOTHO-
menns (8)—(11), manpumep, npu d = 2 cm. (23). Borauncoss wucio T4 (k) He3aBHCHMBIX
napamMerpoB, TpebyeMbIX i 0becledeHns HePePbIBHOCTU MPOU3BOIHBIX 0 MOPSIKA
K, OIIPEJIEISEM ero MaKCUMAaJbHOE 3HAaYeHue k', KOTOPOEe MOXKHO IOJIYYUTH JJIsi CXEM C
3aJ[AHHBIMU P U Kmax, U, COOTBETCTBEHHO, JIOIOJHUTEILHBIX yeioBuil (18).

Ocraércst To=K —T) (k') HE3aBUCUMBIX IAPDAMETPOB M, COOTBETCTBEHHO, JOOABIISIETCS
T5 JIOTIOJHUTEBHBIX YCJIOBUH, HEOOXOAUMBIX JIJIsl OJHO3HAYHOTO ONPEIEIEHUsT TOJTUHO-
MOB, Ha3bIBaeMbix BII3,

Qs(C)=0ssr, s8,8=T1(K)+1,..., K, (19)
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rae & = (¢Lyy.--,CLy) € A BeIOpaHHBIE TOYKHN, HPHHAJJIEZKAIINE CHMILIEKCY 6e3 rpa-
HUIIBI, HO HE COBIIQJAOIINE C y3j10BbIMU Toukamu BII1 &.
Bcnomorarenbubie nosimaombr BII2 narorcs Beiparkennem

Qs(7) = zikl ...z&kd(l — 2 — ... —z)ko Z bjl’m’jdgsz/ljl . z&jd, (20)
J1yeeesdd

rje k; = 1, ecyin ToUKa 1), B KOTOPOIl 3aIaHbl JIONOJHUTEIbHBIE yeaoBust (18), jexxur Ha
cooTBeTcTByIONIEl rpann cuminiekca A, t.e. H(t,ns) = 0, u ky = k', ecom H(t,n) # 0.
Bcenomoraresbabie nosimaombl BII3 natorcst Boipazkenunem (20) npu ky = &'. Koadbduru-
eHTBI bj, | . j,:s OUPENEJISIOTCS U3 CHCTEMbI JIMHEHHBIX yDABHEHUIA, 10Ty 9eHHBIX B PE3y/Ib-
tare nogcranoBku (20) B ycaosusa (17)—(19).

B pesynbrare moxydaem tpebyembrit Habop 6asucHbx UITD

pr () = {& (=), Qs(z)}, (21)

COCTABJICHHBIX 13 OIMHOMOB Qg (2) Tuma BII2 u BII3 u nosmuomos ¢F (z') Tuna BIIL:

k, k(A
Y P & / 8822<Z) ) Qs(2,> € BH27
P (Z ) = @r (Z ) - Z_:lcfi;r;sQS(Z )7 Csrys = i(s) 2=, (22)
’ @7 (Cs)s Qs(2') € BII3.

3.2.3. UIID npu d=2

IIpu d = 2 crenenp p’ MOJMHOMA TI0 TAHTEHIUAILHON MEPEMEHHOM ¢ HA TPAHUIIE TPe-
yToJIbHUKa A, COBIIQJIAET CO CTEIIEHBIO IIOJIMHOMA, JIBYX EePEeMEHHBIX, 1 JIJIS IO OJTHO3HAY-
Horo onpeenenus Tpedyercs p’ + 1 napamerp. Ilpoussognas nopsiika k' 110 HOpMaJIbHOM
HEPEMEHHOM K rpanulie OyAeT IOMMHOM creneHn p' — k', ¥ I €€ OQHO3HAYHOIO OlpeIe-
nenus norpedyercs p’ — k' +1 mapamerpos. Onnako, ona onpejesena Toabko p' — k' (p+1)
napaMeTpaMi: CMEIIaHHLIMU IIPOU3BOIHLIMU (PUKCHPOBAHHOIO HOPSIKA K’ 110 HOpMAaJlb-
HOII mepeMeHHoil 1 mopsaaka oT 0 10 Kmax — k' — 1 O TaHTeHIMAaILHONR IepeMeHHOI,
T.€.

85’ af@/-‘rl Ofimax
ons"" O ot” T Ok Otfmax—K —17

Takum 06pa3oM, ¢ yIETOM TOTrO, YTO y TPEYTOJIbHUKA TPU CTOPOHBI, JIJIsI OJIHO3HATHOIO
ompeJieJieHns TPOU3BOIHBIX JI0 TOpsijika k' Ha rpanure Heooxomumo 11 (k') = 3p+ ... +
3k'p = 3pk’ (K" + 1)/2 mapameTpoB u, COOTBETCTBEHHO, JOMOJHATEIbHBIX ycaoBmii (18).

Hanpumep, niasgs p = 1 1 Kipax = 4 umeerca K = 6 JOMOJHUTEIBHBIX YCJIOBUN ISt
onpeneneans BII2 u BII3. Crenens p’ = 7 mojmHOMA 110 TaHI€HIIMAJILHON EPEMEHHOI ¢
Ha IPaHUIE TPEYTOJbHUKA COBIIAIAET CO CTEIEHBIO IOJUHOMA JBYX IE€PEMEHHBIX, U JIJIst
€ro OJHO3HAYHOrO omnpeesnenusa Tpedyerca p’ + 1 = 8 mapamerpos. Ilponssognas mep-
BOro nopsaxka k' = 1 10 HOpMaJIbHOI IIepeMeHHOIl K I'DaHHIe OyJIeT HOJUHOM CTEeleHH
p'—K' = 6, u uIa €€ OIHO3HAMHOTO onpeesenus norpedyercsa p’' —k’'+1 = 7 mapameTpos.
Oxnako oHa omnpejesiena Toabko p' — k/'(p + 1) = 6 mapamerpamu: CMeNIAHHBIMU [IPOU3-
sogubMu 0/0n, 0% /(Ondt), 03 /(Ondt?), sapanubivu B aByX Bepmunax. HemocTarommuit
mapaMeTp MOXKHO OIPeeNTh, 3a/1aBasi MPOU3BOIHYIO IO HAIPABJIEHWIO, HEapasie/b-
HOM I'DaHUIle TPEYroJbHUKA B OJHOI M3 TOYEK HA €ro CTOPOHE (HAIpUMep, OCEPe/INHE ).
Taxum 0b6pazoM, i p = 1 U Kypax = 4 MOKHO nTocTpouTh UIID ¢ pukcrnpoBaHHbIMEU 3HA-
YEeHUSIMU IIEPBON TPOM3BOHON Ha T'PAHUIE TPEYTOJbHUKA, IIPU ITOM OCTaéTCsI 6 — 3 = 3
CcBOOOMIHBIX TIAPAMETPOB.

IIpoussogHass BTOPOro MOpsAAKa k' = 2 IO HOPMAJbLHOI IIepeMEeHHOI K I'DaHHIe
— monmnoM creniedn p’ — k' = 5, m jy1A €€ OJHOZHAYHOrO ONpeeeHus MoTpedyercs
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p' — k' + 1 = 6 napamerpos. OzHako ona onpejesnena Toiabko p' — k'(p + 1) = 4 napa-
MeTpaMu: CMeIMaHHbLIME TTpousBoHbIME 02 /On? u 03 /(On?0t), 3alanHbIME B JIBYX Bep-
IIUHAX TPEYTOJbHUKA. TaKuM 00pa30M, JJIsi OJHO3HAYHOIO OIpPEeIeHIs BTOPOil IIPOon3-
BOZHOI ToTpebyeTcs 6 mapaMerpoB. DTO 03HAYAET, YTO JAHHBIM aJTOPUTMOM it p = 1
U Kmax = 4 Hedb3s nocrpouth cxemy MKD ¢ mHempepbIBHO# BTOpOi mpousBogHOi. B
9TOM CJIydae CJIeJIyeT UCIOJIb30BATb CXEMY C Kmax > 4, Hampumep, o6o3HaueHHYIO [152]
u3 tabu. 1 u puc. 2. Torma ocraBmmecs Tpyu CBOOOIHBIX MapaMeTpa MCIOIb3YIOTCS TSt
nocrpoennsi BII3. amerum, 910 BO3MOXKHO ITOCTPOEHHE CXeM, ODECIIEUNBAIOIINX HEIIpe-
PBIBHOCTH BTOPBIX IPOU3BOJHBIX HA HEKOTOPHIX I'PAHUIAX KOHEUHBIX JIEMEHTOB. DTOT
caydail B JaAaHHON paboTe HE pacCMATPUBAETCH.

Ilpu d = 2 upoussognbie 0/0n; MO HANPABIEHWIO N;, HEPIEHIUKYIAPHOM K COOT-
BeTcTByIOMIEH rpannd ¢ = 0, 1,2 B UCXOIHON crucTeMe KOOPAWHAT, Tal0TCA Jepe3 YacTHBIE
npoussosubie 0/02%, j = 1,2 B JoKambHOl cucTeme KoopuHaT A, ncronssys (8)—(11),
BbIPAsKCHUSIMU

0
le +fz2

nZ 8 /0 (23)

. 0 0
1=1,2, aimz(fm-kfm)@fzi-i-(fm fo2)a s

rae fi; = fij (20, 21, 22) — (byHKIUN OT KOOPJMHAT BEPIIHH Z(, 21, Z2 TPEyroibHUKa A, B
HUCXOJTHOU cUCTEME KOOPIAHAT

fii=J~ ((2’21—201) +(Z22—202) )1/2’
f12:7(2127202)(Z22*ZO?)+(Z21*201)(2”7201)
J((égl—201)2+(222_202)2)1/2 7
foo=J " ((211—201)*+ (212 202)*) /2,
1= (F127202) (an—200) + (1 201) (1~ 1) (24)

J((211—201)%4(212—202)?) /2
for=—(2J) " ((B22—212) 2+ (211 —221)%) /2,
(211—201)*+ (12— 202)* — (22— 202)* — (21— Z01)*
2J ((222—221)2+(211—212)2) /2 ’
J=(211—201)(Z22—202) — (12— 202) (221 — 201 )-

for=

Cxemarudeckoe u3obpazkenue peanusanun yciaosuit (14), (17), (18) u (19), ¢ momo-
b0 KOTOPBIX mocTpoenbl Oasucubie UIID, mokazamo npu d = 2 ma puc. 2. Xapakre-
PUCTHKM TTOJMHOMEAIbHOrO Oasuca u3 MIID ma snemente A mpu d = 2 npuBejeHbl B
tabsa. 1. Beipaxkenus s UIID (21) mo p/ = 9 nopsinka npu d = 2 mpejcTaBiieHbl B
IIpunoxkenun.

3.2.4. Kyco4yHo-nmoJIMHOMHUAaJIbHbIE (DYHKIIUU

Kycouno-tiosmuomuaibubie dbyHKImu Pj(z) ¢ HelPepbIBHBIMU TPOU3BOIHBIME JI0 O~
psiiika k' CTpOATCS IMyTEM CHIMBKH HOJIMHOMOB ¢f (z2) = {pF(2), Qs(2)} 3 (21), momyua-

€MBIX aJIrOpHTMOM u3 IIpuiozkenns:, Ha KOHEYIHBIX d1eMeHTax A, € Qy(2) = UqQ:1 Ay

Pr(z) = {i¢ﬁzf)(z),Az(lf) € Ay 0, Ay & Aq}a (25)

rJie 3HAK <«—» MOXKET MOsIBUThCS TOJILKO st BII2, Korja Hy»KHO CIMUTH HOPMAaJibHBIE
ITPOM3BOHBIE HEYETHOI'O TTOPAIKA.
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[131]

BIT1: 3x6=18 nom.
BI12: 3 mom.

[141]

BIT1: 3x10=30 mo.

[231]
BIT1

—>

BI12: 3 mog.
BI13: 3 mom.

: 6x6=36 no.

BI12: 6 mog.

BI13: 3 mom. I

[152]
BIT1: 3x15=45 momn.
BI12: 3+6=9 moi.

BI13: 1 mom.

Puc. 2. Cxemarnueckoe n306pa’keHue yCJIOBHI Ha jeMeHTe A, IJisl OCTPOCHMUS
6asuca VIID [prmaxk’]: [131], [141], [231], [152]. KBagpaTsl: TouKM &, B KOTOPBIX
dukcupyiorca sHaveHns (PyHKOMI U UX IPOU3BOAHBIX COIJIACHO ycjoBuaM (14),
(17); crtomHbie (IPEPHIBUCTHIE) CTPEJIKK: ¢ HAYAJIOM B TOYKAaX 7);, B KOTOPBIX
duKCcupyIoTca 3HaYeHUs IepBoi (BTOPOii) NPOU3BOAHON 10 HAIIPABJICHUIO HOPMAaJIH
B MCXOJHBIX KOOPAWHATAX, COIVIACHO ycJIoBHIO (18), COOTBETCTBEHHO; KDY KKU:
TOuKH (,, B KOTOPbIX (PMKCUPYIOTCH 3HaYeHU:A PyHKIMIA coryiacHo yciosuio (19)

Tabauma 1

Xapakrepucrtuku 6asuca VIIID (21) npu d = 2

[PRmaxk'] [131] [ [141] | [231] [ [152]
P’ Kmax(p + 1) — 1 5 7 8 9
Nevor' | @+ D0+ 2)kmax(Fmax + 1)/4 18 [30 [36 |45
Nip (' + 1) +2)/2 21 |36 [45 |55
K P(p + 1)Emax (Kmax — 1)/4 3 6 9 10
T (1) 3p 3 3 6 3
T1(2) 9p 9 9 18 9
N(BIIL) | Niponpr I8 [30 [36 |45
N(BII2) | T1(+) 3 3 6 9
N(BII3) | K — T\ (x) 0 3 3 1

Orpanmvenue Ha nopsoK npoussoanbix k' :  3pk’ (K +1)/2 < K.

Pasznoxenne nckomoro pemenusi D, (2) 1m0 6a3ucy KyCcOUHO-NOJIMHOMUABHBIX (DYHK-
o N .
uuit Py (z), @ (2) = Y,_, Pr(2)®),, u noxcranoka ero B BapHAIMOHHDIH byHKI-
oHas (4) npuBoaUT K OOOOIIEHHON aJreOpanveckoil 3ajade Ha COOCTBEHHbIE 3HAUEHUS,
(A — BE!)®" = 0 , koTopas permaeTcst CTaHJaPTHBLIM MeTOIOM (CM., Harmpumep, [8]).
DJIEMEHTBI CUMMETPUIHBIX MATPHIL XKECTKOCTH A 1 Mace B cojep:Kar MHTerpaJsbl THIIA
_ |9
(4), KoTOpBIE BBIMUCIAIOTCA Ha d1ementax B obnactu Ag € O (2) = U2, Ay, nepecun-
TaHHBIE B JIOKAJIbHbIE KOOPIMHATHI Ha 31eMeHTe A.

TeopeTnaecKne ONEHKH TIOTPENIHOCTeH MeKIy TOUHBIM E,,, ®,,(2) € HZ(Q) u npu-

K +1>1

omaxenabiM BN ®R (2) € HS (Q,) pemennsimu cieytomue [10, 11]:

B — Bl <, ||®n(2) — ®8(2)]|, < cah?H, (26)
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rIe

|2:E = [ onl2)dT(0),
Q

h — MakCHMaJIbHBIN pa3Mep KOHEYIHOro sjeMenta Ag, p' — nopsgok cxemsl MKD, m —
HOMED COOCTBEHHOTO 3HAYEHUS, ¢] U Cy — KOIDMUIMEHTDI, HE 3aBUCAIINAE OT h.

4. Pe3yabTraThl U 00CyXK/IeHUE

B kadecTBe mpuMepa PacCMOTPHUM pellleHre 3aJadu JUCKpeTHoro crekrpa (1)—(3)
_ _ _ _ _ @

mpu d = 2, go(2) = gij(2) = 1, m V(2) = 0 B obnactu Qp(z) = U;”Z1 A, B BUse pas-
HOCTOPOHHET'O TPEYTOJIbHUKA CO CTOPOHOI 477 /3 ¢ rpaHUYHBIME YCJIOBUSIMEI BTOPOTO TH-
na (II), koTopelii pasdur Ha () = n? PaBHOCTOPOHHUX TPEYTOJBLHHKOB A, €O CTOPOHOIL
h = 4w /3n. CobcTBeHHbIE 3HAYEHUS STON 331291 ¢ BBIPOXKJIEHHBIM CIIEKTPOM — II€JIble
ancna B, =0,1,1,3,4,4,7,7,....

Ha puc. 3 npencrasienbr kKoneunoajementHasi cerka ¢ WILJI BocbMoro mopsigka m
npoduis geTsépToiil coberennoi dynkmun OF(z2).

Puc. 3. (a) Cerka Ha obsacrtu ,(z) = UqQ:1 A, TpeyroJjibHOII MeMOpaHBbI,
COCTABJIEHHAsI U3 TPEYTOJIbHBIX JIEMEHTOB A ;
(b) mpodunn gerséproii coberenHoit byukuun $}(z2) = 3, noaydennoii na UITJI
nopsaaka p’' =p =8

Ha puc. 4 nokazans norpermuoctn AE,, = E! — E,, cobcrsennoro snavenus EF(z) B
3aBUCHMOCTH OT 9Hc/Ta 1 (Jucso snementos n?) n ot aymabl N Bekropa @7 anrebpamde-
CKOIl 33,1241 Ha cOOCTBeHHBIE 3HaYeHus Jijis cxeM MKD or nsitoro 10 geBsToro mopsijka
tounocty, ucnosbdyomue UIIJI, ormedenubie MeTKaMu [prhmaxk’] = [510],...,[910], u
ucnosssyiomue WIS, ormeuennsie merkamu [131], [141], [231] u [152] u3 Taba. 1, co-
XPAHSIIOIIIE HEIPEPBIBHOCTH IIE€PBOil U BTOPOIl IIPOU3BOHBIX [TPUOJINKEHHOIO PEIICHUST
COOTBETCTBEHHO.

Kaxk Bumo u3 puc. 4, norpemtnoctu cobersennoro snadenus AE}(2) cxem MK on-
HOTO TOPSZIKA P’ = Kmax(p+ 1) — 1 npuMepHO OJMHAKOBBIE  COOTBETCTBYIOT T€OPETHYE-
ckuM oreHkaMm (26), vo B cxemax MKD ¢ 1T, coxpaHsoNux HEIPEPbIBHOCTH HEPBOil 1
BTOPOIi TIPOU3BOJIHBIX IPUOJIMKEHHOTO PEIIeHHsI, UCIIOJIb3YIOTCA MATPHIILI MEHbIIIEeH pa3-
MEpHOCTH, COOTBETCTBYIOIIHE JymHe BekTopa N, B 1,5-2 pa3a MeHbIIeil, YeM st CXeM
¢ UILJI, coxpaHsIIONIX Ha IPAHUIAX KOHEYHBIX JIEMEHTOB TOJBKO HEIPEPBIBHOCTH MPH-
OIMKEHHOTO pelenus. Borrancyiennst TpoBOAMINCH, Ha KoMmibioTepe 2 x Xeon 3.2 GHz, 4
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GB RAM, ucnonssys Intel Fortran 77 ¢ werBepHoii TouHOCTBIO real*16, ¢ 32 sHavammmMu
mudpamu. Bpemst caéra paccCMOTPEHHBIX TPUMEPOB HE MPEBBIMIAIO 3 MUHYT.

3 — T I™N ===
- 1E-5: —--g:g} T— Eg}} . 1E-5: N : :glg]]::: E;H
e E\Y —=—[910] --»-- [152] w ] X —=—[910}+- [152]
1E-10] 1E-104 b
] S 3 LS
] I\IQI;;.:I:[_I“ 3 ».
1E-15] — at 1E-15]
1E-20° i 1E-201 ,
15 20 100

Puc. 4. 3aBucumoctu norpemnoctu AEY co6erBenHoro snavenust Ef ot uncia
9JIEMEHTOB 1 M OT OJIMHBI BeKTopa N

5. 3akJirouenue

IIpennoxkena BoraucauTenbuas cxema MKD BBICOKOr0 mMOpsiika TOYHOCTH PEIICHUS
3a/7a9u Ha COOCTBEHHBbIE 3HAYEHUS I SJITUITUYECKOrO yPAaBHEHHUS B YACTHBIX IIPOM3-
BOJIHBIX B OT'PAHUYIEHHON 00JIACTH MHOTOMEDPHOT'O €BKJIMIOBA IMPOCTPAHCTBA, 00eCIedn-
BAIOIAsl HEIPEPBIBHOCTh HE TOJBKO MPUOIMKEHHOTO DEIIEHNUs, HO W €r0 MPOU3BOIHBIX
JI0 3aJJaHHOI'O TOpsiaka. Ha mpuMepe TOUYHO-penraemMoil KpaeBoit 3aa4 i TPeyroJIbHOM
MeMOpaHBbI MTOKA3aHO, ITO JJIsi JTOCTUXKEHUS 33 TaHHON TOYHOCTU MPHUOIMKEHHOTO pelie-
Hust, 1t cxem ¢ MKD ¢ UTI9, obecrieunBaronnx HETPEPHIBHOCTH MEPBOI M BTOPOI TpO-
U3BOJHBIX ITPUOJIMAKEHHOTO PEIIEHUs], UCIOIb3YIOTCS MATPUIILI MEHBIIEH Pa3MEPHOCTH,
COOTBETCTBYyIOINE JnHe BeKTopa N, B 1.5-2 pa3a menbireit, gem st cxem ¢ UTILJT, co-
XPAHSAOMNX HA TPAHUIAX KOHEIHBIX JIEMEHTOB TOJIHKO HEITPEPBIBHOCTD MPUOIMKEHHOTO
pereHus.

OrmernM, 9T0 gBHOE Bhipakenue st V11D HeCKOIbKUX MePEMEHHBIX, B OTIUYIUE OT
NILJI, nocTaTodvHo CJIOXKHOE, B JIOKAJIBHBIX KOOpAMHATAX 2z’ Tpedyercsd mepecder pukcu-
POBAHHBIX IIPOU3BOJAHLIX B Y3JIaX Zy JIEMEHTAa A, B y3JIbl z., SJ€MEHTa A, HCIOIb3Ys
MaTpuis! J 1. IlosToMy TpeGyeMmbril HepecdsT MPON3BOAHEIX BBITIOMHICTCS IS KazKI0-
ro KOHedHOro syementa A, Ha srane dopmupopanus Gasuca U {oF (2')}F_; Ha ko-
HEYHOM 3jieMeHTe /A, KOTOPBII BBIMOJHSIETCS YUCIEHHO MO0 aHATUTUIECKUM (DOPMYJIaM,
aHAJIOTUIHBIM (popMysaMm npu d = 2 u3 pazzueia 3.4 u [Ipunoxenus.

Borauciurensunie cxembor MKD opumenTupoBanbl Ha pacdyéTbl CIEKTPAIbLHBIX U OII-
TUYECKUX XapaKTEPUCTUK KBAHTOBBIX TOYEK U JIPYTMX KBAHTOBOMEXAHUIECKUX CHCTEM.
Peammzanmuas MKS ¢ UIID B npocrpancrBe d > 2 U Apyrux 06JIaCTSX, OTJUYHBIX OT
MHOTOIDAHHUKA, OYJET JaHa B IMOCTAEAYIOMNUX PaboTax.

6. Ilpunoxkenue

Beipaxkenus jyist ITID B ncxoHbIx KOOpAMHATAX, YIOBIETBOpsiomue ycaoBusiM (14),
(18), (19), Tax, 4To I KayKJOIO MOJMHOMA B IIPABBIX YACTAX ITHX yCJIOBUIl eJuHU-
1A MOSBJISAETCS TOJBKO OJIUH Pa3, TPOMO3JKue. VX BbruucseHne yjao0HO MPOBOIUTDH 110
AJTOPUTMY:

1) o bopmymam (15) u (20) soraucasioress BITL ok (2'), BIT2 u BII3 Q% (2');
2) ucnomb3ys dopmyry (22), erancasem Gazuc NI, cocrosmmuit u3 mommaoMoB ¢F (2)

u Qs(z'), B JIOKAJIBHOI CHCTEME KOODIMHAT;

3) BII1 % (z) nepecunrrsatores o dopmymnam (11);



I'yceB A.A. MeTos KOHEIHBIX JIEMEHTOB BBICOKOI'O MOPSIAKA TOYHOCTH . . . 229

4) BoinosHsiercs npeodbpasosanue (10).

B tab1. 2-5 npusesenst BII1 ok (2'), BII2 u BII3 Q%(2'), a coorsercTrytomue koab-

DUIUEHTBI Cyp.p. s BBIUUCISIOTCH 110 hopMysiaM (22). O6osnadenust: &, 15, (s — KOOP/UHA~
TBI Y3JIOB B KOTOPLIX Ipasas dacth (14), (18) mwiu (19) pasBua exunure, zo = 1 — 21 — 22,
fij onpezesorcs u3 dopmMys (24), Ipu STOM apryMeHTs! y QYHKIUI U IITPUXU Y He3a-
BUCHMbIX II€PEMEHHLIX OIIYIIEHBI.

Tabauma 2

UIIS p =1, kmax = 3, & = 1, p’ =5 (smemenT Aprupuca [3])

BIIT : &=(0,1), &=(1, 0),53:(0 0)

cp(l) 0=23(623—1522+10)

cp2 0=23(627—1521+10) 303 0=23(628—1520+10)

<p1 = 23(22—1)(322—4) | 3 =—2522(321—4) O3t =—2822(320—4)
<p1 0= 2125 (320—4) 0y'=—28(21—1)(321—4) goé’O:—zS’zl(Szo—él)
<p1 2=23(20—1)? /2 4,02’2:,2?2%/2 503 —2022/2

B A =(21-1)2 2 P =z

01 0=2323/2 05 =23 (z1—1)%/2 05 0=2821 /2

BII2 : m1=(0,1/2),72=(1/2,0),n13=(1/2,1/2)

Q1=16252125 / f11 ‘ Q2=162527 22/ fa2 ‘ Q3=—8202723 / fo1

Tabauma 3

NUIID p=1, kmax=4, &'=1, p'=7

BII1 : £,=(0,1), &=(1,0),&=(0,0)

o1"=—23 Po(23) <P2 P=—21Py(z1) p3"=—23Po(z0)
OV =23 (22—1)P1(22) <P2 '=ztzPi(21) 3 =222 P1(20)
¢1°=2123 Pi(22) 902 C=2i(z1-1)Pi(21) 03" '=2521P1(20)

@?’2:—z§(22—1)2(4zz—5)/2
oy =—2128(22—1)(422—5)
@f’oz—z%z§(4z2—5)/2

03 =23(20—1)3/6
@}’222123(22—1)2/2
@f’lzz%zg(zQ—l)/Q

901 —2132/6

2 :—(1/2)217;%(421—5) ¢g’2:—z§z§(4zo—5)/2
"=tz (z1—1)(421—5) | oi'=—282120(420—5)
2’0:—z‘f(z1—1)2(4z1—5)/2 gog’oz—zézf(4zo—5)/2

1,
P2

‘Pz
902
902

2,1
‘Pz

L»02

—21752/6 503 —2'02’2/6
:zfzg(zl—l)/Z (,03 2202122/2
=2t22(21—1)%/2 @g’lzzézfzz/Q
—z1(21* ) /6 903 —2'02’1/6

BII2 : ;1=(0,1/2),12=(1/2,0),n13=(1/2,1/2)

Q1:8Z12:§Z§(122’%77217821Z278Z§+822)/f11
Q2=—827 2025 (8271 +82120—821+T722—1223) / faa
Q3=4212320(1225 —1T22+5—1721+3221 20+1221) / fn

BII3 : (4=(1/4,1/2),¢s=(1/2,1/4),(s=(1/4,1/4)

Q1=102423 2723 (422—1)

‘ Q5=1024232125 (421 —1) ‘ Qe=102425 2723 (420—1)

Po(z;) = (2023 —7027+842;—35),

Pi(z;) = (1027 —242;+15)
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(2 /%2 120221 £2v2) = (%)% (01— "26)¢(1—"22) = (2)'s ‘(86+72G01—E28F) = (*2)°S

(1—°%¢)(1—"2g) &2tz 229607=50 7 (1—%¢)(1—"2¢) %2tz 229607=3D 7 (1—T2g)(1—"2¢) %2tz 229607="L0)

W/ 1%/1)=%"F/12/1D)= (/1 7/1)=% : el1d

10f /(1—"T27)(1—222)(1—122) §7 292 (6/99¢) =0 10f /(1—22%)(1—2%22)(1—122) ¢ 792 (6/99¢) =<0
eef [(1—12%)(1—12g)(1—02) %= (2 22(6/219) —=") eef [(1—02%)(1—122)(1—2¢)%2 2 22(6/219) —=%0
1L /(1—=2%7%)(1—%7¢)(1—%7) %2 12 22(6/219) —=%D 1 /(1=%7%)(1—%7¢)(1—%7) %2 12 22(6/218) ='O)
Q\ﬁi@n@:é\m T/1)=5L (0 F/¢)="1 (0 i:né (7/€‘0)=2"(¥/1'0)="0 : Num
(1—12¢) gz dz8= 7 brlzdege=,7 (1—12g) &z fzg= L
:LN@N&%NNT ATQ@mﬁNm&mn:g (1—22g)(1—12¢) gz ¢z91= &
e drne= 3 o(1-%2¢) §2078=1 0@ NATS@%%@HQ&
(1+229)(1—12¢) 7 Q7ge= (T+129) g2 12 2279= ws (T+029)(T—127) gz gzae=
(1+%29)%z 2 2279= ¢ (T+129)(1—%2¢) gz gzce= ) (T+920)(1—%2¢) ¢z gz0e= &
(2)eg {2 d299= & (12)86 &2 299= -} (02)86 &z fzp9= &
¢/ e(1— oNNVﬁNoNI b& ¢/e(1-122) QIHNvaH Fm& N\m&mﬁlmwmvmwﬂo“m&
o(1— owmvmmﬁmonl @& mﬁlﬂwmvﬁlﬁwvmnﬂwl m& AHINNvHNmQINNNvaH A&
e/ e(1-022) gz e = hwg e/ e(1-122) == Fog e/e(1=%2) (1-%2) 2=, §
AoNVHwHwalHoFWS (12) 15 (1—12) fr—= "mg (ez)1glzlz—= ,WS
(02)1gez 0z —= 5 (f2)igezlz—= £ (22)T5(1—%) &z —= o
(%) 05'(1-%22) 7= (¢ ()05 (1=122) ¢#=4(% (%2)056(1—%22) 7= ¢

(0°0)=23(0'2/1)=%3"(g/1'0)="3(0‘1)=%3‘(g/1 ‘¢/D=5%3‘(1 ‘0)="3 : 111d

g=d ‘1= ‘g="""y ‘g=d €IIn

§ enuirgeq,
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Tabauna 5
UAIID p=1, Kmax=H, K'=2, p'=9
BIIL: £,=(0,1), £&=(1,0),£=(0,0)
P =23To(22) 0 =21To(z1) 5 "=2To(20)
=2 (2= 1)Ti (22) P =BT (1) P =25 (20)
o1 =—z123T1(22) py ' =—27 (21—1)T1(21) 03 '=—2821T1(20)
30(1)’2:23(227 V2 Ta(22)/2 092 =2323Ts(21)/2 02 =2823Ts(20)/2
gol —2122(22—1)T2(22) o' =2020(21—1)Th(21) o5t =28 2120To(20)
<Pl =21 23To(22) /2 05 0=21(21—1)*T2(21) /2 05 0=2021Ta(20)/2
PrP=—23(20—1)*(522—6)/6 | 5 =—2723(521—6)/6 Py =—2525(520—6)/6

1P =—2125(20—1)%(522—6)/2 | o3 ?=—2223(21—1)(521—6)/2 | i =—282123(520—6)/2
gof’lz—z%zg (z2—1)(522—6)/2 50371:—25’22(;;1 —1)%(521-6)/2 gog’lz—z(;’zf@ (5z0—6)/2

©30=—2323(520—6) /6 goz O=—22(21—-1)3(521—6) /6 wg’oz—z82§(5zo—6)/6
@?'4:,25(2271)4/24 902 1=2025/24 <p3 fz022/24
50}’322125’(22—1)3/6 902 P=2725(21-1)/6 903 ?=282123/6
gol —2122(22— )2 /4 302 —2122(21—1) /4 g03 —z02122/4
o1l =2723(22—1)/6 s =21 22(21-1)" /6 03! =202122/6
30411 0—212'2/24 gog O=23(z1—1)*/24 gag 0=252%/24

BIT2 : 771*(07 1/2)7 772:(1/27 0)7 773*(1/2’ 1/2)7 774:(0: 1/3)7 775:(07 2/3)7
776:(1/37 0)7 777:(2/3, 0)) 778:(1/37 2/3)7 779:(2/37 1/3)
Q1=256232125 ((32122—527 —23+22) fi1—421(22—20) f12) / fia

Qa4=(729/16)23 2123 (320—1)/ f1 Q5=(729/16)25 2123 (32— 1)/ {1
Q2=2562327 22((32122— 525 —2i+21) faa+422(21—20) f21)/ f32

Q6=(729/16)25 2723 (320—1)/ f3» Q7=(729/16)252723 (321—1)/ f3
Q3=1282023 23 (725 —220—2122) fo1 +220(21—22) fo2) | fu
Qs=(729/64)2323 23 (322—1)/ f&4 Qo=(729/64)23 2323 (321—1)/ f&,
BII3 : (10=(1/3,1/3) \ Q10=1968323 23 23

To(z;) = (7025 —3152; +5402; —4202,+126)
Ti(z5) = (3525 —12025+14022—56), T (2;) = (1525 —352;+21)

3ameuanue. [Ipu k' = 1 Ha paBHOMEPHBIX CETKAX MOXKHO HCIIOJb30BATh OA3ucC ¢
HEIPePBLIBHOI TIepBOii MPOU3BOIHOI, cocTosammit n3 mpuseaeanbx UIID ¢k (2') n Q4 (2)
upu fo1 = fi1 = foo = 1. llpu sTOM npOU3BOAHBIE TAKUX IIOJUHOMOB II0 HOPMAJIU K
rpaHure B 00IIeM Ciiydae He YIOBJIETBOPSIOT ycaoBusaM (18).
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High-Accuracy Finite Element Method for Solving
Boundary-Value Problems for Elliptic Partial Differential
Equations

A. A. Gusev

Joint Institute for Nuclear Research
6 Joliot-Curie St., Dubna, Moscow region, 141980, Russian Federation

A new computational scheme of the finite element method of a high order of accuracy for
solving boundary value problems for an elliptic partial differential equation that preserves the
continuity of the derivatives of the approximate solution in a bounded domain of a multidimen-
sional Euclidean space is proposed. A piecewise continuous basis of the finite element method
is generated using interpolation Hermite polynomials of several variables and ensures the con-
tinuity of not only the approximate solution but also its derivatives up to a given order on the
boundaries of finite elements, depending on the smoothness of the variable coefficients of the
equation and the boundary of the domain. The efficiency and accuracy order of the computa-
tional scheme, algorithm and program are demonstrated by the example of an exactly solvable
boundary-value problem for a triangular membrane depending on the number of finite elements
of the partition of the domain and the dimension of the eigenvector of the algebraic prob-
lem. It was shown that, in order to achieve a given accuracy of the approximate solution, for
schemes of the finite element method with Hermite interpolation polynomials the dimension of
the eigenvector is approximately two times smaller than for schemes with Lagrange interpola-
tion polynomials that preserve on the boundaries of finite elements only the continuity of the
approximate solution. The high-accuracy computational scheme of the finite element method
is oriented to calculations of the spectral and optical characteristics of quantum-mechanical
systems.

Key words and phrases: elliptic partial differential equations, boundary-value problem,
finite element method, interpolation polynomials
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IIpumeHeHue mMeTo/Ia rApMOHUYECKON JIMHeapu3anum K
HCCJIe/IOBAHIIO aBTOKO0JIEDATEILHOTO PEXKUMa CUCTEM C
ylpaBJjiIeHuEM

. C. Kyna6os*', A. B. Koposbkosa*, T. P. Beauepa*

* Kaghedpa npuxaadnoti un@opmamury u meopuu eepoammuocmet,
Poccutickuti yrusepcumem dpyosrchvl Hapodos,
ya. Muxayzro-Maxaas, 0. 6, Mocksa, Poccus, 117198
T Jla6opamopus ungopmanuornox mexnosrozu,
065eduUHEHHBLT UHCMUMYM, AOEPHBLT UCCAEIO8AHUL,
ya. 2Koauvo-Krwopu 6, /lyora, Mockosckasn obaacmyv, Poccusa, 141980

B cersax nepenayun maHHBIX, PEATU3YEMBbIX KAK CHCTEMBI C YIIPABJIEHUEM, MOYKET BOZHUKATD SIB-
JieHue T100aIbHOM CHHXPOHU3AIMN. BHEIIIHe 3T0 sIBJIeHUE TIPOSIBJISIETCS KAK aBTOKOJIe0ATEIbHBIM
PEXKHUM B CHUCTEMe, KOTOPBIf HEraTUBHBIM 00pa30M BJIUSIET HA TaAKHEe XapaKTEPUCTUKU CACTEMBI
KaK IPOITYCKHAasi CIIOCOOHOCTDH M 3aJIEPXKKM Ilepenadn. Panee aBTOpaMu HMCCIeI0BAIACh 33/1a9a
HaXOXKJAEHUs 30H BO3HUKHOBEHWSI ABTOKOJIEOAHMIA IJIsT CUCTEMBI B IEJIOM. ABTOpaM IIPeaCcTaB-
JgeTcs aKTyaJbHOI 3a/a49a BBIJEJICHUS SJIEMEHTOB CUCTEMbBI, OTBETCTBEHHBIX 32 BOSHUKHOBEHUE
aBTOKOJIEOaTeTLHOTO peyknMa. CI0KHOCTD ITON 33,1491 BHI3BAHA CYIIECTBEHHO HEJTMHEHHBIM Xa-
PaKTEPOM CHUCTEMBI M €€ 3JIEMEHTOB. 3a9acTYI0 JJIsi JeKOMIIO3UIINNA CUCTEMBI IPUMEHSIIOT METO/T
suHeapusanuu. Ho B 9ToM citydae mponagaer aBToKoebaTebHbIN pexkuM. TakuM o6pa3oM BO3-
HUKAET HEOOXOINMOCTD MTOMCKA METOJIa JTeKOMIIO3UIINN, He PA3PYIIAIOIIEro aBTOKOIe0aTe TbHBIN
pEXKHUM CHCTeMBI. B KadecTBe TaKOro MeTo/a aBTOPBI MPEJJIarat0T HMCIOJIb30BaTh METOJ rap-
MOHUYECKOW JIMHEAPU3AINY, MPUMEHSIEMbII B TEOPUM aBTOMaTUIEeCKOro ympasjenus. OaHako
IPUXOAUTCS IIPU3HATH, YTO JAHHBIM MaTeMaTUYIECKHil almapaTr MaJjo 3HAKOM HMCCJIeJOBATEIISIM,
CIIEIUATU3UPYIOIIUMCS Ha MCCJIEIOBAHUN CUCTEM U CETeil Mepejavn JaHHBIX. ABTOPBI IOCTapa-
JINCh KaK MOXKHO 0oJiee TIOPOOHO ONKCATh IPUMEHEHUE MeTO/Ia TApMOHUYECKOH JIMHeapu3aIiuu
K WCCJIEJIOBAHUIO BJIUsiHUASA PYHKINM cOpoca makeroB 1o ajropurmy RED B cucreme c ympas-
JIEHUEM Ha TPOIECC BO3ZHUKHOBEHUS aBTOKOJEOATEIBHOrO pexKuMa. TakuM oOpas3oM, JTaHHBIN
MaTepHuaJl HOCUT CKOpee MeTOMMYIEeCKNH, IeM MCCIeOBATEIbCKIN XapaKTep.

KuroyeBble cjioBa: akKTHBHOE yIIpaBJieHHE TPA(PUKOM, TEOPUsT YIIPABJIEHUS, aBTOKOJIE-
OaTe/IbHBIM PEXKUM, METOJ TapMOHUYECKOM JuHeapusanuu, RED

1. Bsenenue

B craTbe paccMaTpuBaeTcst TEXHHYECKAsT CUCTEMA, TTPEICTABIIAIONAas COO0M ceTh Ie-
peJlaun JIaHHbIX, epegaBaeMbix 1o nmporokosy TCP (Transmission Control Protocol). B
9TOM cucTeme BbiesgeTca ncrounuk makeroB T'CP u sylement yripasiienust B Buie Mapii-
pyTH3aTOpa ¢ MOJYJIEM ylpasieHus, paboraomum 1o ajropurmy Tuna RED (Random
Early Detection) [1-3]. BayTpenHuMu napamerpaMu CHCTEMBI SBJISAIOTCS Pa3Mep OKHA
TCP u 3nadenre MrHOBEHHOW JJIMHBI OY€pEIU Ha MapIIPyTU3aTOPE.

ITo cBoeit mpupose mporokos TCP BbI3biBaeT Takoe siBJIeHNE, KaK IJ100aJIbHast CHHXPO-
Hu3anus. [7106ambHas CHHXPOHUBAINST IIPOSIBIISIETCST B TOM, UYTO OJHOBPEMEHHO HECKOJIBKO
TCP-X0CTOB YMEHBITIAIOT CKOPOCTH TIEPEIadn IPU BOSHUKHOBEHUN BCJIEICTBUE TIEPErpy3-
Ki cOpoca MakeToB, & 3aTeM CHOBA YBEJTMUINBAIOT CKOPOCTD IIEepEIad, KOT/Ia MePEerpy3Ka
CHCTEMBI YMEHBIaeTCsl. BHEITHEe 3TO MpOSBIIAETCS B BI€ BOSHUKHOBEHUSI B CCTEME aB-
TOKOJIEDATEILHOTO PEXKIMa [TAPAMETPOB CUCTEMbI — pa3Mepa OKHa U MTHOBEHHOMN JJTUHDI
oYepeIn.

Crarbs ocTynuia B pefakmnuio 5 amnpess 2017 r.
Pa6ora wyactuuno nmomzgep:kana rpantamu PODOU Ne 15-07-08795, 16-07-00556. Tak:ke myOaukariyst
OJrOTOBJIEHA IIpH rHAHCOBOH nogaepkke Munobpuayku Poccun (corsarmenue Ne 02.A03.21.0008).
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Panee maMu IpoBOIUIINCH MCCIIENOBAHUS IO OIIPENIEJIEHUIO OOJIACTH BO3HUKHOBEHMSI
aBTOKOJIebanuil [4-6| B cucreme ¢ ynpasienuem. B arux paborax Oblia nCC/IeI0BaHA 3aBH-
CUMOCTBH 00JIaCTH BO3HUKHOBEHUsT aBTOKOJebanuii pasmepa okHa TCP u pasmepa Mrao-
BEHHOM JIJTMHBI OYepean OT MOPOrOBBIX 3HadeHWil u Tunos ajaroputma RED. Jlns sto-
'O POBOIMJIOCH YHNCJIEHHOE UCCIeI0OBaHNe HEJTUHEHHON Momen Takoi cucrembr. OgHAKO
BOIIPOC O TIPUYMHAX BO3HUKHOBEHHS aBTOKOJIEOATEIHHOTO PEXKUMA HE PaCcCMaTPHUBAJICH,
TaKKe KaK ¥ He MCCJIe0BAINCh 3HAYEHUsI IapaMeTPOB 9TUX aBTOKOJIebaHuil (1acToTHO-
AMIUTUTYIHBIE XapakTepucTuku). IIpesmosaraercs, 9To OHON M3 NMPUYMH BO3ZHUKHOBE-
HUS aBTOKOJIE0ATEILHOTO PEXKUMA, SIBJIAETCs BU DYHKIIE cOPOCA ITAKETOB B AJITOPUTME
VIIPABJICHUSI.

B nanmnoit pabore aBTOpHI NpeIaraloT NPUMEHUTb METOJ TAPMOHUYECKON JIMHEeAPH-
3aIiy K MCCJIETOBAHUIO TIPUYINH BO3SHUKHOBEHUST aBTOKOJIE0ATEIHHOTO PEKUMA B MOIEIIN
CHUCTEMBI C YIIPABJIEHUEM, a TAKXKe JIJII HAXOXKJIEHUSA JACTOTHO-AMILTUTYIHBIX XapaKTe-
PUCTHK [1apaMeTPOB aBTOKOJIEOAHMUI.

B pasznesne 2 manbt HeoOXoaMMbIe JJTsI TaIbHENIIEr0 UCC/IeI0OBAHNS CBEIEHUS O OJI09HO-
JINHEITHOM TIO/IX0/Ie MOJIEJIMPOBAHUS B TEOPUNU YIIPABJICHUs. 3aTeM B pa3/iesie 3 IPUBEJICHO
OIMCaHUEe METO/Ia TAPMOHUYIECKON JTUHeApU3aINl U paccMOTpeHbl Kpurepun HaitkBucra—
Muxaitmosa, Payca—I'ypsuma u MuxaiioBa onpeeieHnst HAJIAYINs aBTOKOJIe0aTeIbHOTO
pexxnMa B cucreme. B paznene 4 npuseneno GpopMabHOE ONHCAHNE MOJIEIUPYEMOIl Ch-
creMbl. B ciremyroriem paszesie 5 MPOBOINTCS JINHEAPUIAIUST MOJIEIN UCCJIEIyeMO CUCTe-
MBI C yIpaBJICHUEM IJIs MOJIydeHust 01090 (hOpMBI MoIen, K KOTOPOil y>Ke B pasjie-
Jie 6 TpUMeHSIeTCsT METO/T FApMOHUYIECKOI JTMHEAPU3aINi U BLIIUCHIBAIOTCS BBIPAXKEHU ST
JJIsT HAXOK/IEHUsT JaCTOTHO-aMILIUTYIHBIX XapaKTEePUCTUK MOJeau. B Tom ke pazmee
MIPUBEIEH TIPUMED MPUMEHEHNs MeTOIa TAPMOHUIECKON JIMHEAPU3AINN 11 KOHKPETHBIX
3HAYEHNH IapaMeTPOB MOJIEJI CUCTEMBI C yIIPABJICHHEM.

2. DJeMeHTHI TeOpuUHU YNPaABJIEHUSA

B Teopun ympaBiaeHust mjisi MOIEJMPOBAHUSI W WCCIEIOBAHUST HEJIUHEHHBIX CHCTEM
IPUMEHSIOT TaK Ha3bIBaeMblii OJI0YHO-JIMHEHBIH moaxoy [7]. B TakoM mozxome mexos-
HYIO HEJMHEWHYIO CHUCTEeMY JUHEeAPU3yIT W pa3bMBarOT Ha OJIOKHW, XapaKTepHusyoIue-
csI TIepeaTOYHON (PYHKINEN, CBA3BIBAONIEH BXOMHBIE U BBIXOJHBIE 3HAYEHUS] CHCTEMBI.
CBs13b BXOJIHOM ©1 U BBIXOJHOI T (DyHKIHMI TOCpeIcTBOM Tepeqarounoii dbyukimm H (s)
3aINCBIBAETCS CIIEIYIONINM 00Pa30M:

xo(s) = H(s)x1(s). (1)

B rpaduueckoit HoTaruu 3Ta CBA3b IpUBEIEHA HA puC. 1.

1 €2

 —— H >

Puc. 1. IlepenaTounasi pyHKIIUS

B Teopun ynpassenus npu ucciae0BaHnN HEJTMHEAHBIX CUCTEM LIS IEPEX0/Ia OT aud-
depeHnraabHbIX yPABHEHUH K CTEIEHHBIM UCIOJb3YIOT mpeobpasosanus Jlarmraca. Ha-
IIOMHUM HEKOTODBIE OIIPE/ICJICHNUS.

ITpeobpaszosannem Jlamiaca dbyHKIME BelecTBeHHON nepemenHoii f(t) HasbiBaeTcs
rakas HyHKIus F(s) 0T KOMIUIEKCHOl TIepeMeHHol § = 0 + iw, 49To:

o

F(s) = LI ()] = / e S f (1) dt. @)

0
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O6parubiM 1peobpasoanneM Jlamnaca GyHkimn F($) KOMILIEKCHOI lIepeMeHHOi Ha-
spiBaeTcst byHkIms f(t) BemecTBeHHON epeMeHHOl, Takast ITo:

o1+ioco
O =LFE) = 5 [ eFEs, 3)

rae 01 — HEKOTOPOE BeIeCTBEHHOE YHCJIO.

HNcnonbzoBanue npeobpazosanus Jlamraca no3sosisieT npu nepexoe ot auddepeHiu-
AJIbHBIX YPaBHEHU K CTEIIeHHBIM 3aMEHUTH (POPMAJIBLHO orepaTop auddepennupoBaHus

n

47+ HA CTEIeHD IIEPEMEHHON S:
dTL
S—— (4)
dtn
Tax>ke yrporaercst pabora ¢ QYHKIIUAMEA C 3aIa3IbIBAIOIIIM apTyMEeHTOM — 3allas-
JIBIBAIONIN apryMeHT (HhOpMaIbHO Tpeodbpa3yeTcs B MyJIbTUILTUKATUBHYIO SKCIIOHEHTY

ft—1)— F(s)e . (5)

Ha 6/109HBIX JuarpaMMax MOXKHO BBIJEIUTH HECKOJIBKO TUIIOB COEMHEHUS: TI0CIEI0-
BarejbHOE (puc. 2), mapaJjiesnbHoe (puc. 3) U COeJMHEHUE ¢ TOMOIILI0 0OPATHOl CBS3U
(puc. 4). Kaxkoe u3 HIX MOXKHO 1peodpa3oBaTh K CTPYKType, H300paKEéHHO Ha puc. 1.

X1 X2 zs3

— H, Ho —

Puc. 2. IlocnemoBarenpHOe coeauHeHne OJIOKOB

H,y ——O— H,

H2 H2
Puc. 3. IlapanyienabHoe coeguHeHNE Puc. 4. O6parHas cBs3b
06JIOKOB

Hanee s KaxK/I0ro THIIA COEAMHEHMs BBIIWIIEM BBIPAXKEHUs JIsl II€PeAaTOqHOI
dbyuknun coenunenus H(s).

st moctenoBarebHOrO coenuHenust (puc. 2) mMeeM:
xa(s) = Hi(s)z1(s), w3(s) = Ha(s)xa(s) = w3(s) = Ha(s)Hi(s)z1(s).

Takum obpa3oM, IpH OCIEIOBATEILHOM COEIMHEHNH TIepefaTouHast (DYHKIUs COeJIN-
HeHUst Oy/IeT paBHA MIPOU3BEIEHUIO MTEPEIATOYHBIX (DYHKITNH 3BEHBEB:

1(s) =[] #i(s). (6)
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Jlnst mapasiesbHoro coeunenust! (puc. 3) umeem
xo(s) = Hi(s)z1(s), w3(s) = Ha(s)x1(s), w4(s) = ma(s)+x3(s) =
= w4(s) = (H1(s) + Ha(s))z1(s).

Takum obpa3om, mepeaTodnasi HYHKIMS TapasIebHONO COeIUHEHNs OyIeT paBHA
CyMMe TIepeIaTOIHbIX (DYHKIINI 3BEHbEB:

H(s) = Y Hi(s) ™

It oTpuraTesbHolt obpaTHoit cesazu’ (puc. 4) mMeeM:
z3(s) = Hi(s)xa(s), wa(s) = Ha(s)zs(s), xa(s) =z1(s) —xa(s) =

_ Hl(S)
1+ Hl(S)HQ(S

Takum obpazom, mepemaTodHasi DYHKIUA COSIUMHEHNS C OTPUNATEIbHON 00paTHOIM
CBSI3BIO MMEET BU/I:

= xz3(s)

)xl(s).

_ Hl(S)
1+ Hy(s)Hay(s)'

H(s) (8)

3. Metoa rapMoHMYeECKOl JIMHeapu3anuu

W neonornst Teopun aBTOMATHIECKOTO YIIPABICHNS HANOOJIee €CTECTBEHHO TIPUMEHSIeT-
cd K JinHeHHbIM cucTeMaM. OIHAKO CUTyallns yXYIIIaeTCs, €CJIN B CUCTEME ITPUCYTCTBYeT
HeJIMHEeHHbIN d71eMeHT. K 0COOEHHOCTSIM HEJTMHEMHBIX CUCTEM OTHOCATCS CJIEIYIOIee:

— K HeJIMHEWHON cucTeMe HeIPUMEHUM IIPUHITUAI CYIEePIIO3UINN;

— B HeJIMHEHHOHN cUCTeMe MOT'YT BO3SHUKHYTH aBTOKOJIEOAHUS;

— B HeJIMHEUHOIt cucTeMe BO3MOXKHBI HECKOJIBKO COCTOSIHUIT PaBHOBECHUS;

— B HeJIMHENHOI cHcTeMe MOTYT OBITh SIBJIEHHSI CKATKOOOPa3HOTO PE30HAHCA.

MeToa rapMOHUYECKOH JIMHeApU3aIlun sIBJASIETCsT TpUOImKEHHBIM MeTogoM. OH mpu-
MeHdeTCd JJId UCCJIEJIOBAHUS YCJIOBUII BOZHUKHOBEHUS U OIpeJleIeHUs I1apaMeTpOB aB-
TOKOJIEOAHMI, aHAJIN3a W OTEHKN WX YCTONINBOCTH, a TAK¥Ke JJIsi NCCJIeIOBAHMST BhIHY K-
JEeHHBbIX KoJsiebanuil. ['apMOHNYeCKU-JIMHEAPU30BAHHAS CUCTEMA 3aBUCUT OT aMILTUTYI U
YacTOT IEPUOSUIECKHUX IIPOIECCOB. DTO SIBJISETCH CYIIECTBEHHBIM OTJIMYMEM TapMOHU-
9eCKOl JIMHeapu3aIul OT OOBITHOTO CIoCcoba JTMHEeAPU3aIlud, MPUBOISIINETO K IUCTO JIU-
HEMHBIM BBIPaKeHUSIM, UYTO MO3BOJIIET UCCJIe0BATH OCHOBHbIE CBOMCTBA HEJIMHENHBIX CU-
CTEM.

Jtst ympornenust aHAIIN3a HEJTHHEWHON CHCTEMBI €€ pa30oMBaIOT Ha HEJIMHEHHYO U JIH-
HelHyI0 4JacTu. B cocTaB JMHENHON YaCTU CUCTEMbI BXOIST BCe JIMHEHHBbIE 3BeHbs. B
HEJIMHEHHYI0 YacTb MONaIaeT HeJWHEHHbIH d1eMeHT. [Ipuaém 37ech 1o HeTMHEeHHBIMT
IOHUMAIOTCH HE TOJBKO COOCTBEHHO HejmHeitHble (DYHKINM, HO U Pa3PBhIBHbIE (DYHKITNH,
a Takke PYHKIUU, UMEIOIINe Pa3pbIBbl IIPOU3BOIHDIX.

MeTo TapMOHMYECKO JTMHeApU3allnd OCHOBAH HA IMPEIIOJIOKEHUN, 9TO JIMHEHHAS
qaCTh CUCTEMBI ABJISIETCST (PUIBTPOM HUKHEH TapMOHHUKHU, YACTOTa KOTOPOH OMpeIesIsieT
JaCTOTY aBTOKOJIeOaHUil, T.e. D0Jiee BICOKIE TAapMOHUKHU HE JIOJIZKHBI ITPOXOJIUTH HA BXOJL
HEJIMHEHHOI'O 3BEeHA.

MeToy;, TapMOHUYECKON JIMHEAPU3AIUN IIPUMEHSIETCS JJIsi CUCTEM OIpPEJIeJIEHHON
CTPYKTYPBI (CM. puc. 5).

IBAECL MBI UCIIOJIB30OBAJIA JIEMEHT «CyMMaTOp» (Hpe,ILCTaBJ'IeH Ha CcXeMe B BHUIe Opr)KHOCTI/I).
23,&er MBI UCIIOJIB30BAJI JIEMEHT «CYyMMAaTOP C BBIUYUTAHUEM>».
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—(O— f(z) H, —

Puc. 5. BaoyHasi cTpyKTypa CUCTEMbI JAJisi METOAA rApMOHUYECKON JIMHeapu3aluu

Cucrema cocTouT u3 jmHEHHOTO 3BeHa H) M HEJIMHENHOrO 3BeHa, 3aJaHHOTO (DYHK-
nueit f(z) (0BBIYHO PACCMATPUBAIOT CTATUYIECKHUI HeJMHEHHbINH sjement). s metona
rapMOHUYIECKON JINHEAPU3AIINY TIPE/IIIOJIATAeTCs PEZKUM CBOOOHOTO JBUKEHUsI (BXOIHOM
currai g(t) = 0).

Ha Bx0J1 HeJMHEHOTO 3J1eMeHTa HOJIAI0TCsT CBOOOIHBIE FADMOHIYECKUE KOJIEOAHMSI:

x(t) = Asin(wt) (9)

(A — ammmTyna KosiebaHuil, w — dacrora KoJeOaHui).

Ha BbIx0/Ie HeMHEHHOTO 3j1eMenTa f(2) MBI HOJIYYHM IIEPUOMYECKUIT CUIHAJ, KOTO-
pblit MOXKHO paz3JiokuThb B psij Oypbe:

ffo
Ut _2

o0

+ Z ay, sin(kwt) + by, cos(kwt)), (10)
k=1

rie Koaddunuente! psga OPypbe UMEIOT CileLyomuil BII:

27

o = % / F(Asin(wt)) sin(kwt) d(wt)

27 ’ (11)

b = ;_/f(Asin(wt))cos(kwt) d(wt), k=1,00.

IIpu srom Gyznem cumrarb, uro B (10) ag = 0, T.e. TOCTOSTHHASI COCTABJISIFOIIAS OTCYT-
CTBYE€T.

JImHeHHbIN 91eMeHT TTpeacTaBsieT coboit (pUIbTP HUBKUX IACTOT, TO €CTh IPHU yBe-
JINYEHUH K JIMHEHHBIE SJIEMEHTDI MTOJIABJISIOT BBICIIHE TapMOHUKH. OTrpaHIaInMCsT TOJIBKO
nepBbiMu rapmorukamu. Torga (10) mepenuriercs: B Buje:

f(z) = ay sin(wt) + by cos(wt), (12)
riue

27

m= / F(Asin(t)sin(wr) d(wt) b=~ / F(Asin(wt)) cos(wt) d(wt) . (13)

0

3 (9) MOXKHO 3aIHCATD:

, cos(wt) = Lde Lix (14)

sin(wt) = Aw dt Aw dt

|8
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Bgesst obosHauennst

x(A) = % = Aiﬂ' / f(Asin(wt)) sin(wt) d(wt) ,
0 (15)
2 (A) = bzl _ % / F(Asin(wt)) cos(wt) d(wt)

0
nepenurieM (12) ¢ yaérom (14) B Buge:

o) = [%(A) + ”’g‘)i] v = Ho(A,0))z, (16)

riae Hy (A, 0;) — npubimkenHast nepefaTodnas QyHKIMs HeJuHeiHoro 3BeHa, »#(A) u
#'(A) — xoabdunmenTH TApMOHIYECKON JIMHeapu3aImu, onpejesiempre (15).

TTocme maxoxkmennss Ko3(p@UINEHTOB MAPMOHUIECKON JUHEAPU3AIUHN I 33 TaHHO-
IO HEeJIMHEIHOTO 3B€HA BO3MOXKHO ITPOBECTH UCCJIEIOBAHUE ITAPAMETPOB KOJIEOATETHHOTO
peXxnma — aMIUIATYAbl A U 9acToThl w Kojebanuit. CyecTBOBaHNE B HEJTMHENWHOI CH-
cTeMe pekKruMa aBTOKOJIEOAHUN COOTBETCTBYET HAXOXKICHUIO JTUHEAPU30BAHHON CHCTEMBI
Ha KoJiebaTesbHON TpaHuile ycroitunBoctu. Torma A m w MOryT OBITH HAWIEHBI C TOMO-
b0 KPUTEPUEB YCTOWIMBOCTH JINHEHHBIX cHCTeM (HAIIPUMED, MOXKET OBbITh MCIOJIb30Ba-
ubl Kpurepun Muxaiinosa, Haiiksucra—Muxaitnosa, Payca—I'ypsuma). Takum obpazom
U3yvIeHne MapaMeTpPOB aBTOKOJEOAHMIT MOYXKET ObITh OCYIIECTBJIEHO OJHWM U3 METOIOB
OTIpeJIeJIeHUsI TPAHUIIBI YCTONYIUBOCTH JIMHEHHBIX CUCTEM.

3.1. Kpurepuit HaiikBucra—MwuxaiijgoBa

Kpurepuii HaiikBucra—Muxaitiosa [8,9] mo3soiisier cy b 06 yCTORIMBOCTU 3aMKHY-
TOU CHCTEMBI aBTOMATUYECKOI'O YIPAaBJIEHHS II0 aMIINTYIHO-)a30BOil XapaKTepPUCTU-
ke (Nyquist plot) pasomkHyTO#i cucrembl. JlaHHBIH KpUTEPHUil OTHOCUTCS B AHAJUTUKO-
rpacdudeckum KpurepuaMm. OH HHTEpeCceH HAIJISIIHBIM T'PAGUIECKUM IIPEICTABICHIEM
MOBEJICHUSI CUCTEMbBI U PEr'HMOHOB CYIIECTBOBAHUS aBTOKOIe0aTesbHoro pexknma. Paxru-
9eCKU OH XOPOIIO WLIIOCTPUPYET HAJUINE ABTOKOJIEDAHUN U UX XapaKTep.

Jlna BCcrnosb30BaHUSI ITOrO0 KPUTEPHUsS HCXOJIHOE HeJINHEWHOe ypaBHeHHe pa3buBaer-
Csl Ha JIBE YACTU, OJIHA M3 KOTOPBIX 3aBUCUT OT AMILJIUTY/IbI, & JIpyras — OT YacTOThl. B
KadecTBe rpaduaeckoro mpeCTaBIeHus CTPOSITCS MapaMeTpuIecKue rpaduKkn 3TuxX da-
creii. IIpn 3TOM aMIINTyHa ¥ YacTOTa UTPAIOT POJIL HATYPAJILHBIX IapaMeTPOB Ha ITUX
KPUBBIX.

Paccvorpum mpuHIun onpejiesieHns HAJTUYINs PETMOHOB BOSHUKHOBEHUST aBTOKOJI€0a~
HUH ¥ UX YCTONYUBOCTU B coOTBeTcTBHE ¢ KpurepueMm Haiiksucra—Muxaiinosa. Cuestaem
MOJICTAHOBKY Oy — iw 1 s — 0y — iw B nepenarounbix byuinuax H;(s) u Hy, (A, ;). To-
I/1a He3aTyXaIOIIHe CUHYCOUIaIbHbIE KOJIEOaHNUsI ¢ TOCTOSTHHOM aMILIUTY/I0# Oy/1yT ompe-
JEIATHCS IIPOXOXKICHNEeM aMILTUTYIHO-(Pa30BOH XapaKTEePUCTUKU PA30OMKHYTOM CUCTEMbI
gepe3 104Ky (—1,10). Xapakrepucruaeckast (pyHKIMs CHCTEMBI OyJIeT UMETh BUI:

1+ H,(iw) =0, (17)
H,(iw) := H;(iw)Hpi (A, iw). (18)

Snecy H, — nepegarodnas QyHKIMA PA3OMKHYTON CHCTEMBI.

Takum obpazom:
H(iw)Hpyi (A, iw) = —1. (19)
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C yuérom (16) u3 (19) mmeem paseHCTBO:

1

) = ey

(20)

nosydennoe JI.C. Toabadapbom (em. [10, §7.7, c. 40-42]). JleBas uacTb ypasuenus (20) —
aMILIATYTHO-(ha30Bas XapaKTePUCTUKA JIMHEHOTO 3BeHa, a IpaBas 4acThb — O0OpaTHast
aMILTUTYTHO-(HA30Basi XapAKTEPUCTHKA MEPBOA FrapMOHUKH HEJTMHEHHOro 3BeHa (B3sTas
¢ obparHbIM 3HaKOM). A camo ypasuenue (20) sIBIsS€TCS ypaBHEHHEM OasIaHCa MEXKIY
YACTOTON U AMILTUTY/IOM.

VYpasuenue (20), 3anucantoe B popme

s(A) + i (A) = —Hl(liw), (21)

6110 nostyaeno P. Kouenbyprepom (cm. [10, §7.7, c¢. 40-42)).
I[To merony Tlombadapbda cTposT aMILIUTYIHO-PA3OBYI0 XapPAKTEPUCTUKY JIMHEH-
HOil wactu cucrembl Hj(iw) u KpuBYIH rapMOHHYECKOro Kodddunuenta mepegadn
1
— AT A B Toukax mepecevueHnsT KPUBBIX C TOMOIIBIO0 WHTEPIIOISIIINNA HAXOSAT 3HA-

YeHUsI JACTOTHI U aMILIATYIbI aBTOKOJIEOaHUIA.

IIo merony Kouenbyprepa 3uauenust 9acTOTHI M AMILIUTY/IbI ABTOKOJIEOAHNN HAXOIAT
1o nepecedenusM Kpusblx Hj(iw) u —(s(A) +ix/(A4)).

JI.C. Tonbadapb, ucnosb3ys Kpurepuit HafikBucra, 1MoLyt ceay oyl Kpurepuii
OlpeJieJIeHNs yCTOMYIUBOCTH aBToKoJieOanuii. Ilpu aBukKeHUU 110 KPUBOit —m
B HaIpaBJIECHMH BO3PACTAHUsI aMILTUTYIbI TOYKE BXOJIa B KOHTYD aMILIUTYIHO-(DA30BOM
xapakrepuctuku H;(iw) Gyer coOOTBETCTBOBATH HEYCTOWINBOE IEPUOMIECKOE PeIlleH e,
a TOYKe BBIXOJa — ycToirunBoe permenne. [Ipu yeM ToUKa BBIXOIA 13 KOHTYPa OIPeIesIsieT
nmapaMeTpbl aBTOKOJIEOaHUIA.

[Tpu ucnosp3oBanuu Meroga KodeHOyprepa Tak»Ke OCYIIECTBIISIETCS JIBUXKEHHE IO
COOTBETCTBYIONIEH KPUBOW B CTOPOHY YBEJIWYEHUS AMILIUTYAbl Kojebanmit. [Ipu sTtom
yCTOMYMBLIE KOJIEOAHIS COOTBETCTBYIOT TOYKE BXOJa B KOHTYD, & HEYCTONIUBBIE — TOUKE
B BBIXOJIa U3 KOHTYpA.

3.2. Kpurepuit Payca—T'ypBumna

JaHublil KpuTepuii siBjsieTcst ajgrebpanveckuM KpurepueM ycroiiumsoctu |11, 12].
DTOT KpUTEPHil yJI00EH TEM, UTO MUCCJIEIOBAHUE CBOIUTCS K aHAJIU3Y IOJTUHOMA, KOTO-
PBIit yI00HO MTPOBONTE CPEACTBAMU CUCTEM KOMIIBIOTEPHOH AJIreOphl.

[Tepenarounas GyHKIWs 3aMKHYTOI cucteMsl (puc. 5) ¢ yuérom (8) mmeer BU:

Hi(s) _ Puls)

Hc(s) = 1 —|—Hl(S)Hnl(3) o Pd(s)

. (22)

Ypasuenne Py(s) = 0 Oyzer xapakTepUCTHIECKUM ypaBHEeHHeM cucreMbl. [Ipejcra-
BUM €r0 B BHJIe TTOJIMHOMA,

Py(s) == aps™ +a1s" 4+ +ay,. (23)

N3 koadpuimeHToB XapakTepUCTUIECKOTO YPaBHEHMSI TIOCTPOUM OIpeieinTesb ['yp-
BUIa A 110 CJIEAYIOMEMY aJIrOPUTMY:
— 10 TJIABHOH JMArOHAJIA CJIEBa HAIIPABO BBICTABJISIOTCS BCEe KOI(MDMUIMEHTHI XapaK-
TEPUCTUIECKOTO YPABHEHUS OT @1 JIO Gy
— OT KaXKJI0T'0 3JIEMEHTA, IUATOHAIN BBEPX U BHU3 JTOCTPAUBAIOTCSI CTOJIOIBI TAK, ITOOBI
WHJIEKCHI yOBIBAJIN CBEPXY BHU3;



Kynsa6os /1. C., Kopoabkoa A.B., Benuesa T.P. Ilpumenenue merona . . . 241

— Ha MeCTO KO3 PUIUEHTOB C MHIEKCAMHU MEHbBIIE HYJIs UJIK OOJIBIIE 1 CTaBATCS HYJIH.
Takum o6pazom, onpesesuress ['ypsuna Gy1er BuIrisieTs cieayromum obpaszom [13]:

a1 as as NN 0

ag as a4 ... O

o 0 aj as oo 0
A= 0 ag as 0 (24)

QA

ITo xpureputo ['ypButia, s TOro, YToObI JUHAMUYECKAS CHCTEMAa OBLIA YyCTOWYMBA,
He0OXOIMMO U TOCTATOYHO, YTOOBI BCE 1 TIABHBIX JNATOHAJIHLHBIX MUHOPOB OIIPEIETUTE IS
['ypBuna 6buM MOJI0KUTEIBHBL IPA g > 0. DTH MUHOPBI HA3BIBAIOTCS OIPEIETATEIIMI
I'ypsura.

IIpu a,, = 0 cucrema HAXOIUTCA HA TPAHUIE AIEPUOIUIECKON YCTONIUBOCTH.

Eciu  npemanociennuii - onpenenuresb ['ypeuna (MuHOp —omnpesesuress Payca—
Pypsuna) A,,_; = 0, To cucreMa HAXOAUTCS HA TPAHUIE KOJIeOATEIBHOM YCTONINBOCTH.
CobcTBeHHO, TaHHOe BhIpaXKeHne U HeOOXOIMMO HAM I OIIPEIeJIeHNs YCAOBUI BO3ZHUK-
HOBEHUSI U ITapaMETPOB aBTOKOJICOAHUIA.

3.3. Kpurepuit MuxaiisoBa

Hauublii kpurepuii siBisiercss Bapuanueii kpurepusi Haitksucra—Muxaitiosa 9] (co6-
CTBEHHO, M3-32 ITOr0 B Ha3BaHuu pazzaena 3.1 mbr mobasisem K kpurepuio HaiikBucra
BTOPYIO (haMUJIHIO).

JLisi IpyMeHEeHHsT 9TOTO KpUTEPHUs He0OXO0IMMO 3aliCaTh XapaKTePUCTHIECKOE ypaB-
HeHue 3aMKHyTOIl cucremsl (22) (puc. 5) ¢ y9éToM 3aMeHbl s — Oy — iw:

Pd(iw, A) =0. (25)

[Tocsie sIBHOTO BbIJIeJIeHUs JIEHCTBUTENIbHOI 1 KOMILJIEKCHON vacreii ypasuenue (25)
MOKHO 3allCATh B CJIEIYIONIEM BUJIE:

Re{Py(iw, A)} =0,

Im{ Py(iew, A)} = 0. (26)

Torma napameTpsl aBTOKOI€6aHUIT MOXKHO ONpeIe/InTh 13 ypaBHeHus (26) (moxpobuee
on. [14, § 6.3, c. 143-148], [15, §3.6, c. 139-144]).

Kpurepuii ycroitunoctn Muxaitiosa [15, §3.6, ¢. 139-144]: mias Toro 9tobbl cucre-
Ma aBTOMATHUYECKOrO yIpaB/eHus Oblia yCTOWYNBA, HEOOXOIUMO U JOCTATOYHO, 4TOOLI
BexTop Kpupoit Muxaitosa Py(iw) = Re{Py(iw)} + iIm{P;(iw)} = Py(w)e¥“) mpu ns-
MEHEHUH JaCTOTHI w OT () 10 00 MOBEPHYJICs, HUT/IE He 00PAIasiCh B HOJIb, BOKPYT HAYAJIA
KOOD/IMHAT IPOTHB YaCOBOIl CTPEJIKU HA YroJ N /2, Tje n — MOPSAIOK XapaKTepUCTHIe-
CKOT'O yPABHEHUSI.

4. Mopenb cucremMbl ¢ ynpapjeHuem mno ajgropurmy RED

B sTom passene npuBeséM ONMUCAHNE MOJIEJNPYEMON CUCTEMBI.

Cucrema mpecTaBsieT coboii ceTh MepeIadn JAHHBIX, EPEIABAEMbIX 110 MTPOTOKOJTY
TCP Reno [16] or ncrounuka s0 MapIpyTu3aTopa ¢ MOYJIEM yIIPABICHHs, PAOOTAIOIIIM
no ajgropurmy tuma RED [1-3,17,18].
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Asropurm RED [1] ucnosib3yer sKCIOHEHIMAIBHO B3BEIIEHHOE CKOJIB3SIIIEe CPeJHee
3HaYeHne JJINHBI odepean () B KadecTBe (haKTOpa, OIPEIeISTIONero BEpOSITHOCTh oTOpa-

coiBanus nakera p(Q) (em. (27)). s ynpasienus yHKImedi c6poca NCIONb3YIOTCS JIBa
MIOPOrOBBIX 3HAUEHUS CPEIHEB3BEIIEHHON JTMHBI OYePEIH, BIUSIONUX Ha (DOyHKIIMOHUPO-
Bamue ajaropur™a (puc. 6):

0, 0< Q < Qmin;
p(@) = MPH‘I&X) leﬂ < Q g Qmaxv (27)
1, Q > Quax-

Baech p(Q) — byskIims cObpoca nakera, () — SKCIOHEHIMAIBLHO B3BEIIIEHHOE CKOJIL3IIEee
CpejiHee 3HAUYEHWEe JJIMHBI 09epen, Qmin U Qmax — MOPOrOBBIE 3HAUEHUS] CPEIHEB3BE-
IMIEeHHOT'0 3HaAYCHUA JAJIUHBI OY€PEAN, PDmax — MaKCUMaJIbLHBINA YPOBEHDL c6poca IIAKETOB.

\
\
|
|
\
\
\

, \

Pmax

\

\

I

I

Qumin Qumax Q

Puc. 6. Pynknus copoca aaropurma RED

Auropurm RED 6siaromapst mpocrore cBoeii peajn3aliui B CETeBOM 000DYI0BAHIH J10-
cTaTO9HO 3P DEKTUBEH, HO 00IATACT PIIOM HETOCTATKOB. B 9acTHOCTH, TIPU HEKOTOPBIX
3HAYEHUSIX MTapaMeTPOB BO3HUKAET YCTOWYMBBINA aBTOKOJIEOATEIbHBIN pexKuM (DyHKIIIO-
HUPOBAHUSI CUCTEMBI, UYTO HETATUBHBIM 0OPA30M CKA3bIBAETCH Ha MOKA3ATEJISIX KAIECTBA
obcatykuBanus cern [19-21]. K coxkasieHnio, 0TCy TCTBYIOT YETKHE KPUTEPHU BHIOOPA 3HA-
genuit napamerpoB RED, pu KoTopbix cucreMa He BXOJuja Obl B aBTOKOJeOATETHLHDIH
pexum.

Jtst ommcaHusT CUCTEMBI ¢ yIpaBjieHueM 1o ajgroputmy tuna RED mo amamormm c
paboramu [6,22-28| GyieM HCII0/Ib30BATH HEIIPEPBIBHYIO MOJIE/b:

Qt) = g N0 - C: (28)

O(t) = —w,COt) + w,CQ(t).

3J1eCch UCIIOIB3YIOTCSI CIELyIONe 0003HAYCHMSA:

— W — pasmep okna TCP Reno;
— () — 3HaYeHUe JJINHBI OYEPEIN;

PY

— () — IKCIIOHEHIINAJIBHO B3BEIIEHHOE CKOJIb3SIIIEe CPejIHee 3HAUEHNE JIJINHBI OYepen
(EWMA, Exponentially Weighted Moving Average);

— w, — BecoBoil KO3 durment, onpeesemsrii aaropurmom EWMA (0 < w, < 1);

— C — WHTEHCUBHOCTDH OOC/IYKUBAHUSA OUYEPE/IN;
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— T — nomnoe Bpems gsoitnoro obopora (RTT, Round-Trip Time); T = T, + %, rjie
T, — BpeMst ABOHHOrO 060poTa CBOOOAHOI ceTn (6e3 yduéra 3a1eprKeK B 000PY/10Ba-

HI/II/I), % — BpeéMd HaX02KIECHUsA ITaKeTa B OYepPeIn;

— N — xosmuecrsBo ceccuit TCP Reno;
— p — byHKIMS cOpPOCca MAKETOB.

s 3Tol MoJIesIn IpUMeM CJIeIyIONINe YIIPOIIAIONINe IPeIIOI0KEHNS:

— MOJIEJIb 3aINCAHA B MOMEHTAX;

— MOJIEJIb OIUCHIBAET TOJIBKO (ha3y nszbexkanust neperpy3ok mporokosa TCP Reno [16];

— B MOJIEJIU PACCMATPUBAECTCA TOJBKO COPOC IPHU MOJYUYEHUH 3-X ITOCJIEI0BATETHHBIX
noarsepxkaeanii ACK nporokona TCP Reno.

5. JIuHeapuzalius MO/ieJId CUCTEMBI C yIIpaBJIEeHUEM
o agroputmy RED

Hoist 3ammicu mMozienn (28) B GJIOYHO-JIMHETHOM IOJIXO/Ie HaM HeOOXOMMO CHadasa eé
JIMHEeAPHU30BaTh. By/ieM NpUIep:KUBATHCSI METOIMKY, M3JI0XKEHHOI B crarbe 25|, omHako
IIPOBEJIEM BCE BBIYMCJIEHUS IOPOOHO.

O6osnaanm s KpaTkocTr nepemenusie: W= W (t), Wy := W(t — T(Q, 1)), Q =

Q1) Q:=Q(1), p:=p(t —=T(Q.1), T =T(Q.1), N(t) = N.
Bynem mpoBosuTh JmHEapu3anuio B paiioHe TOUYKH paBHOBecus. ODO3HAYMM TOUKY
paBHOBeCHUST WHIEKCOM f.

B Touke paBHOBECHs TPOU3BOHDIE TT0 BPEMEHU 00PAIAIOTCS B HOJIb, IIO9TOMY CUCTEMA
ypaBHeHHI (28) IpUMET CJIe Iy IONuii BII:

aow
w

O:—fo—C’; (29)
Ty

0= —w,CQf +w,CQys.

U3 cucrembl ypaprenuii (29) mosiydanm ypaBHEHHs CBsI3M Ha DABHOBECHbBIE 3HAYCHUSI
IepeMEHHBIX:

2
Pf = 5595
Wi
CTf (30)
W, = =1
f Nf ?
Qr = Q.
Banuiem npasble 9acT CHCTEMBbI (28):
1 WW.
LW(W WTvap) = T - 2TTp7
w
Lo(W,Q) = N - C; (31)

T
L4(@.Q) = ~0,C0 + w,CQ.



244 Becruuk PYIH. Cepust MU ®. T. 25, Ne3,2017. C. 234-252

IIposapbupyem mpasbie 9actu (31) 1Mo BceM MepeMeHHBIM B OKPECTHOCTH TOYKHU PaB-
HOBECHUS:

oLbw\ _ Wr | Wy o OLwp W Wy
ow |~ “ar?|, T Tart swn|, T Tert|, T Tt
Q Q
5LW __i5(5+TP> WWrp 5(6+TP) _ 1 i WJ% )
5Q |, TP 6Q o1z P50 ~ o ot
f
Lw| _ _WWr| _ Wi bkl _ 1./ N
Sp |, 2T |, 2Ty W, T |, Tf
Q
oo| _ wyar| _ w S@T)[ w g w,
5Q |, T2 eq|, 17 5Q cr2’|, T er?t
f
6Lg 5Lg
~ :—qu‘ = —w,C; — :qu‘ = wyC.
0Q 1y f 0Q | /

YuurbiBast ypaBuenust cBsazu (30), mepernuiineM 3T ypaBHEHUsI B CJIEYIONIEM BUJIE:

lw| _ Wy 2 1 N
SW |, 2Ty W? W Ty CT?
Lw) = Wy 2 1 N
Wrl|, 2Ty W3 WTs CT?
Lw| _ 1 2 0 dlw| _ CTF 1 C°Ty
0Q |, CT? 20T 7 ép |, N2 2Ty IN2’
5L N 6L CT; N 1 0L dLs
e = — @l =S 5 = — =) Q = —wy,C} - = w,C
W, Ty Q| N CT? Ty Q| 0Q |,

Takum 06pa30M, MbI [IOJIYIHIN U3 MCXOIHON CHCTEMBI (28) JIMHEAPU30BAHHYIO CHCTE-
MYy:

SW(t) = 661;;; SW (1) + ‘;LWWT SW(t—Ty) +
!
S Lw 5Ly B
+ 50 f5Q(t) + @(fép(t —Ty) =
N C*T
= o WO+ W =~T) - o op(t = 1) (32)
00 = G| WO+ | 300 = 7 oW~ 600
5 0L A R 0L s N
5Q(t) = ~ QQ 0Q(t) + 6—5 f&@(t) = —w,C'0Q(t) + w,C'5Q(1).
!
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Kpowme Toro, smaeapusyem dyukuo copoca (27):

07 0 < Q < Qminv
Prep 0Q(t) := dp(Q,t) = mefd)(@ 5Q(t), Qmin < Q < Qumax, (33)
0, @ > Quax.
Beinostanm vag (32) npeobpasosanus (4) u (5).
N L C2Ty .
sOW(s) = —C—TJ%QSW(S) + W (s)e *1r) — e op(s)e 11 =
— _7(1 + e—sTf) 5W(S) _ CQTf p(s) e~ 5Tr.
CT7? 2N?2 ’ (34)
N 1
s0Q(s) = 7 W (s) — 7 3Q(s).
50Q(s) = —wy,C 6Q(s) + wyC dQ(s) .
ITpuseném B (34) momobubre:
1 C*Ty _ o
= — —siy .
Wls)=-T7 o (1+eTr) 2N2 op(s);
7
1 N
o = — oW (s); 35
Q)= 7, W) (39)
A 1
6Q(s) = W 0Q(s) -

Vunrsisas Bbipazkenne iis 6Q(s) u3 cucrempr ypasaennii (35), sammen (33) B cie-
JIYIOIIEM BHJIE:

6p(s) = Prep———5— 0Q(s) . (36)
q
Oyuknusg Prgp UMeeT BUJI, MPUBEICHHBIN Ha puc. 7.

f(@)

pmax

Qmax - Qmin

Qmin Qmax

Puc. 7. ®yuknusa Prep

Ha ocnoBanun (35) u (36) mocrpounm 6J109HOE IIPECTABIIEHHE JINHEAPU30BAHHOM MO-
nenn RED (puc. 8).
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c?r
e dw 1N | 0
= = T
— S—’—%(l—i—e STf) S+Tf f

—sT

1
PRED1+ SCe
Wq

Puc. 8. BaoyHoe nipeacraBiienue JuHeapusoBaHHOU moaeau RED

6. TapmoHuYecKasi JimHeapu3alius JUHEAPU30BAHHOUN MOJIeIn
cucTeMbl ¢ yrpasJjenuem mo ajgroputmy RED

[TpuBeém GI0IHYTO CXEMY JIMHEAPU30BAHHO Mojien (puc. 8) K BUJLY, HEOOXOAMMOMY
IJIsl TAPMOHUYECKON JIMHEeAPU3AIIN.

B kavecTBe crarndeckoii HesmHeHHOM GyHKIuu 6yem ucrosab3oBarb Prpp (33). JIu-
Heifnyo yacTb nosyunm u3 (35) u (36) ¢ nomomnpio npeobpasosanus (6).

1 C°Ty _or, 1 N 1
N (1tesTr)oN2° sy LT; Ty
8+CTJ%( +emlr) S+, Ly w,C
1 1 1 C* _r
—e %,
S+ (Lt e ) s+ 4 1+ 525 2N

H, =

(37)

B 6109HOM TIpEcTaBIEHNN CXeMa Ha pUC. 8 TepeiiIeT B BU, MPUBEIEHHBIN HA puC. 9

Prep H,

Puc. 9. BiouHnoe npeacrasiienue JuHeapu3oBanuoit moaesu RED gus
rapMOHUYECKOU JINHeapu3aluu

Berauciaum ko3 dumeHTs rapMoHnUecKoil auHeapusaiun x(a) u ' (a) (15) s
CTaTUYIECKOU HemHeiiHoCcTH PRED:

Prep (Asin(wt)) sin(wt) d(wt) ;

X
=
I
ke
ot~

(38)

Prep(Asin(wt)) cos(wt) d(wt) .

N,
=
Il
3w
o\%
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C yuérom (33) mosrytmm:

Qmax

4 Pmax .
w(A)= — sin(wt) d(wt) =
( ) Am Qmax - Qmin ( ) ( )
Omin
= L Pmex — cos(wt) o = iﬂ(cosa in — COS (tmax);
AT‘— Qmax n len Qmin A7r Qmax - len — max/
Omax (39)
4 p
A(A) = —— cos(wt) d(wt) =
( ) AT[' Qmax - Qmin ( ) ( )
Omin
_ 4 Pmax sin(wt) s i%(ma ~ sinags)
ATI' Qmax o Qmin Qmin Am Qmax - Qmin max min

Haiiyiém 3nadenus sin u cos OT IIPEJIEJIOB UHTEIPUPOBAHUA Ompin U max:

Q 2
r = Asin Omin = Qmmv SIN Qmin = mln, COS Opin = — mln
0 " )
T = Asin Opax = Qmax, SN Qax = max, COS Qpax = s
Takum o6paszom, u3 (39) ¢ yuérom (40) mosyunm:
4 max
%(A) - = Pma 1— len o 1— Qmax :
Am Qmax - Qmin A? A2 (41)
/(A) 4 Pmax Qmax - Qmin _ 4pmax.
AT‘— Qmax Qmin A A2
Taxmm obpaszom, u3 (20), (37) u (41) moxysaem:
2
1 | 1 1 . Cie*inf _
iw + C@;fz (1+e T )iw+ 7 1+ 4 2N
-1
Am 1 Q? Q2
e 1 _ min _ 1 _ max _ 42

Hanee mpuBeIEM IpuMep HAXOXKJICHUS XapaKTEPUCTHK MOJIETUPYEMOM CUCTEMBI C TI0-
MOIIIBIO MEeTO/Ia TAPMOHUYECKON JTMHEaAPU3aIIN.

JIJ1st  9MCIIEHHOTO SKCIEpUMEHTa HaMU ObLIM BBIODAHBI CJIELYIONIHE [apaMeTphl:
Qmin = 100 [makeTsl|, Qmax = 150 [makersi|, pmax = 0.1, T, = 0.0075 ¢, w, = 0.002,
C = 2000 [makersi|/c, N = 60 (xommuecrso ceccuit TCP).

B pesysibrare pacdéToB HMOIy9eHDI CIIEAYIONINE 3HAYCHNS [T AMIIATYAbI U IIHKJIU-
weckoit wacrorsr: A = 1.89 [makeros|, w = 16.55 ¢~ L.

JIJ1st HATVISIHOCTH MOXKHO IIOCTPOHTH HapaMeTpHdecKue IpaduKu Ha KOMILJIEKCHOI
IJIOCKOCTH OTAeNbHO Jits jreBoit Hj(iw) u npasoit —1/H,,(A) wacreit ypasnenus (42)
(or w u or A coorBercrBenno) (cm. puc. 10 u 11). ITepecedenne KpuBLIX JaéT TOUKY
BO3HUKHOBCHUS aBTOKOJICOAHMI.
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=
o
+

0.16 .
S T -1
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Puc. 11. AmniutyaHo-da3oBast

YacTOTHAas XapaKTepUCTUKA JJIsi
cucremsr (21)

Puc. 10. Ammiuryaao-da3oBast
YaCTOTHasA XapaKTEePUCTUKA JJis
cucrembl (42)

IloBenenne Tpaduka MOXKHO IPOJIEMOHCTPUPOBATH € IIOMOIIBIO ITAIOHHOTO CPEJCTBA
UMUTAIMOHHOTO MOJIEJIMPOBaHUsT KOMIbIoTepHbIX cereil NS-2 (29, 30]. Ilpu BeIGpaHHBIX
HAMU JIAHHBIX MbI HOJIy4nM rpadyK N3MEeHEeHusl OKHa Ha ucTovHuke (puc. 12) u koseba-
HUH JIJIMHBI OYepe/Id Ha MapIIpyTU3aTope ¢ ajaropurmoM yipasienus RED (puc. 13).

16 300
14r £ 250
[rar)] 12 - _‘%—
é_ 10 F =1 200
C
% 8 g 150
S i g 100
2 & 50
0 0
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
t[s] t[s]
Puc. 12. IsmeHeHue pazmepa Puc. 13. Kosiebanue ouepeau Ha
CKOJIB3SIIIIEro OKHA HA MCTOYHUKE mapimnpytusarope ¢ RED

B manbreiimeM 1pe/mosaraeTcs UCCIEIOBATDL PE3YJIbTATHI, IOy IEHHbIE C ITOMOIILIO
cucteMbl NS-2 J1j1s1 HAXOXKIEHUS IAPAMETPOB aBTOKOJeO0aHM, 8 MMEHHO YaCTOTHI U aM-
IUTATY/IBI. DTH PE3YJIBTATHI IPEJIIOJIATACTCS CPABHUTD ¢ TEOPETUICCKUMHY, ITOJIY Y€HHBIMU
METOJIOM T'apMOHUYECKOH JIMHeapu3aInui.

7. 3akirwodyeHue

ApropamMu ObLIa IPOJEMOHCTPUPOBAHA METOJINKA MCCIEIOBAaHUS KOJIeOATEIbHBIX pe-
JKUMOB CHCTEM C yIIpaBjeHueM. BpodeM, 3Ta JEMOHCTPAIUS SBJSETCS CKOpee JT0Ka3a-
TeJIbCTBOM KOHIIEMINH, YeM KOHKPETHBIMU BBIYUCJIEHUSIMA. ABTOPBI TTOCTAPAJIUCH U3JI0-
2KUTh 3TY METOJUKY IMOHATHBIM O0PAa30M I MATEMATHUKOB, HE3HAKOMBIX ¢ (hOopMaJIn3-
MOM TEOpPHUHN YIPaBJICHUL.

B nmanbueiimemM npejmonaraercsd IpUMEHUTD JAHHYIO METOJIMKY K MCCJIETOBAHUIO TN~
POKOTO CIIEKTPa aJrOPUTMOB aKTUBHOTO yIIpaBieHns Tpadukom. Takke ITpeICTaB/IsSeTCs
WHTEPECHBIM CPABHUTH TH PE3YJIBTATHI C PaHee MOJIYyJYeHHBIMHI pPe3yJIbTaTaMu Mo obJra-
CTSIM BO3HUKHOBEHMS aBTOKOJIEOAHUI B CHCTEMaX C yIPaBJICHUEM.
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In data transmission networks implemented as systems with control, the phenomenon of global
synchronization can occur. Outwardly, this phenomenon manifests itself as a self-oscillating
mode in the system. This mode negatively affects the characteristics of the entire system,
such as throughput and transmission delays. Relevant is the problem of finding the areas of
occurrence of self-oscillation. The authors investigated this problem for the system as a whole.
Also, the problem of isolating the elements of the system responsible for the appearance of an
autooscillatory regime is urgent. The complexity of this problem is caused by the essentially
nonlinear character of the system and its elements. Often, the linearization method is used
for the decomposition of the system. But with the linearization, the self-oscillatory regime
disappears. There is a need to find a method of decomposition, non-destructive self-oscillating
mode of the system. As such a method, the authors suggest using the method of harmonic
linearization. This method is used in the control theory. However, we must admit that this



Kynsa6os /1. C., Kopoabkoa A.B., Benuesa T.P. Ilpumenenue merona . . . 251

mathematical apparatus is little known to researchers specializing in the study of networks.
The authors tried to describe in as much detail the process of research using the method of
harmonic linearization. The method is used to study the influence of the form of RED-type
function on the occurrence of self-oscillation mode. Thus, this material is more methodical than
exploratory one.

Key words and phrases: traffic active management, control theory, self-oscillating mode,
method of harmonic linearization, RED

References

—_

S. Floyd, V. Jacobson, Random Early Detection Gateways for Congestion
Avoidance, IEEE/ACM Transactions on Networking 1 (4) (1993) 397-413.
doi:10.1109/90.251892.

2. V. Jacobson, Congestion Avoidance and Control, ACM SIGCOMM Computer
Communication Review 18 (4) (1988) 314-329. arXiv:arXiv:1011.1669v3,
doi:10.1145/52325.52356.

3. A. V. Korolkova, D. S. Kulyabov, A. I. Chernoivanov, On the Classification of
RED Algorithms, Bulletin of Peoples’ Friendship University of Russia. Series:
Mathematics. Information Sciences. Physics (3) (2009) 34-46, in Russian.

4. A. V. Korolkova, D. S. Kulyabov, Mathematical Model of the Dynamic Behavior of
RED-Like System Parameters, Bulletin of Peoples’ Friendship University of Russia.
Series “Mathematics. Information Sciences. Physics” (1) (2010) 54-64, in Russian.

5. T. R. Velieva, A. V. Korolkova, D. S. Kulyabov, B. A. Dos Santos, Model Queue
Management on Routers, Bulletin of Peoples’ Friendship University of Russia. Series
“Mathematics. Information Sciences. Physics” 2 (2014) 81-92, in Russian.

6. T. R. Velieva, A. V. Korolkova, D. S. Kulyabov, Designing Installations for
Verification of the Model of Active Queue Management Discipline RED in the GNS3,
in: 6th International Congress on Ultra Modern Telecommunications and Control
Systems and Workshops (ICUMT), IEEE Computer Society, 2015, pp. 570-577.
arXiv:1504.02324, doi:10.1109/ICUMT.2014.7002164.

7. K. J. Astrom, R. M. Murray, Feedback Systems: An Introduction for Scientists and
Engineers, Princeton University Press, 2008.

8. H. Nyquist, Regeneration Theory, Bell System Technical Journal 11 (1) (1932) 126—
147. doi:10.1002/j.1538-7305.1932.tb02344 ..

9. J. Hsu, A. Meyer, Modern Control Principles and Applications, McGraw-Hill, 1968.

10. A. A. Voronov, D. P. Kim, V. M. Lokhin, et al., Theory of Automatic Control:
Textbook for High Schools on the Specialty “Automation and telemechanics”. In two
parts. Part II. Theory of Nonlinear and Special Systems of Automatic Control, 2nd
Edition, High School, Moscow, 1986, in Russian.

11. E. J. Routh, A Treatise on the Stability of a Given State of Motion: Particularly
Steady Motion, Macmillan, 1877.

12. A. Hurwitz, Ueber die Bedingungen, unter welchen eine Gleichung nur Wurzeln mit
negativen reellen Theilen besitzt, Mathematische Annalen 46 (2) (1895) 273-284.
doi:10.1007/BF01446812.

13. F. R. Gantmacher, The Theory of Matrices, Chelsea Pub. Co., 1959.

14. V. A. Besekerskiy, E. P. Popov, Theory of Automatic Control Systems, Nauka,
Moscow, 1972, in Russian.

15. N. A. Babakov, A. A. Voronov, A. A. Voronova, et al., Theory of Automatic Control:
Textbook for High Schools on the Specialty “Automation and telemechanics”. In two
parts. Part. I. Theory of Linear Systems of Automatic Control, 2nd Edition, High
School, Moscow, 1986, in Russian.

16. M. Allman, V. Paxson, E. Blanton, TCP Congestion Control, Tech. rep. (sep 2009).

doi:10.17487 /rfc5681.



252 Becruuk PYIH. Cepust MU ®. T. 25, Ne3,2017. C. 234-252

17

18.

19.

20.
21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

. V. Kushwaha, R. Gupta, Congestion Control for High-Speed Wired Network: A
Systematic Literature Review, Journal of Network and Computer Applications 45
(2014) 62-78. doi:10.1016/j.jnca.2014.07.005.

R. Adams, Active Queue Management: A Survey, IEEE Communications Surveys
Tutorials 15 (3) (2013) 1425-1476. doi:10.1109/SURV.2012.082212.00018.

A. Jenkins, Self-Oscillation, Physics Reports 525 (2) (2013) 167-222.
arXiv:1109.6640, doi:10.1016/j.physrep.2012.10.007.

F. Ren, C. Lin, B. Wei, A Nonlinear Control Theoretic Analysis to TCP-RED System,
Computer Networks 49 (4) (2005) 580-592. doi:10.1016/j.comnet.2005.01.016.

W. Lautenschlaeger, A. Francini, Global Synchronization Protection for Bandwidth
Sharing TCP Flows in High-Speed Links, in: Proc. 16-th International Conference on
High Performance Switching and Routing, IEEE HPSR 2015, Budapest, Hungary,
2015. arXiv:1602.05333.

V. Misra, W.-B. Gong, D. Towsley, Stochastic Differential Equation Modeling and
Analysis of TCP-Windowsize Behavior, Proceedings of PERFORMANCE 99.

V. Misra, W.-B. Gong, D. Towsley, Fluid-Based Analysis of a Network
of AQM Routers Supporting TCP Flows with an Application to RED,
ACM SIGCOMM Computer Communication Review 30 (4) (2000) 151-160.
doi:10.1145/347057.347421.

C. V. V. Hollot, V. Misra, D. Towsley, Wei-Bo Gong, On Designing Improved
Controllers for AQM Routers Supporting TCP Flows, in: Proceedings IEEE
INFOCOM 2001. Conference on Computer Communications. Twentieth
Annual Joint Conference of the IEEE Computer and Communications
Society (Cat. No.01CH37213), Vol. 3, IEEE, 2001, pp. 1726-1734.
doi:10.1109/INFCOM.2001.916670.

C. V. V. Hollot, V. Misra, D. Towsley, A Control Theoretic Analysis
of RED, in: Proceedings IEEE INFOCOM 2001. Conference on Computer
Communications. Twentieth Annual Joint Conference of the IEEE Computer and
Communications Society (Cat. No.01CH37213), Vol. 3, IEEE, 2001, pp. 1510-1519.
doi:10.1109/INFCOM.2001.916647.

A. V. Korolkova, D. S. Kulyabov, L. A. Sevastianov, Combinatorial and Operator
Approaches to RED Modeling, Mathematical Modelling and Geometry 3 (3) (2015)
1-18.

A. V. Korolkova, T. R. Velieva, P. A. Abaev, L. A. Sevastianov, D. S. Kulyabov,
Hybrid Simulation Of Active Traffic Management, Proceedings 30th European
Conference on Modelling and Simulation (2016) 685-691d0i:10.7148/2016-0685.

R. Brockett, Stochastic Analysis for Fluid Queueing Systems, in: Proceedings of the
38th IEEE Conference on Decision and Control (Cat. No.99CH36304), Vol. 3, IEEE,
1999, pp. 3077-3082. doi:10.1109/CDC.1999.831407.

E.  Altman, T. Jiménez, NS Simulator for Beginners, Synthesis
Lectures on Communication Networks 5 (1) (2012) 1-184.
doi:10.2200,/S00397ED1V01Y201112CNT010.

T. Issariyakul, E. Hossain, Introduction to Network Simulator NS2, Vol. 9781461414,
2012. doi:10.1007,/978-1-4614-1406-3.

©) Kyasios 1. C., Koponbkosa A.B., Besmesa T.P., 2017



UDC 539.12
DOLI: 10.22363/2312-9735-2017-25-3-253-265

The Boundary Value Problem for Elliptic Equation in the Corner
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Modern accelerator systems and detectors contain magnetic systems of complex geometrical
configuration. Design and optimization of the magnetic systems demands solving a nonlinear
boundary-value problem of magnetostatic.

The region in which the boundary-value problem is solved, consists of two sub-domains: a
domain of vacuum and a domain of ferromagnetic. In view of the complex geometrical config-
uration of magnetic systems, the ferromagnetic/vacuum boundary can be nonsmooth, i.e. it
contains a corner point near of which the boundary is formed by two smooth curves crossed in
a corner point at some angle.

Thereby, the solution of such a problem has to be found by numerical methods, a question
arises about the behavior of the boundary value problem solution around the angular point of
the ferromagnetic. This work shows that if the magnetic permeability function meets certain
requirements, the corresponding solution of the boundary value problem will have a limited
gradient. In this paper, an upper estimate of maximum possible growth of the magnetic field in
the corner domain is given.

In terms of this estimate, a method of condensing the differential mesh near the corner domain
is proposed. This work represents an algorithm of constructing an adaptive mesh in the domain
with a boundary corner point of ferromagnetic taking into account the character of behavior of
the solution of the boundary value problem. An example of calculating a model problem in the
domain containing a corner point is given.

Key words and phrases: magnet systems, mathematical modeling, boundary value
problem, elliptic equations, the behavior of solutions in the corner domain

1. Introduction

Many physics research facilities use magnetic systems of various configurations, e.g.,
a system of spectrometric magnets. It is very important to know with a good accu-
racy the distribution of the magnetic field generated by this system. The problem is
actually reduced to formulation of a magnetostatics problem of finding the distribution
of the magnetic field generated by the magnetic system under consideration. Since the
magnetic system has a complicated configuration, the solution of the problem is usually
sought using numerical methods. The domain in which the boundary value problem is
solved during calculations of a particular magnetic system often has a piecewise smooth
boundary. In this case, the solution of the problem or the derivative solutions can have
a singularity. Therefore, the numerical search for the solution requires the use of special
methods.

2. Formulation of the Boundary Value Problem

The problem to be formulated is the magnetostatics problem of the magnetic field
distribution in the corner domain of a ferromagnetic (see Fig. 1). From the Maxwell’s

Received 18" January, 2017.
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equations and boundary relations (no currents are supposed to be in the region under
consideration) it follows that

divé(p) =0, curlﬁ(p) =0, pe
ﬁ'(B)l*éQ):O, ﬁX(ﬁ1*ﬁ2>:0, pel,

where Q is the ferromagnetic and the vacuum region (on Figs. 1, 2 region Q; = Q, and

region 2=Q¢); I' is the boundary; and B and H are the magnetic field induction and
strength vectors, respectively.

Iy YA Ty

Q
r A
I

Figure 1. The Figure 2. The
corner domain angular sector

For the ferromagnetic region €, we can write B = pou(H)H, where H = w(H)

is the permeablhty, and g is the vacuum permeability. For the vacuum region Ql, we

have B = MOH Since there are no current sources in the region 2 = 3 U Q9, the field
is potential, and thus the following representation holds:

H(p) =—Vu(p), peQ, ulp) = {Ul(P), pEQ,

B Uz(p), pE QQ,

where u(p) is the scalar potential. The consequent formulation of the boundary value
problem is

div [ (|Vui(p)]) Vua(p)] =0, p €2, Aus(p) =0, pell,

Tal = o

u|p_ = U1|r+a M(|VU2(p)|)87 . ~ on .
+ —

uilp, = Vi3 uglp, = ¥,

where the function p(H) satisfies the conditions:

1. p(H) € CW [0, +00);
2. u(H) > 1 for H € [0,+00);
3

(H) 22t

Let us consider the function f(H), an analogue of the function u (H), for which
conditions 2 and 3 are replaced by i (H') = 1 for H' > Hy, where Hy is “large enough”.
In what follows we will assume that the solution to (1) is u € C(QUIT UT; UTy), and
thus it follows that 3Cy > 0Vp € QUT UT, Ul : |u(p)| < Co.
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3. On a Certain Boundary Value Problem

Before proceeding to the main statements of the paper, we consider an auxiliary
problem that is discussed in detail in [1], namely, the boundary value problem (see
Fig. 2)

div [¢Vu(p)] =0, pe,

ulp = ulp,,
* q1, D S Ql?
ou ou where ¢ =
P =qa| q2, p €,
on|p on|p
+ —_

L u‘pl = Uy; U|F2 = V,,
Q=0 UQ,, le{(T,¢)Z 0<r<rg, |d)’<’ﬂ'/4},
QQZ{(T7¢):O<T<’F07 |¢|>7T/4}7

where ¥; € CW (T;), i = 1,2, (see Fig. 2). Let us introduce the polar coordinate system.
The solution is sought by the method of separation of variables: u ~ R(r) - ®(¢). As a
result, we have ®' + \2® =0, r’R" +rR' — \2R = 0.

Thus, by virtue of boundedness of u(p) at the origin, the solution for R(r) will be

R(r) ~ r*, and for ®(¢p) there will be eigenfunctions divided into two groups, symmetric
about ¢ = 0 and antisymmetric about ¢ = 0. In the former case, the eigenfunctions take

the form
) axcos (A (7 — @), Il > /4.

Here the constant a) is determined from the boundary ratio for normal derivatives

o= foin (53] ()]

and the eigenvalues A can be determined using the continuity relation for the solution

u(r, ) at the boundary
3m
T\ sin (/\>
o cos ()\4) 4

©@ <A3I> sim(A])

Thus, either tg (A%) = 0 and hence A\ = 4n, or A = +XA; £ 4n, where \; is the

smallest root of the equation
—;% - [3 ~ tan? ()\%)]/[1 ~ 3tan? (A%)} 2)

The singularity is introduced in the solution by the series term r*1®,, (¢) at \; < 1.
From (2) it follows that

M=1 & ¢ =q. (3)

This means that if ¢; = g2, |Vu(p)| will be limited.
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4. Behavior of the Solution of the Boundary Value Problem
Let us consider boundary value problem (1) with the permeability function [, region
Q (see Fig. 1).

Statement 1.
dJK >0 V6>0 0<p(p,@Q)<é:|Vu(p)| <K,

where p (p, @) is the distance between the points p and @, and by boundedness on T is
meant boundedness on I'; and I'_.

Proof. We will prove it by contradiction. Let us assume that it is not true. Then
VK >0 30>0 0<p(p,Q)<d:|Vu(p)| > K.

Let us take K = max (Hy,4Cy/7), 0 < dg < §, then for p : 0 < p(p,Q) < g the
condition
Vulp)| 2 Hy = p(H)=1 (4)
should hold.
We introduce a polar coordinate system with the origin at the point Q. Let u (7, ¢)

be the solution of our boundary value problem satisfying condition (4). Then on I'y it
should satisfy the conditions

: (5)

ou
YR (507 ()0)
dp o—0—

ou
= 5 (507 SD)
=0+ agp

and by virtue of continuity of u (dg, )
(00, 0)| p—o4 = u (00, ¢)|,—o— = u(d0,0) (6)
should hold. Tt follows from (5) and (6) that

ou ou
3% (00,0) = % (90, )

ou
- % (607 SD)

Thus, putting

Ti6) = s (o), =12 G={ o0
7 = U; ) ) 1= 1,4 = — =
’ \1127 F27

f:{(507¢) O<¢< 27T}7
in the dp-vicinity of the point (), we obtain the boundary value problem
AUl (p) = 07 pE Ql? AUQ (p) = 07 pE QQ;
_dn
r, on

Ouy
on

(7)

5 u1|1“7 = u2|1“+? u|F:@a
r_

where U € C) (T). From (3) (and also from [1]) we find that (7) has no singularities,
ie., linb|Vu(p)| = a? +b? < 4Cy/7 = K, where a; and by are the Fourier series
p—

coefficients for the function u (p) at the boundary of T'. Consequently, we have arrived
at a contradiction, which proves our statement. 0
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Thus, it follows from the statement that the magnetic field is bounded in the corner
domain provided that the permeability function satisfies the conditions:

1) i (H) € CO[0, +00);
2) 3Hy >0 VH' > Hy : i (H') = 1.

Note an interesting fact. Let us solve boundary value problem (1) and let its solution
have unbounded |Vu|. This means that in the vicinity of the point @ the permeability
function p (|Vu|) will tend to unity. Since the number of figures in the mantissa is limited,
it will turn out that in a certain small vicinity of the point @ the function p (|Vul|) will
be equal to 1. That is, there arises boundary value problem (1) with the permeability
function i (H) that has bounded |Vu| and thus we get a contradiction. Consequently,
numerical calculations cannot “theoretically” yield a solution with the infinitely growing
|Vu|, and we will seek the solution of another boundary value problem, namely, problem
(1) with @ (H), where |Vu| is limited. But the solution of problem (1) with i (H) does
not coincide in the general case with the solution of initial problem (7) with p(H). It
is therefore necessary to use special methods for solving this problem. One of these
methods is considered in [2,3] for the solution of the equation div [u (|Vu|) Vu] = 0 in
the corner domain.

5. Estimation of the Magnetic Field Growth

Let us show that the magnetic field in the corner domain of a ferromagnetic satisfies
the condition

1
H(s) < Coln— 4w (s), (8)
/rS
where C is a constant; w (s) is a bounded function; and r; is the distance to the corner.
The integral formulation of the magnetostatic problem allows the magnetic field to be
represented as

(5) = fio (s) = V. [ (3 (), V¥ (s.)) v, ©)
Qp

where Hc is the field from the current sources; M is the ferromagnetic magnetization
1

or —Inrg, for the three-dimensional

TTsp 2m

and the two-dimensional case, respectively; and Qy is the ferromagnetic domain (see

Fig. 2: region €; = €, and region Qy = Q). The magnetization vector is defined

vector; the function W (s,p) is equal to

as M = pox (H)H = po (u(H) — 1) H, where g is a constant; x (H) is the magnetic
susceptibility; and p (H) is the permeability of the ferromagnetic. Given high fields

H A B
— th tati H) =14+ = —
( 00), the representation p (H) 4 =

are positive constants. Consequently, when H — oo, M = ‘]\Z ‘ is limited by a constant

H — oo is valid, where A and B

My = ppA. Let us consider the 2D case. From (9) we obtain

- - 1 . 7,
()= e () - -9, [ (310). 52 ) av,
Sp
Q2

Here the first term is limited, and we therefore estimate the second term
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w2 | M@| 1272 | MW 1
v, /(M() Tsp)dvp < 2/ Tsp’ ‘ Tsp| ’dUp < 8M0/702dvp.

4
sp Ts sp sp

s 2y Qy
We calculate the integral
1 1 1
/dep = / Td?)p + / Td?)p,
T Tso Teo
Qyp v Qr\vs

where vs = Qy N Ss (Q) is the angular sector at the vs corner point @ (see Fig. 2).
The integral over the domain Qf/vs will be limited, and we therefore consider only
the integral over the domain v

wo )
1 r,dr
—dv, = [ dp P2 =
r2 P P or2 492 — 2 1, cos
sp P s p's Psp
Qy 0 0

wo 1 d 5/"”3 d
tdt tdt Tp
Joo|f et [ et
14+t — 2t cos pgp 14t — 2t cos pgp Ts
0 0 1

Then we use the expression for the generating function

Z Pm (COS QOSP) tma |t‘ < 17
1
1+12—2tcospy, | +2
v v ZPm(COS(pSp)timil, lt] < 1,
m=0
and obtain
1 5 O ke m+k
—dv, = woln — PP PP ( ) 1) =
[ R S e (5 )
Qf mk: 0 +k:;£0
1
=Ciln— 4w (s),
Ts
where

wo
Om k. = /Pm (COS Sosp) Py (COS (Psp) d(Ppa
0

C is a constant, and wy (s) is a bounded function. Thus, the validity of expression (8)
is ascertained.

6. Method of Mesh Condensing in the Corner Domain

In [4,5] there are examples of constructing a differential mesh for some boundary value
problems in corner domains. The main idea is to condense the differential mesh or finite
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elements for obtaining an admissible problem approximation error. This error involves
integrals over elementary domains estimated by the quantities of the form C’hf l|lwll, >

where h; is the diameter of the i elementary domain or mesh cell; 5 is a positive number;
[ull ; is the norm of the function with the kth derivative in this domain; and C' is

a constant independent of all these factors. Then we can require, for example, that
quantities C’h;8 [ull) ; be identical in the domain under consideration. To this end, hf
can be decreased in inverse proportion to ||ul| r.; o1 approach to the singular points. We
demonstrate the validity of the following statement.

Let V (s) be the solution of the magnetostatic problem in the integral formulation
found by a numerical method and H (s) be the exact solution. Then the following
estimate is valid:

<k (crln®h+colnh+cs), (10)

-1,

where ¢, ¢o, and c3 are positive constants and A is the diameter of the domain D, which
is a differential grid cell containing the ferromagnetic corner.

By virtue of (9), the following expression for V (s) holds:

Vi(s)= Hc<s—VZ/< i )d (11)

SPJ'

. N
where Hj is the field in the cell Q;, j = 1...N; |J Q; = Qy; and Tsp; 18 the distance
j=1

from the point s to the point p; € €2;. We consider the difference

V- i) = 5.y <M (1)) i (). ) 0.
jlej

sp;

Since the quantity ’M’ < My is limited, it follows that ‘M (ﬁ]) - M (ﬁ (pﬂ)’ <
2My for 5 = 1...N. Thus, we obtain

N N
— = 8M0 8M0 8MO dv
V()= A s z / =Y [ o
=lo,05@) =!
As a result, using the estimate obtained above, we arrive at the expression

V(s)—ﬁ(s)]<021ni+w2(s). (12)

S

It remains to estimate Dy’ where the domain D is the S5 (@) — d-domain

of the corner point Q. Using (12), we obtain

. L2
L(D):/‘V(s)—H(S)‘ dv < h? (1 In®h+ coInh+c3) ,

N 112
|7 -4
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where h = 20, and ¢;, ¢g, and c3 are constants. The result corresponds to (10). Based
on the aforesaid and inequality (10), we propose a differential mesh condensing method

h1 Tm 2

1
n— dl’:do, /
X

Tm—1

In—| de =dy, zp—Tm_1="hm, m=12..., M.

Here dj is a constant; M is the number of partitions along the coordinate axis (OX
or OY) in the corner domain; h,, is the grid spacing; and z,, is the coordinate of the
grid node along the OX or OY axis (the origin of the coordinates is at the corner point),
lz| < 1.

7. Calculation of the Magnetic Field in the Corner Domain

In Section 5 we gave the upper estimate of the admissible magnetic field growth in
the corner domain of a ferromagnetic. In Section 6, based on this estimate, we proposed
a method of condensing the differential mesh in the corner domain. In this section we
present numerical calculations of a magnetic system using this method. It is evident
from the calculations that the above mesh condensing method substantially improves
the accuracy of the calculated magnetic field distribution. We considered a magnetic
system depicted in Fig. 2. The domain €2, corresponds to the vacuum, and the domain
Qy is filled with a ferromagnetic. A boundary value problem

0 0A, 0 O0A

9 9,92 _ Q;UQ, =0
0z Ox +8yv Oy 0. pelyu ’
0A 0A
Az = Az ) — - - )
o= Al v T B (13)
A,
Alyg=C, A, =—C, aa 0,
T ly=0,y1

corresponding to the formulation of the magnetostatic problem with respect to the vector
potential A, was solved in the domain under consideration. The function ¢ is defined
as ¥ = 1/u (B), where u (B) is the permeablhty of the ferromagnetic; B is the modulus

of the magnetic induction vector B = rot A; I'y is the interface; and C is a constant.
The efficiency of the differential mesh condensmg method described in Section 6 was
estimated by the following calculations:

Variant 1. The solution to problem (13) was found on a sequence of (10k) x (10k)
meshes, where k = 1,2,4,8,10,20,40; that is, 10 x 10, 20 x 20, ..., 400 x 400 meshes
were obtained. The mesh spacing in the corner domain Il was uniform.

Variant 2. Problem (13) was calculated on the same sequence of meshes at k =
1,2,4,8, but the mesh spacing in the domain IIy was chosen using the differential mesh
condensing method described in Section 6. In the domain Q /Il the mesh spacing was
not changed as compared with the previous variant. The number of node points in the
domain ITg was the same, and only their distribution was changed.

The results of the variant 1 calculations were taken to be a sort of reference because
the accuracy of the calculated solution was assumed to increase with increasing num-
ber of partitions, except probably for a particular corner domain. Then the results of
the variant 2 calculations were compared with the results of the variant 1 calculations.
Figures 3-6 shows distributions B, (z) at y = y; for different meshes. In all figures the
reference distribution B, (x) calculated on the 400 x 400 mesh is designated as trace 1.
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The plots of traces 2 and 3 are the distributions B,, (z) calculated by variants 1 and 2, re-
spectively. The distributions in Figs. 3-6 are calculated on the 10 x 10, 20 x 20, 400 x 400,
and 80 x 80 meshes, respectively. It is evident from Figs. 3 that the accuracy of the vari-
ant 2 calculations (nonuniform mesh) is substantially higher than that of the variant 1
calculations (uniform mesh). Thus, it follows that the proposed method of constructing
a differential mesh in the corner domain is worth using and yields results comparable in
accuracy with the results obtained only on meshes with the number of nodes in each axis
four to five times greater than in the initial mesh.An algorithm of thickening differen-
tial mesh near the corner point has been developed. It allows one to significantly reduce
the computation time and simultaneously to increase the accuracy of the solution of the
boundary value problem. Variant 1 — maximum of relative error is 11.085%; variant 2
— maximum of relative error is 1.091%.

B
“Br—_—
4+ - Trace 1l |
—— Trace 2
3.5 F Trace 3 -

S ———————
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 0.7 08 09 Y0 01 02 03 04 05 06 07 08 0.9
Figure 3. Distributions B, (z) at Figure 4. Distributions B, (z) at
y =y1. Mesh 10x10 y =y1. Mesh 20x20
e
4.5 - Tracel A
y —+ Trace 2
i 4r Trace 3 7
3.5
3
| 2.5 |
) 2
15
101 02 03 04 05 06 07 08 09 Y001 02 03 04 05 06 07 ol.gl 0.9
xr 4
Figure 5. Distributions By (z) at Figure 6. Distributions B, (z) at
y =1y1. Mesh 400x400 y = y1. Mesh 80x80

8. Results of Modeling of Some Magnetic Systems

The significance of numerical modeling at the investigating of magnetic systems is
defined by not only known dignities of computational experiment but also that the mea-
surement of magnetic field is labor-intensive and expensive problem. The process of the
mathematical modeling of magnetic systems (see Figs. 7 and 8), as the authors of this
work have presented, should be divided into two large stages.
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Figure 7. General view of
spectrometric magnet 1SP-40-4B Figure 8. Type of solenoidal magnet

8.1. Results of modeling magnetic systems SP-94 and 1SP-40-4B

In the experiment performed at the Veksler and Baldin Laboratory of High Energy
Physics, JINR, the SP-94 [6] magnet is used. It was necessary to select the configura-

+o0
tion of the core and the current coils such that the quantity [ B, (0,0,z)dz had the
maximum value. Fig. 9a presents the distribution of B, in the XOZ plane for this con-
figuration of the magnet SP = 94 (variant 1). First, the initial configuration (variant 1)

L
was calculated. Here [ B, (0,0,z)dz = 2.314, where L = 1.5 m is the dimension along
-L

the OZ axis of the region where the magnetic field was calculated for variant 1. Second,
the initial configuration (variant 2) was calculated. Fig. 9b presents the distribution
of B, in the XOZ plane for configuration of the magnet SP = 94 (variant 2). Here

L
f B, (0,0, z) dz = 2.987, which is 1.291 times greater than for the initial configuration
-L

in variant 1.

b L764 || 2.154

l\\\\\

|

175

0y

=
/I//// =

BY0 BY0 BY0

Figure 9. Distribution of B, for three configurations of the magnet SP-94

Two configurations of the magnet 1SP-40-4B NIS (variant 1, 2, respectively) for which
the numerical computations of the magnetic fields were performed, i.e., in fact, a nonlin-
ear inverse problem of magnetostatics were solved. The purpose of the simulation is to
find by a calculation method such a magnet geometry that the region of the homogene-
ity of the magnetic field would be essentially larger as compared to the existing magnet
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configuration. Fig. 10 present distributions of the components of the magnetic field for
our two variants of configurations of the magnet 1SP-40-4B in a 3D case. Clearly, for
variant 2 the distributions of the components got more smooth.

!;w ‘

J

i

f
I\
| ‘xﬂ,. i

Figure 10. Dependences By(z,0.3,z) for two configurations of the magnet,
current 1100 A

8.2. The Solenoid Type Magnetic Field Detector Modeling

Magnetic systems are very important parts [7,8]. To create the necessary configu-
ration of magnetic field, the repeated solution of nonlinear boundary value problem of
magnetostatics is needed. In the present work, we consider the problem of creation of
homogeneous map of magnetic system of solenoidal type (see Fig. 8). As a result of op-
timization, the geometric parameters of magnetic system were chosen in such a way so
as to get maximal size of the domain of homogeneity of the magnetic field.

Due to symmetry, only 1/24 part of the geometry with corresponding boundary condi-
tions is modeled. The calculations were performed (using two software products: TOSCA
and native MFC) by the method of finite elements on tetrahedral mesh with 5000000
elements.

In Figs. 11 and 12 the domains with the degrees of homogeneity of magnetic field are
of 0.1% and 0.5%, respectively. The black continuous line shows that the homogeneity
of 0.1% is needed. In Fig. 11, the scale of magnetic field has site from 0.99-1.001 T, in
Fig.12 from 0.998-1.002 T.

Map contours: 7495 Map contours: gi Z495
4 X

BMOD/0.499994 1~ BMOD),0.4999
1.001000E+000 1.005000E-+000, /
\/ i L
J i 1.5 2 2.5 0 0.5 1 1.5 2 2.5
-1 X T T -1 T T ‘XI

40. 0.5

' 0 0

9.990000E-001 9.950000E-001

Figure 11. Field homogeneity is +0.1% Figure 12. Field homogeneity is +0.5%
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9. Conclusions

1. The upper estimate for the admissible growth of the magnetic field H (p) in the
corner domain

1
H(p)<Coln7+w(p),
p

where Cj is a constant, w (p) is a bounded function, and 7, is the distance to the corner,
is asymptotically obtained for the case of u (H) — 1 when H — oc.

2. A method of condensing the differential mesh in the corner domain is proposed,
which appreciably improves the accuracy of the calculated solution.

3. The numerical modeling results are presented for the SP-94 magnet system in the
Delta—Sigma experiment performed within the Topical Plan of JINR on international
collaboration. Two-dimensional and three-dimensional modeling of the configuration of
the magnet core and current coils was performed to obtain the maximum value of the
integral

L
/ By (0,0,2)dz.
-L

4. By a numerical method a configuration of the magnet 1SP-40-4B VBLHEP, JINR
has been selected for which the width of the domain of the homogeneity of the magnetic
field has grown up from 0.5 m to 1.0 m, i.e., twice. This growth considerably increases
the accuracy of regenerating the pulses of decay particles in the physical reaction under
study (search for pentaquarks).

5. As a result of optimization, the geometric parameters of the solenoid type magnetic
field detector were chosen in such a way so as to get maximal size of the domain of
homogeneity of the magnetic field.
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KpaeBaﬂ 3aJlada AJid YpaBHEHUA SJIJIAIITUYECKOTroO TUIIa B obJracTu
C YIVIOM B MaTeMaTHn4Ye€CKOM MOJe/IMPOBAaHUN MAarHUTHbBIX CHUCTEM

E. E. Ilepenenkun*, P. B. ITonxskosal, A. JI. Kosasenko!, II. H. Cbicoes*,
M. B. Canosuukosa*, A.A. Tapenkun*, 1. I1. FOgun’

*@roy BIIO MI'Y um. M.B. Jlomonocosa
Jlenunckue 2opwi, 0. 1, Mockea, Poccus, 119991
T O6sedunénnbitl uncmumym adepHolx uccaedoeanul
ya. 2Koauo-Kropu, 0. 6, 2. Jdyora, Mockosckan obaacmo, Poccua, 141980

CoBpeMeHHbIE YyCKOPUTEJIbHBIE CHCTEMbBI U JIETEKTOPHI COJAEPXKAT MATHUTHBIE CUCTEMBI CJIOXK-
HOI reoMeTpu4iecKoil KoHdurypamuu. [IpoekTupoBanue n onTuMu3anus MarHuTHBIX CUCTEM TPe-
OyeT pellleHrs HeJTMHEWHOM KPaeBoi 3a/1a9i MAarHUTOCTATUKH.

Ob6utacTb, B KOTOPO# pelraeTcs: Kpaepas 3a/1a9a, COCTOUT U3 JABYX 110/1001acTeil: 06/1acTh BaKy-
yMa u 06acTh peppoMarneTuka. V3-3a CIO2KHON T€OMETPUTIECKONH KOH(MUTYPAIINA MATHUTHBIX
CHCTEM TIpaHUIla paszesa cpell peppoMarHeTrK /BaKyyM MOXKET siBJISATbCS HEMVIAJKON, TO eCTh
COJIEPKATH YIVIOBYIO TOUKY, B OKPDECTHOCTH KOTOPOH I'DaHuIla 00pa3oBaHa JBYMs ITIAJKIMU KPU-
BBbIMH, IIE€PECEKAIOIUMUCA B YIVIOBOM TOYKE IIOJ HEKOTOPBIM YIJIOM.

B cBs13u ¢ Tem, uTO pereHure KpaeBoil 3aadH IIPUXOINTCH MCKATH UUCJICHHBIMU METOAMH,
BCTaeT BOIIPOC O IIOBEJEHUU PEIIEeHUs] B OKPECTHOCTH YIJIOBOII Touku deppomarnerura. [loka-
3aHO, 9TO €CJin (DYHKITHST MATHUTHON TPOHUIIAEMOCTH Y/IOBIETBOPSIET OMPEIECTEHHBIM YCIOBUIM,
TO COOTBETCTBYIOIIEE PeIlleHne KPaeBoil 3a/1a4u OYJeT UMeTh OrPAHUYIEHHBIN I'Da/INEHT.

JaeTcst BepXHsis OlleHKa JIOIMyCTUMOTO POCTA MATHUTHOT'O TOJIsi B OKPECTHOCTU YTIJIOBON TOYKH.
Ha ocHoBaHnM mOJTy<I€HHOM OIEHKM TPEJJIAraeTCsl METOJ, CTYIEHUsI PA3HOCTHON CETKHU BOIN3U
YIJIOBOW TOYKH, yIUTHIBAIOIINI XapaKTep IIOBEJEHUs PellleHus KpaeBoil 3amaun. [IpuBonarca
IIPUMEPHI PacdeTa MArHUTHBIX CUCTEM B OOJIACTU, COMEPIKAIIEN «YTJIOBYIO TOYKY ».

KiroueBble cjoBa: MarHuTHBIC CHUCTEMBbI, MaTeMaTUIeCKOEe MOJe/INpOBaHNEe, KpaeBasd 3a-
Ja4va, JIJTUINTUICCKUEe YPaBHEHNUA, IIOBEICHNE PDCIICHUA B yI‘J’IOBOfI TOYKEe
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Magnetic Excitations of Graphene in 8-Spinor Realization

of Chiral Model
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6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

The simplest scalar chiral model of graphene suggested earlier and based on the SU(2) or-
der parameter is generalized by including 8-spinor field as an additional order parameter for the
description of spin (magnetic) excitations in graphene. As an illustration we study the interac-
tion of the graphene layer with the external magnetic field. In the case of the magnetic field
parallel to the graphene plane the diamagnetic effect is predicted, that is the weakening of the
magnetic intensity in the volume of the material. However, for the case of the magnetic field
orthogonal to the graphene plane the strengthening of the magnetic intensity is revealed in the
central domain (at small 7). Thus, the magnetic properties of the graphene prove to be strongly
anisotropic.

Key words and phrases: graphene, spin excitations, chiral model, 8-spinor

1. Introduction. Scalar Chiral Model

Since the very discovery of mono-atomic carbon layers called graphenes [1,2] this ma-
terial attracted deep interest of researchers due to its extraordinary properties concerning
magnetism, stiffness and high electric and thermal conductivity [3-5]. The interesting
connection of graphene was revealed with nano-tubes and fullerenes [6]. A very simple
explanation of these unusual properties of graphene was suggested in [7], where the idea
of massless Dirac-like excitations of honeycomb carbon lattice was discussed, the latter
one being considered as a superposition of two triangular sub-lattices. Some phenomeno-
logical development of this idea was realized in [8,9].

As is well known, the carbon atom possesses of four valence electrons in the so-
called hybridized sp>-states, the one of them being “free” in graphene lattice and all
others forming sp-bonds with the neighbors. It appears natural to introduce scalar
ap and 3-vector a fields corresponding to the s-orbital and the p-orbital states of the
“free” electron respectively. These two fields can be combined into the unitary matrix
U € SU(2) considered as the order parameter of the model in question, the long-wave
approximation being adopted, i.e.

U=agm+ra-, (1)

where 7y is the unit 2 x 2-matrix and 7 are the three Pauli matrices, with the SU(2)-
condition
ai+a%=1 (2)

being imposed. It is convenient to construct via the differentiation of the chiral field (1)

the so-called left chiral current
l,=U%9,U, (3)

Received 12t January, 2017.
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the index p running 0, 1,2, 3 and denoting the derivatives with respect to the time 20 = ct
and the space coordinates z*, i = 1,2,3. Then the simplest Lagrangian density reads

L= —i[ Sp(l,1") — %)\QaZ (4)

and corresponds to the sigma-model approach in the field theory with the mass term.
Here the constant model parameters I and A are introduced. Comparing the Lagrangian
density (4) with that of the Landau-Lifshits theory corresponding to the quasiclassical
long-wave approximation to the Heisenberg magnetic model [10], one can interpret the
parameter I in (4) as the exchange energy between the atoms (per spacing).

Inserting (1) into (3) and (4) and taking into account the condition (2), one easily
finds the following Lagrangian density:

L= %I (Opao 0"ag + 0ya - 0"a) — %/\2a2. (5)

For the case of small a-excitations the equations of motion generated by (5) read as
Oa— (\*/Ia=0
and correspond to the dispersion law
w=koc, kI=X>+\/I,

which in the high-frequency approximation has the linear photon-like form.

First we begin with the static 1D configuration corresponding to the ideal graphene
plane, the normal being oriented along the z-axis. In this case the order parameter has
the form

U=-exp(1O713), O =0(2),
with the Lagrangian density being

I 2
L= —59’2 - %sinQG. (6)

The Lagrangian (6) yields the equation of motion
210" — \?sin20 = 0. (7)
The solution to (7) satisfying the natural boundary conditions
O(—o0) =7, ©O(+00)=0
has the well-known kink-like (or domain-wall) form:
©¢(z) = 2arctanexp(—z/{), (8)
with the characteristic thickness (length parameter)
(=VI/\ (9)

and the energy per unit area

1
B= / dz (1@52 + A%sin? @0) — 2T,
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2. Spinor Chiral Model of Graphene

Now we intend to include in the model the interaction with the electromagnetic field
for the description of conductivity and magnetic properties. To this end, we suggest
8-spinor generalization of the scalar chiral model and use the gauge invariance principle
for introducing the electromagnetic interaction. The motivation for such a generalization
is the following.

For the description of spin and quasi-spin excitations in graphene, the latter ones
corresponding to independent excitation modes of the two triangular sub-lattices of
graphene, we introduce the two Dirac spinors 11, ¥ and consider the combined spinor
field ¥ as a new order parameter:

U =£® (1 @), (10)

where £ stands for the first column of the unitary matrix (1). The Lagrangian density of

the model ,

I— A _
L= 5D, WP D" + ?a2juj“ + 10a* Vo, FH (11)

contains the projector P = ~”j, on the positive energy states, where j, = Uy,1, p =

0,1,2,3, designates the Dirac current, ¥ = W¥vq and v, stands for the Dirac matrix. The
model contains the two constant parameters of the previous scalar model: the exchange

energy I per lattice spacing and some characteristic inverse length v/X . The interaction
with the electromagnetic field is realized through the extension of the derivative:

D, =0, —1e0A,l,,

with eg > 0 being the coupling constant and I'. = (1 — 73)/2 being the charge opera-
tor chosen in accordance with the natural boundary condition at infinity: ag(oc) = 1.
However, the additional interaction term of the Pauli type should be added to take into
account the proper magnetic moments of the electrons. Here

Opv = [7,&’ '71/]/47 F,ul/ = apAu - auA;“

and po > 0 denotes the Bohr magneton per lattice spacing cubed.

Let us consider as an illustration the interaction of the mono-atomic carbon layer
z = 0 with the static uniform magnetic field Bg oriented along the x axis. We introduce
first the vector potential A, = A(z), with the intensity of the magnetic field being

B, = B(z) = —A'(2)

and the natural boundary condition at infinity: A — — By z.

The model in question admits the evident symmetry 11 < 99 , 79 — invariance
U = ~y¥ and also the discrete symmetry:

Vi &Y azz = —asgs.
Therefore, one can introduce the chiral angle O(z):
ag =cosO, a3 =sin®

and the real 2-spinor ¢(z) = col(u, —u), where 1); = 1y = col(p, —¢). As a result the
new Lagrangian density takes the form:

L= —-2IU"7 —8IU*(0"7 4 2 A%sin? ©) — 4U sin® ©O(2A°U + pgA’) — A% /(87), (12)
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where the new variable is introduced: U = |¢|? = 2u®. Taking into account that j? =
16U2, one can deduce from (12) and the boundary conditions at infinity:

j%(00) =1, O(c0) =0, A'(cc)=—By
the following “energy” integral:
E = —2IU"? - 8IU%*(©"? — ¢2A?sin* ©) + 8)\*U?sin* © — A"?/(87) = —B2/(87),

that implies the Hamilton—Jacobi equation for the “action” S:

1 /85\° 1 a5\” as o\
8](8(]) +732]U2 <a®> + 27 <8A+4M()USIH @) =
2
= % +8U%sin? © (A\* + T efA?). (13)
Y

Here the following definitions of the Jacobi momentums are used:

%_7 /. @_7 202, %_7 2 A
3 41U 50 = 16 1U-©"; 94— 4poU sin” © A'/(4m). (14)

Let us study the behavior of solution to the equations (13) and (14) in the asymptotic
domain z — oo, where A &~ —Byz. In the first approximation one gets:

B
S~ (40 — 8¢l U?sin? @> A (15)

7r
Inserting (15) into (14), one derives the differential equation
U'=4U60 tan©

with the evident integral 4 U = cos™* © corresponding to the boundary condition U(co) =
1/4. In view of (14) this fact permits one to obtain the equation for O(z):

20’
=epA~ —eyB
sin 20 €0 €00
with the solution of the form:
tan © = tan ©g exp (—eoBoz2/2) , (16)

where O stands for the integration constant. Finally, combining (16) and the last relation
in (14), one can find the magnetic field intensity in the asymptotic domain z — oo:

B = —A"~ By — 2n(eol — 2u0) tan® O exp (—60302’2) . (17)

As can be seen from (17), the effect of weakening of the magnetic field is revealed for

the positive value of the constant egl — 2u¢ , this effect being similar to that of London
“screening” caused by the second term in the electromagnetic current:

Ju = eolIm (WPT.0, %) — ef15°(af + a3) A, + 2u100” (a°To,,, V) . (18)

The current (18) contains beyond the standard conduction term, the diamagnetic
current and the Pauli magnetization-polarization one. As follows from (17), for the
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negative value of the constant eql — 2ug the paramagnetic behavior of the material takes
place.

3. Interaction with Magnetic Field Orthogonal to Graphene
Plane

Let us now study the case with the orientation of the magnetic field By along the z-
axis. Using the cylindrical coordinates 7, ¢, z, we introduce the vector potential Ay = A,
with the intensity of the magnetic field being

B, =0.(rA)/r, B,=-0,A,

and the natural boundary condition at infinity being imposed: A(z — co) = Byr/2.

The model in question admits the evident symmetry ¥ < ¥y and 9 — invariance
U = vV, that permits one to introduce 2-spinor ¢ by putting

Y1 =1y = col(p, ¢), ¢ = col(w,u).
To simplify the calculations, let us suppose the smallness of the radial magnetic field:
B, < B,.
In this approximation the new discrete symmetry holds:
= —0o3p, w=-w, u=u", az3= —a3,
that permits one to introduce the chiral angle ©:
ag =cos®, a; =sin®
and consider the axially-symmetric configuration:
u=u(r,z), O =0(rz).
As a result the new Lagrangian density takes the form:
L=-81 [R2(8L®)2 + %(GLR)Q + 2 R% A? sin® @] — 8\?R?sin” © +
+ 8 po R sin? @l&(r A) — L [12 (0 (r A))2 + (8ZA)2] , (19)
T 8T |r

where the new variable is introduced: R = u? and 0, signifies the differentiation with
respect to 7 and z. The equations of motion corresponding to (19) read:

I [i@T(r(?TR) +9?R — 4 R(0,0)% — 4€2R A? sin® @] =

= 2sin? @ [2)\2]% - M0%8T(T A)] , (20)

2
I [Tar(r R%0,0) +20,(R%*0.0) — ¢2R*A? sin 2@] =
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= Rsin 20 )\QR—,U,()%&,«(’I“A) , (21)

1 [1 A
- ;&(r@TA) + 024 — = | =161 e2R*Asin® © + 8100, (Rsin? ©). (22)

r2

Let us now search for solutions to the equations (20), (21), (22) in the asymptotic
domain z — oo, where

©—0;, R=1/4+(, ¢(—0;, A=DByr/2+a, a—0.

Thus, the equation (21) takes the form:
1 2 L oo o 2
I ;87«(7’&@) + 070 — ZeOBOr O| = O(A* —4u,By),

and its solution can be found by separating variables:
© = Qg exp(—vr® — kz), ©g = const, (23)
with the following constant parameters:
v =reoBo/4; Ir*= By(eol — 4p0) + 2. (24)

Inserting (23) into (20) and (22), one gets the inhomogeneous equations for ¢ and a:

1 1 1

—0n(r0:C) + 92 =(0.)° + Ze333r2 = T(V — 2u9By)| 07, (25)
1
;&(7‘87«05) + 0% — % = 2meqBo(eol — 4410)r0? = 6102 (26)

with the solutions of the form:
¢ =0Fexp(—2vr® — 2k2)N(r); a=00Fexp(—2vr® — 2k2z)K(r), (27)
where the radial functions N(r) and K(r) satisfy the following equations:
N" + N’ (i - 8yr> +N {2 Bo (eo - 8%) + 4A1_2 + 633372} -
L oo o 212
= 56030’1“ + egBo + f()‘ —3uopBo), (28)

K"+ K’ (i - 8W> +K (452 — 8v + 1602 — 7}2> =r. (29)
Let us now estimate the magnetic intensity:
B,=By+b,, b,= %&(Toz), B, =b, = —0,q.
Taking into account that due to (29) K ~ (e2B3r)~! as r — oo, one gets from (27):

b, = —2m(eol — 4410)OF exp(—2vr® — 2kz), (30)
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4
b, = i (eol — 4410)OF exp(—2vr? — 2kz), (31)
60307“

However, at small » — 0 one finds from (29) that K ~ r3/8, and therefore the
intensity of the magnetic field reads:

b, = megBo(eol — 4M0)@0r exp( 2ur? — 2/1,2), (32)
b, = —eoBO(eOI 4110)O373 exp( 2ur? — 2/£z). (33)

As can be seen from (30)—(33) , according to the sign of the multiplier egl — 4o our
graphene material reveals diamagnetic or paramagnetic behavior. Therefore, it would be
interesting to obtain numerical estimates for the parameters of the model. In view of
definitions adopted one has

(& eh Eexch

e =—, o= —= = =
he’ 2mecad’ a

where the exchange energy is usually adopted as Eexcn = 2.9 €V and the lattice spacing
as a = 3.56 - 1078 cm, with e being the absolute value of the electron charge. Finally,
one can find the following numerical values:

eol =2-10° Gauss, po = 2 - 10% Gauss.

It means that the parameter egl — 44 is positive and the weakening of the magnetic
field inside the graphene is predicted in accordance with (17), (30) and (31) for large r
and its strengthening for small r in accordance with (32) and (33).

In view of the importance of the latter conclusion it would be desirable to investigate
the magnetic field behavior in the central domain of the graphene material, i.e. at small
r but arbitrary z. To this end, we consider the extrapolation of the configuration (23)
to the domain wall structure of the form:

© = 2arctan [exp(—2vr® — 2kz)] . (34)

Later it will be shown that this approximation is valid in the small field limit By — 0.
To start with, we insert (34) and A = Byr/2 + a, R ~ 1/4 into (23), this amounting to
the equation:

1
—0r(r0r) + 02 — % = 27r egBo sin® ©leg] — 4o tanh (vr? + k2)] = 2ar g, (35)
r T

Solution to the equation (35) satisfying boundary condition «(r = 0) = 0 can be
found by Green’s function method:

o= /dz /ds explis(z — /dr’ (s )KL (s ) — Ka(sP) L (s)], (36)

where I; and K7 stand for the modified Bessel functions of the imaginary argument.
Taking into account their asymptotic behavior as z — 0:

L(z)~x/2, Ki(z)~az*,
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one finds from (35) and (36) that at small r:

7TT360B0

- 4 cosh?(vr? + k2)

a(r, z) [eo — 4po tanh (vr? + kz)] (37)

that confirms the paramagnetic behavior of the graphene in the central domain.
Finally, inserting (37) and R = 1/4 + (, A = Byr/2 into (20), one gets the equation:

1 2 1
—0,(r0,¢) + 0%¢ = sin’ © L(AQ — 3uoBo) + eoBo (1 + 260307«2)] = ji. (38)
r
Solution to (38) can be found also by Green’s function method along similar lines as
for (35):

e}

(= % / dz’ [ ds explis(z — 2')] /dr’ ' j1 [Ko(sr)lo(sr') — Ip(sr)Ko(sr)]. (39)

—00 0

T

Taking into account the asymptotic behavior of the Bessel functions as x — 0:
Ip(x) = 1+2z, Koy(x)=log[2/x],
one finds from (38) and (39) that in the central domain
2

~ 4cosh® (vr2 + Kz)

2 1
C(r,2) ~ Y(AQ — 3uoBo) + eo By (1 - 260307‘2>] . (40)

Using (40), one can verify the validity of the approximation (34) as solution to (21)
for the central domain in the small field limit, that is if the following strong inequalities
hold:

)\Z/I > egBy, eyBorl <1, k*r?<1.

4. Conclusions

We analyzed the two phenomenological approches to the description of the graphene:
the simplest scalar chiral model and its 8-spinor generalization. The scalar model admits
very simple domain-wall solution describing one layer graphene configuration. On the
opposite, the 8-spinor chiral model contains all previous results of the scalar model
and also permits one to describe graphene interaction with the electromagnetic field.
Magnetic excitations in graphene, for the case of the external magnetic field parallel to
the graphene plane, reveal the evident diamagnetic effect: the weakening of the magnetic
field within the graphene sample. As for the case of the magnetic field orthogonal to the
graphene plane, the strengthening of the magnetic intensity inside the material is revealed
in the central domain (at small r).
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Kagedpa meopemuueckoti pusuru u METAHUKL
Poccutickuti ynusepcumem dpyotcovl Hapodos
ya. Murayxo-Maxaas, 0. 6, Mockea, Poccus, 117198

IIpocreiimas kupaiabHas MOjedb rpadeHa, IpeyoXKeHHas paHee W ocHoBaHHas Ha SU(2)
rmapaMeTpe IMopsiaKa, 0000IaeTCsI MyTeM BBEJIEHUs 8-CIHHOPHOIO IOJIA KaK JOMOJHUTEIHLHOTO
napamerpa HOPsiZKa JIJIsl OIMCAHUSI CIIMHOBBIX (MAarHUTHBIX) BO30y2KaeHnit B rpadene. B kage-
CTBE WJLIIOCTPAIIAN MBI U3y9YaeM B3aUMOJAEHCTBUE PAMEHOBOrO CJIOS C BHENTHUM MATHUTHBIM
mosieM. B ciiydae MarHuTHOrO mOJIs, HapaJsIeIbHOIO IpadeHOBOM IJIOCKOCTH, IPEICKA3bIBACT-
cs TUAMArHUTHBIA 3ddekT, T. e. ocmabiieHne MATHUTHOW WHIYKIIMU BHYTpu obpasmna. OaHako
B CJIydae MArHUTHOTO IIOJIsI, OPTOTOHAIHLHOTO T'PadEHOBON MIOCKOCTH, OOHAPYKUBACTCS YCHUIe-
HUe MAarHUTHON WHIYKIMA B IEHTPAILHON o0mactu (pu Mautbix ). Takum o6pa3oM, MAarHUTHBIE
CBOIICTBa rpadeHa OKa3bIBAIOTCH CHJIBHO aHU30TPOIHBIMHU.
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Pressure Operator for the Poeschl-Teller Oscillator
Yu. G. Rudoy, E. O. Oladimeji
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6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

The quantum-mechanical properties of the strongly non-linear quantum oscillator in the
Poéeschl-Teller model are considered. In the first place, the energy spectrum and its depen-
dence upon the confinement parameter (i.e., the width of the “box”) are studied. Moreover, on
the grounds of the Hellman—Feynman theorem the pressure operator in this model is obtained
and (along with the energy spectrum) is studied in two main approximations: the “particle in
the box” and “linear (harmonic) oscillator” for large and low values of the main quantum num-
ber; the critical value is also evaluated. Semi-classical approximation as well as perturbation
theory for the Pdeschl-Teller are also considered. The results obtained here are intended for
future thermodynamic calculations: first of all, for the generalization of the well-known Bloch
result for the linear harmonic oscillator in the thermostat. To this end, the density matrix for
the Péeschl-Teller oscillator will be calculated and the full Carnot cycle conducted.

Key words and phrases: Bloch and Poéeschl-Teller quantum oscillator, pressure op-
erator, Hellman—-Feynman theorem, quasi-classical approximation, harmonic oscillator, particle
in a box

1. Formation of the Model

Some decades ago Poeschl and Teller [1] introduced a family of anharmonic PT-
potentials U(x), which allowed the exact solutions of the one-dimensional Schrédinger
equation in the coordinate, or z-representation [2,3]. One of the most interesting member
of the PT-family is the symmetric trigonometric potential, which is even in the variable
x, where —L < x < L.

U(va) = U(_IvL) = 0o tgg[a(L):E], (1)
a(L) =m/2L.

At z = £+L the potential becomes singular, which physically means the presence of
a pair of impenetrable walls. They confine the movement of the non-relativistic particle
with positive constant mass m. The parameters Uy and L are also positive, though the
limits Ug — 0 and L — oo are also allowable and will be considered properly.

The presence of the walls is of specific interest for the future thermodynamic de-
scription of this model, placed into some thermostat. In contrast to ordinary harmonic
oscillator (HO) for the PT-oscillator (PTO) it is possible to introduce the pressure op-

erator P(, p, L) which according to Hellmann and Feynman [4,5] is connected with the

A P2
energy operator or the Hamiltonian H (&, p, L) = (2—) + O(z, L) by the formal relation:
m
Plap L) = —-H(#,p. L) 2
x’ p7 - aL :I/l’ p7 :

Strictly speaking, one should differentiate in (2) with the volume U = L, where d
is dimension of the coordinate space, where d = 1 will be held here everywhere. The

Received 15" November, 2016.
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0 N
important point is that the operation (8L) may be fulfilled only after the operator H

has acted upon some wave function ¢ — as a rule, upon the eigenfunction ¢, () of H with
eigenvalue E,, (see, e.g., the detailed analysis in [4,5]). The importance of this sequence
of operations is directly connected with the account of boundary conditions v, (£L) = 0
at all values of n. In this case the formal definition (2) acquires more definite sense:

oE,

Note, that in this paper we won’t be engaged with the eigenfunctions ), (+L) —
it is sufficient to know that all of them contain the factor cosax, which ensures the

fulfillment of zero boundary condition at the walls z = iQL = +L. Following (7) one

fe!
may see, in particular, that if the energy spectrum E,, (L) is a uniform function of L (e.g.

E,(L)~ L% >0) so that P,(L) = (%) E, (L), or in the operator form:
P(L) = sh(L), (4)

where h(L) = FIEL)

known barocaloric equation of state for the ideal gas. Note that by obtaining (4) we have

is the (linear) density of the energy; the last relation is the well

d
used Euler’s uniformity property (dL) a™(L) = (%) a™ (L) valid for any real value of

m.

2. Exact Energy and Pressure Spectra

It is remarkable that the complication potential (2), leads to an exact solution of
the Schrodinger equation with potential (1) with fully discrete positive energy levels
E,(L) > 0 (including the ground levels Ey(L)):

EN(L) = E.P (L) + B,O(L), (n=1,23,...), (5)

obviously, the spectrum F,, (L) is unbounded from above.
Two terms in (5) look like the free particle in the box and harmonic oscillator respec-
tively:
1
EEF() = T2, EO(L) = ha(z) (n - 3 ). 0
note, that (6) doesn’t contain terms of higher order in n that quadratic one.

The quantity 7'(L) is equal to the well known minimal kinetic energy of the F'P in
the box with dimensions [—L, L] :

™

T(L) = EY¥(L) = 5 o*(L), oL)= ST

m

(7)

The w(L) quantity is the frequency of some HO, and depends upon «(L) in much
more complicated way than (7)).
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In this paper we won’t be engaged with the eigenfunctions ¢, (x) — it is sufficient
to know that all of them contain the factor cos ax, which ensures the fulfillment of zero
boundary condition at the walls © = +5- = +L.

Complicated method:

hw(L) = T(L)AL), (L) = KW;L))Q + 1] - 1, (8)
()= 70 = (f)Qmﬂjoa%m. (9

Obviously, that the formal structure of the parameter A\(L) resemble the kinetic energy
of the free relativistic particle with rest mass in ((¢(L)) is the like p, where p is the
particle’s momentum) A(L) > 0 A\(L) = 0 only at the point C ﬁ = 0 in the limit
L — ).

Following the definition (3), one finds from (5) the exact diagonal matrix elements of
the pressure operator (2):

2

P (L) = BP(L) + PO(L), PP (L) = 2 B,7 (L), (10)
PEO(L) = ZEE(L) - T(0w() (0 - 5 ) (1)
the Euler’s uniformity property:
Y(L) = ML)+ 1] {1 = \(L) +1] 7%} > 0, (12)
where we have used Euler’s (ddL> a™(L) = (%) a™(L)

The expressions (E1C) and (PH©) are rather complicated since A\(L) is non-uniform
function of L pressure operator P(L) for PTO is in general not proportional to the energy
operator H(L), but in extreme case (FP and H-parts) this property is restored.

At fixed L, the relative contribution of the FP and HO depends upon n and it’s
determined by the ratio:

n (L

E ) n 1
") = BEO(L) T e (D) AI)

Ner (L) = D)

(13)

Clearly, at n,,(L) < 1, n < nCT(L) i.e for lower energy levels, the HO-part dominates,
whereas at 1.-(L) > 1,n > n¢-(L), i.e, for higher energy levels the FP-part dominates.
This is easy to understand, because at Vo and L held constant the growth of the particle’s
energy E makes the potential (1) more and more the limiting potential O(x, L) = 6(z —
L) + 6(xz + L), which characterizes the FP in the box.

In the last case we obtain he fully free particle without any “box”, so the particle’s
energy is not quantized at all. The same limit at fixed n is achieved at Vj = 0.

Moreover, the FP-limit full at fixed n is achieved also at the limiting point «(L) = 0

1
or — = 0, because in this case the potential (1) also is identically equal to zero. However,

one should note that the limit of small, but finite a(L) < 1 resembles more not the FP-,
but the HO-case.



Rudoy Yu. G., Oladimeji E. O. Pressure Operator for the Poeschl-Teller Oscillator 279

3. FP- and HO-Limits for the Energy and Pressure Spectra

It is instructive to consider the expressions (5) and (10) at fixed values of n in two
basic limiting cases, i.e. FP in the box and HO-limits.

3.1. FP in the Box Limit: L = const, Vy — 0, 7((L) — o

In this case, T'(L) is large compared to Vp, so =WT(L) <« 1, thus:

b
(mC(L))

Ny~ — 2 hiol2
(m¢(L)) 2 (m¢(L))

Due to the general definition (8), the effective frequency is of the form:

] , ML) < 1. (14)

2 2
hw(L) = 2V, [1— VO}

T(L)

and tends to zero with V.
For the pressure operator P in this limit the whole term (11) is negligible, so for P¥F¥
the linear operation, equation of state (4) holds, where s = 2 and

2

. P

3.2. HO-Limit: V = const, L — oo, 7((L) ~ a(L) -0

In this case, T(L) ~ o?(L) is small compared to the effective frequency in the lowest
order HO-approximation fuw(L) = T(L) ~ Aoa?(L) here:

2 1

MO~ 2D ™ a)

is a large quantity. More precisely, from (8) follows that

. 111
D)~ AD)|1= 55+ TG ML) < 1,
further, using again (8), one obtains
(L) ~ hia(L) — T(L) + ;% (15)
Here
(L) = T(ND) = 2 Wt () = a()[22] (16)

is of order «(L), while the second and third term in (15) are of the order (L) and
a3(L) accordingly.

The pressure operator P in this limit may be found from (15) by noticing that both
terms in the rhs of the equation make contributions of opposite sign, but of the same
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(lowest) order o(L). Indeed, in this limit T'(L)y(L) ~ T(L)A(L) = hw(L) and
EIO() ~ E,"°(L) = ha(L) <n - ) (17)

Combining relations (16) and (17)) one finds for the pressure operator PHO, as well

as for Z5FP, the linear operator equation of state (4) holds, but now with s = 1 and

effective Hamiltonian: A
HHO _ P72 + 1 ~2(L) 2
(@0) ~ 9 oW L

which describes some “confined” HO.

4. Approximations for the Energy Spectrum
4.1. Quasi-Classical Approximation (QC)

It is instructive to compare the exact energy spectrum (5) with its QC-counterpart,
for which the quantization rule states that for n =1,2,3,...

zo(E)
a(E) =2 /p(x, B)dz = 27Th<n _ ;) (18)
—zo(E)

here J(FE) is the classical action for the PT oscillator with the potential energy (1) while
p(z, E) is the classical momentum

NI

p(z, E) =V2m [E — U tg? a(L)x} , plxo, E) =0, (19)

obviously, zo(FE) — £L as E — oc.
The Bohr—Sommerfeld quantization takes the explicit form:

B N

so that the QC energy spectrum will be of the same form as in (5)—(6). The only difference
is that the exact quantity A(L) in the QC-case will be substituted by it’s QC-analogy

[%] + 1. It is easy to verify that, all the basic features of the PT-oscillator remain
just the same (up to some numerical factors).

4.2. Perturbation Theory

Consider the expansion of the potential:

(@, L) = Bo = (a(L)a?) [(1 + ga(L)ﬁ)] + [y, (21)

which is plausible when both «(L) and = are small. The leading term in (21) may be
written down as the usual HO-potential:

Voo (L)2? = —ma*(L)2?,
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where the frequency @?(L) is the same as defined by (15). It may seem rather unpleasant
that @?(L) goes to zero with a(L) at L — oo, and so one may ask for the usual constant

k
HO-frequency wg = 1/ — (k = const).
m

Such a result may be achieved simply by means of the potential intensity
Uo — (5)a~2(L). Note, that in this case as the limit point a(L). One arrives strictly
to the usual HO-oscillator (but not the PT-oscillator). Indeed, the suggested rescaling
can’t save “all the next order terms in the expansion” (21). Moreover, at this limiting
point the notion of pressure (the operator as well as it’s spectrum becomes meaningless,
so that we don’t use this “scaling trick” — as well as the point «(L) = 0 in the follow-
ings (though the HO-limit a(L) < 1 is quite appropriate)). Consider now the term of

the lowest order (a(L)x)4 in (21) as the weak an harmonics them the energy spectrum
is of the form [2,3]:

Bu(L) = (L) + ABA(D), BEO() = aAn) (n+3). (22)

ssin - (o 3] (k) o sov

where n =0,1,....
Making the shift n — (n — 1):

EYO(L) = hao(L) <n - ;) AE, (L) =T(L) [nz +n+ ﬂ . (23)

Two effects are evident once from (23). Firstly, the linear in n part of AE, (L)

brings for the non-perturbated spectrum EHO(L) equal to [-T'(L)], which agrees with
the correction of the same order in (2) the full expansion. Secondly, the quadratic in n
part reproduces the term EXF (L) from the exact energy spectrum (6). Unfortunately, the
next approximation (e.g. of orders (ax)® and/or (az)® tend to spoil these nice results.
In particular, they bring in E, (L) so, “non-physical” terms of orders n3, n?, etc. and
also deform the term T'(L)n?, which should not be affected at all.

5. Conclusion

In this paper the quantum-mechanical properties of the strongly non-linear quantum
oscillator in the Péeschl-Teller model were considered. In Sec. 1 the formulation of the
model was given and its relations with two well known models — i.e., the free particle in
the box and the harmonic oscillator were considered. Sec. 3 was devoted to the analysis
of the fully discrete spectrum of the model; also, using the Hellman—Feynman theorem
the pressure operator was obtained and analyzed. namely, both the “free particle in
the box” and “harmonic oscillator” limits were given the detailed investigation. Finally,
in Sec. 4 some approximations for the energy spectrum are considered — namely, the
quasi-classical one as well as the perturbation theory in the region near the harmonic
one — i.e., were the anharmonic terms are relatively small. All the results obtained here
will be used for the thermodynamic calculations in the nearest future publication.
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Oneparop maBjenus g ocuusuisstopa Ilémasa—Tennepa
10. T. Pynoii, E. O. Onagumeaxu

Kagedpa meopemuueckoti Gusuru v MeTAHUKY
Poccutickuti ynusepcumem dpyotcbv. Hapodos
ya. Muxayzro-Maxaas, 0. 6, Mocksa, Poccus, 117198

PaccMmoTpenbl KBAHTOBO-MEXaHUYECKHUE CBONCTBA CUILHO HEJTMHEHHOTO KBAHTOBOTO OCIIUAJLIIS-
Topa B Mozenu llénurs—Tennepa. VI3yyen sHepreTmyeckuii CeKTp MOJIEM U €r0 3aBUCUMOCTb
oT mapameTpa KoHdaiHMeHTa, nin 3bMEKTUBHON NIMPUHBI TOTEHIAA. Ha OCHOBEe TeopeMbl
lenbmana—®@eliHMaHa, MOJyYEH OMEPATOP JABJICHUS JJIsl YKA3aHHON MOJEIN, KOTOPBIN BMeCTe ¢
IHEPTEeTUIECKUM CIIEKTPOM U3yYeH B JIBYX OCHOBHBIX MPUOJIMKEHUSIX: YACTHUIILI B SIIITUKE W JIV-
HEWHOTr0 TAPMOHHUYIECKOT'O OCIIUJIIATOPA JIJIsT OOJIBINIUX U MAJIBIX 3HAYEHU [JIABHOTO KBAHTOBOI'O
YUCJIa T COOTBETCTBEHHO; [IOJIYyYEHO TaKKe 3HAYEHHE KPUTUIECKOrO 3HAYEHUS Nyp. PaccMoTpe-
HBI TaKyKe KBAa3WKJIACCUIECKOE TMPUOIMKEHNE W TEOPUsl BO3MYINEHUN JJisT 00OUX MPEIeTbHBIX
ciaydaeB. [lomyuenuble pe3yabTaThl TpeIHA3HAYEHBI IS UCIOJIB30BAHNUS B MOCIEIYIONIUX TEP-
MOJUHAMUYECKUX MPUIOKEHUIX — IPEXKIE BCEro, 0600IIEHNsT XOPOIIO U3BECTHOIO PE3yJIbTaTa
Bioxa mjis muHERHOTO rapMOHUYECKOTO OCIIMILIATOPa B TepMmocTare. C 3Toi Mebio He0OX0 MO
TMIOCTPOUTH MATPHUILY IIOTHOCTH Mt octmiaTopa [lémas—Temmepa st nmpoBeeHns TTOJTHOTO
nukJia KapHo.

KiroueBbie ciioBa: kBaHTOBBIN ocrmiaaTop Bioxa u [émmsa—Tentepa, omepaTop mgasiie-

Hust, Teopema ['enbmana—PeitHMana, KBA3UKJIACCUIECKOE TPUOJIMKEHE, TADMOHUYIECKU OCITHJI-
JISITOP, YaCTUIA B SIUKE
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Oo6 9BOJIIOIINN CXOJAIMErocda BOJIHOBOI'O ITaKeTa nepeBépHyToro
KBAHTOBOT'O OCHHUJIJIATOPA, BBIHY2K/Ia€eMOI'0O OAHOPOJHbIM
TrapMOHMNYI€CKUM II0JIeM

B. B. Yucrakos

Hayuno-uccaedosamenvcruti yrusepcumem urGopmMayuonHoT merHoio2ud,
METAHUKY U ONMUKY
Kponseprcxuti npocn., 0. 49a, Cankm-Ilemepbype, Poccus, 197101

Wccnenyercss MoieIb NEPUOINYECKH BO3MYIIAEMOrO OJHOPOIHBIM II0JIEM KBAaHTOBOI'O OF-
HOMEPHOT'O IIePEBEPHYTOr0 OCIUJLIATOPa ¢ ramuibronmanom H = (p2/2m) — (mw?z?/2) —
Foxsin (Qt + ¢), mmpoko nucrnosb3yeMasi JJisi OIMMCAHUS TOBEIEHNs] HECTAOMIBHBIX MOJIEKYJISID-
HBIX /MOHHBIX KOMILJIEKCOB B TIOJIE JIA3€PHOIO U3JIydeHns. AHAIMTHIECKY W YUCIEHHO IIPU [TOMO-
mwm Maple 17 perraercs Hecranponaproe ypasuenne Ipénuarepa (HYIII) ¢ HavanbpHON BOJIHO-
Boit dbynkimeit (B.d.) 06obmenHOro I'ayccoBeckoro Tuma, HAMTy UM 00PA30M yIOBIETBOPSIIO-
mieit oneparopy HadaabHbIX yeiaosuil (HY). Eé BosmoBoit maker ¢ n3Hadaj bHO aHOMAJIBHO GOJIb-

ot 6e3pa3MepHOil MUPUHON 0¢g = (52(0)) > 1 onuChIBaeT CXOIAIIMICS ITOTOK MHJIOTHOCTH

BEPOSITHOCTH, U Ha Oe3pasMepHbIX BpeMeHax T < 279 = 0,251n (1606l + 1) oH cHaYAIA KOJTATICH-

DPYET B 9KCTPEMAJIBHO Y3KYI0 00J1aCTh MHUPUHBI Opsaka Ax ~ /mw/ ki, a 3aTeM HEOrpaHUIEHHO
PACIIUPSIETCS TI0 TIOKA3aTeIbHOMY 3aKOHY. [Ipu aTOM /1151 OnIpeIe/IEHHBIX 3HAYEHU a3 ¢, ompe-
JleJIsieMbIX BO3MYIIAEMO# 4acToTol Jazepa {2 1 UCXOMHBIM PazbpOCOM 0g, IIEHTP MACC BOJHOBOIO
nakera Eay (7) = Z(7)/mw/h ocraBasicst BOIM3U [IOJIOXKEHNsI PABHOBECHS B TEYEHUE [IPUMEPHO
JIBYX «ECTECTBEHHBIX IEPUOI0B» OCIIULIATOPA, KOJEOISICh U JApeiidys, mocje 9ero 6bICTPo yXo-
man K 6eckonednoctr. Pasbl ¢ CAYKUIU TOYKAMHU OU(DYPKAIUU HAIPABJICHUS YXOIA LEHTPA
makera, i IpH oo > 2'% OHM yIOBIETBOPSIIH XOPOIIO KIACCHIECKOil (hopMyIIe; HOBEeHIE CTabu-
smsupytomei dhaspl Ha «pe3oHaHCHOM» wactore ¢(2 = 1,mn), n = log, 09 XOPOIIO ONMUCHIBATIOCH
ePEeBEPHYTON u cMmeménnoi dpopmysoit @epmu—/Iupaka u3 KBAHTOBOW CTATUCTUKU.

KuroueBblie cjioBa: mepeBEPHYTHINT KBAHTOBBIN OCIIMILISTOP, TIEPUOINIECKOE BO3MYIITE-
Hue, Hecranponapuoe ypasuenue [IIpénunrepa (HYIII), BosHOBO# naker, 060OIEHHBIA TayCCOB-
CKWil TUII, KoJutarc, ba30oBhIil CIBUT, JUHAMUYECKas cTabum3alusi, oudyprarums, Maple

1. Bsenenue

ITepesephyThlii rapMonndeckuii ojaOMepHbIil (1D) ocimuisTop siBsieTcst s7eMeHTap-
HOW MOJIEJIbIO HEYCTONYIUBBIX KBAHTOBBIX CHCTEM — PACIIaIAIOIIUXCs BO30Y XK IEHHBIX MO-
JIEKYJT, KOMIIJIEKCOB, SKCUTOHHBIX COCTOSTHU B TIOJIYIIPOBOJTHUKE U TIP. TaK2Ke OTTaJIKnBa-
oIl TIOTEHIA KBAHTOBOM aHMUMOYKY Ha KAYeCTBEHHOM YPOBHE MOXKET OBIThH OITUCAH
B pamkax Mozesu IHO, paBHO Kak 1 moBejieHre JacTull Ipu TyHHesuposanun [1-3] u npu
T. H. cynepdayopecuenyuu — «short time behavior in superfluorescence» — (cm., Hanpu-
mep, [4,5] u 6ubauorpaduio B HUX).

JIoIOIHEHHBIA 0 JABYX- WX TPEXMEPHOI'O «CeJJIa» HErapMOHUYECKON IPUTATUBAIO-
meil 9acThio, OH BIIOJIHE MOXKET MOIEIUPOBATH IPDEKT Ko.aebamesvHo20 C8A3EAHUA,
UMEIOIUil MECTO B MOJIEKYJIaX TAJIOreHOBOJOPOIOB [6].

Crarba nocrynuia B pegakuuio 26 suBaps 2017 1.

Pabora BeimosiHena mnpu mogaep:kke rpanta POPU 16-08-00997 «VcciemoBanne HEJMHEHHBIX MHOIO-
YJIEHHBIX YIIPABJISIEMbIX MEXaAHUYECKUX CUCTEM METOJAMU MATEMATUIECKOrO U KOMIIBIOTEPHOI'O MOJIE/IU-
pOBaHUST».

ABTOp BBIparkaeT CBOIO IIPU3HATEIHLHOCTD podeccopy HopBerkckoro yHuBepcuTeTa HaAyKU U TEXHOJIOTHHU
Kaape Ouaycceny 3a mposiBJIeHHBIH HHTEpeC K IpobJieMe U OKa3aHHbIE KOHCYJIBTAIUN.
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Kpome toro, momens THO maér r06OIBITHBIE DPE3y/IbTATBI U MPU JUCKPETHOM
KBaHTOBO-MEXaHUYECKOM OIUCAHUU YaCTUIl Yepe3 pasnoctuHoe ypasHenue IIIpénunrepa,
pellieHre KOTOPOro JIONYCKAET «yJepKaHie BOJIH Ha TOTeHIaIbHOM cKjoue» [7,8|. Tlo-
caeauit 3pdekT 0cOOEHHO MHTEPECeH B HECTAIMOHAPHOM JIMHAMUYECKOM BapuaHte [9],
U KOTJla B TAMUJIBTOHUAHE TIPUCYTCTBYET eproandeckoe ciaraemoe [10].

NmenHOo 5TUM 1 06y CIOBIEH HHTEPEC K PA3TUIHBIM HECTAIMOHAPHBIM MOIUMDUKAIIUAIM
MOJEJIN MHBEPTUPOBAHHOT'O KBAHTOBOI'O OCIIUJIIIATOPA, UCCJAEAYEMBIM KaK C YHUCTO IIpU-
KJIQTHOM IIEJIbIO, TaK U PYKOBOICTBYSICH CyTry00 (DyHIaMEHTAIbHBIMEA HHTEpecaMu. Tem
HoJsiee UTO HeCTAIMOHAPHAS MOJIETh B HEKOTOPBIX CJIydYasdX JOIMYCKAET AHAJTUTUIECKOE
MHTErpupoBaHuE, ITO3BOJIAIOIIEE TOIHO OTCJJIEIUTDL IBOJIIONUIO KBAHTOBOT'O COCTOAHUA. n
31€Ch II0 aHaJIOIun C CO6CTB€HHO TapMOHUYECKUM OCIUJIIATOPOM IIPEANIPUHUMAIOTCA I10-
ubiTky BBecTH U it IHO nonsiTre 0606mEHHOTO Kozepermmozo cocmosnus [11], mose-
JICHE CUCTEeMbI B KOTOPOM HamboJiee OJIM3KO K KIACCHICCKOMY.

enbio Hacrosimeit paboThI ABJISETCS UCCIIEOBAHNE KBAHTOBOIO aHAJIOTA SIBJICHUS T.H.
Junamuneckoli cmabusu3ayuYy, HEYCTONINBOTO COCTOSHUS KBAHTOBOH YACTHIIBI B OJHO-
MEPHOM ITEPEBEPHYTOM KB IPATUIHOM ITOTEHITAAJIE B YCIIOBUAX AeHCTBUA TApMOHIIECKOTT
BBIHY 2K QIO CHITDI.

2. JImHamMuYecKasi cTabum3anus B KJIACCUIECKOl MeXaHUKe

Kiraccrndecknm eé mpuMepoMm siBJIsieTcss MasiTHUK Kaltuiibl, a BooOIe, — IPAMOXO/IsI-
UM 9eJI0BEK, C TOUYKH 3PEeHNUsT OMOMEXaHUKHU SIBJISIONINI cOO0M MmepeBEPHYTHIN MasgTHUK.

IIpocreiimas Mome b KJIACCUYIECKOTO IMEPEBEPHYTOrO OCIUJISATOPA, TApMOHMYECKU
BO3MYIIIAEMOT'O Ha «PE30HAHCHON YacToTe», omuchiBaeTcs dpyukimeir [amuibrona B 6e3-
Pa3MepHBIX KOOPAWHATAX

p? ¢
H(p,Q)Ig—g—fosin(Tthp)q;

YpaBHEHUA ABUZKCHUA —

O-C Y rmea)

Ux perenne ¢ yaérom Hadanbbix yeiaosuit (HY) o koopaunare ¢p u UMILyJIbCy po:

q(7) = 0,5(qo + po + 0,5(sin ¢ + cos ¢))e™ — 0,5 fo sin (7 + @)+
+0,5(go — po + 0,5(sin — cos p))e™ ", (2)

p(r) = 0,5((10 + po + 0,5(sin ¢ + cos ¢))eT —0,5f0cos (T + ¢)—
—0,5(qo — po + 0,5(sin ¢ — cos ¢))e ™7, (3)

¥ OHO CTAOWIM3WPOBAHO IIPHU HEAJTbHOM BBITOJTHEHUN cooTHOomenus HY u da3zbr:
qo + po + 0,5(sin ¢ + cos ) = 0. (4)

IIpumep 1. (Oaumnuada YUTMO no meopemuueckots mexanure, 2015, Hucrs-
koB B.B.)

Tpybky muHOi [ BpaImaoT B BEPTUKAJIBHON IJIOCKOCTH C TTIOCTOSTHHON YTJIOBOM CKOPO-
CTBIO W BOKPYT €€ CEPE/IMHBL, IJIe YAEePKUBACTCs KPEIlJIeHneM MaJIeHbKUi rpy3uk (puc. 1).
B xakom nostozkenun ¢ TpyoKu HEOOXOAMMO OCBOOOIUTD 9TOT IPY3UK, YTOOBI OH HE BBIIIAJ
B JaJbHeineM u3 Heé?
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Pemenne punammdeckoro ypasHeHusi Ipy HadasbHbix yciaoBusx (HY) ¢(0) =
4(0) = up maér crabmimsupoBanuyio 3apucuMocTb ¢(t) = 0,5gw ™2 sin (wt + @) + (
0,5gw ™2 sin (qb)) @t + > () Ipu BBLIIOJHEHUN PABEHCTBA

Uy + wry =

(64T
9(};:4) e (L)

272
u, B yacrHoctd, upu Hyiaesbix HY ¢(0) = 0, ¢(0) = 0 crabunusanus umeer MeCTo Ipu
yraax ¢ = —0,25m; 0,757.

] 1
32
LI SR 6° G
0
T 4 87
Puc. 1. Mexanudeckas Puc. 2. dpotonus JjiorapudMa oLy IIAPUAHBI
cucreMa C JUHAMHYECKOU BOJIHOBOT'O T1akeTa log, o(T,00) IPU MAaJbIX 00,
cTabunusanuein (ropusoHTaJIbHAS MIOCKOCTH COOTBETCTBYET
oc=1/2)

IIpu npousBosbHOIT Ge3pasMepHoil YacToTe §) BBIHYZKIAIONIEE caaraeMoe B (DyHKIII
TFamunbrona — fy sin (27 + ¢)g n3menur permenne (2) Kak

fo 1 sin ¢ + 2 cos ¢ -
q:—<1+92>sm(97’+¢) <QO+ 0+1+92f0)€+

1 sin¢ — (2 cos ¢ .
Jri <QO P0+1+92f0) e, (5)

U TeopeTHYecKas cTabmian3anus OyaeT UMeTbh MeCTO YiKe IIPU UJIeAJHHOM COOJIONEHIH
paBEeHCTBA

(1+9) o+ a0) _

sing + Qcosp = — 7
0

V14 Q%(po + qo)
fo

= ¢ = —arcsin ( ) —arctg Q. (6)

Eciin HaganpHble yesioBus JeKaT B (pa30BOM IMPOCTPAHCTBE HA JIMHUA Pg + ¢o = 0, TO
cTabMIN3UPYIOIIas HadaIbHas (ha3a YIOBIECTBOPIET IPOCTOMY COOTHONIEHHUIO tg ¢ = —(),
npu ) = 1, maromemy —0,257; 0,757,
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Takue HY npumedaresbHbl TeM, 9T0 OrpAaHUYEHHOCTH pernerust (5), eciau uMeer Me-
CTO, TO OHA WMEeT MEeCTO IPU 000N BBIHYKIAOIEH TAPMOHUIECKON CHUJIe, MEXKIY TeM
Kak 1pu po + qo 7 0 aprymenT apkcunyca B (6) JI0JI7KEH HAXOAUTHCSA B CBOUX IIPEJIesIax.

Anamus (6) nokassiBaer, 9TO B cuiy JinHeiiHOCTH cucreMbl (1) crabusmsanust mMeer
MECTO, JTarkKe eCJIM BO3MYIIAIOIINI CUTHAJ He TAPMOHUIECKUI, HO KOMOMHAIIAST CUHYCOMU/T,
F(q,t) = —q [p fo(Q)sin(Qr + ¢(Q2)) dQ, D C RT, ¢ ammumrynamu fo(2) n dbaszamm
(£2), yIOBJIETBOPSIIONMMHU YCIOBUIM

sin () + Q cos p(Q2) B
p0+(Jo+/ 1oz fod2=0

D

fo(Q) > V1+Q2po+ q|, VQeD.

B yacraOCTH, 1715 BBIIIEYIOMAHYTHIX HY cTabuin3upyionumii BO3MY AU CUTHAJ
ompesenuTcss HGopMyJIoit

F(q,t) = —q/fo(Q) sin(QT + ¢(Q)) dw =
= —q / fo(€2) (sin Q7 cos ¢(Q) + cos A7 sin ¢(2) ) dw =

= —q/fo(Q) cos ¢(Q)(sin Q1 — Qcos QU7) dw =
D

fo(2)

— —— (sin Q7 — QcosQr)dw (7
0 [ S o (7)
D

¢ ammuTynoit fo(£2), obecrieunBaroreii paBHOMEPHYIO CXOJAUMOCTH MHTErpaJia B (7) Ha
BPEMEHHOH TTOJIYOCH.

Takum 06pasoM, TUHAMUYECKAs CTAOWIN3AIMS TIEPEBEPHYTOrO FAPMOHMYECKOTO OC-
UJLIATOPa B KJIACCUYECKON MEXaHUKEe TEOPETHYECKNM BO3MOXKHA, JIJIS IMHPOKOTO KJIacca
BBIHY K/TAIOIIIX YCUJINI, KaK JIJIsl OUpeiesisieMbIX 10 ¢opmyste (7) 1jisi HyJIeBOro ypOBHSI
SHEprum, Tak u s apyrux F(q,t) upu E # 0.

3. Ypasnenue Illpénunrepa

B pamkax HepesTUBUCTCKON KBAHTOBON MEXaHUKU BOJHOBas GyHKIWs (B. d.) OJHO-

MEpPHOTO HePeBEPHYTOr0 OCII/LIATOPA € HATYPAJILHOH YaCTOTOH w ¢!, BO3MYIIAeMOro
OJTHOPOJHBIM TAPMOHUYIECKUM II0JIEM C KpyroBoil dactoroit 2my = Qw, ammaurynoit Fy
u $Has30il , IBOJIONUOHUPYET COIVIACHO HecTanuoHapHoMmy ypasHenuio IIIpénunrepa. B

mw Fy
6e3pa3MepHbIX BeqnanHax — & = T R fo=
w

v hmw

, T = wt OHO UMeeT BUJI:

Z,6\11(5,7) _

1ot ) @
ar 2" pe2

_ ?\1;(57@ — fo&sin (Q1 4+ ) U (E, 7). (8)

CapuroBasi 3aMeHa He3aBUCUMOI nepemeHHOi p = & + fosin (Q7 + ¢) npuBomuT K
HUCYE3HOBEHWIO JIMHEITHOTO TI0 KOOpJMHATE UjIeHa B IIOTEHIMAIbHOI sHepruu. [Ipeacras-
aenue B. d. U(p,7) = Yo(p)g(p, ) B HOBOM HabOpe nepeMeHHBIX (p,T), TJe, B CBOIO
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ouepelb,
2 2 .
—i( B(p)+ 2L ) ryifosinGrize)
9e,) = (0 4) T a(p7) 9)
1 a2 2
@)= 72%(0) Zf/SQ(p) B % (cM. HIZKE), Ipeobpas3yeT ero K BHILY

1 ] t dE
Z,Lz(p,T) ~+ 1 02(p1) + —7 | foQlcos (U1 + )+
or z z Jdp dp

dypo(p) 1 19z(p,7) ( .dE(p)
| ap <_Z T) i

i —foQCOS(QT+4p)+;

dp o dp
2 2 ;12
L1 0%(pr) 1 (dE()\" , idElp)
2z 0p? 2 dp 2 dp?
10z(p,7)dy 1 ( dE(p) ) dy 1
e T e Ly [y G
z Op dpv dp dp ¢ (10)

JIJ1s1 TIPOU3BOJIBHBIX HAYAJBHBIX YCJIOBUI PeEIleHHe YyPAaBHEHUsI IIPOOJIEMATHIHO 10
NIPUYKMHE KPAEBBIX YCJOBUH Ha GECKOHEIHOCTH, 8 MOTOMY HEOOXOJMMOCTH OTPAHUIUBATD
KOH(UTYPAIIMOHHOE TIPOCTPAHCTBO, MYCTh IMUPOKUM, HO MHTEPBAJOM. Vmu ke mpuMe-
HATH UHBIE NPUEMBI MHTErPUPOBaHUsl ypaBHeHusi 11Ipénunrepa Ha Beeil 9UCI0BOI och
(cm., mampumep, [12]). Oxnako nmpobiema ynpomaercst TpeboBanusimu Ha HY, anagornd-
HBIMH KJIACCUIECKUM HAYAHHBIM YCJIOBUSM.

4. HavanbHble ycJIOoBUs

B ypasuenunu (10) 1g(p) = vo(€ + fosin ) — B. d. ucxomuoro cocrosinust IHO, koro-
pas IOoKHA B uiease ObITh COOCTBEHHO (pyHKITHEN /1 OmrepaTopa HAYAJIbHBIX YCAOBHIIT

~ 0
(HY) 4):¢=p+&= —za—£ +¢&.
HAKO TakKas B. ., T. €. Peig = C'€x —0,5¢ HE OTBeYaeT HUKAKOMY (hu3mde-
Oxn : eig = C 0,5i€2), y
CKOMY COCTOSIHUIO, & IIOTOMY V/IOBJIeTBOPpUTH HY MOXKHO Jjinlb TpUOIMKEHHO, BHIOPAB
byHKIHIO 0600IMIEHHOTO TayCCOBCKOTO THIIA ¢ AHOMAJIHLHO OOJIBIION Oy ITUPUHON TaKeTa

o0 =1/&2(0) > 1:

o 0) — B 1 % 52 £2
(57 ) - ¢0(€) - (\/ﬂOb) exXp (_2 - 40_%> ) (11)
€= (p— fosin (T +@))lr—0 = p — fosin,

KOTOpas ONUCBHIBACT CXONAINUICA K IEHTPY CUMMETPUYHBIA IIOTOK BEpPOATHOCTHU, T. €.
CBOETO POJa OJHOMEPHBI cepuIecKuii MOTOK.
Tak Kak 1y TAKOW UCXOTHOM (DYHKIINY BeTMIHHBI

1/ 1 2 5 1 1 P2
E(p) = —= [ — 4+ — fysi S (PSR R
(p) 2(2034-2) (p— fosinp) 2( 207 z) =
+

2
2 .
p 1 1 1 )
:>E(p):—5 <Zk.'61+0'3>+<4k€61_1 03>pf051n<p—
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d 1 1 )
¢(;)p( 1/)0 —(p — fosin <p) (20(2) + z) , (13)

g _ G + 2 fosin
dp =—p 8 08 0 ®,

d*E { 1
W \2 T
dp o5 4oy

¥ 3aBHCSIIME OT HUX K03 duimenTs! B (9) CyTh MHOIOWIEHBI CTEIIEHH He BBIIIE 2-X 110 p,
TO NpH HAYAJIBHBIX yeiaoBusx (11) ypasuenne (10) MOXKHO PEIIUTH Yepe3 IOJCTAHOBKY

z2(p,7) = exp(a(r) + B(1)p +v(7)p?), «(0) = B(0) = 7(0) = 0.

To ecThb 3BONOIMOHUPYIONIAST BOJHOBasT (PYHKIUS MEPEBEPHYTOIO TapPMOHIYECKOTO OC-
AJIISTOPA HEM3MEHHO OCTaéTCs (PyHKITHEH.

(14)

5. Pemenue NSE

[TpupaBauBanue KO3MDUIMEHTOB MIPHU CTENEHSX P MPUBOIUT K CUCTEME TPEX OOBIK-
HOBEHHBIX MUMPEPEHITNATBHBIX YPABHEHUH

i 1 1
3 =2 — | - _ 2% 2 _
F(7) 7(7)( (0_3+403>T (200+Z)>+ iy (7)
i1, 2 2, (L Lo
— — +t = —5 +1
404 o2 T 4o = o} 203 T

5(7') = 15(7') (217' -1+ 27(7')) + (27’ — - QV(T))f()Q cos (U7 + @)+ (15)
+ fosinp - T,
a =i + 5 (1

o )~ o) (oos (74 6) + 7sing) -

— i f3sin Q7 cos (T + ¢) — =72 f3sin” ¢.

CucreMa 1oC/I€I0BATEIbHO HHTEIPUPYETCs, U JJIs CTAPIIEro K03 pUIinenTa, moJryda-
€TCsI BbIpaXkKeHue

(1) = L + + L ! + lt 2i tg (i + = &
= - iT —arctg (i + —
QP 22 80d) T2 8\ S\ 207
1 T ol
Rey(7)=-—+=— g
v(7) 402 = 203  sh? 27 +4oge —4r’
& ) (16)
T sh” 27
Im~(1)=—

L+
805 sh?27 4 dofe—47"

C yuéroM KBaJpaTHIHOIO 110 p WeHa B KOMILIEKCHOH «dHeprum» F(p), IpUCYyTCTBY-
fomeil 110/] KCIOHEHTOol B (9), a TakyKe aHAJOIMYHOIO “WieHa B HadasbHOI B. &d. (11),
TOJIyYaeTCd CIeAYIOMMA JeCTBUTEIbHBIA MHOXKUTEIb IPU p2:

1
33 é Q 62 sh’2r + 4046—47' - 43%’
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OHpe,ILeJ'IHIOHLHfI BpeMeHHYIO 3aBUCUMOCTD JIJIgd ITOJIYHINPUHBI ITaKeTa

(7,00) e (14 L)L e (17)
o\T, 0 = O —_ .
oS0 1604 ) 8ok " 1608

Basucumocts (17) o3nauaer HadasbHOoe yObiBamme pasbpoca o(T) Ha BpeMeHax T <
70 = 0,125In (160§ + 1) 10 MEHIMATLHOTO 3HAYEHUST

b, Lo by 1 > 1 (18)
Omin = n Py e 4> O )
47 6408 47 2 640l 7

cMeHsIoleecss POCTOM U BOCCTaHOBJIEHHEM pa3bpoca IpU To = 27, a 3aTeM HeoI'DaHu-
YEHHBIM M HEOOPATHMBIM BO3PACTAHUEM IO SKCIIOHEHIINAIBHOMY 3aKOHY (puc. 2).

YesoBue xX0Tst 6bI KAKOrO-TO CyzKeHUsT (KOMIIAKTH3AINA ) UCXOIHOTO BOJHOBOTO TAKe-
ta (11) — omin < 00

111 , 11 , o2 1 . o 3ob 1
et <l et <ot D = e 6d0S 43208 — 20 - — 50
1T\ 1T 608 S00T g T Gagr S0 T g T 00T 9200 T e T gy

naér npubamkEeHHo oo > 0,51427360.

YT0 KacaeTcss MHIMO}T YaCTH MHOYKUTEJIA IIPH P2, OIIPEIEIISIONIEero BHY TPEHHNIIT IIOTOK
repepacIipeieieHusl IIOTHOCTH BEPOSITHOCTU B ITAKETE, TO C YIETOM TeX Ke BKJIAJI0B OT
HAYAJBHON B. . U «IHEPTUU» TOJIYIAETCH

T sh? 27 1 T sh? 27 1
et o e T ey (19
8og doge=*" +sh"2r 2 805 doge* +sh"2r 2

p(r) =

CrapTyst OT ypOBHS 5 mMHOKUTEND 14(T) obparmaercs B Hysib upu 71 = 0,251n (1 +

1
408), OPAKTUIECKU CIAMBAIOIINMCS C Tg Jid 0 > 1, 1 3aTeM OBICTPO CTPEMUTCS K —|—§.

DTO O3HAYAET, 9TO BHYTPEHHUN MOTOK BEPOATHOCTHON ILJIOTHOCTU WHBEPTUPYETCH W
CTAHOBUTCHA PACXOJAIIMMCA OT IEHTPa: IIPOUCXOAUT OTParkeHue U OJJHOBPeMEHHO Hadu-
HaeTCd HEeOOpATHMAas JAerPaaliisd BOJHOBOIO MAKETA B CTOPOHY IIOJHOM €ro pa3MbITOCTH
Ha OCH.

Takum 06pa30M, HE3ABUCHUMO OT BBIHYZKJIAEMOT'O JIMHEHHOI'O BO3JEHCTBUA, IIPU Ha-
JaJIbHBIX MaKPOCKOIIMYECKNX CBOUX IMIMPHUHAX BOJHOBOM IIaKEeT KOJIAICUDYET B MUKPO-
CKOIMYECKYIO 00JIaCTh MUPUHOM MOP#AIKA SJIEMEHTAPHOMN JIJIMHBL 4/ 752 32 BpeMs HOPAJIKa

~ ln%, a 3aTeM HeoOpaTUMO PACILIBIBAETCS 0 SKCIOHEHIINAIbHOMY 3akoHy. IloTroMy o

CTa6HHH3&HHH nmMeeT CMBICJI TOBOPUTD JIMIITHb B BBINICO3HAYEHHOM BPEMEHHOM HHTEPpBAaJIC.
3a ero rpaHuIell MOTOXKEHHe IIEHTPa BOTHOBOTO MakeTa &(7) = (7) - /"3 He TpeJcTaB-

JISIET WHTEePeca BBUIY (PaKTHUIECKON JIerpaJIallii BOJIHBI.

6. BuiusHme nepmoamYecKoro Bo3AeiiCcTBUS

Pemmenne Broporo ypasaenus B (15) naér koadduiment npu neppoii cremnenu p:

B(t) =—fo (cos <2i7’ — arctg <Z + ;>)>_2 X
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T tg <2z’7" — arctg (z + 1))
X / 20° - (Qcos (Q7' + ¢) +singr’) dr’. (20)

1 -3
0 27! — arcte [ i + —
<cos < 17! — arctg <z + 202)))

Beigenenne B (20) meiicTBuresbHO 1 MHIMOI dacTeit B (20) IPUBOAUT K JOBOJIBHO
JUIMHHBIM U TPOMO3JKHUM BBIPDAYKEHUSIM, K TOMY K€ BCE DABHO HE JOIYCKAIOIINM HH-
TErpUpOBAHME B 3JIEMEHTAPHLIX (DYHKIMSX. ABTOp mcrosb3oBas omnun Maple 17 s
pabOTEI ¢ KOMIVIEKCHBIME BLIPAYKEHUSIMH M [IOJTy 9aJl TOIHO TAKHE XK€ Pe3yJIbTaThl, KaK I
B CJlydae peleHns cucTeMbl ypaBHenuii (15), npeaBapuTeabHo IPU HOMOIIM BCE TOTO ¥Ke
Maple npeobpasoBanHoii B cucTeMy u3 6-TH ypaBHEHHII OTHOCUTEJBHO JeHCTBUTEIBHBIX
1 MHHMBIX dacTeil dynknuii-koaddunuentos «(r), B(7) u (7).

ITosto:xenne OEHTPa BOJITHOBOT'O ITaKeTa OIIpeae/IdeTCA Yepe3 BbIJAC/JICHNE ITIOJTHOTI'O KBa /-
paTa B BbIpazK€HUU

_40[27')2 +ReB(1)p = — (p - 204(;7)(5{266(7)) +(U(T) Reﬁ(T))Q
u JaeT o L
p(1) = 20(7)*Re B(1) = &(1) = 20(7)* Re B(T) — fosin (Qr + ). (21)

B obmem ciayvae mpom3BOILHON HAYAIBHON (a3bl (¢ MEPUOINIECKOr0 BO3AEHCTBUA
LIEHTP IaKeTa yAajdicd 3HAUUTEJbHO OT IIeHTPa y2Ke B TedeHHne IIepBOr0 OCHOBHOT'O «Ile-
puo/iay OCHUJIIATOPa, U Ha MOMEHT MaKCHMAaJbHONM KOMITAKTHOCTH HaXOJIWJICSI Ha pac-
CTOSIHUM OT HYJIEBOI'O MOJIOXKEHUsI, Ha MHOTO TIOPSIJIKOB IIPEBBIIIAOIIEM Oy (18).

O 1HAKO Ty TEM JUXOTOMUIECKOTO TIOUCKA, JIJTsl PA3JIMIHBIX HAYAIbHBIX PAa30pPOCOB 0y =
273 ... 22! naiinens! $hassl ¢ B IMEPOKOM mHTepBaJe dacTor () = 277 ... 27, mpu KOTOpBIX
umesn Mecto (puc. 3, 4):

a) HerapMOHWYECKHe KOJIeOaHWUs IeHTpa TaKeTa OKOJIO HEKOTOPOW JIMHUHM B TeYeHHe
IIPUMEPHO 2-X OCHOBHBIX MEPUOJIOB Bpemenn, T.e. 0 < 7 < 11...14 = 2 - 27, 3aTem
pPe3KUil yXOI B CTOPOHY OECKOHETHOCTH;

6) GudypKaluy HAIPaBJIeHUsI yXoja MeHTpa nakera &(7) B MOJIOKUTEIbHYIO JUO0 OT-
PUIATE/IBHYIO II0JIyOCh IPU U3MeHeHnH (hasbl Ha MPEeHeOPEXKUMO MaJIyl0 BeJUIHHY
nopsiaka 1071220,

B) 0COOEHHOCTH moBejieHus &(7) B OKPECTHOCTH MOMEHTa Pa3BOpOTa IOTOKA T, T.e.
BOIM3H TOUKH KoJutarca (Kpusble Ino(7) u pu(7) u3 (19) ma puc. 4).

Bosee meranbubiit anaan3 00acTU pa3BOPOTA [JIsT PA3INIHBIX BBIHY2KIAIONIX Ta-

CTOT MOKa3bIBaeT ObICTpoe m3MeHenue (aspl Kosebanuit &£(7) IPUMEPHO Ha IIOJIyIepu-
ox. ITosoxkenne ypoBHst cTaOHIH3AIMN, BOKPYT KOTOPOTO KOJIEOJIETCS IIEHTD [AKETA, [IPH
9TOM JIOHOJIHUTEIBHO YJIAISACTCs OT HyJIEBOrO HOJIOXKeHus (puc. 5).
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Eav(t),0=4096,f0=1 &(1),05=2"%, Q=64, =1
20 Sy Ty pm———————
: 0.4 |
15 : 0.2 /
; |
: 0 , T . . ;
104 4 2 4 | 6 8 10
i -021\ T
5] g 04 /
i S —— A
. i X ' ”W%‘ g h
. . . - ) \
TTUe—7 s w10 12 N4 0.8 k\
T -1.04
5] 10 \
\ 121 '«‘
_ 10019340922545 _ 100193409225455 1 67964181895396349
4000000000000 400000000000000 - 100000000000000440 ® MYV Erad
_____ 100193409225445® __ 100193409225447 67964181895396350 n
400000000000000 400000000000000 ~100000000000000440 ale)

Puc. 3. BpémenHasi crabuiusanust Puc. 4. Bpémennasi ctabunsariusi
eHTpa makera ¢ oo = 22 u IleHTpa makeTa ¢ oo = 22 u
nocienyomas 6udypkanus £(7) npu nociaenymomas 6udypkauus £(7) npu
HaTypaJbHOU 4YactoTe () = 1 HaTypaJbHOI yacTore () = 64
(npobu — dassl ¢) (mpobu — dassr ¢)

Acumnrornaeckoe nosejienue crabumusupyonmx das ¢(Q2,n = log, 0 — 00) BlIOJIHE

COOTBETCTBYIOT KJIACCHYECKUM 3HadeHusIM ¢c1(2) = — arctg Q. Yro ke Kacaercs 3aBu-
cumocTeit Gasbl ¢ OT n, TO JJIs Psifia WCCIIEJIOBAHHBIX YacTOT ) OHM He ObUIM Jaxke
MoHOTOHHBIME. [yt BazkHOrO corydast 2 = 1 KpuBast ¢(n) XOpOIIO ONUCHIBAJIACH TI€pe-
BEPHYTOII 3aBucHMOocThIO Tuia Pepmu—/lupaka (puc. 6):

s 0

= - 4=0,076962 (0,001744), adj — R? = 0,99965. 22
¢ 4 4(1 + a2n)7 Y ( ) )7 ] Y ( )
£ a2 £l $=-0.25-0.25/(1+0.076962%2")
-0.20
-0.25
-0.30
L -035
o
® ~0.40
. B v B N : -0.45
1 | 20,50 | "]
——w=128 w5t a2 =8 05570 -5 0 5 10 15 20 25
—_— 25 =642
n
Puc. 5. Kpussble () npu 7 ~ 7o Puc. 6. ITepeBépuyTas
IJIsl Pa3JIUYHbIX BBIHY K IAIOIINX «PepMu-3aBUCUMOCTb» (pa3bl

gacror {2 crabwimzanuu ¢ vs n = log,(0o) (B ex. m)
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7. O6cyxkaeHue

XOoTs U BBICOKasI, HO KOHEUHAasI TOYHOCTh KOMITBIOTEPHOTO TIpoayKTa Maple He mo3Bo-
JIIa 3aPUKCAPOBATH BpEMeHa CTAOMIU3AINH T, 3aMETHO IIPEBBIIIAOIINE TBAa OCHOBHBIX

47
[epuoia OCIUILISITOpa — (JIJIsI COOTBETCTBYIOIMIETO OOBIKHOBEHHOTO ud depeHnnaabHo-
w

IO ypaBHEHHUsI BpeMsl CTaOMIN3AINI COCTABJISLIO OKOJIO 4-X mepuojioB). To ecTb ocraérest
OTKPBITBIM BOIIPOC O HECKOHEUHOI cenapaTprce, Pa3/IeIsIoneil TpPAeKTOPUH IIEHTPa BOJI-
HOBOI'O ITaKe€Ta, YXOIAJAIEe B IIOJIO?KUTEJIbHYIO 1 OTpUIaTE/IbHYIO 6eCKOHe‘{HOCTb.

Ha Bricoknx wacroTax () ~ 27 BpeMs CTaGHIM3AINN COCTABUT MOPSAIKA COTHH IIe-
PUOJOB BBIHY2KJIAIOMIECI'O MEPUOJUIECKOro IoTeHIhaJIa U MOZKET OKa3aTbCA JOCTATOIHO
60.HBH_II/I1\4 JJIA HeyCTOfI‘IHBbIX KBaHTOBBIX MUKPOCHUCTEM, 3a KOTOPOE TO 2Ke IIepuoamnve-
CKO€ BO3JIeHiCTBIE MOYKET TIOMEHSATh, HAIIPUMED, 3JIEKTPOHHOE COCTOSHIE PACIIA A0 ST
MOJIEKYJIBI, PaIUKAaJIa U IP.

Tak, ecsin oTpUNATEIHHBI KBaIPATUIHBIN TOTEHIINAJ Pa3JesseT J1Ba CTaOUIbHBIX
TIOJIOYKEHUS BJIOJIb KOOPAMHATHI PEAKIu &, Kak B moTeHmaste lydbdunra, To, yrpasiss
daz0ii mepuoIMIeCcKOro BO3IEHCTBHUS, TEOPETUIECKNA MOXKHO CEJIeKTUBHO MEHSITH HAIIPAB-
JIEHUE DEaKITHH.

8. BpiBoabl

NccnemoBana 9BOSIONUS BOJTHOBOTO TTAKETa OOOOIIIEHHOTO TayCCOBCKOTO THUIIA, Y TIEPU-
OJITIECKU BO3MYIIAEMOT0 Ha PA3JMIHBIX YaCTOTAX WHBEPTUPOBAHHOIO TAPMOHUIECKOTO
OCITUJLIISITOPA.

O6HapyKeHO aHOMAJIBHOE Cy2KeHne (KOJLIAIIC) JI0 OJIMHAKOBOI IMTUPUHBI, PABHOI eCcTe-
CTBEHHON eIWHUIE [JIMHBI, N3HAYAJIHHO MUPOKUX BILIOTH 10 MAKPOCKOIMIECKAX Pa3Me-
POB BOJIHOBBIX MAKETOB, COOTBETCTBYIONINX KJIACCHYECCKUM HAYAJLHBIM YCJIOBHUSM C HY-
JeBoit sueprueit £ = 0.

B unTepBasie HEMOHOTOHHOTO TIOBEJIEHUS TIOJIYIITUPUHBI BOJTHOBOTO TIaKeTa OOHApYKe-
HO sIBJIEHHE CTAOMJIM3AIMK [IEHTPA BOJHOBOIO IAKeTa, 38 KOTOPON CJIeoBajio ero (IeH-
Tpa) OudypKaIMOHHOE TIOBEICHNUE.

NccnemoBannast 3aava cTaBUT pa3sHoOOpa3HbIe MPOOIEMBI, CBA3aHHBIE KAK C peasin-
3aImeit ICXOIHON BOTHOBOM (DYHKIINM, TaK W C SBOJONNE HETrayCCOBCKUX IMAKETOB, B TOM
qucsie npu 0600IIEHHOM cTabuIn3upyoneM Bosjeiictsun (6).
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On the Evolution of Converging Wave Packet of an Inverted
Quantum Oscillator Driven by Homogeneous Harmonic Field

V. V. Chistyakov

Scientific Research University of Informational Technology, Mechanics and Optics
49A Kronverksky avenue, Saint-Petersburg, 197101, Russian Federation

The problem investigated refers to periodically driven 1D quantum inverted harmonic os-
cillator (IHO) with the Hamiltonian of H = (p°/2m) — (mw?z?/2) — Foxsin (Qt + ¢). The
model is used widely in huge quantum applications concerned unstable molecular complexes
and ions under laser light affection. Non-stationary Schrédinger equation (NSE) was solved an-
alytically and numerically by means of Maple 17 with initial wave function (w. f.) of generalized
Gaussian type. This one described the converging 1D probability flux and fitted well the quan-
tum operator of initial conditions (IC). For the IC one can observe, first, the collapse of w. f.

packet into extremely narrow 1D space interval of length Az ~ /mw/h and, second, its spread-
ing back up to its starting half width oo = (52(0)), and all that — at dimensionless times

7 < 270 = 0.251In (1603 + 1). At certain phases ¢ defined by Q and oo the wave packet cen-
ter &av(T) = &(7)y/mw/k displayed nonharmonic oscillating behavior near some slowly drifting
space position within this time interval and after that leaved onto infinity while the unlimited
packet spreading. And the phases themselves served as bifurcation points separating the NSE
solutions with the £a,(7) outgoing to oo from those with —oo. In “resonant” case of = w
the values ¢(2 = 1,n) obeyed an inverted Fermi-Dirac formula of n = log, 0o; for differing Qs
the asymptotic of ¢(2,n — o0) obeyed well classical law.

Key words and phrases: driven inverted oscillator, non-stationary Schrodinger equation
(NSE), Gaussian wave packet, collapse, phase shift, stabilization, bifurcation, Maple
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PaccmarpuBaercs 3a1aua 00beJUHEHUS B €IIHOE 11€JI0€ aBTOOYCHBIX PACIUCAHUM, IIPEJOCTaB-
JIEHHBIX PAa3JITYHBIMHU UCTOYHUKAMU — aBTOOYCHBIMU ITapKaMM, HE3ABUCUMBIMU JIPYT OT JIPYTa U,
BO3MOXKHO, HAXOISIIMMUCS B PA3HBIX PErMOHAX CTPAHBI. DTa O0bEINHEHHAS] CUCTEMA IIPEIHA-
3HaYeHa, B YACTHOCTH, JJIs yI00CTBA ITOMCKA MMEIOIIUXCS aBTOOYCHBIX MapIIPYyTOB MEXKIY JIBY-
MsI 38JaHHBIMH TOYKaMHu. JIJ1s1 pelreHns: pacCMaTpuBaeMoil 3aJ1a4u MIPeIIaraeTcsi NCI0Ib30BaTh
KOMOMHUPOBAHHBIHN ITOJIXO/T, COUETAIONINN TPENMYIIECTBA TEXHOIOTUI MEIUATOPOB U XPAHUIHUIII.
B craTbe paccMarpuBaeTcs MOJENb U3 TPEX UCTOYHHUKOB JAHHBIX, KOTOPBIMU fABJISIOTCS aBTO-
OyCHBIE TTAPKY, BBICTABJISIONE WH(MOPMAIUIO O CBOMX pacnucanusax. [Ipenmosaraercs, 9To Bce
HUCTOYHUKN MMEIOT CXOJHBbIE KOHIIETITYaJbHbIE CXeMbI, HO 00JIaJIaI0T CBOUME OcobeHHOCTSMU. B
YaCTHOCTHU, MOT'YT OBbITh pa3Hble HAMMEHOBAHUs TAaOJMI] U aTPUOYyTOB HA PA3HBIX MCTOYHUKAX
U pa3HOEe PACIpeJiesieHne aTPUOYTOB MO TAOIUIAM. BO3MOXKHO TaKKe€ OTCYTCTBHE HEKOTODPBIX
aTpubyTOB Ha OTHEJIBHBIX UCTOYHMKAX. CTPOSTCS TAabJIMIBI COOTBETCTBUSI U MEIUATOP, TPAHC-
JITPYIOMIMH OJIb30BATEIbCKHUE 3aIIPOChl Ha UCTOYHUKU. [Ipu aTOM 11 ueHTudUKAIIN HY 2 KHBIX
WCTOYHUKOB TOJJCP?KUBACTCS BCIIOMOTATEIBHOE XPAHUIHINE HEOOIBIIIOro 00bEMa, KOTOPOEe CO-
JEePKUT THPOPMAIUIO 00 OCTAHOBOYHBIX IIYHKTAX, OOC/IYKMBAEMBIX KaKJIbIM N3 HCTOYHHUKOB.
OnuchiBaeTCsT TEXHOJIOTHSI OOHOBJICHUS XPAHUJININA U CXEMa, WCIOJTHEHHS IOJIH30BATETHCKOTO
3ampoca, UCIOJb3yIonast NHHOPMAIINIO, COACPKAIILYIOCS B XPAHUJIAIIE.

KuaroueBble ciioBa: 6a3a JJaHHBIX, HHTErpaIis WHOOPMAaINK, MyIbTUOA30Bast CUCTEMA,
MeUaTOpP, XPAHUJIHIIE

1. Bsenenne

C KazKIIpIM TOJOM MIPOOIEMa MHTErpaInd NHMOPMAITIN U3 PA3INIHBIX HE3aBUCUMBIX
HUCTOYHUKOB CTAHOBUTCS BCE aKTya/bHee. JacTo BOSHUKaET HEOOXOIMMOCThL OObEIUHUTD B
eqnHOe TIesi0e pasHoposaubie B/, JIas ¢popMaibHOTO onucanust 60JIbIHX 00bEMOB Pa3HO-
POIHBIX JAHHBIX MPHU MPOEKTHPOBAHUN WHTETPUPOBAHHBIX 0a3 JAHHBIX W IIPOTrPAMMHOTO
obecriedenust, HAPsILy C TPAIUIMOHHON PEJISIIIUOHHON MOJIEIBIO, IIPEJJIATAeTCs PsiJT HOBBIX
MTO/IXO/I0B, B TOM YHCJI€ OCHOBAHHBIX HA UCIIOJb30BAHUM MHOTOMEPHBIX MOJIEJIEN TAaHHBIX.
OpuH U3 TakuX MOAXO0I0B, IpeaaokeHublii B paborax C. B. ITasnosa, O. . Xpucromymao
U psAfa APYTUX CIEIUAJNCTOB, OCHOBBIBAETCS Ha MCIOJH30BAHUN KOHIIEIIUN MHOTOMED-
HBIX WH(MOOPMAITMOHHBIX 00BbEKTOB. Tak:Ke JaHHOM mpobieMe ocob0e BHUMAHUE YIASTUIN
B cBoux paborax A.B. Uepnoycosa, A.Kymnunosa, apyrue asropbl. OqHako Ha JaHHDBIT
MOMEHT HAMEYAIOTCSI JIUIIb KOHTYPBI OOIIEro MojIXo/a K PEeIIeHnI0 33/1a9l HHTErPAIIT
JAHHBIX U3 Pa3HBIX KOMIBIOTEPHBIX CHUCTEM, & OCHOBHAsl YaCTh MyOJUKAIUi 10 JTaHHOMN
pobJieMe 3aTPAruBaeT JIUIIh YACTHBIE CIydan, CO CBOUMU WHIUBUTYAJIbHBIMI OCOOEHHO-
crsivu [1-4].

Jlannas craTbs TaK»Ke OTHOCUTCS K YacTHOMY ciaydaio. PaccmarpuBaercs 3a1ada 06b-
eJIMHEeHNsI B €IIHOE IeJI0e ABTOOYCHBIX PACIIICAHMI, IPeI0CTaABIEHHBIX PA3TUIHBIMI UC-
TOYHUKAMHU — aBTOOYCHBIMU MTapKaMu, HE3ABUCUMBIMU JIPYT OT JpyTa U, BO3MOXKHO, Ha-
XOJIATIUMUCS B PA3HBIX PETMOHAX CTPAHBI.

Crarbs mocrynuia B pegaknuio 4 mapra 2017 r.



296 Becruuk PYIH. Cepust MU ®. T. 25, Ne3,2017. C.295-305

Cremyer oTMeTUTb, YTO TOJOOHBIE CIIPABOYHBIE CHCTEMBbI B HACTOSINEE BPEMsi Cy-
MIECTBYIOT ¥ UMM MOXKHO II0JIb30BaTbcs depe3 Vureprer (mampumep, cucrema «SIH-
nekc.Pactmcanusi» ), 0lHAKO, KaK [MOKA3bIBAET IIPAKTUKA, OHU OXBATHIBAIOT B OCHOBHOM
MarucTpaJbHble MapIIPyThI X HE BCET/a BBIJAIOT JOCTOBEPHYIO nudopmarmio. B nacro-
dameil paboTe JiesIaeTcsl MONBITKA IIOCTPOEHUSI CUCTEMBI, JIMIIEHHON 3TUX U3bAHOB U BbI-
JAIOMIEH NCKIIIOYUTEIBHO aKTYAJIbHYI0 HHDOPMAIIUIO.

2. Omnwucanue nmpeaMeTHON obJIacTu

B name Bpems cymecTByeT MHOI'O BUJIOB aBTOOYCHBLIX IIAPKOB PA3HOI'O YPOBHSI U Mac-
mraba: TOPOJCKUe, PaiOHHbIe, PerHOHAJbHBIE. 1Ipr 9TOM B KaK/I0M U3 HUX BEIETCS CBOIT
y4I€T MapIIPpyTOB, UMEIOTCS CBOM paclucaHus U T.J. VIMeercss HEKOTOpOe KOJUIECTBO
HACEJEHHBIX MyHKTOB, CBSI3aHHBIX aBTOOYCHBIMU MAPIIPYTAMU, JIsT KayKIOT0 MapIIpy-
Ta, UMEIOTCSI KOHEYHBIE U MPOMEKYTOUHBIE IMTYHKTHI, B KOTOPBIX MACCAXKUPBI MOTYT BBI-
XOJIUTh WU CaIUThea B aBroOyc. OJHU M Te Ke IYHKTHI MOI'YT CBSA3LIBATHCS Pa3HbI-
M MapmpyTamu. Vimeercs pacmnmcaHne aBTODYCOB, KOTOPOE CBSI3BIBAET OMpPEIeTEHHbBIE
IIYHKTBI MKy coboil. B pacmucanum ompenessioTcs THU HeJeU, BPeMs OTIIPABJICHUS
U3 HAYAJHLHOTO B KOHEYHBIN IIYHKT, CIIMCOK IIPOMEXKYTOYHBIX IIYHKTOB M BpeMs UX IIPO-
XOKJIeHusI. B aBTOOYCHBIX TTapKax HAXOAUTCS HEKOTOPOE KOJTUIECTBO aBTODYCOB Pa3HBIX
KaTeropuii, ¢ pa3HbIM KOJMYECTBOM MECT W HEKOTOpOe Kojum4uecTBo BomurTeseit. Ha oc-
HOBe pacnucanust GOPMUPYIOTCS KOHKPETHbIE Pefichl (K peficaM, ONpeIeéHHbIM B Pac-
[UCAHWUN, TIPUKPEILISIIOTCS BOJAUTE b, aBTOOYC, YCTaAHABJINBAETCs Jara). Benéres mpojaa-
2Ka, OMIeToB, B OWjeTe ykKasaHbl HOMEp, JaTa, KOJ pelica, MyHKT OTIPABJIEHUS, IIyHKT
Ha3HadYeHus ¥ nena. llena Ouaera 3aBUCUT OT PACCTOSHUS MEXKJIy ITyHKTAMHU OTIIPABJIE-
HUsl ¥ HA3HAYEHWs, KATErOPUHU aBTOOYyCA, IEHOBON MOJUTUKKA TPAHCIOPTHONW KOMITAHIH
u 1.71. IIpejyraraemast B HacToseil pabore nHTErprupoBaHHasi (MyJIbTHOA30BAsI) CUCTEMA,
00 beIMHATONIAST N3HAYAIHHO Pa3PO3HEHHBIE PACIIUCAHNS, IPeTHAZHATEHA JjId YI00CTBa
[TOMCKA MMEIOIIMXCSA aBTOOYCHBIX MapIIPYTOB MEXKJLY JIBYMsI 3aJaHHBIMHA TOYKaMU. 11016~
30BaTe/lb BBOAWUT IIYHKT OTIPABJIEHUsI, IyHKT HA3HAUEHWSI W JATY B COOTBETCTBYIOIIHE
I0JIsI, CUCTEMAa BBIJIAET €My PACIUCAHNE PEHCOB, YIOBJIETBOPSIOIIEE KPUTEPHUAM ITOUCKA.
B pacnmcanuy nmokasaHbl moJisi: MapipyT (IlepedrcyieHbl OCHOBHBIE HACEJIEHHBIE [IYHKTHI,
Yepe3 KOTOpble OyJleT MPOXOJUTh JIBUXKEHWE), JaTa, BPeMsl OTIPABJIEHHs, BPEMs PU-
OBITHS, KATETOPHUsT aBTOOYCa, KOJUIECTBO CBOOOIHBIX MeCT, TieHa Ouitera. Ilonbp3oBaTesnsb
BBIOMpAaET MOAXOASIIII eMy peiic U oIIaunBaeT OMIeT.

3. OcHoOBHBIE TEXHOJIOTUN WHTETPAIAU JAHHBIX

CymiecTByer Tpu OCHOBHBIX IIOJXOJIa K UHTerpanuu 6a3 JaHHbx [5):

1) deneparushbie 6a3bl JAHHBIX — UCTOYHUKH HE3ABUCUMBI, HO MOTYT COOOIIATHCS MEK-
Iy coboit myist ooMeHa wHMOPMAIIAEi;

2) XpaHWJIUINA JAHHBIX — JIAHHBIE OT MCTOYHMKOB Ha MEPUOMYECKOIl OCHOBE 3arpyKa-
IOTCs B IEHTPAIM30BAaHHOE XPAHUJIKINE, BO3MOXKHO, C IIPEABapPUTE/IbHON 06paboTKO
C TIeJIbI0 TIPUBEEHNUsT X B COOTBETCTBHE CO CTPYKTYPOI XPaHU/IAIIA,

3) MeauaTopbl — MPOrpaMMHbBIE KOMIIOHEHTBI, TPUHUMAIOIIAE 3aIIPOCHI OT MOJIb30BaTe-
Jiell U 3aTeM HAIPAaBJISIOIIE UX K COOTBETCTBYIONIUM UCTOTHIKAM, BO3MOYKHO, C IIPEJI-
BapUTETBHON TPAHCSIINEN; IOy IeHHbIE OTBETHI OT UCTOYHUKOB ITPUBOISATCS B COOT-
BETCTBUE CO CTPYKTYPOil MeaIraTopa, 00beIUHSIIOTCS W BBIIAIOTCS TOJIH30BATEIO.
Kaxkaprit u3 moaxomos obirajaeT CBOMMHE IpenMyIecTBaMU U Hegoctarkamu. Peje-

paTuBHBIE 6a3bl JAHHBIX OBIBAIOT YPMEKTUBHLIMU IPU HAJUYUU MAJIOIO YHC/Ia HCTOY-

HUKOB, B IPOTUBHOM CJIy9Jae BO3HUKAET HEOOXOIMMOCTD MOJIEP>KAHUsT OOJIBITIOTO KO-

9ecTBa CBsI3ell MeXJly MCTOYHMKaMU (JJIs dKcrnopra-ummnopra uadopMmaimn). B xpaHu-

JIMITIAX CYIIECTBYET MPobIeMa TTEPUOTUIECKON 3arpy3Kn OOIBITOr0 00bEMa HHMOPMATIIT

C COOTBETCTBYIOIMNMHI TPEOOBAHUSIMU K PECYPCAM CHCTEMBI, KpOME TOTO, WH(POPMAIINS,

HOJIy9eHHAas OT XPAHUJIMIA, MOYXKET ObITh HECKOJIBKO yCTapeBIeil (He BIIOJIHE aKTyaJlb-

HOiT). B Mejmaropax HET 3TUX npob/eM, HO KOHKPETHBIE 3aIPOChI K HUM UCIIOJTHAIOTCS
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MeJIIeHHee, IeM K XpaHuIuiry. KpoMme Toro, B MeauaTopax HEOOXO[IMMO TIOJIEP:KUBATD
MEXaHN3M UIeHTUPUKAIINE HEOOXOINMBIX NCTOYHUKOB.

4. Ilpenynaraemasi cxema perieHus

Jlns perienus paccMaTpPUBAaEMORl 3aJ[adl WHTEIPAIMA MEXKIyTOPOIHUX aBTODYCOB
MIPEJIIAraeTCsl UCIOJIb30BATH KOMOWMHUPOBAHHBIN ITOAXOM, COUETAIONINN MTPEUMYIIECTBA
MEINaTOPOB U XPAHWJIUIN. JTOT IMOIXOJ] COCTOUT B MPUMEHEHUHM TEXHOJOTUU MEIUaTO-
POB € y9acTHeM BCIOMOIaTe/IbHOI0 XPAHMJIHUINA HEOOIBIIOr0 06bEMa, KOTOPOE T03BOJISIET
UIeHTHDUINPOBATH UCTOYHUKHU, HEOOXOTUMBIE JIJIsT UCIIOJHEHNS 3aIIPOCa, TIOJTH30BATEIS.

Bymem mpemnosaraTh, 9TO CyIECTBYeT HECKOJBKO HE3ABUCHMBIX aBTOOYCHBIX CTaH-
1mit, paboTa KaxKJI0ro 3 KOTOPBIX MOIEPKUBAETCA COOCTBEHHOI KOMITLIOTEPHOI crcTe-
Moil ¢ mcnonb3oBanneM Kakoii-ub6o CYBJI, nomnepxusaromeii popmar SQL. B pam-
KaX KayKJIOr0 M3 MCTOYHUKOB 3Ta CHCTEMA MOXKET COIPOBOXKJATH Pa3JIMIHbIE OU3HEC-
IPOIECChI (COo3/1aHne MapIIpyTOB, jgobaBienne peiica).

Kak Bbilie orMedasoch, Jjis MOTEHIUAJIBHOIO ACCAYKUPa YACTO ObIBAET BarKHO II0-
JIVIUTH BCE BO3MOXKHBIE BAPUAHTHI, VIOBJIETBOPSIOINIKE ero 3ampocy. s sroro ciemyer
OTIIPABUTH 3aIPOC BO BCE aBTOOYCHBbIE MAPKU (MCTOYHUKH), OOCIY KUBAIOININE HACEJEH-
HbIE IIyHKTBHI, COOTBETCTBYIOIINE TPEOOBAHUAM KJUEHTa. IIpu 9TOM JjIsi ONTUMUBAIII
nporiecca (ObICTPOeiicTBIE TPAH3AKIMN, MUHUMU3AIUsl HATPY3KHM Ha CEeTh) BAYKHO 3a-
[PAIIUBATE TOJIBKO T€ MCTOYHUKM, KOTOPBIE COAEPXKAT MH(OPMAIIUIO 110 JAHHBIM HACEe-
JIEHHBIM TIYHKTAM W He 3alpalluBaTh APYrue UCTOIHUKU. JJIst 9TOM 1ean mpeaaraeTcst
CO3/IaTh MEIUATOP CO BCIIOMOTATE/IBHBIM XpanuimiieM. Menunarop mpuHuMaeT 3ampoc OT
[IOJTb30BATEJIS U ITEPeaIPecyeT ero TOJAbKO K TeM MCTOYHUKAM, T/ie HAXOIUTCS UHTEPeCy-
forasi ero nHdopMmarus. st ompesesieHnst TOro, K KAKMM HUCTOYHUKAM CJieyeT obpa-
MATHCS, IPA MEIUATOPE CO3MAETCA «MUHU-XPAHWIUIIEY, TEPUOINICCKI 3aKATHBAIOIICE
OT UCTOYHUKOB JIMIITb KPATKYIO HH(POPMAIIMIO O MAPIIPYTHBIX IIYHKTAaX, 00C/IYKUBAEMbBIX
JIAHHBIM UCTOYHUKOM (aBTonapkoM). [IpumMepHbIit ajropuTM: Ipu HOCTYIUIEHHN 3aIPOCa
MEINaTOPy MPOUCXOINT (POPMUPOBAHNE BCIIOMOTATEIHLHOIO 3AIIPOCA XPAHUJIUIILY, BHISIB-
JISTIOIIETr0, KaK¥e NCTOYHUKHU-aBTOIAPKH OOC/IYKUBAIOT 38 IJaHHbIE MAPIIPYTHHIE IIyHKTHI.
[Tocste cocraBiieHnst COMCKA ITUX aBTOOYCHBIX HAPKOB (T. €. UCTOYHUKOB MH(MDOPMAIINH)
WCXOMHBIN 3aIIpOC IPeobpa3yeTcs B CEPUIO MOA3AIIPOCOB, KAXKIBIN 13 KOTOPBIX aIPeCcyeT-
Cs 9Yepe3 CeTh CBOEMY MCTOYHHMKY B TEPMHHAX ITOI0 UCTOYHUKA.

5. IIpobisiembl mHTErpaum mH@OpMaNun

B Mynbru6a3oBoii (MHTErpUPOBAHHOIT) cucTeMe KaXK/Iblil U3 NCTOYHUKOB HCIIOJIb3YeT
cueruduaeckne TepMUHbL U Tabsmipl. B obmem cirydae 1aHHbBIE OT PA3HBIX UCTOYHUKOB
OOBIYHO MKy CODOM He COrJIACOBAHBI, & CAMU UCTOYHUKU MOTYT pabOTATh ITOJ, YIIPaB-
sienneM paziaudnbix CYBII. Beeacrsue sToro npu obpallieHnn K JAHHBIM HECKOJIbKUX
WCTOYHUKOB U€pe3 INHYI0 TMPOTPAMMHYI0 KOMIIOHEHTY BO3HUKAIOT TPOOJIEMbl WHTErpa-
1y HQOPMAINY, CBA3AHHBIE C HAJIUIUEM WU OTCYTCTBHEM KAKHUX-JIUOO MPU3HAKOB B
UCTOYHUKAX, HECOOTBETCTBUSMU B TUIIAX ITPEJICTABICHHBIX JaHHBIX U T.JI. PaccMoTpuMm
6oJtee OIPOOHO OCHOBHBIE TPOOJIEMBI HHTEIDAIIHM.

1. Pasiunua 6 Haumero8aHuAT. Pazmmauns B 0003HATEHUSIX JAHHBIX B PA3HBIX NCTOY-
HUKaX, HECYIUX OIHY W Ty YK€ HArpy3Ky Ha KOHIEITYaJbHOM YPOBHE, T.€. KOIJIa OIHU
U Te XKe CYIHOCTU (MM T0JIsl) HA3BIBAIOTCS Pas3HbIMU MMeHaMmu. Hampuwmep, cymHoCTh
«Type» (Tun aBrobyca) moxker 0603Ha4aTHCs Kak «TypeBus», «Tum», «KaTeropus», moJse
«Driver» (BogurTesb) Kak «Voditely, «BoguTenb» U T.II

2. Pasauyus 6 munax dannvix. Harpumep, HoMepa MapIIpyTOB B OJHOM MCTOYHUKE
XPAHATCA B BUJE CHMBOJILHBIX CTPOK IE€PEMEHHON JIJIMHBI, B APYTOM — KaK CTPOKH II0-
CTOSAHHOM (MIPUYEM, BOZMOYKHO PA3HOll) JIJIMHDI, B TPETheM — B (DOpMATe IEeJTOUNCTEeHHBIX
3HAYCHUN.

3. Pasauvus 6 muoorcecmse donycmumnr 3naverut. OQUH W TOT Ke TPU3HAK B
PA3HBIX UCTOYHUKAX MOXKET OIpPEesIaThCs PA3HbIMEU KOHCTaHTamu. Hampumep, mpsMoit



298 Becruuk PYIH. Cepust MU ®. T. 25, Ne3,2017. C.295-305

pelic Ha OJHOM HMCTOYHUKE MOYXKET 0DO3HAYATHCS CTPOKOU <«IIpP», & HA JIPYIOM CTPOKOIt
<IIPAMOM».

4. Omcymemeyroujue 3havenua. B KaXK10M KOHKPETHOM UCTOYHUKE MOXKET He OBbITh
Takoit nuOpMaIuN, KOTOPas HAJUIECTBYET B Apyrux. Hanmpumep, Ha HEKOTOPBIX UCTOU-
HUKAX MOXKET UMEeThCs HH(POPMAIHUSI O TOM, K KAKOMY PErHOHY U PailOHy ITPUHAIJIEIKUAT
HaCeJIEHHBIN IIYHKT, & Ha JPYI'OM HET.

CaMpblif pacIipOCTPAHEHHBIN METOJI PEIeHUs ITPOOJIEM HHTErPAIUU — ITO MOIEPIKKA
TabJINI] COOTBETCTBHSI, OIMUCHIBAIONINX B3aHMMOCBSI3b JIEMEHTOB JTAHHBIX U3 PA3JIMIHBIX
UCTOYHUKOB. lIpm MHTErpammm JaHHBIX C MOMOIIBIO MEIUATOPa, IPEJICTABISIONIETO, IO
CYTH, BUPTYAJIbHYIO 6a3y JIAHHBIX ([IPeJICTaBJIEHHE JIJIsI [I0JIb30BATE s ), 9Ta BUPTYaIbHAsI
6aza MMeeT CBOM XapaKTEePUCTUKU (PEKBU3UTHI), KOTOPbIe TaKXKe 3aHOCSTCS B OOIILYIO
TabJINILy COOTBETCTBHUS.

6. TpeboBaHusi K MHTErpUPYIOIIEil cucTemMe

TTomuMo TpaIMIIMOHHON PaOOTHI ¢ KAXKI0# 13 0a3 JTAHHBIX-UCTOYHUKOB Ha JIOKAJIHHOM
YPOBHE TPeOYEeTCsT IMETH BO3MOXKHOCTD UCIIOJHATE CJACIYIONNi HAOOP MOMOTHUTETHHBIX
TpaH3aKIHil:

— /7151 ICTOYHUKOB!
1) cosmaBaTh HOBBI MAPIIPYT C 3AI0JHEHIEM HEOOXOJMMBIX aTpUOYTOB;
2) BO3MOXKHOCTH OOHOBJISATH JIAHHBIE, KOIJIA 9TO HEOOXOMMO;
3) BO3MOXKHOCTD YJAJISITh JIAHHBIE IPU TIOTEPE aKTYaTbHOCTH;
— VI MeguaTopa:
1) coorBeTcTBYOIIME OI3AIPOCHI HATIPABJISTH HE KO BCEM UCTOYHUKAM, & TOJIBKO
K TeM, TJie UMeeTCs 3alpalinBaeMas HHMOPMAIIHST; JIJIs STOH MeTU CO3aETCs
HEDOJTBITIOE TIO 00BEMY XPAHUJIUIIE JTAHHBIX, TIEPUOANIECKN 3aKAUNBAIOIIEe OT
HMCTOYHUKOB MH(MOPMAIUIO 000 BCEX HOBBIX MApPIIPYyTax W peicax;
2) MOJKJ/IIOYATH K CUCTEME HOBbIE UCTOYHUKH MHMDOPMAIUN.

Tpebyercs co3marh pabodne nHTEPMENCHI s T0JIH30BaTe s U aIMAHACTPATOPA, 110~
CJETHUN MOJIKEeH MMETh BO3MOXKHOCTb OTCJIC’KMBATH COCTOSHUE XPAHUJIUIIA U IPOIECC
3aKAYKN JTAHHBIX.

7. Omnwucanme paboyeili Mo1esin

Paccmorpum Moziesib U3 TPEX MCTOYHUKOB JIAHHBIX, KOTOPBIMU SIBJISTFOTCSI ABTOOYC-
HBlE TAPKHU, BBICTABJIAIONINE WHMOPMAINIO O CBOUX PACIUCAHUIX. ByaeM nmx yCJIOBHO
oboznauars DB1, DB2 u DB3. Ilpeamonaraercs, 9T0 BCe UCTOYHUKHU HUMEIOT CXOJIHBIE
KOHIENITYAJIbHBIE CXEMBI, KaXKJIBIil COJEP:KUT MH(MOPMAIIUIO O CBOUX HACEJIEHHBIX ITyHK-
Tax, aBTOOyCcax, MapIIpyTax W pelicax, HO MOTYT OBITH pPa3Hble HANMEHOBAHWMS TAOJIUIL
1 aTpuOyTOB Ha pa3HbIX UCTOYHUKAX. IIpu sTom ucrounuk DB2 obciyxkuBaeT HaceaéH-
Hble IYHKTBI B IIPEJIeJIax OJIHOTO paiioHa, nctounnk DB1 — B mpejerax ogHOrO permona
(HO, BO3BMOKHO, B PA3HBIX palloHaX ), MAPIIPYThI, OTHOCAIINECS K ncTOIHUKY DB3, MmoryT
3aXOUTh B Pa3HbIE PETHOHBI.

BrimummeM cTpyKTypy pesISIIUOHHBIX TaOJIUI Ha NCTOYHUKAX JaHHBIX B Buje: Tabim-
b1 (1100151) . KurroueBble 1oJist ouépKHy THI.

DB1:

Drivers(tab no, Name);

Buses(Id, reg _num, Id_type);

Bus Type(ld, type, seats, speed);

Points(Id, Name, District);

Routes(Route no, Id_start point, Id_end point);

Waypoints(Route no, Id _point, Distance from start, Time from start);

Trips(Id, Route no, start time, finish time, frw/back, week day);
Sendings(Id, Trip no, Driver Id, Bus_Id).
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DB2:
Boauresmu(rabesnbubiii _HoMep, PUO);

ABToGycsI(ld, T'oc-Homep, BMeCTHMOCTB, CKOPOCTB );

OcranoB myukTseI(ld, Hassanue);

Mapiupytei(Homep mapimpyra, Id waa  nyskr, Id koH myHKT);

Mapuipyrtasie ITyukrei(Homep mapripyra, Id  nyskra, Paccr ot mau myHKTa,

Bpemsi  aBH:K _OT _Had_ IIyHKTA);

Peiicpi(ld, Homep wmapmipyra, BpeMsi oTHpaBku, Bpems upubbitusi, IIps-
moii/O6parubiii, [lenb  Hexesn);

OrnpaskaPeiicos(Id, Peiic Id, Bogurens Id, Asrobyc Id).

DB3:

Boauresm(rab _Homep, PUO, rox_ poxaenus, Id aBrokooHHA);

ABroGycei(1d, Toc-Homep, rog Beimycka, Id _Tur, aBrokoJOHHA _HOMED);

Asrokosnonnsl(Homep, Havanbnuk);

Tunsr aBrobycos(ld, Tum, Makc BMECTHMOCTb, CPEJl_ CKOPOCTD)
Ocr_nynkrei(Id, Hassanue, Paiion, kos_ pernona);

Mapiupytei(Homep mapimpyra, Id waa  nyskr, Id kon myHKT);

Mapuipyrtasbie Ilyakror(Mapmpyr Homep, Id _mynkra, Paccr ot crapr rToukwu,

Bpemsi_jBm:k _or__Had);

Peiicoi(Id, Homep wmapmipyra, Bpemsi oTmpaBku, Bpems upubbitusi, IIps-
moit_mim_ O6parusbiii, lens  Hemenn);

O6GecneuennePeiicos(1d, PeiicId, Boxurens Id, Asro6yc Id).

CrpyKTypa meauatopa:

ABrobycsi(Id, I'oc-Homep, BMeCTHMOCTB, CKOPOCTH);

OcranoB nmyukTbi(Id, Hazsanue, Paiion, Koji_ pernona);

MapuipyTei(Homep mapripyra, Id _wau  nyskr, I[d _KoH 1yHKT);

MapmipyTtabie myHKTbI(Homep mapmipyTa, Id mynkra, Paccr _or  Had  1yHKTA,

Bpemsi_or_Hau);

Peiicbi(Id, Homep wMapmipyra, BpeMsi OTIpPaBKH, BpeMs OpubbiTusi, I[Ips-
moit/O6parubiii, lenb  Hemesn);

O6GecneuennePeiicos(1d, PeiicId, Asrobyc Id).

IIpumeuanne. Ha Bcex MCTOYHMKAX INPENIIOIATAeTCs, UTO Yy KaXKJIOr0 MapIIpyTa
eCTb CBOSI «TOYKa 6a3upoBaHUst» (HAYAJBHBIN IIYHKT), OT KOTOPOIl HAYMHAETCSI MPSAMOIt
petic. O6paTHbBIi peiic HAYMHAETCS OT KOHEYHOTO IIYHKTA.

8. Tabuauibl COOTBETCTBUII MeauaTopa

B paccmaTrpuBaemoit pabodeit Momen KazKI0i TabIuIe U3 CTPYKTYPhl MEIUATOPA CO-
OTBETCTBYET, KaK IPABUJIO, TI0 OJHOM TabJIHIle KaXKI0r0 U3 UCTOYHUKOB. VcKTiouenne co-
CTaBJISIET CJIeAyIoNIast curyamus: Tabjmie «ABToOychbl» MeauaTopa Ha ucrounukax DB1
u DB3 coorBeTcTBYIOT 110 J1BE TAOMIIBI, COOTBETCTBEHHO, «Busesy, «Bus Type» u «ABTO-
Oycol», «Tunbl aBTroOycoBs. Kpome Toro, na ucrounuke DB1 orcyrcrByeT mapOpMaIins
0 permoHax (IpeJosiaraeTcs, ITo JJIsi BCEX MapIIPyTOB PErHOH OJUH M TOT Ke), a Ha
ncrounuke DB2 mo Toif »Ke mpuunHe OTCYyTCTBYeT MHAMOPMAITUS O paifoHAX W PermoHax.
B cBsa3u ¢ 3TUM TIpeCTaBIISIETCS IEI€COO0PA3HBIM TO//Iep:KaHNue HA MEIHATOpPE OJIHON
0b1meil TabIHMIbI COOTBETCTBUIT MEIUATODY JIJIsk BCEX UCTOIHUKOB (Tabur. 1), a Takke Tab-
JINIHBI COOTBETCTBUI MCTOYHUKOB palioHaM, PErHMOHAM W CETEBBIM aJpecaM HMCTOUYHHKOB

(tTabi. 2).
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Tabauna 2
Source Regions: coorBeTcTBUE NCTOYHUKOB paiioHAM, PErMOHAM M CETEBBIM
aJgpecaM NCTOYHUKOB

IdSource | Aapec B cetu | Paiion | Peruon
DB1 . NULL

DB2 e e e

DB3 e NULL | NULL

9. HO,Z[KJ'IIO‘-IGHI/IG HOBOI'O NCTOYHUKa

DTy IpOIeIypy BHIIMOJHSET CIEINAIbLHBIN YeJIoBeK. PaccMOTpuM JIJTsT TpuMepa HOBBIH
ncrounuk DB4. Ilpornenypa NoAK/IIOUEHNsT COCTOUT B CJAEIYIONEM: B TaOJIMIE COOTBET-
crBug «Tabl_Corr» 3aBOAATCS HOBbIE KOJIOHKH, a B TabJsmie «Source_Regions» — HOBasg
CTPOKa, COOTBETCTBYIOIINE BHOBD MOJKIIOUEHHOMY UCTOYHUKY. [Ipom3BouTCST COOTBET-
CTByIOIlee OOHOBJIEHNE XPAHUJINIIA [IPU MEINATOpPe: OHO JOTOJHSIETCS MapIIpyTHBIMA
IIYHKTaMHU, OOCJIy>KUBAaE€MBIMI HOBBIM HCTOYHHKOM. Best masibHeiass pabora MyJIbTH-
6a30BOil cHCTEMBI (3aIPOCHI, OOHOBJIEHHUE JIAHHBIX B xpaHHm/Ime) IIPOU3BOJIUTCH Yy2Ke C
YYIETOM HOBOT'O UCTOYHHKA.

10. CrpyKTypa BCIIOMOraTeJibHOTO XPaHUJINIINA U €ro
OOHOBJIeHUE

XpaHuauire cocTouT u3 ofuoit Tadsunsl «[lyakrTiHaMapupyTaxs ¢ nmonasmu: IdSource,
IdllyukTa, [lyukTHasBauue, Pation, Kox_peruona. IlepBudHbIM KIIIOUOM B HeEll dABJISETCH
napa: IdSource, IdllyrkTa.

FEcnu na ncrounuke ¢ HoMepoM n mpOUCXOAUT 0OaBIIEHUE, YAAJIEHNAE, IEPEeNMEHOBA~
Hye IIyHKTa KaK MeCTa OCTAaHOBKM WM U3MeHEeHUE aJMUHUCTPATUBHBLIX I'DAHUI], TO Ha
MeJIMaTop IOJACTCA ClIeUaIbHbI CUTHAJ, II0 KOTOPOMY 3allyCKaeTCd TPaH3aKIINs, Ie-
peHocsIas Bce OOHOB/IEHUSI NCTOYHUKA Ha TaOauIly-xpanuaniie «IlyerriHaMapupyTaxs.
Ob6uoBsoTcs cTpoKu ¢ IdSource=n. B ciyuae, Korma Ha MCTOYHWKE OTCYTCTBYET WH-
dopMarys 0 pernoHax U pafioHaxX, COOTBETCTBYIOIINE 3HAUYEHUs OepPyTCs U3 TaOIUIBI
Source_Regions.

11. CxeMma mMCHoJIHEHUSA 3allIpoCa Ha MeauaTrope

Paccmorpum 1 nmpumepa Hambosiee NOIYJISIPHBIN 3alIpOC: IOKA3aTh PeNChl BCeX
MapHIpyTos, caeaytomux n3 [Iyekral B [IyEKT2, cO BpemeneM ormnpasienus u3 I[Iyakral.
[IpenycmarpuBaeTcs BO3MOXKHOCTH (PUIBTPAIIMH 3aIPOCA IO JIHIAM HEJEJN U BPEMEHHU
oTrpaBjeHus. Bpems ornpasienus or [IyEkTal BBIYUCISETCS KAK CyMMa BPEMEHU OT-
IIPaBKU OT CTaPTOBOT'O IIyHKTa U BPEMEHHU JIBUXKEeHHUs OT CTapTOBOIO IIYHKTa J0 IlyrkTal.
SQL-KoJ1 3apoca B 3TOM CJIydae MOYKET BBITJISAIETh CJIELyONM 00pa3oM (st IpsiMOro
peiica):

SELECT MapupyTsi. [HoMep MapupyTal AS MapumpyT,
OM1.HazBauume AS [llyEKT oTmpaBieHHUsdA],
Ol2.HasBaume AS [IlyHKT HasHaYeHudA],
Peificol. [BpemMa ormpaBku]+MII1.PaccT_oT_nau_nyekTa AS [BpemMs oTmpaBieHus:]

FROM MapuwpyTsl, PeiicH,
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[OcTarmos mymkTe] AS OI1, [OcTamos mymkTm] AS 0II2,
[MapuwpyTasle nyurTbl] AS MI1, [MapwpyTasie myuxTh] AS M2

WHERE MII1.Id\_nyskra=Id_[lyekTal AND MI2.Id_nymkTa=Id_IllykTa2 AND
MII1. [Homep mapumpyTal=MII2. [HoMep mapmpyTal] AND
MI1.PaccT_oT_mau_nyrKTa < MI2.PaccT_oT_nau_nymkTa AND
MapupyTs. [HoMmep mapumpyTa]=Petics. [Homep mapumpyTal AND
MapupyTs. [Homep mapupyTal=MII1. [Homep mapmpyTtal AND
MapupyTs. Id_mau_nyskT=0I11.Id AND
MapuwpyTs. Id_ror_nyrrT=0I12.Id

IIpenBapurensno mosKHbL ObITh Haiinenbl Id_llymkTal m Id_IlyEkTa2 B Tabsmie
«0CTaHOB HyHKTH». [eXHOJOrHsA MOXKeT ObITh, HAIIpUMEp, TAaKOW: MPU 3AILyCKe 3aIpo-
ca TOJb30BaTe b 331aéT HA3BAHUs KakK/IOT0 U3 IYHKTOB, IPU ITOM II0 Mepe Habopa
€My BBIILJIBIBAIOT MOJACKA3KU B BHUJIE CIHMCKA, U3 KOTOPOI'O IIEJTYKOM MBIINA HAJI0 BbI-
OpaTh HYKHBIH IyHKT. [Ipu 9TOM IeT9Ke CUCTeMa aBTOMATHIECKU BHIOUPAET U3 TAOJIAIIHI
«0cTaHoB IYHKTH» COOTBETCTBYIOmMMIl Id, KOTOPBIN U IepeslaéTcs B 3aIIpocC.

3ampoc MOXKeT TaK»Ke YINTBIBATh W JApPyrue BBeJAEHHBIE TIapaMeTpPhl O MapIIpyTe U
peiice (Hampumep, JIMANAa30H BPEMEHH OTIIPABKH, JIeHb OTIIPABKH, TUII U TOC. HOMEpP aBTO-
Oyca), TpeOyIoIne B HEKOTOPBIX CJIydasiX Ipucoennennst tabim «06ecnedenuePelicos»
n «ABTO6yCH».

st obpaTHOTO peiica IMeeT MeCTO aHAJIOTUIHAs (POPMYJIa, TOJIBKO BMECTO BPEMEHN
JIBU2KEHNSI OT HAYAJHHOIO IIYHKTa MapmpyTa o [IyakTral nmorpebyeTcs MpeaBapuTeTbHO
BBIYHUCJIUTD BpeMs JIBAKEHUA OT KOHEYHOI'0 IIyHKTa 10 [IyEkTal, 110 MMeIomuMcs JaHHbIM
Tabsnibl «MapupyTHEE IYHKTH.

OmnuieM TEXHOJOTHIO UCTIOJHEHNST JTAHHOTO 3aIIpoca.

[Tosip30BaTEb MYJIBTHOA30BOM CHCTEMBI BBOIUT B (hopMy-uHTEepdelic KpUuTepun mouc-
Ka: IIyHKT OTIPaBKH, IIyHKT MPUOBITHUsI, BPEMSI OTIIPAaBKU, BpeMsi puObiTus. Ha mepBom
STale 3a1poc ajapecyercs Tabsuie «[lyaxTeiHaMapmpyTaxy xpanuauiia. OTcenBaoTCsa uc-
TOYHUKH, HA KOTOPBIX He O0CTYKHBAIOT OJHOBpeMeHHO IIyHKT1 u [IyHKT2:

SELECT Source

FROM IIyrxTeHaMapmpyTax

WHERE <ycmoBua cOOTBeTCTBUA HaHHHM [lyHKTa2>
AND Source IN (SELECT Source

FROM IlyrxTeHaMapmpyTax

WHERE <ycioBus COOTBeTCTBUHA IaHHHM I[lyHkTal>)

Pesynbrarsr 3anmuchiBaioTcs BO BpEMEHHYIO TabIUIly «Sourcess.

Ha BTopoMm sTame mponcxoquT obpalieHe ¢ NCXOIHBIM 3aITPOCOM K KaXKJIOMY U3 Haii-
JEeHHBbIX Ha IIEPBOM 3Talle MCTOYHHUKAM (HO CeTeBbIM aJipecaM, YKa3aHHBIM B Ta,6JH/H_[e
«Source_Regions»). IIpu srom mist kaxkgoro ucrounnka SQL-ko 3ampoca npeobpasy-
eTCs K BUJLY, KOTOPBIA JAaHHBIM NCTOYHUK CIIOCOOEH BOCIPUHATE. [Ipeobpasosanue 3a1po-
ca MMPOU3BONUTCS C TTOMOIIBIO TaOJIUI] COOTBETCTBUS.

Ha Tperbem sTame MenuaTop II0JIydaeT OTBETHI OT UCTOYHUKOB U IIPOU3BOANUT UX 00-
paTHOe Ipeobpa3oBaHue K CTPYKType Meauaropa. Ilociie 9Toro KaxKiablii OTBET JI0I0JI-
HsIeTCs 1ToJ1eM ¢ uHdOopMarpeil 06 HCTOYHUKE (aBTONAPKE), BCE OTBETHI 00bE IMHSIOTCS 1
BBIIAIOTCS [TOJIb30BATEIIO.

12. Ocobbie cutyaium

Wrak, onucana obiast cxema MOCTPOEHUS MYyJIbTUOA30BOI CHCTEMbI, HHTEIPUPYIOIIEit
uHOpMAaIUio U3 aBTOOYCHBIX MapKoB. OHAKO MPHU KaXKIOH KOHKPETHON peasrm3aliim
MOT'YT BO3HUKATH 0COObIE CUTyaruu, TpeOyIoIie OTAeIbHOr0 n3yueHus. Paccmorpum st
IpuMepa JIBe N3 HUX.
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Curyanus nepsas. HeojHosnaunas unenrudukanus nagopmamnuu. He Bce nucroanu-
KU MOI'YT HOJJIEPXKUBATH aTPUOYTHI, OSHOZHAYHO OIpeesdionmue MapmpyT. Hampumep,
Ha Pa3HBIX UCTOYHMKAX HOMEpa MapIIpyTOB MOTYT COBIAJIATH, a IIYyTH UX CJIEIOBAHIS
MOTI'YT OKa3aThCsl COBEPIIIEHHO Pa3HbIMU, U KaK CJIEJICTBHE BO3HUKAET KOH(MJIUKT MMEHO-
BaHUs Ha ypoBHe Meauaropa. OH MOXKET Pa3peIuThCs, €CJIU Mbl B KAY€CTBE IEPBUIHOIO
KJII04a, JIJIsi MapIipyTa (Ha ypoBHE MeJIMATOPA) BO3bMEM I1apy: HOMED MapIipyTa, HOMEp
[IePEBO3YMKA (HCTOYHUKA).

Curyanust Bropasi. B HEKOTOPBIX permoHax (Hampumep, B ApXaHIeJbCKON obaacTu
wm B SIKyTun) y HaCeJEHHBIX IIyHKTOB MOI'YT BCTDEYATHCS JIBOMHBIE (& MHOI/A M TPOii-
Hble) Ha3BaHus. Hanpumep, onHo odunuaabaoe (06BIMHO 10 HAMMEHOBAHUIO HOYTOBOIO
OT/ICJICHUST), & JIPYroe — KaK Ha3bIBAIOT 9TO MECTO CAMU KUTeH. dT0ObI crcTeMa MOrya
MIPUHAMATH BCE BAPUAHTHI HAMMEHOBAHMU, MOYKHO TIO/IEPKUBATH TIPU MeTHATOPE JTOIOJI-
HUTETbHBIE TabJIUIIbI, COIEPIKAIIIE CIIICOK HACEJEHHBIX MECT (C yKa3aHUEM COOTBETCTBHUSI
OCTAHOBOYHBIM IIYHKTaM) U BAPUAHTAME UX HA3BAHWIA.

13. 3akiroyeHue

IIpetoyken n onmcan aJropuTM peIeHns 3a/[a9u HHTErPAINA aBTOOYCHBIX MAapPKOB,
UCIOJIB3YIOIMNN TEXHOJIOIHIO MEIUATOPOB C YYacTHEM BCIIOMOIaTEIHLHOTO XPAHUJIHUINA
HebOJIBLIIOr0 00bEMA, € IOMOIIBIO KOTOPOTO UIACHTUMHUIUPYIOTCS HEOOXOMUMBbIE HCTOY-
HUKHU JAHHBIX. DTOT IIOJXOJ, II03BOJISIET UCIIOIH30BATh B COYETAHUN IIPEUMYIIECTBA Me-
auaTopoB u xpanuiunil. Onrcana paboduasi MOJIEIbh HHTETPUPYIOIIEN CHCTEMBI, COCTOSIIEN
73 TPEX UCTOYHUKOB JAHHBIX C PA3JUIHON cTpyKTypoii. [IpomuiocTtpupoBana TexXHOIO-
IUs UCHOJIHEHUS 3a1poca K Mejuaropy. IIponmcana TexHoOrns oJIKIIIOYEHI HOBOT'O
ucrounuka. llpescraBisieTcsi, YTO NMpeJJIOKEHHAsT CXeMa MOXKET ObITh IIPUMEHUMA U B
JIPYTHUX 33Jia9aX, CBA3AaHHBIX ¢ MHTerpanueil nadopmaruu. jis paccmarpuBaeMoit 3a1a-
91 JAJbHEHIINM PA3BUTHEM MOT ObI CJIy>KUTH BIOOD OIITHMAJIBLHOIO MaPIIPYTa Ha OCHOBE
1o/ixo1a paborsl [6].
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Modern Technologies of Information Integration from
Independent Sources and their Application in the Construction
of an Information System that Combines Transport Timetables

A. S. Pankratov, A. Kh. Psheunov

Information Technologies Department
Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

The problem of constructing an integrating system combining bus timetables of different bus
depots is considered. We suppose that these bus depots are independent and, possibly, located
at different regions of the country. The purpose of this integrated system is, in particular,
the easement of finding available bus routes between two given points. To solve this problem,
it is proposed to use an approach combining the advantages of mediator and data repository
technologies. The article considers a model of three data sources, which are bus depots that dis-
play information about their timetables. It is assumed that all sources have similar conceptual
schemes, but they have their own specific characteristics. In particular, there may be different
names of tables and attributes in different sources and different distribution of attributes throw
tables. Also at some sources may be an absence of certain attributes. We construct correspon-
dence tables and a mediator that translate user queries to the sources. To identify the necessary
sources, a small auxiliary repository is maintained that contains information about the stop
points served by each of the sources. We describe the technology for updating the repository
and the executing strategy for the user query, using the information contained in the repository.

Key words and phrases: database, integration of the information, multidatabase system,
mediator, data warehouse
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