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The Analysis of Queuing System with General Service
Distribution and Renovation
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We investigate the queueing system in which the losses of incoming orders due to the in-
troduction of a special renovation mechanism are possible. The introduced queueing system
consists of server with a general distribution of service time and a buffer of unlimited capacity.
The incoming flow of tasks is a Poisson one. The renovation mechanism is that at the end of its
service the task on the server may with some probability empty the buffer and leave the system,
or with an additional probability may just leave the system. In order to study the character-
istics of the system the Markov chain embedded upon the end of service times is introduced.
Under the assumption of the existence of a stationary regime for the embedded Markov chain
the formula for the probability generation function is obtained. With the help of the probability
generation function such system characteristics as the probability of the system being empty,
the average number of customers in the system, the probability of a task not to be dropped, the
distribution of the service waiting time for non-dropped tasks, the average service waiting time
for non-dropped requests are derived.

Key words and phrases: queueing system, renovation, general service distribution,
probability characteristics

1. Introduction

Due to the study of mathematical models close to reality, there is a growing need to
find new solutions and methods of queueing systems construction and analysis. One of
the classical and already well-studied systems close to reality is the system M/G/1/oc0
with the Poisson incoming flow and general service distribution.

The described non-Markov random process — a process where the future state can
not depend only on the state, viewed in the given time. The system M/G/1/oco can be
investigated by a variety of different approaches and one of them is the construction of
the embedded Markov chain [1].

Thanks to the Pollaczek—Khinchin formula [2] for a given stationary probability dis-
tribution some other characteristics can be also derived. These characteristics of the
system M /G/1/oo with the standard service discipline FCFS (First Come, First Served)
can be transferred to some other common discipline [1,2].

However, trying to describe a real system, it is necessary to take into account the
possibility of losing data in the system, for example, due to failure of an unreliable
server [3] or due to arrival of some “viral” applications [4], and the other tasks in the buffer
will be dropped. This situation may be investigated with the help of queueing system

Received 215t December, 2016.
The reported study was supported by the Russian Foundation for Basic Research RFBR, research
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M/G/1/oo with renovation without repeated service [5-9]. Systems with renovation
mechanism can be used for traffic control mechanism modeling [10].

We analyze the queueing system in which losses of the accepted customers are possible
due to the so called renovation.

2. System Description

Consider M/G/1/0o queueing system with the general service time distribution B(x),
Poisson arrival rate A and renovation. The renovation mechanism, due to [5,7,8], operates
as follows. At the end of each service completion the customer leaving server with the
(known) probability ¢ empties the buffer and leaves the system. With the probability
p =1 — q it leaves the system without having any effect on the buffer contents. If p =1
one obtains the well-known M/G/1/0co queue.

As usual, if one considers the total number of customers {v;,7 > 0} in the system
just after i-th service completion, then {v;,i > 0} is the embedded Markov chain of
the queue-length process {v(t),t > 0}. Denote the state set of the embedded Markov
byX ={0,1,...}.

The matrix of transition probabilities for the embedded Markov chain has the form:

Bo + i Biq Bip Bap B3p Bap Bsp
Bo + i Biq Bip Bap B3p Bap Bsp

iﬁiq Bop  Bip  Bep  PBsp Bap

Zi) Biq 0 Bop  BPip P Psp
i Biq 0 0 Bop P Pop
i Biq 0 0 0 Bop  Bip
i Biq 0 0 0 0 Bop

3. Stationary Distribution of the Embedded Markov Chain

Denote by p;, ¢+ > 0, the probability, that there are ¢ customers in the system upon
service completion. Then, assuming that the stationary distribution exists, one has the
following system for p;:

Po = (50 + Z 3#]) Po + (50 + Z ﬁz'(J) p1+ Z <Z 5#]) Dk; (1)
i=1 k=2 \i=0

=1
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i+1
pi = Bippo + Zpﬂz‘ﬂfkpk, iz 1 (2)
k=1

Here 3; = [;° Qo) —reqp (x) denotes the probability that during service time exactly 4

il
(¢ > 0) other customers have entered the system. It is straightforward to show, that the
probability generation function (PGF)

o0
P(z) = Z piz’
i=0
and can be written in the following form:

1 —2)ppoB(\ — Az) — zq
PBA—A2) —z

P(z) = (

where

e dB(z).

i=0 ’

=0

If p = 1 then (3) coincides with the Pollaczek-Khinchin formula for classic M/G/1/oc0
queue.

4. Performance Characteristics

Using the analytically property of P(z) one can obtain the expression for the proba-
bility of system being empty upon service completion. Consider the equation

pBA—Az) — z=0.

It has the unique solution 0 < 2z < 1 for z € [0,1]. As the denominator of (3)
vanishes at point z = zp then the numerator of (3) must also vanish at this point. Thus

(1 = 20)ppoB(A — Az0) — 20q = 0,

wherefrom it follows that

_ g0
P (= 2B~ ) W

If p=1(¢g=1-p=0) one gets the well-known expression py = 1 — \b, where b is
the mean service time.

The average number N of customers in the system upon service completion is equal
to

N:P'(1):§(po+Ab—1). (5)

Here Ab is the average number of customers arrived during a single service time.

Let us denote by p®**¥) the probability that all the customers in the system just after
the end of the service will not be dropped and will eventually receive service. Then

1 , 1
(serv) _ i1l j2) _ 6
p E pip — P)—"Po)-
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The P(p) is the value of probability generation function (3) P(z) with z = p.

Let us denote as W (™) () the probability, that the waiting time for the last customer
in the buffer (just after the end of the service) will be less than x:

1

W (serv) ()= — Z Wi(serv) (2)p;,
(1 = po)plsery) £

here Wi(serv) (x) is the probability, that the waiting time for the i-th customer in the
buffer (just after the end of the service) will be less than x with the requirement that

there were exactly ¢ customers just after the end of service.
The Laplace-Stieltjes transformation of W®°™V)(z) has the form:

(serv) — 1 = =1 i—-1] _ 1 P(pﬁ(s)) — Do
W' (s) (1= o)) <p1 + ;pm B(s) ) T s pBs)

(7)

The mean waiting time of the customer which received service is equal to:

w<sew):_(w<sew>(s))’ b (P’(p) 1)’ (8)

s=0 - 1 — Do p(serv) o
where

) = b ’ o v qp(1—po)
P = S5 (0 = oyt a1 - = Apap) = (L

5. Conclusion

The paper considers the queueing system with full renovation. Analytical expressions
for the main performance characteristics are obtained. The study of M/G/1/00 queues
with the general renovation as well as with renovation and re-service (due to [11]) is an
open issue.
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B pabore uccrenyercs cucrema MacCOBOTO OOC/IYKUBaHMS, B KOTOPO BO3MOXKHBI ITOTEPU TI0-
CTYHAIIUX 3asIBOK U3-3a BBEJIEHHOIO CIIEIMAJIBHOIO MexaHu3Ma o0HOBJIeHusi. CucTeMa COCTOUT
U3 OJTHOTO OOCJIYy>KHMBAIOIIEr0 TPUOOpa C PEKYPPEHTHBIM paCIIpe/ieJIeHNeM BPEMEHU OOCITyKUBa-
HUS U HAKOIUTEe/sI HeOTPAHUYIEHHOIT éMKOCTH, B PAaCCMaTPUBAEMYyIO CUCTEMY IIOCTYIIaeT IIyacco-
HOBCKUII TTOTOK 3asiBOK. MexaHu3M OOHOBJIEHUSI 3aKJIFOYAETCS B TOM, YTO B MOMEHT OKOHYAHUS
obcTyKUBaHUsT Ha IPUOOpE 3asiBKa JIMOO MOXKET OMYCTOIIUTH BECh HAKOIMUTE/b U MOKUHYTH CH-
creMy, aubO C JOTOJHUTEIBHON BEPOSTHOCTHIO MPOCTO MOKWHYTH cuctemy. s mcciemoBanmst
XapaKTEPUCTUK PACCMATPUBAEMON CUCTEMBI CTPOUTCS BJIOYKEHHAS 10 MOMEHTaM OKOHYAHUs 00-
ciry>KuBaHus 1enib MapkoBa. B mpesironioxkeHnn o cyecTBOBAaHUH CTAIIMOHAPHOI'O PEYKUMA JIJIs
[IOCTPOEHHOM BJIOYKEHHOI et MapKoBa BBIBOJUTCS IPOU3BOJISINASA (DYHKIUST YHUCTIA 3asiBOK B
cuCTeMe, BEPOATHOCTDH IIPOCTOdA CHUCTEMBI, CPeJHEe YHCJIO 3asdBOK B CHUCTEME, BEPOATHOCTH OT-
CYyTCTBUsI TIOTEPH, PACIPE/ICIEHNE BPEMEHU OXKUJIAHWUS HAdaaa OOCTYyKUBAHUST HECOPOITEHHBIX
3asiBOK, Cpe/[Hee BpeMsi OXKUIAHUsT OOCTy>KUBAHUS JIJIst HECOPOIIEHHON 3asIBKH.

KuroueBrble cjioBa: INOJIHOEe OOHOBJIEHHE, CUCTEMA MACCOBOI'O OOCIIY?KUBaHUSI, PEKYDPPEHT-
Hoe 0bOCITyKuBaHMe, COPOC 3asBOK, BEPOSATHOCTHLIE XaPAKTEPUCTUKN
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MeTOﬂ OII€EHKMU BPpEMEHU YCTAHOBJIEHU:A COCJUVNHEHMU: ITO
PaJANOKAHAJIy CJIydaifHOTO JOCTyHa
3. P. Sapunosa, A. Apaunaa Iluato

Kagedpa npursadnotc ungpopmamuru u meopuu eepoamuocmen
Poccutickut ynusepcumem dpyoicbv. 1apodos
ya. Muxayro—Maxaas, 0. 6, Mocksa, Poccus, 117198

B macTosiiiiee BpeMsi HAOTIOMAETCST CTPEMUTEIBHBI POCT YIHCIA YCTPOUCTB, OOMEHUBAIOIINX-
ca Mexy coboit madopmarmeii B cetu cBasu LTE (Long-Term Evolution), a takxke ysesn-
yeHHe 0O0bEMa IepeaBaeMbIX JAHHBIX. AKTyaJbHON SBJISETC 3a/[a9a YMEHBIICHHs HArpy3KH,
KaK CUTHAJIBHOM, TaK W MOJTH30BATEILCKOM, KOTOPYIO OOCIyKUBAIOT ceTu cBa3u. [l sToro pas-
pabaThIBAIOT U BHEJPSIOT AJTOPUTMBI YIPOIIEHHOIO B3AMMOJIEHCTBUS MEXKIY ITOIH30BATETb-
CKUMHM YCTPOUCTBAMH U CETBHIO C IeJIbI0 MUHUMU3AIMY 3aTPAadeHHBIX PecypcoB ceTu. B crarbe
HCCJIETyeTCsT TPOTIEyPa YCTAHOBJICHUS COCIMHEHMSI MEXKJIy YCTPOUCTBOM n 6a30BOit CTaHIIMEH
LTE. Bonpoc nepemadn MaJbIX JaHHBIX, O0pa3yeMbIX MEKMAIMHHBIMU coenmHernsaMu (M2M,
Machine-To-Machine), MoxkeT GbITH PENIEH C IIOMOIIBIO MCIIOJIb30BAHUS PAIMOKAHAJA CJIydali-
noro pocryma RACH (Random Access Channel) mist ycranosnenust coequnenusi. Takoe perre-
Hue 6bIIO NpeIokeno B TexandeckoMm oruére TR 37.868 koncoprmyma 3GPP (3rd Generation
Partnership Project). lyist mporeiypbl yCTaHOBJIEHHS COEIMHEHMS TI0 PAJINOKAHAITY CJIYIAHHOTO
JIOCTyTIa HEOOXOMMO OIIEHUTDH MPEIBAPUTEbHbIE BEPOSITHOCTHO-BPEMEHHBIE XaPaKTEPUCTUKH,
TaKre KaK BPEMsl yCTAHOBJIEHUSI COEIMHEHISI, BEPOATHOCTD YCIIENIHOIO YCTAHOBJIEHUS COEIITHE-
HUsI, BEPOSITHOCTH KOJIM3WH, CTATUCTHKA MO YUCIY MpeamMOysl MPU YCIEITHOM YCTaHOBJICHUN
coeqmHenus. B maHHo# craThe IpUBEIEHBI (DOPMYIIBI IS PACIETA BCEX HEOOXOMUMBIX XapaKTe-
pucTuK. YucaeHHbIe Pe3yIbTaThl HOKA3bIBAIOT TOYHOCTD IIPE/IJIO?KEHHON aHATUTUIECKON MOJIeIn
B Bujile MapKOBCKOU IeIu.

KurogeBble c1oBa: MeXMalllMHHBIE COeMHEHHsI, KaHas cirydaitaoro pocryna (RACH),
BEPOATHOCTD KOJIIM3WH, MaTeMaTHIecKas MOJIEIb, CPe/iHee BPeMs yCTAaHOBJICHUS COCTNHEHUS

1. Bsenenne

BceBo3aMOKHBIE TEXHOJIOTMYECKHE yCTPOHCTBA, B TOM YHCJIE OTBEYAlOIIne 3a 0e3-
OIIACHOCTH JKU3HEEesATeTbHOCTH, PA0OTAIOT B aBTOHOMHOM DeXKHMe 0e3 ydacTus deso-
BEKa U IO/JICPKUBAIOT IEPeIady MAJBIX JAaHHBIX. | PaIUIInOHHBIE TEXHOJOTHH OECIpo-
BomHON cBsa3u, B ToM umcie cetu 3GPP LTE, me mozsossior ycranoButh 3¢hheKTUBHO
M2M-coenunenus /st 60JIBIIOTO YUCIA OJTHOBPEMEHHO B3aUMOEHCTBYIONINX YCTPONCTB.
C10KHOCTD B 00CTy?KUBAHUU TAKUX YCTPOMCTB OA30BHIMU CTAHIIUSIMA CETH CBI3U IIATOTO
nokosteHns H5G 3aK/II0IaeTCa He TOJABKO B O0JbInioM Kojudectse M2M-ycrpoiicTs, HO 1 B
HEOOXOJIMMOCTHU JACTOI Iepesadn JaHHBIX. Kak U /i BceX HOBBIX TEXHOJIOTHUi, aHaJIu3
ocobennocreit M2M-tpaduka Tpebyer mpeaBapuTeIbHOTO AHAIN3A XaPAKTEPUCTHUK B 32~
BucuMmocTu or unciaa M2M-yerpoiicts. OgHO U3 BO3MOXKHBIX PEIIEHUil 9TOM TPOOIeMBbI
OCHOBAHO Ha UCIOJIb30BAHUU HPOIIEYPBI CIydaiiHoro mocryna [1-3].

M2M-ycrpoiicTBa, TaK#e KaK IIOXKapHbIe JTATINKN, IEPUOINIECKH OTIPABIISIOT MaJIble
00BbEMBI TAHHLIX IPU padoTe B HOPMAJIHHOM pexkume. Tem He MeHee, B CIydae BO3HUK-
HOBeHUs 4Upe3Bbriaiinoit curyanun M2M-ycrpoiictBa remepupyior TpaduK B3PBLIBHOTO
XapakTepa, KOTOPbII MOXKeT IpUBeCTH K neperpyske. Ilepenaiomniuecs B 60JIbIIIOM 00bE-
Me COOOITCHUST O HEIITATHONW CHUTYAIlUN CO3JAI0T KOJIIAIC Ha 0A30BBIX CTAHIIUIX, OTKY/IA
reperpy3Ka Iepepacipe/ielisieTcs Ha Bce OJIM3JIeKallye y3J/bl CeTU CBdA3U. B ciydae ce-
TEBOI'0 KOJIJIAIICA BO3HUKAIOT 33JEPXKKH JIOCTYIIA, KOTOPble 3HAYMMbBI IIPDH aBaPUUHBIX U
Ype3BLIYAMHBIX cuTyarusax. Lleapio maHHOM PabOThl ABJSIETCA AHAJIUTUYECKAS MOJIEJID

Crarbs nocrynuia B pegakuuio 29 mekabps 2016 r.
WccenoBanue BBIIOJHEHO TIPU YaCTUYHON (puHaHCOBON nogep:kke PODU B pamkax HayYHBIX [IPOEKTOB

Ne 15-07-03051, 16-07-00766.
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MPOIIEYPBl YCTAHOBJIEHUSI COEIMHEHUsT MEXKJIY 000PYI0BaHUEM II0JIb30BaTeNsT U 6a30BOii
craniueii. B coorBercTBum ¢ 2| omopHasi cxema HpPOIEAYPHI COCTOUT U3 YETHIPEX CO-
obrenmii Mexky nosb3osaresnbeckuM obopynoBarueMm (UE, User Equipment) u 6a3oBoit
craumueii (BS, Base Station).

Paspaborunkamu BemyTCa mccienoBaHus, HATPABIEHHBIE HA MOJECJIUPOBAHUE IIPOIIE-
JIyPBbl YCTAHOBJIEHUsI COEIMHEHUSI 10 PAIMOKAHAJIY CJIyYafHOIO JIOCTYIIa, HAIIpUMep, Haii-
JIEHBI XapaKTEePUCTUKU € MOMOIILIO UMUATAIIMOHHOIO MojeaupoBanus |4, 5], u gepes ana-
jqurndeckue Mozenn [6-8|, 0630p m3BeCTHBIX PabOT O JAHHOMY BOIPOCY IPEICTABIICH
B [9]. B omimume oT M3BECTHBIX PE3YJIBTATOB, LEJb JJAHHOIO HCCJIEI0BAHNS 3aK/II0YACTCS
B IOJIyYEHUN PEIeHus B 3aMKHYTO# (hopMe, KOTOPOe 3aBUCUT OT MUHUMAJIBHOTO THCJIA
IapaMeTpoB MPONEAYPhl YCTAHOBJIEHUS COEIMHEHUsI U HETPYIHO JJjis pacdéra. lammas
CTAThsl SIBJISIETCS IPOJIOJIKEHIEM PaboT [4, 6], rae ObLT Ipe/IoyKeH MOIX0/] K aHATUTHIe-
CKOMY MOJIEJTHPOBAHMIO C UCIOJb30BAHUEM MapPKOBCKOII Iem.

B rexnmueckom oruére 3GPP [2] mepeunciensl XapakKTepUCTHKN, PEKOMEH/[yeMble K
nccaegopanuamM g M2M-coeammenmii:

1. BepOHTHOCTb KOJIJIN3UN, OolpeaesadeMad KaK OTHOIICHUWE YUCJIa HEeyAaIHbIX IIOIIbI-
TOK, KOTjia JiBa miu Oojee M2M-ycTpoiicTBa B OJIMH MOMEHT BPEMEHH BBIOMPAIOT
OJIHY U Ty K€ IpeaMOysy, K OOIIeMYy UUCIy BO3MOXKHBIX ITOIBITOK YCTAHOBJICHUS
CO€JIUHEHUSI.

2. BepodaTHOCTB YCIIENTHOTO YCTAHOBJIEHUS COEJIMHEHUsI, OIpesesisieMass KaK BepOsiT-
HOCTDB YCIIEIITHOI'O 3aBePIIeHNA COeAUHEHNA B IIpeaeax MaKCUMAaJIbHOTI'O YUCJIa pa3-
PEIIEHHBIX TOMBITOK OTIPABKHU ITpeamMOyiI.

3. CrarucTuka 10 KOJIMIEeCTBY IpeaMOyJ1, HEOOXOIUMBIX JjIsI YCIEITHOI'O YCTAHOBJICHMUS
COeIMHECHN .

4. CTaTI/ICTI/IKa II0 BPEMEHHN YCTAHOBJICEHUA COCAMHCHUA JIJIA IIPOIEAYPbl YCTaHOBJICHUA
COeIMHEHNST MEXKJTy TEPBON IOIBITKON OTIIPABKHU IIPEAMOYJIbI IO YCIIEITHOTO COeTH-
vennst M2M-ycTpoiicTBa ¢ 6a30BO# cTaHImeld.

B Tekyrmeit pabore mnpeicTaBieHbI BCe BEPOSTHOCTHO-BPEMEHHBIE XaPAKTEPUCTUKU,
npearaemole K uccaemosanuio B TR 37.868. Crarbst oprann3oBaHa cjemgyronmM obpa-
30M. B paszesne 2 KpaTKO ONucaHa Iporeaypa U3 YeThIPEX COODIEHN 110 PaTNOKAHATY
CJIy9afHOTO JIOCTYIIa U OCHOBHBIE YIIPOIAIONINE IIPeoioKenusi. B pazmesne 3 npeacras-
JIeHBI POPMYJIBI JJIsT pacuéTa KIIOUEBBIX ITOKa3aTeell B 3aMKHyToit (bopme. B pasmene 4
MIPEJICTABJIEHBI YUCICHHBIE TPUMEPDBI BEPOSITHOCTHO-BPEMEHHBIX XaPAKTEPUCTUK W TIEpe-
YUCJIEHBbI 33J1a9U JAJbHEUINNX UCCIETOBAHNMN].

2. Ilponeaypa ycraHOBJIeHUsI COeIMHEHUS

[MTupoko m3BecTHA IPOIEAYPA YCTAHOBJICHUS COCIMHEHUS MEXKIY IIOJIb30BATEIEM U
6a30Boit cTaHIUEl C UCIOJB30BAHUEM YETHIPEX COODIMEHUI O PAIMOKAHALY CJIyIaifHO-
ro gocryna [2,4-9|. IIpouenypa HaunHaeTcs ¢ nepegadn npeamOy/Ibl 0T 000pYIOBaHUS
nosib3oBatesist K 6a3oBoii cranmun (Msgl). Tlocie ornpasku npeamOysibl 060pyI0BaHIE
[OJIb30BaTe s OXKuJIaeT oT 6a30Boii cranuu orser B Buje Msg2 (RAR, Random-Access
Response). Eciu Bpemsi oxkumanust Msg2 ucreksao u coobIieHre He TOJIy9eHO, 3HAYNT,
[IPOM30IIJIa KOJUIM3UsT M3-38 HAJIWYHUS HECKOJBKUX YCTPOICTB, OTIPABJISIONIUX OIHY U
Ty Ke IpeaMOyJIy B OJMH MOMEHT BpeMeHHu. B ciydae Ko/in3uu oDOPY/IOBAHHUE IIOJIb-
30BaTesIsl MOBTOPSIET MOMBITKY IepeJadn mpeamMOyJIbl [MOCJIe 3apaHee 3aIaHHOTO UHTEP-
BaJia OXKUJaHudA. |Ipy mpeBbIlIeHny IOPOTa IOMBITOK TEePeIadn IpeaMOyJ/Ibl IPOIeLypa
ycTaHOBJIeHUsT coeqnHerns o pajanokanaiay RACH mnpusnaercs: meymaanoit. B ciydae
ycrenHoi mepegatin mpeamM0Oysel B Buge Msgl u monydenus orBera Msg2, obopynoBanue
OJIb30BaTe g U 6a30Basd CTaHIIUA OOMEHUBAIOTCS €INé OJHOM mapoit coodbmennit Msgd u
Msg4. Coobmenne HARQ (Hybrid Automatic Repeat request) B Buze coobmenust Msg3
nepenaéres no pajgunokanairy PUSCH (Physical Uplink Shared Channel). Orsernoe co-
obmenne Msgd siBisieTcs MOCJIeIHUM B MPOIIEAypPe YyCTaHOBIeHus coeauuenus. Canraer-
cs, 9TO OoTBeTHBbIe coobmennss Msg2 u Msgd Bcernia rapanTupoBanHo nepejatorcs. [lpu
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[PEBBIIIEHAH [I0POTa TIOBITOK TIepeadn coobmenunii Msg3 /Msgd [2] Heobxoumo 3aHOBO
repegaBaTh MpeaMOyJTy 1 MOC/Ie Y IOIe COOOITEHMS.

BBeném psi yrIpoImaonux IpeIno/oXKeHnit st MPOIeLypPbl YCTAHOBJICHUS COEIH-
HEHUSI U TMTOCTPOUM MATEMaTHIECKYIO0 MOJEJb JJIsi 9TOH IPONEypPhl B BUIE JUCKPETHON
nernn Mapkosa B coorBercTBun ¢ [6]. Beemém obGo3HaueHust Jjisi MHTEPBAJIOB BPEMEHH,
HEOOXOIMMBIX Ha, OTIIPABKY U 00PabOTKy coobiienuii. Bpems ycraHoB/ieHUsT COeTUHEHUS
MOYKeT OBITh PACCUNTAHO IMTyTEM CYMMHUPOBAHUsT COOTBETCTBYIOINX BPEMEHHBIX WHTEPBa-
JIOB, BBEJIEHHBIX HUKE:

— A} — BpemMs OXKUJIaHUs JJIs1 CHHXPOHU3AIMH /10 Tiepejiaun Msgl;

— A? — ppems nepenaan Msgl;

— Ay — Bpems obpaborku Msgl ma 6a30BOil CTAHIIN;

— A7 — Bpemd oxpujianus orsera Msg2;

— Ap:=AJ+A? A4 A] — Bpems OT HauasIA TPOIEIYPHI [0 OTIPABKI COOOIICHIST
Msg3 wam nmoBTOpHOI Tiepeiadu mpeaMOyIIbl;

— Ay — BpeMs OXKUJIAHUsI JIJIsi TIOBTOPHOM Tepesiadn Msgl;

— A3 — BpeMeHHOI WHTEpBAJI MocjIe ycrentHoit nepeqaun Msgl u Msg2 70 ornpaBku
coobmmennst HARQ (Msg3);

— A4 — Bpems uid nepegadn coobinenunst Msg3, oKUAaHUSA OTBETHOI'O COODIIEHUsI
Msg4 u 06paboTKI yCIIenHo morydeHHoro Msg4.

Brenénnbie 0603HaueHNs TOKAa3aHbI HA IUarpaMMe IIOCIeI0BaATEeIbHOCTEH COOOIeHni
JIJIsI CJIyasl YCIEITHOTO YCTAaHOBJICHUSI COeuHeHNsT O0e3 KOu3uil Ha puc. 1 u fjis cirydas
€ KOJIJTU3USAMH Ha pUC. 2.

|
YcraHoBiieHHE COeTUHEHU !

M2M o6opynoBanue bazoBas
H0JIb30BaTeIs CTaHLUS
3anpoc Ha nepeaady | ‘
ediaid et S
f AL+ A
= A1<
E = | Al
O E |
1
= = | A3
S =R
252 M3 |
M >O A
v (, Msaa =
___________ |
|
|

Puc. 1. IuarpamMmmMa mocJjiefoBaTeJIbLHOCTH COOOIIeHull 0e3 KOoJLIn3uit

IIpu ycremnoMm coeanneHny BpeMsi YCTAHOBJIEHUsSI PABHO CYMMe BPEMEHHDLIX UHTEP-
BaJIoB. IIpy BOZHMKHOBEHNN KOJIJU3WUU WJIN IIPU IPEBBINIEHUN ITOPOTa Ha, YHUCJIO TOIMBITOK
nepeiadn coodrennii Msg3 HeoOXOIMMBI IIOBTOPHBIE TIOITBITKKA OTIPABKY IIPeaMOyJIbl, UTO
YBEJIMYUBAET BPEMs YCTAHOBJIEHUS coelmHeHus. B HacTosiee BpeMs TaHbl PEKOMEHIA~
WY /718 OrpaHWYEHNsT MOBTOPHBIX Tepemad miad Msgl u mna Msgd wucnamu N = 9 u
M = 4 [2]| coorBercrBenno. O603HAYNM Yepe3 p U ¢ BEPOSTHOCTb KOJUIM3UI COOBIIEHI
Msgl u Msg?2.
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M2M o6opynoBanue BazoBas M2M o6opynoBanue ba3zoBas

T10JIB30BATEIIA CTaHIUS T10JIb30BaTEIISA CTaHLUA
3anpoc Ha nepeaaqy | l

VoA

3ampoc Ha nepenaqy

Bpemst ycTaHOBIIEHHS
COE/IMHEeHUS

1
1
1
1
1
1
1
1
1
1
1
Bpemst yCTaHOBJIEHHSI COSAMHEHHSI

2= PP

P

Y,

VY cTaHOBJICHUE COCIMHEHMS ,

Puc. 2. InarpamMmsbl 11ocjieJOBaTEJIbHOCTEN COOOIIEHUN C KOJIJIU3USIMM:
(a) konym3uu npeaMmbyinsbl, (6) IpeBbIIIEHNE IOPOra HA YUCJIO IIONLITOK IIPYU
oTmpaBKe coobmienuit Msg3

3. Maremarndeckass MOJIeJIb IIPOIEAYPbl YCTAHOBJIEHUS
COoeJIMHEHUS

Omnnmmem nienis Mapkosa {&;, i=0,...,(N+1) (M + 1) +1} ¢ qucKkperHbIM BpeMeHeM
¥ IIPOCTPAHCTBOM COCTOSITHUI

X ={(n,mk), n=0,...,N, m=0,....,.M, k=0,...,n} U{w,v},

¢ navgasbHbIM coctostHueM (0,0,0), IByMsI HOIJIOMIAOMMMEI COCTOSIHUSIMU w 1 v. Ha-
JaJIbHOE COCTOSIHUE IPEJICTABJISIET HAYAJIO IIPOIEIyPhl, IT0CJIe KOTOPOi Oy/IeT cje/loBaTh
IepBasi MOMBITKA MepeIatn mpeaMOyJIbl, TOTJIOMIAOIIEEe COCTOSTHUE W, KOTOPOE O3HATAELT
VCIIEITHOE YCTAHOBJIEHNE COEIMHEHNsI, W MTOTJIONIAOIEee COCTOSHIE U, O3HAYAIOIee OTKA3
B YyCTaHOBJIEHUU coeuHeHust. JIpyrue cocrosinusi o6o3Hadennbl (n, m, k), rje n — 9ucsao
perpaucasimit Msgl, m — quciio perpancisnuit Msg3d mocjie mocjeIHero yCIemniHo nepe-
naHHoro coobrennss Msgl, u k — 9ucyo ycrenHo mnepeganabix coobrmenuit Msgl, mocie
KoToporo Bce M + 1 mocsmemytorue nepenadn coobmienuit Msg3 He ObLau mepemaHbl B
pesynbTaTe Kosausuii. Ha puc. 3 m300pakéH oaMH M3 BO3MOXKHBIX IIyTeH OT COCTOSIHUS
(0,0,0) mo cocrostaust (n,m, k) Upu yCIEITHOM YCTAHOBJICHUH COE/INHEHUSL.

OtrmMeTHM, 9TO BpeMsl YCTAHOBJIEHUS COC/IMHEHUS B IIPOIEyPE YCTAHOBJICHUS COEITH-
HEHUd 110 Pa/MOKaHaJy CJIYyYailHOTO JIOCTyIa OIpejesseTcs KaK MHTepBaJl BPEMEHH OT
MOMEHTa IOIBITKU ITIEPBOI Iepeadn mpeaMOy/Ibl 10 MOMEHTa OKOHYAHWA 00pabOTKHU
ycrnemno noixydernnoro Msgd. B crarbe He pasnmyaioTcs JBa pa3HbIX IIyTH, WMEIOIINe
OJIMHAKOBOE BPEMsI YCTAHOBJIEHUS COEJIMHEHWs] B OJIHOM M TOM Ke cocrostHuu (n,m, k),
IIOCJIE KOTOPOT'O COeMHEHNEe OYIET YCTAHOBIEHO.
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Puc. 3. IIpumep ycneniHoit nmporeanypbl ¢ HOBTOpHbIMU nepemadyamu Msgl u Msg3

B srux npeanosoxkenusix BepositHoctb P (n,m, k) nomananus B cocrostaue (n,m, k)
u3 cocrostaust (0,0,0) B menm Mapkosa {&;} onpenensiercst o dopmysre

P (n,m, k) = p"FCE (1 - p) )" (1 = p) g™, (n,m. k) € X, (1)

n—k

IlepBoIit MHOXUTETH P ozHavaeTr n — k xoumsuit Msgl, MHOXUTEIb

( (1—p)gM +1)k — k ycnemnbix nepemad Msgl, mocsie KaxkIoit u3 KOTopbix ciaemayer M —+1
HEYCIeINHbIX nepenad coobuienniit Msg3, muoxurensb (1 — p) g™ cOOTBETCTBYeT MOC/IEI-
Helt ycrernrHoit epemade Msgl ¢ m perpanciasmusavu Msg3, OunoMuaibabiit Koabduim-
ent C* oTpazkaeT 4mcI0 BO3MOXKHBIX TIyTeil, COOTBETCTBYIONIX TAKOMH TIPOTIE/TyDe.

BeposiTHOCTD YCIEITHOrO YCTAHOBJIEHHsI COEIMHEHNSI U BEPOSITHOCTH OTKA3a IPEJICTaB-
nensl opmynamu (2) u (3):

P= Y Phmk)-(1-g=1-(p+(1-pg"+)" ", (2)
(n,m,k)eX

N+1

Pw)=1-P(w)=(p+(1-p)g"*) (3)

Bpemst D (n,m, k) ycTaHOB/IeHUsI COEUMHEHUSI U3 COCTOSHUS (1, M, k) COOTBETCTBY-
eT CyMMe BPEMEHHBIX MHTEPBAJIOB, YYIACTBYIONIUX B IPOIELyPe U MOXKET OBITH OINUCAHO
dbopmyoit (4):

D(n,m, k) = (n — k) (A +A2) + k(A +A3+MA,) + Aj+As+(m+1)A, =
= (A1+A2) -n+ A4 -m + (A3+MA4—A2) . ]{7 + A1+A3+A4. (4)

O6ozuaunm gepes Q (n, m, k) BEpOSITHOCTD TOT'0, UTO IPOIIELyPa YCTAHOBJICHUSI COE/TH-
HeHUs Oy/ieT 3aBepliieHa cpaldy Hnocye coctostaust (n, m, k). 13 onpe/iesiennst BEposSTHOCTH

Q (n,m, k) nomyanm dopmyiy (5):
P(n’m’k) ) (1 _g)
P(w) : (5)

Q(n’ m? k) =
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CpeILHee BpeMd YyCTaHOBJICHUA COCIUHECHUA D olpeaeJideTrcd I10 (bOpMy.TIe

D= > Q(nmk)D(n,m,k), (6)

(n,m,k)eX

cpesiHee BpeMsl YCTAHOBJIEHWsI COEIMHEHUSI MOXKET OBbITh BBIYHMCJIEHO B SIBHOM BHUJIE IO
dbopmye (7):

g— (M +1)g"M+! 4 MgM+2
(1—g)(1—gM*t)
B(1—(N+1)N+NpN*
(1—p) (1 —gM+L) (1 - pN+
gM—H (1 _ (N—|— 1) BN +N/8N+1)
G—gy gy 0

D = (A1+A3+Ay) + Ay -

+ (A1+A2) :

+ (A + MAs — Ay) -

rie B = p+ gM*T1(1 — p) — cymmapHast BEpOSTHOCTb PETPAHC/IAIAE TPEAMOYIIBL.
Oyuxius pacupeenenns (OP) BpeMeHH yCTaHOBJIEHHsI COEJMHEHUs TIPEICTABIEHA
dbopmyioit (8),

(n,m,k)eX
rie u () — dbyukuus Xesucaiija.

Beposithocts Py, ®P F (y) u npeobpaszosanue Jlammaca—Crunreeca (IIJIC) a(s) To-
ro, YTO JIUI YCTAHOBJIEHUsI COeJMHEHUs Oyjer HeoOXoauMo | mpeaMOyil, IIpe/iCTaBIeHbl
dbopmymamu (9), (10) u (11):

5 P(nymk)-(1—g) _(1—p)(1—-g"*)p""

P = I=1,N+1 9
l N1 P(w) 1 — N+t ’ N )
(n,m,k)eX
1_5Lyj

= Y P= T (10)

1<I< ]

_\N+1
_ s 1=B  1—(Be™)
a(s)= Y Pt = e (11)
1<IKN+1

JI71st cTaTUCTUYIeCKUX JIAHHBIX MOXKHO HCIIOJIB30BATH CpPeJHee 9HuCiIo mnpeaMOysn A,
HEOOXO/MMBIX JIJIsl YCIIEIHOTO YCTaHOBJEeHHs coepuHenns (12) m §-KBaHTHIb JIEOGOTO
yposust Fj (ys) = 9 (13).

1—(N+2)8% 1 4 (N +1) "2
(1=pNT (1= 8) ’

azlogﬁ(l—a—i—a-ﬁNH). (13)

A=~/ (8)],_g = (12)

OTmeTnM, 9TO /1)1 BEPOATHOCTHU KOJITU3HIA P IPH OTIIPABKE MPeaMOyJIbl TIPEIaraoT-
cst pasimunble pernennsi. Hanpumep, B [2] npeayoxena dbopmyna (14), a B [8] dopmyna
(15). ®opmyaa (15) He yIUTHIBAET OMBITKH JOCTYIIA, KOTOPbIE B TOT MOMEHT BPEMEHU
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HE HYXK/IaJIUCb B YCTaHOBJICHUU COCINHEHUI.

(14)

(15)

rae 7y — peaJibHad MHTEHCUBHOCTDL IIOIIBITOK JJOCTYIIa, a L — 0611166 YHCJIO BO3SMOXKHBIX

MIOIIBITOK JIOCTYIIA B CEKYHJLY.

B rexymieit pabore nposeneno cpasrenne (14) u (15) u ucmoap30Bagach AJIsl THCICH-
HOro 9Kcrepumenta (opmyra (14), npemnoxkennas B [2].

4. YuciieHHBbIA 3KCIEPUMEHT

g anajan3a BepOATHOCTHO-BPEMEHHBIX XaPAKTEPUCTHK PACCMOTPUM OJIHY COTY CETH
LTE, nonnep:kuBarortyio obciayxkuBanne M2M-ycTpoitcTs, 11 TaHHBIX, TEPEIUCIEHHBIX

B Tabi. 1 [2,4-6,9].

Tabauna 1

Ucxonnbie mapamMmeTpbl
ITapameTpsl O6o03HaueHUE 3HavueHue
KosmmyecTBO BO3MOXKHBIX TMONBITOK jJocTyna | L 200
(unzekc KoHUrypaun GU3NIECKOro KaHa-
Jla cydaifaoro jocrymna 6)
MakcumaabHOE YHUCTIO peTpaHcadrnuit mpe- | N 9
ambys (Msgl)
MakcumajbHOe YUCI0 peTpaHcdanuit cood- | M 4
mennit HARQ (Msg3)
Yucno mpeambys B ciore Jnd nepepadn | Ny, 54
Msgl
BepositnocTs kKosm3un npeamOyist (Msgl) | p [0;1]
Bepositnocts kosutmsnn HARQ (Msg3) g 0,02; 0,5; 0,8; 0,95
Bpems ot Hadasa mponeaypsl 10 OTHpaBku | Aj 10,5 mc
coobmenns Msg 3 nian moBTOpHOM nIepegadn
npeaMOyJIbI
Bpewms orkinka (Backoff window) A, 20 mc
Bpemennoti unrepsas mocie ycnemuoit ne- | A 5 MC
pemaan Msg2 nmo ornpaBku Msg3
Bpemennoit maTepBas st ornpasku Msg3, | A 6 mc

oxxumanusg u obpaborku Msgd

Jlna sKcrmepuMeHnTa BbIOpaHa cjemyomas cxema reHepupyemoro M2M-rpaduka:
M2M-ycTpoiicTBa TeHepUpYIOT 3aIpochkl 6a30BOil cTaHmuu pasHOMepHO, 90% M2M-
YCTPOMCTB, HAXOMAIINXCS B COTE HYXKIAIOTCS B KOPPEKTUPOBKE MECTOIOJIOKEHUST C IIe-

puosmaHocThIO 10 C.
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Ha puc. 4 u 5 nokazana 3aBUCUMOCTb BEPOATHOCTH yCIIENITHOTO COEIMHEHUS U CPEJIHErO
BPEMEHH YCTAHOBJIEHUS COEIMHEHUS OT BEPOATHOCTH KOIU3un 1 uucyga M2M-ycrpoitcTs
B COTE U PA3JIMYHBIX BEPOSITHOCTAX MOBTOpHOI mepegadn HARQ g.

U
—_

BeposTHOCTB yCcniemHoro

Puc.

Cpennee BpeMsi yCTaHOBJICHUS

®) 1]

0.8

o
o

COCAUHCHUA
o
=

o
)

QuUIm©
/

I
cooo

Tra
/
/
/
-~

[
/

/

-

0.2

0.4 0.6 0.8 1

BepositHOCTh KOITM3UH, P

15K

43K 85K 170K 600K
Yucno M2M-yctpoiicTB

4. BeposITHOCTh YCHEIIHOI'O yCTAHOBJIEHUS COEIVHEHUS

COeIMHEHUs, mc ©
s » 5 B 5 5 B
o o o o o o o

IN
o

20 [

0.2

0.4 0.6 0.8 1

BepositHOoCTh KOJIITM3MH, P

0 15K

43K 85K 170K 600K

Yucno M2M-ycTpoiicTB

Puc. 5. CpeagHee BpeMs yCTaHOBJIEHUSI CO€IUHEHUS

adUKN TOKA3BIBAIOT, UTO TIPU § < ake TIPU BEPOSITHOCTU KOJUTM3WI p =
r \ < 0,51 0,6
BEPOSITHOCTD YCIENTHOTO JocTyIra 6sm3Ka K 1. CpeiHee BpeMst YCTAHOBJIEHUST COeTUHEHNST
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3aBUCUT OT U3MEHEHHs BEPOSITHOCTU KOJUIM3WH P U § U MOXKeT JocTurarb 170 Mc usz-3a
3HAYUTETLHOTO KOJIMYECTBA TOBTOPHBIX Tepefad npeaMOyssl 1 HARQ-coobmiermii.

5. 3akJirwodyeHue

Ilorygennble B IaHHON cTaThe PEIYIBTATHI B YaCTH BEPOATHOCTH yCIEITHOTO YCTAHOB-
JIEHUSI COEJIMHEHUS MOTYT ObITh ITPUMEHEHbBI, HAIIPUMED, B CJIY2KO0aX yIpaBJIeHUs MTapPKOM
Takcy pu aspornoprax. CpejHee BpeMsl IIPpU YCTAHOBJIEHUN COEIMHEHNs KpaiiHe BayKHO B
00JIaCTH MOHUTOPWHTA 3€MJIETPSICEHUN, TOCKOJIbKY JaXKe JeCATKNA MUIJLIMNCEKYHI UMEIOT
3HAYEHMe TP PearnpoBaHNN SKCTPEHHBIMHE ciryzkbamu. Bee nepeunciennsie B [2] xapak-
Tepuctuku s cereii LTE BbIpaXeHbI B sIBHOM BHJIE U MOTYT OBITH MCIIOJIb30BAHBI TSI
IpeJIBAPUTESIBHOTO aHAJIN3A.

Wurepecnoit 3ataueil Ui JaJIbHEHININX UCCJIEIOBAHNN SABJIAETCS ITOCTPOEHUE Ha OC-
HOBE JIAHHON MATEeMAaTHIECKON MOJIEU MIPOIEIYPhl YCTAHOBIEHUS COSIUHEHU C UCIIOIhb-
zoBanmneM cxeMbl [-RA (Improved Random Access) ¢ D2D-RA-ycrpoiicramu (Device-
to-Device), arperupyronvu nHGOPMAIIUIO JJIsi Iepeadn Ha 0a30BYIO CTAHIHIO OT BCEX
omznexkamux M2M-yerpoiicts. [Ipyroit 3aa4eit aBiigeTcs NpuMeHEeHNe TTPOTIEyPhI 3a-
upeta KJiaccoB Bbr3oBoB ACB (Access Class Baring) Ha 0cHOBe IIpOIIe/ Iy pbI YCTaAHOBJICHHS
COEIMHEHUSI TI0 PAIAMOKAHAY CJIYIaflHOTO MOCTYyIa, NCCAEIOBAHHON B JaHHON pabore.
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Performance and Modeling of Session Setup Procedure Using
Random Access Channel
E. R. Zaripova, A. Ardila Pinto

Department of Applied Probability and Informatics
RUDN University (Peoples’ Friendship University of Russia)
6, Miklukho-Maklaya str., Moscow, Russia, 117198

We observe nowadays increasing the number of devices using Internet for data transmission
in LTE network. Researchers offer their algorithms and methods for base station load reduc-
tion. Our approach allows minimizing network resources using Random Access Channel for
session setup procedure. We obtain all performance measures for this procedure between user
equipment and LTE base station. Procedure includes four messages: preamble transmission on
the physical random access channel (Msgl), random access response of existing RACH proce-
dure (Msg2), connection request, a.k.a. Hybrid automatic repeat request on the physical uplink
shared channel (Msg3) and connection resolution (Msg4). This approach is used for small data
transmission. If two or more devices select the same preamble, then collision occurs, and it is
necessary to retransmit another preamble. Similarly, Msg3 may be blocked due to lack of re-
sources. Our analytical model includes the dependence on collision probability. This solution
has been proposed by 3GPP technical report 37.868. We obtain such performance measures
as collision probability, dependent upon the number of attempts and the overall number of
attempts in the period; access success probability; statistics of number of preamble transmis-
sions; statistics of access delay. Numerical experiment demonstrate the accuracy of the proposed
analytical model in the form of Markov chains.

Key words and phrases: LTE-advanced, machine-type communications, random access
channel, Markov chain, access success probability, average access delay
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PaCHpOCTpaHeHI/Ie HEeJINHEMHbBIX BOJIH B COOCHBIX (1)1/131/1qule1
HeJIMHETHbIX OIUJINHAPHAYIEeCKHUX O60.TIO"IKaX, 3aIll0JIHEHHBIX BSI3KOI1
KNIAKOCTBIO

I0. A. Biunkos*, A. B. Mecsamxunu', JI. I. Morunepuqt

* Capamosckutli HaUUOHAALHVIT UCCAE008AMENBCKUT 20CYIaPCMEEHHBIT YHUBEPCUMEM,
um. H. I Yepnvuesckozo
ya. Acmpazanckaa, 0. 83, 2. Capamos, Poccus, 410012
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ya. Boavwas Cadosas, 0. 239, 2. Capamos, Poccus, 410005
¥ Capamoscruti zocydapemeerinoii mexnuveckul ynusepcumem um. FO. A. Tazapuna
ya. Hoaumexnuueckan, 0. 77, e. Capamos, Poccusa, 410054

B coBpemMenHO#1 BOTHOBOI JIMHAMHUKE M3BECTHBI MATEMATHIECKUE MOJIEITN BOJTHOBBIX JIBUYKEHU I
B OECKOHEYHO JIJIMHHBIX T€OMETPUYIECKN HEJTUHEMHBIX 000JI0UKaX, COJIEPXKAINX BSI3KYIO HECIKU-
MaeMyIo KUJIKoCTh. OHU MoJTydYeHbl Ha 6a3e CBA3aHHBIX 3329 THAPOYIIPYTOCTH, OMUCHIBAEMBIX
YPABHEHUSIMU JTUHAMUKH ODOJIOUEK W BSI3KOW HECKUMAEMOU >KUIKOCTHU, B BUJE ODOOIIEHHBIX
ypasraennii Kopresera nme Bpusa (KnB). Takxke MeTOmIOM BO3MYIIEHWI TI0 MAJIOMY MAPAMETDY
3a/1a9¥ TOJIyYeHbl MaTeMATUIEeCKHe MOJEU BOJIHOBOTO IPOIECCa B ODECKOHEYHO JJIMHHBIX Ieo-
MEeTPUYECKN HEJTUHEHHBIX COOCHBIX IMUJIMHIPUIECKUX YIPYTHX ODOJOUKAX, OTJIMYAIONIAECS OT
U3BECTHBIX YYETOM HAJTUYIUSA HECXKUMAaEeMOil BS3KOM YKUJIKOCTH MeXK Iy obosjoukamu. Ha ocHoBe
CBSI3aHHBIX 330249 TMAPOYIIPYTOCTH, KOTOPBIE OMUCHIBAIOTCS Y PABHEHUSIMU INHAMUKN 000JI0UEK U
HECXKUMAaEMOM BSI3KOM YKUIKOCTU ¢ COOTBETCTBYOIIUMU KPAEBBIMU yCJIOBUSIMU, IOy Y€HBI CUCTE-
MBI 0000mEéHHBIX ypaBHeHuit KnB. B npescrasienHoit pabore IpoBeIeHO UCCIIEI0BAHNE MOIEIN
BOJIHOBBIX SIBJIEHUH JBYX (PU3UUECKH HEJIMHEHHBIX YIPYIUX COOCHBIX IUJIMHIPUIECKUX 00O0JIO-
qek Tumna Kupxroda—Jlsasa, comepkammux BI3Ky0 HECXKUMAEMYIO KUJIKOCTh, KaK MEXKJIy HUMH,
TaK ¥ BHYTpH. /I pacCMOTPEHHBIX CUCTEM YPaBHEHUI C yIETOM BJIUSIHUS YKUJKOCTHU C ITOMO-
IO MOcTpoeHus Oas3uca ['pébHepa moJydyeHbl pa3HOCTHBIE cxeMbl Thia Kpanka—Hwukoscona.
st reHepanyu 3TUX Pa3HOCTHBIX CXEM HCIOJIB30BaHbI 6a30Bble HHTErPAJIbHBIE PA3HOCTHBIE CO-
OTHOIIIEHNS, KOTOPBIE AMMPOKCUMHUPYIOT MCXOIHYIO CUCTEMY ypaBHeHwmii. [IprMeHenre TeXHUKI
6asucoB ['pébHEpaA TTO3BOJISIET T€HEPUPOBATDH CXEMBI, JIJISI KOTOPBIX C IIOMOIIBIO SKBUBAJEHTHBIX
IpeobpPa30BaHUNl MOYKHO IOJIyYIUTh JUCKPETHBIE aHAJIOTH 3aKOHOB COXPAHEHUsI MCXOJIHBIX JTUd-
depennmaabHbIX ypaBuenuit. Ha ocHoBe pa3zpaboTaHHOTO BBIYMCIUTEIHHOTO AJITOPUTMA, CO3IAH
KOMILJIEKC ITPOTPaMM, MO3BOJISIIONIAI TOCTPOUTH I'PAMDUKYU U TOJYIUTh YNCJIEHHBIE DEIeHUsT 3a-
na4a Ko mpu TOYHBIX PENIEHUSIX CUCTEMbBI YPABHEHUM IMHAMUKH COOCHBIX 0D0JIOUEK B KAYECTBE
HAYAJIBHOTO YCJIOBUS.

KJ'IIO“IQBI::IG cJIoBa: HeJUnHeTHbIe BOJIHBI, BA3Kad HEC2ZKUMaeMasd 2KUJAKOCTDb, IMUJIUHIPU-
JecKue ynpyrue ob0JI09Ku

1. IlocranoBKa 3aja4m

B coBpemeHHOI BOJIHOBOI IMHAMUKE OJIHUM U3 BayKHBIX HAIIPABJICHUI SIBJISIETCS U3Y-
JeHUe TOBEJIEHUs BOJH JAedopMarnii B ynpyrux obosodkax. [Ijs abCOMOTHO »KECTKOM
TpyOBbI ¢ KPYTOBBIM CEUCHMEM JIAMUHAPHOE IBUKEHUE BA3KOW HECXKUMAEMOU KWITKOCTU
1O/I JIefiCTBIEM IapMOHIYECKOTO 110 BPEMEHH iepelaJia JaBjieHns uccyepaosano B [1]. dus
TPyObl — yUPYTroil IMUJIMHIPUYECKONH 000JIOYKHU IPOBEJIEHO AHAJOIMYHOE HCCIIEIOBAHNE
B [2-5], a ¢ yuérom xkuaxoctu B [6].

Crarbsa nocrynuia B pegakuuio 19 cenrsopst 2016 r.
PaBora Beimonuena npu dbunancosoi noxaep:kke PODU (npoekr Ne 16-01-00175-a).
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IIpoGJiemMbl pacpoCTPaHEH st BOJIH B BA3KOYIPYIUX U HEJIMHEHO BA3KOYIPYTHX TOH-
KOCTEHHBIX KOHCTDYKIIUSX, B TOM YHCJe I[MIMHIPHIECKUX 000sI0UKaX, 6e3 B3auMoieli-
CTBUS C BSA3KOI HECKUMAEMOHN YKHJIKOCTBIO PACCMATPHUBAJINCH PaHee ¢ IIO3UIUU TeOPUN
COJIUTOHOB [7].

N3BecTHBI MaTeMaTHYECKHEe MOJEIN BOJHOBBIX JIBMKEHHUI B OECKOHEUHO JIJIMHHBIX
reoMeTpuuecKy U GU3NIECKU HEJTMHERHBIX 000s109KaxX [8,9], comepkanmx BI3Ky 0 HECKU-
MaeMyI0 YKUJIKOCTb, Ha 0a3e CBSI3aHHBIX 3aJad THIPOYIIPYTOCTH, ONMUCHIBAEMBIX YpaBHe-
HUSIMU JUHAMHAKH ODOJIOUEK U BA3KOH HECXKUMaeMOR YKUIKOCTH, B BHUIE OOOOIIEHHBIX
ypasuennit Kopresera e Bpuza (KuB). BeisiBiierbt 53deKTbl BIUSHUS BSI3KOWH HECKI-
MaeMOil »KUJIKOCTU Ha TOBeJeHHe BOJIHBI JedOpMaIni B ODOJIOYKE B 3aBUCUMOCTH OT
kodddurmenta Ilyaccona mareprasa obomouku. B yacTHOCTH, IpW HAJIUYIUU KUJIKOCTA
B 000JI0YKE U3 HEOPTAaHMYECKUX MATEPHAJIOB (pa3mdHble TPYOOIPOBOIBI B TEXHOJIOIH-
YECKUX COOPYKEHUSIX) BBISIBJICH SKCIIOHEHIINAIBHBIN POCT aMIUIATY/ bl BOJIHBL. B cirydae
OPraHU9IeCKOro MaTepruaJsia (KPOBEHOCHBIE COCY/IbI) HAJIMYUE XKHUIKOCTH IPUBOIUT K ObICT-
POMY 3aTyXaHWUIO BOJIHBI.

MeTo0oM BOBMYIIEHHMH IO MAJOMY IIapaMeTpy 3aJadd IMOJyIeHBl MaTeMaTUIeCKue
MOJIEJIA BOJTHOBOT'O ITPOIECCa B OECKOHETHO JJIMHHBIX NeOMETPUIECKU HEJIMHEHHBIX COOC-
HBIX I[JIMHJIPUIECKUX yIpyrux obosoukax [10,11], ormmyaromuecss oT u3BECTHBIX yUé-
TOM HAJUYNS HECXKUMAEMOU BA3KON YKUIKOCTH MEXKIy ODOJOYUKAME, Ha, OCHOBE CBI3aH-
HBIX 33189 THIPOYIPYTOCTH, KOTOPhIE OIMUCHIBAIOTCS YPABHEHUSIMU JUHAMUKHA 000JI0UEK
1 HEC2KUMAaEMON BsI3KOM >KUIKOCTH C COOTBETCTBYIOIIUMHU KPAEBBIMHU YCIOBUSIMH, B BUJIE
cucteMbl 0000ménnbix ypasuennit KnB. Boiasnersr adbdekTsr Biusgnns HecKIMaeMOit
BSI3KOM KHMIKOCTH MEXKJy 000JIOUYKAMH Ha IOBEJeHWe BOJIHBI jiepOpMaIiuil B COOCHBIX
obonoukax. Hamuuame BostHBI medopmarinit Bo BHeNIHe 000JI0UKe MPUBOIUT K BOSHUK-
HOBEHUIO BOJIHBI JedopMaImii BO BHyTpeHHeit 000/I0UKe, KOTOPOil He ObLIO B HAaYaIb-
HBII MOMEHT BPEMEHH, ¥ HPOMCXOJUT «IIEPEKAIKa SHEPruu» (depe3 CJIoil KUJIKOCTH) OT
BHeITHel 000JIOUKN K BHYTpPEHHel, KOTopasi COITPOBOXKIAETCS HEMOHOTOHHBIM TaJeHIEM
AMILJTUTY/IbI BOJIHBI BO BHEITHEH O0OJIOYUKE, W, KAaK CJIeJICTBAE, HEMOHOTOHHBIM CHUXKE-
HUEM CKOPOCTHU €€ pacrpocTpaHenus. [Ipm 3ToM BO BHyTpeHHEH 000JI0YKE MPOUCKOTUT
HEMOHOTOHHOE yBeJIMYeHne aMIInTYabl. BeaeacTsrue KomebaHuit aMIIATY/T U CKOPOCTet
C TeYEHNEeM BPEMEHU MX CKOPOCTHU W AMILJIUTY/Ibl BHIDABHUBAIOTCS.

PaccmoTpuM JiBe cOOCHBIE GECKOHETHO JIMHHBIE yIIpyTue 060/049Kn Ha puc. (1), BHyT-
PH KOTOPBIX HAXOMWUTCH BA3Kas HeCXKHMMaeMmas KUJIKOCTh. [llupuHa e, 3aHIMaeMOit

JKHJIKOCTBIO 0, PAJINYC CPEJIMHHON MoBepXHOCTH 060109k R; R = RM — h[()l) /2 — BHYT-

i it 06 . Ry = R® 4+ h(Y /2 — i i
peHHuit pajuyc BaernHeil 0bomouku; Ry = + hy' /2 — BHemHUit pajnyc BHyTPeHHeNl
o6omoukm; Ry = R(?) — héQ)/ 2 — BHyTpeHHmii pajmyc BHyTpenHeit obomouxn, R, R(?)

, , , 1) (2
— PAJMyChl CPEJMHHBIX IOBEPXHOCTEl BHENHEH 1 BHYTpeHHEl 060/104eK; h(() ), h(() ) — ux
ToUHbL. Bee MexaHnUecKue IepeMeleHnsi BHy TPeHHeH 000I09KH 0003HAUEHBI HHJIEK-
coM (2) cBepxy, a BHemHelr — unjekcom (1).

Puc. 1. Yprrne O0EeCKOHEYHO AJIMHHBbIE€ COOCHBbIE€ INUJIMHAPpUYeCKue 000J/I09YKHU
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3alnuchiBasl ypaBHEHUE IBUXKEHUsI JIEMEHTa IUJIUHIPUIECKON ODOJIOUKH B IIepeMe-
menusx Ajs mogenun Kupxroda—JIsgsa, cauraeM Marepuas HEJIUHEHAHO-YIPYTHM C Ky-
OmUIeCKOil 3aBUCUMOCTHI0O WHTEHCUBHOCTU HAIPSIXKEHN 0; OT WHTEHCUBHOCTHU JedopMa-
nwit e; [12]:
o, = Fe; F me?,

riae E — moayns FOHra, m — KoHCcTaHTa MaTepuasa, KOTopasl OIPeeIsieTCsl U3 OIIBITOB
Ha CXKaTHe WM PACTsKeHNe.

YpaBHeHUE [BHKEHUS HECKIMAEMON BSI3KOH JKUJKOCTH M yPaBHEHHE HepPa3pbIBHO-
CTU B IWJIMHJPHUYECKOfl cucreme KoopauHar (r, ©,x) B cilydae 0CECHMMETPUIHOIO Tede-
Hust 13, 14] 3anucsiBarorcst B BUE:

6%—1—‘/%—1—‘/8%—1—1@—1/ 0%V, laVr 32‘4«_&
ot " or Tor  por or?2 r Or ox2 r2 )’
oV, oV, oV, 10p 0*v, 10V, 0%V,
Vi Ve -5 = = ; 1
ot ar T 8x+p8x V(8r2+r or | 022 o
v, Vo Ve
or r oxr
Ha rpammme oGosouex u KuaKoCTH Ha puc. 1 mpu r = R; — W) ppmosmsores

YCJIOBUS TIPHJIAIIAHNS KUJIKOCTH [14]

oU® LAV, L OV, ow (@) OV, SOV,
=V, yOz e’z _ =V, UOZr @ 92
a1 R ar a1 T o

31ech t — BpeMs; T, T — IMUJIUHIPUIECKHE KOOPIUHATHI; Vi, Vp — npoexnun Ha ocu
[UUTHHIPIYECKOil CHCTEMBI KOOpAHHAT BeKTopa ckopoctw; U(Y) — mpomombroe ympyroe

nepemerrenne 06071049k 1o ocu x; W — mporu6 060/104KH, HOIOKUTEIBHBINA K IEHTPY
KPUBU3HBI, R — BHYTPEeHHUI payc BHEITHEH 000109KH; Ry — BHEITHUH paInyc BHYT-
penneii 060si0uku (Ry = Ro + 0); § — TOJIIUHA CJI0s YKUJIKOCTHU TIPU KOJIBIIEBOM CEYEHUN
TpyOBI, ¢ = 1 OTHOCHUTCS K BHEITHEH, & ¢ = 2 OTHOCHUTCS K BHYTpEHHEH 0DO0JI0OUKe; p —
JABJIEHNE B YKUJIKOCTH; ) — ILIOTHOCTD YKUJIKOCTH; ¥V — KMHEMATHIEeCKUil KOI(DDUITHEHT
BS3KOCTH.

YpasHenus JuHaMUKK (bU3HIECKU HEJIMHEHHON 060J0UKY 3allChIBAIOTCS B BHE 15,

16]
ER{” 4 W 4m
= [ |\g@ : 1x -2 _
-2\ |7e TMRE |\ T3E

—poh$"UY =~ — G, (i — 1),

e /" wo L e WO (3)
1 _ M(Q) 12 rrre E (,LLO z R() > X
> .

4m , W 2 W@
= (@ 77 (%)
e <<UZ RU)) +UD

HpohP W = (=1)" " gy + Gu(i — 1).

w2 W
@ _ W (i)
<Ur R(i)) U R

X

31ech g — kKoadpduruent Ilyaccona, pg — IJIOTHOCTH MaTEpUaJIa 060JI09EK; & — IIPO-
JoJIbHAST KOOpAnHaTa. HKHIMe WHIEKCHI y IepeMeIeHnii 0003HaTa0T COOTBETCTBYIOIINE
JaCTHBIE TTPONU3BOIHEIE.
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HaHpH}KeHI/IH CO CTOPOHBI CJIOA 2KUJIKOCTU OIIPpEeaEJIA0OTCA (bOpMyJ'IaMI/I

Gn = [PM cos (—ﬁ("), ﬁT) + P, cos (—ﬁ(i),fﬂ .,
r=R;— W)
_ _*/(i-)\* ) (_/,(leﬂ
Qx {Pm cos ( Y n,. ) + Py, cos [ —nl) g R (4)

oV, ov, 0V, oV,
Prr:_ 2 ,Pra:: 7P;mc:_ 2 .
Pt P or py<8r +8x> Pt arr

B moaxome Ditmepa 3mech mmeeM

— R, — W — R; — W® gw (@)
cos (—n(l),nr> =" _——  cos (—n(l),z) - _ _ ,
Y N o=
ow
(f\_> . 1 (j_\_) . Ig/w
cos (—n,n, ) = , cos(—n,i) =

(1+ (m)?) (1 ()" ©

|N‘:<Ri_W(i)) 1+<8V8[;(i)>2 5.

31ech . — HOPMaJib K CPEIUHHON IMOBEPXHOCTU -l 00OJIOUKH, T, ¢ — OPTHI basuca

(r,©, ) MUINHAPUIECKON CHCTEMBI KOODJUHAT, EHTP KOTOPOH PACIOJIOXKEH HA TeOMeT-

pudeckoit ocu. Eciu cHecTn HanpsikKeHUsl HA HEBO3MYIIEHHYIO MOBEPXHOCTH OOOJIOYUKH,
o g o

TO MOYXKHO CUUTATh — = N, U COS (—ﬁ, ﬁ,n) =1, cos (—ﬁ, 1) = 0. Hanpsizxkenusd G, ¢, cO

CTOPOHBI XKUJIKOCTHU, KOTOpasl HAXOAUTCST BO BHYTpPEHHeH 000J0UKe ONpeIesIsieTCsT TeMU
ke opmysnamu (4), (5), B KOTOPBIX IJIOTHOCTD YKUJIKOCTU p, KOI(DMUIMEHT KuHEeMaTH-
YeCKOH BA3KOCTHU U.

2. YpaBHeHUs AMHAMUKHN 0DOJIOUEK

IIpunumast jyuHy BOJHBI | 3a XapaKTEpHBI pa3Mep U 0003HAYAs aMILIUTYIY ITPO-
JOJILHOTO TEPEMEIIECHUS Uy, U TPOTUda Wy, , MEPEXOANM K 6e3pa3MePHBIM II€PEMEHHDBIM.

w® — wmu:(;), U® = umugi), t* = CTOt, z*
31ech ¢y — CKOPOCThb 3ByKa B 0DOJIOUKE.
ITonaraem
T:€<<1, T:O(é‘:z), R(l):O(é?), ?:O(S’)

Beeém nosryxapakrepucruieckue (6eryime) KOOPJANHATEI U PACTSIHYTOE BPEMsi
E=a" —ct*, T=ct", (6)

rae ¢ — Heu3BeCTHad 6e3pa3MepHaﬂ CKOPOCTBH BOJIHEBI.
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1 Bh{’

i) o1
] 1_7‘1% = poh(() )037, TTOJTY UM

Pasznennm o6e wactu 1-ro ypasuenus (3) Ha

(5[40 - i s?|

4m [ Um\2 (4)2 wnl @) @) wanZQ (i)?
x {1¢ 3E (T) (ulf B umR(i)ulfu3 + U%R(Nu?’ E_

(g + G, (i — 1))
pohy 3

- <c2u§g€ - 2Ecu§£)7 + 52“527) =—

1 ER  pohl) 3
R(Z) 1 M% = R(l) , IIOJIYIHUM

Pasznennm o6e wactu 2-ro ypasHenusi (3) Ha

1\ 12 Ty Usssee T THOME G s

4 rum\2m [ (52 N OO wp,? ()2
. {113(1) E<“w T unROUEN T s +

mR(Z) 3 3 7 N (—1 ot n ~n — 1
o B ((zguézf)é — 28CU§Z§)T + 82U§,T)T> = RW (D) + Gl )

(i)? i
“m<ho wn Y ) [ (i), _Wml u(i)} "

pohg 3
Pa3zozkuM ynpyrue mepeMerteHnst 0 CTEIEHAM £ = Uy, /1:
ugi) = uglo) + euﬁ? + ..., ugi) = uz(,fo) + Euz(,fl) + ...,

[OJICTABUM UX B yDaBHEHUs, Pas3jesiuM 00e 4acTH ypaBHEHHil HA & = U, /l u, ocraBisis
yirens! €0 u el momyamm

(i) wml () (i) Wl Gy __Am 2
f10g = Koo Gy a0 £+5 Yiiee MO Tpm st T3 R (T) %

i) 3 Wil 3y @ i Wl Wl ° )3
’ [uﬁo)g = (Lt o) ot (u(m)ﬁ_u R(i>“§3> - <u R<i>> i H :
m m m E

20,08 4 5 (s
9 (i) (i) 1%(qz” + Gu(i — 1))
- c2u§055 - 5c2u1165 + 2ecuyge, = —

)

U poh$) 2

@ o _Wml ) (1) Wil _ Gy A m (U 2
— Holyge + Uy, R Usg €\ THoUg T+ U RO Ya1 T3, (T) %

)+
(_1)i_1 Gn + qn(z - 1)
Umpohl 2

3 3
G) 3 wml Gy @) (6 wml () Wil (i)3
x {Nouwg — (14 po) 10 UjpeUsg (“wg T wn RO u30> - (umR(i) Uz

wy R

- C2u(i)

306¢ R
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IIpupasauBas Hymo Ko3ddurments! npu €0, 6yeM nMeTh cUCTeMy ypaBHeHHIl

% wml 7
“go)gg T HORG éo)g 02u§0)§§ =0
7 ml 7

l
N3 sroit cucremsl cieyer, 4To uwg(l :(30) = ,uougo)g, (1 —ut—c )ugo)gg = 0. Cie-
m

JIOBATEJIFHO U19 — IIPOU3BOJIbHAST (DYHKIHS, & be3pazMepHast CKOPOCTh BOJIHBI B 3aMeEHE
koopuHat (6) umeer snadenue ¢ = /1 — p2. I[Ipupasausaem kosddurmenTs! pu € B
MPABBIX U JIEBBIX YACTSIX YPABHEHUI U yUUTHIBAEM IIPEJIbIIYIINE PE3YIbTATHI, TOLIA TI0-
JIyqaemM

wml G 4m [Um\2
M?)Ugl)g Ho ]"-é( B) :(n) + 3Ee (T) (1 - N(QJ) (1 — po + Mo) “go)g +
13
2

I o
+2¢/1 Ho“io)Tg 72»2(%&) + @2(i — 1)),

EUmPo hé )CO

Wil 1 R®? ; (=D "gn+ (i 1)
—pouUi1e + R( By él) + - T —5 Mo ( #0) ugo)ggg = R

6ump0h( )CO

VwMHOXKHM 006 9acTH BTOPOTO YpaBHEHUs Ha [ig, Tpoanddeperupyem 1o &, 3aTem
BBIYTEM €I'0 U3 IIEPBOI0 YPAaBHEHHS U PA3/EINM 00€ YaCTh IMOJIyIEeHHOI'O YPAaBHEHUS Ha

24/1 — p3. B pesyabrare mosryauM cucTeMy ypaBHEHHIA

(@) +1(R(”> uo\/l—uo L)
&

1067 ;i Uiogeee T

2Mm [ U\ 2 9 @) 2 (§) 1 12
+ Fe (T) (1 — Mo + :“0) \/ 1 - ﬂo“wg Uioee = 5

@ 2"
2 =5 EUm Pohyg ’ C(Q)

|:()+q(zl) uoRl(i) (%qg(l)“ (ll)aaqg)] (7)

B ciyuae, korzia XKUIKOCTDH OTCYTCTBYET, IIPAaBasl YaCTh YPABHEHUN CTAHOBUTCS PABHA
HYJTIO, U TIOJIYIaI0TCS He3aBUCUMbIe MOIMMUITNPOBaHHbIe ypaBHenus Kopresera e Bpuza

(MKxB).

3. OmpeneneHne Hanpsi>KeHuil JeHCTBYIONINX HA O0OJIOYKHU CO
CTOPOHBI >KUJIKOCTH

3.1. KoJublieBoe ceueHne

Beeném GespasmepHblie IepeMeHHbIE U IapaMeTPhI

Co
— Uy, Vo =wp

c c
i —Ovm,r:Rg—l—ér*, t'=—t, 2= -

J

) Wi, Wy, Ro €
P+ =— =90(1 = — = —— = —
po, ¥ Ry o(1); A 1) Ry 6 O(zb)’

V= wn

_ prcolwy,

03
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W
Ry

N[

?ziﬁ:ws.

R; 1

Bo BBenénnbix 6e3pa3MepHbIX MEPEMEHHDBIX MMOJIYIUM YPaBHEHUS THIPOINHAMIKI

ON* fdeod [ovr (v O\ OP
l v 1| ot* U’"ar* Uzax* or*

<(5>2 [82vr ) Ov, 52w, 5% 9%,

- + -+ :
l or<? " Ry (L44=) Or*  R2(1+14p.)” 12 Oz*?

dco 0 | Ovy L v, L O0vg or v, i o O0vg n 52 0%v,
— Vp o + Ve = T Aas
v 1 | ot or* Ox* Or*  Or*? Ry (14 ) Or* 12 Ox*?
ov, n OV, n Ovy 0
or* " Ry(1+-)  Ox*
7 TPAHUIHBIC YCJIOBUS
0 U, 8u§i> Um O (i) OV (i) OVg
Twm 0t " w1 g M G
8u§i) U 0 (i) Ovy (i) Ovr
— =0, + —=A\ - A
ot* vrt Wy | “ ox* U3 or*
upu r* =1 — /\ugl) ur*= —)\u:(f).

IMonarast Teneps 6/l = 0, §/Ry = 0 (mymneBoe npubsmxkenue 1o /1 — rujpoauHaMu-
€o

YecKasi TeOPHsi CMa3KH), & TaKzKe 7, = 0 — moJsIByIIme TeYeHus, MOIYIUM YpPABHEHHS
TUIPOIMHAMUKI v
oP oP  03v, ov,.  Ovy
or* 7 dx*  Or*?’  Or*  Ox*
f?lL(i)
U TpaHUYHBIE YCIOBUS: U, = — 6;‘ , Ve =0mpur*=1-— )\ugl) ur*= —/\ugf). Packuia-

AbIBasd JaBJICEHHE U KOMIIOHEHTBI CKOPOCTHU IIO CTEIICHAM MaJIOr'o ImapamMeTpa A, nMeeM

P=P 4+ AP + .., v, =00+l + . v, =00+ Al +

,B;J'ISI IIEPBLIX YJICHOB PA3JIO2KCHUA IIOJIYINM Te€ K€ YpaBHEHUA

oPY OPY  9%Y o) o) 0
ar* 7 Oxr  Or*2’ or  Ox*
U IPAHUYHbIE YCJIOBUSI
o (1) b (2)
v?:—gt?’*;vg:o opu 1 =1, v?:—gf*;vg:o opu 7" = 0.

C TOYHOCTBIO JI0 1, A MOJIyIUM

—_ =
cos | —n,n, | ~1, cos|(—n,1)~0,
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i WynCo | Ovgs n 52 ovy Wy, Co OV
= pv — ~ pv
o= P52 or T 20w ]| g T PTG | =
r*_l,muU) TT:l*)\ugl)
1= 5 3
prcolw, Wy Co OV preglw, 52 v,
— POUm p 4o - p—22 %) _
an 5 R T e 2 or

5\2 9 preglw,y,
= 7 :;Z)igi %—po—ié_g P

N3 ypaBHuenwuit 1BMKeHUS KUIKOCTH MOIYIAEM C YIETOM IPAHUYIHBIX YCJIOBUM

*2 * [0]
r*° —r* 9P
ST e ®)

[ToxcraBisisi B ypaBHEHNE HEPASPBIBHOCTH, TIOTYINM

ov? _ _7“*2 —r*92po (9)
ors 2 Ox*?’

Torma, yanTeiBas ycaoBus npu r* = 0, mosydaeM

o

3ué2) 1 <r*3 B 7"*2) o2pY

33 =y

U T T o T 2 (10)

VioBmeTBOpsis yeaoBusM npu ¥ = 1, Haitaém
P _ ous?  oul! oP" _ / ous?  oul L
Ox*? ot* ot |7 Ox* ot* ot* ’

8u(2) au(l)
0 __ 3 3 * *
P_12/[/<5’t* 5 dz™ | dz”.

IIpu sTom nmeem

oul?  oulV o oul?  oulV
0 _ (%2 =« 3 Yuj * z _ * 3 _ 773 *
v, = (7“ r )6/ ( T 5 dz*, e (2r 1)6/ 5 T dx*,

=6 / ot 0w e 2 / ous ] Ou7) gy
. ot ot Oty ot* ot* ‘

B pezysbrare HalinéMm

o (1) o (2) o (1) o (1) o (2) o (1)
P0:12/[/< gzo —c gzo + ec gzl —€ gf_o —ec g? +e 330 dé| dé =

1 2
— 21— [ (ud) - ) e

vl

€T

or*
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1 pOVCOlwm \/7 / (1) (2)
124/1 —p Usy — U df,
00 h(z) 2 h(’) 2 0 30 30
1 8qn prcolwy, (1) (2)
T 5 ar 71»12\/1—M (“30 _U30>
poh’cd 96 §3pohi 3

YuureiBasi, 4TO wmluéo) = ,uoumR(Z ugo)g’ HaIEM

L Oy o B n O]
pohéz)c(g) (’95 53P0h61)00l140 10¢ 10&

6 aq
(&) — n i

3.2. KpyroBoe ceueHue

PaccmarpuBas kpyrosoe ceuenne, BBeiEM 6e3pa3sMepHbIC IEPEMEHHBIE U TAPAMETPDI

1
VT = meTOUT; Vx = wm]c%(;vxa rt = Rig t* lot, p— 7.73,
prcolun, Ry ) .
= " ""p i — =1 =0 ( ) A= -0 _
U S G = 0(e)

B sTtux IIepeMEeHHbIX IIOJIYYHNM ypaBHEHUA T'MAPOJNHAMUKN

Rscq [Ov v ov oP

2 3C0 T T T o

v {ﬂ’ v [8t*+)\< v TV wax*)%ar*}_
_ 2 [6 vr 1 ov, 0%,

— .2
or*2 T orr 92

2
0“v,
ox*? |’

+ 92

ngco (‘31}1_}_)\ U%—I—v% +8P_82vm+i8vm
v | ot " orx T O oxr*  Or 2 r* Orx

ov, v, Ovuy

=0
or*  r*  QJz*

U TPAHUYHBIE yCJIOBUS
U R Ou? U R ) dv,  ouy’ R d 9

m {13 1 mil3 | (2) OV (2) 0Ug Ug " Um L3 | (2) OUr (2) OUr

= Uy Auy —Aug ;= = Ut Auy —Aug
wy,l Ot Wyl ox* or* ot Wyl ox* or*
0 0
npu r* =1— )\ugf); Uy, Uy — OTpaHUYeHbl Tpu r* = 0: *((;): =0, r*a—vf = 0.
r r
IMosaras Tenepb ¢ = 0 (Hy/JaeBoe NpUOIMIKEHUE TI0 1) — THIPOJANHAMUYIECKAsT TEOPUsT

Rs Co

cmaskm [17]), a Takxe 9
U IPOTUHAMUKI

8P_0 OP 1 0 <*va) 1 0 Ovy,

= 0 — nonsymue redenus [18,19], mosyvyaem ypasHeHust

or* "9z Or*

- " or* (T*UT) + 5 =0.
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PackiazapiBas j1aBiieHne 1 KOMIOHEHTBI CKOPDOCTH II0 CTEIIEH:AM MaJjIoro mapaMerpa A:
0 1 0 1 0 1
P=P + AP + .., vy=v,+ ;+.., v =0v,+Av,+ ..,

JJId IEPBBIX 9JIEHOB paBJIO}KeHI/Iﬁ IIOJIYIHUM Te€ 2K€ YpaBHEHUA

opr° or’ 1 9 av 10 ,, o O
=0, = — — (r v,_) + =0
ar* or* r* Or* 87“* r* Or* or*
U TPAHUYHDIE YCJIOBUS BUIIA
P (2) mRs 0 (2) O O
00 = — gtg* , )= uwmlg gtl* opu r* =1; r* 3:: =0, r* 81; =0 opu 7* = 0.

OnpenesiuM Terepb B 9TUX MEPEMEHHBIX HAIIPAYKEHUsI CO CTOPOHBI XKUIKOCTH Ha, 060-
sgouke. C TOYHOCTBIO JI0 A, ¢ mMeeM

Ry (1= ) »

Rs (1 _ Au§2>) (1 g2 ) ’
M2 R (1 - Aug@) »

R (1= 2f?) (1 FPWL s ) |

/\
cos (n,n, | =

cos (ﬁ,z) = —

. _COWm [3% 4y 81}% Wy U 50U,
X - V—>a— A C )
K P R% r*=1f)\u§,2) R3 Rgcop Oar* r*=1
. PUCOWm! W Co OV, Wy, l v,
W= | —po = XYY p 4 955 ~ —py — P.
1 [ PR U TR o } R Y (R(?)) Ryco”
Tlonyuaem
v ov AU
Go = A\ —pcg— . Gn=—po— — oP. 11
q RgCO 09, N qn Po ¥ Ry 0Poco (11)

Permenue ypaBHeHuii ruIpoJinHAMUKH JIETKO MOJIYYUTH (3TO KJIACCHYECKUe YPABHEHUST
PHJIPOJIMHAMUYECKOT Teopun cMas3ku). 13 ypaBHEHUil JBUKEHUST MMeeM

Uy R3 5‘u§2) n r*2 — lai % _ upR3 82u(12) n r*2 —1 9%2P
wpl  Ot* 4 9x*’  Ox*  wyl Oxr*ot* 4 Jxr?

Vyp =

3/1ech yuTeHbl I'DaHUYHble yCJIoBHUs npu r* =1, r* = 0.
IloscraBisiss B ypaBHEHUE HEPA3PBIBHOCTH, II0JIyYaeM

1 0 (rv umR3 82u§2) 2 —1 %P
— r*vf) = — - )
r* Or* T Wyl Ox*Ot* 4 9r*?

Torma, yanrsiBas ycaoBus nipu r* = 0, TOJTyIUM

Ur= 2 Wyl 5‘:6*(%* 4

7% Uy R3 82 1 (r*3 r*) 9%’P
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V0oBIeTBOPSIsS TPAHUYIHBIM YCJIOBUSIM TIpu 7* = 1, Haligém

0*P

Or*2

Luy, R 82u§2) 8ué2)
2 wy,l Ox*ot* ot*

WMurerpupys, momyaum

oP LupRs 02u?  oul? 0 1ung ye / @)
=16 [ |= - dz* =16 da* | ;
P / 2 wml 0z ot ot |7 ot ol Us T
0 1UmR3 2 2 * *
P:16/8t* [2 o ug)—/ué)dx]dm ,
vy r* 0 1u,,R3 (2) (2) 0 [1unR3 2) ()
-t — _— 16 dz* =38 — — dx*| .
o | ., 2o [2 Wil /“3 T o 2wl /“3 v
YaureiBasi, 9T0 BBeJEHBI nepeMeHHble (6), HANJAEM € TOYHOCTBIO JI0 € M C yUETOM
cesizu (11)
U R3 R® W),
P=28/1—u2 2 —1
Ko wil { Ho Rs
IIpu sTom
ov U R3 R® ou'?
- =4y/1— pd—" 20 —— — 1 —22.
o ., Ho= { HO R, } o€
T Wml () _
Orja y4YUTBIBAsA, YTO Usy = HoUl0g, TTOIydaeM
miLl3
R® 93, v, R® ould
pcidy /1 — 1—(2 10 12
T B T T Ryes "0tV L l (uo R3> o€ (12)

4. VYpaBHEHUS JUHAMHUKHU C YUETOM HAJMYUS YKUIKOCTUA MEKY
000JI0YKaMM M BO BHYTpPEHHeil 000J/101uKe

Cucrema ypastaenwuii (7) ¢ yaéroMm HaiijieHHO# 1ipaBoii wactu (12) npumer Buj
1 1 M \/ 1—pwd a 2m [ Upm\2 1 1
“go)gf t-\ 7 . . go)gggg + ( ) (1= po + p3) V51— Nougo)g ugo)gg‘F
€ l Ee \ |
3
pl v (R d (1) (2)
62 —— — 1+ —— [ ] 0,
MopOhO RCOE (5) |: + 2,LLOR:| u10§ ulO&
(2) \/ L— g, (2) 2m (um \? 22 (2)
Urogr + ( I ) : Uiogeee T Ho ( lm> (1= po + pg) /1 - HoUige Ungeet

3 ~ -
pl v R 0 (2) (1) pl U W2
612 —) [1+—= — 2(1—4 0.
- Mopoho Rcge <5> [ - 2#03} {umg “105} ( #o) poho Reoe f10g =
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]
9y R2
1 2
IIPA 3TOM IOJIOXKEHO hé ) ~ h(() ) ~ ho. MoxxHO Tak>Ke BBeCTH 0003HAYEHUS “105 = ¢3¢0

uﬁ%)g =c30?, n =1, t = co7, THE

h
3/1eCh ¢ IPUHATONR TOTHOCTHIO EO ~ O (¢) = 1) < 1 oboznageno R ~ R®) = R,

2 3
ol R) [ 5 ( 2
ey =6pi—— [ = 1+ e mm—
2 M0p0h0€ (6 2/1,0R 1 /1 — ‘u,0
_ 2m [ Uy, 0301
o= |t () (=m0 s }

1—4u? (6 )
R ]
3G R/ pv 2uoR

Ilosnyuaem cucremy ypaBHeHunit

2
4 ol F 66076 + 6 — ) =0,
2
) 4 6@ £ 6p>) ¢£72) + 6@ — M — 5@ =,

nnm

(13)

Cucrema ypasaenuit (13) umeer B KauecTBe TOUYHOIO PEIIEHUs] C BEPXHEM 3HAKOM —

2
pu 661 qb,gl) unpu o = 0 (oTCyTCTBHE KUJKOCTU BO BHY TPEHHEH 000JI0UKE) CJIELYIONIee
TOYHOE PEIeHne

¢V = ¢ = Etanh (kn + 2k°1) . (14)

5. YwmcaeHHoe MogeJmpoBaHue

B paborax [20-22] pa3BuT moaxo1 K IIOCTPOEHHUIO PA3HOCTHBIX CX€M, OCHOBAHHBIN Ha
IIOCTPOEHUN TIEPEOIIPEIEJIEHHON CUCTEMBI PA3HOCTHBIX YPaBHEHUI, MOJIyvYaeMOil M3 all-
HPOKCUMAIIUN UHTErPAJIbHBIX 3aKOHOB COXPaHEHUSI U UHTErPAJbHBIX COOTHOIIEHUM, CBs-
3BIBAIOIINX UCKOMBIE (DYHKITUHU U UX TPOU3BOHBIE. B pe3ysibraTe pa3HOCTHAS CXeMa Olpe-
JeNSIeTCsT KaK yCJAOBUE COBMECTHOCTH JIJTs JIAHHOMN crcTeMbl. TaKuM 00pa3oM MOJIydaeTcst
pasHOCTHAs CXeMa, aBTOMATUIECKH 00eCIIeInBarolasl BBITOJHEHNEe HHTEIPAIbBHBIX 3aKO0-
HOB COXPAaHEHUsi 10 O0JIACTSIM, COCTABJIEHHLIM U3 IIA0JIOHOB MHTEIPUPOBAHUS MTOCTPOE-
HU.

Banumem cucremy ypasHenuit (13) B urTerpasbHoii hopme

f (o8 £2007) dt + ¢Way + / (60 = ) ey =0,
Q

89 (15)
f{ (—02) £20®%) dt + 6@y + //Q (62 — 60 — 06™ ) dtan =0

o0

-\ T
st 1060it obstactu 2. Jjis nepexojia K JUCKPETHOM (DOPMYIUPOBKE COIIOCTABUAM u® =

qﬁ(’)(tn, 7j) u BbIGEpeM B KadecTBe 6a30BOrO KOHTYD, HOKa3aHHbINH Ha pHC. 2.
JobaBuM WHTErpabHBIE COOTHOIIEHNUST

Mj+1 j+2
uDydn = uD (t,m41) — uD(t, ), / u®,dn = u® (6, nj40) — u®, (¢, ;). (16)

M35 5
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n+1

n >®-
J j+1  j+2

Puc. 2. Ba3osoii KoHTYp aJjis1 ypaBHeHus (15)

Ncnonb3ys st MHETErpupOBaHUS IO BDEMEHH U IIEPBOI IPOM3BOIHOM 110 1) hopMyTy
Tparenuit, a mo BTOPOil TPOU3BOMHOMN 110 1) (DOPMYILY CPEIHEro 3HAUESHUS U [oJIaras ty, 11 —
tn, =T, nj4+1 —nj = h, nepemumenm cooraorenus (15), (16) B Buge

(1) (1)n+1 . 1" _ (1 n+1
< ( Unp j + Ui uv(vn)j+2 unn)j+2 +

3n+l 3 gn+l T n+1 n
( 13 +u<1> L —uM L, —u® H)) 5+ (u(l)j+1 —u<1>j+1) - 2h +

n (( O 7, ) ( @7 +u<2);?+1>) Chr =0,

2\ 9)n+1 0" 9)n+1
( ( 7(777)] +u 7(777)3 ugm)]‘+2 _u7(777)j+2> +

n+1 n n+1 n n
i2<u<2)j+u(2>3j OOk )) g (<2> o U<2)j+1)'2h+

+
—|—<(u(2)?:11—|—u(2)?+1)—(u(l)?:l u® ) ( (2)”+11+u<2>;?+1>).m:o,

()" (i)™ NSO O op = O (Z)

(u Un i Tu 3) 9 Ui T s Uy 2h = Un jy2 i’
ITockonbKy maker [21] paboraer TOJIBKO B CJIydae JUHEHHBIX PA3HOCTHDIX HIEAJIOB, &
ncxonHoe nuddepennuanbaoe ypasaenne (13) HeIMHENRHO, 3aMEHIM HEJIMHEHHYIO 4acThb

BBEJIEHUEM JIOTIOJTHUTENbHON dyHKInn F @) = :|:2u(i)3. 3a c4éT BBIOOpA JOMYCTUMOI'O
yropsinoderns tak, arobsr v = u(?) = . = F1) » F() 3 3arem o nepemennsM n, j,
HeJIMHEHHAS JaCTh He OyIeT BXOIUTH B JIMIUPYIOIINE MOHOMBI CHCTEMBI IIPHU ITOCTPOEHUN
6azuca I'pébuepa u cTpyKTypa 6a3muca mo3BOJIUTH TPOBEPUTDH IIPUHAJIEZKHOCTD NCKOMOM
Pa3HOCTHOI CXEMBI.

B pesysbrare moJIyduM CJIeIyoNyo Pa3HOCTHYIO cxeMy jiist ypaBHernus (13), anaso-
rugnHyto cxeme Kpanka-Hukosicona g ypaBHEHUs TEIIONPOBOIHOCTA

uu);?“ _an

T —t
n+1 n+1 n+1 n+1 n
(u ji2 —2u 1) b1 T 2u(1 4 u(l)j_g) (u(1 — 24" a1t 2u( — u(l)j_z)
+ 413 i
3n+1 3n+1 3n 3n
F 2(u(1) e =)+ @ —u® 1*1)4—
4h
1yn+1 1" 9)yn+1 L

2 2
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u(2)?+1 —u®@"

- +
n+1 n+1 n+1 n+1 n n n n
(u(2)j+2 — 2u(2)3+1 _|_ 2u(2)j_1 — u(2)j_2) _|_ (u(2)]+2 — 2u(2)]+1 _|_ 2u(2)j_1 — u(2)j_2)
+ e +
gn+1 gn+1 3n 3n
- 2('“(2) 1 — U )+ (@® —a® j—1)+
4h
9)yn+1 L 1yn+l 1" 9 n+1 L
2 2 2 '

HO.HyLIeHHbIe HEABHBIC PA3HOCTHBIC CXEMbl MUMEIOT Ky6I/I‘{eCKy10 HEJIMHEWHOCTH JJIA
CJIEAYIOIIETO BPEMEHHOI'O CJIOH. HpI/I IIOCTPOCHUN DPENICHNd HCIIOJIb30BaHa CJIEAYyIOoIiasd
JIMHECApU3allnud

3 3 3, .3 2 2 3 . 2 3
Vi1 = Vi1 — Vg +UE = (Ukg1 — Uk) (Vg1 + Vk1Vk + V) + VR & Vg - 30) — 20k

KommaecTso mreparuit a1s poctazkerns Toaroctn 10712 Ha ciemyromeM BpeMeRHOM
cJioe, Kak npasuiio, He npepbimasio 2—-3. Ilar 1o Bpemenn ¢ GpaJicsi paBHBIM HOJIOBHHE
mara 1o mnepeMmentoit 7). [Iporpamma pacuéra 6bLIa HammcaHa Ha sa3bike Python c¢ wmc-
nosb3oBanneM nakera SciPy (http://scipy.org).

IIpu orcyTcTBUM KHJIKOCTH BO BHYTpPeHHEHl 000JI0UKe, KakK moka3aHo B pabore [10],
BO3HUKAET HeJIMHEHAs BOJHA JiehOpMAIlUN BO BHYTPEHHEH 000JI0YKe, B KOTOPOi €6 He
ObLIO B HAYAJBHBIH MOMEHT BPEMEHU, U AMILUIATY/IbI BOJH JeOpPMAIMA B COOCHBIX 000-
JIOYKAX CO BPEMEHEM HAYMHAIOT COBIAJATh. DTH aMILIUTY/IbI B JIBA Pa3a MEHbIIE UCXOI-
HOM aMIUIATY/IbI BOJTHBI AebOpMaIiu BHEITHeH 060/I09KN B HAYAJIbHBIH MOMEHT BPEMEHH.

BbImo/IHEHHBIE BBIYHCIUTEHHBIE SKCIIEPUMEHTHI, TIOKA3aHHbIE Ha PUC. 3, TIO3BOJIUJIN
OIIEHUTDH BJIUSIHUE BI3KON HECKUMAEMOI YKUJKOCTA BO BHYTPEHHEH 000JI0YKe HA TIOBEJIE-
HUe HeJMHEIHONW BOHBI 1edOopMaIuu Ipu 3HadeHnn napamerpa o > 0.

30

40 00

Puc. 3. I'paduku unciensHoro pemenusi ypasHeHuii (13) npu o = 0.7 ¢ HaYaJIbHBIM
ycaosueM ¢? =0 u ¢ ¢!, BasToro us Trounoro pemenus (14) mpu t=0c k=10.2

CHavaJia IPOUCXOIUT BIPABHUBAHNE aMILIUTY/I C UX JAJIbHEAIINM JIMHEHAHBIM POCTOM,
IIPU 5TOM yTOJI HAKJIOHA aMILIATYIbI BOJHBI OOJIbITe BO BHYyTpeHHel obomouke. Habirro-
JaeTCsl JINHEHHBI CHHXPOHHBINA POCT aMILIATYAbI BOJIHBI OTHOCUTEILHO BpEMEH! B 00ermX
obosouKax mpu 60JIee CUILHOM BO BHYTPEHHEH 000JI0UKe.
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Propagation of Nonlinear Waves in Coaxial Physically Nonlinear
Cylindrical Shells Filled with a Viscous Fluid
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Investigation of deformation waves behavior in elastic shells is one of the important trends
in contemporary wave dynamics. There exist mathematical models of wave motions in infin-
itely long geometrically non-linear shells, containing viscous incompressible liquid, based on the
related hydroelasticity problems, which are derived by the shells dynamics and viscous incom-
pressible liquid equations in the form of generalized KdV equations. Also, mathematical models
of the wave process in infinitely long geometrically non-linear coaxial cylindrical elastic shells
are obtained by means of disturbances method. These models differ from the known ones by
the consideration of incompressible liquid presence between the shells, based on the related
hydroelasticity problems. These problems are described by shells dynamics and viscous incom-
pressible liquid equations with corresponding edge conditions in the form of generalized KdV
equations system. The paper presents the investigation of wave occurrences of two geometrically
non-linear elastic coaxial cylindrical shells model of Kirchhoff-Love type, containing viscous in-
compressible liquid between them, as well as inside. The difference schemes of Crank-Nicholson
type are obtained for the considered equations system by taking into account liquid impact and
with the help of Grébner bases construction. To generate these difference schemes, the basic in-
tegral difference correlations, approximating initial equations system, were used. The usage of
Grdbner bases technology provides generating the schemes, for which it becomes possible to ob-
tain discrete analogs of the laws of preserving initial equations system. To do this, equivalent
transformations were made. On the basis of computation algorithm the complex of programs,
permitting to construct graphs and obtain numerical solutions under exact solutions of coaxial
shell dynamics equations system, was made.

Key words and phrases: nonlinear waves, viscous incompressible liquid, elastic cylinder
shell
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We consider the calculation schemes for solving elliptic boundary-value problems (BVPs)
within the framework of the Kantorovich method that provides the reduction of an elliptic BVP
to a system of coupled second-order ordinary differential equations (ODEs). The surface basis
functions of the expansion depend on the independent variable of the ODEs parametrically.
Here we use the basis functions calculated by means of the finite element method(FEM), as well
as the probe parametric surface basis functions calculated in the analytical form.

We propose new calculation schemes and algorithms for solving the parametric self-adjoint el-
liptic boundary-value problem (BVP) in a 2D finite domain, using high-accuracy finite element
method (FEM) with rectangular and triangular elements. The algorithm and the programs
calculate with the given accuracy the eigenvalues, the surface eigenfunctions and their first
derivatives with respect to the parameter of the BVP for parametric self-adjoint elliptic differ-
ential equation with the Dirichlet and/or Neumann type boundary conditions on the 2D finite
domain, and the potential matrix elements, expressed as integrals of the products of surface
eigenfunctions and/or their first derivatives with respect to the parameter. The parametric
eigenvalues (potential curves) and the potential matrix elements computed by the program can
be used for solving bound-state and multi-channel scattering problems for systems of coupled
second-order ODEs by means of the Kantorovich method.

We demonstrate the efficiency of the proposed calculation schemes and algorithms in bench-
mark calculations of 2D elliptic BVPs describing quadrupole vibrations of a collective nuclear
model.

Key words and phrases: parametric elliptic boundary-value problem, finite element
method, Kantorovich method, systems of second-order ordinary differential equations

1. Introduction

The adiabatic representation is widely applied for solving multichannel scattering and
bound-state problems for systems of several quantum particles in molecular, atomic and
nuclear physics [1-4].

Such problems are described by elliptic boundary value problems (BVPs) in a mul-
tidimensional domain of the configuration space, solved using the Kantorovich method,
i.e., the reduction to a system of self-adjoint ordinary differential equations(SODESs) us-
ing the basis of surface functions of an auxiliary BVP depending on the independent
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variable of the SODEs parametrically. The elements of matrices of variable coefficients
of these SODEs including the matrix of the first derivatives are determined by the inte-
grals of products of surface eigenfunctions and/or their first derivatives with respect to
the parameter. Thus, the key problem of such method is to develop effective algorithms
and programs for calculating with given accuracy the surface eigenfunctions and the cor-
responding eigenvalues of the auxiliary BVP, together with their derivatives with respect
to the parameter, and the corresponding integrals that present the matrix elements of
the effective potentials in the SODEs [5-7].

In this paper we propose new calculation schemes and algorithms for the solution of
the parametric 2D elliptic boundary-value problem using high-accuracy finite element
method (FEM) with rectangular and triangular elements. The algorithms were imple-
mented in a package of programs that calculate with the given accuracy eigenvalues,
eigenfunctions and their first derivatives with respect to the parameter of the parametric
self-adjoint elliptic differential equations with the boundary conditions of the Dirichlet
and/or Neumann type in the 2D finite domain and the integrals of products of the sur-
face eigenfunctions and their first derivatives with respect to the parameter that express
the matrix elements of the effective potentials in the SODEs.

We also propose a method of constructing the etalon potential in the auxiliary para-
metric BVP that allows the calculation of the parametric surface basis functions in the
analytical form. These functions can be then used for the reduction of the original 2D
BVP to the SODEs containing the additional potential matrix, representing the discrep-
ancy between the original potential and the etalon one, averaged with the basis functions.
The efficiency of the calculation schemes and algorithms is demonstrated by benchmark
calculation of the 2D BVPs describing quadrupole vibrations in the collective nuclear
model [4,8,9].

The structure of the paper is the following. In Section 2 the Kantorovich method for
solving the 2D and 3D BVPs is considered. In Sections 3 and 4 the 2D FEM schemes and
algorithms for solving the parametric 2D BVP and calculating derivatives with respect
to the parameter together with the corresponding matrix elements are presented. In
Section 5 the benchmark calculations of 2D FEM algorithms and programs are analyzed.
In Conclusion we discuss the results and perspectives.

2. Kantorovich method with the etalon potential
Let us consider the BVP in the domain Q(z ¢, z5) C R"™1 x R":

1 0 0 D(xzy;xs)
(‘fﬂ(xs)a:csfﬂ(%)amﬁ Fos ()

where D(x;x5) is a self-adjoint elliptic differential operator in the finite region
Qzg;zs) C R"~ !, E is the spectral parameter, corresponding to the energy of the
quantum system, fs(xs) > 0, Og, fsi(xs) and V(xy¢,x5) 0., V(zf,zs) are real-valued
continuous bounded functions in Q(zs,xs), and V(xs,x;) satisfies the Dirichlet and/or
Neumann boundary condition (BC) at the boundary 02 = 09Q(xs,xs) of the domain
Q(zs,xs) and the orthonormalization conditions

+V(xf,x5)—E) U(xs,xs)=0, (1)

<‘I’i|‘I’j>:/Q( )fs1(xs)\11i(xf,xs)\I/j(a:f,a:s)d:c’;fl dzs=0;;. (2)
TfTs

The solution ¥(xs,xs)EWZ(Q) of the BVP (1) is sought in the form of the Kan-
torovich expansion [3]

Jmax

Vilas,as)= ) ®;(zsa,)x5i(@s), (3)

J=1
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using the set of parametric eigenfunctions ®;(z¢;zs) € F(xs) ~ Wi (Q(zy;z5)) of the
parametric BVP in the domain Q(z;z5) C R"!

(D(xg;w5)—ej(ws)) B(xp;25)=0. (4)

For example, D(x¢;x) at n — 1 = 2 is determined in a conventional form in Section
3. To avoid cumbersome notations, below we will use the simplest definition of D(x; x5)

atn—1=1
2

Dlagias) = =55 +Volwgi 2, 9(2.)), )
f

where V,(xf;zs,9(zs)) is the etalon potential defined in the interval zy €
(:E}“i“(xs),:E;nax(xs)):Qxf(xs) and depending on the variable x; € 1, as a parame-
ter. We assume that these functions obey the BCs

@j(x?lin(xS);xS):Q (bj(m?ax(xS)QxJZO (6)

at the boundary points {zP™(z), 2% (24)}=0Q0, (), of the interval Q, (). The
eigenfunctions satisfy the orthonormality condition

PP ()

(;|D;) = / (i) Dy (2 ay) da =0, (7)

Irfx_\in (zﬁ)

Here e(zs) : e1(xs) < ... < €ju.(xs) < ... is the desired set of real eigenvalues.

During the simulation the etalon potential Vy(z f; x5, g(z5)) in Eq. (5) will be chosen
as Vo(zf; 26, 9(xs)) = V(xy,xs) or calculated separately for different values of z, € Q,,
from the conditions

ml;]ax (zs)

min [ (Vg V(i glen) doy, (s)
ng
w’f“i“(ms)

If this parametric eigenvalue problem has no analytical solution, then it is solved numer-
ically by the FEM: at n — 1 = 1 using the program ODPEVP [6] and at n — 1 = 2 using
the program, implementing the algorithm presented in Section 3.

Substituting the expansion (3) into Eq. (1) with Egs. (6) and (7) taken into account,
we arrive at the set of self-adjoint ODEs for the unknown vector functions x(V (z,, E) =

XD (@)= (), - xS (2)T € WR(Q,,):

1 d d
(_Ifsl(ajs) dixsfsg(xs)dixs—FW(fEs)—QE I+

+fs2($s) dQ(xs)+ 1 dfs2($s)Q(ms)
fsl(xs> dxs fsl(xs) dxs

) X (z)=0. (9)

Here I, W(z,) and Q(zs) are the jmax X jmax matrices

ei(xs) 5ij+fs2($s)Hij($5)+vij(g;s), L;j = 6i, (10)

Wij (l’s)— fsl(xs>

_fs3(33S)
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00i(zf;x5) 0Pj(x5;75)
Hij(xs):Hji(xs): / axs J@{L's d;ljf, (11)
xlfnin(xs)
I?lax(zs) 8 ( )
D (x;xs
Qila)=-Qulr)= [ Wulapiz) I . (12
mrfnin(ms)

The effective potentials V;;(zs)=Vji(zs) are calculated by integrating the difference
WV (xs,xs) =V(xy,xs)—Vo(zs; s, g(xs)) with the basis functions:

oc’;‘ax(zs)
Vij(xs)= / Qi(xf;25)0V (g, 25)P (s 25) day. (13)

a:;,“i“ (zs)

If the etalon potential is equal to the original one, V,(z¢; x5, g(z5))=V (xf,z,) then
Vij(xs)=0. If the original potential V(zf,z,) is presented in the tabular form, e.g.,
as in Ref. [4], then the etalon potential V,(z;zs,g(xs)) can be considered as a cer-
tain approximation or interpolation of the original one, and the approximation error
O0V(zs,xs) # 0. In this case the etalon potential V,(x¢;xs, g(zs)) can be determined
minimizing 6V (xf, z,) in accordance with the condition (8) of the least squares method.
Then the integrals V;;(x) of the approximation error 6V (x ¢, x5) averaged with the para-
metric basis functions are included into the final system of ODEs. It means that we take
the approximation error of the original potential into account and require the solutions
of the 2D BVP (1) to have the given accuracy, see, e.g., Section 5.4.

The solutions of the discrete spectrum F : By < Ey < ... < E, < ... obey the
BCs at the points xi={z™" z1%*}=0Q, , bounding the interval Q, and satisfy the
orthonormality conditions

max

X (@0)=0, xi=aP™ 2™, /fﬂ(l’s)(x(“ ()XY (w5) das=0y;. (14)

min
Ts

3. FEM algorithm for solving the parametric 2D BVP

Let us consider a boundary value problem for the parametric self-adjoint 2D PDE in
the domain Q%y = (xminy I‘max) X (yminv ymax)

(D(Jf y; z)—€i(2)) ®4(z, y; 2)=0,
) 10 B (15)

D=D(z,y; 2)=— f = = f5(r,y)—+U(z,y; 2),
(05 ) Gy o o) Wy U059
with the Dirichlet and/or Neumann boundary conditions
. 00, (x,y; 2
whjgt f2($7y)% =0or ®;(zs,y;2) =0, Y € [Ymin, Ymax)s

(16)
a¢l » Ys
yli_{%t f5(x7y)(axyy2) =0or (I)i(x)yt;z) = 07 S [$min7xmax]7
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where ¢ = min, max. Here z € ., = [2min, Zmax] 1S & parameter, the functions f;(z) > 0,
f2(x7y) > 07 f3(x) > 07 f4(y) > 07 f5(x7y) > 07 and 8mf2(x,y), ayf5(xay)7 U(x,y;z),
8U(g;y;z) and aq)igcz’y;z) are continuous and bounded for (z,y) € €, ,. Also assume that
the BVP (15), (16) has only the discrete spectrum, so that e(xs) : e1(zs) < ... <

€jmax(Ts) < ... 1Is the desired set of real eigenvalues. The eigenfunctions satisfy the
orthonormality conditions

pmax max

(@) // F1(2) ()i (2,3 2); (2, 2) do dy=o5. (17)

wlnln min

The FEM calculation scheme is derived from the variational functional

Tmax Ymax
0 i\, Y5 0P, » Y
@ip-cleg= [ ao [ au( st falea PG I ORI
Zmin Ymin
f1( )f5( )3‘1%(33,932) 8<I>j(:c,y;z)+

f( ) Jy dy
ey )i >f4<y><U<x,y;z>—e(z))@(x,y;z)). (18)

1. The domain A = [Zyin, Tmax] X [Ymin, Ymax) 1S covered by the system of n x m
subdomains A;; = [z;—1,2;] X [y;-1,y;] in such a way that A = J;_, U;~, Ai;. In each
subdomain A;; the nodes {7, f«):o and {y" P

Yy

T

P _ i T _ P o_ J y_

T;  =Ti1 +?T, hi=z;—x;_1, yj,r—yj—1+?7", hi=yj—yj—1,

and the Lagrange elements {qﬁf’r(x)}fzo and {@Df’r(y)}fzo

p p p p
T = z s Y—Y;s
d)p qsz ( ) — Js
7, 7‘ p _ J}p ’ 7,r Yy) = p _ P
s=0,s#r Lir %8 s=0,s#r Yjr = Yjs

are determined. By means of the Lagrange elements qﬁfyr(x) and L/)f’r(y), we define the
set of piecewise polynomial functions N’ (z) and M} (y) as follows:

fo( ), w€ Ay, —o
r & Aqy, -
i S Aija

{ 0, x & Aij, I=r+p(i—1), r=1,p—1,
N/ (z) = op (),  x€ Ay,
ri10(@), =€ Aipay, I=ip, i=1,n—1,
0, v & Ay UJAivy,

{ ¢p S Anj,

n?p

07 z g An]) l:np’
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for any j and

@bf,o(y), y € Aq, =0

O’ y g Aily 0

77/’?,7«(?/)7 y € Ay, . -
{ 0, y & Aij, l=r+p(j=1), r=1,p—1,

Uio) ¥ € Aij, I=jp, j=T,m—1,

0, y & A UAG+1,

Vo) Y€ Dim, ~

0 y ¢ Aim7 _mp7

for any 1.

The functions { N} (z)},%, and {M](y)}% form a basis in the space of polynomials
of the p-th order. Now, the function ®(z,y;z) € F* ~ H'(Qp, p,) is approximated by a
finite sum of piecewise polynomial functions N} (z) and M} (y)

mp np

(x,y; 2 Z Zé ol (@) MF (y)- (19)

ly=01,

2. The domain Q(z,y) = UqQ:1 A,, specified as a polygon in the plane (z =
21,y = 2z2) € R?, is covered with finite elements, the triangles A, with the vertices
(211, 221), (212, 222), (213, 223) (here 2z = Zikgy © = 1,2, k = 1,3, ¢ = 1,Q). On each
of the triangles A, (the boundary is considered to belong to the triangle) the shape
functions ¢} (21, zz) are introduced. For this purpose we divide the sides of the triangle
into p equal parts and draw three families of parallel straight lines through the partition
points. The straight lines of each family are numbered from 0 to p, so that the line pass-
ing through the side of the triangle has the number 0, and the line passing through the
opposite vertex of the triangle has the number p.

Three straight lines from different families intersect in one point A4; € A,, which
will be numbered by the triplet (n1,n2,n3), n; > 0, ny + ny + ng = p, where ny, ngy
and ng are the numbers of the straight lines passing parallel to the side of the triangle
that does not contain the vertex (zi1,221), (212,222) and (213, 223), respectively. The
coordinates of this point z; = (z1;,29;) are determined by the expression (zi;,29;) =
(211, 221)n1/p + (212, 222)n2/p + (213, 223)n3 /.

As shape functions we use the Lagrange triangular polynomials ¢} (21, z2) of the order
p that satisfy the condition ¢} (211, z2) = du, i.e., equal 1 in one of the points A; and
zero in the other points.

In this method the piecewise polynomial functions N/ (z1,22) in the domain Q are
constructed by joining the shape functions ¢7 (21, z2) in the triangle Ag:

Nlp(Zl,ZQ) {901 (21,22), A1 € Ay;0, A4 & A }

and possess the following properties: functions N}’ (z1, z2) are continuous in the domain
Q; the functions N/ (z1, 22) equal 1 in one of the points A; and zero in the rest points;
N/ (211, zor) = oy in the entire domain 2. Here [ takes the values [ =1, N.
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The functions N (z,y) form a basis in the space of polynomials of the p-th order.
Now, the function ®(x,y;z) € F! ~ Hl(Qhwhy) is approximated by a finite sum of
piecewise basis functions N} (z,y)

N
" (2,y;2) = E(2)NP (). (20)
=1
The vector function &% = {£7"(z) L o= Or ¢" = {€/(2)}N, has a generalized

first-order partial derivative and belongs to the Sobolev space H!'(Qs, 5,) [10]. After
substituting the expansion (19) or (20) into the variational functional (18) and minimizing
t [10,11], we obtain the generalized eigenvalue problem

APeh = hBreh, (21)

Here AP is the stiffness matrix; BP is the positive definite mass matrix; ﬁh is the

vector approximating the solution on the finite-element grid; and " is the corresponding
eigenvalue. The matrices AP and BP have the following form:

n

=Y ) al, B = ZZ Gis or AP={af }i_y, BP={b};, }{i_1,
iois

j=1i=1

where the local matrices af; and b¥; are calculated for rectangular elements as

141
. , LACLLACY,
a m—/l/l{fz ) Gy ) ()
h(z) i dwj,#<y> a0

Fs(@) f5(z, y)ﬁq(ﬁ)(ﬁr(m) (hg)z

hr hY
@ U s ()08 L, (008, ) P

+1+
O3t = [ [ @000, (208,008, 0) -5 dn i,
-1

—1

dny dny
(22)

x:xl—1+05hf(l+nl‘)a y:y]—1+05h3;(1+77y)a ‘M,I/,q,’f':ﬁ,

or the matrix elements al), and b}, are calculated for triangular elements as

o, = / F1@) Fa(y)h (21, 2) 0 (21, 29)U (21, 225 2) dzy oot
Aq

00" (21, 22) 00 (21, 2
+/f2:£yf4() %((9;1 2) 801(%211 2) dzy dzo+

/f1 x) fola 6901 (z1,22) Oph (21, 22)

dzy dzg =
Z 82 F162
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=1 [ £ 1)t G )t o1 25U o, 2 2) s s

2)

+|J|_1A/f2(l‘7y)f4(y) <(Z21—Z23)éii+(zm—z2 )((92>> X

A C Oph (24, 25
X <(2’21—223)¢l(§ ; 2*)‘1‘(222—221)4%; 7 2)> dz; dzg+
<1 22

HJ\lA/ ;;ngs(x,y) ((lezls)a@léz;{ 22)+(212211)((91é )> X

o (tnrmang 205

+(z12—211 )7(;% )> dzy dzh,  (23)
)

by = /fl(x)f4(y)90f(21,2’2)@?(21,zz)d21 dzy =

Ag

— |J] / F@) Fa ()P (2 )0 (24, 24) A2 deh, (24)

where A, is a triangular element with the vertices (211, 221)(212, 222) (213, 223), A is the
triangle with vertices (0,0)(1,0)(0, 1), and

821 8z1
9z 92
— 1 2| — _ B _
J Ozy Oz 229213 + 222211 + 221213 + 223212 — 223211 — 221212
2, 8z

is the Jacobian of the transformation from the global frame (z = 21,y = 23) to the local
one (21, 24); dz1dze = Jdz{dz} and (21, 22) are expressed via (21, z5) by the relations:

/ / ! /
zi=z11+(z12—211) 21+ (213—211) 25, 22=221+(222—201) 21 +(223—221)25- (25)
In this case we have explicit expression for shape functions ¢} (21, 25):
7’11—1

1— 2 - n3—1 I
OP(2), 2) = H =2 —m/p'y H 2 —ny/p H Zy — 13/p '
n

it nl/p—nl/p ng/p n2/p nS/P_”é/p
1=

Remark. We start from the initial (global) coordinate frame (z = z,y =
z2) in which the coordinates of vertices of the triangle A, are equal to
(211, 221), (212, 222), (213, 223), and the local coordinate frame (r = zi,y = 24) in
which the coordinates of the same vertices of the triangle A are equal to (21, 2%;) =

(070)3 (ZiQaZQZ) - (130)’ (233’253) - (0’ 1)'

We seek the relation between the global and the local coordinates of the triangle
vertices in the form

! ! ! !
Z1 = €19 + C112] + C1223, 22 = C0 + 2127 + C2225. (26)
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Substituting the coordinates of three vertices in the global and the local frame into
Eq.(26), we obtain the system of algebraic equations for calculating the coefficients c,.:

Z11=C10, Z21=C20, Z12=C10+C11, Z22=C20+C21, 213=C10+C12, Z23=C20+C22.

Substituting the calculated coefficients into Eq.(26), we arrive at the formula (25) for
the transformation of coordinates (z1,z2) — (21, 25), from which we express the inverse
transformation of coordinates (21, z5) — (21, 22)

2y=—J 223211 —201213)+J (223 —201)21—J (13— 211) 22,

! -1 —1 —1
zo=J " (z22211—221212)+J (—222+221) 21+ (212—211) 22,
J=(—z20213+220211+221 213+ 223212 — 223211 —221212) s

where J~1 is the Jacobian of the inverse transformation from the local frame (21, z5) to
the global one (x = 21,y = 22): dz{dz} = J~'dzdzs.

The integrals (22) and (23)—(24) are evaluated using the Gaussian quadrature of
the order p + 1. Note that in the present approach the maximum half-band width of
the matrices AP and BP is small compared to their dimension and is not greater than
(p+D(p+1).

In order to solve the generalized eigenvalue problem (21), the subspace iteration
method [10, 11] elaborated by Bathe [11] for the solution of large symmetric banded-
matrix eigenvalue problems has been chosen. This method uses the skyline storage mode
which stores the components of the matrix column vectors within the banded region
of the matrix, and is ideally suited for banded finite-element matrices. The procedure
chooses a vector subspace of the full solution space and iterates upon the successive
solutions in the subspace (for details, see [11]). The iterations continue until the desired
set of solutions in the iteration subspace converges to within the specified tolerance on
the Rayleigh quotients for the eigenpairs. If the matrix AP in Eq. (21) is not positively
defined, the problem (21) is replaced with the following problem:

Argh —chBrgh AP = AP — oBP. (27)

The number « (the shift of the energy spectrum) is chosen such that the matrix A?
is positive defined. The eigenvector of the problem (27) is the same, and " = &" + a.

4. The algorithm for calculating the parametric derivatives of
eigenfunctions and the matrices of effective potentials

Taking a derivative of the boundary problem (15)—(17) with respect to the parameter
z, we find that 0,®;(x,y; 2) is a solution of the following boundary problem

) 0P;(z,y; 2) 0

(D(z,y; 2)—ei(2) 9% =— %(U(xvy;z)_gi(z)) Qi(x,y; 2), (28)
. O?®;(x,y;2) 0Pi(zy,y;2)

whﬁrr;t fQ(ZE, y)W =0 or T =0,y¢ [ymina ymax}a
. 0*®;(x,y; 2) 0V;(x,ys; 2)

i Jo(wy) =5 5. =0 or =g = = 0, € [Tmin Tmasl;

where t = min, max. The parametric BVP (28), (29) has a unique solution, if and only
if it satisfies the conditions
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Tmax Ymax

8559:/ / Q@) fa(y) (@i 2) T EY D0y, (20)
[ @ aufi@) i) @2 S0 (30)

ZLmin Ymin

Below we present an efficient numerical method that allows the calculation of
0,P;(x,y; z) with the same accuracy as achieved for the eigenfunctions of the BVP (15)—
(17) and the use of it for computing the matrices of the effective potentials defined as

Tmax Ymax
0%;(z,y;2) 0%;(, y; 2)
Hy(@)=H(o)= [ defi(e) [ dy ) G2 IR,
wminzmux yminymax (31)
0P;(x,y; 2
Qi(=-Que)=— [ awhite) [ aypu)oiteyn D),
Lmin Ymin

The boundary problem (28)-(30) is reduced to the linear system of inhomogeneous
algebraic equations with respect to the unknown 8£h /0z:

08" o ham 08 B OAP 0t N

The normalization condition (17), the condition of orthogonality between the function
and its parametric derivative (30), and the additional conditions (29) for the solution of
(32) read as

T oe"\" Deh T 9A
(¢") Brg" =1, <;> B¢ =0, = (¢ 8—;£h. (33)

Then the potential matrix elements H[;(z) and Q?j(z) (31) corresponding to Egs.
(11)—(12) can be calculated using the formulas

T
o€! i3 T_ ogh
h = [ == p_>) h — _ (R p_>J

HY(2) ( = ) B'L, Qlyz)=— (&) B (34)

Since £” is an eigenvalue of (21), the matrix L in Eq. (32) is degenerate. In this case

the algorithm for solving Eq. (32) can be written in three steps as follows:

Step k1. Calculate the solutions v and w of the auxiliary inhomogeneous systems
of algebraic equations

Lv=b, Lw=d, (35)
with the non-degenerate matrix L and the right-hand sides b and d

E o Lss’7 (S_S)(S/_S) 7&07
st { dssry  (s—=9)(s = S) =0,
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- bs, S#S, d. — LsSa S#Sa
0, s=235, 71 0, s=25,

where S is the number of the element of the vector BP£" having the greatest absolute
value.

Step k2. Evaluate the coefficient ~

¥ = —¢7 Y1 = VTBpéh, Y2 = WTBp£h7 DS = (Bpéh)s' (36)
(Ds — 72)

Step k3. Evaluate the vector 9,&"

852_ Vs — yws, S#S,
oz | 7, s=20.

(37)

From the above consideration it is evident, that the computed derivative has the same
accuracy as the calculated eigenfunction.

Let D(z,y;2) in Eq. (15) be a continuous and bounded positively defined operator on
the space H! with the energy norm, ¢;(z), ®;(z,y; z) € H? being the exact solutions of
Egs. (15)-(17), and e?(z), ®"(x,y; z) € H' being the corresponding numerical solutions.
Then the following estimates are valid [10,12]

|ei(z) — el (2)| < ek, ||®iw,y; 2) — @ (2,5 2) ||, < c2hPH, (38)

where

Tmax Ymax

1@,y )2 = / / folr,y) de fs(z, y) dyi(a, y; )@z, ; 2),

Zmin Ymin

h is the largest distance between any two points in A, (see [12], p. 161), p is the order
of the finite elements, 4 is the number of the corresponding solutions, and the constants
c1 and ¢y are independent of the step h.

The following theorem can be formulated.

Theorem 1. Let D(xz,y;z) in Eq. (15) be a continuous and bounded positively de-
fined operator on the space H' with the energy norm. Also let 8,U(z,y; z) be continuous
and bounded for each value of the parameter z. Then for the exact values of the solutions
0,ei(2), 0,9;(z,y;2) € H?, Hij(2), Qij(z) from (28)-(31) and the corresponding nu-
merical values 0,e"(z), 00" (x,y; 2) € H1, Hihj(z), Z(z) from (32)—(34) the following
estimates are valid:

dei(z) el (2) 0P;(z,y;2) OPh (2, y; 2) < et
0z 0z 0z 0z 0 = ’ (39)
|QZ](Z) - QZ(Z’)| < C5h2p, |Hij(2) — HZ(Z)‘ < 66h2p,

2
< CBh p’ H

where h is the largest distance between any two points of the finite element Ay, p is the
order of finite elements, i, j are the numbers of the corresponding solutions, and the
constants c3, ¢4, c5 and cg are independent of the step h.

The proof is straightforward following the proof schemes in accordance with [10, 13].
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5. Benchmark calculations
5.1.  The solution of 2D BVP in the triangular domain

As a benchmark example we consider the exactly solvable BVP for a membrane in
the form of equilateral triangle with side equal to 47/3, in the conventional variables
(z,y) € Q(z,y) , ,

0 0
(WW&) Pi(z,y) =0 (40)

with the Dirichlet or Neumann conditions at the boundary 9(x, y) of the region Q(x, ).
In both cases the eigenvalues €; are integer [14-16].

The BVPs were solved on the uniform finite-element grid composed of n? equilateral
triangles with the side equal to 47/(3n). In Table 1 we present the estimations of the
finite-element scheme order p depending on the size of elements.

Table 1

Discrepancies d¢;(n) = |el'(n) — ;| of the first 1 = 3 and the fourth ¢, = 3 eigenvalues
of the BVP(40) with Dirichlet and Neumann boundary conditions, respectively,
and the Runge coefficients Ru; = log,((dei(n) — dei(2n))/(0e:(2n) — de;(4n))) for the

schemes of the first p =1 and the second p = 2 orders; n is the number of elements

p n oe1(n) de1(2n) de1(dn)  Ruyy
1 6 0.06914677126132 0.01717343333794 0.00428595766335 2.011
2 3 0.00470310603030 0.00030790240009 0.00001932528605 3.928
p n deq(n) de4(2n) deq(4n)  Ruy
1 6 0.06914677126135 0.01717343333808 0.00428595766371 2.011
2 3 0.00470310603029 0.00030790240005 0.00001932528593  3.928

They are seen to correspond rigorously to the theoretical estimations (38) of the order

O(h?P) of the eigenvalues approximation. The first eight eigenfunctions of the BVPs (40)
with the Neumann and Dirichlet boundary conditions are shown in Figs. 1 and 2.

Figure 1. The first eight eigenfunctions of the BVPs (40) in the triangle region
with the Neumann boundary conditions. The eigenvalues ¢; =0,1,1,3,4,4,7,7 at
i=1,..,8.
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) 6 7

Figure 2. The first eight eigenfunctions of the BVP (40) in the triangle region
with the Dirichlet boundary conditions. The eigenvalues ¢; = 3,7,7,12,13,13,19, 19
ati=1,...,8.

5.2. Solution of the parametric 2D BVP for the oscillator potential

We consider the parametric 2D BVP (15)-(17) at fi(z) = fa(z,y) = fa(x) = faly) =
f5(x,y) = 1, with the potential function

U(z,y;2) = U(z1, 22 23) = (21 — 23)° + (3/2)%22, (41)

which has the known spectrum e;_¢; ;3 = (2(j1 — 1) + 1) + 3/2(2(j2 — 1) + 1) and
the eigenfunctions ®;, j,(21,22;23) = ®j,—1(21;23)Pj,—1(22;0), where ®; (z1;23) and
®;,_1(22;0) are determined in (45) at wq(zs) = 1, z01(zs = 23) = 23 and wa(z,) = 3/2,
202(x5) = 0, respectively. The matrix elements Qi—(;, i,},j={j1,jo} 3 Hi—{i is}.i={j1.ja}
are calculated in the analytical form

. ..\ V2n
Qij(75)=0iyj, SlgH(Jl—h)T5\j1—i1|,1a
(42)
(2n+1) n(n—1)
H;j(z5)=0i,j, (2 Oji—ir, 0= =5 Olji—is] 2

where n=max(i, j;)—1.

Solving the BVP, we use 294 finite elements, i.e. equilateral triangles with the side
equal to 1 that form a regular hexagon with the vertices {(7cosmn/3, Tsinmn/3)}>_,.
In each element the interpolation polynomials of the six order were applied. Stiffness
and mass matrices with dimensions of 5167 x 5167 were used. The calculated eigenvalues
el are: el = (2.500000001, 4.500000002, 5.500000005, 6.500000014, 7.500000025),
and the exact ones ¢; are: ¢; = (2.5, 4.5, 5.5, 6.5, 7.5).

The calculated matrices Q,Z and H,L-hj, i,j=1,...,5 from Eq. (34) of the parametric
2D BVP with the potential function (41) are

—0.00000000  0.70710678  —0.00000000 —0.00000000 0.00000000
—0.70710678 —0.00000000 —0.00000000  1.00000000  0.00000000
ho— | —0.00000000  0.00000000  0.00000000  —0.00000000 0.70710678

ij
0.00000000  —1.00000000  0.00000000  —0.00000000 0.00000000
—0.00000000  0.00000000 —0.70710678  0.00000000  0.00000000
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0.50000000  —0.00000000  0.00000000 —0.70710678  0.00000000
—0.00000000  1.49999999  —0.00000000 —0.00000000 —0.00000000

HZ = | 0.00000000 —0.00000000 0.49999999  —0.00000000 0.00000000
—0.70710678 —0.00000000 —0.00000000  2.50000001  —0.00000000

0.00000000  —0.00000000  0.00000000  —0.00000000  1.49999999

From the comparison of the calculated and the exact values of ¢; and Q;;, H;; from
(42), one can see that the achieved accuracy of results is of the order of 8-9 significant
digits.

The parametric surface eigenfunctions and their derivatives with respect to the pa-
rameter under the dipole splitting are shown in Fig. 3.

2_ 2_ .2._.I 2_ 0,6:
_I4 A AR 2 d‘l_ _I 4 .r.'.: 2y ..o-‘ai gll_ _I 4 ‘ C:l: :n:o i) 4 _‘ 4 -“:‘u. iy .55‘ gll_ 43
a2 2 oy 2 i s & 2 a 02
1 2 3 4 I
- 2 2] Bt
_'4 mEEalowe 2" 4'. = secmmmn E‘ﬁ 4 7'4 ! s.'. T ::.I'TQQ‘, 4 - am -.:.- I.:.- 2.;» 4 70‘0§
=1 “7 -2 = :
1 2 3 4

Figure 3. The first four eigenfunctions of the parametric 2D BVP with the
potential function (41) and their derivatives with respect to the parameter at
z = 0.

5.3. The solution of 2D BVP for the Cj3, oscillator potential

Let us consider the 2D BVP (15)—(17) for x=as2, y=agp with the potential function
U(z,y) = 2mV(z,y) and the spectral parameter ¢ = 2mE, and fi(z) = fa(z,y) =
fs(x) = fa(y) = fs(x,y) = 1. The quadrupole potential energy is approximated by the
quartic potential:

V(asgz, azo)=c1(a3,+a30)+c2(a3ya20—a50/3)+cs(az,+y°) +co (43)

We use the set of parameters ¢;=—120, c2=240, ¢3=1200, cp=65/16 that provide
a crude approximation for the shape of $3°Gdgs, which has been fitted in the following
points’: the minima at (aga, asg)=(0,1/4), V(0,1/4)=0; the maxima at (aga, azo)=(0,0),
V(0,0)=65/16; and the saddle point at (a2, az0)=(0,—1/5), V(0, —1/5)=729/400 (see
Fig. 4).

We choose the mass parameter to be m=Bs=124. Thus, there are ground and doubly
degenerate excited states, localized in three wells.

The BVP was solved using three algorithms (and the forth in Section 5.4):

1. The solution of the BVP was calculated using the FEM scheme from Section 3 on the
rectangular grid [—0.4, —0.3, ..., 0.4] x[-0.4, —0.3, ..., 0.4] with Lagrange interpolation
polynomials of the order p = 12. The first 18 eigenvalues were calculated with 9
significant digits and are presented in Table 2.

IThe fitting points in our parametrization are related to those of Ref. [4] as a22 = V2022, a0 = a2g.
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Figure 4. The potential energy of the Cs, oscillator having the quadrupole shape,
the eigenfunction ¥;(a22,a20) of the ground state (irr. A1) and the degenerate
eigenfunctions Vs (a2, a2) (irr. E1) and ¥s(a22,a2) (irr. E2)

The first energy levels of the 2D BVP using triangular siA and rectangular ¢;

Table 2
O

finite elements and the Kantorovich method ¢? using jm.x=28 parametric basis
functions, classified by irrs (Class.) of the C3, point group, F; (MeV)

i| el el eh El=cl/2m | Class.
1 | 381.754344 | 381.754355 | 381.754351 | 1.53933206 | Al
2 | 387.240633 | 387.240644 | 387.240641 | 1.56145419 | E1
3 | 387.240633 | 387.240646 | 387.240641 | 1.56145419 | E2
4 | 617.024951 | 617.024967 | 617.024963 | 2.48800388 | E1
5 | 617.024951 | 617.024989 | 617.024963 | 2.48800388 | E2
6 | 667.104970 | 667.105020 | 667.104992 | 2.68993948 | A2
7 | 695.166557 | 695.166590 | 695.166575 | 2.80309103 | Al
8 | 785.680037 | 785.680100 | 785.680078 | 3.16806483 | E1
9 | 785.680037 | 785.680136 | 785.680078 | 3.16806483 | E2
10 | 898.045395 | 898.045497 | 898.045434 | 3.62115094 | Al
11 | 915.823095 | 915.823200 | 915.823167 | 3.69283535 | E1
12 | 915.823095 | 915.823309 | 915.823167 | 3.69283535 | E2
13 | 993.158636 | 993.158784 | 993.158708 | 4.00467221 | E2
14 | 993.158636 | 993.158872 | 993.158708 | 4.00467221 | E1
15 | 1063.73690 | 1063.73709 | 1063.73692 | 4.28926178 | Al
16 | 1119.21670 | 1119.21668 | 1119.21649 | 4.51296973 | A2
17 | 1174.72840 | 1174.71177 | 1174.71166 | 4.73674057 | E1
18 | 1174.75531 | 1174.71183 | 1174.71166 | 4.73674057 | E2

2. In the solution of the BVP we used 54 finite elements in the form of equilateral
triangles with the side equal to 1/6, forming a regular hexagon with the vertices
{(0.5cosmn/3, 0.5sinmn/3)}>_,. In each finite element the interpolation polyno-
mials of the fifth order were applied. The stiffness and the mass 721 x 721 matrices
were used. The calculated eigenvalues are presented in Table 2.
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3. The problem (1)—(43) was also solved using the Kantorovich method implemented
in the FEM program KANTBP 2 [5], with jna.x=28 parametric basis functions
calculated using the FEM program ODPEVP [6]. The solution was calculated in
the domain +/a3,+a3,<1/2 with Dirichlet BCs at the boundary \/a3,+a3,=1/2
using the scheme presented in Section 2. The calculations were performed in the
case of (z ¢, xs)= (ag2,a20) as well as (zf, z5)=(a20, a22) on the FE grid {-1/2, -1/3,
-1/6,0,1/6,1/3,1/2} with Lagrange interpolation polynomials of the order p = 12.

The point symmetry group Cs, of the problem (1), (43) has four irreducible repre-
sentations (irrs.) Al, A2, E1 and E2 to classify the solutions, the E-type states being
doubly degenerate [17,18]. The calculated eigenvalues are presented in Table 2. The first
eigenfunctions for each of the irrs. Al, E1, E2 are shown in Fig. 4.

5.4. Parametric surface functions for KM in the analytical form

Let us consider the BVP for Eq. (5) with the etalon potential V,(z; x5, g(s)):

82
(—M—&-Vo(xf;xs,g)—si(xs)) D, (zs;25)=0, (44)
Vo, s, 9)=Vo(s)+w? (zs) (x5 —20(5))?,

where g(x,) is the set of parameters, g(x) = {Vo(xs),w?(zs), 20(zs)}. In the considered
case the parametric eigenvalue problem (5)—(7) has an exact solution, i.e., the parametric
eigenfunctions ®; (z¢; z,) and potential curves ¢; (z5) are expressed in the analytical form

i (zs) =Vo(xs)+w(zs)(2(i—1)+1),

wl/4(z
Oy (zf;25) :% exp(—w(ms)(:Ef—zo(xs))Q/Q)), (45)
@i (Jff,xs) :\/§ w(xs)i(f}i_ZO(xs))éi_l (-Tf; -Ts) _\/\/E::iq)i—Q (xfwrs) .

The integration in the effective potentials (11) with the basis functions (45) is carried
out analytically, which yields the expressions

Qij(xs)=sign(j—1i) (@dzo(%)

Sii il 1—
dz, [ =il

vn(n—1) dw(ms)é‘l '| >
4 j—,2 | »

dx

Hiy ()= (n —H”L—H(S \/n(n—l)(n—2)(n—3)6j_i|,4> (dw(:ﬂg))

8w?(zg) 7 16w?(z5) dzs
w(zs)(2n+1 w(zs)y/n(n—1 dzo(xs 2
+< (z)entl);, | wle) Vi >5|j_¢,2>( o))

[ _nv2n PO 2n(n—1)(n—2)5‘ ‘ dzo(zs) dw(zs)
tel) M ety ) des
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where n=max(i, j)—1. The effective potentials are calculated by integrating the differ-
ence V(xs,x5)—V,(xs; x5) with the basis functions:

2P ()
Vi ()= / By 2 (V (2, 1)~V (g 22))®; (2 20) day.

I?lin (Eé)

During the simulation the adiabatic parameters Vy(zs), w(zs), 20(xs) of the etalon
potential (44) were found from the conditions

wrfax(acs)
min Vixrzs)—Vy(xrxs))? de . 46
. | W) -Vitesia))? dsy (46)
2R (z,)
f

For the potential (43) from the condition (46) we have

w(xs):\/%\/gg)—k240$3+2400x§, 20(xs)=0, at T,=as, T;=a2,

96

20221
w(zs)=v2m 7O+2400xg, 20(z5)= 7(20z, 1)

—_—— at rg=a92, Tf=agg.
80(3522+2) sThEm R0
We performed the calculations for these parameters in the case when
(xf,25)=(age,a20), as well as (xf,xs)=(a20,a22). The results coincide with those of
the calculations of s,f-‘ performed in the previous Section 5.3 and presented in Table 2
with 9 significant digits.

6. Conclusion

We elaborated new calculation schemes and algorithms for solving the parametric 2D
elliptic BVP using the high-accuracy FEM with rectangular (22) and triangular (23)-
(24) elements. The algorithm and the programs calculate with the given accuracy the
eigenvalues, the eigenfunctions and their first derivatives with respect to the parameter
of the parametric self-adjoint elliptic differential equations with boundary conditions of
the Dirichlet and/or Neumann type in the finite 2D domain (15)—(17), (18) and the
corresponding inhomogeneous boundary-value problem (28)—(33), obtained by taking a
parametric derivative of the original 2D BVP. The program also calculates the potential
matrix elements, the integrals of the eigenfunctions multiplied by their first derivatives
with respect to the parameter (34). The parametric eigenvalues (potential curves) and
the matrix elements computed by the program can be used for solving the bound-state
and multi-channel scattering problems for a system of the coupled second-order ODES
with using the Kantorovich method. We demonstrated the efficiency of the proposed
calculation schemes, algorithms and codes by the example of solving the boundary-value
problem of a quadruple vibration collective nuclear model.

We proposed the construction of parametric surface functions in the analytical form
as eigenfunctions of the etalon equation (44), which provides the solution of the 2D BPV
with given accuracy and reduces the expenditures of computer resources compared to
the conventional basis, numerically calculated using FEM. One can construct parametric
functions using different types of etalon potentials, e.g., that of the two-center problem
with harmonic oscillator potentials [19]. This approach can be generalized for the BVP
in a multidimensional domain using, e.g., the multistep Kantorovich method [3].
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The proposed algorithms and codes can be adapted and applied to the analysis of
quantum transparency effect, to the study of resonance three-body scattering problems,
the quantum diffusion of molecules, the penetration of micro-clusters through surfaces,
the fragmentation mechanism in producing very neutron-rich light nuclei, and heavy-ion
collisions, as well as the microscopic study of tetrahedral-symmetric nuclei.
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PaccMoTpenbl BeIYuCIATEBHBIE CXEMBI PEIIEHUs] KPAEBBIX JUIMITHYECKAX 33349 B paMKax
Merosa KanTopoBuia — peayKIuu SJUIMITAYECKON KPaeBoil 3a/1adn K CUCTeMe OOBIKHOBEHHBIX
nuddepeHnaIbHbIX YPABHEHUI BTOPOTO MOPSJIKA C MCIOJb30BAHUEM ITOBEPXHOCTHBIX (DYHK-
Ui, 3aBUCIIUX OT HE3aBUCUMON MEPEMEHHON CHCTEMbI OOBIKHOBEHHBIX UM dEpPEHINATbHBIX
ypaBHEHUI KaK ITapaMeTpa, BBIUUCIEHHbIE KAK METOJIOM KOHEUYHBIX 3JIEMEHTOB, TaK U IIPOOHBIX
mapaMeTPUYECKUX MTOBEPXHOCTHBIX 0A3UCHBIX (DYHKINM, BBIYUCIEHHBIX B aHAJUTUYIECKON BUJIE.

IIpeyioxkenbl HOBBIE BBIYUCIIATEIBHBIE CXEMBI U AJITOPUTMBI JJIs1 PENIEHNS ITapaMeTPUIeCKOi
CaMOCOIIPSKEHHOMN JITMITUIECKON KPaeBOi 331avi B JBYMEPHON 0OJIACTH, MUCIOJIL3YS METO/
KOHEYHBIX 3JIEMEHTOB BBICOKOI'O MOPAIKA TOYHOCTU C HPAMOYI'OJBHBIMU U TPEYTOJIbHBIMU 3JIe-
MEHTaMHU.

KomMmtekcs! mporpaMM, peasu3yIonye aJIlOPUTMbI, BBIUUCISIOT C 38JaHHOH TOYHOCTBHIO COD-
CTBEHHBIE 3HAYEHUs, COOCTBEHHBIE (DYHKIMY U MX TEPBbIE TPOU3BOIHBIE 110 TAPAMETDPY, CBI3aH-
HBbIE C IIAPAMETPUIECKON CaMOCOIPSI?KEHHON KpPaeBoi 3aJateil s IunTndeckux nuddepen-
IMAJIbHBIX ypaBHeHuit ¢ yciaoBuamu Jlupuxie nin Heifimana Ha rpaHuile B KOHEYHOM JIBY MEPHOMN
00J1acTH, a TaK»Ke MOTEHINAIbHBIE MATPUTHBIE SJIEMEHTHI — WHTETPAJIBI OT MPOU3BEIEHU COD-
CTBEHHBIX (PYHKINI U UX IEPBBIX IPOU3BOAHBIX 110 TapaMmeTpy. [lapamerputdeckue cobcTBeHHbIE
3HaYeHUs (TaK HA3BIBAEMbIE IIOTEHIMAJbHbBIE KPUBbIE) U MATPUYHBIE SJIEMEHTHI, BBIUNC/IEHHBIE C
IIOMOIIBIO KOMILJIEKCA IPOrPaMM, MOXKHO IIPUMEHATD JJId PEeIIeHUs 3a1a49i Ha CBA3aHHbIE COCTO-
STHUSI 1 MHOTOKAHAJILHOM 319N PACCESTHUSA JJIs CUCTEMbI OOBIKHOBEHHBIX UM dEPEHINATHHBIX
ypaBHEHUI BTOPOro MOPsAIKA ¢ IOMOIIbI0 MeToa KanToposuya.

Db DEKTUBHOCTD MPETIOKEHHBIX CXEM PACUETa M AJTOPUTMOB JIEMOHCTPUPYETCST PEIeHreM
JBYMEPHBIX SJUIMITAIECKAX KPAEBBIX 33141, OMUCHIBAIONINX KBAAPYIOJbHbBIE KOJIEOAHNS B KOJI-
JIEKTUBHOM MOJIeJIM @TOMHOTIO sJipa.

KiroueBbie ciioBa: mapaMeTpuydecKue dJIIANTUYIECKIE KPAEBble 3aa9l, METOJl KOHETHbBIX
3JieMeHTOB, MeTos, Kantoposuua, cucrembr O/1Y BTOpOro mnopsiaka

JImreparypa

1. Bunuuyxut C. U., IHonomapes JI. . Annabarudeckoe npeiacTaBieHue B 3a1a49e TPeX
TeJI ¢ KyJIOHOBCKUM B3anMojieiicTBueM // Pu3mka 3/1eMEHTAPHBIX YaCTUI] U ATOMHOTO
sapa. — 1982, — T. 13. — C. 1336-1418.



Gusev A.A. et al. Algorithms for Solving the Parametric Self-Adjoint 2D . .. 55

10.
11.

12.

13.
14.
15.

16.

17.
18.

19.

Parker G. A., Pack R. T. Quantum Reactive Scattering in Three Dimensions Using
Hyperspherical (APH) Coordinates., VI. Analytic Basis Method for Surface Func-
tions // Journal of Chemical Physics. — 1993. — Vol. 98. — Pp. 6883-6896.
Numerical Solution of Elliptic Boundary-Value Problems for Schrodinger-Type Equa-
tions Using the Kantorovich Method / A. A. Gusev, O. Chuluunbaatar, S. I. Vinit-
sky, A. G. Abrashkevich, V. L. Derbov // Mathematical Modelling and Geometry. —
2014. — Vol. 2. — Pp. 54-80.

Dobrowolski A., Mazurek K., Goézdz A. Consistent Quadrupole-Octupole Collective
Model // Physical Review C. — 2017. — Vol. 94. — P. 054322.

KANTBP 2.0: New Version of a Program for Computing Energy Levels, Reaction
Matrix and Radial Wave Functions in the Coupled-Channel Hyperspherical Adiabatic
Approach / O. Chuluunbaatar, A. A. Gusev, S. I. Vinitsky, A. G. Abrashkevich //
Computer Physics Communications. — 2008. — Vol. 179. — Pp. 685-693.
ODPEVP: A Program for Computing Eigenvalues and Eigenfunctions and Their
First Derivatives with Respect to the Parameter of the Parametric Self-Adjoined
Sturm-Liouville Problem / O. Chuluunbaatar, A. A. Gusev, S. I. Vinitsky,
A. G. Abrashkevich // Computer Physics Communications. — 2009. — Vol. 180. —
Pp. 1358-1375.

POTHEA: A Program for Computing Eigenvalues and Eigenfunctions and Their
First Derivatives with Respect to the Parameter of the Parametric Self-Adjoined 2D
Elliptic Partial Differential Equation / A. A. Gusev, O. Chuluunbaatar, S. I. Vinitsky,
A. G. Abrashkevich // Computer Physics Communications. — 2014. — Vol. 185. —
Pp. 2636-2654.

Kumar K., Baranger M. Complete Numerical Solution of Bohr’s Collective Hamil-
tonian // Nuclear Physics A. — 1967. — Vol. 392. — Pp. 608-652.

Tetrahedral Symmetry in Nuclei: New Predictions Based on the Collective Model /
A. Dobrowolski, A. G6zdz, K. Mazurek, J. Dudek // International Journal of Modern
Physics E. — 2011. — Vol. 20. — Pp. 500-506.

Cmpene I'., Quxc I'. Teopusa meroma KoHeuHBIX dj1eMeHTOB. — Mocksa: Mup, 1977.
Bame K., Buacon E. Yucjenabie METOJIbI aHAJIN3a U METOJT KOHEUHBIX 3JIEMEHTOB. —
Mocksa: Crpoitnzmgar, 1982.

Becker E. B., Carey G. F., Tinsley Oden J. Finite Elements. An Introduction.
Vol. I. — New Jersey: Englewood Cliffs, Prentice Hall, 1981.

Chuluunbaatar O. The Scientific Doctoral Thesis. — 2010.

Pockels F. Uber die partielle differential-gleichung Au+k2?u = 0 und deren auftreten
in der mathematischen physik. — Leipzig: B. G. Teubner, 1891.

Berry M. V., Wilkinson M. Diabolical Points in the Spectra of Triangles // Pro-
ceedings of the Royal Society A: Mathematical, Physical & Engineering Sciences. —
1984. — Vol. 392. — Pp. 15-43.

Pemmenne kpaesbix 3ama4 s cucreM O/LY 60/1b1110# pasMepHOCTH: STAJOHHBIE PAC-
4Jerbl B paMkax Meroja Kanroposuua / A. A. T'yces, O. Uynyyubaarap, C. . Bu-
nunkwii, B. JI. Jep6os // Becrauk PYIH. Cepus: Maremaruka. undopmaruka.
O®uszuka. — 2016. — T. 3. — C. 31-37.

Cornwell J. F. Group Theory in Physics. — New York: Academic Press, 1984.

A MAPLE Symbolic-Numeric Program for Solving the 2D-Eigenvalue Problem by
a Self-Consistent Basis Method / I. N. Belyaeva, N. A. Chekanov, A. A. Gusev,
V. A. Rostovtsev, Yu. A. Ukolov, Y. Uwano, S. I. Vinitsky // Lecture Notes in
Computer Science. — 2005. — Vol. 3718. — Pp. 32-39.

FEisenberg J. M., Greiner W. Nuclear Theory. Vol. 1. — Amsterdam: North-Holland,
1970.

©) Gusev A.A., Chuluunbaatar O., Vinitsky S.I., Derbov V.L., Gézdz A., 2017



YIK 519.63; 537.876.4
DOLI: 10.22363/2312-9735-2017-25-1-56-68

MoaenupoBaHue pacIpoCTpaHEHUd MOJIIPU30BAaHHOIO CBeTa B
TOHKOILJIEHOYHOII BOJIHOBOJIHOI JIMH3€E

. B. Iusakos, M. 1. Manbix, A. JI. CeBactbsioB, JI. A. CeBacTbsIHOB

Kagedpa npukaradnoti ungopmamuru u meopuy 6epoammocmetl
Poccutickuti ynusepcumem dpyotcbvl Hapodos
ya. Muxayxro-Maxaasa, 0. 6, Mockea, Poccusn, 117198

B pabore paccmarpuBaercst 3asada gudpakiun djiekTpomMarautoro TE-mosisipysoBaHHOTO
MOHOXPOMATHUYECKOTO M3/IYUeHUsT HA TPEXMEPHOM YTOJIIIEHUN BOJHOBOIHOTO CJIOST PErYJIspPHO-
IO IIAHAPHOTO TPEXCIOWHOTO AMIIEKTPUIECKOTO BOTHOBOIA, (DOPMHUPYIOIIEM TOHKOIIJIEHOUHYIO
BOJIHOBOJIHYIO JnH3Y. IIpesiaraercss npubJsnkeHHass MaTeMaTUYeCKas MOJIEIb, B KOTOPOH OT-
KPBITBIA BOJTHOBOJI, PACCMATPUBAETCSA BHYTPHU BCIIOMOTATEIHLHOTO 3aKPBITOTO BOJTHOBOJIA, TPUBO-
IAMasi K KOPDPEKTHOM MaTeMATHIECKON IOCTAHOBKE 3324 AudPaKIUn.

B pabore mokazaHO, 4TO NapaMeTpbl HAIIPABJISEMBIX MOJ[ OTKPBITOIO BOJIHOBOZA YCTONYH-
BBl K CABHUTAM T'DAHUI] OOBEMJIIONIET0 3aKPBITOrO BOJHOBOA. CliemoBaTe/IbHO, MpeIiaraeMblii
TIO/XO/T, JIeKBATHO OIMMCHLIBAET PACHPOCTPAHEHNE MOJISIPU30BAHHOTO CBETA B OTKPBITOM IIJIABHO-
HEPEryJIsiPHOM BOJIHOBOJZIE. 3a CYET JIOKAJIBHOIO YTOJIIIEHIS BOJTHOBO/IHOTO CJIOSI BOBHUKAET (-
dEKT emosSTpU3aIny U3/IyIeHNsI, KOTOPBIN TpebyeT pacCMOTPEHMsT BEKTOPHOTO XapaKTepa Pac-
[IPOCTPAHSIIONIETOCs JIEKTPOMATHUTHOI'O U3JIy YeHHUS.

B pabore 3amaua mudpakium penraercsa B a1uabaTUIECKOM MPUOJIMXKEHUHU 10 MAJIOMy Iapa-
MeTpY, COOTBETCTBYIOIIEMY HEPEryIsipHOCTH. [IpoBesieHne THNCIeHHBIX S9KCIIEPUMEHTOB TTO3BOJIN-
JIO 1I0Ka3aTh, YTO C YMEHBIIEHHWEM MAaJIoro MapaMeTpa MaTpula Kod(pQUIMEHTOB OTPa’KeHUs
CTPEMUTCSI K HYJIIO, a MaTPUIa KO3(DMUITNEHTOB TPOXOKIECHUS CTPEMUTCS K €IMHUIHON MaTpU-
ne. [Tpuuém obMeHHbIE BKJIAIbI, KOTOPBIM COOTBETCTBYIOT HEJUATOHAJIBHBIE SJIEMEHTBI MATPHIL,
CTPEMSITCSI K HYJIIO Ha IOPSJIOK ObICTpee, YeM JUaroHajbHble 4ieHbl. Tak 4ro, adderramu me-
MOJISIPU3AINY B PACCMATPUBAEMON KOHMUTYPAIUN MOKHO TPEHEOPEeUb.

KuroueBble cjioBa: BOJHOBOIHOE DACHPOCTPAHEHHE CBETA, MATEMATHIECKAs MOIENb,
MHTErPATHLHO-OIITUIECKUH BOJTHOBO/, MOINGMUITTPOBAHHDBIN HEMOIHBIN MeTo ] [ amépkuna, acuMII-
TOTHUYECKUU MeTO[,

1. Bsenenne

B pabore paccmaTrpuBaeTcs 3a1ada MaTEMATHIECKOTO MOIEIUPOBAHUS IU(pPPaAKIIINT
9JIEKTPOMATHUTHOTO ITOJISIPU30BAHHOIO MOHOXPOMATHIECKOTO M3JIYY€HUsT Ha TPEXMEPHOM
YTOJIIIEHIHN BOJIHOBOJIHOTO CJIOsi, (DOPMHUPYIOIIEM CTPYKTYPY BOJIHOBOJIHON JIMH3BI HA Pe-
TYJIAPHOM IIJIAaHAPHOM JUJICKTPHUYIECKOM BOJIHOBO/E.

3ajiady MOXKHO PacCMaTpPUBaTh B JEKAPTOBOI CHCTEME KOOPJAMHAT, CBA3AHHON C Ieo-
MeTpHrell IIJIaHAPHBIX BOJHOBOJIOB. 1ly10ckme moBepXHOCTH pa3jesa MeXK Ty BOJTHOBOTHBIM
CJI0EM, TIOJIJIOKKOI M MMOKPOBHBIM CJIOEM TapaJlIe/IbHbI (KOMIUIAHAPHBI) 11ockocT 20 2.
Ocb Oy nepneH uKy/IsSpHa ITUM IJIOCKUM OBEpXHOCTsAM. V3j1ydenne pacmpocrpanser-
cst BIosib ocu Oz (B HAIPABJIEHUN BO3PACTaHUsI IIEPEMEHHON Z), T€OMETPHUsI CUCTEMBI JI0

ImoMenmeHmnusd B Heé yroJaienud u HeBOBMyHIéHHOG QJIEKTPOMAIruonuTHOE II0JIE N3JIYyIeHU A NH-

BapUAHTHBI OTHOCUTEIbHO JABUKEHUI BI0JIb ocu OX, TO €CTh 8% =0.

Torna HeBO3MYIIEHHOE JIEKTPOMATHUTHOE MOHOXPOMATHIECKOE, [TOJISIPI30BAHHOE U3~
JIyJeHne

— —

E = E(y,z)e ™! H= ﬁ(y, z)e Wt

Crarbsa nocrynuina B pegakuuio 20 mxekabps 2016 r.

HccnenoBanue Bormosneno B pamkax corvtamrerusi Ne 02.a03.21.0008 ot 24.04.2016 r. mexxxy Munucrep-
cTBOM ObpasoBaHusi u Hayku Poccuiickoit @enepanuu u PoccuiickuM yHUBEPCUTETOM JIPY2KOBI HAPOJIOB.
Pabora BbImosiHeHa 1Tpy 9acTUYHON mojaep:Kke rpanToB POPU Ne 15-07-08795, Ne 16-07-00556.
IIpuBenéunbie B craTbe PUCYHKU U BBIYHCICHUE ObLIM BBIITOJHEHBI IIpu romomy Sage Mathematics
Software.
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VIIOBJIETBODsIeT ypaBHEHUsIM MakcBesia, KoTopble B l'ayccoBoil cucreMe e€IMHUIL B OIU-
CAHHOHN CHCTEeMEe KOOPIMHAT PACIAJAeTCd HA JBE HE3ABUCUMBIE IOcucTeMbl it TE- u
TM-ntongpusarmit.

Ecnu xe HeperysspHBINl yYaCTOK HHTErPAJIHHO-OIITUYECKOI'O BOJIHOBOJA He obecrie-
YUBAET WHBAPUAHTHOCTH JIEKTPOMATHUTHOTO IOJIA BI0JBb ocu Oy, TO HA HEM IIPOUCXO-
JIAT JIENOJISIPU3AIHS MOJ[, T.€. BCE KOMIIOHEHTBHI II0JIS CTAHOBATCHA OTJIUIHBIMHU OT TOXK-
JECTBEHHOT'O HYJIsI, UTO XapaKTePHO JJIs THOPUIHBIX MOJ. Eciam HeperyaspHOCTh MaJa,
TO 1 rUOpUIM3aIs (JEnoJIsIpU3aliis) MaJjia 10 CPABHEHUIO € MOJIEM B PEryJIsipHOl 9acTh
BOJIHOBOJA [1-7].

Nrak, paccmorpum pacrpocrpanenue TE-Mo B m1aHapHOM PErysIsspHOM BOJIHOBOZE,
COCTOSIIIIEM U3 TPEX CJIOEB: MOJJIOXKKH, BOJTHOBOJHOTO CJIOSI  IOKPOBHOTO CJIOST, XapaKTe-
PU3YIOIMINXCA PA3JINIHBIMA KOI(PDUINEHTaMU IIPEJIOMIICHUS Mg, N f U 1i; COOTBETCTBEHHO.
[Ipumem HampaB/IeHIE PACIPOCTPAHEHUS BOJHBI 338 OCh Z, & OCh Y HAIPABUM IIE€PICHIU-
KyJspHO ciosaM. Torma

ns Yy <0,
n=<¢nsg, 0<y<hg,
Ne, h0<y'

TlomecTrM cBEpXY HA OCHOBHOM BOJTHOBOJHOM CJIO€ HEDOJIBIIIOE YTOJIIEHNE — JOTOJI-
HUTEJbHBIIT BOJIHOBOJHBIN CJION IEPEMEHHOU TOJIIAHBI h(ac, z) NOpAIKa JJINHBI BOJIHBI
U3JIyYeHHs] Ha yYacTKe pajuyca R 1mopsijika HeCKOJbKUX JJIMH BOJIH U3JIydeHusl (TO eCTh
3a eJINHUILY U3MEDEHNUs JIJIMHBI BEIOPAHA JIJIMHA BOJIHBI 3JIEKTPOMATHUTHOTO M3JLy IEHMUs ),
dopMupyOmui TOHKOIIEHOYHYO BOJTHOBOIHYIO JTUH3Y [8] oo/ IHITEeIbHBINM BOJTHOBO/I-
HBII CJION MMeeT TOT K€ NOKa3aTesb IIPEJIOMJICHUA, YTO U OCHOBHOU CJIOH, CeYeHUE II0-
JIVIUBIIENHCST BOJTHOBEJLYIIEN CUCTEMbI M300parkKeHo Ha puc. 1.

ny

ng

Puc. 1. Ilnockuii BOJITHOBO/, BCTABJIEHHBINA B AWK R, X R,

Bynem canrtarsh, 9TO JOMOSHUTEIBHBINH BOJTHOBOIHBIN CJIOH TIPEICTABISIET COOOH TEJIO
hi <y <hs(z,2), |z|]<L,, |2|<L,.
Huke ns npumepa ucrosnb3yercs
hz,z) = hy + 3V R? — 22 — 22,

e § — mapamerp, XapaKTepusyIoInuil «MaJloCThy yTojrmenus. Harma 1ess — uccieno-
BaTh JAUMPAKIMIO CBeTa Ha ITOH JIMH3E.
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2. Onucanue npubJINKEHHON MaTeMaTHUYeCKON MOOdeJn

OT1mMeTHM, YTO pacCMaTPUBAEMOE JIOKAJIHLHOE YTOJIIIEHAE BOJTHOBOIHOTO CJIOsT HE 0bec-
[IeYNBAET WHBAPUAHTHOCTHU O/ BA0Jb ocu Oy. OJHAKO, B CHJIY MAJOCTU BO3MYIIECHUS
PeryasipHOCTH, 3(ODEKTHI JAETIOITPU3ANNAN MAJIbI TI0 CPABHEHUIO ¢ OCHOBHBIM BKJIAIOM TI0-
JIst PETYJISTPHOTO BOJIHOBOJA. DTO TO3BOJISIET HA HAYAJIHLHOM dTAlle PACCMOTPEHUS ITPEeHe-
Opedb BEKTOPHBIM XapaKTEPOM PACIPOCTPAHSIONIErOC SJIEKTPOMATHUTHOTO U3JTy ICHUS.

B ckajgspHOM MpuOIMKEHUN PACIPOCTPAHEHUE BOJIHBI MOXKHO OIHUCATH yPaBHEHUEM
T'enrnMmroaniia

Au + k*qu =0,
rae ¢ = qo(y) +0 - qi(z,y,2) u
n?, y <0,
qo = nfc, 0 <y < ho,
n?, ho <y,

a MaJiad ,ZLO6aBKa 56]1 XapaKTepu3yeT yTOJIIeHUEe.

IlocTraBuTe cpaly mapruajbHBIE YCIOBUS M3yYeHHs HEBO3MOXKHO, IIOCKOJBKY CITEK-
TpajbHas 3aJada Juid omeparopa A + k:QqO(m,y) na R? mMeerT cMeIaHHLIN CIIEKTD:
JUCKPETHBIN U HelpepbIBHLBIN. [[pocTeiimuii myTh K IMMOCTAHOBKE YCJIOBUN — PACCMOTPETH
OTKPBITBINA BOJITHOBOJ, B 3aKPBITOM BOJIHOBOJIE, TO €CTh O'PAHUYNATL PAacCMaTPUBaEeMOe IIPO-
crpancrso R? komnaxrHoit obnacteio G @ |z| < Ry, |y| < R, nzobpazkénnoii na puc. 1
MyHKTHPOM. MBI IToj1araeM, 9To B PeasibHOMN cucteMe 00beKThI, TOMENIEHHBIE JOCTATOTHO
JIAJIEKO OT BOJIHOBOIHOI'O CJIOSL, HE BJIUSIOT CYIIECTBEHHBIM OOPAa30M Ha HMHTEPECYIOININe
HAC XapaKTEPUCTUKU BOJIHBL. JlaHHOE IIPeIIosIozKeHne BHOCUT JOIIOJIHUTEIbLHOE BO3MY-
meHre B 3a7a4y. Mbl pejirtosiaraeM €ero MaJjbIM B HadaJje pacCMOTPEHUS.

PezynbTaTbl UMC/IEHHBIX IKCIIEPUMEHTOB, TPOBEJIEHHBIX HAMHU B IOC/IEIYIONUX pa3-
JleJIaX, HOATBEPIKIAIOT CAETAHHOE IPEAIOJIOKEHNE, TO9TOMY IIPHMEM U|y—+ r, = 0, a
TaK»Ke, ITO I10JIe Ha HEKOTOPOM YJIAaJIEHUU OT yTOJIIEHUS He 3aBUCUT OT I, IOITOMY

ou

— =0.
Ox z=+R,

Ocraércst MOCTABUTDL MapIUaIbHble ycaoBust uaiaydennsi. OG0O3HAYNM COOCTBEHHBIE
3HAYEHUsT U COOCTBEHHBbIE (DYHKITUU 381891
Ajv+ Kk qo(y)v+ v =0,
U|y::|:Ry =0, (1)

%}x:im =0

KaK A, W v, coorBercTBeHHO. CumcTeMa COOCTBEHHBLIX (DYHKIMA 9TOH 3aJa4d IOJIHA B
npocrpanctee L?(G) [9].

Boany, nmamarornyio na jguna3y, npu 2z < —L, MOXXHO OIUCATh KaK Pa3JIOXKeHue

N
> Fuvn(,y)e
n=1

1Mo cOOCTBEHHBIM (PYHKITUSIM, OTBEUAIONINM OTPHUIATETHHBIM COOCTBEHHBIM 3HATEHUSIM,
OpUYIeM iy, = /A, N — 4ucjIo OTpUNATEIbHBIX COOCTBEHHBIX 3HaueHuil 3aaan (1).
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OTpaxk€HHYIO OT JIMH3bI BOJIHY 1IpU 2 < — L, MOXXHO IPEJICTABUTH KaK
o
> " Ryvn(z,y)e"2,
n=1
a mporeantyo upu z > L, Kak

eS)
Z Tnvn ($7 y)el’YnZ’
n=1

rae R,,T, — HEH3BECTHLIC YHCIA, & CyMMBLI DPaCIPOCTPAHSIOTCT Ha BCE COOCTBCHHDIE
dbynximn 3amaan (1).

Bajava orbickanus QyHKIUU u U nocaegoBarenbnoctu uucen {1}, {R,}, nmenye-
MBIX KO3 PUINEeHTAMI IPOXOKICHAA 1 OTPAKCHI BUIA

Aju+ Kk q(z,y)u =0,
uly=+r, = 0,

ou _
oz le=+R, — 0,

N . 00 )
u|2<7LZ = Z ann(mvy)el’ynz + § : ann(x7y)€_l’ynz7
n=1 n=1

(2)

N ) 00 4
u’2>Lz = Z ann(x7y)ezvnz + Z Tnvn(may)ewnzu
n=1

n=1

nmMeeT (B IPUTOM €IMHCTBEHHOE) DeIleHHe U sBJISETCS KOPPEKTHOM 3ajatdeil MaTeMaTn-
geckoit dpusuku [10,11]. M GyeM HCIOIB30BATH €6 B KAUECTBE MATEMATHIECKON MOJIe I
JJIl OIUCAHHUA MOJIA OTKPBITOTO BOJTHOBOJA.

3. Pemenue 3amaun audpaknum B IEPBOM HOPSIAKE TEOPUN
BO3MYIIEHUA

Yr0o06bl MOJIyYUTh TIPOCTBIE (BDOPMYJIBI JIJIsl PEelleHus 3a1a49u (2), PACCMOTPHUM 3aIloJI-
HEHUEe BUJA

q=qo(y) +9-q(z,y,2)

u OyZeM UCKATh PeIleHre B BUJIE

[ee]
u = Z Foop(z,y)e 7 +6 -4/ + ...

n=1

B paMKax TeOPHH BO3MYIIEHHII, BO3MOXKHOCTD IIPIMEHEHNd KOTOPOl K 3aJa9aM C I1apu-
AJIbHBIMU yCJIOBUSIMU U3JIydeHus Oblia obocHoBana B [11,12].
1 oTBICKaHUS BO3MYIIEHHOI 9acTH pelleHus BUIA

u = Z U (2)vn (2, y)

nmMmeeM CooTHOIIEeHHEe BHJIa

Au+ Ego(y)u =~k q1(2,y,2) > Fyvn(w,y)e?

n=1
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njiu, 1mocJjie IIpoeKTupoBaHud Ha Uy, BUIa

du, 2 2 = iYmz
o T nun =~k > Frne ™ g (2), (3)

rae

Gnm(2) = // q1(z,y, 2)vn (2, y)vm (z, y)dedy.
G

Oyuxius ['puna jyist ypasHenus (3) ¢ napiuaabHbIMU YCJIOBUSIMU U3JTYYHUST MOKET
OBITH BBIIMCAHA ABHO [13], a caMo pelrenne ¢ €€ MOMOIIBIO 3alMCAHO B BHIE

Uy, F, / eivalz—fl-i-i%,L&qnm(g)dg_
Q’Wn mz_l .

Taxkum o6pa3oM, TTOHOE T0JIe TaéTcst POPMYIIOi

o0

U_z (F 627n +Z§an )F + . )vn(m,y),

n

rae IOIIpaBKU II€PBOI'O IIOPAAKa MaJIOCTH I10 0 IMEIOT BUJI:

8 Zrm = 227 /// eirnlz— £|+wm£5q(x y, €)d¢

(z,y,€)€supp d¢q

Cremyer 3aMeTUTh, 9TO ¢ UMeET KOMIIAKTHBIN HOCHTE/Ib, ITOITOMY Ha CAMOM JeJie
3/1€Ch MHTErPAJI PACIIPOCTPAHSIETCS Ha KOHEIHBII oTpe3ok. [lpu z > L, monyns |z — €| =
z — &, Io3TOMY

Z'Yn F i('Y'm_"Yn)f d
Up = 2”/“ Z / e ¢nm (§)d,
E=—0o0
n Fm i('Ym_'Yn)f . d X
- 5 Z [ e Gom(€)d€
m= t=—o0

Ilosaras
0T m = /// e rm =)z gy q1(x,y, z)dedydz,
Gx{|z|<L.}

MO2KEM IIeperncaTb IpeaAblYITYIo (1)OpMy.Hy KaK

AR

5T, = T Z T - Fn.
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Teopema 1. B nepgsom nopsadke meopuu 603myusenutl koaddhuyuermo, nporoscde-
HUA U OMPAHCEHUA N-0T MOODL DGOMCA HOPMYAAMU

o

m=1

5Tnm = /// ei(’Ym_'Yn)z,Un,Um . 5(] . dxdydz,

Gx{|z|<L.}

5an = /// ei('Ynt‘i‘"/n)Zvnvm . 5q . dmdydz

Gx{|z|<L.}

5Tn io: 5an : Fma
1

k2
= 2 iy,

2de

Mampuuv, 6T uw 6R 6ydem Ha3vi8amd MAMPUUAMU NPOTOHCOEHUA U OMPAAHCEHUS.

4. TI'parunbl TPUMEHUMOCTUA MO/I€JIA

C TouKM 3peHMs] CKAJAPHONH BOJHOBOI OINTHUKU IIOJIE B OTKPLITOM BOJIHOBOJE, IIOME-
IIEHHOM B 3aKPBITHIIT BOJTHOBOJ, IPEJACTABIISIET COOOM JTMHEHNHYI0 KOMOMHAIINIO BOJIH

Un (2, y)e 7,

rjie v — cobcrBennble hyHKIMN 3a1aun (1), oTBevaronye OTpUIATEIbHBIM COOCTBEHHBIM
3HAYCHUAM, IPUIEM Y = /.

Cob6crBennble byHKImu 3aga4u (1) y:ke npu HeGOJIBIIUX YACTOTaX k YETKO paciia-
JAI0TCd Ha JBa KJacca: JOKAJIM30BAHHBbIE U HE JIOKAJU30BAHHLIE B BOJIHOBOJTHOM CJIOE.
[IepBbie MBI Oy/ileM HHTEPIPETUPOBATDL KAK KAHAJIN3IUPOBAHHBIE CPEIHEM CJIOEM, & BTO-
pble — KaK KaHAJIU3UPOBAHHBIE O0BEMITIONINM 3aKPBITHIM BOJTHOBOIOM — SITITITKOM.

IN'unoresa, jexkalnass B OCHOBE IPEJJIOKEHHON MOJIEJIN, MOXKET OBITH C(HOPMYITHPOBAHA
CJIEIYIOMIM 00pPA30M: €CJIU A A0NAs BOIHA IPEICTABIIsIET COOOI CYIepIIO3UINIO JIOKA-
JIM30BAHHBIX MOJI, TO KO UITNEHTHI TPOXOXK IeHus 1 oTpaxkenust 1, u R, JIOKaIn30BaH-
HBIX MOJI HE 3aBUCAT 3aMeTHLIM 00pa3oM OT IapaMeTpos I, R, amuka. Pacxoxenns,
KOTOpbIe Hen30e2KHO BO3HUKAIOT [P MIPUMEHEHUN SIIIUKOB PAa3IUIHbIX Pa3MepPOB, HECYT
nHMOPMAITUIO, TOJIE3HYIO JJIs IUCJIEHHOTO aHAJM3a MOICIIH:

— NM-10 MOJIy MOYKHO BBIYUCJIUTH IIPH HECKOJIbKUX PA3/IMYHBIX 3HaUeHnAX R;, R,, Bean-
qnHa 0\, XapaKTepu3yeT IUCIEPCHUIO, KOTOpas He MOYKET ObITh yTOYHEHA B PaMKax
paccMmarpuBaeMoil MO/JIeJIN,

— BKJIAJIbI HEJIOKAJTU30BAHHBIX MO B JIIOOYIO BETUUINHY XapPAKTEPU3YIOT B CBOEH COBO-
KYITHOCTH PACCEsIHHYIO YHEPIUIO, CAMHU Ke I0 cebe He MMEIOT (PU3NIECKOr0 CMBICIA.

Taxk Ha3bIBAEMble «TOUHBIE» MOJEIN TAKXKE MPUBHOCSAT IIOTPENTHOCTH, OIEHKA KOTO-
PBIX 329aCTYIO He IPOU3BOIAUTCH. UeM BBIIIe HOMED JIOKAJU30BAHHON MOIBI, TeM 0oJjiee
3aMeTHa 3aBHCHMOCTH COOCTBEHHBIX 3Hauenuii ot R;, R,. OpHako ujiea mpeJesbHOTO IIe-
pexona R — 00 IJ10Xa He TOJIBKO € BBITUCIUTEIbHON TOUKU 3PEHUsI. DTO OOCTOSATETHCTBO
YKa3bIBaeT Ha TO, ITO PACCMaTpUBAEMast MOJIEJb — MOJIEJb C IAPIUAIBLHBIM pacipeeie-
HueM TovyHocTH [14].

5. BprunciieHue JIOKQJIM30BAaHHBIX COOCTBEHHBIX (DYHKITUIA

Bce coberBennble 3HaveHust 3aa9u (1) MOXKHO HAfTH 110 METOIy pasjesieHus mnepe-
MeHHBIX. [losaras

s
- - x )9 Z 4
v =v(y) cos SR, (x — Ry), sE€ (4)
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u nojcrasisst (4) B (1), moayduM oJHOMEpHYIO 3a/iady Ha COOCTBEHHbIE 3HAYECHUSI

2
" k/,? P ﬁ =0
v+ CIO(y)U + <2Rx v y (5)

U|y::tRy =0.

[TosTomy mocTaTOYHO HAMTU BCe COOCTBEHHBIE 3HaUeHUdA Ipu s = (), ocTaIbHBIE TOJIyYa-

orcst 13 mux capurom na ((75)/(2R,))%. Tlpu sToM coGerBenmoe 3HaUeHHE A OTBEUACT
JIOKAJIN30BAHHON MOJie, ecyiu v(Y) 9KCIOHEHIAIBHO yOBIBAET B MOKPOBHOM CJIO€ M IO
nomxe [15-17]: —k*n} < X — ((ms)/(2R,))* < min(—k?n2, —k2n2). Oxciona, Gyxer Jm
MO/JIa JIOKaJIN30BaHa Ipu § > () MIN HET, CYIIECTBEHHO 3aBUCHT OT BbIOOpa R .

O6paTuMcst K BBIYUCICHUIO JIOKAIM30BAHHBIX MOJI, He 3aBUCSIIHX 0T = (s = 0), crmBa-
HUEM DeIlleHuil Ha JBYX pa3pbiBax KoddduimenTa npejgomienns. s yaobcrsa onumiem
0003HatIeHnsI, KOTOPbIe HCIOJIb3YyIoTCs B akere Liineburg mox Sage.

— 0 —moxmoxkka, 1 — BOJIHOBOTHBIN CJION, 2 — ITOKPOBHBIN CJION,
— n=[ns,nf,nc] — cnuCOK ¢ OKa3aTEISIMU TIPEJTOMICHUS,
— h=[h0,h1] — oTpe30K och Yy, KOTOPHIil 3AHNMAET BOJTHOBOIHBIN CJION,

Oyuknnga luneburg_eigenplot(n,h,k,Ry) IPOBOJUT YUCIIEHHBII PACYET JUCIIEPCH-
OHHOM 3aBUCUMOCTU M CTPOUT IpadUK UCIEPCHOHHOM KpuBoil (B siorapudMuaeckoMm
mactirabe), HyJIn KOTOPO# CyTh UCKOMbIE COOCTBEHHBIE 3HAYeHNs. ByjieM jajee paccMar-
pUBaTh pa3Mepbl BOJTHOBOJHOM CTPYKTYDBI B €IMHUIAX JIJIMHBI BOJHBI 3JIEKTPOMArHUT-
HOT'O U3JIydeHHsA. PacCMOTPUM OTKDPBITHIN BOJHOBOJ, C TOJIIIUHON BOJTHOBOJIHOTO CJIOS B 1
JUIAHY BOJIHBI U

1.1 y <0,
n=1{42 0<y<1,
1 1<y,

HOMEeMIEHHOro B AMUK ¢ [7y, = 10 qymn BosH, 1pu k = 3 3TOT rpaduK MOXKHO OCTPOUTD
KOMAaHJIO]:
sage: load(’sage/luneburg.sage’)
sage: var(’x,y,z’)
sage: luneburg_eigenplot([1.1,2,1],[0,1],3,10)

Ha puc. 2 npeacrasiens! rpacdukn npu R, = 2 n R, = 10. Xopomo BHIHO, 9TO
nosjoxkenne Hyseil ne sapucut ot R,. Ilo rpaduky Bumano, 9T0 MMeeTCs POBHO JBe COO-
CTBeHHBIX pyHKINH, Bo3ae A = —31 u —18.

In(det)
1100

1an
1e0
140

20

35 -3 25 200 15 |

Puc. 2. T'pacduxk JjieBoil yacTi XapaKTepUCTUIECKOr0 ypaBHEHUSI [IPU
n=[1.1,2,1],k = 3 pns1 nByx 3Hadenmii: (1) gns R, = 10; (2) gusa R, = 2
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3ameuanue 1. Ilo rpaduky XopoIro BUIHO, UTO 3a/1a9a UMEET Ty Ke BBIUUCTUTE b
HYI0 0COOGEHHOCTB, KOTOpas B [18| omuchiBaeTcst B pasjese, MOCBSIIEHHOM TOCTPOEHUIO
rpaduros. OTaeseHne KOpHeR 371ech OyIeT HeTPUBUAILHON 33 avei.

st Gojiee TOIHOTO BBIYMC/IEHUS] KOPHEH M COOCTBEHHBIX (DYHKITHI CIyKUT PYyHK-
nus luneburg_eigenfunction(n,h,k,Ry,lambda), rme A\ — npubimkeHHOE 3HAUECHUE
I COOCTBEHHOTO 3HAYeHUs, HafieHHOoe 10 rpaduKy, UCKOMOE COOCTBEHHOE 3HAUEHWE
JIOJIZKHO JIesKaTh Ha oTpe3ke [\, A + 1]. Dra dyHKIMS B KadeCcTBe BBIXOJHBIX JAHHBIX
MIPeI0CTAaBJISIET CIUCOK, 0-M 3JIEMEHT KOTOPOTO CIYKUT YTOIHEHHOE COOCTBEHHOE 3HAE-
HUe, & 1-M 3JIeMeHTOM — cOOCTBEeHHAsT (DYHKIHS, OIUCAHHAST KaK KYCOTHO-aHAJIUTUIECKOE
BbIpazkeHne U HopmuposanHas Ha L?(—R,, R,). [l1s paccMaTpuBaeMoro nmpuMepa nvMeeM
JIBa, COOCTBEHHBIX 3HAUECHUSI:
sage: luneburg_eigenfunction([1.1,2,1],[0,1],3,10,-32)
[-31.00587372275704, piecewise(y|-->-(1.749050320801987e-20)*
e~ (4.48507232079451*y + 44.8507232079451) +
(1.749050320801987e-20) *e~ (-4.48507232079451*y -
44.8507232079451) on (-10, 0), yl|-->-0.5262885275712399%
cos(2.234754187207837*y) - 1.0562423917910484%
sin(2.234754187207837+y) on [0, 11, yl-->
(2.3432737836960847e-19) *e~ (4.69104185898581*y -
46.9104185898581) - (2.3432737836960847e-19)*
e~ (-4.69104185898581*y + 46.9104185898581) on (1, 10); y)]
sage: luneburg_eigenfunction([1.1,2,1],[0,1],3,10,-18)
[-17.624762558080413, piecewise(y|-->(4.939108333233261e-12)%*
e~(2.59514210749246*y + 25.9514210749246) -
(4.939108333233261e-12)*e~ (-2.59514210749246%*y -
25.9514210749246) on (-10, 0), yl|-->0.920889502548748%
cos(4.286634745569021*y) + 0.5575093905265337*
sin(4.286634745569021*y) on [0, 1], yl-->
(2.9481241586952706e-12) xe~ (2.936794606042515%y -
29.36794606042515) - (2.9481241586952706e-12) *
e~ (-2.936794606042515xy + 29.36794606042515) on (1, 10); y)l

I'pacduku cobcTBeHHBIX (DYHKIMHU MOCTPOeHbI Ha puc. 3 u 4. Ciemxyer oOpaTuTh BHU-
MaHWe Ha TO, UTO, HAIIPUMEP, B MOKPOBHOM CJIO€ COOCTBeHHas (DYHKIIAS UMEET KCIIO-
HEHITHAILHO PACTYINHil wien ¢ ammmurynoir 1.7 - 1072, koropsrit Ha orpeske 1 < y < 10
HE OKA3bIBaeT 3aMETHOIO BJIMAHWA Ha MOBeaeHne cobcTtBenHoit pyukiuu. OmHako ensa
JIM pa3yMHO OTOPAChIBATH ITOT UJIeH, BEJIb BTOPOE CJIAraeMO€e UMEET TOT Ke TTOPSIIOK.

(% v
L L L y
-4 2 4 1
0.5}
-0.6 L L L L Yy
4 2 4
-0.8
-0.5}+
-1
12k 1p
Puc. 3. I'pacdbuk cobcTBeHHOIT Puc. 4. 'paduk cobcTBeHHOI
dbyskuu moaer 1T'Ey ipu dbyuknuu moapr TE; nipu

n=[1.1,21]k=3 n=[1.1,21],k=3
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6. BoJanHoBoaHasi JuH3a

O6paruMcs Terepb K AudpakIiud Ha yTOJIIEHUA BOJHOBOJHOIO cjod. Ilycrs s
IpuMepa BOJTHOBOIHBIN CJI0H MMeeT yTOJIeHne B hopMe ToTycdepsl,

22+ 22 <R, hi<y<h +6VR?— 12— 22

3a0JIHEHHOM BENIeCTBOM C IIOKa3aTeJieM IIPpEeJIOMJICHUA 1. B HOJIHpHOfI cucreMe Koop/au-
HaT

hi+6 VR262—=(y—h1)?/0 on
0T ym = (”12 — nZ) / / / ei(%”_%)rSi“‘pvnvmrdrdgody.
y=1 r=0 ©=0
Ecmu v,, un v,, He 3aBUCAT OT T, TO T},,, IMEET BEIICCTBCHHOE 3HAYCHHUE, IOCKOILKY
27
/ sin (Y, — Yn)rsing = 0.
=0
IIpu sTOM 171 BHIYUC/IEHUS YI00HO IOIL30BATHCH BHIPAXKEHIEM
h1+6
0Tm = (”12 - ng) / VUnVm Prm (Y)dy,
y=1

rIe

\/R262—(y—h1)2/8 on

Prm (Y) = / / o8 ((Ym — Yn)7 sin @)rdrde.
r=0 ©=0

B uacrrOCTH,

hi+d v/ R262—(y—h1)2/d
0T = 27r(nl2 — ng) / dyvq (y)2 / rdr =

y=1 r=0
e =y
— () [ (32— vl >v1<y>2dy.
y=h1

JJ1st BBIYHUCIEHUST STOTO0 WHTErPaJia MOXKHO BOCIIOJB30BATHCS CTAHIAPTHON ITOIIIPO-
rpammoit Sage:

sage: hil=1
sage: R=1

sage: delta=0.1
sage: nf=2

sage: nc=1

sage: ns=1.1

sage: nl=1.8

sage: v=luneburg_eigenfunction([ns,nf,nc],[0,1],3,10,-32) [1]
sage: numerical_integral (pi*(nl~2-nc~2)*(v.expression_at(2)) 2%
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(R~2-(y-h1)~2/delta~2),hl,hl+delta)
(0.0871817000736067, 9.679113074768287e-16)

Bropas BesmunHa U3 YHCIa BBIXOAHBIX TapaMeTpoB numerical_integral, — ommubka
BBIUHCJIEHUs HHTerpaJja. B aToM npumepe creHKa sSIMuKa Oblia TOMeIIeHa Ha PACCTOSHIH
JIeCATKa, TOJIIMH BOJHOBOIHOIO CjIos OT 9roro cios (R, = 10), eciu e npuaBuHyTbH
CTEHKY SIIUKa Ha PACCTOsHME 1 TOJIMUHBI BOJHOBOAHOTO cios (R, = 2), To BesndnHa
60711 MOYTH HE W3MEHUTCH:

sage: v=luneburg_eigenfunction([ns,nf,nc], [0,1],3,2,-32)[1]

sage: numerical_integral(pi*(nl~2-nc~2)*(v.expression_at(1.5)) 2%
(R~2-(y-h1)~2/delta~2) ,hl,hl+delta)

(0.08716079779015289, 9.67679245513252e-16)

HnmeHHO 3TO 06CTOSITETHCTBO CBUIETEIBCTBYET O MPUMEHUMOCTHU HUCIIOIB3yeMO Mo-
JIeSn: TIepEeMENeHre CTEHOK ANUKA He BJNUAeT CKOJbKO-HUOY/Ib 3aMeTHBIM 00pa30oM Ha
Besimauny 177.

Ocrasnbable amemMenTbl MaTpull 071 u 0R i MepBBIX JBYX JOKAJU30BAHHBIX MO/I
MOKHO BBIYUC/IATH TeM ke myTém. Tak mpu § = 0.1 nomygaercs

0.0871817000736067
0.0367243736664542
0.0181280522835082
0.0345146071574481

o7 — (
or=(

npu 0 = 0.01 mosrygaercs

o7 (
= (

npu § = 0.001 noygaercst

o7 —
or=(

0.0116699996604377
0.000482453707056942

0.000273495110082350
0.000482170019481738

0.00120423307443047
4.96623379696062 x 10~°
2.83607252631433 x 1076
4.96620475470580 x 1076

0.0367243736664542

0.299853381650346
0.0345146071574481
0.0656532582915378

).
).

4.96623379696062 x 10~°

0.00369188780662724 > ’
4.96620475470580 x 1076 )

0.000482453707056942
0.0361978913181138

0.000482170019481738
0.000850060161436371

8.69624769266800 x 1076

Mo2KHO BUIETD, 9TO C YMEHbIIeHIeM § MaTpuIlbl Koaddunmentos § R u §1" crpemarcs
K HYJIIO.

7. 3akirodyeHue

B paborax 1o ucciieIoBaHUIO ONTUYIECKUX BOJTHOBOIOB OOBITHO 0€3 JOIIOTHUTEILHOIO
000CHOBaHMS TPUHUMAIOT, ITO II0JI€ BHYTPU BOJIHOBOJHOTO CJIOSI HE 3ABUCHT OT JIEKTPO-
MaATrHATHBIX SBJICHUN, IIPOUCXOIAINNX HA PACCTOAHUM B HECKOJIBKO JICCATKOB JJIMH BOJIH
OT HEro. JTO, pa3yMeeTcs, He BIIOJHE BEPHO: HEKOTOPBIE XaPAKTEPUCTUKH IOJIsT BHYT-
P¥ BOJITHOBOJIA 3aBUCAT OT 3TUX SIBJIEHNI, HO UCCJe/IoBaTeIel MHTEPECYIOT Te ITapaMeTPhI
BOJIHOBO/THOT'O M3JIyY€HUsI, KOTOPBIE OY€Hb CJIa00 3aBUCAT OT OKPYKEHUs BOJHOBOJIA.
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JlanHOE paccyKIeHNe SIBJSETCsT OCHOBaHWEM it (DOPMYJIMPOBKH MaTeMaTHYIe-
cKOil Moztesin (2) BOJHOBOJIHOIO PACHPOCTPAHEHUs MOJISPU30BAHHOIO CBETA B ILIABHO-
HEPETyJISIPHOM HMHTETrPAJbHO-OIMITHIECKOM BoOJIHOBOME. [Ipemioxkennass MOIe/b He sIBJIs-
eTCs TOYHOH, TaK KaK JacTh U3JIy9IaeMOl OTKPBITHIM BOJHOBOJIOM CBETOBOI SHEPruu Ka-
HAJIN3UPYETCsE OECKOHEYHO BBICOKMMH CTEHKAMH IIOTEHIHAJIA HA T'PAHUIE 00BEMJIIIOIIETO
3aKPBITOTO BOJIHOBO/IA.

JlocTOMHCTBOM MOJEIN SIBJISIETCS KOPPEKTHOCTL (hopmysaupyeMoil 3amaqan. s wmc-
CJIeIOBaHUsI €€ PeIeHuil, NX 3aBUCUMOCTH OT 'PAHUYHBIX YCJIOBUN U OT KOI(MDMOUIHEHTOB
YPaBHEHUS MOYKHO HCIIOJIb30BATH ITUPOKUI ACCOPTUMEHT CTPOTUX MATEMATUIECKUX Me-
TOJIOB M AIlPOOMPOBAHHBIX KOMITLIOTEPHBIX ITPOTPAMM.

ODTUM MPEUMYIIECTBOM MOXKHO BOCIIOJIB30BATHCS JIJIsi UCCIIEIOBAHNST TOI'O BO3MYIIE-
HUsI, KOTOPOE BHOCHUTCSI IIPU MOMEIIEHUN OTKPBITOTO BOJIHOBOJA BHYTPb OOBEMJIIOIIETO
3aKPBITOTO BOJHOBOAA. lIpoBeseHmne YHCIEHHBIX SKCIEPUMEHTOB TO3BOJIMIO TOKA3aTh,
YTO C YMEHBIICHUEM JIeJIbTa MATpUIia KoahuimeHToB orpakennss d R cTpeMuTcst K Hy-
JIf0, a MaTpuiia KO3 UINEHTOB MTPOXOXKIECHUST CTPEMUTCH K €IMHUYHON MaTpUIie, TO
ectb 01T — 0. Ilpuuém obOMeHHBIE BKJIAJIBI, KOTOPHIM COOTBETCTBYIOT BHEIMATIOHAJILHBIE
9JIEMEHTBI MATPUIL, CTPEMSITCS K HYJIIO HA HOPSJIOK ObICTpEE, YeM JUATOHAJILHBIE TJIEHBI.

CpaBHeHHe 10JIyYeHHBbIX B JIAHHOI paboTe pe3y/IbTaToB ¢ pedysbraraMu paboTsr [19)],
B KOTODOI HENOJIHBIM MeTo/IoM l'ajépkuna Oblia Mcciie/I0BaHa AHAJOIHIHAS BOJIHOBOJI-
Hasl KOHQUIypalnus B CJIydae 3aKPbITOI0 BOJHOBOJA, TO €CTh ClIydail Takoro [2,, KOTopblit
IpUOJINKACT CTEHKH OOBEMITIONIET0 BOJIHOBOJA BILIOTHYIO K IPAHUIAM OTKPBITOIO BOJI-
HOBOJIA, MOKA3AJI0 KAIeCTBEHHOE COBIIAJIEHUE YMCJIEHHBIX PE3yJIbTATOB.
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Simulation of Polarized Light Propagation in the Thin-Film
Waveguide Lens

D. V. Divakov, M. D. Malykh, A. L. Sevastianov, L. A. Sevastianov

Department of Applied Probability and Informatics
RUDN University (Peoples’ Friendship University of Russia)
6, Miklukho-Maklaya str., Moscow, Russian Federation, 117198

The paper deals with the problem of electromagnetic TE-polarized monochromatic light
diffraction on three-dimensional thickening of the waveguide layer of regular three-layered open
planar dielectric waveguide, which forms thin-film waveguide lens. The authors propose an ap-
proximate mathematical model in which open waveguide is placed inside the auxiliary closed
waveguide, that leads to well-posed diffraction problem. It is shown, that properties of guided
modes of the open waveguide are stable with respect to shifts of the closed waveguide boundaries.
So, the proposed approach describes the propagation of polarized light in the open smoothly
irregular waveguide adequately.

The three-dimensional thickening of the waveguide layer forces us to deal with electromagnetic
field in vector form due to depolarization effect. The diffraction problem, presented in the work,
is solved in adiabatic approximation by the small parameter of irregularity of the waveguide
layer.

The numerical experiments show that decreasing of the small parameter tends the reflection
coefficient matrix to zero-matrix, tends the transmittance coefficient matrix to identity matrix,
and besides the non-diagonal matrix elements, corresponding to modes interaction, tend to zero
by an order faster than diagonal matrix elements, which shows that depolarization effects in the
given configuration can be neglected.

Key words and phrases: waveguide propagation of light, mathematical model, integrated-
optical waveguide, modified incomplete Galerkin method, asymptotic method
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BoJianaoBas MOJeJIb paCIIpoCTpaHeHnud 1 U3MEeHEeHUA
JIMHIBUCTHUYECKOIA I/IHCl)OpMaI_[I/II/I B I/IH,[[OGBpOHeﬁCKOM MOAd€eJIbBHOM
A3bIKOBOM COOGI.[[GCTBG

A. A. Eropos*’, M. A. Eroposa?

* Unemumym obwets gusuru um. A.M. ITpoxoposa PAH
ya. Basuaosa, d. 38, Poccusa, Mockea, 119991
P Yuebrno-nayunoi Iewmp Cosema BOUP PY/IH
Y Kagpedpa urocmpaniox a3o1k06 Garyaomema 2ymanumapiol & COUUGALHOE HAYK
Poccutickutl ynusepcumem dpyotcbvi 1apodos
ya. Muxayxo-Maxaas, 0. 6, Mocksa, Poccus, 117198

B pabore paccmoTpeHa BOSHOBasi MaTEeMATHYECKAs MOJE/b, ONMUCHIBAIOIAST PACIPOCTPAHE-
HU€ ¥ U3MEHeHVe JIMHTBUCTUYIECKOW MHMOPMAIMY B HHIOEBPOIEHCKOM MOJEIHHOM SI3BIKOBOM
coobrectBe. /lana kpaTkas uHdOpMAIUs 00 aHATOJHUICKON U KypraHHoi runore3ax (popMupo-
BaHUs IpanHOeBponeiineB. Maremarndeckasi MOJIEJIb IIPOIECCa BOJHOBOI'O PACIPOCTPAHEHUST
¥ U3MEHEHUs] MH(POPMAIUN OIKCHIBAETCS CUCTEMOI MHTErpo-auddepeHnaabHbIX YPaBHEHU.
JaHbl pe3ysIbTaThl MPEIBAPUTETHHOTO TEOPETUUECKOTO AHAJIN3a U KOMIIBIOTEPHOI'O MOJIEIUPO-
BaHusi. B wacTHOCTH, TOJIyYeHa OIeHKA MAKCUMAJIBLHO BO3MOXKHOTO Bpemenu (~ 24000 Jier) pas-
BUTHS/ BOSHUKHOBEHMsI PACCMATPUBAEMOI MHII0EBPOIIEHCKON sI3BIKOBOIl «CEMbHU» B DAMKAX JIaH-
HO# Mozesin. Pe3ybTaThl KOMIIBIOTEPHOTO MOJIEJINPOBAHUS ITOKA3bIBAIOT, YTO U3 JBYX OCHOBHBIX
runore3 GOPMUPOBAHUS TPAUHIOEBPOIENTIEB — AHATOJIUNACKON U KyPraHHOM — ITOCJIETHSS JIy Y-
IIIe COOTBETCTBYET IOJIyYEeHHbIM HAMU BPEMEHHBIM OIleHKaM. B 3akjrodeHue mojydeHbl JTaHHbIE
O TUIIOTETHYECKOM IIPAMHIOEBPOIIEHCKOM aji(aBUTEe, 8 UMEHHO — O UHCJIE BO3MOXKHBIX <«CHUM-
BOJIOB/3HaKOB» (M «OyKB» ) andasuTa NPaMHIOEBPOIEHIEB Ha OCHOBAHUHA IIOJIYYeHHBIX HAMU
JAHHBIX. VICXO/sl U3 IOy YeHHBIX Pe3yJIbTAaTOB YCTAHOBJIEHO, UTO JUAIIa30H BO3MOXKHBIX 3HAMeE-
HUI JIJIsST CAMBOJIOB aJI(paBUTa OTPpAHUYIeH TpUMepHO 3Hadenusmu: 3 + 32. Kpome Toro, ectsb xo-
porasi KOppeJIsiiiys HaIIuX JaHHBIX C BBIBOJAMHU I'€HETUKOB O BO3MOXKHOM BPEMEHHU IIOSIBJIEHUS
(npumepro 14000-20000 ser masan) rammorpynubl Y-DNA Rla (cumraercsi, yTo HOCHTE SIMU
[IPANHJI0EBPOIIEHCKUX SI3BIKOB ObLIN B MIEPBYIO OYEPEIb MYKYUHBI C JIAHHON TaIlIOrpyIInoi).

KurogeBsble ciioBa: MaTeMaTHYecKast MOJIeJIb, MHTErpaabHO-1uddepeHInaIbHoe ypas-
HEeHVe, MaTeMaTh4yecKasl JUHTBUCTUKA, WHJIOEBPOIIEHICKHE S3BIKUA, WHIOEBPOIIEHCKAs XPOHOJIO-
T'Usi, THIOEBPOIENCKOEe PACIPOCTPAHEHNEe, aHATOJINNCKAS U KypraHHas TUIIOTe3bI

1. Bsenenue

B macrosmieit pabore paccMOTpeHa BOJHOBasg MaTeMaTHUUIECKas MOJIENb, OIMUCHIBAIO-
mas pacIpoCTpPaHCHUE W M3MEHEHWE JIMHTBUCTUYIECKON mHMOPMAIMT B HEKOTOPBIX CO-
obmectBax [1,2]. B pamkax 9T0if MOmesn ObLIO MPOBEJIEHO YUCIEHHOE HCCJIEI0BAHNIE
pacIpoCcTpaHeHust JIHHIBUCTUYIECKO nH(bOpMAIK B MOJIeIbHOM uHjtoesporeiickom (M1E)
A3BIKOBOM COOOIIECTBE, B TOM UHCJIE HA HAYAJIHLHOM 3Tale ero (hOpMUPOBAHUSI.

Hngopmayus — 1o (or sar. informare — coobrars, 1300pazkaTh, COCTABISATH 110~
HaTHE 0 4éM-ynbo; informatio — pazbsicHeHHe, M3JI0XKEHNE) CBEJICHUSI, COJEPIKAIIIECS
B KOHKDETHOM BBICKA3LIBAHWN U IIPEJICTABJIAONIE cO00i 00bEKT mepeaadn, XpPaHeHus,
epepaboTKM, BOCIIPOM3BeieHus. B Gojtee y3KOM CMBICIIE TIOJ AUH28UCTIUYECKOT UHPOp-
Mayuel MOTYT HOHMMATHCSI, HAIIPHMED, CEMAHTHKa (OIPEIesIseT COOTHOIIEHNE MKy
CJIOBAMH U MIX 3HAYEHUSIMU) M IPaMMaTHKa (IPaBUjIa, BEIPAYKAOIIHe O0IIue CHHTAKCHIe-
CKHe CBOWCTBA CJIOB U I'PYIII CJIOB, [O3BOJISIONIAE IIPOU3BOANUTD ¥ /UM OLKUCHIBATD IIPa-
BUJIbHbBIE TIPEJJIOKEHHs A3bIKA) HEKOTOPOTO $I3bIKA; B IPUHIAIIE 3TO MOXKET OBbITh U KO-
JITYECTBO I'PYII A3bIKOB MJINA IPOCTO YUCJIO SI3bIKOB B HEKOTOPOH SI3BIKOBO CEMbe.

Crarbsa nocrynuia B pegaknuio 20 asrycra 2016 r.



70 Becraux PYIH. Cepus MU ®. T.25, Ne1,2017. C.69-80

Bugyprayus (or naruackoro bifurcus — pasaBoeHHBI) — HOsIBJIEHHE HOBOIO Kadve-
CTBa B [IOBEJICHUH JIMHAMUYECKON CHCTEMbI IIPH MaJIOM U3MEeHeHUU eé napamerpos [3,4].
Ecsu npu nepecrpoiike 06beKTa OH He U3MEHSIETCA BO BPEMEHHU, TO BMECTO TePMUHA, Ou-
dypKammsa MOXKHO UCIOJIb30BATH TEPMUH «KAMacmpopas.

IIpu mocTpoeHnn MaTeMaTUIECKUX MOJIEIEN PACIIPOCTPAHEHUS U U3MEHEHUS JIMHT BU-
CTHYIECKON MH(MOPMAITMHN B sI3BIKOBBIX COOOITIECTBAX B KAUECTBE alpUOPHOI nHMOpMaImn
HUCIOJH30BAJIN JaHHbIE HE3ABUCUMbBIX NCCJIEOBaHNi, KaK U3 JIMHTBUCTUKA, TaK U U3 JIPYy-
I'UX Hay4YHBIX 00JIACTell, HApUMED, U3 UCTOPUH, TeHeTHKH 1 apxeosorun [5-20].

B craTbe naHbl HEKOTOPBIE PE3YJIBTATHI IPEIBAPUTEIHHOIO TEOPETUIECKOTO aHAIN3A
U KOMIIBIOTEPHOT'O MOJIEJIMPOBAHUSA. YCTAHOBJIEHO, UTO JIjIsi PACCMOTPEHHON MaTeMaThIe-
CKOIl MOJIEJIM TIPOIECCa PACIIPOCTPAHEHNS W M3MEHEHUs JIMHTBUCTUIECKON MH(MOPMAIIT
HanboJiee XapaKTEPHOU YepTON dABJSETCA W3BECTHBINI B MaTeMaTHYeCKON JIMHTBHUCTUKE
JIOTUCTUYECKUI XapaKTep LOBeIeHUd MOAEJIUPYEeMON ANHAMAYIECKON CUCTEMBI.

2. Ywmcio sa3bikoB. AHatosmmiickasi 1 KypranHasi TunoTes3bl
dopmMupoBaHus TPOTONMHIOEBPOIIEIIIEB

Pacemorpum mammbie, ciiemyroniue u3 OINEHKN BPEMEHHBIX PaMOK BO3HUKHOBEHUS U
pa3BuTHA S3BIKOB U uxX cemeil. MI3BecTHO, U4TO cefivac CyIecTByeT IO Pa3HBIM JTaHHBIM
npumepro ot 6000 mo 8000 sizbikoB [9, 11|, U3 KOTOPBIX COOCTBEHHO WHIOEBPOIEHCKIX
upumepno 300-500. Tak, mo nanabM [11], }KMBBIX HHIOEBPOIIEHCKUX S3BIKOB Ceiiuac mpu-
mepuo 445. B [12]| cupaBeyinBo oTMedeHo 0 Uuciie JKUBBIX sI3bIKOB: «B 1ocsesneii Bep-
CHU MEXK/[yHAPOHOIO JIMHIBUCTUIECKOrO Karasora “DrHosor” [11] npusoxurcs nudpa
B 7106 emmHMIl, HO aOCOTIOTHON TOYHOCTH 3/1€Ch OBITH HE MOKET, TIOTOMY UTO He CYIIe-
CTBYET €IMHOrO CTPOrOr0 KPUTEPHUsi, KOTOPBIH MO3BOJIAI ObI OIPENe/INTh, TJe KOHIAI0TCS
JUAJIEKTHI, TO €CTh PErMOHAJIbHBIE BAPUAHTHI, OJHOTO SI3bIKA U HAUUHAIOTCS, COOCTBEHHO
TOBOPsI, PA3HBIE SI3BIKU».

IIpuBenénnble JaHHBIE IO YUCTY S3BIKOB MO3BOJISIOT IOJYYUTH CJEYIONIAE BPEMEH-
HbIEe OIEHKHU, B OCHOBE KOTOPBIX JIEKUT CJIeJIaHHOE B Hareil paboTe MO JIUHAMUIECKOH
HEJTMHEHON MOJIe/In PACIPOCTPAHEHUsT M U3MEHEHUsI JTUHIBUCTUIECKON WHMOPMAIINY B
MH/I0EBPOIIEICKOM MOJIEIBHOM $SI3BIKOBOM COODIIECTBe Ipe/inosioxkenne [21]: ncrnonb3osa-

HUe HeJTHHeHON MOme/n, Tie eCTh LUKJIBL BHAa S2 | [HO3BOJISIET IOJIYYUTb HE TOJIHKO
«BCTPOEHHbBII» BHYTpEHHUI BpeMeHHOI maciiTad ¢ mraroM B 500 Jjier, HO U OIpeIeIuTh
BPEMEHHYIO «JJINHY» JaHHOU JIMHI'BUCTUYECKOIl BPEMEHHOU <«JIMHEHKU», BJOJb KOTOPOM
Pa3BUBAETCs JUHAMUKA HUCCJEIYEMOU JIMHI'BUCTUYIECKON cucTembl. [leficTBuTeIbHO, JJIsI
IUKJIOB BUJIAQ SQP, rne p=0,1, 2, 3, 4, ... uMeeM CJIeJYIOMUN PsiJi BHAUCHUN JIJIT TUCIIA
SA3BIKOB L, COOTBETCTBYIOIIETO JAHHOMY PsIIY TOC/TIEI0BATEIbHBIX UX YJIBOCHUN, HAUNHAS
¢ oxnoro Bo3moxkuoro VIE npasisbika, mepBooCHOBLI Beex coBpeMeHHbIX 1E ga3pikos: 1, 2,
4, 8,16, 32, 64, 128, 256, 512, 1024 u T. 1., ©CXOAA U3 ITOTO HECJIOZKHO MOy IUTD CJIETYIO-
IIYIO IPOCTYIO (POPMYJTY JJIst OTIEHKN BO3MOYKHOI'O YHCJIa A3LIKOB B TAKOM JIMHAMUIECKOM
nporecce: L = 2P, Orkyna noiaydaeM pOpMYILy JJIsi YUCACHHON OIEHKH KOJIUYECTBa, CO-
OTBETCTBYIOIIUX JAHHOMY YHCJY $I3BIKOB ITUKJIOB p: p = log, L. Hampuwmep, mrsa 6000
BCeEX $I3BIKOB rostyudaeM: p = log, 6000 ~ 12,55, 1. e. npumepno 13 1moKojeHUl, YTO COOT-
BeTcTBYeT npuMepHO BpemeHu 13 - 500 et = 6500 set. TosbKo 1T MHJIOEBPOIIEHCKAX
SA3BIKOB nMeeM: p = log, 500 ~ 8,97, 1.e. npumepno 9 nokosennit mwin 4500 srer. Yuér
BEPOSITHBIX MCYE3HYBIINX $S3BIKOB U BCEBO3MOXKHBIX JIUAJIEKTOB YBEJIUYUT ITHU OIEHKU,
O0CODOEHHO B CJIy9ae BCEX A3BIKOB, UTO BITOJIHE ecTecTBeHHO. C 3TO# TOUYKM 3pEHUST MOXKHO
paccMaTpuBaTh JAHHBIE OIEHKN KaK OIEHKU BPEMEH, KOT/a PA3JIUIHbIE SI3bIKA OKOHYAa-
TEJILHO Pa30IIJINCh.

Hanomunm kpatko 06 Anarosuiickoit u Kyprauuoit rurroresax (popMupoBaHUsi TPOTO-
UHJIOEBPOIIEHIEB. AHAmMOoAulickas eunomesa JIOKAJIN3YeT WHJIOEBPOIEHCKYIO IPAPOUHY
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B 3anajnoii Anarosnu (coBpemennasi Typrus). Jannsie, nonxydennsie I'peem u ATkun-
COHOM MeTojamMu DalieCOBCKOIO aHAJIM3a, [10 UX MHEHWIO, YKA3bIBAIOT HA BO3PACT IIPANH-
noeBporreiickoro a3bika B maHTepBaJje oT 8000 mo 9500 yieT 1 Ha aHATOJMIICKOE TTPONCXOXK-
JeHne sizbika (cM., Hanpumep, [13]). Kypeannas eunomesa Gbuia npejgoxena Mapueit
['mmvbGyTac B 1956 1., 9TOOBI COEMHNTD JAHHBIE APXEOJOTTIECKAX U JIUHTBUCTHIECKUX HC-
CJIEJIOBAHUN JIJIsT OIIpeJIeIeHIs MECTOHAXOXKICHHS IIPAaPOINHBI HAPOJIOB HOCUTEJIei 1pa-
UHJIOEBPOIIEHCKOTO sI3bIKa. ['umoresa siBiisieTcst HanboJIee MOIYJISIPHON B OTHONIEHUH TIPO-
ncxoxieans [INE. 1o Heil mpoTonHI0EBPOIIEICKIE HAPOIBHI CYIIECTBOBAIN B TPUIEPHO-
MOPCKUX CTeIsiX U I0ro-Bocrounoii Espore npumepno ¢ V o 1T Teicsgyenerne 10 H.3. (a
BO3MOXKHO 1 panee) [5,6, 13,14, 18|. Baxkueiinmm 3TanoM B pasBUTHU KypPraHHON KyJIb-
TypbI OBLIIO OJIOMAIITHUBAHUE JIOIIA N U MCIIOJIB30BAHNE [TOBO30K, UTO CJEJIAI0 HOCUTEIIEH
KYJIBTYPbl MOOMJIBHBIMU ¥ CYIIIECTBEHHO paciupuio ux siausiaue [6,14]. B kypranuoit ru-
[OTe3€ MOJIArAETCs, YTO IIPUIEPHOMOPCKUE CTeln ObLIN IIPAPOUHON ITPOTOMHI0EBPOIIEii-
[[EB U 110 BCEMY 3TOMY PErHOHY MOBOPHUJIM HA TO3HUX JINAJIEKTAX IIPAMHI0EBPOIEICKOro
S3BIKA.

Ucmosib3yem 1oty YeHHbBIE JaHHBIE TPU YACICHHOM MCCJICOBAHUN PACIIPOCTPAHEHUS
W3MEHEHUsI JIMHIBUCTUIECKON WHMOPMAINT B HEKOTOPOM MOJE/IHLHOM HHIOEBPOIIEHCKOM
(E) s136IKOBOM COOOIIECTBE, B TOM YHUC/IE Ha HAYAIBLHOM 3Tale ero opMupoBaHus (CM.
rakke [21]). [Ipu aToM Gyziem mosararh, 9To BpeMsi HadaJia pa3jieieHus (T. . [0 CyTH «UC-
YEe3HOBEHUST» ) THIOTETHIeCKOro npanioesporeiickoro (IINE) s3bika (B aHraos3braHoil
Jqureparype ucnoJibdyercss repmun Proto-Indo-European language — PIE) npousomniio
npubu3uTesbHO He nosaaee 6500 (Kyprannas rumnoresa) uin He noszasee 9500 (anaro-
Jmiickast runoresa) jer Hasasz |5, 14].

3. BouanoBas Moaesb pacnpocTpaHeHUS M U3MEHEHUS
JIMHTBUCTUYECKOII MH(OopMAaIuu B coobIiecTBe

Kax m3BecTHO, Ipn OIUCAaHNN A3BIKOBBIX ABJICHHN B cOOOIIECTBaX Hambosee JacTo
yHIOTPeOJISIOTCST TEPMUHBL: TIepejiada U pacipocrpadenue (cM., Hanpumep, [16,17]). deii-
CTBUTEJIBHO, JIMHI'BUCTBL JABHO 0OpATU/IN BHIMAHNE Ha BOJIHOBYIO IIPUPOY MHOI'HX SI3bI-
KOBBIX siBIeHuil (cM., Hanpumep, [16,17]). OxHako B 910l 06/1aCTH HOKa IIPEIJIOKEHO
MaJIO MaTeMaTUIeCKUX MojeJsiel, IO3BOJIAIONINX YINTHIBATh IMEHHO BOJTHOBON XapaKTep
PA3/IMYHBIX JINHIBHCTUYECKUX sIBJIeHU. MHOrooOpasue BOJIHOBBIX IIPOIECCOB B IIPUPOJE
IPHUBOJXAT K TOMY, UTO HUKAKHAX a0COTIOTHBIX OOIIUX CBOUCTB BOJIH BBIJIEIUTH HE YAAETCS.
Cpenu MHOr0OOpa3us BOJIH MOXKHO BBIIEJIUTh HEKOTOPBIE THUIIBI, KOTOPblEe BO3HUKAIOT BO
MHOTUX CATYAIUAX N3-38 MaTEMATHIECKOT'O CXOJICTBA OMUCBHIBAIONINX X TEOPETHIECKUX
mogesteil. Heoplit ps Takux Mozesiell OIIChIBAETCA BOJHOBBIME yPaBHEHUSMH.

JJ1st onucaHus NIPOIECcCcOB paclpocTpaHeHUsl NHGOPMAIUK B S3bIKOBOM COODIIeCTBe
npejjaraeTcs IPUMEHHTh MaTeMaTHYecKuil allllapar, KOTOPBI MIMPOKO HCIIOJIb3yeTCs
IPU UCCJIC/IOBAHUK DPA3JIMYHBIX BOJHOBBIX siBJIeHHil (cM, Hampumep, [22-25]). Kak wn3-
BECTHO, CKaJIAPHOE BOJIHOBOE yDaBHEHUE

2 0%V (2,1) B 0%V (2,1)
0z ot?

SIBJISIIONIEECs] yPABHEHUEM TUIIEPOOIMIECKOTO THIIA, ONUCHLIBACT MATEMATHICCKUE MOJe-
JI PA3IMYHBIX PEAJIBHBIX IIPOIECCOB B OMOJIOIMYECKUX, YKOJOIMYECKUX U COIUAJIbHBIX
cucremax (cMm., Hampumep, [3,23-25]). B paccmMarpuBaeMOM OJHOMEPHOM CJIydae IIpO-
CTpAHCTBEHHAsI KOOpAUHATA (OCh %) HAIpaBJIeHa BOJIb HAIIPABJIEHUS PACIPOCTDAHEHNUS
BOJIHBI; ¢ — HEKOTOPasi IMOJIOYKUTEIbHAST KOHCTaHTa (CKOpOCTh BoJIHbI). Pemenne V(z,t)
BOJIHOBOI'O ypaBHEHUs U3BECTHO U Jaércst dhopmyqtoit Jamambepa [22].

I[Ipe/yraraemast HAMI MaTeMaTHIeCKas MOJIEJIb, OLUCHIBAIOIIAST IIPOIECCHI BOJIHOBOTO
paCIpOCTpaHEHUsT U M3MEHEHHsI HeKOTOPOil nH(OpMAINN B aHAIU3UPYEMOil pacipese-
JEHHOW cucTeMe, MOXKET OBbITh HPEJICTABICHA B OJHOMEDHOM BHJE KakK MOAuQUKAIus

:O,
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HCXOJIHOT'O BOJTHOBOI'O yPaBHEHUsI, KOTOPasl IIO3BOJISIET YUeCTh IIPOIECChl M3MEHEHUs NH-
dopMarmn, pacIpoCTPAHAIOMIEHCS B CUCTEME, B PE3YJIbTATE B3AMMOJECHCTBUA KaK MEXK-
ny anenamu jganHoro NE sg3bikoBoro coo0imecTBa, Tak U MeEXKIy djaeHaMu JianHoro UE
SI3BIKOBOT'O COODIIECTBA U YeHaMu Ipyrux (Hanpumep, coceqanx) He UE s3bIKOBBIX cO-
obmmects [1,2]. 3amernMm, uTo B 06IIEM Cilydae MIPONECC BOJHOBOIO PAaCHPOCTDAHEHUS
nHMOpPMAaINT MOXKET COIPOBOXKIATHCST TporieccaMu auddy3uu nHOOPMAIUNA B OKPECT-
HOCTHU apeaJsioB, Ky/Ja JOXOIST BOJIHBI JUHIBACTHYECKOM mHopMamun. HanmoMmamm, 910
IO OIPEJICJIEHUIO UNPOopMayus — CBeJieHUs 00 00bEKTaX U SBJICHUSIX OKPYIKAIOIIEil cpe-
Jibl (PKUBOIT 1 HE?KMBOII IPUPOJIBI ), a TaKKe 06 UX IapaMeTpax, CBOCTBAX M COCTOSTHUSIX.
B nannoM ciryuae mHTEpECYIOIne HAC CBEIEHUS O Te€X UJIU WHBIX NH(MOPMAIMOHHBIX BOJI-
HOBBIX IIPOIECCAX B PACCMATPHUBAEMON CHCTEME MOT'YT OBITH IIOJTIy YeHBI € TIOMOIIBIO (PyHK-
mmn V. Ha manHOM 3Talte nccaeoBaHNs U3 BCeX BO3MOXKHBIX XapaKTEPUCTUK BOJIHOBOT'O
IIPOITECCA HAC UHTEPECYIOT B IEPBYIO OUEPEIH JIBE: AMILIUTY/IA BOJTHBI ¥ 1 MHTEHCUBHOCTD
sosbl |W|2. Bosiee Toro, mosryuennoe B uTOre pelenne, Kak cpejiHee o aHcaMOJIio CTaTH-
CTHYECKHU UJEHTUIHBIX JIMHTBUCTHYECKUX CUCTEM (M3 JIAHHOTO sI3BIKOBOTO COOOIIECTBA),
OIKCBHIBAET MO CYyTU UHTEPeCyolLyto Hac uadopmarmo I (ckaaspHas (QyHKIMs), KOTO-
past ompesienserca ¢ nomomnibio Bemanabt |V|2. g ymo6cTBa permenns Bee BeTmIHHBI
MOT'yT OBITh IPUBEJEHBI K 6€3pa3MEePHOMY BUJIy C MCIIOJIHL30BAHUEM XapaKTEPHBIX Iapa-
METPOB CHCTEMBL: pa3dmepa L. (KpUTHUeCKuil pazmep 00JIACTH, 3aHATHINH COOBIIECTBOM,
HHKE KOTOPOrO HAYMHAETCs ero BbIMHpaHwue), dactorsl f. = 1/T. (B kauecrse T, Mo-
JKeT ObITh B35TO, HAIIPUMED, BPeMsl pa3jie/ieHus 2-X si3bIKoB, T. e. 500 jier) u spemenu 7.
JI7is MOZIETBHBIX PACYETOB MOYKHO TIOJOYKHTH HadaabHoe 3Haderne |Wol|? = 1 mmbo mc-
[I0JIb30BATH TIOJIyYeHHbIe B TIePBOil Mojesn [22| 3Hauenust | KAk HEKOTOpPbIe HAYAJIbHBIE
3HAYEHUS.

Maremarudeckasi MOJIETb ITPOIECCa BOJTHOBOTO PACHPOCTPAHEHUS] U U3MEHEHUS WH-
dopMar B paccMaTpUBaeMOil CHCTEMe OIMCHIBAETCS CJIEAYIONIENl CHCTEMO MHTErpO-
nuddepeHnnaIbHbIX YPaBHEeHUI]:

a2an > 80171 —
g3 gt S anBan()+ [ o)D) =0, (1)

rje a u ¢ — HeKoTopble KoabdurmenTsl (CoOGCTBeHHbIe 3HAYCHUA); 3, — KOMILJIEKCHBII
BOJTHOBO# TIapaMeTp CUCTEMBI;, By, D, — HeKOTOpBIe DYHKINN, OMPEIeIsseMbIe C TTOMO-
MIbI0 COOCTBEHHBIX (GA3UCHBIX) CKAIAPHBIX (DYHKIUI CHCTEMBI.

ITpu BeIBOJE (1) mpemmonarasoch, 9To paccMaTpuBaeMasi CHCTEMa UMEET OIPe/IesIEH-
HblEe OFPAHUYEHNS B IIPOCTPAHCTBE, OKA3BIBAOIINE BJINSHIE Ha PACCMATPUBAEMbBIl BOJ-
HOBOII TIpoIiecc, & UMEHHO MOJIArajaoch, YT0 WHMOPMAIMOHHBIN TTOTOK PACIPOCTPAHIETCS
B OT'PAHMYEHHOM TIO ITUpHHE KaHaje. [I[puMeHuTeIbHO K HEKOTOPBIM SKOJOTUIECKUM U
CONMAJIbHBIM CHCTEMaM TIOI00HbIE BOJHOBLIE U KBA3UBOJHOBOIHBIE ABJICHUS ObLIN TOCTA~
TOYHO TOPOOHO PACCMOTPEHBI HAMU PaHee.

ITpubank€HHOE NCKOMOE PETIEHNE UIIETCS C TTOMOIIBHIO CIIEKTPAJIHHOTO METO/IA B CJIe-
JIYIOIIEM BHJIE:

V(X t) = an(p,t)Vn(Xn,t) + / q(p, )0, (X,, t)dp, (2)

n

rje mepBoe cjaraeMoe B IpaBoil wactu (2) onpejessier BeaudyuHy <«uH(GOpPMAIUN» B
pacIpeesiéHHON cucTeMe, 00YCIOBIEHHYI0 KOHTAKTAME «HE3HAIOIINX» CO «3HAIOIUMUI»
(cymMma 110 uckpeTHOMy Habopy 3HadeHuil undopmamnun y eé N < +00 HocuTeieil); BTo-
poe uHGOPMAIMOHHOE CJIAraeMoe OIIPeJIeJIsIeTCsl KaK WHTerpaJl (T. e. B OOIIEM CJIydae 3TO
MOKeT ObITh HEKOTOPBIN KOHTHHYYM, BKJIFOUYAIOIIII TOJIBKO «HE3HAKIUX» ); p = 0.
Kosddurmentsr ¢ 1 ¢ MOTYyT paccMaTpuBaThbCs Kak HEKOTOpbIe 3hheKTUBHBIE aM-
IATY/bI (BeCoBbIe KOAMMUIMEHTHI) B COOTBETCTBYIOMUX (JUCKPETHOM U MHTETPATHLHOM )
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paznoxkenusax. Hampumep, B cilyduae COIEpHUYECTBA B PACCMATPUBAEMOM JIMHI'BUCTHYIE-
CKOM c0001IecTBe (POPMUPYIONTUX €ro ITHOCOB Kodddunuent ¢ > () MOXKeT XapaKTepu-
30BaTh yTPaTy <«IIacCHOHAPHO» sHepruu [25]. B camom mpocrom ciyuae koadbdurment
¢ MOYKHO 33/IaTh B BUJI€ MATPHUIIbI, 3JIEMEHTAMU KOTOPOU SIBJISIOTCS JI€HCTBUTEIbHBIE TI0-
JIOKUTEIbHBIE uncia. B obmem ciaydae Ko3pDUIUEHTH a,, W ¢; MOTYT MEHATHCS KakK
BO BpEMEHH, TaK W B 3aBHCUMOCTH OT MecTa (JaHimadra) AefCTBHs, OMMCHIBAEMOIO
C IIOMOIILI0 MHOKeCTBa X. YUNUTHIBas MOJIOKUATEIHHYIO OIPEIeJIEHHOCTD NH(MOPMAIIIH
I > 0 [26], MBI, ecTecTBeHHO, ONpeieaseM MHMDOPMAIHAIO caeayomum obpasom: I o< |U|?)
ITOCKOJIBKY B 00I1eM cirydae U — BoTHOBast PYHKITUsI, KOTOPAS IO OIPEIETIEHUIO SBIIAET-
CsI KOMILJIEKCHO3HAYHOM BEJIUYIUHOI; B IACTHOM CJIyYae 3TO MOXKeT ObITh JefiCTBUTEIbHAS
dyukus U, xapakrepusyolasi HEKOTOpoe BO3MYyIeHne (BOJIHY) B paccMaTpUBaeMOil
cucreMe. 3aMeTUM, 9TO HAI TEOPETUIECKUH MOIX0J B HEKOTOPON CTEIEeHN aHAJIOTHICH
IIO/IXOJLy, UCIIOJIB30BAHHOMY, B 4acTHOCTH, B paborax [23,25,27| npu nmocrpoeHnn mare-
MaTHIeCKUX MOJesell TUHAMUKHU II0JIefl Pa3IuIHON IPUPOJIBL.

Hmxke na puc. 1 npuBesieHbl /1Ba THOUYHBIX IpaduKa, XapaKTepU3yIOnne HEKOTO-
pble CTaIOHAPHBIE PAcIpe/iesenns nHbOpMalun (CpeIHee Mo AHCAMOJIIO CTATUCTHIECKI
UJIEHTUYHBIX JIMHIBUCTHYECKUX CUCTEM ), TIOJIyYaOIINecs: B PAMKaxX JAHHON KOMILJIEKCHOM
HEeJIMHEHOM MOJIe/IN PACIIPOCTPAHEHUsI JIMHTBUCTUYIECKON WH(OpMaInd B JAHHON cucTe-
Me. 3zech [21] nposiBiisiercsi siBJI€HHE CAMOOPIaHU3AIMU, KOTOPOe B OOIIEM ciydae He
cJIeyeT CBOAMTDH TOJIBKO K YCTAHOBJIEHUIO MIPOCTPAHCTBEHHOIO MOPSIKA B PACCMATPUBA~
€MOIl OTKPBITOMN pacITpe/IeJIEHHON CHCTEME.

14 9 134
1,04 12 4
0,9
0,8
0,7 8
0,6
0,5

1, arb.u.
dlldl, arb.u.

0,4
0,3 3
0,24
0,1 0] —

0,04 14 -1

0,14 T T T T T T T T T T T T 2 T T T
-1 00 01 02 03 04 05 06 07 08 09 10 11 0,00 0,25 0,50 075 1,00

[ arbu I, arb.u.

(a) (b)

Puc. 1. (a) — rpacduk 3aBucumoctu pysHkumu /(X) or HOpMUPOBAHHON BEJINYUHBI [;
(b) — rpaduk nepsBoii MPOU3BOAHOI 3aBUCHUMOCTY, IPUBELEHHON cieBa

HUcnonb3yst MeTozpl Teopun Karactpod [3,4], MOXKHO IOSICHUTH XapaKkTep [OBEIeHNUs
paccMaTpuBaeMoil OTKPBITON JTUHIBUCTUIECKON CUCTEMbl B 3aBUCHUMOCTH, HAIIPUMED, OT
napamerpa CUCTeMbl | (HOpMUPOBaHHAs JIJINHA YYACTKA, Ha KOTOPOM PACIPOCTPAHSETCSI
ucxoaaas uadopmarsi ). C 9Toil 1e1bio ucceayeM rpaduk mepBoii IPOM3BOHON JTaHHON
3aBUCUMOCTH. DTy (DYHKIIUIO [10 AHAJIOTUA C TEOPHEH KATacTPod MOKHO PACCMATPUBATD
KaK HEKOTOPYIO MOTEHINAIbHYIO0 (DYHKINIO JUCCUIIATUBHON CHUCTEMbI, HMMEIONIYI0O MUHU-
MyMbI (JIOKaJIbHBIE U TI06adbHbIe). st onpe/iesieHnsi HHTepBaja 3HaYeHuil (yHKIuN,
IJIe MOJIYJIb IIePBOY IPOU3BOHON He IIPEBBINIAET 1, TPOBOAATCI TOPU3OHTAIbHbBIE JITHIH
+1 u —1. B 3T0M nHTEpBaJe COBJIIOIAETCS YCIOBUE YCTONINBOCTH 0CO00I TOUKH (TOYEK ),
rie |df/dl] < 1.

Ilosyuennsiit na puc. 1 cupasa rpaduk mepBoil TPOU3BOIHON COOTBETCTBYET M3BECT-
HOMY CJIydaro 6udypKamum coCTosiHUsT PABHOBECUs («9acTUIa» B MOTEHIUAILHOI sMe ¢
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6apbepoM WJIM TI0JIOUKOIT). 3/1eCh BO3MOXKHBI JIBA COCTOSIHUSI PABHOBECHSI CUCTEMBL: [IPU
[ < 0,25 wopu | > 0,75, a MeXXJy HIUMU €CTh BBICOKHUI MTOTEHITMAJIBHBIN Oapbep. 31ech
MOKHO TPUMEHUTH MOHATHE (PA30BOr0 MEPEXOa, IMPU KOTOPOM IIPOUCXOIUT KaUeCTBEH-
HOe n3MeHeHue cucreMbl. Hampumep, ecin cucreMa HAYMHAECT ABUKEHNE U3 JIFOO0H TOUYKHI
yaactka 0 < [ < 0,35, To murepanun I, cxomsitcsa K 1* = 0 — ycroitumBasi HEOIBUK-
Has TOYKa. AHAJOTMYHO, €CJIU CHCTEMa HAUNHAET ABMKEHHE U3 JII00O0M TOUYKM yUIACTKA
0,35 < I < 0,5, To uHTErpUpPOBaHHBIE 3HaUEHUA [, — const, T.e. TUHAMUYIECKUI PEKUM
CTAHOBUTCSI CTAIMOHADPHBIM WJIM MMeeT NEpHOJ, PABHBIN €JMHMIE: BO3HUKAECT ITUKI S'.
[IpoBeaénHbIe PACUETHI MOKA3AJN, YTO IIPU BAPHUAINH TapAMETPOB B CHCTEME BO3MOKHBI

P
TaK2Ke U ApyIrue NUKJIbI TUIla 52 .

W3 puc. 1 BuaHO, 9TO IJIsd 9TON MOIEJM HamboJee XapaKTEPHON UepTOil SIBJISETCH
M3BECTHBIN B MATEMATUYIECKON JIMHIBUCTUKE JIOTUCTUYUECKUN XapaKTep TOBEJICHUsT MOJIe-
JIIPYEeMOil TUHAMIIecKOii cucreMsl [2,5-8|. IlosryueHHble pe3yIbTaThl IO3BOJISIIOT B 9aCT-
HOCTU BBICKa3aTh IPe/IojoxKenune, 4To okosio 3500-4000 sileT Ha3a 1 B paccMaTpUBaeMOM
MozeabHOM WE S3BIKOBOM COOOIIECTBE MOTJIM BO3HUKHYTH 2 OCHOBHBIX JIMHTBUCTHIE-
CKUX TIOIYJISINN, XapaKTepu3yeMble cefidyac KaK JeJeHne MHI0EBPONENCKNX S3bIKOB HA
TaK Ha3bIBAEMbIE sI3bIKOBBIE apeasibl «careM-KeHTyM» |6, 8]. JIMHrBucThl mpejmosaraior,
YTO TAKOe JIeJIEHNE MOTJIO BOBHUKHYTh oKoj10 2000-2500 1. 710 H.3. [leficTBuTebHO, eciin
JIB€ JIMHTBUCTUYIECKUX TOMYJISIIIUN CTAPTYIOT B OKPECTHOCTU TOUKM dKcTpemyma | = 0,37
OIHA CJIEBA, & Jpyrasl CIpaBa OT He€, TO OHU ITOJTHOCTBIO PACXOIATCs ITpuMepHo 3a 8—10
CYMMAapHBIX UTepanuii (KOJMIecTBO MOKOJIeHnil B ancaMbJie JTMHIBUCTUIECKUX CUCTEM ),
qro coorBercrByer mpumepHo 2000 1. g0 H.3. OHAKO 3aMETHM, 9TO BO3MOXKHBI U JIPY-
e U30TJIOCCHI, KOTOPbIE JIeJISIT Ha JIBE MOJIPYIIIbI NHI0EBPOIIEHCKNAE sI3bIKU WHAYE, €M
«caTeM-KeHTyM» [8], 4To, 0YeBHIHO, [IPEJICTABIsIET UHTEPEC IIPU JIaJIbHEHIIeM HCCIeI0-
BaHUU.

3ameTnM, UTO B JAHHON MOJEIN MbI HCIIOJIB3yeM B KAUeCTBE «BCTPOEHHOT0» BHYTPEH-
Hero BpemeHHoro Macinraba (¢ marom B 500 JieT) MocjIe0BaTeIbHOCTD UTepauii, Ipu
KOTOPBIX IIPOUCXOJUT II0CJIEJIOBATEIbHOE YBeJINIEeHNE VIO 1, 3aHUMAEMOIl pa3BUBAIO-
mmMces coobrectBoM. [Ipu aToM mpeamosaraeM, ITO KayK/1as UTEPAIUST JAET TMOCIET0BA~
TeJIbHOE YBEJIUYEHHUE sI3bIKOBOTO pa3HOO0pasnsi B COODOINECTBE, T.€. POCT UUCTIA SI3BIKOB
ABJIAETCA TaKzKe CJIeJICTBHEM POCTa IO N, Ha KOTOPYIO PACIPOCTPAHAECTCS UCXOIHOe
coobmectBo. Kak cireicTBue, MOXKHO TaKKe OIMPEIETUTh BPEMEHHYIO «JJIMHY» JIMHIBU-
CTUYECKON «JIMHEUKU», BJOJb KOTOPOW pa3BUBaeTCd JUHAMHUKA JIUHAMWYECKON pacupe-
JIeJIEHHOM CUCTEMBI.

B BOJIHOBOI MOIe/M /115t Psijia [IOJTY Y€HHBIX IPaUKOB (XapaKTePHBIX S-KPUBBIX ), [0~
JOOHBIX TpaduKy CIeBa Ha PUC. 1, BEIUUNHA «JIUHTBUCTUIECKON WH(MOPMAIINNY, TTOCTIE
repexoa IUHAMUYIECKON CHCTeMON KpuTudeckoit Touku [ = 0,37, MOXKeT JOCTUTaTh MaK-
CHMyMa IPUMEPHO 3a 4-8 TIOKOJIeHNit B cirydae MuKaa S2, 1 3a IpuMepHo 8—48 ureparuit
B ciiydae mukiaa S', T.e. B cpeiHeM WyTh 6osblle, Wem B mepsoit Mojen [22]. Ckopee
BCero, 4nciio 48 onpesesisier BO3MOXKHOE MakcuMasbaoe BpeMs (~ 24000 ser) pasBurus
(M CyIecTBOBAHNUST) PACCMATPUBAEMOIH sI3BIKOBOI «CeMbU» B PaMKax JIAHHON TeopeTu-
geckoit mojienu. [loguepkuém, 9To B JAJbHERIIEM IJIAHUPYETCA YTOYHEHUE CJIeJTaHHBIX
IIPU HCCJIEJIOBAHUY IIPEIIIOIOXKEHNH, & TaKXKe BBIOPAHHBIX IIAPAMETPOB, B TOM YHCJE C
YIE€TOM HOBBIX JITHI'BUCTUYECKUX U T€HETHYECKUX JTAHHBIX.

IIpuBeném emé omHy MOJIE3HYIO OIEHKY JIJIsi BO3MOXKHOTO BPEMEHU BO3HUKHOBEHUSI
JaHHOro coobrectBa. C 3TOM METBI0 BOCIIOIB3YEMCsT METOIUKON OIPE/IeJIeHNsT BDEMEHU
mubdysun Ty cucTeMbl B MEHUMYM TI0 Beqmaune kpususbl (d21/dl?) morenmuaib-
HOI (DYHKIUM CHCTEMBI B TOYKAX MaKCUMyMa u MuHuMyMa [4]. B pesysnbrare Haxommm
HU2KHIOIO OIEHKY [isi Bpemeru auddysun coobmmectsa: Tqir ~ 2600 = 4900 set. Takoit
60JIBITION Pa3bpOC ONpeIEIAETCS B IIEPBYIO 09ePEIb ITOIPEITHOCTHIO OIIPEJIe/IeHUs KPUTH-
1ecKoro pasmepa L. 06JacTh, 3aHATOrO JUHIBUCTHIECKON TOMYJISIUeil, HIXKE KOTOPOTO
HAYMHAETCS €€ BBIMUPAHUE, OCKOJbKY MMEIOIINECT NCTOPUTIECKUE W APXEOJOTMIECKUe
JIAHHBIE HE IIO3BOJIAIOT OLPEJEIUTh 9Ty BEJUYUHY aOCOIIOTHO TOYHO (ecsm 3T0 BOoOIIe
BO3MOZKHO).
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B 3T0i1 CcBSI3U OJIE3HO HAIOMHUTD, YTO ¢ (DOPMAJILHON TOYKHU 3PEHUS MOXKHO BECTH
OTCYET BPEMEHHU CYIIECTBOBAHUS S3BIKOB OT MOMEHTA IIOSBJIEHHUS PEYEBOr0 allapaTa y
“Homo sapiens” okosio 100000 Jier waza (o ganabiv apxeosorun) [9]. Oanako npeno-
JlaraeTcs, 9YTO «S3bIK B €10 COBPDEMEHHOM BHJI€ MOT' BO3HUKHYTH Ha 3eMJie okoJ1o 40 000 srer
Hazazy [9]. OxHako tam ke B [9] orMedeHO, YTO «Ha CAMOM JleJie SI3bIK BIIOJIHE MOT BO3-
HUKHYTh OJJHOBpeMeHHO ¢ mosiBienneM Homo sapiens 6osee 100000 ser nazazmy [9]. C
9TOU TOYKM 3peHus Halra BpeMeHHas oreHka B 24000 JreT y2Ke He BBINJIAIUT YPE3MEPHO
3aBBINIEHHON, HO TOT/Ia OCTaETCs BOIIPOC O THIIE SI3BIKOBOI cembu. CKopee BCero, B TO Bpe-
Ml 9TO MOTJIO OBITH COODIECTBO M0 KpaifHell Mepe TPEX HAXOMAINXCI B KOHTAKTE A3BIKO-
BBIX CeMeii: IIpanHI0eBPOIEIiCKOl, paypabCKoii (BOBMOXKHO MpaypasbCKO-aJITailCKoil)
U IIpaKaBKa3CKO.

B 3akJiouenne mocMoTpuM, BO3MOXKHO, JIM YTO-TO CKa3aTh o runorerudeckom [INE
andaBuTe, & UMEHHO — O YHCJIe BO3MOYKHBIX «CHUMBOJIOB/3HAKOB» (Mn «OyKB» ) ayda-
BUTA IIPAWH0EBPONEHIIEB Ha OCHOBAHUU MOy YEHHBIX HAMU JIAHHBIX.

ITony4auM oneHKy MCXO/Is1 U3 JAHHBIX, HOJYIEHHBIX JIJIs1 BOJHOBOU Mojenu. C 91oii 1e-
JIBIO UCIIOJIb3yeM CJIEYIONLY 0 (hOPMYJLy XOPOIIO U3BECTHYIO B Teopuu nHMopMarmn [28|:

Iy = (2F,, T + 1)log, \/(Ps + Pn)/ Py, (3)

e F,, — (MakcumaJsibHasi) 4acToTa, ¢ KOTOPOi MOJYJIMPYETCsl TepeiaBaeMoe coo0Ie-
HIe, HAIIpuMep, pedepoe; 1 — IIUTEILHOCTH COOOIIEHUST; YUCIO0 PA3IUYHBIX CHMBOJIOB
andasuTa § IPU CPEIHUX MOIIHOCTSAX CUrHaJa Pg (BeJmvanHa HEKOTOPOI HepenaBaeMoit
B coobImecTBe JIMHrBUCTHIECKO nHMoOpManuu [y) u myma Py (BeawmdumHa HEKOTOPBIX
«IIOME€X» IIePE/IaBaeMOil B COODINECTBE JIMHIBUCTUYIECCKON HH(MOPMAIUN) IPUHSATO DaB-

ubIM Besmuanze: S = \/(Ps + Py)/Pn. Benmunna Ps/Py B (3) — orHOIIEHHE CUIHAIA K
Iy My.

st menopmuposannoii 3asucumoctu [(X) Ha rpaduke cieBa Ha puc. 1 HAXOIUM:
Iy max = 1493 6uTa (yuacTok KpuBoil 6/IM3KHII K HACBIIEHUIO crpaBa). B cpeameit qactu
KPHUBOIi, cpa3y IOCJie Iepexoia ANHAMIYIECKO cucrteMoil kpurmdeckoit Touku | = 0,37
BIIPABO, HOJIyYaeM MCKOMYIO OHEHKY: o R Ig jay/2 = 74T OUT, T. €. HECKOIBKO OOJIbIIE,
YeM aHaJOrnYHas BeJudnHa (npuMepHo 523 6ura), MoJlydeHHas B IIEPBOl MOJIEJIN B aHa-
JIOTHYHO# TOUKe (OJ[HAKO B Ipejiesiax aHCaMOJIsl €CTh PeaTM3aIiu, [J1e 9TH OTIMIUsT MUH-
maJstbHbl). [Tpu ornenke BesmmauHbl 1) NCIIOJIB30BAHBL: TAOJNIHbIE PACIETHBIE JJAHHBIE, Be-
sumania Py = 1 (HOrpentHocTh BEIMUCIEHNST JJAHHBIX 3aBbIIIEHA C YIETOM BO3MOXKHBIX Pe-
AJIBHBIX «IIOMEX» ), YaCTOTY OCHOBHOI'O TOHA (y PA3HBIX JIOJEIl — My KIMH, XKEHIIVH, Jie-
Teit — HaxoauTCs npuMepHo B jmanasone 50-450 ') B3sim neGosbimoit Fy, = 75 ' (win
¢ 1), aT = 3 c. B pesyabrare nomyumnu: Iy = (2-75-3+1) log, /(490 + 5) /5 ~ 1493 6u-
Ta.

Bosbmém cHOBa manHble ¢ puc. 1 mis Beawausbl (X ) 1 OneHUM BO3MOXKHOE YHUCJIO
cuMBOJIOB ajidasuTa . IIpn BapbupoBaHun ypoBHSI CUTHAJA U (DUKCUPOBAHHOM yPOBHE
[IyMa MBI MOXKEM IIOJIyYUTb Psij 3HAYEHUN s S, = \/ (Ps, + Pn)/Py. Pacemorpum
JIs IpUMeEpPa TNAIla30H U3MeHeHusd ypoBH:A curHasa Pg, or 1 mo 200 mpu Py, = 0,01.
Bospmém psp 3nadennit Ps, 13 JaHHOTO JUANA30HA U HAWIEM BO3MOXKHOE YHCJIO 3HAKOB
B andasure I: Ps, = 1, Sg, ~ 10; Ps,, = 10, Sg,, = 32; Ps,, = 20, Sg,, ~ 45. dna
CpPaBHEHUsI IPUBEIEM aHAJIOTMYHbIE 3HaUYeHUs IpH 6oJiee peasibHOM Bennaune Py, = 0,1:
Psl = 1, %51 ~ 3; PSlO = 10, %510 ~ 10; Psso = 30, %530 ~ 17; P550 = 50, %350 ~ 22;
PSSO = 80, %580 ~ 28; PSIOO = 100, %5100 ~ 32.

MpbI MOXKeM OIEHUTH HEKOTOPYI0 MUHUMAJBHYIO BEJUYUHY <IIOMEX» IIPU IepeJiade
JIMHTBUCTUYIECKON MHMOpMaIuyu B JAHHOM MOJIeIbHOM coobrectse. [lomywuaem, 9To ypo-
BeHb P min COCTABIILET B JAHHOM ciiydae npumepHo 1/500 = 0,002 o 3a1aHHOTO ypOBHS
«CUTHAJIa» U He MOXKET ObITh HIZKE 9TOI BEJIMUNHBI (XOTsI B YMCJIEHHBIX PACIETaX B OTCYT-
CTBHUE «IIOMEX» ITA BEJIUINHA, KOHEIHO, MOXKET OBITh HUKE, IOCKOIbKY OIPAHUYINBACTCS
B OCHOBHOM TOYHOCTBIO YHCJIEHHBIX pacdéroB). Kak BUJIHO M3 NPUBEIEHHBIX [IPUMEPOB,
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B 1epBoM ciyvae Pg, yzosierBopsier s1oMy orpaHudeHuto (Ps, > Py min) TOJBKO IIPH
yposue Pg, < 20, maunnas ¢ koroporo Py, /Ps, > 0,002. A Bo BTOpoM ciiydae — IIpH
yposHe Pg < 50. IIpn HU3KOM ypOBHE «IIOMEXHU» 3TU JHUAIA30HBI OyIyT HEMHOT'O IITUpE.

Wcxons u3 Moty 9eHHbIX pe3yIbTaTOB MPUXOIUM K BBIBOLY, YTO JIUAIIA30H BO3MOYXKHBIX
3HaYeHni JIJIsi CHMBOJIOB aJihaBUTa OTPAHUIEH CJIEYIONIIMU 3HAYCHUSIMU: B IIEPBOM CJLy-
qae 310 &, =~ 10 + 32, a Bo BrOopoM — S, =~ 3 + 22. Kax cjencrsue, moaydaeM, 9to S,
orpaHUYeHo Juana3onoM 3uadenuit: 10 + 22. B ciyuae ke 00beuHeHUS JIBYX MHOYKECTB
moJTyIuM OoJiee MMPOKUiA Juana3on: ¥, = 3 + 32. [loaydenHble JaHHBIE COOTBETCTBYIOT
JIAHHBIM Harmeil paborst [21].

g cpaBHeHUsT TPUBEIEM M3BECTHLIE B HAYIHON JIMTEPATYPE JAHHBIC TI0 IUCTY 3HA-
KOB B ajiaBUTaX HEKOTOPBIX A3BIKOB.

Dunurulickoe NucoMo HABJSIETCA ONHON U3 NEPBLIX aJ(aBUTHBIX IHCHMEHHOCTEH B
mupe. [losBunace okosio 3500 jier Hazay. PUHUKUIICKAS MUCHbMEHHOCTDL JaJjia HAYAJIO
HECKOJIbKUM BeTBAM aJi(PABUTHBIX MUCHMEHHOCTEN, U Ha CErOMHSIIHUI TeHb MpaKThIe-
cKU Bce ajipaBUTHBIE TUCHMEHHOCTH MUPA UMEIOT KOPHU UMEHHO B (DUHUKUHACKOM ITHCH-
Me. OTanauTeIbHbIe OCOOEHHOCTH: MCIOIb30BAJICS KOHCOHAHTHBIN ITPUHITAIL, TO €CTh I
3aIUCH CJIOB HCIOJIB30BAIUCH TOJBKO COTJIACHBIE 3BYKHU, & 3HAYEHHUE IVIACHBIX OCTABJIS-
JIOCH Ha MOHMMAHUE IUTATENsl; TEKCT 3aIUCHIBAJICS CIIPaBa HAJEBO. UMCJIO0 3HAKOB B aJI-
dapure: 22.

I'peueckuti anpasum. Bpems cosmanusa asndasura: okono VIII Beka mo .. Hucio
3HaKOB B asicdaBure: 24 OykBbl. B nokjaccuueckyio 310Xy B HEKOTOPBIX IUAJIEKTaX I'pe-
9eCcKOro npuMensinch emié 6 6yks. [Ipouncxoxnenne: u3 dunukuiickoro andasura. I'pe-
qecKuil a;ipaBUT PA3BUIICS B CJIEIYIONINE BUALI MICHMEHHOCTH: TOTCKOE MICHMO, TJIAr0JIN-
&, KUPUJLINIIA, KOITCKOe IIUCHhMO, apPMAHCKOe IUCHMO, STPYCCKUil ajihaBUT, JATHHCKUI
aIpaBuT.

Lhazonuye — oHA U3 TIEPBBIX CIABAHCKUX a30yK. Z3BIKHM: CTapOCIaBAHCKUIL, Tep-
KOBHOCJIABSIHCKU{l, DAHHUE CJIaBIHCKHE SI3bIKU. THII MIChbMa: KOHCOHAHTHO-BOKAJINIECKOE
nucoMo. Bpems cozmanua andasura: npumepno [X Bex u.9. Hampasienne nucema: ciieBa
Hanpaso. ducio 3HakoB B andasure: 41. IIpoucxoxienne: rpedeckuii (huHUKMIICKMIA).

Kupuanruya — xupujumndeckuii (MM KUPUJJIOBCKUIT) ajibaBuT; OJUH U3 JBYX (Ha-
PSAly € IJIaroJiuieil) ApeBHUX aadaBUTOB JJIS CTAPOCJIABIHCKOTO sA3biKa. Tul mucbMma:
KOHCOHAHTHO-BOKAJIMIECKOE MUCHMO. SI3BIKM: CTapPOCJIABIHCKUN, IEPKOBHOCIABIHCKUIA,
pycckuii, cepOckuit, orapcKmii, MaKeIOHCKUH, YKPAUHCKU, MOJIIABCKUI 1 MHOTHE JIPY-
rue. Bpemst coznmanus anmdasura: npuMmepHo IX Bek; B COBpeMEHHOM BHUJie ¢ KOHIA X VI
Beka. CocTaB epPBOHAYAIBLHON KUPUIINICCKON a30yKN HEN3BECTEH; «KJIACCHIECKAsT» CTa-
POCTABSIHCKAsI KUPUIINIA u3 43 OyKB.

Canckpum — JpeBHUIN JUTEPATyPHBIH s3bIK VHINM €O CIIOXKHON CHHTETHIECKON
rpaMmmaTukoit. CaMo CJI0BO «CAHCKPHUT» O3HAYaeT «00pabOTaHHBIN, COBEPIIeHHBIH». Bos-
pacT paHHUX mamMaTHUKOB moxoaut 10 3500 ser. Kiaccudukanus: numoesporeiickast ce-
Mbsl, HHJIOMPAHCKAsl BETBb, HHI0APUIICKAs I'PyIIa. KIuHOl cucTeMbl TNCHbMEHHOCTH JJIst
CAHCKPUTA HE CYIECTBYET. DTO OOBICHICTCS TE€M, UTO JINTEPATYPHBIE IPOU3BEICHUS I16-
penaBasinch B ocHoBHOM ycTHO. C mpumepro XIX Beka UCIO/Ib3yeTcsd MNCbMEHHOCTD J1€Ba~
Harapu u 1p. Kimaccmaeckuit caHCcKpUT HacquThIBaeT 0KoJ1o 36 dorem’. Ecim yanThBarh
annooHbI? (a cucTeMa MUCbMa WX YYHTBIBAET), TO 0OIIee KOIMYECTBO 3BYKOB B A3bIKE
yBeJImauBaeTcs 10 48.

C y4éroM JIaHHBIX 110 JpeBHEMY caHCcKpuTy (npumepro 3700 jer Hazas) u3 Kuuru 29|
MO2KHO OIIEHUTb MHUHUMAJIHLHOE BO3MOXKHOE YHCJO «3HAKOB» B ajidaBuTe MPACAHCKPUTA
BestmauHON: & = 9.

Ldonema (0T Ap.-rped. GpLrmua — <«3BYyKs) — MHHUMAJbHAS CMBICIOPA3INYUTENbHAS €INHUIA B
sa3bike. DoHEMa HE UMeEEeT CAMOCTOSITEIbHOTO JIEKCUYECKOr0 WJIU IPAMMAaTUYECKOrO 3HAYEHUSI, OHA, CJIy-
JKUT JIJIsl PA3JIUYEHUs] U OTOXKIECTBJIEHUS] 3HAYUMBIX EJIUHUI] A3bIKA, TAKUX KaK MOPQEMbI U CJIOBa.
Mopdema — HaMMeHbIIAs eIUHUIA A3BIKA, UMEIONasi HEKOTOPBIA CMBICII.

2 Annodon (or rped. dAXos — apyroi, u ¢wrr — 3ByK) — peasindanys HOHEMBI, €6 BapUaHT, 00y-
CJIOBJIEHHBIH KOHKPETHBIM (POHETHYECKUM OKpyzkKeHueM. B oryimume or doHeMbl aJyIoOH SIBJISETCS He
abCTPaKTHBIM MMOHATHEM, 8 KOHKPETHBIM PEYEBBIM 3BYKOM.
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Kak BumHO 13 IpUBEIEHHBIX JAHHBIX JJIs STHX SI3bIKOB, OHU B OCHOBHOM YIOBJIETBO-
PSIOT 33IAHHOMY JIHANA30HY: Sy = 3 -+ 32 CHMBOJIOB.

[Tonydenmble pe3ysibTaThl, IO CyTHU, IIO3BOJISIOT CIEJIATH BBIBOJ, UTO IIPEJIJIOXKEHHAS
HAMH MaTeMaTHYecKas BOJHOBAS MOJIEJIb PACIIPOCTPAHEHUS W M3MEHEHUs JIMHTBUCTUYe-
cKoil mHMOPMAaIUKA B COOOIIECTBE JOCTATOYHO &JIEKBATHO OIMCHIBAET UCCIIEyEMOE sIBJIE-
une. Bmecte ¢ TeM IpoBeAEHHOE UCCIEOBANNE IIOKA3aJI0, ITO HeOOX0oMUMa JaJibHeImast
TOHKAasl HACTPOIKa MO/ieJieil, B TOM YHCJe C YIETOM allPUOPHOIl JIMHIBUCTUIECKON U TPy~
ro#t madopManuu 06 UCCIIEYEMBIX A3BIKOBBIX COODITIECTBAX.

Wrak, B HacTosImeit paboTe IPUBEIEHBI PE3YIHTATHI KOMITBIOTEPHOT'O MOIETUPOBAHIS,
KOTODBIE IIOKa3bIBAIOT B YACTHOCTU XOPOIIIee COOTBETCTBHE JIBYyM OCHOBHBIM I'MIIOTE3aM
0 hOpMUPOBAHUN TTPAMHIOEBPOIEHIEB: aHATOIUICKOM U Kypranuoii. Kpome Toro, ectsb
XOpoIas KOPPeJAlus HAIMNX JAHHBIX C BBIBOJAMHU T€HETUKOB O BO3MOYKHOM BPEMEHU
nosisjienns (npumepno 14000-20000 ster wazan) ramtorpynnsl Y-DNA Rla (cuuraercs,
qro Hocureagmu [INE-a3b1k0B Ob1IH B IEPBYIO OUYepe b MY2KUUHbBL ¢ JAHHOM TaIliorpyI-
noit) [30,31]. IIpu 9TOM COBOKYITHOCTH JAHHBIX, MOJYYEHHBIX IIPU MCCJIEI0BAHUN 0OEMX
MoJIeJIell, TOBOPUT O TPEANOYTUTETbHOCTH KypPraHHOW TUnoTe3bl. JIaHHBIN BBIBOJ, XOPO-
IIIO0 COTJIACYeTCs C BBIBOJAMU OOJIBIIMHCTBA MCCJIEeI0BaTeell BO BCEM MEpe: JITHIBUCTOB,
FeHETUKOB, ICTOPUKOB M apXE0JIOI'OB.

4. 3akJjrodyeHue

B nmanHO#t paboTe M3I0XKEHBI TEOPETUUIECKHE TMPUHITUIIBI HOBOTO METOa HCCJIEI0Ba-
HUsl JINHPBUCTHYECKUX COOOIIECTB (M IIPOIECCOB PACHPOCTPAHEHUS] B HUX JIMHIBUCTUYC-
CKOll mHMOPMAIUN) KaK JUHAMUYECKUX JUCCHIATUBHBIX CUCTEM. DTOT IIOJXOJ, MOXKET
CTaTh OCOOEHHO TIEPCIEKTUBHBIM B TIEPBYIO OUepeIhb /I KAUeCTBEHHOI'O aHAIN3a TOBeIe-
HUSI TIOJOOHBIX JIMHTBUCTUYIECKAX CUCTEM. Pe3ysIbTaThl KOMIBIOTEPHOTO MOIEIMPOBAHIS
MMOKa3bIBAIOT, YTO KypraHHas I'UIOTe3a (hOPMUPOBAHUS ITPAUHIOEBPOIEHIIEB JIydIle CO-
OTBETCTBYET IOy IEHHBIM BPEMEHHBIM OIEHKaM.

Ilosyuennbie B craTbe pe3y/IbTaTbl MO3BOJISIOT TAaKXKe BBICKA3aTh IIPEJIIOJIOKEHHE,
a1o okos10 3500-4000 seT Ha3a 1 B paccmaTpuBaeMoM MoaeabHoM UE a3p1k0BOM coobire-
CTBE MOTJIM BOBHUKHYTH JIBE OCHOBHBIE JIMHIBUCTUIECKUE TIOMYJISIINN, XapaKTepu3yeMble
ceffyac Kak JeJieHre UHIOEBPOIIEHCKNX SI3LIKOB Ha TaK Ha3bIBaeMble SI3LIKOBBLIE apeaJtibl
«CaTeM-KeHTyM». XOTsI BO3MOXKHBI U JPYTHe U30TJIOCCHI, KOTOPbIE JIEJISAT Ha, ABE TOAIPYII-
Bl WHIOEBPOEiCKIe SI3BIKN MHAYE, UeM «CATEeM-KEHTYM>.
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The Wave Model of the Propagation and Changes of Linguistic
Information in the Indo-European Model Language Community
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Paper considers the wave mathematical model describing the distribution and change of lin-
guistic information in Indo-European model linguistic community. Brief information about the
Anatolian and Kurgan hypothesis of formation of Proto-Indo-Europeans (PIE) is given. The
mathematical model of wave propagation and changing of information is described by system
of integral-differential equations. Results of the preliminary theoretical analysis and computer
modeling are given. In particular, an estimate of the maximum possible time (~ 24000 years)
of development/emergence of considered Indo-European “family” is obtained in the framework
of this model. Results of computer modeling show, that from two main hypotheses of forma-
tion of the PIE — Anatolian and Kurgan, the latter better matches obtained by us temporary
estimates. Finally, data on a hypothetical PIE alphabet — namely, the number of possible
“characters/symbols” (or “letters”) alphabet of PIE on the basis of our data were obtained.
Based on the results, it was found that the range of possible values for alphabetic characters is
limited to about values: 3 <+ 32. In addition, there is a good correlation of our data with the
findings of geneticists on a possible time of occurrence (~ 14000-20000 years ago) of the hap-
logroup Y-DNA Rla (it is believed that PIE language speakers were primarily men with this
haplogroup).

Key words and phrases: mathematical model, integral-differential equation, mathemat-
ical linguistics, Indo-European languages, Indo-European chronology, Indo-European dispersal,
Anatolian and Kurgan hypothesis

References

1. A. A. Egorov, Some Patterns of Dissemination of Information in Society, in: Proc.
of Conference “Communication Networks and Network technologies”, June, 24-26,
1997, Moscow, 1997, pp. 46—49, in Russian.

2. A. A. Egorov, M. A. Egorova, About Models of Dissemination of Linguistic
Information in the Language Community, in: Proc. of XXI-th All-Russian Conference
“Theoretical Foundations and Designing of Numerical Algorithms of Solution of
Mathematical Physics Problems”, September 5-11, 2016, Novorossiysk, Russia, IAM
of RAS, Moscow, 2016, pp. 82-83, in Russian.

3. E. of foreword A. Samarskii (Ed.), Computers and Nonlinear Phenomena:

Information Technology and Modern Science, Science, Moscow, 1988, in Russian.

R. Gilmore, Catastrophe Theory for Scientists and Engineers, Wiley, New York, 1981.

W. Chang, C. Cathcart, D. Hall, A. Garrett, Ancestry-Constrained Phylogenetic

Analysis Supports the Indo-European Steppe Hypothesis, Language 91 (1) (2015)

194-244.

6. D. W. Anthony, The Horse, the Wheel, and Language: How Bronze-Age Riders
from the Eurasian Steppes Shaped the Modern World, Princeton University Press,
Princeton, 2007.

7. A. Kornai, Mathematical Linguistics, Springer, London, 2008.

8. S. A. Burlak, S. A. Starostin, Comparative and Historical Linguistics, Publishing
center “Academy”, Moscow, 2005, in Russian.

S



80

Becrauk PY/IH. Cepusa MU ®. T.25, Ne1,2017. C.69-80

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

Atlas of the World’s Languages. The Origin and Development of Languages
Worldwide, Leake press, Moscow, 1998.

S. E. Yahontov, Assessment of the Degree of Closeness of Related Languages,
Moscow, 1980, Ch. Theoretical Bases of Classification of World Languages, pp. 148—
157, in Russian.

Ethnologue: Languages of the World.

URL www.ethnologue. com

G. S. Starostin, et al., To the Source of Linguistic Diversity, Publishing House “Delo”
RANHIGS, Moscow, 2015, in Russian.

R. D. Gray, Q. D. Atkinson, Language-Tree Divergence Times Support the Anatolian
Theory of Indo-European Origin, Nature 426 (2003) 435-439.

A. Pereltsvaig, M. W. Lewis, The Indo-European Controversy: Facts and Fallacies
in Historical Linguistics, Cambridge University Press, Cambridge, 2015.

A. P. Mikhailov, A. P. Petrov, N. A. Marevtseva, I. V. Tretyakova, Development of
a Model of Information Dissemination in Society, Mathmod. 26 (3) (2014) 65-74, in
Russian.

W. Labov, Transmission and Diffusion, Language 83 (2007) 344-387.

P. Heggarty, W. Maguire, A. McMahon, Splits or Waves? Trees or Webs? How
Divergence Measures and Network Analysis Can Unravel Language Histories, Phil.
Trans. R. Soc. B. 365 (2010) 3829-3843.

W. Haak, I. Lazaridis, N. Patterson, et al., Massive Migration from the Steppe is a
Source for Indo-European Languages in Europe, Nature 522 (2015) 207—211.

I. Lazaridis, N. Patterson, A. Mittnik, et al., Ancient Human Genomes Suggest Three
Ancestral Populations for Present-Day Europeans, Nature 513 (2014) 409-428.
Arkaim — Sintashta: the Ancient Heritage of the Southern Urals. Coll. of Scientific
Works, Chelyabinsk State University, Chelyabinsk, 2010, in Russian.

A. A. Egorov, M. A. Egorova, Dynamic Non-Linear Model of Distribution
and Changes of Linguistic Information in the Indo-European Model Language
Community, Bulletin of Peoples’ Friendship University of Russia. Series
“Mathematics. Information Sciences. Physics” (2016) 37—48In Russian.

V. Y. Arsenin, Methods of Mathematical Physics and Special Functions, Science,
Moscow, 1974, in Russian.

A. M. Nahushev, Equations of Mathematical Biology, Higher School, Moscow, 1995,
in Russian.

J. Murray, Non-Linear Differential Equations in Biology, Mir, Moscow, 1983, in
Russian.

A. K. Guts, V. V. Korobitsyn, A. A. Laptev, L. A. Pautova, J. V. Frolova,
Mathematical Models of Social Systems, OSU, Omsk, 2000, in Russian.

A. M. Yaglom, I. M. Yaglom, Probability and Information, Science, Moscow, 1973,
in Russian.

J. G. Andrews, R. R. McLone (Eds.), Mathematical Modeling, Butterworts, London,
1976.

I. S. Gonorovsky, Radio Circuits and Signals. Part 1, Radio, Moscow, 1966, in
Russian.

W. Borsboom, Alphabet or Abracadabra? Reverse Engineering the Western
Alphabet, FriesenPress, Victoria, BC, Canada, 2015.

P. A. Underhill, N. M. Myres, S. Rootsi, M. Metspalu, M. A. Zhivotovsky, R. J.
King, et al., Separating the Post-Glacial Coancestry of European and Asian Y
Chromosomes within Haplogroup Rla, European Journal of Human Genetics 18
(2010) 479-484.

A. A. Klyosov, I. L. Rozhanskii, Haplogroup Rla as the Proto Indo-Europeans and
the Legendary Aryans as Witnessed by the DNA of Their Current Descendants,
Advances in Anthropology 2 (1) (2012) 1-13.

©) Eropoe A.A., Eroposa M. A., 2017



VIK 537.8:514.762.37
DOLI: 10.22363/2312-9735-2017-25-1-81-90

Hcnonpb3oBanue reomerpusaliuu ypasHeHuit Makcsesuia mpu
pacuéTre ONTUYECKNX MPUOOPOB
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Passurue dpusuku B XX-M Beke OBIJIO TECHO CBI3aHO C PA3BUTHEM MATEMATHIECKOTO AIlla-
para. Ob1asi TeOpUsi OTHOCUTEJIBHOCTU ITPOJEMOHCTPUPOBAJIA CUJLY M€OMETPUYECKOTO IOAXOIA.
K coxaseHunio MpOHMKHOBEHHE ITOrO almnapara B JIpyrue odyacTu U3UKKA ITPOUCKOIUT JTOCTA-
TOouHO MemjieHHO. Hampumep, ObLIO HECKOJBKO MONBITOK BHEAPEHUS] F€OMETPUIECKUX METO/IOB
B 9JIEKTPOAUHAMUKY, OJHAKO JO IIOCJIE/IHEN0 BPEMEHH OHU OCTABAJIUCH JINIIL TEOPETHIECKUMU
YIIPa KHEHUSIMU.

WaTepec K TEOMETPUIECCKUM METOJAM B IJIEKTPOIUHAMHUKE BBI3BAH MPAKTHUIECKON HEOOX0IM-
MocTbio. IIpencraBisiercss 3aMaHYUBBIM CIIEAYIONUN AJITOPUTM KOHCTPYHUPOBAHUS IJIEKTPOMAr-
HUTHOTO TIprbopa. CTPOosTCs MpearnoIaraeéMble TPACKTOPUH PACITPOCTPAHEHUST SJIEKTPOMATHUT-
HBIX BOJIH. 3aT€M I10 9THUM TPACKTOPHUSIM BBIUUCIAIOTCS TAPAMETPHI Cpeibl. Tak2Ke IPeICTABIISIET
HMHTepeC U o0paTHas 33/1a9a.

B pabore paccmarpuBaeTcss METONKA PACIETa ONTUIECKUX IPUOOPOB HA OCHOBE METO/A Te0-
Merpuzanun ypasHeHuit Makcsesta. B ocHOBe MeTona JIeXKUT IIpe/ICTaB/IEHNE MaTePUATIbHBIX
ypaBHeHuit Makcpesia B Buje 3(pHEKTUBHON reOMeTPpUH IIPOCTPAHCTBa-BpeMenn. Takum obOpa-
30M MBI TIOJIYIaeM 33/1a9y, CXOTHYIO C HEKOM OMMETPUYIECKON TeopHueil TpaBUTAIINN, ITO TO3BOJISI-
€T IPUMEHATH XOPOIIO pa3paboTaHublil annapar auddepennnanbaoit reomerpun. Ha ocnoBannn
9TOTO MBI MOXKEM KaK HCCJIEJIOBATh PACHPOCTPAHEHHE JIEKTPOMArHUTHOI'O TOJIS M0 3aJaHHBIM
mapaMeTpaM Cpebl, TaK U HAXOAUTh apaMETPhI CPEIbI 10 33 TAHHOMY 3aKOHY PACIPOCTPAHEHUS
3JIEKTPOMArHUTHOTO ITOJISI.

KiaroueBbie cisioBa: ypaBaenus Makcsesia, marepuajibable ypaBHenusi Makcsesia,
reomMerpusalus ypaBHeHuit Makcgesia, puMaHOBa T€OMETPHsI, KPUBOJIMHENRHBIE KOOPIMHATHI

1. Bsenenne

Anmnapar nuddepeHnnaIbHON FeOMETPUN SIBJISJICS OCHOBHBIM SI3BIKOM (pu3uKu X X-ro
BeKka. Ero 6a30Bble 3j1eMEHTHI PA3BUBAJINCH B PAMKaX OOIIefl T€OPUU OTHOCHUTEIHLHOCTH.
Bozmukaer kejanne IpUMEHUTD 9TOT PA3BUTHIA U K JIPYrUM 00/IacTIM (DU3UKU, B TaCT-
HOCTHU K OITHKE.

IlepBbie OIBITKN IIPUMEHEHUsI METONOB (D depPeHITNATBHON TeOMETPUU B JIEKTPO-
JuHaMuKe cieyer orHectH K mybsukarmsy . E. Tamma [1-3]. B 1960 roay E. Iline6anb-
CKUIl IPEJJTOXKUII METOJT T€OMETPUBAINY MATEPUAJLHBIX YPABHEHUN 3/IEKTPOMATHUTHOTO
nosist [4-7|, craBmmii kraccudeckum. Bee nocseytone paboThl IM60 MCIIOIB30BAJH €10,
J0O TIBITAJIICH HEMHOTO [OJIIPABUTD, He MeHsisd uzneosorun [8]. K coxkasenuto, B crarbe
[Tnebanbckoro [4] HeT HUKAKOrO BbIBOJA (OPMYJI, a UIEOJIOTHs BBIBOJIA TAKXKE HE BbIPa-
xkena gBHo. Kpome Toro, meroauka 11e6anbcKOro BRIMISINT CKOpee KaK XUTPLIH TPIOK.
ABTOp mocrapaJics BBIIIOJIHUTH MeOMEeTpU3alnio ypasuenuit Makcsesuia 6osee popMaib-
HO.

Crarbsa nocTynuia B pefaknuio 1 gexkabpsa 2016 r.

Pabora uactuuno mnomumep:kana rpantamu PODU Ne 14-01-00628, 15-07-08795, 16-07-00556. Tax-
Ke myOiuKalus BbIIOJIHEeHa upu duHaHCOBON mnojiaep:kke Munuobpuayku Poccnn (Cornamenue
Ne 02.203.21.0008).
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2. O06o3HaueHud M corJiallleHusd

1. Byzewm ucnosb3oBaTh HOTAIMIO aGCTPAKTHBIX UHJIEKCoB [9]. B nanHoit HoTanun TeH-
30p KaK MeJOCTHLIH 00BEeKT 0603HAYAETCS MPOCTO MHEKCOM (Harpumep, o), KoM-
IOHEHTHI 0003HAYAIOTCS OIIEPKHYTEIM HHIEKCOM (HAIpIMED, TL).

2. Byzem npuiepKuBarhcs cieyonumx cornamenuii. I'pedeckue uniexco (a, §) OymyT
OTHOCHUTBCSI K YETBIPEXMEPHOMY IIPOCTPAHCTBY U B KOMIIOHEHTHOM BHJIE OY/IyT UMETh
crepytonye 3Hadenus: o = 0, 3. JlaTuHcKue nHIEKCH U3 cepenunbl ajdasura (i, j,
k) Gy/iyT OTHOCUTBCS K TPEXMEPHOMY IPOCTPAHCTBY U B KOMIIOHEHTHOM BHJIE OY/IyT
UMeTH CJIeAYIONye 3HaYeHus:: 1 = 1, 3.

3. Bamsroil B HHIEKCe 0003HATACTCS YACTHAS IPOM3BOIHA [0 COOTBETCTBYIOIIE KOOP-
munatre (f,; := 0;f); Toukoii ¢ 3ansToil — KoBapuanTHas npoussogHas (f.; == V,f).

4. Jljst 3amucu ypaBHEHHI JIEKTPOIMHAMUKE B pabore ucmosbdyercs cucrema CI'C
cummerpuanas [10].

3. IlIpencraBienmnsa ypaBHeHmnii Makcsesia

Bynem ucniosp3oBaTh 3anuch ypaBHeHnit MakcBeia B KDHBOJIUHEIHBIX KOODAUHATAX.
Bonee nogpobuoe ommcanne namno B crarbax [11-15].
Vpasuenust Makcsesia B 3-X MepHOU (popMe MMEIOT BUIL:

.. 1 .
eV By = —-OB',
VZ'Di = 47Tp,

g 1. . Ax . (1)
eV Hy = =0, D" + —j,

c c
V;B* = 0.
rIae ek AJIBTECPHUPYIONANA TEH30P.

Banmmenm ypasreHne Makcsesuia depe3 TEH30PbI 3JI€KTPOMATHUTHOrO NOJst Flg 1
Gap [16-18]:

Vallgy +VpFya +Valap = Flaps) =0, (2)
4

VoGP = 48, (3)
c

rjie Ten3opel Fog u G*B umeror cJeIyIonye KOMIIOHEHTBI

0 E; E, Es 0 —-D' —-Dp?2 _p3
—FE; 0 —-B® B2 D! 0 —H: H
Fap —-E, B3 0o -—-B'|’ G D? H, 0 —-H (4)

—-FE; —-B?> B! 0 D® —-H, H 0

Snecs F;, H; — KOMIIOHEHTHI BEKTOPOB HAIPSXKEHHOCTU JIEKTPUIECCKOIO U MATHUTHOTO

moJieli cooTBeTCTBeHHO; DY, BY — KOMITOHEHTBI BEKTOPOB 3JIEKTPUIECKON U MarHUTHOM
UHAYKIUNA COOTBETCTBEHHO.

Banumem ypasuenusi (2) u (3) gepes quddepennuanbabie $hopMbl B hopMam3me
PAaCCJIOEHHBIX IIPOCTPAHCTB. ByneM paccMaTpUBaTh PACCIOSHHE

Y — X, (5)
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rae X = M* — gernipéxaepHoe mpocTpancTBo. IIpi 5TOM MBI He Jie1aeM e/ IIoI0KeHNe
0 METPUKE JIAHHOTO MPOCTPAHCTBA.

Bagaanm F' (2-dopma), G (6usekrop) u j (BeKTOp):
1 « B 1 o B 2
F = Fapda® Ade?, Fop = ;Fasdals Adag, FeA?,
1 1
G =560, N0y, G = JGLOT NS, G e, (6)
J =% J=je0%, jeA.

Torna ypasuenus (2) u (3) npuMyT B

dF =0, (7)
5G = 47” J. (8)

Bnech § = 71 df — auseprenmus, § : A, — A" 3amaéT aBoiicTBenHOCTH IlyanKape.
IIpu stom Fopg u G umeror cMbIca KpuBH3HBI B KoKacarenbnoM (T*X) m kaca-

resibioM (T'X) paccioenusix. CBsi3b MEXK/Ly STHMHU BEJMYUHAME 33a6TCsl CJIELY OIIUM
obpazom:

GP = \(Fys). (9)
Torma ypasrenue (8) nmpumer BuI:
4
oA =—j. (10)
c

B simneitHOM citydae coorHomierue (9) MOXKHO 3aaTh Kak
1
G*P = 5)\“5"’5F75. (11)
B srom ciryuae ypasaenue (8) mpumer BuL:
1 4
S =AF ) = —j. 12
(327) = 25 (12)

Bynem caurars, ato A\ 3amaér Ha X HEKOTOPYIO 3(DDEKTUBHYIO METPUKY.

4. Tenzop npoHUIaeMocTe

Bynem cumraTh, uTo orobpaxkemme \ : A? — A, ymmeitnoe u jokasibnoe. Torma ero
MOKHO TPEJICTABUTDH B CJIE/IYIOIIEM BUJIE:

1
GP = 5)\“575Fw, (13)

rae A*%7% — TeH30p IPOHHUITAEMOCTEIH, ComeprKAIIii HH(MOPMAIIIO KaK 00 IIIIeKTPIde-
CKOil ¥ MarHUTHO} IIPOHUIIAEMOCTSX, TaK U 00 9JIEKTPOMArHUTHOl cBsi3u |1, 3].

U3 (13) BugHO, uTO A8V pvieer CJIETYIONIYI0 CUMMETPHIO:

A@B78 — y[aB][vd] (14)
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Jlns yrodnenusi cummerpun, Tenzop A*$70 MOXKHO TpeJCTABHTDL B CJIETYIOMEM BH-
ze [19-22]:
NBY0 — (D) \aByd 4 (2) \aByd 4 (3) \abd,

(W \ahvs = (1) \([Blld])
(2) \aBvs _ (2)/\[[01[3}[75}}, (15)
(3) \aByd — (3) \[aBd]

Ouesunno, aro \*#7° pmeer 36 nesasucnmbrx Kommonent, (DA% pyveer 20 nesasu-
CUMBIX KOMIIOHEHT, (N80 yyveer 15 HE3ABHCHMBIX KOMITOHEHT, GINBY pyeer 1 Hesa-
BUCUMYIO KOMITOHEHTY.

TTaJtee 6yIeM PacCMATPUBATD TOJILKO dacTb (WAPY8 . Banmmem MaTepuasbHble ypaB-
HEHWST:

D' =¢VE; + (1)7;Bj’

. . 16)
-1 2 (
rae €V ,uij — TEH30Pbl JUJIEKTPUICCKOA U MArHUTHON IIPOHUAIIAEMOCTEe, (1)7;» u (2)7; —
IIEPEKPECTHBIE YJIEHBI.

YuuTeiBag CTPyKTYpy Tensopos Fhs m GYP (4), a takwxe ypasmenms cpasu (16),

3aIuIeM o; ]
1 T
F% =F;, GZ=-D

y L (17)
GY = —5%}[&’ FQ = —25‘@BE
Us (16) u (17) soimamenm crpykTypy Tensopa X*77%;
N00F — i pigmn _ gijkglmn, =1y, (18)

5. JIuHeliHas JIOKaJIbHAd reoMeTpu3aliis ypaBHEHU
MaxkcBeJia

[TnebanbckuM ObLIA TIPEIIOKEHA TIPOCTeliIas reoMeTpu3alust ypapHeruit Makcees-
na [4,5,23,24]. Hecmorpsi Ha HEKOTODBIE HEJIOCTATKH, STOT METO][ HAIIEN [IPUMEHEHME,
HalpuMep, B TPpaHC(OPMAIMOHHOI ONTUKE, I/Ie COOTHONICHHE £;; = [l;; ABJIAETCA KeJla-
TesbHbIM 7,25, 26].

OcHoBHasg uest reomerpusanun 110 [11e6aHbCKOMY 3aKII09aeTCA B CJIEYIOIIEM:

SBamucars ypaBaenns Makcsesia B cpefie B mpocTpancTBe MuUHKOBCKOTO.
SammcaTh BaKyyMHBbIe ypaBHeHHuss MakcBesia B 9(M(EKTUBHOM PUMAaHOBOM IIPO-
CTpaHCTBeE.

IIpupaBHATH COOTBETCTBYIONINE YJIEHBI YPAaBHEHUI.

B pesysibTaTe MBI OJIyINM BBIpaKeHHE JUIJIEKTPUUECKONW M MAarHUTHON IIPOHUIIAe-
MOCTEll depe3 reoMeTpuIecKre OObEKTHI.

DN —

Ll

O iHAaKO JaHHBIN TTOX0J K T€OMETPU3AINN BBIIVISIUT CKOpee KaK TPIOK. ABTOp 10-
CTapaJICs BBIOJIHUTH JIAHHBIC BRIYUCICHUA Dosee hOpMaIbHO.
5.1. BcnomorarteJsibHBIE COOTHOIIIEHUSA AJISI METPUIECKOTO TeH30pa

Hawm moramo0sITCst TTpoCcThbie COOTHOIIEHNUST /T METPUIECKOTO TEH30pa.

9asg’? = o5 (19)
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Beipaxkenue (19) NpuBOIUT K CJIEYIONMM YACTHBIM COOTHOIEHUSIM:

9059°" = goog” + gorg"™ = 8 = 0, (20)
959" = 909" + ging"’ = 5. (21)
Coornomenne (20) mepenuineM B BH/JIE

i 1 i
" = ——gorg". (22)
goo

IMoxcrasnsst (22) B (21), momydaem:
1 ) A
(gik - gOiQOk) gkj = 55’- (23)
goo

DTO CcoOTHOIIEHUE OY/IeT HCIIOIH30BAHO I[I03/IHEE JIJIs YIIPOIIEHUS 3aIIUCH NTOTOBBIX
YPaBHEHU.

5.2. VYpaBHeHUs CBSI3U JJId JABUXKYIIUXCHA CPEJ,

MuHKOBCKHM OBIJTH BBIBEJIEHBI YDaBHEHUS CBS3W I M30TPOIHBIX JIBUKYIIIIXCS
cpen [16,27] (ypasaerust MUHKOBCKOrO Jiyist ABUKYyIUXCs cpen). Ilyers u® — 4-ckopocThb
cpenpl. Canrast TUIIEKTPUIECKY0 U MATHUTHYO IPOHUTIAEMOCTH € U [t CKAJISTPAMU, MOYK-
HO 3amucaTh

GPug = eF*Pug, *F*Pug = pu*G*ug. (24)

B TpéxmepHoM Bujie ypaBHeHUs (24) IPUHUMAIOT CJIEYIOMUiT BUJL:

Di=¢ (E + [“cj,BkD - [%Hk} —eE' 4 (ep—1) [%Hk}
_ . _ (25)
B =y <H _ [UCJD’“D + [%Ek] — uH — (ep—1) {%Ek}

Tamm paciupui ypassenus (25) Jyist aHH30TPOIHOro ciy4vast [1,3], a umenHo, cuanrasi,
YTO JUINEKTPUIECKAST U MATHATHAS TPOHUIIAEMOCTH UMEIOT BH/I

& = diag(e], €3, €3), 1 = diag (i, 13, 13), (26)

U BEKTOP CKOPOCTH U’ CHUCTEMBI OTCYETA — ITapaJIIeIbHBIM OTHONM M3 TJIABHBIX OCE aHU-
sorporuu. Torma ypaBHeHus MUHKOBCKOTO JJTsT IBUXKYIIUXCS CPET TPUOOPETYT CJIeTyIo-
Ui BU:

Di =i (El n [ij,Bk}l> - [%Hk} B = <Hz N [ij,pk}l) + [”—;Ek} (27)

5.3. Oo0iaga reomerpu3arus

IIpoBeném reomerpuzanuio ypasuenuit Makcsesuia. Beeném sapdexkTuBHyo MeTpuky
B X gop. Torma sanmirem jlarpanzKuaH 3JIeKTPOMAarHUTHOTO 10JIS B BHUJIE JIAIDAHXKIAHA
Anra—Muuica:

1 1
- = af vyé o e
L 167‘('Cg g FopFys = Anje.
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[Tocrponm Terzop A\*P70 ciemyromum o6pasoM:
A0 =2/ =99 97" = V=g(9°79" + 9°9") + V=g(9*79" — g*°9").
Torma ypasuenue (13) npumer ciiemyronmii By
G = /=g(9°79" = g°°9"") Fys.
JIj1s1 HATIATHOCTH PACIIUIIEM IO KOMITOHEHTAM:

G = v/=g(9" 979" 9") Fo; + /=g (9" 9" 9" 9") Fi,

G4 = /=g(9" g 9% ™) For, + vV=9(9% g g% g?*) Fyu.

Ha ocuoBanuu (17) mosryumm:

D' = —/=gg” <g”gmgozg(’3> E; —vV=9(9"2g%g" g )e 1 B,
Ha ocuosanunu (17) ¢ yuaérom coornormenust (23) moury<amum:

D= —/=gg" g2 E; + v/ —gew;9" 9" B, (28)
H; = v/ =gemnicrj 9" g™ BL + /=9eM gor.ga B (29)

13 (28) MoxKHO POPMAJIBHO BBIIUCATH BHIPAYKEHUE /IS JUJIEKTPUYECKOI TPOHUIIA~

€MOCTH: B B
U = — =gy (30)

[Tpu 9TOM reoMeTpuyecKuii CMBICJ BTOPOro WieHa B (28) Hy»K/aeTcs B JaJjibHeiineM
YTOYHEHUU.

U3 (29) MoxkHO (hOPMAJIBHO BBIIUCATH BbIPAZKEHHE JJIsi MATHUTHON POHUIIAEMOCTH:

(™ Dij = V=9emnicrj g™ g™ (31)

Taxum o6pa3om, reoMeTPU30BAHHBIE YPABHEHHUS CBSI3U KOOPJAUHATAX UMEIOT CJIeTyI0-
A BU:

D' =B+ WyiB,  H;=(u)i;B + @] E;,
e = —\/=g9"¢", (32)

()i = V=gemmicrg™tg™, Dyt = @yl = /= gey;g% gt
JleoHrap/1 mpeIoKMII MHTEPIPETHPOBATH [IEPEKPECTHBI WiIeH B ypaBHeHHsAX (32)

KaK CKODOCTB JIBHKEHHsI I€OMETPU30BaHHOI cucreMbl orcuéra [6]. deiicrBurensho, Ha
ocHoBaHun (25) ypaBHeHus (32) MOYKHO [EPENucaTh B BUJIE:

. . . i . J
D — 8”Ej + [ﬁ7Bk] , H;= (M_l)ijB] 4 [U’Ek} , (33)
C C .

1

riae u' — TpéXMepHas CKOPOCTD JIBUZKEHHA CHCTEMBI OTCUETA.
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6. 3akJirouyenue

ABTop mpemtoku (hopMaBHBIN MOAX0M K TPOHIEMe MeOMETPU3AINN YPaBHEHMI

JIEKTPOMATHUTHOTO TIOJIsi. B KadecTBe MJLIIOCTPAIAU IPEJCTABIEH METOJ JIOKAJIbHON
JIMHEHON reoMeTrpusalust ypasuenuii Makcsesuia. CiieyeT OTMETHTD, YTO JAHHBIA Me-
TOJT, HEJIb3T CIUTATDH ITOJITHOCTBIO YIOBJIETBOPUTEILHBIM. JeficTBUTEILHO, TIOJTHBIN TEH30PD
TPOHUTIAEMOCTEMN AP0 pnveer 36 He3aBHCHMBIX KOMIIOHEHT. 1 1azke ero OCHOBHASI 9aCTh,
TEH30D (1))\0‘ﬂ75, nmeeT 20 HE3aBUCUMBIX KOMIIOHEHT. B TO BpeMst KaK PUMaHOB METPH-
YeCKUil TeH30p uMeeT TOJIbKO 10 He3aBUCUMBIX KOMIIOHEHT.

Takxke cieayeT Cka3aTb, 9TO HpeILJIO}I(eHHbIﬁ METO/J OTJIMIaeTCdA IO UJICOJIOTUN U Pe-

3ysabTaTtam ot Metona Iliebanbekoro.
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Geometrization of Maxwell’s Equations in the Construction of
Optical Devices

D. S. Kulyabov*!

* Department of Applied Probability and Informatics
RUDN University (Peoples’ Friendship University of Russia)
6 Miklukho-Maklaya str., Moscow, Russia, 117198

T Laboratory of Information Technologies
Joint Institute for Nuclear Research
6 Joliot-Curie, Dubna, Moscow region, Russia, 141980

The development of physics in the XX-th century was closely linked to the development of
the mathematical apparatus. The General Relativity demonstrated the power of the geomet-
ric approach. Unfortunately, the infiltration of this apparatus in other domains of physics is
rather slow. For example, there were some attempts of integration of the geometric methods in
electrodynamics, but until recently they remained only as a theoretical exercise.

Interest to the geometric methods in electrodynamics is summoned by practical necessity.
The following algorithm of designing of the electromagnetic device is possible. We construct
the estimated trajectories of propagation of electromagnetic waves. Then we calculate the
parameters of the medium along these trajectories. The inverse problem is also interesting.

The paper considers the techniques of construction of optical devices based on the method
of geometrization of Maxwell’s equations. The method is based on representation of material
equations in the form of an effective space-time geometry. Thus we get a problem similar to that
of some bimetric theory of gravity. That allows to use a well-developed apparatus of differential
geometry. On this basis, we can examine the propagation of the electromagnetic field on the
given parameters of the medium. It is also possible to find the parameters of the medium by a
given law of propagation of electromagnetic fields.

Key words and phrases: Maxwell’s equations, constitutive equations, Maxwell’s equa-
tions geometrization, Riemann geometry, curvilinear coordinates
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[IPABUJIA O®OPMJIEHUSA CTATEN

Penxonnerns xxypuasa «Becrauk Poccuiickoro yausepcurera qpy2K0bI HAPOIOB», Ce-
pust «Maremaruka. Undopmaruka. Pusnka» MPOCUT aBTOPOB NMPUIEPIKUBATHCI CJIEITY-
FOIUX TIPABUJ IIPHU IIPEICTABIEHUN CTATHU B YKypHAJI.

1. CraTbu npeCcTaBIsiOTCs Ha PYCCKOM WJIA QHTJIMHCKOM SI3BIKE.

2. Ob6béMm craTbu He HoJKeH npesbimaTh 0,75 aBT. med. JI.

3. ABTOp mpejicTaBISeT B PEJIAKINIO 9JIEKTPOHHYIO BEPCUIO PYKONUCH, HAOPAHHYIO B
cucreme INTEX (ucnosnb3yercst Bepeusi WTEX 2¢, jyist Habopa hboOpMys1 HCIIOIB3YeTCsT MaK-
poraker AMS-IATEX). K 9/1eKTpOHHOMY BapHaHTy NPHJIAraeTCsl OTIICYaTAHHBIN Ha Oy-
Mare sk3eMIIsap mim daitin B popmare Postscript mnmn PDF. [Insa kaxmoit ctatbn yKa-
seiBatorcs kogpl YK u MSC (PACS).

4. Hazpanue, annoTarusi, KJIOYEBbIE CJI0Ba, (PaMUINNA U UHUINAAIL aBTOPOB, HA3BA~
HUE OPTaHU3alliM, TJie PabOTAIOT ABTOPbI, MPEIOCTABIISIOTCS HA PYCCKOM U AHTVIMHACKOM
SI3BIKAX.

5. Annorarus (or 150 10 250 €JI0B) J0JIZKHA ONUCHIBATH OCHOBHBIE TI€JI UCCIIEI0BA~
HUST; 00bICHATH, KaK ObLIO IIPOBEIEHO MCCIeTOBAHMEe, 0€3 METOAOJOTMIECKUX JIeTasIel;
CyMMUPOBATh HANOOJIEE BaXKHbIE PE3Y/IbTATHI U UX 3HAYEHUE; ObITH HAIIMCAHA KadeCTBEH-
HBIM PYCCKUM /aHIVIMACKUM sI3bIKOM. B aHHOTAIMU HE JIOIyCKAIOTCSI CChLIKH Ha IUTHPO-
BAHHYIO JINTEPATYPY, abOpeBUATYPHI U TPOMO3JIKNAE (POPMYJIBL.

6. Texcr cTarby MOYKEH BKJIIOYATH BBEIEHUE, 3aKJIOUEHNE, CIHUCOK HMCIOJb30BAH-
HBIX MCTOYHHUKOB (He MeHee 5). [rybuHa pasbuBKHU TEKCTa HE JOJZKHA HPEBBINATH TPEX
ypOBHE#l (pas3/iesibl, IyHKTHI U MOJIIYHKTHI).

7. Pucynku nmpuHUMAIOTCA B 3JIEKTPOHHOM BHje. KaKJblii pUCyHOK JOIKEH OBIThH
noMemiéH B orenbublii daiti. [Ipurnmaembie dopmarst daitios: 1) Bekropusie: PDF,
EPS, TgX; 2) pacrposbie: PNG, TIFF, GIF (Bosmoxna nukancymnsinust 8 EPS).

8. Pasmep pucyHka BMecTe C MOIIINUCHIO He JIoJKeH TpeBbimarh 14x19 cm. Pazpere-
HIE PAcTPOBOTO PUCYHKA JIOJ2KHO HaXOoJAuThbcda B mpegeaax 300—-600 dpi.

9. Pucynku mo/iKHBI ObITh 4€pHO-Oesibie. BO3MOXKHOCTH MCIOIB30BAHNS ITOJLY TOHO-
BhIX U ororpaduuecKux H300parkKeHnii MOXKeT OBITh PaccMOTpeHa OTAe/bHO. MOHBI
JIOJIZKHBI OBITH TOJBKO MTpuxoBaHHBE. CeTouHble (DOHBI U MTOJTYTOHA HE JIOMYCKAIOTCH.

10. Cmucok sureparypbl mojarorasiauBaercs B cucreme BIBTEX u mpejcraBiseTcs B
JIByX OT/IesIbHBIX haiiiax — mo TpeboBanusm ['OCT 7.1-84 (cMmeniaHHBI CIIUCOK UCTOY-
HUKOB Ha PYCCKOM U JIDYTHUX sI3bIKax) U 1o crangapty Harvard (mosiHOCTBIO HAa MHOCTpaH-
HOM $13bIKe (AHJIT., (ppaHIl., HEM., UCIL); JJIsi HCTOYHUKOB HA PYCCKOM sI3bIKE TPeOyeTcst
HIepeBOJI HA AaHITHACKUIT s3bIK ). CCBIIKM HA HEOIIyOJIMKOBAHHBIE PAOOTHI HE JIOIYCKAIOTCS.

11. Pyxomuch noyrKHa OBITH TIIATEIFHO BhiBepeHa. HeobxomMo yka3aTh TOTHBIE CBe-
nenns 00 aBTopax: PaMUINIO, UMsl, OTIECTBO MOJTHOCTHIO, YIEHYIO CTEIIeHb, YI6HOE 3Ba~
HU€, JOJIZKHOCTD C YKa3aHUEM IO/Ipa3e/IeHis U OPraH3aIlui, IIOYTOBBIA U 3JIEKTPOHHBII
ajpec Mecta paboThl aBTOPOB u Tesiedonbl. Ilocte moaroToBKY pefakiueii K Habopy pas-
MEYEHHBI! U UCIIPABJIEHHBIN ABTOPOM TE€KCT CTATHU U UCIPABICHHA SJICKTPOHHAS BEPCUST
BO3BpAIAIOTCS B pegakimio. KoppekTypa Jijist IpocMOTpa BBICBLIaeTC 1o e-mail.

12. Bosspainenne craTtbu aBTOPYy Ha J0PAbOOTKY HE O3HAYAET, YTO OHA, IPUHIATA K
onybsimkoBanuo. JlopaboTaHHBINI BAPUAHT CTATHU PEIKOJIETHS PACCMATPUBAET BHOBb.
B ciygae oTKIOHEHUSI CTaThU PEIKOJLIETHSI OCTABJISIET 3a COOOI MpaBO HE BO3BPAIATH
aBTOPY OJIH €€ IKIEMILISIP.

13. Bce crarbu, mianupyembie K IIyOJMKAIMN B XKYPHAJIE, TPOXOIAAT 00I3aTEIHHYIO
MIPOIEIYPY PEIEH3UPOBAHUS JIBYMs PEIIEH3EHTAMU, SBJISIONTUMEICS SKCIEPTaMU B JTAHHON
obstactu. OJIMH U3 PEIEH3EHTOB MOXKET ObITh BBIODAH U3 COCTaBA PEJKOJIIernd (BHY TPEH-
Hee pereH3upoBanue). B o6s3aTeIbHOM MOPsIJIKE CTAThsl HAIIPABJISIETCS] HE3ABUCHMOMY
sKciepTy (Ha BHeIIHee pereH3upoBaHue). IIpore/ypa perneH3upoBaHusl sIBJISIETCS aHO-
HUMHOI Ji/TsT aBTOPOB. [10 pe3ysbraTaM pereH3npoBaHns CTAThsT MOYKET OBITh OTKJIOHEHA,
HAIIPABJIEHa aBTOPY Ha J0PabOTKY WM MPUHATA K medard. 1peboBaHust K PEIECH3UIM:



OIIEHKa CyIIecTBa paboThbl U BO3MOXKHOCTU €€ IyOJIMKaIuu B »KypHAaJie; KOHKPETHOe I1e-
pedncyienne omubOK B METOIOJOIMU U MHCTPYMEHTApUU (€CJIU OHU €CTh); TPEeJJIOKEHUsI
110 TI0pabOTKe TEKCTA.

14. HpI/I NIOJIYIeHUHU ITOJIO2KUTEJIBHOT'O 3aKJ/JII09EeHNA PEEeH3CHTa MaTepuaJibl IIOMeIa-
IOTCA B «IOPTdEIby PeIaKIuu s JajibHelinero omyoaukoBanus. [Ipu moaydennn ot-
PHUIATEIHHOTO 3aKJIIOUEHUsT OJIHOIO U3 PEIEH3E€HTOB CTAThs PACCMATPUBAETCS Ha 3aCeIa-
HUHI PeJaKIMOHHON KOJUIETHH, KOTOpasl IPUHUMAET pelleHrne 00 OTKJIOHEHIN CTATbU MJIN
(0] HeO6XO,ZLI/H\IOCTI/I noJIyIeHud ‘ZLOHO.HHI/ITQ.HI)HOﬁ pereHsnn He3aBUCUMOIr'O dKCIIepTa.

KonTakTHBII ajpec st permennst TEXHIIECKUX BOTIPOCOB o IPEIOCTABIIS-
eMbIiM MaTepuajiaM B KypHaa Becrauk PYJ/IH. Cepus «Maremaruka. Wu-
dopmaruka. Pusmkar: Poccusi, Mockpa, yi. Opmkonukuiaze, 1.3, KomH. 313;
e-mail: vestnik-miph@sci.pfu.edu.ru.

Apec gt mepermeku: 117198, Poccust, Mocksa, yia. Mukiayxo-Maknasi, 1.6, da-
KyJbTeT (DU3NKO-MATEMATHIECKUX W €CTeCTBEHHBIX Hayk, mpodeccopy CeBacTbsHO-

By JI. A.
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