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Maremaruka

UDC 517.5
On Almost Global Half-Geodesic Parameterization

E. A. Shcherbakov, M. E. Shcherbakov

Kuban State University, Krasnodar, Russian Federation

The problem of existence of Global Half-Geodesic Surface Parameterization is considered. The
problem is well known and it is yet unsolved in general case. It is known that for the twice-
differentiable surfaces it has local solution. At the same time example of paraboloid of revolution
proves that it is not possible in the general case to use local nets in order to construct the
global half- geodesic ones. In order to solve the problem the authors follow the way leading to
the construction of isothermal parameterization for the surfaces with positive first quadratic
form. To this end they deduce partial differential equation for the mappings giving necessary
parameterization.

In the contrast with the case of isothermal parameterization when the equation is Beltrami
equation corresponding to the homogeneous elliptic system this equation is essentially non-linear
one. Besides the new system admits degeneration at the points where the Jacobian of the
solution is equal to zero or infinity. The speed of degeneration strongly affecting properties of
the solutions is also unknown.

In order to surpass these difficulties the authors change the challenge. Instead of the geodesics
covering the whole surface they propose to find the geodesics covering the surface up to the set
of Hausdorff null measure. Using the theory of K-quasiconformal mappings they construct non-
regular generalized solutions of non-linear Beltrami equation that nevertheless detect the necessary
family of the geodesics. The constructed theory permits to study non-classical equilibrium forms
of liquid drops.

Key words and phrases: first quadratic form of the parametric surface, quasiconfor-
mal mappings, generalized solution, non-linear Beltrami equation, Sobolev spaces, imbedding
theorems, weak convergence of the functions, almost global half-geodesic parameterization

1. Formulation of the problem

Let X = X(&,7), (§,m) € D be a continuously differentiable parametric surface and
w — its first quadratic form

w = Ade? + 2Bdédn + Cdn?. (1)

Let us suppose that the following conditions are satisfied
A>Ag>0, A=AC—-B*>Ay>0. (2)
It is well-known [1] that there exists a homeomorphism z = z({), ¢ = £ + in of the

disk D onto itself reducing the quadratic form w in the isothermal coordinates (z,y) to
the canonical one

w = A, y)(da? + dy?). (3)
The function z = z({) satisfies the following Beltrami equation
A—VA+iB
27(¢) = ———————=2¢(¢). 4
C(g) A+\/Z*ZB C(C) ()

The isothermal coordinates proved to be very useful in various applications, especially
in the theory of minimal surfaces.
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The other canonical representation of the type
w*(u,v) = du® + Hdv? (5)

is also widely known [2].

The parameterization of the surface reducing the first quadratic form to the form (5)
has the name of half-geodesic parameterization.

Locally we can introduce for the surfaces under consideration the coordinates (u,v)
transforming their first quadratic form into the form (5).

Sometimes it is possible (for example for the surfaces of the negative curvature or for
the analytic ones) to get this reduction over the whole surface. For the general case the
problem still stands to be open.

Meanwhile sometimes the global half-geodesic parameterization is also necessary,
especially in the case when the functional giving the Gauss curvature under variation is
required (see for example [3-5]).

The existence of such parameterization is connected with existence of the family of
the geodesics covering the whole surface.

In this article we are going to prove the existence of the family of geodesics without
self-intersections covering the surfaces X we consider almost everywhere. It is sufficient,
for example, for the generalization of the variational problems studied in the articles [3-5]
to the case of the surfaces lacking the axial symmetry.

In order to fulfill this task we will proceed as follows. As in the case of isothermal
parameterization we deduce Beltrami differential equation for the transformations resolving
the problem of the existence of half-geodesic parameterization. After this using the method
of successive approximations we prove the existence of the solutions of the equation.
Finally, we prove that almost all level lines of the imaginary parts of the solution the
equation for the inverse transformation are geodesics covering almost all the surface X.

The main difficulty we encounter on this way lies in non-linear nature of Beltrami
equation we get in our case. Besides, it degenerates at the points where the Jacobian of
the transformation turns to be zero or infinite.

The instrument of changing the variables turns not to be perfect but still it permits
us to detect almost all the geodesics of the surface and prove that they cover it without
self-intersection up to the set of null Hausdorff measure.

2. Basic equations
It is easy to prove the following theorem.

Theorem 1. Let X = X (z,y) be continuously differentiable parametric surface with
the first quadratic form w of the type (3). Let us suppose that there exists a topological
sense preserving transformation w : D — D, w = u + v reducing the form w to the
form w* from formula (5). In this case, the function w satisfies the conjugate nonlinear
Beltrami equation

A(z) — Jw(z)@

Juw(z) +A(z) 7

The inverse function z = z(w), z = x + iy, satisfies the nonlinear Beltrami equation

A(z(w)) Jo(w) — 1
A(z(w)) J.(w) + 1

(6)

wz(z) =

Zw(w). (7)

zg(w) = —

Besides the following equality takes place

H(u,v) = A (2(u,v)) (w% + yg) = A2 (z(u,v)) Jf(w)



Shcherbakov E. A., Shcherbakov M. E. On Almost Global Half-Geodesic. . . 7

This theorem constitutes the first part of our program.

3. Construction of the solutions of the basic equations

Let us start now with the study of the second part of our program. We will prove
that the solution of the conjugate non-linear Beltrami equation (6) exists. It is clear that
this equation degenerates at the points where the Jacobian of the solution is equal to zero
or infinity. This entails many difficulties as we cannot apply directly the well-developed
theory of quasiconformal mappings with bounded characteristics.

In what follows we restrict our considerations to the twice-differentiable surfaces
symmetrical relatively to a plane P. Besides, we suppose that the intersection of the
surface X with the plane P is also geodesics. We denote by the letter = the class of the
surfaces of this type.

In order to find the needed solution we will use the method of iterations. We divide
this process into two stages.

3.1. First stage

At the first stage the process of the iterations is as following. Firstly, for each number
m € N fixed we construct the sequence of K-quasiconformal mappings satisfying the
following equations

(n+1) AR Ty () 1= m )
w? (mVZ) - Jw(n)(Z) —|—A(Z) 1+ %wz (m,z). (8)

As the first element of the sequence we introduce into equation (8) as Jy,o the

Jacobian of the conformal mapping w® of the unit disk D onto itself normalized by the
correspondence of the three pairs of the boundary points

w'(=1) = -1, ') =p, w'(1)=1, 0<argp<m.

Let
w™ (m, z) = u™ (m, z) + iv'™ (m, 2).

Then the functions w1 (m,z), vtV (m, 2) satisfy the following system of the
equations equivalent to the equation (8),

1 -1 n+1 1 n+1
(m + A Ty (m, z)) ul" Y (m, 2) = <1 + EJ’U(”) (m, z)) ”2(; )(m, 2),

1 1
(m + Aile(n) (ma Z)) ug(/nJrl)(m? Z) = (1 + %Ailjw(n) (mv Z)) va(ﬁnJrl) (mv Z) (9)

Let now z("t1 = z(n+1) 4 4y (n+1) he the mapping inverse to the mapping w1 . We
can easily prove that it satisfies the following non-linear Beltrami equation

m,w) = — m o (1) (1, w).

Tutor (m 200 () + A (200 (w)) 15 1

L) Ty (m, 2D (w) = A (D) 1 -

The functions ("1, y(+1) gatisfy the equations

L J oo (m, 2D) 4 A (Z<n+1>(w))x(n+1) -
']w(") (m’ Z(n+1)) + %A (z(nJrl) ('UJ)) u Yy

(mvw) = )(ma w),
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iJwW) (m, z(n+1)) + A (Z(n+1)(w))
oo O 0T) 4 LA (0 a)

The following theorem concerns the properties of the successive approximations and their
limits.

yq(ZH-l)

xq(}""'l)(m, w) = — (m,w). (10)

Theorem 2. The sequences {w(”)(m, z)}, {z(”) (m,w)} are compact in the sense
of uniform convergence in the disk D. Derivatives of the first order of the functions
w™, 2(") constitute the sequences compact in the space Lo(D) in the sense of the weak
convergence.

Let

w(m, z) = lim w™(m,2), z(m,w)= lim 2™ (m,w)
n—00 n—00
be the limit functions of the convergent sequences and Jy,(z), J.(w) — their respective
Jacobians. Then the functions w, z satisfy the following equations
Az) = Jw(z)1 - o

wz(m, z) = Tw.(m, z), (11)

T Tu() A AR T+ L

1= J(w)A(2(w)) 1 — 1
zw(m, w) = T(w)A (z(w)) 1+ L Zu(m, w) (12)

almost everywhere in the disk D.

Proof. The sequences {w(™(m, 2)}, {z(™(m,w)} are the sequences of K = K (m)-
quasiconformal mappings normalized by the correspondences of the three pairs of the
boundary points. It means that they are compact in the sense of uniform convergence in
the disk D [6-10].

Using the equations (8), (10) we get that the Dirichlet integrals of the functions w(™,
2(") are uniformly bounded in the space Lo(D). From the theorem of Banach-Alaoglu [11]
it follows that the sequences of the functions w'"™ (m, 2), 2 (m,w), wén) (m, 2), zgl) (m, w)
are compact in the space Ly(D) in the sense of weak convergence.

Let us now prove that the functions w, z satisfy the equations (11), (12) respectively
almost everywhere in D.
To this end we’ll use the following quite evident lemmas.

Lemma 1. Let
Joo = {z € D| lim sup J,m) (2) = oo}
n—oo

and p(Jso) — its Lebesgue measure. Then
1(Jos) = 0.
Lemma 2. There exists a sequence {D,,} of the measurable sets D,, C D such that

lim u(D,)=m

n—oo
and the sequences
(umts {o@ma}, {wi}

are uniformly bounded on each of the sets D,,.
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Now in order to complete the proof of the theorem it is sufficient to show that the
K-quasiconformal mapping w = w(m, z) is the solution of the equation (11) on each of
the set D,, and z = z(m,w) is the solution of the equation (12) on the set w(D,,).

It is clear that it is sufficient to this end to show that

lim Zﬂ/wgk)(m,z)Jw(k>(z)<I>(z)dxdy: 4/wz(m,z)Jw(z)@(z)dxdy (13)

n— oo

for any function ®(z) continuous on the set D.

As we only know that the sequences {J,,x }, {wik)} converge in the weak sense in
the spaces LP(D,,), p > 1, the problem we are to solve seems not to be trivial [12]. But
as the sequences {J,m }, {wé") (m, z)}, {w,&”)} are bounded on the sets D,, the equality
(13) proves to be valid which leads us to the following lemma.

Lemma 3. Let {w(”)} be a sequence of quasiconformal mappings converging almost
everywhere to the mapping w. Let us suppose that the sequence {J,m)} converges weakly
in the space L*(D) and the sequences {wén) (m, z)}, {w&")} converge weakly in the space
L?(D). Let us suppose that sequences

(umts {oPma ), {wi}

are uniformly bounded on each D,,. Then the equality (13) takes place for any function
®(z) continuous on the set D.

From the lemma 3 we get now that almost everywhere on each set D,, the function
satisfies the equation (11), i.e. it satisfies this equation almost everywhere in D.

In the same way we prove that the function z(m,w) also satisfies the equation (12)
almost everywhere in D.

The theorem is proved. O

3.2. Second stage

We have proved that there exists the sequence {w(m, z)} of quasiconformal mappings
satisfying equation (11). We can rewrite this equation in the following scalar form

1 1
—_— A_l n €T — - — A_l n
<m + T )) Uz (m, z) (m J >> vy(m, 2),

1 1
(m + Ale(n>> uy(m, z) = — ( - Ale(m) v (M, 2). (14)

m

Here the symbol J,x) denotes the Jacobian of the mapping w(m, z) = u(m,z) +
iv(m, z).

In what follows, we denote w(m, z) as w(™ (z), W™ (z) = u(™ (2)+iw ™ (2).

Theorem 3. Let X be a surface of the class Z. Then there exists a sequence {w(m)}
of the quasiconformal mappings w(™ (2), w™(z) = u™(2) + ™) (2), satisfying the
equations (14) such that the sequence {u\™ (z) + iv(™?2} is bounded in the space W'2(D).
The sequence {w(m)} converges uniformly on the disk D to the function w(z) = u(z) +
iv(z).
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The sequence {z(m)} of the functions z(™ inverse to the functions w(m)(z) s bounded

in the space WY (D) and compact in the sense of convergence in the space L(D),
1<qg<2.
Let D, be the set of pointwise convergence of the convergent subsequence of the sequence

{z(m)}. The function z = z(w) = lim 2™ realizes injective mapping of the set D, into
n— o0

the set D. The limit function w represents the inverse function to the functionz = z (w)
on the set z(D.) and the function z = z(w) defined over the set D, is inverse to the
function w = w(z) there.

The function w = w(z) satisfies the equations (11) almost everywhere in D and the
function z = z (w) satisfies the equation (12) almost everywhere in D.

Besides, for almost all v, —1 < v < 1, the lines v, = z(u,v), —1 < u < 1, represent
geodesics of the surface X covering the surface X up to the set of the null Hausdorff
measure.

Proof. Let us start with the following lemma.

Lemma 4. The functions u(™ of the sequence {u(m)} are equicontinuous in D and
uniformly bounded in the Sobolev space W12(D).

Proof (Proof of the lemma 4). Firstly, let us note that from the equations (14)
it follows that

1
ugm)Q + uém)z <A+ wa<m),
m

p(™2 4 v?gm)Z < A+ mdym). (15)

Let us consider the functions w(™),

wm) = (m) - L (m).
m

The mappings w(™ coincide with the mappings w(™ up to the affine mapping. It
means that the mappings w(™) are topological ones. The inequality (15) means that the
sequence of topological mappings w(™) is bounded in the space W12(D). This implies
that the mappings w(™) are equicontinuous in the closed disk D [10].

The lemma is proved. O

We note that

lim Imw™) =0.
m—r0o0

It means that we can judge only on the continuous properties of the functions u(™.

As for the functions v(™) they stay for a while unknown to us. Nevertheless, it is easy to
prove the following lemma.

Lemma 5. The sequence {v(m)Q} is uniformly bounded in the space W12(D).
Using lemmas 4 and 5 we prove the following lemma.

Lemma 6. The sequence {w(m)} is compact in the sense of the uniform convergence
on the disk D.

Let us now consider the inverse functions z(™ and prove the following lemma.

Lemma 7. The sequence {z(m)} of the functions (™) inverse to the functions w(™ (z)

is bounded in the space W(D) and is compact in the sense of convergence in the space
LY(D),1<g<2.
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For almost all the lines, v, = {v = const}, —1 < v < 1, the sequence {z(m)} 18
bounded in the space W 2(v,) and it is compact in the sense of uniform convergence on
such lines. The limit function z = z(w) transforms the collection V' of the lines 7, of the

uniform convergence of the sequence {z(m)} onto the set z(V') covering almost all the
disk D.

Proof (Proof of the lemma 7). As the functions z(") satisfy the equations (11)
then the following property takes place for the derivatives of the functions z(™) = Re z("),
y(™) = Im 2™,

1

+ AJ§> . (16)

Using the inequality (16) we get that the sequence {z(m)} is bounded in the space
WL1(D). It means that the sequence {z(™} is compact in the space LI(D), 1 < ¢ < 2 [13].
It is well-known [14] that it contains subsequence convergent almost everywhere in the
disk D. As always, we denote the convergent subsequence as the sequence itself. This
means that for almost all the lines v, —1 < v < 1, the sequence {z(m)} converges almost
everywhere on each of them. It is clear that the function w is inverse to the limit function
z = z(w) on the set z(D,.). Moreover, the convergence of the bounded sequence {z(™}
is uniform on the lines ~,. Really, the integrals

/Jz(m)du

Yo

are uniformly bounded for almost all v, v € (—1,1).
From this property we easily get that for almost all v, v € (—1,1) the integrals

1—v2
T o]
—V1-v2

are uniformly bounded. It means that the functions z("™) of the sequence {z(m)} are
equicontinuous on almost each of the lines v,, —1 < v < 1. The limit function z of
convergent subsequence is absolutely continuous on almost all the lines ~,, —1 < v < 1,
as the function of the variable v and images of the lines -, do not intersect.

We are going to prove now that the image z(V') cover the set D up to the set of the
measure equal to zero.

Firstly, let us note that it is well-known [11] that there exists a function J € L!(D)
such that for each function ® continuous and with compact support in D we have the
following property

// (o (w) — J(w)) ®(w)dudv = 0.

Secondly, we note that the point zg such that w(zg) € V' belongs to z(V).

Let us now suppose that there exists a set e of the positive measure such that
e* =w(e) C V¢ The complement V¢ of the set V' has null measure. Thus, we get that
p(e*) = 0. From this and weak convergence of J,») we get a contradiction.

The lemma is proved. O

The following lemma whose proof is standard gives us the differential equations, which
the functions z = z(w), w = w(z) satisfy.
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Lemma 8. The first order derivatives of the function w = w(z) = u + iv exist,
u € WhH2(D), v2 € WH2(D) and the function w = w(z) satisfies the equation (6).

The function z = z(w) has generalized derivatives z,, zz belonging to the space
LY(D), which satisfy the equation (7).

For the completion of the proof of the theorem it remains still to prove that almost
all the lines {v = const}, —1 < v < 1, are geodesics.

For the solution of this problem we use standard approach [15].

We see now that all the properties of the functions w(z), z(w) were proved in the
lemmas 4-8.
The theorem is proved. O

Summary

Using the theory of K-quasiconformal mappings we have constructed the solutions of
non-linear Beltrami equations giving almost global half-geodesic parameterization of the
twice differentiable surfaces with positive quadratic form.
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YVIK 517.5
O cymecTBoBaHUM TJIO0AJIBHON MOJIyTreoe3ndecKOoil
nmapaMeTpus3alu IIOBepPXHOCTe

E. A. IllepbakoB, M. E. IllepbakoB

Kybanckut 2ocydapecmeennoiti yrusepcumem, 2. Kpacnodap, Poccus

B crarhe paccmarpuBaercs 3amada O CyIECTBOBAHUH TIOOATBHON MOTYTEOAE3MIECKON Tapa-
METPHU3AIMH ITOBEPXHOCTENH. DTa MPobIeMa XOPOIIo U3BECTHA U SIBJISIETCS JIO CUX MTOP HEPEITEHHON
B obmieM Buje. M3BecTHO, UTO /151 IBaXK bl HENIPEPHIBHO AU dEPEHITNPYEMBIX IIOBEPXHOCTEMN
3Ta mpobsieMa mMeeT JIoKaJbHoe perenne. OmHako, mpumep TapaboonIa BPAIIEHNS YKA3bIBa-
€T Ha TO, YTO HEBO3MOXKHO, BOODIIE TOBOPsI, UCIIOJIH30BATH JIOKAJbHbBIE CETH JIJISI TIOCTPOEHUS
rJI00a/IbHOM KOOPJAMHATHON CETU, OIPENEIsieMOl MOJIyTe0/Ie3UIeCcKoi napamerpusarmeii. s
peleHus 3a/1a9u aBTOPBI WY T IO My TH, IPUBOIAINIEMY K IIOCTPOEHUIO U30TEPMUYIECKON MapaMeT-
PUBAIMY )15 IOBEPXHOCTEN C MOJIOKUTEHHO OIPEIe/IEHHON TIepBOoil KBaapaTudHoit popmoii. C
ITOM TIEJIBI0 OHU BBIBOIAT A depeHnnaibHoe ypaBHEHe, KOTOPOMY JOJIZKHO Y/IOBJIETBOPSTH
0TOOparKeHNe peasu3yiolee HyKHYIO apaMeTPU3AIHIO.

B omsimune ot kitaccuyeckoro ciydasi U30TEPMUYECKON TapaMeTpU3aIli, HOBOE ypaBHEHUE
MIpeJICTaBIIAET COOOM CYIECTBEHHO HeMHeHOe ypaBHenne. KpoMe TOro, s THITHYIeCKas: CUCTEMA,
oIlpejiesisieMasi HOBBIM YPaBHEHUEM, JIOIYCKAET BBIPOXKJIEHUE B TOYKAX, B KOTOPBIX SIKOOMAaH eé
pelteHusi 0OpaIAeTCsi B HOJIb MM OECKOHEYHOCTD. [Ipu 9TOM MHOXKECTBO BBIPOXK/IEHUS SIBJISIETCSI
3apaHee HEM3BECTHBIM. HensBecTHa M CKOPOCTDH BBIPOXKJICHUSI CUCTEMBI, KOTOPasi CyIIECTBEHHO
BJIsIeT HA CBOMCTBA HEPABHOMEPHO JIIUNITUYECKUX CHCTEM.

Jutst Ipeoj1o/ieHnst yKa3aHHBIX TPYAHOCTEH aBTOPHI BUIOU3MEHSIOT IIOCTAHOBKY 3aJIa9l: BMECTO
ceMefiCTBa Te0Ie3NIECKUX, TTOKPBIBAOIINX TIOBEPXHOCTD MOJTHOCTHIO, OHU OTPAHUYIUBAIOTCS CeMeli-
CTBAMH TAaKWX JIMHUIl, KOTOPBIE TIOKPBIBAIOT €€ JIMIIIh C TOYHOCTHIO JI0 MHOYKECTBA HYJIEBOU MepbI
Xaycmopda. C nomornbio Teopun K-KBa3UKOH(MOPMHBIX OTOOPAXKEHUN OHU CTPOSIT HETJIaKUE
OTODPpAYKEHUS, SIBJISIIONIMECsT OOOOITEHHBIMI PEITEHUSIMU HEJIMHEWHOTO ypaBHenus: beabrpamn,
KOTOpbIE, TEM He MeHee, TIO3BOJIAIOT BBIIEIUTh HYXKHOE ceMeiicTBO reoje3ndeckux. IlocTpoen-
Hasl aBTOPaAMU MMapaMeTpUu3alrs JaéT BO3MOKHOCTD HUCCJIEI0BATh HEK/IACCUYIECKNE PABHOBECHBIE
dOPMBI KUJIKAX KAIEb.
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Maremarnieckasi Teopus Tejierpadnuka
1 CeTH TeJIEeKOMMYHUKAINA

VIIK 621.39
IIpuMmenenne >KNAKOCTHBIX MoOJeJeill K aHAJIN3Y
OJTHOPAHTOBOM ceTn

FO. B. l'aiinamaka, E. B. BoopukoBa, E. I. MeaBenesa
Poccutickuti ynusepcumem dpystcobvr Hapodos, Mockea, Poccus

B crarpe mokazano mpuMeHeHne KUJIKOCTHBIX MOJE/Iel K aHaInu3y MOTOKOB B MHPOKOMMYHU-
KaIMOHHBIX ceTaX. Mofesn, uccieqoBaHHbIE B CTAThe, YIUTHIBAIOT OCOOEHHOCTH ITOJIYYHBIINX
IIIPOKOE PACIPOCTPAHEHNE ONHOPAHIOBBIX P2P-cereil, ucnosnb3yromuxcs s obmeHa daitia-
MU, TTapaJuieJIbHbIX Bbluucienuil, [P-tenedonnn, nepegadn moTokoBOro Bueo u jp. B crarbe
pOBeIEH 0030p OCHOBHBIX THIOB P2P-cereil u CBA3aHHBIX C HUMM aHAJIUTHYECKUX Mojesei. B
TMIOCTPOEHHBIX B CTATHE YKUIKOCTHBIX MOJE/ISX CETEBON TpadUK ONMMUCHIBAETCI B TEPMUHAX M3Me-
HEHUS BO BPEMEHH CKOPOCTEH ITOTOKOB JIAHHBIX MEXK/IY IOJIb30BATE/ISAMU U IHCJIa IIOJIH30BaTEIEH
ceru. IlepBas Mozenpb npeacTaBiisieT coboOi cucTeMy OOBIKHOBEHHBIX N DePEHITHATBHBIX YPaB-
HEHUil U MTO3BOJISIET AHAJM3UPOBATH CpeJiHee BpeMs 3arpy3ku daitna. Bropas moens B Buze
muddepeHInaIbHOrO YpaBHEHNS B YaCTHBIX IIPOU3BOTHBIX ABJIAETCS PACHINPEHHEM IIE€PBOH 1
YUUTBIBAET CIIyIAfHbIN 00bEeM TAHHBIX, 3alPAINBAEMBIX MOIb30BaTeaMu. OHa MOXKeT ObITH
WCIIOJIB30BAHA, [IJIsT AHAJIN3a KAK YCTONIHMBOrO COCTOSIHUS CUCTEMBI IIPU 3arpy3Ke, TaK U HEYCTAHO-
BUBIIIETOCSI COCTOSIHUS, W IIOJIXOMUT JJIsl NCCJIeNOBAHUS ITOBEJEHISI CUCTEMBI IIPH OOJIBIIOM HHCJIE
moJsib3oBaTesieit. [lomnmo cpeiHero Bpemenn 3arpy3ku paitsia Bropast MOJE b, YINTBIBAIOIIA
COCTaB IIPUCYTCTBYIOIINX B CETU MTOJH30BATENIEH, TO3BOJIAET AaHAJIM3UPOBATEH TAKME ITOKA3ATEIN
3bdeKTUBHOCTH CeTH, KaK UUCIIO JITYEPOB U CHIOB B CETH.

KurodyeBbie cJjioBa: OJHODPAHTOBasl CETh, KUJIKOCTHAsT MOJIEJb, JIMYEP, CHUJI, [TUDP, BPeMs
3arpys3ku daiina

1. Bsenenne

ZKunkocTable MOI€/IM TPAJUIIMOHHO UCIOIB3YIOTC JJIs aHAJIN3a TOTOKOB B MHQO-
KOMMYHUKAIIHOHHBIX CETSX. DTU MOJE/H B BHJE CUCTeM JuddepeHInajlbHbIX YpaBHEeHUI
OTIMCHIBAIOT YBOJIIOIHUIO TTOTOKOB JIAHHBIX U MTO3BOJISIOT aHAJU3UPOBATH CAMbIe PA3HOOO-
pa3HbIe MapaMeTpPhl CUCTEMBI — YHUCJIO Y3JI0B CETH, CKOPOCTH MEPEIAd JAHHBIX, 0UepeIn
B y3JIaX CETH, MEXaHU3MbI yIIPABJIEHUsI CKOPOCTBHIO mepegadn u jp. [locie mosBienus B
nadaste 2000 rr. rexnosorun P2P (aHri. peer-to-peer) m mocse/lyomero mupoKoro pac-
MIPOCTPAHEHUSI OCHOBAHHBIX Ha HEll OMHOPAHTOBBIX CEeTell KUIKOCTHBIE MOJIEJIN CTAJIN
HCIIOJIb30BATLCH JIJIsi aHAJN3a IIOTOKOB B TaKuX ceTsax. s ¢pait;looOMEHHBIX OTHOPAHTO-
BBIX ceTeil, OCHOBaHHBIX Ha npoTokose BitTorrent [1| (taxk massiBaembix «BitTorrent-like»
cereil), JKUJKOCTHBIE MOJIEJIU TO3BOJISIIOT aHAJIM3UPOBATH CKOPOCTDH 3arpy3ku daiiia B 3a-
BUCHUMOCTH OT JUHAMUKH YHCJIa IOJb30BaTeell B ceTh. BayKHBIM OTIMIHEM KU TKOCTHBIX
MOJIEJIeH OT JPYTUX MATEMATUIECKUX MOJIEJIEH OJHOPAHTOBBIX CETeH SBJISTETCS BO3MOXK-
HOCTBb HCCJIE/IOBATH C MX ITOMOIIBIO TIOBEIEHNE CETU MpH OOJIBIIOM YHC/Ie TOIb30BaTe e,
a TaK>Ke YIUTHIBATb BO3MOXKHBIE PE3KUE M3MEHEHUsT UNC/Ia M0Ib30BaTeseil ceTu, CBA3aH-
HBIE C MAaCCOBBIM TOJIK/TIOUEHNEM WU OTKJIOUEHNEM TO0JIh30BaTe /e, 3aMHTePECOBAHHBIX
B [IOJIyYeHUU JaHHbIX (aHrI. peers churn).

B crarbe nposenén 0630p OCHOBHBIX TUIOB P2P-cereil n cBA3aHHBIX ¢ HUMH aHa-
JIMTUYECKUX MO/IeJIel, K KOTOPBIM OTHOCSTCS MOJEIN B Buje mneneit Mapkosa, Momean

Crarbs ocTynuiia B pefgaknuio 8 ceHTsaops 2016 r.

HWccnenoBanne BBIIOJIHEHO NTpY YaCTUYHON uHAHCOBON nogaepkke PODY B paMKax HaydHBIX IIPOEKTOB
Ne 14-07-00090, 15-07-03051, 15-07-03608.

ABTops! G1arogapAatT 3aB. Kadeapoil npukJagHoil nuudopMaTuku u reopun BepositHocTeir PYJ/IH npod.
K.E. CamyiinoBa 3a IoJIe3HbIE COBETHI IIPU IIOAIOTOBKE CTATHHU.
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TEOPHUH MAaCCOBOT'O OOCJIYKUBAHUS U KUJIKOCTHBIE MoJiesin. B pasnesie 2 craTby M3JI07KEHbI
OCHOBHBIE IIPUHITUILI OTHOPAHTOBOr0 obmena B P2P-cersax, HajmokeHubx Ha nHMOKOMMY-
HuKarmoHuyio cetb arepuer. IlpoBenena knaccudukamnusa P2P-cereit ¢ Toukn 3penust
MexaHu3MOB 006paboTKH 3ampoca u Torosorun ceru. Ilokazanbl mpuMepsl Mozeteli ceTeit
B BuJe neneit MapkoBa, cucTteM u cereit MaccoBOro obciykuBanus. B pazmnese 3 crarbu
IIOCTPOEHBI JIBE YKUIKOCTHBIE MOJE/IN, B KOTOPBIX CETEBOI TpalUK OMMCHIBAETCS B TEP-
MHUHaX U3MEHEHUsI BO BDEMEHU CKOPOCTel IIOTOKOB JAHHBIX MEXKIY HOJIH30BATEJISIMHI U
qucsa mojb3osareseit ceru. IlepBas Momess npepcraBisger coboit cucreMmy OOBIKHOBEHHBIX
muddepeHnnaIbHbIX YPABHEHUN U MO3BOJIIET aHAJIU3UPOBATH CPEIHEEe BPEMs 3arpys-
K aiina 1y ceTH, rje MoJb30BaTe N 3alPAINBAIOT (DAMIbl 0IMHAKOBOIO 00béMa. Bo
BTOPO# Mozen 00beM (ailia ABIIETCS CIyIailHON BEJUIUHON ¢ 3aJaHHBIM PacIpeesie-
HueM. B 3aK/IIoueHnN cTaThu HA OCHOBAHUU MIPOBEIEHHOTO AHAJIN3A CIAETAHBI BHIBOJIBI O
MacITabupyeMocT Haitio00MEHHOTO MEXaHU3MA.

2. OcHoOBHBIE IPUHIIAINIBI OJJHOPAHTOBOro OOMeHa

Komnenmnnsa P2P Bozuukia 13 HeOOXOIUMOCTH IIPEOIOJICHISI HEKOTOPBIX OI'PAHNICHMIT
KJIACCUYIECKUX METOJIOB OOMEHa PecypcaMu, OCHOBAHHBIX Ha IPHUHIUIE KJIUEHT /CepBep.
Certb, ycrpoennas o npunnuny P2P — 310 pacupeneénnas cucrema 6€3 MM ¢ MAHU-
MaJIbHBIM I[EHTPAJN30BAHHBIM yIPABJIEHUEM U C PA3HON BLIYUCIUTEILHON MOITHOCTHIO
KaxkI0if MaImuHbl B cetn. [Ipumenennss P2P-cereit pazHoobpas3HbI, B KaUecTBe IIpUMEPa,
MOKHO TIPUBECTU MYJIbTUKACT-IIPUJIOKEHNS, TTapasliebHble BHIYUCIEHNS, OOMeH (aii-
namu, [P-temedonnsi, oOMeH MIHOBEHHBIMU COOOIIEHUSIMH, TTOUCKOBBIE CHCTEMBI U JIP.
DTOT THUII CETU XaPaKTEPU3YeTCsl, KAK IIPABUJIO, XOPOITeil MacIITabupyeMOCThIO U OYU€Hb
BBICOKOI JIMHAMUYIHOCTBIO (IIPUX0J] aGOHEHTOB B CeTh,/yXo abOHEHTOB U3 ceTn), [2].

P2P-cern monyauiu GecripereieHTHOE pa3BUTHE, ITO COMPOBOXKIATIOCH 3HATUTETHHBIM
POCTOM HX CJIOXKHOCTHU. BOJIBINOI HHTEPEC B CBA3U C 9TUM IIPEJICTABIAIOT aHAJTUTUICCKIE
MOJIESTA, KOTOPBIE TTO3BOJISIIOT 38 KOPOTKOE BPEMST PACCUNUTHIBATH XaPaKTEPUCTUKN CETH,
OTIEHWBATDH €€ MPOU3BOAUTEHFHOCTD U JAIOT XOPOITee MPEICTABIeHNE O PAOOTE CUCTEMBI
[PU HU3KUX 3aTpaTax Ha [IPOBEJIEHNE MCCJIEJOBAHUN 0 CPABHEHUIO C JIDYTHMHU METO/aMU
OIleHKHU Mpou3BoauTesbHOCTH P2P-cereit, TakuMu Kak u3MepeHUsT W WMUTAIMOHHBIH
noaxon. OCHOBHBIMEU MOJEISIMHU, UCIOJIB3YIOMUMUCHA UCCAETOBATEISIME IPU U3y ICHUN
P2P-cereii, siBIAI0OTCS MOJIE/IM TEOPUH BEPOSITHOCTE [3], Teopun cirydaitHBIX [IPOIECCOB,
B yacTHOCTH, 1enu Mapkosa [4-8|, He Tak JAaBHO CTAJU MPUMEHATHCS MOJEH TEOPUN
MaccoBoro obcayzkusanus [9,10].

P2P-ceru npeocTaBiasior BO3MOXKHOCTU GOJIBIIOMY YHCIY (COTHSIM THICSY) Y3JI0B
COTPYIHUYIATH B IeJIX OOMEHa pecypcaMu. ¥Y3JIbl CETU SIBJSIIOTCS PABHOIPABHBIMU, U HU-
KaKO M3 y3JI0B HE OCYIIECTBJISET CIIEIUAIBHOE YIIPABJICHNIE U He BBIIOTHIET aIMAHUCTPA-
TuBHBIE PYHKINHU. [I0CKOIBKY 00CTyKUBAHTE PACIIPOCTPAHIETCS HA BCE yUACTBYIOIINE
V3JIBI, TO CETh JIOJI?KHA XOPOIIO MACIITAOUPOBATHCS JIarKe MIPU OUEHb DOJILITIUX €€ pa3Me-
pax. Texmomorus P2P, obiamaromnias BO3MOXKHOCTBIO OOXOAUTD Y3KNE MECTA U XOPOIIeit
OTKA30yCTONYINBOCTDHIO, IPeTHAZHAYEHA, /I UCIOIH30BAHNS B KPYITHOMACIITAOHBIX pac-
MPEJIEIEHHBIX CPeJiax, TJie TOJIb30BaTEN, ONPEIEISAIONINe Y3JIbl CeTH, HA3bIBaEMbIe TaKXKe
nupaMu (aHIJI. peer) MOTYT JEJIUThCsl CBOUME pecypcamul (HAIpUMep, BBIYHCIUTETbHON
MOIITHOCTBIO, EMKOCTbIO, IIPOILYCKHON CIIOCOOHOCTHIO) ABTOHOMHO W JICIEHTPAIN30BAHO.
[Tpuamun P2P moctaTodHo ycmenmHo peaan3yercss B TAKUX 00JIACTsIX, KakK, HAIIpUMep, 00-
muit goctyn K dailiamM, COBMECTHOE UCIIOTH30BAHNE BHIYUCIUTEIHHBIX MOIITHOCTEH, 0OMeH
MTHOBEHHBIMU cOOOIeHnsiMu. [Iup MOXKeT urparsh pojib KJIUEHTA, KOTIa OH IOTpebIseT
PEeCypChI, POJIb CepBepa, KOIa OH IIPEJIAraeT PECYPChI, POJIbh MapIIPyTH3AaTOPa, KOTJAa OH
pacIpoCcTpaHsieT 3aIIPOChl, MOJYIEeHHBIE OT JAPYTUX Y3JIOB CETU, U POJIb y3/a-UCTOYHUKA
JAHHBIX [Ipu 0OMeHe JaHHbIMU ¢ Apyrumu nupamu. CymectByer MHOXKECTBO TUoB P2P-
ceTell, KaXKIblif 13 KOTOPBIX UMEET CBOUM IMPEMMYIecTBa U HegocTarku. OHU pasindaoTcs
KaK MEXaHU3MOM 0OpabOTKHU 3aIpoca, TaK U JIOTUIECKOU TOMOJIOTHEH, TTO3TOMY MOXKHO
BBIJIEJIUTEh Tpu cemeiicTBa P2P-cereiil: nenTpam3oBaHHbIe ceTH, JIEIEHTPATN30BAHHbBIE
(CTPYKTYpPUPOBAHHBIE U HECTPYKTYPUPOBAHHBIE) CETU U CMENIAHHbIE CETH.
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IlenTpanu3oBanHas ceTh BKJIIOYAET B cebsi € IMHCTBEHHBIN cepBEP, KOTOPBI HAIIPSI-
MYIO CBA3BIBAET BCEX MOIAKIIOUEHHBIX MUPOB U uaeHTHdUIUpyeT Mailyibl, IpeiaraeMbie
ApyruMu KianeHTamu. [IpernMyInecTBo 3Toit METOANKHY 3aKII0YAETCA B IEHTPAJIN30BAHHOM
MHEKCAIINA BCEX KATAJOTOB M HA3BaHUM oOmMMX (hailjioB, COMIEPKAIIMXCS ¥ MOJb30Ba~
Tesneit cetu. KimeHT OTIpaBiseT 3ampoc Ha CEPBEP, U TOT BO3BPAIAET CIHUCOK MHUPOB,
TOJKJIIOYEHHBIX B JAHHBIN MOMEHT U MMeonux Hykuble daitibl. [lepenada daitaos Oymer
OCYIIECTBIIATHCS MEXK/Iy KOHEUHBIMU TOIH30BaTE/IAMHU Oe3 ydacTust cepepa. [Ipu Takmx
ycaoBuax (Gailjibl MOYKHO CUMTATH XPAHSIIIUMUCS HA IEHTpaJbHOM cepsepe. [lenrpasn-
30BAHHBIE CETU TAKOTO BUIA ILJIOXO MACIITAOUPYIOTCS U CONEPKAT €INHCTBEHHYIO TOUKY
orkasa (anri. a single point of failure). IIpumepom takoit cern siisiercst Napster [11].

JlenenTpam30BaHHble HECTPYKTYPUPOBAHHBIE CETH HA3BIBAIOTCS TaKKe ducThiMu P2P-
CeTSIMU, B KOTOPBIX BCE Y3JIbl PABHOIIPABHBI: HET CepBepa, HET TPUBUJIETHPOBAHHBIX Y3JI0B,
KaXKJIbI y3eJ UMEeeT BBICOKYIO CTEIIeHb ABTOHOMHOCTHU. Y 3JIbI YIIOPSIOYUEHBI TPOU3BOIHHO
(cayuaiiHbIM 06PA30M) 110 OTHONIEHUIO K OOHAPYYKEHUIO YKeJIaeMoro KonrenTa. st mo-
HMCKa TPebyeMOTO pecypca 3aIrpoc OyIeT MepechblLIaTbCss OT OJHOTO TMHUPa K IAPYTOMY 10
TeX 0P, MOKa He JOCTUTHET KJIMEHTAa, MMEIOIIEro YKeJaeMblil pecypc. UTobbr n3bexarh
CJIMIIIKOM JIOJITOTO OJTy?K/IaHUsI 110 CETU B IIOMCKAX PECYPCa, CUCTEMA UACHTUMDUIIIPYET
Kaxk bl 3anpoc co 3nadenneM taiimepa TTL (Time To Live), 310 3HavueHne 06bIYHO paB-
HO 7 (kak B http). [Ipu mocrmzkenun rafimepoMm 3Hadenus () 3a1pOC HE BO3BPAIIAETCS.
[yraBHBII HEJIOCTATOK STOMO MEXAHM3MA, CBA3aH C ONPAHUYEHUEM BPEMEHU TTOMCKA U3-3a
WCTEeYeHNsT BPEMEHN TaifiMepa, TaK UTO MOWCK pecypca MPeKPaIiaeTcs, XOTs HeOOXO MBI
daitn nocrymen B P2P-cetn. Kak nmpaBmiio, 3Tu cetu 1mioxo MacmTabupyrOTCsa U3-3a BbI-
COKOTo 00béMa curaajabHoro rpaduka. C Ipyroit CroOpoHbl, TAKUE CETH IIPEOCTABIISIIOT
[I0JIb30BATE/ISIM OYE€Hb BBICOKMIT ypOBeHb aHoHnMHOCTH. Hanbosiee m3BecTHBIE TPUMEDDI
rakux cereit Gnutella [12] u FreeNet [13].

M3-3a npobiembl, cBA3aHHON ¢ 0OMEHOM OOJIBIIIOTO YUCJIA COODIEHN B HECTPYKTYPH-
poBaHHBIX P2P-cersix, BosHuk/M crpyKTypupoBanubie P2P-ceru. 3ech paciiosioxkenune
V3JI0B MIPECTAaBIIAET CO00 CTPOTYIO T€OMETPUIECKYIO CTPYKTYPY U UCIOJB3YeTCS BapU-
AHT TEXHOJIOMMH pactpeenénnoii xam-rabauiet (Distributed Hash Table (DHT)). Takue
P2P-cern cTpositcst Kak CTPYKTYpPHUPOBAHHOE HAJIOYKEHUE, TI1e KaXKIbIA y3€J COMEePIKUT
olpeIeICHHBI HAOOp KOHTeHTa (M HaOOp yKaszareseil Ha PacloJIOKeHHEe KOHTEHTA).
OTH CBeIeHNsT YACTO MCIIOJIb3YeTCs st BHIOOpA HAIIPABJIEHUST MaPIIPYTU3AINH 3aIIPO-
coB/coobiennii B cucreme. 1103TOMy MONCK KOHTEHTa, JIeTePMUHUPOBaH U 3 dekTneH. B
KaJyecTBe MPUMEPOB TaKux cucreM MoxkHO Hassarh Chord, HPM [14].

Cwmemannast P2P-ceTh cioxkHee B peajmsariuu, Tak Kak OHa COYETAET B cebe 3ie-
MEHTBI IIEHTPATN30BAHHOI U JIEIIEHTPAIN30BaHHOIl (pacipeiesiéHnoii) cereit. B ocHoBe
CMEITIAHHON CeTH JIE2KUT HAOOP CEPBEPOB, YIIPABJISIONIMI I'PYIIION MOIb30BaTENEN Cortac-
HO IIEHTPAJIN30BaHHON apxurekType. Kakplil cepBep B CBOIO O4Yepeb CBSI3aH C JAPYTHMHI
cepBepaMu MMOCPEJICTBOM PACIIPEICIEHHON apXUTEKTYPhl. Takmm 00pa3oM, eciiu Ioab30Ba-
TesIb umeT (aila, KOTOPhIil He WHJIEKCUPYETCs CEPBEPOM, K KOTOPOMY 3TOT IOJb30BATE/ b
MPUKPEIUIEH, TO 3AIPOC MEPECHIIACTCs Ha APYTOi cepBep. ITO apXUTEKTypPa MOMOTaeT
VILY4IIATh MPOIIYCKHYIO CIIOCOOHOCTH HAPSIY C COKpaIleHneM TpaduKa 3ampocosB.

3. 2KmuakocTHbIe MOIe/In

AnasuTudeckue MO JIjisl TPOIHO3UPOBAHNUS TIOBEICHUST CETH CTPOSITCS € YIETOM TH-
ma P2P-cetn. Ha sTamme mpoeKTupoBaHUs CETH MPUMEHSIIOTCS KaK METOJIBl IMUATAIIMOHHOTO
MOJIEJIMPOBAHUS, TAK W IOCTPOEHNE MaTeMaTundecKux Mojeseit. [locrennee 6e3ycmoBHO
ABJIAETCs OoJiee HeMEBBIM 1 3(MPEKTUBHBIM BapHAHTOM.

st m3yuenns émkocru (aHri. capacity) daitioobmennoit P2P-ceru Tuna BitTorrent
B HEYCTOMYNBOM COCTOAHUU UCIIOJIb3yeTCA OAHOPOJHBIN BETBAINUNICA IIPOLECC; B yCTOMR-
YMBOM COCTOSTHMHU IPOCTedilias MapKoBCKast Mojesib [4]. Oka3biBaercs, B HEYCTOHINBOM
COCTOSHNN EMKOCTb CETU PACTET SKCIIOHEHIINAIHHO U CTAOUIU3UPYETCS B yCTOWIUBOM CO-
crosgauu. Pazjiesienne KOHTEHTa HA YaCTU U NapaJsileibHas UX pa3jada, OPraHu30BAHHbIE
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ONTUMAJIBHBIM 00pa30M, TOMOTAIOT YAYYIIATh IPOU3BOIUTENBHOCTE P2P-ceTn, ¥To oco-
OEHHO BaXKHO JJIs CJIyUasi, KOTJa MUPLI NHTEHCUBHO MOKUIAIOT ceTh. MapkoBckas MOmeb,
npeJJiozKeHHad B [4], CJIy2KUT OCHOBOU JJid MOCTPOCHUA NPOCTON JETEPMHUHUPOBAHHON
JKHJIKOCTHON Mojiesn, paccmarpuBaemoil B [5,15,16]. ZKujkocrHast MOJIesIb HCIIO/IB3yeTCst
JJIST U3yYeHUsT U3MEHEHUs YNC/Ia IMMPOB B CETH, a TAKXKe JIJIsi aHaJIN3a CPEIHEr0 BPeMeH!
3arpy3ku B (aiioobmenHbx cersx tuna BitTorrent [15]. B momenu yunteiBaercs: co-
CTaB IOJIb30BaTEIel CEeTH, 8 UMEHHO JUIePhl U cuabl. B (haitytlooOMEeHHBIX CETIX JTMIepOM
Ha3bIBAETCsl IOJIb30BATE b, KOTOPBIN HE MMEET MOJIHON Konun gaiiyia. 1o Jimbo BHOBbL
MIPUIIEIIAI [T0JIb30BATE/b, KOTOPBI TOJBKO HAMUHAET 3arpyzKarh ¢aiii, udo moJib30Ba-
TeJb, OJTHOBPEMEHHO 3arPyZKalOIIUil OTCYTCTBYIOIINE Y HErO JacTh (ailjia 1 pas3aarormmit
UMeEIOINEeCsT YaCTH, HO He uMerormuit dgaitn memukoM. Kak ToIbKO JTIYep MOJHOCTBIO 3arpy-
3u1 cebe bailyr, OH CTAHOBUTCS CHJIOM, TO €CTh IT0JIb30BATEJIEM, KOTOPBIN YK€ NMEET BECh
aitn nesmkoM u pazmaér yactu sroro daitaa mumaepam. [Tocrpoum 6azoByio Mojesb [15]
B BH/JIE CUCTEMbI OOBIKHOBEHHbIX jnddepennnanbubix ypasaenuii (O1Y).

Urak, mycrs x(t) — uncsio auaepos B ceTu U y(t) — 9UCIO CHIO0B B CETH B MOMEHT
t > 0, A — UHTEHCUBHOCTD TOCTYILICHUS JINIEPOB B CETh U |4 — HHTEHCUBHOCTH Pa3adu
JIAHHBIX TI0JIb30BaTEIeM JIF000ro Tumna (JIudepoM min cujoMm). BygeM caurarhb, 9TO BCe
[I0JI30BATE/IN CETU MMEIOT OJUHAKOBYIO MHTEHCUBHOCTD pazjaun, u obozHauum C > p —
MHTEHCUBHOCTD 3arPy3KH JAHHBIX II0JIb30BaTeIeM JII0O60ro THia. JIndepsr MOryT npepsarhb
WM OTMEHUTH IIPOIecC 3arpy3ku daiiia, HampuMmep, ecan (ailyi JoJIro 3arpyKaercs,
U TIOJIb30BATENb HE XOYET KJATh 3aBEpINEHUs] 3arpy3Ku, § — WHTEHCUBHOCTb OTMEHBI
JITYEPOM TIPOIECCa 3arpy3Ku. JIudep, KOTOPHIA YCIIENTHO 3arpy3ui Bce dactu daiiia,
MOYKET Cpa3y MOKUHYTh CETh WM OCTAThCs B HEll B KAUeCTBe CHJIa HA HEKOTOPOe CJIyJYaifHoe
BpeMsI, Y — MHTEHCUBHOCTb YXOJa CUIOB U3 ceTu. KpoMe TOro, BO3MOXKHO, UTO HE BCe
JITYEPBl yYACTBYIOT B IMPOIECCE PA3/Iadl JAHHBIX — HEKOTOPBIE TOJIHKO 3aKAIUBAIOT
JaHHBIE U HE PA3IAIOT uX, 7] — 3P PEKTUBHOCTD 00MeHa haiiiamMmu, KOTOpas COOTBETCTBYET
JI0JIE JIMYEPOB, YUACTBYIONIUX B [IPOIecce pasjiadn JaHHbX, 7 € [0, 1].

Nsmenenune uncota nosb3osaresteii z(t) u y(t) daiiioodmennoit P2P-cern onmcbiBaercst
IpOCTeMIIel KIUAKOCTHON MOJIENBIo, KoTopast siBjsteTcst cucremoit O/1Y:

diy)==A—-&mn{Cx@)Jdnx@)+¢mw)}+ex@», 0
d%) = min{Cz(t), u(nz(t) +y(t))} — yy(t).

IIpoanasmsupyem HeKoTOpbIe Xapakrepuctuku cucrems (1). [Ipemmonoxkum, aro B
HEKOTOPBIII MOMEHT B CETH YCTAHOBUJIOCH IIOCTOAHHOE YUCJIO II0JIb30BaTeJeH, T.€. BBIIOJ-
HSIIOTCSl YCJIOBUS

da(t) _ dy(t) _,
dt de '

Torga u3 (1) mmeenm
{ 0=X\—0z —min{CZ, u(nz +7)},
0 = min{CZ, u(nz + 9)} — 7,

rae (Z,y) — TOYKa IIOKOsI MJIN IoJIozKeHne pasHoBecust cucreMsl (1). B [5] mokazaro, ro
TOYKa HOKOs (Z, %) cucrembl (1) aCHMITOTHYIECKH YCTOWINBA.

Paccmarpusas ciyuait, korma cymMMapHas HHTEHCUBHOCTD 3arPy3KHU HE MIPEBOCXOIUT
CYMMapHOii MHTeHCUBHOCTH pa3jadn, T.e. CT = u(nT + §), U IPOTUBOIOJIOKHBIN CJIydai,
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IoJIydaeM CJIeyIolue COOTHOIIIECHUA JIJId T nu g:

_ A
T=———,
B(L+0/8)
_ A
Y= T2y
(1 +0/5)
rae % = max {%, % (i - %) } (DopMyﬂa JII/ITT.Ha B JaHHOM CJIy4vae mMeeT BUJI:
A — 0z

rme T — cpemHee BpeMs 3arpy3ku daitma, a A — 0 npeacTapisier cob0il THTEHCUBHOCTD
YCIEITHOIO OKOHYAHUS 3arpy3Ku. Mcrob3ys 37ech MOy YeHHble COOTHOIIEeHUs It T U ¥,
HaXOUM, UTO CpeJIHee BpeMsi 3arpy3ku daitjga uMeeT BUJ

1

T=4s 2)

Dopmyiia (2) MO3BOJISIET CIENIATH CJIELYIONIIE BBIBOIBL:

— cpeaHee BpeMs 3arpy3ku 1 He 3aBUCHAT OT MHTEHCUBHOCTHU A MOCTYILJIEHUS JITIEPOB,
03TOMY (pait;IoOOOMEHHBIE CETU XOPOIIO MACIITAOUPYIOTCST;

— IPHU YBEJIUUCHUH JIOJIU 1) PA3IAIONINX JUIePOB BpeMsi 1 3arpy3ku baitia yMeHbIa-
eTcs;

— IIPU yBeJWYEHUUW WHTEHCUBHOCTHU 7 YXOJa CUIOB BpeMst T 3arpy3ku daitia yse-
JUYIABAETCH, MOCKOJBKY YMEHBITACTCI UNCJI0 PA3JAIoOININX ITOJb30BaTeell U, KaK
cesicTBHe, obecreanBaeMasi IMU CKOPOCTH pa3Iadu;

— 1pu yBejaudeHun uHTeHcuBHOCTH C' 3arpy3ku Bpemsi 1 3arpy3Ku yMEHbBIIAETCH,
OJTHAKO, C JIOCTUKEHNEM WHTEHCHBHOCTHIO C' 3HAYUEHUS, TPW KOTOPOM BBITTOJTHSIETCS

HEPaBEHCTBO
1 1(1 1)
7<7 — 7 |
C "n\p v

JnajibHeliee yBendenne narencuBHocTr C' He IPUBOIUT K YMEHbIIEHUIO BpeMeHu 1,
BpeMs 1 oCTaéTcs ITOCTOSTHHBIM.

O6paTuM BHUMaHUEe Ha CJIydail, KOrJa MHTEHCUBHOCTD C' 3arpy3KU MOIL30BATEIEH
6oJIbIITe, €M WHTEHCUBHOCTH PA3/adH [i. DTO OIPAHUYEHUE BO3HUKAET, HAIIPUMED, IIPH
epesade JAHHBIX 110 MIUPOKO PACIPOCTPAHEHHON TEXHOJOTUN aCUMMETPUIHOMN 1TudpOBOit
abonenTckoii smaun (anri. Asymmetric Digital Subscriber Line, ADSL), xorga goctynHast
I10JI0CA IIPOITyCKaHUsI KaHaJIa PaCIpPe/IeIeHa MeXKIy UCXOMIANIIM U BXOJAIINM TPahHUKOM
ACHMMETPUYHO.

N3 dopmystbr gyt B citeyer, 910, €CJiM HHTEHCUBHOCTD Y YXOJ/a CHJIOB U3 CUCTEMbI
MEHbIIIe MHTEHCUBHOCTH Pa3/adu (i, TO HHTeHCUBHOCTb C' 3arpy3KHu OIIPE/IEIAET IIPOU3BO-
JIUTEHLHOCTE ceT, T.e. 3 = C.

IIpokommenTupyem ciaydait 7 = 0, Korjia Ju4epsl He y4acTBYIOT B IIPOIECCE Pa3ladn
JIAHHBIX, & TOJIbKO 3arpy2KaloT JaHHble OT cujoB. Eciau v < i, BbIIIe c/ieJaHHbIE BHIBOJIBI
qust carydast 1) > 0 ocratores B cuite, u T = 1/C. B uporuBHOM cirydae, eciau v > f, U3
cucremsl (1) caenyer, 1ro

dy(t)

A e
S (e —7)y(t)
D10 03HAYAET, YTO YUCIO CUIOB Y(t) yMeHbIIaeTcs, o KpaiiHeil Mepe, SKCIIOHEHIH-

agpao. Takum obpazom, mpu ¥ > (4 TUCTO CUAOB Oy[AeT SKCIOHEHITHATBHO CTPEMUTHCS
K HYJIIO, U CHCTeMa IpekpartuT ¢gyuruonuposanne. Ormernm, aro npu 1 > 0 cucrema
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JIOCTATHET CTAIMOHAPHOTO COCTOSTHUSI HE3aBUCUMO OT 3HAYCHUS] MHTEHCUBHOCTH 7 YXO-
na cumoB u3 cucreMbl. [losromy B daitmoodmenunix P2P cersix BaxkmHo, 9T100bI JIaepbl
pasmaBaJu Apyr apyry AaHuble. Jlaxke ecan (daitioobMeH He siBisieTCsT 9P PEKTUBHBIM
(r.e. n — 0), yuacTue JIU9IEPOB B MPOIECCE PA3JAdl UIPAET BAsKHYIO POJIb B IIOJJIEPIKAHIN
bYHKIIMOHUPOBAHUS CUCTEMBI.

B [5] ob6cyxnatores npyrue ocobernoctu cereii Tuna BitTorrent, rakue kak addex-
TUBHOCTD 3arpy3KU U CTUMYJIUPYIOIIIE MEXAHU3MBI.

Ormerum, 9TO MOJIENb B [5| MO3BOJISIET MOIYYIUTH B SIBHOM BUJIE YCJIOBHSI DABHOBECHS
cucrembl u ero ycroitunsoctu. Mogenb B [5] siBisiercst npsiMoil pesiecTBeHHIIEH 0600-
IeHNs B BUJIE MIPECTABICHHON Jlaiee MO Ha OCHOBE AuMpepeHInaIbHOT0 YPaBHEHUsT
B 4acTHBIX Ipou3Boiubix (JIYYIT).

B nmanHOM pazsese mocTpoeHa XKUIKOCTHAST MOJIENb, OMUCHIBAKOIIAS JUHAMUKY UHCJIA
U COCTaBa MOJIb30BaTe el (JIM9ephbl U CUJIbl) U OCOOEHHOCTH MPOIEcca 3arpy3Ku dacreit
daiina B P2P-cetu [17]. Mogesb siBiisieTcst paciiuperHneM paHee OCTPOEHHbBIX MOojIeieii, B
gactHocTH [4,5,15], n npencrasisier coboii JIYYUII. ITocrpoernast Mojeab MOXKeT ObITh
UCIIOJIb30BAHA /TSI aHAIN3a KaK YCTONIUBOTO COCTOSHUSI CUCTEMBI, KOTJA YUCJIO U COCTAB
[OJIb30BAaTE el He U3MEHSIOTCsI, TAK U HEyCTAHOBUBIIETOCsi cOCTOsAHUs. OTMETHM TaKKe,
9TO YKA3aHHAs MOJIENb MOJIXOAUT JJIsi OMUCAHUS OOBITHOTO MOBEIEHUsI CUCTEMBI DU
BOJIBIIIOM YHCJIE TTOJIH30BATEIEH.

Pacemorpum P2P-cets [4], rie mocTyiuieHre HOBbIX IUPOB B CETh MPEJICTABIISET CO-
60il IIyaCCOHOBCKUiI IIOTOK C MHTEHCUBHOCTBIO A. KaxKkplit up n TpebyeT HEKOTOPOIro
KOJIMIECTBA KOHTEHTA 0, KOTOPOE OyJIeM CINTATH CJIYUARHBIM C COMPSIKEHHON MHTErPasIh-
Hoit yHkImeil pacupenenenust H (o) := P(o, > o). Byaem cuaurars, uro H siBisieTcst

oo
HOPMUPOBaHHOI, Takoit uro Elo,] = [ H(c)do = 1. Ilpumep H(0) B 9KCIOHEHIHAIb-
0
nom ciay4ae: H(o) = e”7 u B gerepmunuposannom ciaydae: H (o) = 1y 1)(0), rae Bee
UPbI TPEOYIOT OJIMHAKOBBI 00beM KouTeHTa. O603HaunM Yepe3 x(t) obinee KOJINIECTBO
JINYEPOB, TPUCYTCTBYIONIUX B CHCTEME B MOMEHT BPEMEHH .

IIpeamoozxum, ¥T0 00IIIEE YNCTIO CHIOB B CHCTEME (DUKCHPOBAHO U PABHO g, JTUIEPHI
[I0CJIe OKOHYAHUST 3arPy3KH HOJHOTO (ailjia HEMEJIEHHO TTIOKHU/IAI0T CUCTEMY. DTO WA~
3aldst JOBOJILHO PACIPOCTPAHEHHON HA TPAKTUKE CUTYAIINHU, KOTJA TOPPEHTHI B OCHOBHOM
[TOJIATAIOTCS Ha, TPYIILY [TOCTOSHHO IIPUCYTCTBYIOMNUX B cHCTeMe cuaoB. [Ipemmonaraercs,
YTO BCE JEUCTBYIONINE TUPHI YIACTBYIOT B pa3jade OJMHAKOBO, IPOITYCKHYIO CIIOCOOHOCTD
pasiadn KazkJI0ro mupa o003HAYMM depe3 (i (KOJUIeCTBO KOHTEHTa B CEKYHILY ).

CocTostHIEe CUCTEMBI OIPEJIETISEeTCs 00BEMOM KOHTEHTA, KOTOPBIN OCTAJI0Ch 3arPY3UTh
KaXKJIOMY IIPHUCYTCTBYIOMIEMY B CETHU IHUPY, YTOOBI HUMETH IOJHYIO KOIUIO 3AIPOIIEHHOTIO
daitna. Ilycrs F(t,0) 4ucio Ju4epoB, y KOTOPBIX B MOMEHT ¢ OCTATOYHAs HADY3Ka
Gosibitie ueM o. Ecim pasmep cucrembl GOJIBINON, MBI MOXKeM cauTaTh dbyHKIu F(t, o)
2KHUJIKOCTHOM (ﬂeﬁCTBHTeﬂbHoﬁ) nepeMeHHO. Ecn mumdepsr 06CIyKIBAIOTCSI CO CKOPOCTHIO
7 (BO3MOXKHO 3aBHCSIINEH OT OOIIEro Yuc/jaa MUPOB), TO SBOJIOIMOHHOE yPaBHEHUE JIJIst
F(t,0) nmeer Bu:

F(t+dt,o) = F(t,0 +rdt) + AH(o)dt.

IlepBoe craraemoe B mpaBoit YacTU PABEHCTBA OIPEJIEJISIeT 3arPy3Ky KOHTEHTA, BTOPOE
cjIaraeMoe OTBEYaeT 38 BHOBb MIPUOBIBIIIX MTHPOB.

Borunras F(t, o) n3 obenx dacreil JaHHOIO paBeHCTBa, jeist Ha dt, u ycrpemisist dt K
HYJIIO, MBI IPUXOJUM K cJiejytorieMy ypasuenuto (JIYYII) cocrosiaust cucremsr:

OF oF

YT06bI MOJHOCTHIO 33/IaTh MOJIE/Ib, HY?KHO BBIOPATH MOAXOIMINLYI0 (DYHKIUIO T =
r(F,y,0). Beegém ciemyronue mpemnoioKeHnst, KOTOpble COOTBETCTBYIOT ITPHUHITUIIAM
obmena nanubpiMu B BitTorrent-like cucremax:
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1) jyist oOMeHa, JAHHBIME UCIIOJIB3YETCsl 00IIAst IPOILYCKHAsT CIIOCOOHOCTD Pa3/iaun BCexX
ToJIb30BaTeelt, TU9epoB U CHIOB, T.e. Ry, = u(z + yo);

2) moJioca TPOITYyCKaHUsI PACIIPEIE/ISIeTCsT PABHOMEPHO MEKJLy BCEMU 3arpyKAIOIUMU
nupaM HE3aBUCHUMO OT COCTOAHUA UX IPOIIECCa 3arpy3KHu, T.€. B CUCTEeMe HCIIOJIb3YeTCA
JIUCIIUTINHA PABHOMEDHOTO pasjiesieHust nporeccopa (anri. Processor Sharing, PS).

B s1ux mpeanosioxKeHnsix CKOPOCTh 3arpy3KU JAHHOTO JIMdepa IPHU YUC/Ie JTUIEPOB &
OIIPEJIETISETCS PABEHCTBOM T = (i (‘”Zyo) U, CJIEJIOBATEBHO, IMHAMUKA CHCTEMBI OIMCHIBA-
ercs caenytomum Y YII:

MZAH(O’)“F#(

T +yo\ OF
ot

x o’ (3)

rue z(t) := F(t,0) — auciao jquaepos B cetn u F(t,00) = 0 — rpanndHoe ycjaoBue Jiist
Jioboro t.

B kauecTBe npuMepa pacCMOTPUM CJIydail 9KCIOHEHIHAJIBHON (DYHKIINH PACIIPE/Ie/ICHUS
H(o) = e 7. B sToM cirydae pelieHre MOYXKHO MCKATh Pa3JleJIeHUeM II€PEeMEHHbBIX, T.e.
B Buge F(t,0) = x(t)e”?. lloncrasiss ykasamnmyio hyHKIUIO B ypaBHeHHe (3), mocie
peobpa30BaHuil Oy IaeM

#(t) = A — p(z(t) + yo) - (4)

9ro OV paccmorpeno B [15], T.e. mpecraBisier coboil mepBoe ypaBHEHUEM CHCTe-
MBI (1) ¢ y9€TOM BBEIEHHBIX BBIIIE IPEINOIOKEHN. Y pasHenue (4) onuchBaeT CiIydaii
durcupoBanHOTO Yncaa cunoB. Ilpemmonoxkenne 06 SKCIOHEHITHAIBLHOM (DYHKITUH PACIIPe-
nenennst H (o) o0béMa 3amnpanmBaeMoro KOHTEHTa COOTBETCTBYET CJIy9al0, KOrja KOHTEHT
npeicTaBisger coboit Habop haityioB, U MUPHL MOTYT OBITH 3AMHTEPECOBAHBI B PA3HBIX €0
JaCTsIX, IO9TOMY OOBbEM 3aIpallnBaeMOro KOHTEHTa MOYKET OBITH CJIyYailHON BETMIMHON
¢ 3aJIaHHBIM pacupejerenneM. Ha mpakTuke 60jiee HHTEPECEH CIydail, KOTJIa BCe THPBI
TpeOYIOT OJIMH U TOT yKe KOHTeHT (aila nim Habop (daiiioB (bUKCHPOBAHHOIO pa3Mepa),
TaK 9T0 (YHKIWMS PacHpeieleHns JleTepMUHIpoBanHas u nmeet sug H (o) = 19 1)(0). B

JIAHHOM CJIydae ypaBHeHHe (3) CBOAUTCS K CJIELYIONEMY YPaBHEHUIO:

OF r+yo\ OF
= () O 5)

st 0 < 0 < 1 ¢ rparnusbiv yesosueM F'(t, 1) = 0 gt siroGoro ¢. B [17] nokasano anasm-
TUYECKU U MOJTBEPXKIEHO MMUTAIIMOHHBIM MojiesmpoBanueM, 4ro JIYYII (5) onucsiBaer
JUHAMUKY cucreMbl Togtee, yem O/Y (4).

ITpoanajm3npyemM paBHOBECHE JTMHAMUYECKOrO ypaBHeHus (3). SHAUEHUsT TapaMeTpOB
CUCTEMBI B ITOJIOXKEHUHW PaBHOBeCHs OysieM 0OO3HAYATH CHMBOJAMHU CO 3BE3OYKON *.
[Monarast OF /0t = 0 u uaTErpUpys Ha MOJOKUTEILHON BEIECTBEHHO MOJTyOCH, MOJTYYaeM

o0 " o0 F*
)\/H(O’)dJ—FM(x +y0> 0 do = 0.
0

T* Oo
0

o)
U3 ycnosust Hopmupoeku [ H(o)do = 1 u u3 ycnosnit qyst F' umeem
0

oo F*
8—da =—F*(0) = —a".
do
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WTak, B M0I0XKEHNN PABHOBECHS YHCJIO JIMIEPOB JOJIZKHO VIOBJIETBODITH CJIELYIOIIEMY
YCJIOBHIO:

*
A= p(z" +yo) =0.
Pacemorpum dyHKIWO p 1= %, KOTOpAast SIBJISIETCS aHAJIOIOM IIPE/JIOYKEHHO HATPY3KU

Ha, CHCTEMY, 3/1eCh % — cpemHee BpeMs 3arpy3ku daitna. Eciu p < yo, CHABI MOTYT
CIIPABJISITBHCST C HATPY3KOi 6€3 TOMOIIN JTUIEPOB, U MBI IUMEEM CUCTEMY, TOAIEPKIBAEMY O
cugaMu. B manHoM ciydae, He CyIIeCTBYeT PABHOBECUs IIPH ITOJIOXKUTEHLHOM T U pernenue
HVYII npubuxaercs k 0 mpu ¢ — oo.

HaubGosiee BaxKHBIM sABJISI€TCS CIIyUail, KOTIa P > 4o. 3AECh CUIbI B OJUHOYKY HE MOI'YT
CIIPABJIIETCST C HATPY3KOIl, W CHUCTEMa MOYKET OBITH CTAOMIM3UPOBAHA TOJBKO C TTOMO-

IBIO BKJIAJIA JIIepoB. Beoasa dbynkmmo H = | H(s)ds, cBsizanHyI0 ¢ pacupe/eieHuem

0
OCTATOYHOTO BPEMEHU YKU3HU U3 T€OPUH BOCCTAHOBJIEHUS, UCIIOJIb3Ysl TPAHIUIHOE YCIOBHE
F*(00) = 0, ycioBre paBHOBeCHsI IPUMET BUJL

F*(0) = (p—yo)H(0). (6)

[TosToMy B IIOJI0’KEHUM PABHOBECHS! B CUCTEME IIPUCYTCTBYIOT X = p— 1o JUIEPOB, IIPH
9TOM CyMMapHbI 00beM KOHTEHTA, KOTOPBIH OCTATIOCh 3arPY3UTh BCEM IIPICY TCTBYIOIIIM
B CETH JIMYepaM, NMeeT PACIpeIe/leHe OCTATOYHOro BpeMenn kusuu H. s ciyqas
JleTepMIHIpOBanHoro pactpenenenus H (o) = 1jg 1y(0) mmeem H (o) = 1—0 qna o € [0, 1].
U3 (6) ciemyer, 9T0 B 9TOM CJIydae B IOJIOKEHUN PABHOBECHS M CHJIBI, U JINYEPbI Y IACTBYIOT
B IIPOIIECCE 3arpy3KU.

Juist aHasm3a JIOKaIbHOl ycTolamBocTn pasHOBecus: (6) BBOJIUM JIONOJHUTEIHHbBIE
nepeMenHbie 0z, f, Takue aro x = ¥ + dx u F' = F* + f, u Bozmymaonyo QyHKIIO
n(t) B nocrymiaenus nupos. Torna (3) npunumaer Buj

O(F*+ f)

I(F* + f)
ot '

=A+n(t)H(o)+ (r* + or) o

HWcnonp3ysa ycioBue paBHOBecHs: 1 OTOpACHIBasl CJIaraeMble BBICIIIETO MOPSIKA, MOXKHO
MIOJIYyYUTh JITHEAPU30BAHHOE ypaBHeHME. Jlajiee, HCIONB3Yysd METOIbI TEOPUU yIIpaBJe-
HUS ¢ OOPATHOU CBA3BIO, MOXKHO YCTAHOBUTH JIOKAJIHHYIO YCTORNYUBOCTH CUCTEMBI OKOJIO
IIOJIO?KEHNS PaBHOBECHUS U OIIEHUTH OTKJIOHEHUE OT PaBHOBECHSI.

Paccmorpum cirydaii, Korjga OTCyTCTBYET HOCTYIJIEHNE JIUTYEPOB B CETh, CJIEI0BATETBHO,
CIIyCTsI KOHEYHOE BPEeMsI CUCTEeMa OIIyCTOIINUTCS BCJIEJICTBUE TOI'O, YTO BCEe NUMEIOINecs B
CeTH JIMIepPhl 3aKOHIMIN 3arpy3Ky. OmeHnM BpeMsi 10 OKOHYIAHUs 3arpy3ku. B ypaBuennn
(3) ucKIIOYMM ciraraeMoe, OTBEYAloIIee 33 MOCTYIIEHNE JINYEPOB B CeTh:

87F_ T+ Yo oF
ot T o’

Ipeanonaraem, aro F(0,0) = ¢(0) — crporo y6eBatoas muddepeHimpyemast
dbyukius o, npuaéMm xg = ¢(0) — HagAIBHOE TUCIIO JTUIEPOB U (00) = 0.

YrBepxKaeHue. Bpemsi, HeoOxomuMoe j1st Toro, urodbbl P2P-cucrema ¢ yy mupamu
[IpU HAYAJILHOM YCIOBUH ¢(0) ¢ JIUCHUILIMHON 0bciryKuBanust PS MOJIHOCTBIO oIycToIny-
Jach (BpeMsi JI0 OKOHYaHHUsI 3aTrPY3KH ), OIPEJIEIAeTcst 0 hopMyIie

1 o0
/ #lo ————do.
o J o(o +y0
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CanencrBue. B ciaydae neTepMUHIPOBAHHOIO PACIIPEJIEJIEHUS BPEMS JI0 OKOHYAHUS
3arpy3ku 1' yJIoBJI€TBOPSET HEPABEHCTBY

1
T < o

<——F (7)
K To + Yo
IIpu 5TOM PaBEHCTBO B PUBEJIEHHOM BBIIIE BHIPAYKEHUH JIOCTUTACTCS, KOT/Ia HAYaIbHOE
ycosue ¢ npubmmkaerca K Gynxmun 2ol 1) (o).

BaMeTuM, B 9aCTHOCTH, 9TO 1 OrpaHUYeHa CBEPXY BEJHUYMHON ~, T.e. BpeMs J0O
n

OKOHYaHHUsI KOHECIHO U HE IIPEBLINIAET CPEJIHETO BPEMEHHU 3arPy3KHN i — BpeMeHU IiepeJlavu

xormu aira. JTa eIUHOE OrPAHUYIEHNE COXPAHSIETCA U HE 3aBUCUAT OT IIEPBOHAYAIHHOTO
YUCJIA JITIEPOB. DTO CBUJIETEJIBCTBYET O XOPOIeil MaciTabupyeMocTu haillioo0bMeHHOTO
Mexauam3ma P2P: ecau cripoc 60J1bIMI0M, Ipe/IoKEeHIEe N3MEHSIETCS B COOTBETCTBUH C HIIM.

CpaBHHUM BBIBOJIbI YTBEPXKJICHUS U CJICJICTBUSI U3 HETO ¢ AHAJOTUIHBIMU BBIBOIAMHU
quist mozenu (4) ma ocuoe OJLY, B KOTOPOIl HE yunuThIBAETCS HpOIEce 3arpy3ku. [Ipu
OTCYTCTBUY HOCTYIUICHUsI JIMIEPOB B CeTh ypaBHeHUE (4) IpUHIMAET BU/T

#(t) = —p (x(t) + y0) , #(0) = zo.

B stoMm caywae BpeMmst 10 OKOHYAHUS 3arPy3KU ONPEIEISAeTCs 1m0 (hopMysie

7101 1
T’-/dx-log(l—i—%). (8)
BT+ Yo 1% Yo

0

Urak, mozens (4) naér TV — oo npu xp — 00 TOJIbKO jorapudmudecku. Vmuramon-
HBI{T 9KCIIEPUMEHT, BBIIOIHEHHBII ¢ HCIOIB30BAHAEM CETEBOIO CHMYJISITOPa NS2, MOKA3AI,
YTO OIIEHKA BPEMEHH JI0 OKOHYAHUS 3arDYy3KU € IOMOIIBI0 dopmyssl (7) maér sydinee
npubsmkenne, deM onenka (8) qyis momenn (4).

4. 3akJjrodyeHue

Amanu3 moCTPOEHHBIX KUJIKOCTHBIX MOJIENIe 1 TPOBEIEHHOE MUTAIIHOHHOE MOJIETTPO-
BaHUe MTOIUYEPKUBAIOT XOPOIIyIo MaciTabupyemocts P2P-cetn. Vccnenosanue nokasaso,
410 moctpoerHas B Buje cucrembl OLY momens (4), B KOTOPOIl He Pa3IMyatoTcst Tpe-
boBanust K 00bEMY DailsIoB B IIporiecce 3arpy3Ku, He TO3BOJISET IPOBECTU AHAJIM3 ITOM
BaXKHOI XapaKTEePUCTUKH ceTU. B TakoM aHasm3e pemraioniyio poJib urpaer nH(OpMaIms
00 00béMme hailyioB, 3aIPAIINIBACMBIX OJIH30BATEIIMHI, YINTHIBAIOMIAIC B IIOCTPOCHHO
B Buge JIYYII monenu (3).

B panpmeiimux wmcceIoBaHuSAX IUIAHUPYETCS PACCMOTPETH OOOOIMEHHYIO MOIE/b
JVYUII ngis caydast TpUCYTCTBUS B CUCTEME HECKOJIBKHUX KJIACCOB MUPOB C HEOJTHOPOIHOMN
MPOITYCKHON CIIOCOOHOCTBIO Pa3Jaty, a TaKzKe JJIsd CJIydasl IeEPEMEHHOI0 YnCja CHIO0B. B
YKA3aHHBIX CJIyYIasX MOXKHO IMOJIYIUTH PE3YJIbTAThHI, AHAJOTUIHBIC TTPUBEICHHBIM BBIIIIE, U
TaK>Ke TMPOBEPUTDH UX, UCIIOJIb3Ysl UMHUTAINIO TAKETHOTO YPOBHS.
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UDC 621.39
The Application of Fluid Models to the Analysis of Peer-to-Peer
Network

Y. V. Gaidamaka, E. V. Bobrikova, E. G. Medvedeva
RUDN University (Peoples’ Friendship University of Russia), Moscow, Russia

The application of the fluid models to the analysis of the streams in information and com-
munication networks is presented. The models, considered in the paper, take into account the
specificities of widespread P2P networks (peer-to-peer), used for file-sharing, parallel computing,
IP telephony, video streaming, etc. The review of the main types of P2P networks and their as-
sociated analytical models are presented in the paper. The fluid models, presented in the paper,
describe network traffic in terms of the changes over time data stream rates between users and
in terms of the number of network users. The first model is a system of ordinary differential
equations and allows to analyze the average file download time. The second model is the exten-
sion of the first model and is represented in the form of partial differential equation. It takes



lainamaka FO.B., Bo6pukosa E. B., Mensenesa E.T'. [Ipumenenue >KuaKOCTHBIX . . . 25

into account a random amount of data requested by users. It can be used to analyze both the
transient state and steady state during the download. This model is suitable to study the be-
havior of the system with a large number of users. In addition to the average download time
the second model, taking into account the population in the network, allows to analyze such
parameters of the network performance as the number of leechers and seeders in the network.

Key words and phrases: peer-to-peer network (P2P), fluid model, leecher, seeder, peer,
latency
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VIIK 621.39
Mogaens cotrbl LTE ¢ mexkxmanmmmHHbIM TpadUKOM B BUJIE
MYJIBTHCEPBUCHOI CUCTEMBI MAaCCOBOT'O ODCIIy>KUBAHUSA C
3JIACTUYHBIMU U MOTOKOBBIMU 3asiBKAMU U MAapPKOBCKUM
BXOJSMIIMM MOTOKOM

B. M. Bummnesckunii*, K. E. Camyiisios’,
B. A. Haymos!, H. B. Spkuna'

Hnemumym npobaem ynpasaenus um. B. A. Tpanesnurxosa PAH, Mockea, Poccus
t Poccuticku yHusepcumem 0pyascobo, napodos, Mockea, Poccus
¥ Heenedosamenveruts unemumym urnnosayud, Xeavcunku, Punasnous

Uureprer emeii (IB) umeer Bce maHchl crath “rperbeil BosHON B passutuu HTEpHETA
U CYIIECTBEHHO ITIOMEHSATDH JIUIIO OTPAC/IH CBA3U KAK B TEXHOJOTUIECKOM, TAK U B SKOHOMHUYE-
ckom orHomreanu. OIHAKO I TOTO YTOOBI 9TO CTAJO PEATBHOCTBIO, JMOIKHA OBITH CO3IaHa
H(MOKOMMYHUKAIIMOHHAsT MHPPACTPYKTypa, obecrieduBatorias MyHKIIUA CETEBOIO JTOCTYIa 1
yIpaBeHnss MUJIIMOHAM, a TO u MuwumapaaMm VB-ycrpoiicts. Cern LTE 3aiimyT meHTpab-
HO€ MeCTO B 3TO# MHMPACTPYKTYpPE IPU YCJAOBUU, UTO COOTBETCTBYIOIIVE CTAHIAAPTHI OYIyT
nopaboTaHbl JIjIsi 00eCIIeYeHnsI MaCCOBOI'O MEXKMAIITMHHOTO B3auMoJleiicTBust 6e3 yrepba Jijist
IPEIOCTABJIEHUsT TPAJUITMOHHBIX YCJIyT aboHeHTaM. Hacrosmas paboTa MOCBSIIEHA TTOCTPOECHUIO
MOJIEJIA pacIipejiesieHus pajguopecypcos B core cetn LTE, obcay)xuBarorreil qsa tuma Tpaduka:
TesiehOHNHN U MEXKMAITMHHOTO B3auMO/IeicTBusA. MoJieb OCTpOeHa B BHUJIE MYJIBTUCEPBUCHOMN
CHCTEMBI MACCOBOTO OOCITY>KMBAaHUsT C TIOTOKOBBIMU M 3JACTUIHBIMU 3asiBKaMu. Pecypchbl mjist
MPOITyCKa TpahuKa MEKMAITUHHOTO B3aMMOIEHCTBUST BBIIEISIOTCS Juana3oHaMu (DPUKCHPOBAHHO-
ro pasmepa, a MOCTYIJIEHUE 3allPOCOB Ha ero Iepeady OIMUCBIBAETCs C TOMOIIBI0 MapPKOBCKOTO
Bxogsmero noroka (Markovian Arrival Process, MAP). B pa6ore mosy4eHs! CTalmOHAPHOE Pac-
peJieJieHe BEPOSITHOCTENR COCTOSIHUI CUCTEMBI 1 (DOPMYJIBI JIjIsi CTAIIMOHAPHBIX BEPOSITHOCTEMN
IIOTEPh 3asTBOK.

KiroueBbie cioBa: Nurepuer Bemeit, cetb LTE, myabpTucepBucHass cucrema MacCOBOTO
obcTyKUBaHUsl, MAPKOBCKMI BXOmAmMiA moTok, MAP-orok

1. Bsenenne

B mocstetame roabl 9BOJTIONUS ceTell COTOBOM MOBUKHOM CBsI3H Obljla HAITpaBJIEHA B
MIEPBYIO OYepe/ib Ha MOBLINIEHNE CKOPOCTH IIepeIadn JAHHBIX U O0ecIieteHre BhICOKOIO
kadecTBa obciryxuanus (quality of service, QoS), 4T0 CBsI3aHO IpPEXkKJIE BCEIO € PACIIPO-
CTpaHeHUeM MYJIbTUMEINHHBIX U WHTEPAKTUBHBIX HpuiokeHuit. OIHAKO pacIIupeHe
MeKMAalIMHHBIX KoMMyHUKarmil (machine to machine, M2M), Biiekymiee 3a coboii pa3su-
tue Nurepuera Bemeit (1B; Internet of Things, IoT), nperbsiiisier K ceTsiMm UHBIE, BO
MHOT'OM IIPOTHBONOJIOXKHBIE TPeOOBaHNUsI, OOYCJIOBJIEHHBIE XapAKTEPUCTHKAMU TpaduKa,
TEeHePUPYEMOrO IIPUJIOKEHUSIMY JTAHHOTO THIIA, 8 TAKXKe OUPAHUYIEHUSIME Ha [IE€PeIaioIiue
ycTpoiicTBa (jereBusHa, JOATUi CPOK CIYKOBI JIEMEHTOB TUTAHMUS ).

MNuTepuer Bemeit — 3TO He MPOCTO COBOKYITHOCTH Pa3HOOOPA3HBIX IPUOOPOB U J1aT-
YUKOB, CBSI3aHHBIX MEXKY COOONl IPOBOMHBIMU U OECIIPOBOIHBIME KAHAJIAME CBA3U U
ok oueHHbX K cetu Vareprer. [log B nonnmator ritobaibHyo nHGOKOMMYHUKAIHOH-
HYyI0 HHDPACTPYKTYPY C BO3SMOXKHOCTSIMU aBTOMATHIECKOTO KOH(MUTYPUPOBAHUS, KOTOPAas
obbeuasgeT GU3NIECKNe U BUPTYyAJIbHbBIE “Belu’; 00IaIa0Ie He TOJIbKO (DU3NIECKU-
MU CBOHCTBaMU, HO U BUPTYaJbHON CyOBHEKTHOCTBIO, I TAKUM ODpPa30M ODECIevunBaeT
60J1ee TECHYIO MHTEIPAIUIO PEaIbHOTO M BUPTYAJIbHOTO MUPOB, IZle B3aHMOJIEHiCTBHE OCY-
MIECTBJIAETCS KAK MEXKJTy JIIOJIbMU, TaK U MeXK Iy ycrpoiicrBamu. [Ipenmonaraercs, 9ro B

Crarbsa nocrynuia B pegakuuio 30 okTsaops 2016 r.

Pabora BbinosHeHa npu dhuHaHCOBOH nogaep:kke Poccuiickoro nayunoro donga u DST (Uugus) (rpant
Ne 16-49-02021) B paMKax COBMECTHOT'O HayIHO-HMCCJIEIOBATENIBCKOrO IIpoeKTa MHCTHTYTa pobiem yrpas-
snenns uMm. B.A. Tpanesuukosa Poccuiickoit akanemun nayk u CMS Kosnemka Korrasm.
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OymaymeM “Bemu’ CTAHYT AKTUBHBIME yIACTHUKAMUI XO3SHCTBEHHOMN, COMUAIbHON 1 HHGOP-
MAIMOHHO JIeSITeIbHOCTH, CMOTYT B3aNMOJIEHCTBOBATE MEXK Ly CODOI M C OKPYKAIOIIIM
MUPOM IIyTeM oOMeHa mHMOpMaIyeil 06 OKPYKAIOIIel cpejie, aBTOHOMHOI'O PEearnpoBa-
HUST HA COOBITHS PEAJIbHOTO MUDA M BJIUSTHUS Ha HUX, BBIIOJIHSS JIEHCTBUS WU 3aIlyCKast
IIPOIECCHI B TOM 9HC/Ie U 0€3 IPSIMOro y9acTusl desoBeka [1].

Cy1ecTByfolye u IOTEHITnAIbHBIE TpuIozkeHus VB BecbMa pa3HOOOpa3HbI, OHAKO 110
TpeOOBAaHUSIM K yCTPOMCTBAM M XapaKTEPUCTUKAM TpaduKa UX Pa3NessioT Ha J[Be KPYII-
HBbIE KATErOpHU: MaccoBble (Takxke HasbiBaeMble massive MachineType Communications,
mMTC) u kpurnueckue. lanubie kareropun u chepbl IPUMEHEHHST COOTBETCTBYOIIIX
[IPUJIOXKEHUN U YyCTPONCTB mipecrasienbl B Tabs. 1. Ilepeunciennnie B Tabir. 1 xapakTe-
PUCTHKY 0DO03HAYAIOT, YCJIOBHO TOBOPS, TPAHUIIBI MIKAJIBI, HA KOTOPOil MOYKHO Pa3MECTUTh
camble passmanbie npuioxkenns VB. Vcxons n3 m3BecTHBIX HA CETOMHATIHUI I€Hb TEXHO-
JIOTUi, MOXKHO IIPEJIIIOJIOXKUTh, YTO IPUIOXKEHU MACCOBOTO TUIA OyIyT 0becrednBaTh
CYIIECTBEHHO OOJIBITIEe YUCIIO TOAKIIOYCHHI 10 CPABHEHUIO C KPUTUIECKUMU TTPUIIOYKE-
HUSIMU, OHAKO IOCJIEIHUE CMOTYT IPUHOCUTH OOJjiee BBICOKMIA JTOXO/I OIEPATOPy CETH
CBSA3M.

Tabauma 1
OcHoBHbIe KaTeropuu npuioxxenuii B

Tuno wnpwuio- | MaccoBbrii Kpuruueckunii

JKEeHU N

XapakTe- HU3Kasl CTOUMOCTb YCTPOUCTB U — BBICOUAMINIAs HAIE?KHOCTD;
PUCTIKH X SRCILTyaTaII, — KpaiiHe HU3Kas 33/I€PKKA T1e-
yCTpoucTs 1 HU3KOE SHEPIONOTPedICHUE; pe/ladu TaHHBIX;

Tpaduka

MaJiblit 00'beM IepeIaBaeMbIX JaH-

- KpaﬁHe BBICOKasA I'OTOBHOCTbH

HBIX;

— YPE3BBIYAMHO OOJIBIIOE KOJIHUe-
CTBO yCTPOUCTB
IIpumepsl — «YMHBIE» 3/IaHHUS U FOPOJA; — TeJjIeMeIUIIHA,

BKJIITOYasd

npu- N HHYIO XUPYPIHIO;
cdep p — «YMHOE» CEJIbCKOE XO3SIHCTBO; YARIECHHYIO XUPYPIIIO;
MEeHEeHUsI
— KOMMYyHAaJbHOE XO3sHCTBO (CUeT- GesonacrocTs 6 AOPOZKHOTO
BUIKCHUS 1 MTUIOTHBIH
YUK, OCBEIEHUE U T. II.); M € CCIHIO
TPaHCIIOPT;

— JIOTUCTUKa U OTCJIE2KUBaHUE I'DYy-

— TOTEXHUKa U .
30B; poboroTe a u JIp

— HOCHMBbIE yCTpOfICTBa u ap.

Konrennus B 6buia opunmaabHo mpejcTapiena orpaciu MexaynapogabiM Coro30M
Duiekrpoceaszu emie B 2005 1. B OJHOMMEHHOM JIOKJIaJe [2|, omHako, st TOro 4ro0bI
9TO HalIpaBJIEHHE CTAJIO MHOJHOIEHHOHN “Tperbeil BoJHONW B pasBuruu cetu VHTEpHET
(“BTOpOIl BOJIHOI” IPUHSTO CYUTATH PACIPOCTPAHEHHe J0CcTyna B VIHTepHeT ¢ MOOGUIIBHBIX
YCTPOWCTB), HEOOXOIMMO Pa3BePThIBAHUE CETEBOH U MH(MOPMAIMOHHO HHMOPACTPYKTYPHI,
KOTOpas MOTJIa OBl OMIepKaTh JaBHHOOOpa3ubiit poct M2M-coenunenuit u ob6ecreInThb
HeOOXOUMbIe (DYHKITUHN YIIpaBaeHus. BecbMa BEpoOsSITHO, UTO Takas HHPPACTPYKTypa He
OyzeT oaHOPOMHON, IO KpaifHeil Mepe Ha HadaJIbHOM 3Tare paspurtus VIB. Yike ceromus
Ha MECTO B Hell IMPEeTEeHAYIOT KaK IMMPOKO M3BECTHBLIC, TAK W HOBBIE, Pa3pabOTaHHbIE
CIIeNuaIbHO JJIst 00C/IyKuBaHus MaccoBoro VB TeXHOJIOrMu M IIPOTOKOJIBI CETEBOIO
JIOCTyTa, CPeIy KOTOPBIX cTaHmapThl mnpoBojaHoil cBs3u (Ethernet, omroBosiokoHHBIE
ceru nmocryna, BACnet u ap.), crangaprsl coroBoii nonsuxkuoit cesizu (GPRS, EDGE,
HSPA, LTE u LTE Advanced), rexuonorun siaencrbix (mesh) cereit (manpumep, ZigBee),
TexXHOJIOru SHeProadhdEKTUBHBIX ceTell jajbHero pajauyca geiicrtsus (low-power wide-
area network, LPWAN), skiouas SigFox u LoRa, crangaprsl cereil ¢Bs3u Yepes3 JIMHUN
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ssrekrporiepenaan (PRIME, G3) u crangapTsl 6eClpOBOHBIX JIOKAJIBHBIX U MOPOJICKUX
serancnresnbubix cereil (Wi-Fi mw WiMAX) [3].

CrangapTbl ceTeil COTOBOI IOJIBUXKHON CBA3M 3aHUMAIOT B 9TOM PsLy 0CODOE Me-
CTO, TIOCKOJIBKY OOJIQJIAI0T TAKUMU IMPEUMYINECTBAME, KaK IMHPOYAIiast 30HA TTOKPBITHSI,
YCTOMYINBOE MTOJIOYKEHNE OIIEPATOPOB HA PLIHKE YCIYT CBA3U U MOIEPKKA ITPOU3BOIUTE-
Jieit 000PYI0BaHMS, BOBMOXKHOCTE OOC/IYy2KUBATh MUPOKuUil criekTp VB-upuioxkenuii, ne
OrpaHUYMBALACH IPOCTEHIIUMHU IEPeJIaIONIMMI YCTPORCTBAMU, YIIPABJICHIE Ka4eCTBOM 00-
cayxuBanus (QoS), yupasienne JI0CTYyIOM U 6e301macHoCThb. [Ipu pabore HaJl| BbIIIEIITEM
B cepeaune 2016 1. peausom 13 cnenuduranuit LTE (LTE Advanced Pro), mexxmarms-
HBIM KOMMyHUKaiusM u IB 6b110 yaejgeHo ocoboe BHUMaHUE. 3a 09€Hb KOPOTKOE BPEMsI
3GPP moaroroBus1 BOIIE NI B 3TOT PeJIU3 CHENUAIBHBIA CTAHAAPT JJisi OOCITY ) KUBAHUSI
MeXKMaIInHEbIX coepnuenuii maccosoro tuia NB-IoT (Narrowband Internet of Things
— y3komoJiocHbIil VIHTepHeT Bereit), nosposisionuii oneparopy ceru LTE ucnonbszoBarhb
HUMEIONYIOCs UHPPACTPYKTYPY I PA3BEPTLIBAHKUSA CETU JOCTYIIA JIJIsT IPOCTEHUIINX CTa-
moHapHbix VIB-ycerpoiicts (ckopocts nepenadn ganubix 10 200 K6uT/c) u Ipu3BaHHBII
COCTABUTb KOHKYPEHINIO OBICTPO pacnpocTpansitorumcst Texuoorusm LPWAN SigFox
u LoRa. Kpome toro, B apcenaje 3GPP s obcityxxkuBanuss M2M-Tpaduka MaccoBo-
ro tuna mvetorcst rexnosorun EC-GSM-IoT (Extended Coverage GSM for IoT) u LTE
Cat-M1 (rakke n3BecrHas kKak enhanced Machine-Type-Communications, eMTC, nim
LTE-M), nepBasi u3 KOTOPBIX IIpeIHA3HAYEHA JJIsi pa3BepThIBaHUs ceTn Maccosoro VB
na cetu GSM, Torma kak Bropas mo3BoJisieT obcaykuBaTh M2M-ycTpoiicTBa ¢ Makcu-
MaJIbHO# CKOpOCThIO Tiepesadn 1 Méut/c u orpanndenHoil MoGuabHOCTHIO B cotax LTE.
Baxkweiimnyto posb B obecriedeHnr MEXKMAIIIMHHOTO B3aUMOJIEHICTBUS UI'PAET N3HAYAIBHO
peTHA3HAYEHHBIH 11 obcrykuBanus ocaoBHoro Tpacduka LTE crammapr 3GPP LTE
Cat 1. On upumensiercs s nojkodennss M2M-ycTpoiicTB, KOTOPbIM HEOOXOIMMa, TT0JI-
Hasi MOOMJIBHOCTD U/WJIH IIepejiada JIAHHBIX cO cKopocTbio 6ostee 1 Mour/c. K takum
YCTPOMCTBAM OTHOCATCS HOCHMBIE YCTPOMCTBA, YCTPONCTBA, OCYIIECTBIISIONINE ePEIATy
BHJIEO WJIM ayJIMO, YCTPONCTBA, KOTOPHIMU OCHAIIEH aBTOTPAHCIIOPT H JIP.

Ha nanHBIT MOMEHT HE CYIIECTBYET OOIIEITPUHSATOTO MOAX0a K obcykuanuio M2M-
YCTPOHNCTB B CETAX CBA3M OOINErO MOJIB30BAHUS, B TOM UHC/IE ONTHUMAJJIBHOTO METOJIA
JJIsT PacIpeie/IeHIs OTPAHNIEHHOTO KOJIUIECTBA PAINOPECYPCOB MEXKY MTOIH30BATEIAMU
YCJIYT CBSI3U U OOJIBIIUM KOJIMYECTBOM IMOJOOHBIX yeTpoiicTB. OHAKO yUIUTHIBas GOJIBINONM
PBIHOYHBINM MOTEHITHAJ JAHHOTO CETMEHTA, OMEPATOPHI COBMECTHO C MEXKIYHAPOIHBIMU
CTAHIAPTU3YIONINMH OPTaHU3ANUAMA (POPMYJIUPYIOT MUPOKUI KIACC 3872 IJIAHUPOBa-
HUs pajmopecypcoB st ddderrusHoro obeayxxusanus Tpaduxa UB [4-9]. O6umvu
J71s1 OOTBIMTMHCTBA, MCCIEOBAHNN SBJSIOTCS Takue xapakrepuctuku M2M-rpaduka, Kak
MaJIbIil pa3Mep epeIaBaeMbIX OJIOKOB JAHHBIX U OOJIBIITOE KOJHIECTBO MOIKJIIOIAEMBIX
YCTPORCTB. SHAYUTEILHOE YUCIO PabOT IOCBSIIEHO UCC/IEIOBAHIIO 3a/1a91 IIPEeI0TBPAaIIe-
HUsI TIEPErPy30K Ha 0a30BO# cTaHIMHU OECITPOBOIHON CETH MOCIEIYIOMIETO TOKOJIEHUS C
M2M-rpadurom [4,6,10,11]. Pesynbrarsl mogo6HbIX HCCIeI0BAHMIT IO3BOJISIOT OIIEPATOPY
[PUHATD PEIIeHNe UCIOJIL30BATh Ty WM UHYIO CXEMY BBIJIEJIEHUs JIOCTYIIHBIX YaCTOTHO-
BPEMEHHBIX PeCypPCOB Jiisl Tiepejiadn 0JI0KOB janubix or M2M-ycerpoiicrs [8,12,13]. Cxema
JUHAMHUYECKOTO pacipejiesienns: paauopecypcoB corbl cetu LTE, xorma s obcyKuBa-
HUsT TpaduKa MEKMAITTHHOTO B3aNMOAEHCTBUS BBIJAEISIOTCS (PUKCUPOBAHHBIE TNATA30HbI
MIPOIIYCKHOM CIIOCOOHOCTH, & OCTAJbHBIE PECYPCHI OCTYIIHBI [Tl TIOJb30BaTe el Tenedo-
HUHU, OpejyiokeHa B [14]. 3mech ke B TepMUHAX MaTeMaTHYECKO Teopuu Tejerpaduka
IIOCTPOEHA, MOJIESTb TAKOH COTHI U PACCMOTPEHBI €€ BeTOSTHOCTHO-BPEMEHHBIE XapaKTepH-
CTUKH, JIJIsI TOTO ITOOBI OIEHUTD 3(P(DEKTUBHOCTD MPEIJIOKEHHON CXEeMBI I 0DeCIeTeHnst
TpeboBaHmil K KadecTBy obOcyKuBanus. OIHAKO B IIPEJJIOXKEHHON MOJIE/IN MTOCTYILIEHE
3aIIpPOCOB Ha Mepeaady 6J10KOB JaHHBIX 0T M2M-yCcTpoiicTB 71 TPOCTOTHI MOJETUPYETCS C
ITOMOIIIBHIO ITYACCOHOBCKOTO BXOJAIIEro MOTOKA. B HacTosmeit paboTe Tak:ke paccMaTpuBa-
ercs cora LTE ¢ rpadukom renedonnn u M2M, onxako, B orimaue ot [14], mocryrenne
3ampocoB Ha nepegaty M2M-Tpaduka onmucsiBaeTcs ¢ MOMOIIBIO Oojee 00IIEro MapKOB-
ckoro Bxojgmero noroka (Markovian Arrival Process, MAP).
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2. IlocTaHoBKa 3aga4m

Bynem paccmarpusath coty cetu LTE, B KoTopoit mpenocrasisercs yciayra TeJe-
dounn (wmm s0bast Apyras yciayra, TpeOyolas IIPOKOIIOJIOCHON Tepeiadn TOTOKOB
JIAHHBIX ), & TakxkKe mepegarcst 6iokn gqanabix M2M-yerpoiicrs. Ilepes Tem kak mepeiitu
K ITOCTPOEHUIO MATEMATUIECKON MOIE N, CAeIaeM Pl YIIPOIIAIONINX IIPEIITOTOXKEHIIT
OTHOCHUTENHHO (DYHKIMOHMPOBAHUSI PACCMATPUBAEMOii coTbl cetu (cM. puc. 1). Byaem
IPeIoIaraThb, ITO BCE MOJIb30BaTe n ycayru rejaedonnn u M2M-ycrpoiicTBa nmeroT
OJINHAKOBOE 3HAYEHNE OTHOIIEHUsS] CUTHAJ /IIIYM U HE MEHSIIOT CBOETO TIOJIOKEHUsI OTHOCH-
TesbHO 0azoBoil cranmuu. Takum 06pa3oM, ycTaHABINBAaEMble PAIUOKAHANBI OyIyT NMETh
OJIMHAKOBBIE XapPAKTEPUCTUKN, U CKOPOCTH IMEPEIAdN JAHHBIX OYIeT 3aBUCETH TOJIHLKO
OT KOJIMYECTBA BBIIEJEHHBIX €IUHUI] KAaHAJIHLHOTO pecypca. [lom enquauneil KaHaabHONO
pecypca (EKP) nompasymeBaercst Hekasi yCIOBHasI BEJIMYNHA, KOTOPAsk COOTBETCTBYET MHU-
HUMAJILHO JIOIYCTUMOI CKOPOCTHU Hepejiadn JIAHHBIX (HAIpuMep, B 6uT/c) Jyist 38 JaHHOTO
KOJINIECTBA BBIJECICHHBIX (DU3UIECKUX PECYPCHBIX OJIOKOB. Bynem cantarh, ITO MUKOBast
MPOILYCKHAas COCOOHOCTE coThl cocTaniser C EKP.

[onp3oBaTenu TeneGoHNH A
B
g.‘ ' EKP2
Vs PE 2 EKP3
/ \ EKP5
/ \
/ Y pp3 | YCJOBHas CIUHULA EKP6
I Iy
/ t ' KaHaJbHOTO pecypca
1 ns 4
'“.| % >
\ i
) i
‘\ l’
\ |
i
N ))) {  bBasoBas PEN-1 EKP C-2
E\ N i cranus LTE EKP C-1
) / PEN
________ i > EKPC
M2M-ycrpoiicTsa t [out/d

Puc. 1. Yr[pomalomne IIpearrojgo>keHunsd U yCJOBHaAsl €eJUHNUITa KaHaJIbHOTO pecypca

C pocTOM MHTEHCUBHOCTH IIPE/JIOYKEHHOM HATPY3KU IIJIAHUPOBIIUK Ha 0a30BOM CTaHIIN
cetu LTE noyrkeH onpesiensTh ONTHMAJBHBIN pa3Mep JUalla30Ha PauopecyPCcoB, UCXOJId
U3 YCTAHOBJIEHHBIX OIIEPATOPOM CETHU OTPAHUYEHUNl HA KAYUECTBO OOCIIY KUBAHUS, HAIIPHU-
Mep BEPOSTHOCTH MOTEPD 3aIIPOCOB MOJIH30BaTe el TeieOHIN U CPE/IHEe BPeMs IepeIadn
6710k0B JaHHbIX M2M-ycerpoiicts. [lockonbKy 3adactyio 610ku M2M-maHHBIX TMEOT
KpaiiHe MaJbIil pa3Mep U IMOCTYIAT OT OOJIBIITOTO KOJUIECTBA YCTPONCTB, OKA3bIBACTCS
HeIe1eco00pa3Ho BBIJIEISTh I TIepeIadn JaHHBIX oT ogHoro M2M-ycerpoiicTBa 1ebrit
pecypcnbiit 650k (PB, jnama3on 4acToT), KOTOPBIH SIBJIAETCS MUHUMAJILHBIM PECYPCHBIM
9JIEMEHTOM, BBIJIE/ISIEMbIM ILJIAHUPOBIMKOM 6azosoit cranmuu LTE [15]. B [6,10,12] pac-
CMATPHUBAETCS BBIJIEJIEHIE OJTHOTO PECYPCHOIO OJIOKA /I IIepeiavn TAHHBIX OT MHOXKECTBA
M2M-ycrpoiicts. B wactHoCcTH, B ncciaenoBannu [12] npemiokena Mojiesib 00CTYy XKUBAHMSI
M2M-ycTpoiCTB ¢ HOMOIIBIO UCKYCCTBEHHO (BUPTYAJIbHO) BBIJIECJCHHBIX MTOJHECYIIUX HA
JOCTYTHOM "YacToTHOM emKocTu coThl LTE.

st Toro 9TobbI ceTn GECIIPOBOMHON CBS3H MOCJEIYIOMNUX TOKOIeHu craan 3ddek-
THBHBIM MeXaHU3MOM obciyxKuBaHust M2M-Tpaduka HeOOX0TUMO pas3paboTaTh TaKKe
MeTOJbI pacIpeesIeHus] PaIIOPecyPCoB, KOTOPbIe obecriedaT MUHUMAJIbLHOE BIUSHUE HA
Ka9eCTBO OOCJIy2KUBAaHUS TPAJUINMOHHLIX aDOHEHTOB, MPUHOCIIINX TOKA OCHOBHOM M10-
x0J1 onteparopaM cetreit cBa3u. Ilosromy Oynem cuurarh, yro yacts EKP corwr poctymnna
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TOJIBKO Tpaduky TesedOHUN U He MOXKET HCIIOJIb30BATHCS MJIs IIepeladu JaHHBIX OT
M2M-ycrpoiicTB.

3. Cucrema MaccoBOro oo6CIy>kKUBaHUSA

Oyukimonnposanue Takoit corbl LTE moxker ObITH OnrcaHo B TEpMUHAX TEOPUH Te-
JeTpaduKa ¢ MOMOIIBI0 MYJIBTUCEPBUCHOI crcTeMbl MaccoBoro obcryxkuannu (CMO)
C TTOTOKOBBIMH 3asIBKAMH, KOTOPbIE COOTBETCTBYIOT BBI30BAM TeJIE(MOHUM, U 3JACTUIHBI-
MU 3asIBKAMM, COOTBETCTBYIOIUMH Iiepegade 6J0K0B gaHHbix M2M-ycrpoiicrs. Ilycrs Ha
CMO, cocrostmyro n3 C' mpubOpOB U HE UMEIOITYI0 MECT I O2KUJAHUS, TOCTYIAI0T 3a-
SIBKY JIBYX THUIIOB: IIOTOKOBBIE U 3JIaCTHYHBIE (PUC. 2). DJIACTUIHBIM 3asiBKAM JOCTYITHO
Cp < C upubopoB 1 OHM 0OCIYyKUBAIOTCS B COOTBETCTBUY C JIMCIUILINHON CIIPaBeIINBOrO
pazzesenust nporeccopa (Egalitarian Processor Sharing, EPS [16]), oxxako jgist o6ciry-
JKUBAHUS OJIHON 3JIACTUYHON 3asIBKM B KaXKIbIii MOMEHT BpeMeHU TpedyeTcs He MeHee b
npubopos. [Ipu 3TOM mycTh MPUOOPHI /1T OOCTY ) KUBAHUS SJTACTUIHBIX 3asTBOK BbIJIEJISI-
forcst 6mokamu 1o C' > b mpubopos. IToToKOBBIM 3asiBKaM B KasKIbIIT MOMEHT BPEMEHM
JOCTYIHBI BCe TPUOOPHI CUCTEMbI, He BOIIEIINe B OJIOKH MPUOOPOB, BBHIJACIEHHbBIE JJIs
00CIy KUBAHUS JIACTUIHBIX 3a5BOK.

y c(D)
OnactuyHbIe |
3a9BKH |

IToTokoBBIE
3asBKH

T T T =

~
—
S

N

Puc. 2. CMO ¢ NoTOKOBBIMU U 3JIACTUYHBLIMU 3asiBKaAMU

TTosoKuM, YTO BXOMSAIIHIA TIOTOK JIACTUIHBIX 3adBOK saBjgercs MAP-morokom. ITorok
JIACTUYHLIX 3a8BOK IOCTYIAET Ha CUCTEMY OT UCTOYHHKA, KOTOPHI MOXKET HAXOMUTHCA B
omaoM u3 K-cocTosHMIT 1 XapaKTepu3yeTcs: AByMs KBIPATHBIMIA MaTpuramu Qg u (1
mopsaaka K, Q1 > 0, Qo + Q1 = @, rje (Q MaTpuiia HHTEHCUBHOCTEHN TEPEXOJIOB TN
MapkoBa onuceiBaromieii cocrosiausi ucrounuka [17,18|. Mbl npemosaraem, 9To MaTpuia
()1 oTnmuHA OT HyJeBO#l, a marpura () HempuBomuMma. OG03HAYNM ¢ BEKTOP-CTPOKY
CTaIMOHAPHBIX BEPOSITHOCTEN COCTOSHUN MCTOYHUKA W 1 BEKTOP-CTOJIOEIN M3 eIUHUIIL.
Torma MHTEHCHBHOCTH HOCTYIAIOIIETO IIOTOKA IJIACTUUHBIX 3adBOK J1aeTcsd (POpMyJIoit
a = qQ; 1. IlycTs JUIMHBI 3JIACTUYHBIX 3a5BOK PACIIPEJIEJIEHBI 110 SKCIOHEHIINATILHOMY
3akoHy ¢ mapamerpoMm (. Hamomuum, uro B cucreme EPS ¢ ogunM mpubopom octaTodHast
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JJIMHA, 3aBKU — 9TO KOJIUIECTBO PabOTHI 110 ee 0OCIIyKUBAHUIO C €IUMHITHON CKOPOCTDIO,
u3MepsieMoe B equauIax speMenn [16]. Ilpu sTom 3asBKa 00CIyKUBAETCS C TIEPEMEHHO
CKOPOCTBIO JIO T€X IOp, IIOKA ee OCTAaTOYHas JUINHA He CTaHeT PaBHOI HYIIIO.

O6osnaxm M = |¢/b] = max {y € N : y < £} MakcHMAJIbHOE UHCIIO /IACTHIHBIX
3asBOK, KOTOPBIE MOTYT OBITH OJTHOBPEMEHHO OOC/Iy>KeHBbI OTHUM O10KOM mTprbopos. Ilo-
CKOJIBKY JIJIsT OOCJTYy>KUBAHUSI JIACTUIHBIX 3asIBOK MOKET OBITH BBIIEIEHO camMoe HOJIbIMoe
S =|Cg/c] =max{y € N : y < €2} Takux 6JI0KOB, MAKCHMAJIBHOE HHCJIO SJIACTHIHBIX
3asIBOK, KOTOpble MOTYT OBbITh OJHOBpeMeHHO obciyzkenbl CMO, paBusierca L = MS.
Ecan B cucreme nHaxomutTcest | 971aCTUYIHBIX 3asIBOK, TO ODIIMEe UHCIO OOCTYKHBAFOIITIX
ux npubopos pasHo ¢ (l) =c¢- [I/M] =c¢-min{y € N : y > [/M}, upudem pecypc 3Tux
puOOPOB PABHOMEPHO PACIIPEIE/IAETCST MEXK Y BCEMH JIACTUIHBIMU 3asiBKAMU, TO €CThb

l
KaxK/1ad N3 HUX O6CJ'Iy}KI/IBa.eTCH # HpI/I60paMI/I.

ITycTs B cucreme 0OCITyKUBAIOTCST | SIACTHYHBIX 3asBOK. TOr/1a npu MOCTYIIIEHUN B
cucremy (I + 1)-if 9/1aCTUIHON 3asBKY IIPOMCXOIUT CJIELYIOIIEe:

1. Ecsn na moment nocrymienus ¢ (I 4+ 1) = ¢(l), To 3asBKa npuHEMaeTcsi Ha 06CIIy-
KuBaHue 0e3 BbIJICJIEHNS JOMOJIHUTENIbHBIX 1pubopoB. [Ipu sTrom pecypc npubopos
nepepacipese/nsiercs: moposay mMexy (I + 1) 3asgBraMu (KaxK1ast 9JIaCTUIHAS 3as1B-

c(l+1) _ ¢() c(l)

!
1 = T npubopaMu BMECTO —~; CKOPOCTh OOC/Ty KUBaHUS

Ka, 00CJTy>KUBAETCSI
[aJ1aeT).

2. Ecan ma moment nocrymenus 3assku ¢ (I +1) > ¢(l), ¢(l + 1) < Cg u cpeau
JIOCTYITHBIX 3JIACTHYHBIM 3asBKAM IIPUOOPOB €CTh ¢ CBOOOIHBIX IIPUOOPOB, 3asIBKA
MPUHAMAETCST Ha 00C/TyKUBaHNE C BBIJIEJIEHUEM JIOTIOJTHUTEIHLHO OJIOKA U3 ¢ TPpUGOPOB.
IIpu 3TOM CKOPOCTH OOCIIYKUBAHUS BCEX JIACTUIHBIX 3asIBOK BO3PACTET, TAK KaK
OHU JIOIOJIHUTEIHLHO TOJIydaT CBOOOIHBINA pecypc HOBOro OJIOKA.

3. B nporuBHOM ciyuae (BbljesieHue 06Ji0Ka Tpebyercss, HO CBOOOJHBIX MPUOOPOB He
JIOCTATOYHO) 3asiBKa OyJeT moTepsiHa.

Ecnu smactuunast 3asiBKa, ObLIa IPUHSTA HA 0OCTyKUBaHUE, OHA, OYIET HAXOIUTHCS
B CHCTEME JI0 TeX TOP, MOKa €€ OCTATOYHAsd [JINHA HE CTAHET PABHOI HYJIIO, TIOCJIE Iero
nokuHeT cucremy. IlycTb B cucTeMe HaxoasaTcs | 9/IACTUYHBIX 3adBOK. 1018 B MOMEHT
YX0J1a, JTIOOOM 3/TACTUIHOM 3asBKU TPUOOPHI TIEPEPACIIPEIETSIIOTCS MEXKTy OCTABIITHMUCS
3asBKaMU 9TOTO THUITA, CJIEIYIONIM 00pa30M:

1. Ecimm ¢ (I — 1) = ¢(1) (ocTaBimmecs: 3asiBKU HEJIb3sI «yTPaMOOBATL» B MEHBIIIEE HHC-
J10 GJIOKOB), IPUGOPBI HE OCBOOOXKIAIOTCSI, a [EPEPACIIPEIEIISIOTCST TIOPOBHY MEXK LY
OCTABIITMMUCST HJIACTUIHBIMU 3asIBKAME, CKOPOCTH 00CIIyKUBAHNsT KOTOPBIX yBEJIHIH-
BAETCsI.

2. Ecimm ¢ (I — 1) < ¢(l), To 6s10K U3 ¢ nprUOGOPOB BLICBOGOXKIAETCsI, 8 OCTABIIUECS dJ1a-
cTUYHbBIE 3agBKYU 3aHUMAIOT ¢ (I — 1) npubOpOB, Jiess UX pecypce MOPOBHY (CKOPOCTD
00CITy)KUBAHUST T1J1a€T).

st obcityKuBanms OJHON IIOTOKOBOI 3asBKHU Tpebyercs d npudbopos. Ilpeamonaraercs,
9TO TOCTYTIAIOIINE 3asiBKH 9TOTO TUIA 00PA3yIOT MyaCCOHOBCKUIA IIOTOK C MHTEHCUBHOCTHIO
A U BpeMsl 3aHSTUsI UMU IIPUOOPOB PACIPEJIESIEHO 10 SKCIIOHEHITUAJIBHOMY 3aKOHY C
mapamerpom L. IlycTs B cucTteme obOcayKuBaeTcs | 9JIACTUYHBIX 3a9BOK U 73 IIOTOKOBBIX
3asiBOK. Torya Jyist 0OC/IyKUBaHUs TIOTOKOBBIX 3asBOK goctynabl C — ¢(l) npubopos,
KOTOpBIe MOryT 00caykuTh MakcumyM N (1) = | (C — ¢(l))/d] morokoseix 3asBok. IIpu
MOCTYIUIEHUN B CHCTEMY ITOTOKOBAas 3asiBKa OyJ/IeT MPUHATA Ha OOCTyKUBAHME, €CJIH HA
MOMEHT €€ MOCTYILIeHUsT CBOOOIHBI X0Ts ObI d mpubopoB. 3asgBKa 3aHnMaeT d MPUOOPOB
Ha BPEMsI CBOEro O0C/IYKUBAHMUsI, [IOCJIE Y€ro MOKuIaeT cucremMy (d npubOpoB Ipu 3TOM
BBICBOOOXK 1at0TCs1). Ecsin pu mOCTYIIeHnn OTOKOBO 3asiBKu n + 1 > N (1), 3HauuT B
cucreMe MeHbIe 4eM d CBOOOIHBIX MPUOOPOB U MOCTYIHUBINAs IIOTOKOBas 3asiBKa Oyer
norepstia. JlobaBuMm, 9TO B HAHHBIX ODO3HAYEHUSIX MOCTYIIWBINAST JIACTUIHAS 3asIBKA
Oy/leT 1oTepsiHa, ecJii B MOMEHT ee nocryiuierust n > N (I + 1).
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4.

CMO u ee crariluoHapHbIE XapaKTEPUCTUKNI

CrammoHapHOe pacipeejieHrue BePOsATHOCTE COCTOSTHMIA

O6oznaunm [(t) aucio oberykusaembix CMO sacTHIHBIX 3a5BOK, n(t) — 9UCI0 TTOTO-
KOBBIX 3a5BOK, U k(t) — cocrosinue ucrounuka B MoMeHT Bpemenn ¢t > 0. Torpa dbyHKImoHn-
posanne CMO onmceiBaer cocraBroit Mmapkosekwuii mponecce X (t) = (I(t),n(t), k(t)),t = 0, ¢
npocrpancrBoM cocrosiauit X = {(I,n, k)|l >0, n >0, I < L, ¢(l)+nd < C, 1 <k < K}.

Marpuiia THTEHCUBHOCTEN Tepexo0B A 3TOro MpoIecca siBsieTcst OJI0THON Tpexaua-

I'OHaJILHOI:

_DO AO
M; D,
M,

Ay

Dr_¢
M,

A
D,

B sToit maTpurie 6/710K, HAXOMSAIIUNCA Ha TEPECEICHUN i OJJOYHON CTPOKH U j-TO
6s104HOTO CTONIOIA, caM sIBJISeTCs OI0IHOI MaTpuIeil, nveroreit 6srouneit pasmep (N (i) +
1) x (N(j) + 1) u cocraBieHHOI U3 KBaJpaTHbIX MaTpull nopsiaka K. JunaroHaibHble
6s10ku MATPHUITEI A UMEIOT OJIOYHYIO TPEXIMaroHAJIBHYIO0 CTPYKTYPY:

D, =
Fio Al
I Fyy AL
N(l+ 1)l
[Gr.o
ul
D, =
rie

Fij =Qo— (A +jp+c()B),
Fingy = Qo — (N(Dp + c(1)B)L,

Fi nvar1)
(N(I+1) + 1)pl

(N(L) —Dpl Gr N1

A
G N(I+1)+1

Al

Al

(NO) —DuI Gy nay—1

AL
N()pl Gl,N(l)_
0<I<L,
AL
N(L)pI GL,N(L)_
j# N,

Gy =Q—(A+ju+c)B)I,
Ginvgy = Q— (N(Dp + c(1)B)],

a BHEeIHMarOHaJIbHBIC OJI0KH MaTPHUITBI A gapisrorcest 6JIOYHBIMA JANAaTrOHaJIbHBIMHU IIPAMO-

YIrOJIbHBIMHA MaTPpUITaMM:

M, = diag(c(1)p1, ..., c(1)BI),

Al = d/ia'g(le EE) Ql)

(2)
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BammieM cranuoHapHOe pacipe/iesienne BepositHocTeil npornecca X (£) B BEKTOPHOM
BHJIE, COIVIACOBAHHOM € pasOuenneM (1) MaTpUIlbl MHTEHCUBHOCTEH TIepexoioB A Ha GJIOKH:
b= (p07p17 "'7pL)7 ruie p; = (pl,()vpl,ly "'7pl,N(L))7 0 < l < L.

YuuThiBast CHenuaabHbIi BUJ IO INAIOHAJIBLHBIX OJI0KOB M) MaTpuilbl A, BeKTOp p
MOKHO BBIYHC/IUTH C [OMOIIBIO aJIrOPUTMa, IpeJyiozkeHHoro B [19]. 3uas cramumonapHoe
pacipeeeHne BEpOATHOCTEHN, JJerKO BBIUNC/IUTE BEPOSITHOCTH OJIOKHPOBOK IMOTOKOBBIX
By u sjacTuaHbIX B, 3asBOK:

N(1)

L | Ll
B, = Zpl,N(l)L B, =— Z Z P;,n Qi1
1=0

I=0 n=N(I4+1)+1

JmuresbHOCTH OOCTYKUBAHUST JTACTHIHBIX 3aBOK UMEIOT (DYHKITHIO PACIIPE/IeIeHUS
dazoBoro Tuna, Koropas XapaKTepu3yercs 1) CTallmOHAPHBIM PACIpe/IeIeHueM P IIern
MapkoBa, BJIOXKEHHOIi 110 MOMEHTaM HOCTYILJIEHUST JIACTUIHBIX 3asBOK, U 2) MaTPHUIIEit

MHTEHCUBHOCTEN MMepexoioB A MapKOBCKOI'O IIPOIIECCa, OOPBHIBAIOIIETOCS B MOMEHT YXOIA
paccMaTpuBaeMoit JACTUIHON 3asiBKM U3 cuCcTeMbl. [109TOMY 3Has cTarlmoHapHOE pacipe-
JleJieHne p ¥ MaTpuily A, HETPYIHO BBIYUCIUTH MOMEHTBI JIJIMTEILHOCTENH 00CIIYKUBAHMS
9JIACTUYIHBIX 3asBOK. 3Hasl CTAIMOHAPHOE pacipejiesienne p mnporecca X (t), cranuoHap-
HOe paclipejesenne p rernu MapKoBa, BJIOKEHHON 0 MOMEHTaM BpeMeHU, 00pa3yIoNuM

MAapPKOBCKUIi MOTOK COOBITHUII, MOXKHO HafiTH 110 u3BecTHLIM dopmysiam [17], a marpuna A
MOJIYy9aeTCs U3 MATPUIBl A BHIYEPKUBAHUEM MEPBOrO GJIOYHOTO CTOJONA, EPBOH GJIOYHOl
CTPOKH, U yMHOXKeHHeM B dopmyiie (2) koadbdunuenta ¢(l) vHa muoX)uTENb (1 — %)

5. 3akJirouenue

[Tocrpoennas: B HacTOsIIEl paboTe MATEMATHIECKAsT MOJIE/Ih TO3BOJISIET UCCJIEI0BATD
pacmpezenenne paguopecypcos B cote ceru LTE, obcmyxkuaromeit Tpaduk Temedonnn
U MEKMAIUHHOTO B3AMMOJIEHCTBUS, B IPEIMOJI0KEHNN, ITO PECYPCHI IJIsd MIPOITyCKa
TpaduKa MEKMAITMHHOTO B3aUMOJIEIICTBUS BBIJIEC/IAIOTCS JTUAA30HAME (DPUKCHPOBAHHOTO
pa3mMepa, a MOCTYIJICHNE 3aIIPOCOB HA €T'0 IMEPEIATy OMUCHIBAETCS C IIOMOIIHI0 MAPKOBCKOTO
BXO/ISAIIETO TTOTOKA.
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Multiservice Queuing System with Elastic and Streaming Flows
and Markovian Arrival Process for Modelling LTE Cell with
M2M Traffic
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N. V. Yarkina'

* V.A. Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, Moscow, Russia
" RUDN University (Peoples’ Friendship University of Russia), Moscow, Russia
¥ Service Innovation Research Institute (PIKE), Helsinki, Finland

Internet of Things (IoT) is thought to become the third wave of the Internet and to bring
important changes into both technological and business aspects of telecommunications. However,
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for this to happen, an infrastructure should be developed in order to provide network access
and management functions to millions, if not billions of IoT-enabled devices. LTE networks
could play the key role in the IoT communications landscape, provided that their capabilities are
enhanced to efficiently support IoT devices and provide massive machine-to-machine connections
without hampering human-to-human communications. Our paper addresses resource allocation
in an LTE cell with both human-to-human and machine-to-machine connections. The cell is
modeled as a multiservice queuing system with streaming and elastic jobs flows. Resources for
machine-to-machine connections are allocated in batches of fixed size; requests for them arrive
according to a Markovian arrival process. We obtain the stationary probability distribution of
the system and formulas for request blocking probabilities.

Key words and phrases: LTE, Internet of Things, multiservice queuing system, Markovian
arrival process, MAP
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MatemaTnieckoe MoOAeJINPOBaHIE

VIK 517+519.2:80
JAunHamuvdeckasi HeJIMHEITHAs MO/IeJIb PACIPOCTPAHEHUSA U
N3MEHEHUs JIMHIBUCTUYECKON mHPOpMauu B WH/I0EBPOIIEIICKOM
MOJEJbHOM SI3BIKOBOM COOOIIIECTBE

A. A. Eropos*, M. A. Eroposa'
* Unemumym obweti usuru um. A.M. IIpoxoposa PAH, Mockea, Poccus
t Poccuticrku yhusepcumem dpyotcovl napodos, Mockea, Poccus

B pabore paccMmoTrpena HesmHeHAT JUHAMUYIECKAS MATEMATHUYIECKasT MOJIEb, OIUCHIBAIOIIA
pacIpocTpaHeHre U U3MEHEHUe JIMHTBUCTUYIECKONW HMHMOPMAIUUA B WHJIOEBPOIENCKOM S3BIKO-
BOM coobmectBe. [Ipu mocTpoeHnn MaTeMaTHIeCKO MOJEN PACIPOCTPAHEHNST M U3MEHEHUST
JIMHI'BUCTUYIECKOM NHMOPMAIUN B SI3LIKOBOM COODIIECTBE B KaUeCTBe alproOpHOH nHdoOpMamn
WICIIOJIH30BAJIN JTaHHBbIE HE3aBUCHUMBIX MCCJIE€IOBAHUM, KaK W3 JIMHI'BUCTHKH, TaK U U3 JIPYTUAX
HAYJIHBIX 00JIacTel, HAIPUMED, U3 UCTOPUU, TEHETUKN U apXeoJoruu. B pamMkax 3Toi Momenn
OBII0 IPOBEJEHO UNCJIEHHOE MCCJIEJOBAHNE PACIIPOCTPAHEHHS JIMHIBUCTUIECKON NH(MOPMAIUN B
HEKOTOPOM MOJIETbHOM HHJIIOEBPOIEHCKOM sI3BIKOBOM COOOIIIECTBE, B TOM YHCJIE HA HAYAJIHBHOM
sTare ero ¢popmupoBanusd. JJaHbl pe3yabTaThl IPEIBAPUTEIHLHOTO TEOPETUYECKOTO aHAJIN3A U
KOMITBIOTEPHOI'O MOJIEJINPOBAHUS. YCTAHOBJIEHO, UTO JIaHHAS MaTeMaTHUIecKas MOJENb IIPOIecca
pacIpoCTpaHEHUs U M3MEHEHUsI JIMHIBUCTUIECKON NH(MOPMAINY JEeMOHCTPUPYET KaK PEryJIspHOe,
TaK ¥ THIUYIHO XaOTHIECKOe MOBeJicHNe. B KauecTBe OHON M3 KOTMYIECTBEHHDBIX XaPAKTEPUCTUK
paccMaTpUBaEMOI0 HEJIMHEHHOrO IPOIeCcca PACIpPOCTPAHEHUs JIMHIBUCTUIECKON HHMOPMAIUN
IpeJJIO’KEHO PAacCMAaTPUBATE YHUCJIO BO3HMKAIOMNUX ITUKJIOB B KaYeCTBE UHCJIA BO3HUKIINX HOBBIX
A3BIKOB B JJAHHOM SI3LIKOBOM COO0IIIECTBe. Pe3yIbTaThbl KOMIIBIOTEPHOTO MOJECIHMPOBAHUS ITOKA3bI-
BAIOT, YTO U3 JBYX OCHOBHBIX THIIOTE3 (DOPMUPOBAHUS TPAWHIOEBPOIIEHTIEB — AHATOMNHCKON 1
Kyprannoit — nocseiHssI JIydilie COOTBETCTBYET IOJIyYEHHBIM HAMU BPEMEHHBIM OIIEHKAaM.

KuroueBrble ciioBa: MaTeMaTHYecKas MOJIeJb, HeJIMHEHHOe ypaBHEHHE, MaTeMaTHIeCKast
JIMHTBUCTHUKA, NHI0EBPOIeCKNe S3bIKU, UHI0EBPOIIeiicKas XPOHOJIOT U, UH/I0eBPOIIEiiCKoe pac-
npoctpanenne, Anaronmiickas u Kypranuast rumoressr

1. Bsenenne

B macrosmeit pabore paccMOTpeHa IWHAMUYIECKAs CUCTEMHAST MOJIE/b, OMUCHIBAIO-
mas paclpoCTPAHEHNE W U3MEHEHUE <«JIUHIBUCTUICCKOW MHMOPMAIUN» B HEKOTOPBIX
coobmecrsax [1,2]|. B pamkax 91oit Mojiesin GbLIO IIPOBEJIEHO YUCJIEHHOE UCCIIEI0BAHIE
pacrpocTpaHeHust JIMHIBUCTAYIECKOH MHMOPMAINK B HEKOTOPOM MOJIE/ILHOM HUHIIOEBPOTIEH-
ckoM (E) a36IKOBOM COOBITECTBE, B TOM YHUC/I€ HA HAYAJBLHOM 3Tale ero (pOpMUPOBAHMUS.

O06bIYHO 111 HHGOPMAIK KCIIOJIB3YIOT Cleyiollee onpeaeacaue. Hrdopmaryus — 910
(ot star. informare — coobImaTh, H306parXKaTh, COCTABJIATH HOHIATHE 0 4éM-1100; informatio —
pas3bsiCHEHNE, U3JI0ZKEHUE) CBEJIeHHsI, COJIEPKAIIIecss B KOHKPETHOM BBICKA3BbIBAHUU U
pecTaBIsgionmue coboii 00LEKT Tepeadn, XpaHeHusd, epepaboTKe, BOCIIpOu3BeieHusd. B
6oJ1ee Y3KOM CMBICIIE IO, AUH2EUCTNUNECKOT UHPBOPMAYUET MOTYT IOHUMATHCS, HAIIPUMED,
ceMaHTUKa (ONpeJIe/isseT COOTHOIIEHNEe MeXKly CJOBAME M MX 3HAYCHUSIMHU) U IPAMMATHKA
(mpaBmIIa, BhIpaKatoIine obIue CHHTAKCHYeCKHe CBONCTBA CJIOB U I'PYIII CJIOB, TO3BOJIsI-
IOIUe TPOU3BOJUTD U/UJIH OLUCHIBATH [IPABUJIbHBIE IIPEJJIOZKEHNUsI sI3bIKa) HEKOTOPOI'O
sI3bIKA; B MPUHITAIIE 9TO MOXKET ObITh U KOJMYECTBO I'PYIII A3BIKOB, WJIM IIPOCTO UHUCJIO
SI3BIKOB B HEKOTOPO# S3BIKOBOI ceMbe.

Bugyprayus (or maruacKoro bifurcus — pasaBoeHHBIN) — HOsSIBIIEHIE HOBOI'O Kade-
CTBa B [OBEJICHUN JMHAMUYIECKON CHCTEMBbI TIPU MAJIOM M3MEHEeHHH eé mapamerpos [3,4].
Ecnu mpu mepectpoiike 00beKTa OH HE M3MEHSIeTCS BO BPEMEHM, TO BMECTO TEPMUHA «OU-
Pyprayus> MOXKHO HCIIOJIH30BATh TEPMUH «kamacmpogas. [Ipu budypKramm mporucxoauT

Crarbsa nocrynuia B pegaknuio 20 asrycra 2016 r.



38 Bectuuk PY/IH. Cepust Mamemamuxa. Ungopmamura. Qusuxa. Ned, 2016. C. 37-48

IepecTpoiika XapakTepa JIBUKEHHSI UCCIIeTyeMON CHCTEMBbI, HalpuMep, pU3ndecKon, Xu-
MUYeCKOH, 6roornaeckoil mwin conuaabuoit. Hepeako Tpebyercss TOIBKO OrpaHU<IeHHBII
00bEM mHMOPMAITIY, TPUIEM KAIECTBEHHOTO XapaKTepa, KOTOpas U IPEICTABJIAET OCHOB-
HOU MHTEePeC IIPU U3YUeHNN KOHKPETHBIX 00LEKTOB U OIMCHIBAIONINX UX CUCTEM yDaBHEHUI.
Budypkarnun npoucxogsar B Toukax oudypkanuu (KpUTHIECKHE TOYKNA); IPU ITHX 3HATE-
HUAX HapaMeTPOB CHCTEMBI OHA MEHSAET CBOE IOBEJIEHNE, — ITPONCXOIUT KadeCTBEHHOE
M3MEHEHUEe CBOMCTB CHCTEMbBI. EC/IM COCTOSHIE CUCTEMBI MOYKHO OIMCATH HEKOTOPOI Io-
TEHINAJTBHON (DYHKIHENR, TO B OnypPKAIIMOHHOM MHOXKECTBE MPOUCXOIUT IIEPEXOJ] U3
OJIHOT'O JIOKAJIbHOIO MUHUMYMa, (YCTOWYIMBOE COCTOSIHME CHCTEMbI) B JIPYToii min (ha3oBblil
IIepexos,.

IIpu mocTpoennn maremMaTuaecKux Mojesell pacIpOCTpaHEHUs U U3MEHEHUs JIMHTBU-
CTUIeCKON WHMOPMAINT B S3BIKOBBIX COOOIIECTBAX B KAYECTBE alpUOPHOH nHMOpMAITT
HCIIOJIb30BaJU JaHHbIe He3aBUCUMBIX MCCAEJOBAaHUM, KaK U3 JIMHI'BUCTUKHU, TaK U U3
JIPYTUX HAYYIHBIX 00JIAcTell, HAIpUMED, U3 UCTOPUM, FeHeTUKH u apxeoyoruu [5-20).

B craTbe mambl HEKOTOPDLIE PE3YJIBTATHI IPEIBAPUTEIHLHOIO TEOPETUIECKOTO aHAIN3A
¥ KOMITBIOTEPHOTO MOJIEJITMPOBAHUS. YCTAHOBJIEHO, YTO JAaHHAS MaTeMaTUIeCKas MOJIETb
IIPOIlecca PACIPOCTPAHEHNUS U U3MEHEHUs! JINHI'BUCTUYIECKOH MHMOPMAINY TEMOHCTPUPYET
KaK peryjagpHoe, TaK U TUIIMYHO XaOTUYEeCKOe IIOBe/ICHIE.

2. Junamundeckasi HeJMHEHHass MO/IeJib PACHPOCTPAHEHUS U
M3MEHEeHUsl JIMHIBUCTUYCCKO nHdopManmum B coobIecTBe
(ZpeBOBUAHAST MOIEJIb)

JlunaMuteckast MOJIESIb PACIPOCTPAHEHNS M U3MEHEHUs! «JIUHI'BUCTUYIECKON nudopma-
[UK» B COODINECTBE MOYKET ObITh OIMCaHA HeJUHEHHbIM ypaBHenueM [1,2]:

L1 = lay L (M — 1) + aa(M — I,,)*]\, (1)

rje I — BesmvmHa aHAJIM3UPYEMOl JTMHrBUCTHYECKON naopmanun, m = 1, 2, ...(m =1
COOTBETCTBYET IIEPBOMY «U3MEPEHUIO», T.e. | — HadaJabHOe 3HaUeHne JTaHHOU MHQOP-
MAI[IH, HAIIPUMED, B HEKOTOPBIil HAYAJIbHBII MOMEHT BPeMeHH t1); a1 — KO3 durment,
XapaKTepPU3yOIIil pacipoCTpaHeHNe JIMHIBUCTUYIECKONH MHMOPMAIUN TPU KOHTAKTAX
«HE3HAIONNX» CO «3HAIOMUMU» JAaHHYIO HHpopManuio I,; as — KO3MDPUITNEHT, XapaKTe-
pU3yIONuil BO3IefiCTBIE TOIBKO Ha «HE3HAIONuXy; M — MaKCHMaJbHOE 3HAUYEHNE TAHHOM
JITHTBUCTUYECKOI MH(MOpMAaIun; A — napaMerp 3ajadu (B COOTBETCTBUH C T€OPHEil Ka-
TacTpod OH MOXKeT OBbITh HA3BaH yUPABJIAIOIIUM HapamerpoM). Hesmueiinoe ypaBaerne
(1) mo3BOJIIET MCCJIEOBATH MIPOIECC MU3MEHEHUsS PACIPOCTPAHSIIONIEHCs JTMHIBUCTUIe-
cKo#l mHpOpMAITNN, KaK B 3aBUCUMOCTU OT BPEMEHU, TaK U OT MAapaMeTPOB BXOISIINX B
naHHOe ypaBHeHue. JIaHHOe ypaBHEHUE U €ro BAPUAHTHI MOTYT HCIIOJIb30BATHCS B YACTHO-
CTH TIPU UCCJIEIOBAHUE IIpoTiecca 0OyIeHusI, HATPUMep, JeTei B3POCIbIMUA B HEKOTOPOM
JIMHI'BUCTUYECKOM COOOIIIeCTBE.

[TpeoGpasyem ypasrenue (1) K ciemyiomemy BuLy:
y=Mz(l—2x)+ Ax(l — :c)Q, (2)

rJie cleJiaHa 3aMeHa epeMeHHbIX: Y = I, 11 /M, x = L, /M;u Ay = a1 M A, Ao = agM\ —
HOBBIE yIIpaBJsiomne mapamerpsl cucreMbr; 0 < x < 1.

Tunuassiit rpacduk 3asucumoctu dyHkiwn y(x) npuseaén na puc. 1. Buaxo, garo
MaKCUMyM (PYHKIUHA Ymax <= 0,83 HAOIIOMAETCI IPU T = Tpyax ~ 0,44. Ilpu yBesmaennn
napamerpa A1 € (0,4) B cucreme HaGIIOIAIOTCS CieLyonpe 3aKkoHoMepHocTH. [Ipn Ay < 1
y(z) — 0 (urepanun I, cxonarcs Kk I* — 0,3 — ycroiiunBas HelOABUKHASI TOYKA, CM.
puc. 2).
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Puc. 1. I'pacduk 3aBucumoctu dbynkmun y = \z(l —z) + Xoz(l —z)*; A1 =3 1 A2 = 0,3
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gt ] 5 10 15 20 25 30

m

Puc. 2. T'paduk 3aBucumoctu GYHKIMHA Tri1 = MZm (1 — Tm) + AoZm (1 — 2,,)? oT m
npu A1 = 0,21, A2 = 0,56 u p = 0. Habmonaercs muka S*

IIpu manbHeiieM pocTe yIpaB/ISIONIEro MapaMeTpa Ap IPOUCXOAUT OUdypKAIUs:
Touka [* — 0,3 Tepser yCTONYNBOCTD, a BHOBb IIOSBHUBIIAACI TOYKA CTAHOBUTCS YCTOI-
quBOil (MTEpUpOBaHHBIE 3HAUYEHUs [, — const, T.e. TUHAMUYECKUN DEXKUM SIBJISIETCSI
CTAIIMOHAPHLIM WM UMeeT TIepHoJl, PaBHbI euHuIe — Hab/momaeTcs maka St).

HampHeiimee yBeJudueHne mapaMeTpa A CHOBa MPUBOJUT K U3MEHEHUIO CHCTEMBI:
npoucxoauT 6udypKalys yABOeHHs! epro/ia (HeloABUKHAST TOUKa, paciierisiercst u I,
OCHUJLIUPYET MEXKIY JABYMs 3HAYEHUSIMHU, 0Opa3yIOMUMHI YCTONYUBbIA aTTPaKTOp C [Iepu-
osiom 2). B sTom ciydae orobpaskenue (2) umeeT yCTOHYUBLIN MUK ¢ leprojioM 2: S2

(ca. puc. 3). Ilpu maabHeiImeM yBeIMUeHIN TapaMeTpa A\; BOSHUKAIOT IUK/IBI BHaa S2
St 52 64 68 §16632 864 mma (tmep=0,1,2, 3,4, ...). B pesynbrare Mo:KHO
HaOJIIOIATH BETBSIIUIICS MPOIIECC: NCXOMTHAS BETBb PA3Je/AeTCs Ha JIBe, HOBBIE JBE CHOBA
JeJIATCS Ha JBe U T. 1. 1l09TOoMYy, IPUMEHUTEIHLHO K IIPOIECCY PACIPOCTPAHEHUS JINHIBH-
CTUIECKOI MHMOPMAITUH 3Ty MOJIETh MOXKHO €I1¢ HA3BATh MOJIEJIBIO «JIePEBay M0 AHAJIOTHH
C POJIOCJIOBHBIM JIEPEBOM (B aHIVIOA3BIMHON JIATEPATYPEe MOJMOOHBIE MOJIEJN HA3BIBAIOT
“tree-model”). IIpu TakoM mojxojie B Ka4ecTBe OJHOI M3 KOJIMYECTBEHHBIX XapaKTepu-
CTHK PacCMaTPUBAEMOTO IIPOIECCa PACIIPOCTPAHEHUs «JIUHIBUCTUICCKON MHMOPMAIIT»
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MOZKHO PACCMATPUBATH YHUC/IO BO3HUKAIONINX IMKJIOB S B KAueCTBE YHC/IA BO3HHUKIIIX
HOBBIX I3LIKOB (MJIM JMAJIEKTOB) B JIAHHOM SI3BIKOBOM COOOIIECTBe; Tak Kbl S1, S2,
S4, 88, §16. 832 naror coorsercrsenno: 1, 2, 4, 8, 16 u 32 sa3bika. Torua BrOJHE ecTe-
CTBEHHO MOXKHO BBIODATh HEKOTODBIil «BHYTPEHHUIT» (<«BCTPOEHHBIN» ) MacIITad BpeMEH!
B JIAHHOM IIPOIIECCEe, & UMEHHO — BOCITOJIb3YEMCsl U3BECTHBIMU B JIMHTBUCTHUKE JIAHHBIMU:
KaXK/JIbIfl TIUKJI B JUHAMHUKE JITHTBUCTUYIECKOTO COOOIIECTBA COOTBETCTBYET HA BPEMEH-
Hoil mKkaJse BejmanHe 500 jleT — BpeMsi PACXOXKJIEHUST JIBYX POJICTBEHHBIX SI3BIKOB (CM,
nanpumep, [10]). Takum o6pasom, naHHAsT HEJMHEHHAST MOJIEJIb, TJE €CTh BETBAIINECS
(IpeBOBUIHBIE) TUKJIBI TUIIA S2" | 1103BOJISIET HAM HCIIOJIB30BATH B KAYECTBE BPEMEHHOIO
MacITaba arpruopHYO0 JUHTBHCTUIECKYIO MH(MOPMAIINIO O BPEMEHH PACXOXKICHUS A3BIKOB.
Hampuwmep, Mexy mukiamu S2 u S* paccrosiaume 1o spemenn cocrasisier 500 Jier, npu
STOM KasKJIBIil U3 JBYX S3BIKOB IIPEIIMIECTBEHHIKOB B ICXOIHOM IMK/e S2 pasoméics 3a
500 steT Ha 2 HOBBIX, POJICTBEHHBIX MCXO/HBIM, SI3bIKa (JIB€ HOBBIE JIMHI'BUCTHYIECKHUE 110~
LyJISIUK), U B UTOre uxX crajio 4; u 1. 7. OTMeTHM, 4TO HA HAYAJBHBIX ITAIlaX Pa3BUTHUS
SI3BIKOBOT'O COOOIIECTBA, 3TO, BO3MOXKHO, MOTYT OBITH U SI3BIKOBBIE CEMbU MJIU SI3BIKOBBIE
apeaJibl TUIA «CATEM-KEHTYM>.

Xt T T T T T

07

06— B

04— 7

1 1 1 1 1
0z
0
m

Puc. 3. I'paduk 3aBucumoctet GYHKUUANA Tmt1 = M Zm (1l — Tm) + A2xm (1 — xm)Q oT m
opu A1 =3, Ao = 0,3 u p= 1. Habarogaercs: uka S>

Veroitunpeiii muka S* mokazan Ha puc. 4. MOXKHO TakKe IOCTPOUTH (DyHKIIIO
y=1r ( f(x)), xoTOpas mepecekaeTcs ¢ NpAMOI Y = T B TOUKAX, HPUHAJIEIKAIIIX IIHKILY

S4 (OHM ¥ OIpeeA0T JaHHBI IUKI). JagbHefmuil pocT yupas/sonero napaMerpa
A1 T03BOJIsIET HABJIIOJATH [IEPEXOJl CUCTEMbI B XAOTUIECKUil PeKUM (CM. pUC. b): Herepu-
OJINYIECKUil, CIIyUaiTHbIA IPOIECC BO3HUKAET KaK MpeJesl BCE 60jiee CI0KHBIX CTPYKTYP
(muktoB Buma S2°). Takum o6pa3soM, XaoC BOSHHKACT KaK IIPEIE] CBEPXCIIOKHOM Op-
ranu3anuu. HakoHer, Ipu HEKOTOPOM 3HAYEHUHN YIIPABJISIONIETO TapaMeTpa A; — Aco
orobpazkenue (2) 1aér yKe HeepHOJANIECKYIO MOCIeI0BATEIbHOCTD Y(X) THIA IUKJIA
Tm+1, HOKA3aHHOTO Ha PHUC. 5.

Mex 1y TTOPSITKOM U Xa0COM HADJIIOIAeTCs IIyOOKasl BHYTPEHHsIA CBs3b. 11om100HbIe 3a-
KOHOMEDHOCTHU CYIIECTBYIOT B JIFOOBIX CHCTEMAX, IJle HAOJIIOAI0TCS [I0CIEI0BATEIHHOCTH
6udypkanuii yasoenns nepuoga [1-5]. Ananus 3aBucumocreii, AaHAJOTUYHBIX TI0JLY I€HHBIM
BBIIIIE, IPU MIIPOKOM BaPHUPOBAHUY TAPAMETPOB IIO3BOJISIET YCTAHOBUTH ODJIACTH M3MEHE-
HUS [1aDAMETPOB CUCTEMBI U COOTHOIIEHNE MEXKJIy HUMH, IPU KOTOPBIX IIPOUCXOUT KaK
[IEPEXOJT, OT CTAIMOHAPHOTO K IIEPUOJIMIECKOMY, & 3aTEM XaOTHIECKOMY MOBEJICHUIO CH-
CTEMBI, TaK U MOCJIELYIONUI BO3MOXKHBIN TEPEX0 — OT XA0TUIECKOTO K CTAIMOHAPHOMY
WJIU [IEPUOIUIECKOMY ITOBEJIEHUIO.
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Puc. 4. T'paduk 3aBucuMoctu GYHKIMA Trmi1 = MZm (1 — Tm) + Aoz (1 — 2,,)? oT m
npu A\ = 3,2, Ao = 0,4 u p = 2. Habmogaerca muka S*

o1

0o —

LELS ~

Puc. 5. I'paduk 3aBucuMoctu GYHKIMHA Trmi1 = MZm (1 — Tm) + Aoz (1 — 2,,)? oT m
opu A1 = 3,2, A2 = 0,6 u 1 < p < 400. B cucreme HabaogaeTcs xaoc

Wcnonp3yeM 1oty deHHbIE BBIIIE TAHHBIE IPU YHCJICHHOM HCCJIEIOBAHIN PACIIPOCTPAHE-
HUsI U U3MEHEHUs JIMHIBUCTUIECKON MH(MOPMAINU B HEKOTOPOM MOJIEIBHOM UHIOEBPOTIeii-
ckoM (E) 136IKOBOM €OOBIECTBE, B TOM YHUC/I€ HA HAYAJLHOM 3Tale ero (pOpMUPOBAHMUS.
[Tpu sroM GyieM mosiaraTh, 9TO BpeMs Hadasa pasjieseHus (T.e. 10 CyTH «ACYe3HOBEHUST» )
runorerndeckoro npansgoesporneiickoro (ITME) s3bika (B aHIIOSA3BIMHOI JInTEpAType UC-
nosb3yercst repmuH Proto-Indo-European language — PIE) npousonuio npubinsnreibHO
e nozaaee 6500 (Kypranmas runoresa) min me nosgunee 9500 (Amarosmiickas rumoTesa)
ner Haszaz [5,14].

3. Pe3yJIbTaTbI I CJI€HHDBIX paC‘-IéTOB n nxX aHaJIn3. BLIBO,[[I)I

Hwmxe na puc. 6, 7 npuBesensl HanboJiee XapakKTepHbIe U3 MMOJIYIEHHBIX HAMU Pe3YJib-
TaTOB MOJIEJINPOBAHUS B PaMKaxX JAHHON HeJnHelHo! Mojenu. Buino, 9YTo HA HAYAIBHBIX
Tanax pPa3BUTHUS JIMHIBUCTUIECKON CHCTEMBI B HEl MPe0ob/IaIaeT Xa0THIECKOe COCTOsI-
nue. [lpu najpHeiimeM pa3BuTum JTUHIBUCTUIECKOTO COOOIIECTBA BHYTPHU 0bJIacTeil Xxaoca
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MTOSABJISIIOTCS OKHA TIEPUOIMIECKOTO JIBUKEHUST: y3Kne — Ha IrpaduKkax CjaeBa U JIOCTATOU-
HO TPOTSAKEHHBIE — Ha TpaduKax ClpaBa. BUIeH mepexol OT Xa0TUIECKOTO «IBUXKEHUS»
JIMHAMUYECKOI CUCTeMBI K MEPUOINIeCKOMY (IIPOSIBJIEHHE OINPEJIEIEHHBIX CAaMOOPIaHU-
3YIOIUX CBOWCTB JAHHOI crcTeMbl). Mbl CBA3bIBAEM IPEIIOIOKUTEILHO UMEHHO ITOT
nepexo/| ¢ HavajioM (hpOpMHUPOBaHMsT COOCTBEHHO MHJIOEBPOIEHCKUX sI3bIKOB (Kora AHa-
TOJINACKasT BETBb YK€ OTJIEJIMIIACD), T. €. M3BECTHBIX HAM Ceii1ac COBPEMEHHBIX SI3bIKOB
9TOM sI3BIKOBOM ceMbu. HavdampHBIN K€ MepHUojl, Mbl CIUTAEM, COOTBETCTBYET EPUOIY
COBMECTHOI'O Pa3BUTHUsI IPEJKOB JAHHBIX A3BIKOB JI0 MX OKOHYATEJIbHOIO pasjiesieHus (B
IPOCTPAHCTBe U BO BpeMeHHn). Kak ciieyer u3 rpaduKoB, IPUBEJIEHHBIX CJIeBa, JUAIA30H
Xa0THYIECKOTO «JIBUKeHUsT» HaOJonaercs or 0-ro 10 H—6-ro «mokoseHust» (MTeparyn mo
m), T.e. npuMepHo ot 6500 10 2500-3000 ser Hazax. Y rpaduKOB, IPUBEICHHBIX CIIPABA,
IMANa30H Xa0TUIeCKOTO «IBUYKEeHMI» Takxke nabsomgaercd oT 0-ro 1o 5—6-ro mokoseHus,
HO B JJAHHOM CJIy4ae OH COCTaBJseT mpuMepHO oTpe3ok oT 9500 mo 6500-7000 yseT Hazam.

(a)

Puc. 6. I'paduk 3aBucuMocTé GYHKIUT Tyt 1
(a) — mpu mapamerpax: A1 = 3,2 u A2 = 0,62, Ha4aIbHOE 3HAYEHUE T( = 1074
AL =32 u Ay = 0,59, HauagpHOE 3Ha4YeHHe To = 107*

(b) — npu nmapamerpax:

(a)

T T T O T TR TR |
9 10 11 12 13 14 15 16 17 18 19 20

(b)

=XNZm(1 = 2m) + Aoxm (1l — 2,,)* oT M2

9 10 11 12 13 14 15 16 17 18 19 20

(b)

Puc. 7. I'paduk 3aBucumocTun GYHKIUA Tri1 = A1 Zm (1l — Tm) + Aozm (1 — 2,,)? oT ms
(a) — npu mapamerpax: A1 = 3,2 u A2 = 0,62, HayaIbHOE 3Ha4YeHUE To = 1;
(b) — npu mapamerpax: A1 = 3,2 u A2 = 0,59, HayanBpHOE 3Ha4YeHUE T( = 1
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Amnayi3 npuBeIEHHBIX Ha puC. 6, 7 3aBUCUMOCTE ¥ CpaBHEHHE IOy IEHHBIX U3 HUX
BPEMEHHBIX OIEHOK C JJAHHBIMU HE3aBUCUMBbIX HCCIe0BaHuUil 5] 1103BOIIsIET ¢/1es1aTh BBIBOJ,
4qT0 rpaduku ciieBa 6oJbie cooTBeTCTByeT Kyprannoii rumorese, a rpaduKu cipaBa —
Amnarosimiickoii. 3J1ech ClIe/lyeT CIeaTh OJHO BaXKHOE 3aMeYaHue: KOJMIECTBEHHOE U
Ka4eCTBEHHOE MU3MEHEHHS PACCMATPUBAEMONU MOJIEJIN TPOUIOIIIN IPU HE3HAYUTETHHOM
KOJITYEeCTBEHHOM U3MEHEHUU OTHOTO TIapaMeTpa, a UMEHHO: Ay n3MeHmIoch ¢ 0,62 1o 0,59,
T.e. Bcero B 1,05 pasa, mim npumepso Ha 5%. Kax cienyer uz paccMoTpeHus JaHHOI
MAaTEMATHYIECKON MOJen, BCero 5% MOTrYT CTaTh PENIAIONAMA B MCTOPHH DPA3BUTHS
HCCJIEJLyEMOTO JIMTHI'BUCTUIECKOTO COOOIECTBA.

Teneps npuBeEM JTaHHBIE, CIEAYIONIAE U3 APYTOH OIEHKN BPEMEHHBIX PAMOK BO3HUK-
HOBEHUs U PA3BUTHUs SA3BIKOB U UX ceMeil. I3BeCTHO, 4TO ceifdac CyIIECTBYET, 110 PA3HBIM
nauabiM, ipumepro ot 6000 10 8000 si3b61K0B [9,11], n3 KOTOPBIX COGCTBEHHO MHIOEBPO-
nefickux cefivac npumepro 300-500 si3pikos. Ilo ganubM [11], KUBBIX HHIOEBpPOLEHCKHIX
SI3BIKOB ceffuac npumepno 445. B [12]| cupaBeiinBo OTMEUEHO O YnCIIe KUBBIX S3bIKOB:
«B mocsieiHell Bepcun MexK Iy HapOJIHOTO JIMHIBUCTUIECKOTO KaTajora “Druojor’ [11] mpu-
BoguTcs nudpa B 7106 eanHuil, HO aOCOTIOTHON TOYHOCTH 3/1€Ch OBITH HE MOXKET, IIOTOMY
9TO HE CYIIECTBYET €IUMHOI0 CTPOrOro KPUTEepHs, KOTOPHIN TO3BOJISLII ObI OIPEIETUTD, TIe
KOHYAIOTCS JINAJIEKTHI, TO €CTh PErMOHAJIbHBIE BAPUAHTDI, OTHOTO S3bIKA U HAYUMHAIOTCS,
CcOOCTBEHHO TOBOPsi, PA3HBIE SI3BIKU».

IIpuBeiéHnEbIE JAHHBIE TIO YHUCIY A3BIKOB MO3BOJISIOT MOJYYUTH CJIEYIONINE BPEMEH-
HbIE OIIEHKHU, B OCHOBE KOTOPBIX JIEXKUT CJEJAHHOE BBIIIE TPEIIION0XKEHNE: UCIIOIb30BAHNE
JIAHHO} HEJIMHEHHON MOJIEIH, Ie eCTh MUKJIBI BUAa S2 | [O3BOJISET HAM IIOJIyIHTH HE
TOJIBKO «BCTPOEHHBI» BHYTpPEHHUI BpeMeHHO# MaciiTab ¢ marom B 500 Jiet, HO u ompe-
JEeJINTh BPEMEHHYIO «JJINHY» JaHHOUW JUHT'BUCTUYECKON BPEMEHHOU «JIMHEWKU», BIOJIb
KOTOPOI pasBUBAETCSI IMHAMUKA WCCJIEIyeMO JIMHTBUCTUYIECKOM cucTteMbl. JleficTBuTe b
HO, JjIs IIUKJIOB BUIa S 2p, rne p=0,1,2,3,4..., umeeM CHeyIONINIl PsiJi BHAUECHUHN JIJIsT
YUCJIa, A3BIKOB L, COOTBETCTBYIOIIETO JIAHHOMY PSJIy MMOCJIEI0BATEIbHBIX UX YABOECHUM,
Ha4YMHAs ¢ OJIHOTO Bo3MoKHOTO UK mpasi3bika, mepBOOCHOBHI Bcex coBpeMeHHbIX UE s3bI-
KoB: 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048 u 1. 1. Ncxoms u3 3TOr0 HECJIOKHO
MOJIYIUTD CJAEIYIONYI0 TPOCTYIO0 (POPMYIIY JIJiss OIIEHKU BO3MOYKHOI'O UHC/Ia SI3BIKOB B
TAaKOM JuHaMuIecKoM mporecce: L = 2P, Orkyna mosydaeMm (popMysty Jijisl YUCTEHHO
OIIEHKH KOJIMYECTBA COOTBETCTBYIOIINX JIAHHOMY HUCJy $3bIKOB IMKJIOB p: p = logsy L.
Hanpuwmep, amaa 6000 Bcex #3bIKOB mnosydaeMm: p = log, 6000 ~ 12,55, T.e. upumepHO
13 nokosrennit (kax u jyrst 8000 si3b1koB: p = logy 8000 ~ 12,97), 4T0 COOTBETCTBYET IPU-
MepHO BpeMeru 13 - 500 jsier = 6500 JteT. ToabKO /1T UHI0EBPOIEHCKNAX SI3BIKOB UMEEM:
p = log, 500 ~ 8,97, 1. e. npumepHo 9 nokosenuit niau 4500 yer. Y4U€T BEPOATHBIX UCUE3-
HYBIIUX $3BIKOB W BCEBO3MOYKHBIX JNAJEKTOB YBEJIUYIUAT ITHU OIEHKH, OCODEHHO B CIydae
BCEX SI3BIKOB, UTO BIOJIHE ecTecTBeHHO. C 9TO# TOUKM 3peHusi MOXKHO PACCMATPUBATD JIaH-
HbIe OIEHKN KaK OIEHKW BPEMEH, KOT/Ia PA3JIUIHbIE A3BIKA OKOHUATEIbHO PA3OILIUCD.
Jl1s yTouHeHusT MOIEIN MOYKHO UCIOJIB30BATH CJICIYIONH (haKT: MbI IPE/IITOIAraIn Bbl-
1e, 9T0 B HaYaJbHbIH 1epuos (or 0-ro 10 5—6-ro noko/enus) ObLI BOBMOXKEH HEKOTOPBIi
[IEPUOJT, COBMECTHOT'O Pa3BUTHUS IPEIKOB JIaHHbIX VE s3bIKOB JI0 X OKOHYATETLHOIO pa3-
JlesieHnsi (B IPOCTPAHCTBE M BO BPEMEHM ), KAK BHYTPH CBOE MHI0EBPOIEHCKON ceMbH,
TaK U, BO3MOXKHO, C JIPYTUMHU S3bIKOBBIMU CEMbsAMHE. BIIOJIHE BEPOSATHO, YTO B 3TOT IEPU-
0/J1 3aBEPIIIJIOCHh OKOHYaTeIbHOE pazjiesienne ME-ceMbn a3bIKOB ¢ Y pajibCKON A3BIKOBO
CeMBEI, B YaCTHOCTH ¢ (PUHHO-YTOPCKUMHY SI3BIKAMIU.

Kak BumHo u3 rpaduKoB, MOJTyIeHHBIE PE3YIHTATHI KOMITBIOTEPHOTO MOIETUPOBAHUST
XOPOIIO COOTBETCTBYIOT IO BPEMEHU JIBYM OCHOBHBIM T'HIIOTe3aM O (DOPMUPOBAHUU ITPOTO-
unjoeBponeitnes: Anarosniickoit u Kypraunoit [5,14|. Hanomaum KpaTko 06 9THX JBYX
runiore3ax. Anamoautickas eunomesa JIOKAJIM3yeT WHIO0EBPOIEHCKYIO IPAPOINHY B 3a-
najoit Anarosmu (coBpemennast Typrwst). Janubie, noaydenusie I'peem n ATKuHCOHOM
MeTofaMu 6afleCOBCKOrO aHAJIN3a, [0 UX MHEHUIO, YKA3bIBAIOT HA BO3PACT MIPAMHIOEBPO-
refickoro s3bpika B naHTepBaJse oT 8000 mo 9500 JieT m Ha aHATOJIMIICKOE ITPONCXOKIEHIE
si3bika (cM., Hanpumep, [13]). Kypeannaa eunomesa 6puta npejyioxkena Mapueit 'mvGyrac
B 1956 r., 9TOOBI COEIUHUTE JAHHBIE APXEOJOIMIECKUX U JIMHTBUCTUIECKUX MCCIIET0BAHMIA
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JIJIsI OIpeJie/IeHns] MECTOHAX0XK IEHUsI IPAPOIMHBLI HAPOJIOB HOCUTEJIEH TPpanHI0eBPOIIeii-
CKOrO si3bIKa. ['mioresa sBjsgeTcs HauboJjee MOIYyJIPHON B OTHOIIEHUN IIPOUCXOXKACHUS
IINE. Tlo Heit mpoTOWHI0€BPOIIEICKIE HAPO/IbI CYIIECTBOBAIN B IPUIEPHOMOPCKUX CTe-
nsx u roro-socrounoit Espone npumepso ¢ V 1o III teicsiuesierne 10 H.9. (& BO3MOXKHO
u panee) [5,6,13,14, 18]. Baxkueiinmm 3raroM B pa3BUTUHN KyPraHHO KyJIbTYDbI ObLIO
OJIOMAITHUBAHUE JIONTAIN U MUCIIOJIb30BAHNE MTOBO30K, UTO CIEJIAI0 HOCUTEEH KyIbTYPhI
MOOUJTBHBIMU U CYIIIECTBEHHO PACHIMPUIIO X Biusiaue [6,14]. dror dakt ObLI 1m0I0KeH
HaMU B OCHOBY IIPU MOCTPOEHWM HAIKUX TEOPETUIECKUX Mozeneii. B wactaocTn, npu Kom-
IIBIOTEPHOM MOJICJIUPOBAHUHU COOTHOIIEHNE KOIMDDUIIUEHTOB A1 U Ay BBIOUPAJIOCH HCXOJIS
U3 COOTHOINEHUsI CPEJHUX CKOPOCTEN JBUKEHMsI (B KM/4Yac) BCAJHUKOB U1 W IIEIIEXOJ0B
V9 B WHIOEBPOIEHCKUX COODIECTBAX: A1 : Ao X ¥ : ¥ &~ 15 : 3. B KypranHoii rumorese
[I0JIATAETCsI, YTO MPUYEPHOMOPCKUE CTENN ObLIU IIPAPOMHOI TPOTONHIOEBPOIIEHIIEB U 110
BCEMY 9TOMY PErHOHY I'OBOPHJIM HA IO3IHUX JUAJEKTAX IPAMHIOEBPOIEHCKOrO A3bIKA.

Wrak, n3 cpaBHEHUS IOJIyYEHHBIX HAMH JAHHBIX C HM3BECTHBIMU JAHHBIMHU O BO3MOXK-
HOM BO3pacTe IIPanHI0eBPOIEHCcKOro s3bika (B Anarosmiickoit u Kyprannoit rumnoresax)
CJIEJIyeT, 9TO OHU XOPOIIO COOTBETCTBYIOT JAPYr Apyry. Ilpu sToM cpaBHEHHE IOy Y€HHBIX
HAMU JIAHHBIX 10 00EUM IHIIOTe3aM C JIAHHBIMU HE3aBUCHMBbIX MCCJIe0BaTes el (CM., Ha-
npumep, [5]) mozBossier cenaTh OMHO3HAYHBII BBIBOJ O IpejnodrurensHoctn Kypranuoit
runoresbl. eiicrBuresibHO, Kak BHIHO U3 puc. 6, 7 (cieBa), B ciiydae peajm3aliiy Clie-
Hapusl Pa3BUTHsI A3BbIKOB 110 KypraHHo# rumore3e Iepuo, CyIecTBOBaHUs 1—2 SI3bIKOB
cocrasssier ipumepro 1000-1500 Jier (¢ mpumepro 4500 1o 3500 ster HA3a1), YTO BIOJHE
COOTBETCTBYeT, HapuMmep, ganabiM [5]. Ecim caurars, 9T0 mosyyeHHbIe HAME JJAHHBIE
coorBercTBYIOT (hbopmupoBanuio rpyin NE sa3sikoB (Hanpumep, Crassuckast, Vranmii-
ckasi, Kenprckas, epmanckast, Vumo-Apuiickas U JIp., TO CXOACTBO HAIIMX PE3YJILTATOB
¢ pesyabratamu [5| Oymer Gosee mupokuM. B cirydae ke AHATONMIACKON rUTIOTE3BI (CM.
puc. 6, 7 (cupasa)) nepuos cymecrsoBanusi 1-2 UE s3biko (wm rpynn UE s3b1koB)
cocrasiisier ipumepHo 4000-4500 ser (¢ npumepno 7500 mo 2000 et Ha3a.1), YTO HE CO-
OTBETCTBYET Pe3yJIbTaTaM OOJIBIIMHCTBA MOCJIEIHIX UCCIe0BaHuil (cM, HapuMeD, [5]).
Takum 0b6pa3oM, KaK BUIHO U3 IIPOBEIEHHOIO aHAJN3A IOJYyIeHHBIX JAHHBIX, OOJee mpes-
MOYTHUTEILHON B JAHHON MOen sABjgercs Kyprannas rumoresa, IOCKOJIbKY UMEHHO OHa
[IOJTHEE U TOYHEE COOTBETCTBYET JAHHBIM HE3ABUCUMBIX HUCCJIEIOBAHUI.

IIpuBeném ermé pe3yabTaThl aHAIN3a HEKOTOPBIX JAHHBIX, MIOJIYyY9€HHBIX 110 JAHHON JIpe-
BOIO00HO# Momeu. Hampumep, Kak BUIHO Ha I'paduKax cjeBa Ha puc. 6 u 7, BeJIudInHa
«JINHMBUCTUYECKON MHMOPMAIMK» B I€PBOil (BETBSIIENCsT) MOJIEIN TOC/Ie ePexoia OT Xao-
TUYECKOTO «JIBUKEHUST» JTIMHAMUIECKON CUCTEMBI K IEPUOANIECKOMY (IPEIIOIOKUTETHHO
9TO BpeMsa (OPMUPOBAHUST COOCTBEHHO WHIOEBPOIEHCKNX S3BIKOB — JTall MX OKOHYA~
TeJILHOTO pacXoxKieHusi mim dusepzenyuu (divergence); HauaIbHBIN XAOTHIECKUI IEPHO
COOTBETCTBYET HEKOTOPOMY II€PHOIY COBMECTHOI'O Pa3BUTHsI, OIPEIEJIEHHON KoHeepaeH-
yuu (convergence) npeakoB jaHHbIX VE S3BIKOB /10 MX OKOHYATEJBHOTO Pa3/IeJIeHNs)
JIOCTUTAET TEePBhIi pa3 MakcuMyMa Ha 13—14-M mokosieHusix. B aToit 06/1acTu BO3HUKAIOT
IIUKJIBI, TJIEe P MOYXKET IPEBBIMATHL 3HadYeHus 16, 32, 64.

ITomaepkuém, 9TO B majibHERIIEM LIAHUPYETCsl YTOYHEHNe CAeIaHHBIX IIPU UCCJII0Ba~
HUW IIPEJIIIOJIOXKEHMH, a TaKKe BhIOPAHHBIX IIapaMeTPOB, B TOM YHUCJIE C YIETOM HOBBIX
JIMHTBUCTUIECKUX U TEHETHIECKUX TAHHBIX.

Teneps TOCMOTPUM, BO3MOXKHO JIM 9TO-TO cKa3aTh o runoretndeckom [IUE andasure,
a NMEHHO — O 9HCJIe BO3MOXKHBIX «CHMBOJIOB/3HAKOB» (IIH «OyKB») asdaBuTa IPANHIO-
€BPOIIEHIIEB Ha OCHOBAHUU IIOJYYEHHBIX HAMM JaHHBIX. J[JIsi 9TOr0 UCIOJIb3yeM JaHHbIE
9HUCJIEHHBIX PACIETOB BO3MOXKHOIO KOJMIECTBa MHMOPMAIUN IIPUMEPHO Ha 5—7-if uTe-
pamusx 1mo m y rpaduKoB, IPUBEIEHHBIX CJIEBA, IOC/IE Xa0TUIECKOIO «IBUYKEHUS >, T. €.
mpuMepro 4000 £ 500 set Hazamd.

JLJ1st OIIEHKY KCIIOJIb3YeM XOPOIIO U3BECTHYIO B TeOpPUU UHGOPMAIUU (POPMYJITY st
nostHoi mHpopMarmu [y, cojepzkaieiics B HEKOTOPOM coobrnenunn [21]:

Is, = nlog, S, (3)
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rJ1e . — 0obIIee YUCJI0 CUMBOJIOB B COOOIIEHNN (HEIPEPBIBHBIN CUIHAJ 3aMEHEH JIMCKPETHOM
[I0CJIEJIOBATEILHOCTBIO OTCIETOB); ' — YHC/I0 PA3JIMIHBIX CUMBOJIOB aJ(aBuTa.

JJtst 07THOTO M3 TOJIYYeHHBIX B YUCJIEHHBIX Pacuérax I10 IIePBOM MOJe/n 3HadeHus [y, =
523 6ura (ABOMYHBIE €MHUIIBI), IPU HEKOTOPOM (DHKCHPOBAHHOM 3a[aHHOM HAYATIHHOM

sHadenun uHMOPMAIINN B COOGIIECTBe, IIOIydYaeM psif 3HadeHmi aasa S = 212/ mpu
papuaiun napamerpal n: n = 80, Jgo = 93 cumboma; n = 100, F1g9 = 38 cUMBOJIOB;
n = 120, S190 = 21 cumBosos; n = 150, 50 = 11 cumsosios; n = 200, S99 = 6 CIMBOJIOB.
Ckopee Bcero, pasyMHasl OIeHKa S, JIOJKHA OBITH OJimke K Juamnas3ony: , = 11 +
38 cumBosioB. Ha cnejytomeit nreparun 3uadenus [y, BO3pacTaioT, © COOTBETCTBEHHO
BO3pACTAIOT 3HAYEHUS s, .

151 cpaBHEeHUs IPUBEJEM M3BECTHBIE B HAYYHOMN JIUTEPAType JaHHBIE [I0 YHCIY 3HAKOB
B aidaBUTaX HEKOTOPBIX SA3BIKOB.

Qururulickoe NUCbMO — ABJISIETCS OJHON U3 MEPBBIX aJI(PABATHBIX MTUCHMEHHOCTEIR
B Mmupe. [ToaBuitace okoso 3500 ser nazan. OuHUKNNCKAS MICHMEHHOCTD JAJIa HAYAJIO
HECKOJIBKUM BETBAM ajI(paBUTHBIX TUCHMEHHOCTEH, U Ha CETOMHSAIIHIN JEeHb MPAKTUICCKU
BCe asipaBUTHBIE TUCHMEHHOCTH MUPA UMEIOT KOPHU MMEHHO B (DUHUKHUICKOM ITHCHME.
OmmaurebHBIE OCOOEHHOCTH: MCIOJIB30BAJICAd KOHCOHAHTHBIA TPHUHIUI, TO €CTb JIJIsi
3AIMCHU CJIOB MCIIO/IH30BAJIMCH TOJHKO COIVIACHDBIE 3BYKH, & 3HAYCHNE IVIACHBIX OCTABJISIOCH
Ha [MOHWMAaHWe UUTATEJIs; TEKCT 3allUChIBAJICA CIIPABa HAJIEBO. UHMC/IO 3HAKOB B ajidaBuTe:
22.

I'peveckuti angasum. Bpems cozmanus andasura: okono VIII Beka mo n.s. Ywuc-
JIO 3HAKOB B ajipasure: 24 OykBbI. B TOKIaCCHYIECKYTIO TOXY B HEKOTODPBIX TUAJIEKTAX
IPEYECKOTO TPUMEHSIIUCH emé 6 6ykB. OTauunTesibHbIe 0COOEHHOCTU: THUIl TTUCHMa, —
KOHCOHAHTHO-BOKAJINIECKOE; HAIIPABJIEHIE TINChMa — CJieBa Harpaso. lIponcxoxaenne: u3
Quuukniickoro aapasura. ['pedeckuii aadaBuT pa3BUICd B CIEIYIONNE BUIALI THCHMEH-
HOCTHU: TOTCKO€ IIICHbMO, IVIATOJINIA, KUPUJIJINIA, KOITCKOE ITICHMO, apMSIHCKOe IIUCHMO,
TpyCCKmitl ajadaBuT, JATUHCKUN aJiPaBUT.

Laazonuya — OfiHA M3 TIEPBBIX CIABIHCKUX a30yK. S3BIKM: CTapOC/IaBAHCKUI, 1ep-
KOBHOCJIABSIHCKUIl, pAaHHIE CJIABAHCKUE A3BIKH. THUIl MHChMa: KOHCOHAHTHO-BOKAJIMIECKOE
nucbMo. Bpems cozmanus andasura: npumepro IX Bex m.s. Hampasienne nucbma: ciesa
Hanpaso. ducio 3HakoB B ajndasure: 41. IIpoucxoxienne: rpedecknii (huHUKUICKMIA).

Kupuanuya — xupusymmdeckuil (MM KUPUIIOBCKWIT) ajibaBuT; OJUH U3 JBYX (Ha-
psily € DJIAroJmieii) JIpeBHUX ajadaBUTOB JIJIsl CTAPOCIABIHCKOrO A3bIKa. Thl nmucbMma:
KOHCOHAHTHO-BOKAJIMIECKOE TTUCHMO. SI3BIKU: CTAPOCIABAHCKUI, IIEPKOBHOCIABIHCKUI,
pycckuii, cepbekmit, GoarapcKuii, MaKeIOHCKUN, YKPAMHCKII, MOJIABCKUI 1 MHOTHE
apyrue. Bpems cosmanus andasurta: npuMmepHo IX Bek; B COBpeMEeHHOM BHJIE C KOHIIA
XVI Beka. CocraB mepBOHAYAILHON KUPUILINIECKOH a30yKM HEM3BECTEH; «KJIACCHICCKAS»
CTapOCTaBIHCKas Kupuumia u3 43 OyKB.

Canckpum (nesanarapu: samskrta vac, «JmreparTypHbIil S3bIK» ) — JpPEBHUil juTepa-
TYPHBII 361K VIHINU €O CIIOXKHOI CHHTETHIECKOH rpaMMaTuKOi. CaMo CJIOBO «CAHCKPUT»
o3HaYaeT «00pabOTAHHBIN, COBEPIIEHHBIN». Bo3pacT paHHUX MAMATHUKOB JTOXOIAT 10
3500 Jsrer. Knmacenduranus: nugoeBporneiickas ceMbsi, HHIONPAHCKAS BETBb, MHI0APUIICKas
rpymna. EauHol ciucTeMbl TNCHMEHHOCTH JJTsi CAHCKPHUTA HE CYIIECTBYET. DTO 00bICHIETCS
TeM, UTO JINTEPATyPHbIE IIPOU3BEICHUS TIePeIaBaIiNch B ocHOBHOM ycTHO. C mpumepno XIX
BEKa UCIOJIB3YeTCd MICHbMEHHOCTD JieBaHarapu u jap. Kiaccuyeckuit CAHCKpUT HACUYUTHIBA-
et okos10 36 donem?. Ecimn yanTbiBaTh ammodoHbr® (a cucreMa MUChbMa WX YHUTBIBACT), TO

L1I/1s1 TPOCTOTHI IO STHM UHCIOM MOYKET HOHHMATBLCS HEKOTOPOE UHCJIO YCJIOBHBIX «CHMBOJIOBS,
COOTBETCTBYIOIINX YHCJIy 3HAKOB B HEKOTOPOM cIHCKe, Hampumep, B 100-csioBHOM crincke CBogeria.
«CuMBoOIaMU» B JOUCTOPUIECKYIO SMOXY MOIJIX OBITh, HAIIPUMED, KaK (POHEMbI, TaK U IEJIbIE [TPEJJIOKEHSI.

2®onema (OT Ap.-Tped. UVNUC — «3BYK») — MUHUMAJILHAS CMBICIOPA3IAIUTEIbHAS ¢IUHUNA B
sa3bike. PoHEMA HE MMEET CAMOCTOSATEILHOIO JIEKCHYECKOIO UJIU IPAMMATHYECKOTO 3HAYEHUs], OHA CJLY?KUT
LIl PA3/IMYEHNUs] U OTOXK IECTBJIEHUSI 3HAYUMBIX €IMHUIL sI3bIKa, TAKUX Kak MopdeMsbl u cyoBa. Mopdema —
HAUMEHbIIAsl eIUHUIA 3bIKa, UMEIOIasi HEKOTOPBI CMBICII.

3Amnodon (or rped. dAlos — Apyroi, u ¢wrr) — 3BYK) — peasusanus (DOHEMBI, €& BAPUAHT,
0OYCJIOBJIEHHBI KOHKPETHBIM (DOHETUYECKUM OKpYy2KeHueM. B ormuune ot doHembl, ajuiodoH sBIIIETCS
He abCTPaKTHBIM IOHSTHEM, & KOHKPETHBIM PEYEBBIM 3BYKOM.
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oblIiee KOJIMIECTBO 3BYKOB B sA3bIKe yBeanduBaercs 0 48. C y4éToM JIAHHBIX 10 JIPEBHE-
My caHckpury (mpumepHo 3700 jier Ha3a) u3 KHUTU [22] MOKHO OIEHUTh MUHUMAJIBHOE
BO3MOYKHOE 9HCJIO «3HAKOB» B aJI(paBUTE IPa-CAHCKPUTA BEJMIMHOM: = 9.

Kax BuiHO 13 NpuBeIEHHBIX JAHHBIX JJIs 3TUX sI3BIKOB, OHU B OCHOBHOM YJIOBJIETBO-
PSIIOT 3aIaHHOMY Auarna3ony: $, = 11 + 38 cumBoJIOB.

[MostyueHHbIe Pe3yJIbTATHI TIO3BOJISIIOT CIEIATh BBIBOJI, U9TO MPEJJIOKEHHAS HAMU Ma-
TEMATHYIECKAsA HEJMHEHHAA MOJIEIb PACIPOCTPAHEHNS W U3MEHEHUSA JIMHTBACTUYIECKOM
urdopmaru B MojiesibioM NE coobimecTse 10CTATOUHO aJIEKBATHO ONUCHIBAET UCCIIE-
JlyeMoe siBjieHne. Bmecre ¢ TeM MPOBEIEHHOE UCCIEIOBAHNE MTOKA3AJI0, YTO HEOOXOomMa,
JAJIbHERIIas TOHKag HACTPONKA MOJIENN, B TOM YUCJIE C YIETOM AIPUOPHON JTMHIBACTHIC-
CKOIf 1 Jpyroii nadgopManun 06 UCCIIeoyeMbIX S3bIKOBBIX COODINECTBAX.

Urak, B HacTosmeil paboTe IMPUBEJIEHBI PE3YJIHLTATH KOMITBIOTEPHOTO MOJICJIMPOBAHUS,
KOTOpBIE TIOKA3BIBAIOT, B YACTHOCTH, XOPOIIEe COOTBETCTBUE JIBYM OCHOBHBIM I'MIIOTE3aM
o dhopmupoBanuK Tpa-uHgoeBporneiines: Anaronuiickoit u Kypraunoii. IIpu sTom coso-
KYTTHOCTD JIAHHBIX, MOJYYEHHBIX [PU UCCJIEIOBAHUU, TOBOPUT O MPEIIOYTUTETLHOCTH
Kyprannoii rumoressl. JIaHHBINR BBIBOJ, XOPOIIO COTJIACYETCA ¢ BHIBOJAMHU GOJIBITUHCTBA
nccseoBaTeseil BO BCEM MUpe: JIMHIBUCTOB, T€HETUKOB, HCTOPUKOB U aPXEOJIOrOB.

4. 3akJjrodyeHUue

B nammoit pabore M3/10:KE€HBI TEOPETHIECKHE IIPUHIAIIBI HOBOI'O METOa MCCJIEI0BAHNSA
JITHTBUCTUYECKUX COOOINECTB (M IPOIECCOB PACIPOCTPAHEHUs] B HUX JIMHIBHCTUYIECKOI
nHdOpMAIH) KaK JMHAMAYECKUX JIMCCUIIATUBHBIX CUCTEM. DTOT MOJXO0J] MOYKET CTaTh
0CODEHHO TEPCIEKTUBHBIM B IIEPBYIO OYepeb JIjisi KAUeCTBEHHOIO aHaJIN3a ITOBEeIeHUST
TOJIOOHBIX JIMHTBUCTUYIECKUX CUCTEM. Pe3yIbTaThl KOMITBIOTEPHOTO MOJICTMPOBAHNS TOKa~
3p1BafoOT, uTo Kypramuas rumore3a pOpMUPOBAHUS TIPANHIOEBPOIIEHTIEB JIyUIle COOTBET-
CTBYET MOJIYyYeHHBIM BPEMEHHBIM OIIEHKAaM.
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UDC 517+519.2:80

Dynamic Non-Linear Model of Distribution and Changes of
Linguistic Information in the Indo-European Model Language
Community

A. A. Egorov*, M. A. Egorova'

* General Physics Institute, Russian Academy of Sciences, Moscow, Russia
" RUDN University (Peoples’ Friendship University of Russia), Moscow, Russia

The paper considers the nonlinear dynamic mathematical model describing the distribution
and variation of linguistic information in the Indo-European linguistic community. When
constructing a mathematical model of linguistic information propagation and changes in the
linguistic community as a priori information data from independent studies both linguistics and
other scientific fields, such as history, archeology and genetics were used. Within the framework
of this model the spread of linguistic information in a model Indo-European language community,
including at the initial stage of its formation was numerically studied. The preliminary results
of theoretical analysis and computer simulation are given. It was found that the mathematical
model of the distribution and modification of linguistic information shows both regular and
typical chaotic behavior. As one of quantitative characteristics of considered nonlinear process
of distribution of the linguistic information it is offered to consider number of arising cycles as
number of the arisen modern languages, in the given language community. Results of computer
modeling show, that from two main hypotheses of formation of the Proto-Indo-Europeans —
Anatolian and Kurgan, the latter better matches temporary estimates obtained by us.

Key words and phrases: mathematical model, nonlinear equation, mathematical linguis-
tics, Indo-European languages, Indo-European chronology, Indo-European dispersal, Anatolian
and Kurgan hypotheses
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VIIK 519.68
O6 ognoMm Metoae nuddepeHIMPOBaHUS IIJIOCKON JUCKPETHOMN
KPHUBOIi IIpy 00paboTKe M300pakKeHmii

. M. Tocres*, JI. A. CeBacTbsHOB'
* Hayuonaavrvili uccaedosamensckutl yrusepcumem «Bulcuwas wroia SKOHOMUKUS,
Mocxsa, Poccus
t Poccutickuti ynusepcumem dpyorcbo, napodos, Mocksa, Poccus

Pemaercst 3a/1a9a MOy Y€HAsT TOYEK C BBICOKOM KPUBU3HOM (OCOOBIX TOYEK) KOHTYPOB JIJIsI
nneaTudukanuu GopMbl 06BHEKTOB Ha M300parkeHusix. [IpoBomuTcst pa3dbop CyIIECTBYIONNX Me-
TOJIOB YUCJIEHHOTO MudPEpEeHITNPOBAHNSA B TAHHOM acIlekTe. PaccMaTpuBaeTcst HOBBIM METOT
nuddepeHIpoBaHns IIIOCKUX JTUCKPETHO 3a[aHHBIX KPUBBIX, SIBJISIIOIIUXCS TOYKAMU (ITHKCEJIs-
MH) KOHTYPOB O0BEKTOB, Ha OCHOBE UCIIOIb30BaHus Bapuanuii Mmerona Arch Height. ITokasaner
OCODEHHOCTH TAKOro MeToma AuddEepPEeHIINPOBAHNS IPU KUCIOJB30BAHUN PA3THUIHBIX (POPMYIT
BBIYHUCJICHUS] IPOU3BOAHOM. [IpoaHaIM3MPOBAHbBI ACTIEKTHI 3aBUCUMOCTH TOYHOCTH, ITOJTYIaeMOt
MIPOU3BOIHOM OT JIUHBI XOpbl. [lokazaHo, 9T0 Mpu BO3pacTaHuu €€ JJINHBI TOYHOCTH audde-
PEHIIMPOBAaHUS YXYIIIAeTCsl, a Pe3yJIbTaT CTPEMUTCS K MOJIYJII0 KPUBU3HBI KPUBOI B JAaHHOMN
Touke. [IpuBoauTCcsi cpaBHeHME pa3pabOTAHHOIO METOMA C JAPYTUMU M3BECTHBIMHM METOIAMU.
IIpoBenén ananun3 06JACTH TPUMEHUMOCTH M BapuabeIbHOCTH HapamMeTpoB auddepeHIupoBa-
Husi. VlccmeaoBanbl aClIeKThl TOYHOCTU BBIYUCIEHUS] IPOU3BOAHBIX JJIsi PA3IUYHBIX ITaPAMETPOB
nuddepennupoBanusi. PaccMorpensl mpuMeps! auddepeHupoBaHnsl PA3IMIHBIX KPUBBIX, KaK
3aJAHHBIX AHAJUTUIECKH, TAK U (PYHKIMA-KOHTYPOB, MOJIYIEHHBIX U3 PEATbHBIX N300PaAXKEHMUIA.
ITokazaHo, 4TO TPEJIOXKEHHDBINA METOJ TIO3BOJISIET N30ABUTHCS OT HEOTHOZHATHOCTH TTOJIOZKEHUST
TOYKHU KOHTYPa C BBICOKON KPUBU3HOM, a, CJIEJOBATEIBLHO, TOBBICUTH KAYECTBO PACIO3HABAHUS
dopmbl 0O6BEKTOB. 3/10:KEHBI BO3MOXKHBIE 00JIACTH ITPUMEHEHUS JIAHHOI'O METO/a B Pa3/IMIHBIX
06J1aCTAX HAYKU U TEXHUKHU.

KuroueBbie cjioBa: o6paboTKa M300paykKeHuii, paclio3HaBaHue o0pa30B, KOMITbLIOTEPHAS
reomeTpusi, TudOEPEHITNPOBAHIE, 0COObIE TOYKM, KOHTYPHBIA aHAIN3

1. Bsenenne

Pemenne 3agaun o npentudukanyum GopMbl rpaduiIecKux 00bEKTOB JaCTO Pa3Ie/is-
ot Ha sBa mara [1]. Ha nepsom npoussomurces 06paboTka n306pazkeHust J1Jisl BbIICJICHUS
3 Hero HabOpa XapaKTEePHBIX IIPU3HAKOB PACIIO3HABAEMBIX OOBHEKTOB, & Ha BTOPOM BbI-
MOJTHSIETCA COOCTBEHHO caMa KJaccuUKaIus MoJIyYeHHbIX 00beKTOB. B HacTosiIee BpeMs
IIIPOKO PACIPOCTPAHEHO HAIPABJIEHUE, IPU KOTOPOM XapaKTepHbIe MPU3HAKHU IT0JIYYaIoT-
Csl HA OCHOBE ITPOU3BOJHON, BHIUUC/IIEMO 0T DYHKIINKA KOHTYPa UIACHTUMDUAIIIPYEMOTO
obbekTa [2]. ITockonbKy ra DyHKIMS HOIydYeHa U3 KOOPANHAT N300pakeHus: 00 beKTa, TO
BBIYUCJIEHNE TaKOil IPOU3BOMIHOM, KaK IIPABUJIO, COIPIKEHO C BBIUUCIUTEIbHBIMU TPYIHO-
CTSIMU, O0YCJIOBJICHHBIMU PA3IHIHBIMU (DAKTOPAMHU, TAKAMH KaK: IPUCYTCTBUE IITyMOB B
nuddepennupyeMoii (pyHKIUT, CYIIECTBOBAHIE JIOKAJIHHBIX PA3PBIBOB IIEPBOTO POJIA, 3aBH-
CHMOCTBIO OT pa3pelieHnst n300pazkeHusi (KOJMIeCTBa IIIKCeIell Ha CAHTUMETD ), METO/IOB
IpeIBAPUTEILHON 0O0pPabOTKU 1 T.I. B HacTOsiIee BpeMs uMeeTcs DOJIbIoe KOJTUIECTBO
NPAKTHIECKUX METOIOB BBIUHCJIEHUS IEPBOH MPOU3BOMHON IS JUCKPETHO 3aJIaHHOM
kpuBoii. [lockosbKy nHTEpeChl aBTOPOB 3aTPArMBAET PACIO3HABAHIE OOBEKTOB HA U300-
palkKeHuu, TO paCCMOTPEHME OYyIeT OrPAHUYEHO TOJILKO IIOCKUMEU KpuBbiMu. Hambosee
pacIpocTpaHEHHBIMU MeTomaMu U dEPEHIIMPOBAHUS SBJISIOTCS:

A. Meroauka BBIMHUC/ICHUS ITPOU3BOIHBIX HA OCHOBE MHTEPIIOJISAIINOHHBIX (DOPMYJI, OC-
HOBaHHAas Ha 3aMeHe (PYHKIIMU HEKOTOPBIM pPaAgoM. [Ipom3BomgHbIE BBHIYUCISIOTCS
37IeCh Uepe3 pas3jiesIbHble PA3HOCTU. B 3aBHCHMOCTH OT MCIOJIb3yeMOoil (hOPMYJIBI 3TO
meronsl Hetorona, Crupsmnra, Dpianra, Beccenst, laycca u r. 1. [3];

Crarbsa nocrynuia B pegakuuio 10 cenrsiopst 2016 r.
Pabora nonnepxkana rpantamun PODY Nel5-07-08795 u 16-07-00556.
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B. /pyras meroamKa u3JjioxkKeHa B KHUTe [4], rje /yisi BBIYMCIIeHNs] TPOU3BOHBIX UCIIOb-
3YIOTCsI HEKOTOPbIE (DOPMYJIbI (II0X0KKE HA PA3JIOKEHHE B Psijl, KAK B IIPEJIbILYIIEM
MeTo/Ie).

C. Tperbsi MeTO/IMKA, BIIEPBBIE U3JIOXKEHHAs B [5]|, HCIOIB3yeT CBONCTBO CBEPTKU, IPH
KoTopoM JnddepeHtmpoBanne OYHKITUH 3aMEHAETCsS CBEPTKOM ¢ TPOU3BOHOM DYyHK-
mun Laycca, o dopmysie D(f xg) = Df xg = f * Dg.

D. Yerpéprasg meroanka OCHOBAaHA Ha PEry/IspU3aIluy U HambOoJIee MOJTHO U3JIOKEHA B
kuure Jlannoma [6] 8 1961 romy. CoorsercrByromue MeTO/IbI Ha3bIBAIOTCs «1ubde-
PEHIIMPOBAHUEM C WCIOJIHL30BAHUEM KBJIPATYP», TAK KaK aBTOD AIIPOKCUMUPYET
muddepeHnupPyeMyo B TOUKe (DYHKIMIO KBaJIpATHIHOMN 1mapaboioi.

E. Emgé oxna meroanka, KOTOPYO HEOOXOIUMO YIIOMAHYTH, OCHOBaHa Ha MeToae Hywme-
posa |7]. B Heil ucnosb3yercss MeTo/1 JIEKOMIIO3HUIINY, OJHAKO MapaMeTpbl (byHKIIH
IIOJIOUPAIOTCS TaK, YTO ONMMOKA BBIYUCJIEHUS TEPBOIl IIPOM3BOIHON MMeeT TPeTuit
IIOPSIZIOK, & BTOPOIl — YeTBEPTHIM.

2. Meroa nuddepernupoBanus

AHam3 3TIX METOJIOB MMOKA3bIBAET, UTO KAXK/IbI N3 HUX MMeeT CBOU IIPEMMYINEeCTBA U
HEJIOCTATKN. B OHUX MeToJax HEeOOXOIUMO HCIOJIb30BATh PA3JIOKEHNE B HEKOTOPBIN Py
(A, B), B ipyrux npuMeHsieTcsi BECbMa JOPOTOCTOSIIIAST B BBIYUCIUTEIBHOM OTHOIIEHUN
ceéprka (C) mwm rpysoémkas dhopmyaa (D).

NccnenoBanust aBTopoB B 001acTi 00pabOTKH N300paKeHnil U PACIIO3HABAHUNT (POPMBI
rpaduIecKX 0OObEKTOB B MOCJIEIHAE BPEMsl IIPUBEJIU K JIETAJTLHOMY AHAJIN3Y METOIUK
MOKMCKA O0COOBIX TOYEK (TOYEK ¢ BBICOKON KPUBU3HOI, ABJIAIONMMUCT MH(MOPMATHBHBIMUA C
TOYKHU 3peHusl paclio3HaBanusi (hopMbl), ocHOBaHHBIX Ha Meroze Arch Height, Buepsbie
ony6simkoBanuoM B 1992 roxy (8], KoTopbIil B JaibHeleM HeOJJHOKPATHO PACCMATPHBAJICS
u MoubumIpoBasics, HanpumMep B [9).

st n37103KeHnsT METOTa, TIPEITIOIOKUAM, ITO uMeeTcst n > 1 touek Pi, Py, Ps,..., P,
apamMeTpu30BaHHoOil mwiockoit kpusoii I'(t) = (z(t),y(t)), 1 <t < n. [leponavanbro ues
9TOr0 METOA 3aKJI0YAJICS B BBIUYUCICHUN PACCTOSHUS d;, MEXKJIy TOUKOil KpuBoit — P; u
[IEPIIEHIUKYJISTPOM K XOP/IE KaK MOKA3aHO Ha puc. 1. DTO pacCcTOsTHUE AlIPOKCUMUDYET
3HAYEHNEe MOJIYJIsi KDUBU3HBI B 9TOH TOUKE.

Pi

Pa

Puc. 1. ®parment kpusoii I' ¢ Toukamu P, u xopnoii (P;, P;)

Paccrosuune BuIvuncsioch B €BKIMIOBON MeTpuke 1Mo hopmyIie:

(s = 7a) (g — 9a) = (51 — 9a) (1, — 7)) 1)

di = 5
(g — )% + (Ya — Up)?
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TI€e T;, Yi, Tas Ya, Th, Yo — KOOpAUHATH TOUeK P;, P,, P, coorBercTBenHO. [Ipnm sTOM

KOJINYEeCTBO TOYeK (bparMeHToB KpuBoil Ha orpeskax (P,, P;) u (P;, P,) coBnajaer.
IIpu npoBeneHnn cepun SKCIIEPUMEHTOB HAJ| AHAJUTUYECKN 3aaHHBIMU KPUBBIMUI

C PA3JUIHON JIUHON XOPMAbl OBLIO OIPEIesIeHO, UTO PACCTOSTHUE MEXKIy TOUYKOoi P; n

XOPAO# NefiCTBUTENBHO ITPOTOPITMOHAIBHO MOYJII0 KpUBU3HBI KpuBoit I B 9T0# TOUKe,
KaK [MOKa3aHO Ha PUC. 2 U Ha PHUC. 3.

04

——Input Line
03| =—-—-CurvHeght
= = Curvature

——Input Line
14+ —.=-CurvHeght
= = Curvature

02

0.1
0.1

1

1

1

1

02 ]
A}
03 1
1

04 Y

Puc. 2. Inuua xopasl 7 1miaros Puc. 3. danna xopabr 25 miaros

3/1ech XOPOIIO BUJHO, YTO BBIYHMCIEHHAs] B BUJIE PACCTOSIHUsI KPUBU3HA (KpacHasi
JINHWST) TPAKTUIECKH COBIAJIAET C TEOPETUIECKON (3eI6Has JIMHUS ), 338 UCKIIIOYEHUEM
3HaKa, MMOCKOJIbKY PACCTOSHUE HE MOYXKET ObITh OTPUIATEILHBIM. KpoMe TOro, Xoporo
BUJIHO BO3PACTAHUE AMILIATY/IBI PACCTOSTHUS C YBEJIUIEHNEM JJINHBI XOp/bl. OIHAKO TIpH
BBIYHC/IEHUN PACCTOSHUS MEXKy TOYKOU P; m Touko#l M, pacIioyio:KeHHO Ha cepeJimHe
JJTUHBI XOPJIbI, TI0 (hOpMYyJIe €BKJINJIOBA, PACCTOSHUS:

di = (e — 2a)? + (g — yar) ™, 2)

rie (ar,Ym) — KOOPJIMHATHI CEPEJMHBI OTPE3Ka, BBISCHUIIOCH, YTO IPU MAJIBIX JIJIH-
HaX XOPJIbI II0JIydaeMoe 3HAYEeHHe TAKOIO PACCTOSTHUS OKA3BIBAETCS IPOIIOPIMOHATIBHO
3HAYCHUIO [IEPBOIl IIPOU3BOIHON, BHIYUCJICHHOI B 1anHOi Touke. Ha pucynkax 4 u 5 B Ka-
vectBe JuddepeHIpyeMbIX KPUBBIX HCIOJIB3YIOTCS aHAJINTUIECKH I0OCTPOCHHbIE KPHUBBIE
— nepBoil npousBoaHoil dbyukuuu [aycca (puc. 4) u dyuxuus f(x) = exp(cos(z)) (puc. 5).

——Input Line

— — Middle Dist
—-—-Curvature
-------- Sample Derivat

£ “ 2 0 2 B 6

Puc. 4. IlepBas nmpou3BogHast
dbyskuu I'aycca Puc. 5. 9kcnoHeHTa OT KOCHUHYyCa
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U3 puc. 5 BUIHO, YTO KpUBas PAcCTOsHEs, BhIYucaeHHas 110 dopmyste (2)1 xopomro

ANITPOKCUMUPYET IEPBYIO IIPOU3BOIHYIO OT 3aJaHHON (PYHKIMN U COBCEM HE KOPPEJIUpyeT
C TEOPETUYCCKU BBIYUCJICHHON KPUBU3HOM.

[IpoBenénnnle fasiee SKCIEPUMEHTHI IOKA3AJIA, UTO C YBEJIUUEHUEM JJIMHBI XOPJIbI
TOYIHOCTD I PEPEHITNPOBAHNUSI CYIIECTBEHHO CHUYKAETCS, a MPH jjuHe Xopasl B 50-70
TOYeK (DYHKIMS PACCTOSHUSA CTPEMUTCS K 3HAYEHUIO KPUBU3HBI, HO C OOPATHBIM 3HAKOM,

KaK IT0Ka3aHo Ha puc. 6 u 7.

03

02

——Input Line
— - Middle Dist
Curvature '
..Sample Deriva

03
——Input Line

KPUBU3HBI 3aBUCUT OT (HPOpMbI auddepeHimpyeMoit KpuBoii.

— - Middle Dist
041 —.=-Curvature
een-Sample Derivat N
64 o5 L U |
6 -4 2 [ 2 4 6 ad - 2 0 2 4 6
Puc. 7. Jnauna xopapl paBHa 75

Puc. 6. Iauna xopasl paBHa 35

Omnako Ha puc. 8 u 9 juisg pyHkuun ['aycca moKa3aHO, YTO TOYHOCTb BBIYUCIECHUS

04
——Input Line

- - Middle Dist 1
—-Curvature PR
Sample Derivat |

1 1

i 1

03

——Input Line
- = Middle Dist
—-—-Curvature
Sample Derivat

7 4 6

Puc. 9. launa xopapl paBHa 75

Puc. 8. Iauna xopapl paBHa 35

13 puc. 8 u 9 BugHO, ITO IPU AATHHEHIIIEM YBEJIUICHIH JJIUNHBI XOP/IBI XOPOIITO 3aMETHBI

UCKayKeHUsl JJIs1 (DYHKIUU PACCTOSIHUSI B BHJIE HAPYIIEHHUs] CUMMETPHUU (KOTOpasi Terephb
CTPEMUTCs K KPUBU3HE, HO ¢ OOPATHBIM 3HAKOM ), KOTOPbIE BO3PACTAIOT MIPU JIATbHEIIeM

YBEJIMYEHUN JIJIHHBI XOPJIbI (CIIpaBa).

3. O06cyxaeHne m BbIBOIbI
B Ka4veCTBe UJIJIIOCTPAINN Ka'1eCTBa BBIYUCJICHUA HpOI/I3BO,I[HOﬁ HpI/IBe,I[éM PUCYHOK, Ha
KOTOPOM TIOKa3aHO TECTOBOE N300PaKeHne caMoJIeTa, ero KOHTYP U (DYHKITUS IPOU3BOJIHOM,

Ipu BBIYHUCIEHNN PACCTOSHUS GBIIO HCIOJB30BAHO YCIOBUE, UTO €CIHM XOPAA PACIIONOXKEHA BBIIIE

KPUBOi, TO OHA OEPETCS C MOJIOKUTEJIbHBIM 3HAKOM, a €CJIM HIKE — TO C OTPUIATEbHBIM.
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BBIYHUCJIEHHAs 110 3ToMy KOHTYDPYy. Ha puc. 10 nokazan pesynbrar 0O0pabOTKH CHIIyITa
camoJiéTa (cJjieBa BBEpXY) ¢ HEOOJIBIIMM yPOBHEM IryMa. st moJrydeHust KOHTYpa o0beKkTa
(cupaBa BBEepXy) ObliIa UCIIOIB30BAaHA CJIEYIONIAs IOCIe0BaTeIbHOCTD dDyHKImit Matlab
n3 makera Image Processing: 3arpyska n3obpazkeHus; (pUabTPAILAs, [JIsI YIAJIEHUS [IIyMOB
u meroy Contour Following [10]. @yHKius npoM3BOAHON KOHTYDA, BBIUYUCJEHHAS IO
IPEJJIOKEHHON MeTOo/MKe TpuBeieHa Ha puc. 10 (BHU3Y).

RN % O =« N W & O

" L L X : L i
0 100 200 300 400 500 600 700 800 200 1000

Puc. 10. CuirysT camosiéTa ¢ HAJIO’)KEHHBIMU IIyMamMu (cjieBa BBEPXY), ero
MOJIyYeHHBIA KOHTYp (cmpaBa BBepXy) C HAHECEHHBIMHU TOYKAMM BBICOKOM
KPUBU3HBI U (PYHKIMs IPOU3BOAHON KOHTYpa (CHU3Y), C COOTBETCTBYIOILNMU
TOYKaAMU MaKCHUMAaJIbHON KPUBU3HBI

Jtst onipesiesieHnst 00JIACTH TPUMEHUMOCTH JTAHHOIO METOAa Tud(DEPEHIIMPOBAHIST
OBbLIN [IPOBEJIEHBI MCCJIEIOBAHUSA HaJ N300pakKeHUsIMU C PA3JIUYHBIM YPOBHEM IIIYMOB.
PezynbraTnr 3Tux mccemoBannii CBUIETEIBCTBYIOT O HEOOJIBINNX TOTPEITHOCTIX -
depeHIIUpOBaHUS IPU YBEJIUIEHUN OTHOIIEHNUS] «CUTHAI-IIyM» BILIOTH 10 60 nb. Ilpu
OOJIBIINX YPOBHSAX IIYMOB TOYHOCTH JubdpepeHInpOBaHusl CYIIECTBEHHO CHUXKAJIACD.

Ha ocHoBe mosty4ueHHBIX pe3y/IbTaTOB MOXKHO CIEJIATh BBIBOJALI O pabOTOCIOCOOHOCTH
JIAHHOI'O METOJIa IIPY MCITOJIb30BAHUN €ro JiJisi 00pabOTKN N300parKeHuil 1 UIeHTH(DUKAIN
rpacduaeckux 00bEKTOB Ha N300PaXKEHUIX, TTOJYIEHHBIX B PA3JINIHBIX 00/IACTIX T€O/Ie3UN,
MEJIUIIMHBI, ACTPOHOMUM, sIAEPHOI (PU3UKU U JIp.

Kpowme Toro, nanmbiii MeTo MOXKET OBbITH PEKOMEHIOBaH JIIsl IPUMEHEHUS B JIPYIUX
00JTacTX HAyKN HE CBIA3aHHBIX ¢ 00pabOTKOI m300parkeHuil, HO TeM He MEHee HCIIOJIb-
3yromux 06paboTKy Taby/IMPOBAHHBIX JIAHHBIX, HAIPUMED B SKOHOMHKE IIPU U3y JIeHUU
Pa3IMYHBIX TPEHJIOB.
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About One Method of Differentiation of a Flat Discrete Planar
Curve in Image Processing

I. M. Gostev*, L. A. Sevastyanov'
* National Research University “Higher School of Economic”, Moscow, Russia
¥ RUDN University (Peoples’ Friendship University of Russia), Moscow, Russia

The problem of receiving points with high curvature (singular points) of contours for identifi-
cation of the shape of objects on images is solved. Analysis of existing methods of numerical
differentiation in the given aspect is held. The new method of differentiation of the flat discretely
defined curves, which are dots (pixels) of circuits, based on variations of Arch Height method is
considered. Features of such method of differentiation are shown using various formulas of calcu-
lation of a derivative. Dependency aspects of the accuracy of the derivative on the chord length
are analyzed. It is shown, that with an increase in its length differentiation accuracy degrades,
and the result tends to the module of curvature of a curve at the given point. Comparison of the
developed method with other known methods is made. The analysis of area of applicability and
variability of parameters of differentiation is made. The accuracy aspects of calculation of deriva-
tives for various parameters of differentiation are investigated. Examples of differentiation of
various curves, both set analytically, and the functions-contours received from real images are
considered. It is shown, that the offered method allows to get rid of the ambiguity in position of
points of a contour with high curvature and consequently to raise quality of recognition of the
shape of objects. Possible scopes of the given method in various areas of science and technics are
stated.

Key words and phrases: image processing, pattern recognition, computer geometry,
differentiation, singular points, analysis of contour
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Algorithms for Solving the Boundary-Value Problems for
Atomic Trimers in Collinear Configuration using the
Kantorovich Method
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The model of atomic trimers with molecular pair interactions for collinear configuration is
formulated as a 2D boundary-value problem (BVP) in the Jacobi and polar coordinates. The
latter is reduced to a 1D BVP for a system of second-order ordinary differential equations
(ODEs) by means of the Kantorovich method using the expansion of the desired solutions over
a set of angular basis functions, parametrically dependent on the (hyper)radial variable. The
algorithms for solving the 1D parametric BVP by means of the finite element method (FEM)
and calculating the asymptotes of the parametric angular functions and effective potentials of the
system of ODEs at large values of the parameter are presented. The efficiency of the algorithms
is confirmed by comparing the calculated asymptotic solutions and effective potentials with
those of the parametric eigenvalue problem obtained by applying the FEM at large values of the
parameter. The applicability of the algorithms is demonstrated by calculating the asymptotic
expansions of the parametric BVP solution, effective potentials and sets of binding energies for
the beryllium trimer in the collinear configuration.

Key words and phrases: boundary-value problems, the Kantorovich method systems of
second-order ordinary differential equations, finite element method

1. Introduction

At the present time, the processes of resonance scattering of diatomic molecules by
atoms via three-particle clustering and metastable states, as well as the processes of
dissociation of the molecule induced by collisions with atoms are a subject of intense
theoretical and experimental studies [1-3].

To analyse such processes they use triatomic model systems with the atoms bound by
pair realistic molecular and van-der-Waals potentials, which possess bound and metastable
states in the vicinity of the dissociation threshold of the diatomic molecule. The study
of such models stimulates the development of new methods and symbolic-numerical
algorithms for solving multidimensional boundary value problems with non-separable
variables and the construction of asymptotic states of the scattering problem in a system
of three atoms, based on the Kantorovich method and the finite element method (FEM),
implemented in the problem-oriented software packages [4-9].

The aim of this paper is to formulate the 2D BVPs in the Jacobi and polar coordinates
for the model of an atomic trimer in the collinear configuration and to develop the
algorithms for calculating the asymptotic parametric angular functions and the effective
potentials arising in the Kantorovich method and needed for constructing the asymptotic
states of the triatomic scattering problem. The developed algorithms will be tested by
the example of beryllium atoms trimer model.

The paper is organised as follows. In Section 2 we set the 2D BVP. In Section 3 the
2D BVP is reduced to the 1D BVP for a set of second-order ODEs using the Kantorovich
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method. As an example, the eigenvalues and the hyperradial eigenfunction components
are calculated by means of the Kantorovich method and FEM for the model of beryllium
trimer in the collinear configuration. In Section 4 we present the algorithms for calculating
the asymptotes of the parametric basis functions in polar coordinates at large values of
the parameter (hyperradial variable) and the effective potentials of the system of ODEs.
In Conclusion the results and perspectives are discussed.

2. Setting of the problem

Consider a 2D model of three identical particles with the mass M and the coordinates
z; € RY, i =1,2,3, coupled via the pair potential V (|x; — z;|) i,j = 1,2, 3. Performing
the change of variables at cyclic permutation (o, 3,7) = (1,2, 3):

. . To +x8 — 21, 2
TE=T(ap) T Ta T Eg Y= Yapn T T m $0=ﬁ($1+$2+$3),

we arrive at the Schrodinger equation for the wave function in the center-of-mass system
{.732‘ S R1|1‘1 + 22+ a3 = 0}

(-2 2+ V)~ ) W) =0 1)

In the case of a diatomic molecule with identical nuclei coupled via the pair potential

V(|1 — 22|) and moving in the external potential field V(|x; — x3|), i = 2,1 of the third
atom having the infinite mass, the same equation (1) is valid for the variables

r =T — T2, y:xl—'_xQ;

the origin of the coordinate frame being placed on the infinite-mass atom, x3 = 0.
Here the potential function for a trimer with the pair potentials (below this case is
referred to as Task 2),

(5, @

V() =V (lo)+7 (|
or the potential function for a dimer in the field of barrier potentials (below this case is
referred to as Task 3)

o= (2527 (222 0

is symmetric with respect to the straight line x = 0 (i.e., 1 = x2), which allows one
to consider the solutions of the problem in the half-plane x > 0. Using the Dirichlet or
Neumann boundary condition at x = 0 allows one to obtain the solutions, symmetric
and antisymmetric with respect to the permutation of two particles. If the pair potential
possesses a high maximum in the vicinity of the pair collision point, then the solution of
the problem in the vicinity of z = 0 is exponentially small and can be considered in the
half-plane = > xyi,. In this case setting the Neumann or Dirichlet boundary condition
at Tmin gives only a minor contribution to the solution. The equation, describing the
molecular subsystem (dimer), has the form

(-~ + 37 - )) o) =0 @)

da?
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We assume that the dimer has the discrete spectrum, consisting of a finite number ng> 1
of bound states with the eigenfunctions ¢;(x), j = 1,n¢ and eigenvalues &; = —|&;|< 0,
and the continuous spectrum of eigenvalues € > 0 with the corresponding eigenfunctions
¢z(x). As a rule, the solutions of the discrete and continuum spectra of the BVP for
Eq. (4) can be found only numerically, except simplified models having exact solutions
and used for computer modelling of bimolecular chemical reactions. In certain cases the
eigenfunctions of the continuous spectrum are approximated by the eigenfunctions of
pseudostates of discrete spectrum £; > 0, j = 1 4 ny, ... calculated in sufficiently large
but finite interval [10].

The proposed algorithm is illustrated by the example of the molecular interaction
approximated by the Morse potential of Bey with the reduced mass M/2 = 4.506 Da of
the nuclei [10, 11]

Viz) = Mf/(ac), f/(a:) = D{exp[—2(z — Zeq)] — 2exp[—(x — Teq)r] }. (5)

Here a = 2.96812 A~' is the potential well width, Teqg = 247 A is the average
distance between the nuclei, and D = 1280 K (1 K=0.184766 A=21 A—2=5.412262 K)
is the potential well depth. This potential supports five bound states [12] having the
energies ¢; = (M/h?)é;,i=1,...,n9 = 5 presented in Table 1. The parameter values are
determined from the condition (é5 — &1)/(27hc) = 277.124cm ™1, 1K/(27h ¢)=0.69503476
em™L,

Table 1
The discrete spectrum energies of dimer Bes and the binding energy
E® = —(E — E”) of gerade (g) and ungerade (u) states of trimer Bes counted of
E® =& = —193.06A% = —1044K dimer energy Be; calculated in grid
Q, =4.1(20)7(10)10 at jmax = 10

_Z. EP E?

7 1,9 U
—£,=1044.879 649K | E?  =196.02A~2 = 1060.86K | E} , = 107.52A~2 = 581.90K
—£,=646.157 093K | Ej , =142.37A~2 =77051K | Ef, = 67.41A2 = 364.84K
—£3=342.791 979K | E} , =93.95A72 =50850K | E}, = 34.60A~2 = 187.28K

—£,=134.784305K | E}  =52.77A2 = 285.63K Ej., =11.79A7% = 63.83K
—£5=22.134 073K | B} =3232A"2=174.95K | B, =08A"2=44K
E} , =22.31A72 =120.75K
EY, =5.14A"2 =27.87K

To solve the discrete spectrum problem we applied the FEM of the seventh or-
der using the Hermitian interpolation polynomials with double nodes [9]. The grid
{zo,..., @, ...,x,} was used to calculate the values of both the function and its deriva-
tives.

3. Reduction of the BVP using the Kantorovich method

Using the change of variables x = psinp, y = pcosp, we rewrite Eq. (1) in polar
coordinates (p, @), Q. , = (p € (0,00),¢ € (0,27))

(1881 2

d
—— A —E|V —0. A __ 2
500 0, (¢, p) ) (¢,0) =0, Alp,p) a2 Vig,p), (6
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where for a trimer with pair potentials

V(p,p)=V(plsine|) + V(p|sin(e — 27/3)|) + V(p| sin(p — 47 /3)|), (7)
and for a dimer with pair potential in the external field of barrier potentials:
Ve, p)=V(plsing]) + V*(p|sin(p — 7/4)) + V*(p|sin(p + 7/4)]). (8)

The solution of Eq. (6) is sought in the form of the Kantorovich expansion

Jmax

Ui, (p,p) = Z 6;(21 P) Xt (). (9)

Here x;ji,(p) are unknown functions and the orthogonal normalised angular basis
functions ¢;(¢; p) € L2(£2) in the interval Q = ¢ € (0,27) are defined as eigenfunctions,
corresponding to the eigenvalues of the Sturm-Liouville problem for the equation

2
(Alp, p)=;i(p)) &5(5p) =0, /dw@(w;p)%(% p)=0ij, (10)
0
where €;(p), j =1,... is the set of the real-valued eigenvalues forming a purely discrete

spectrum at each value of the parameter p € (0,+00). For the problems under consid-
eration the potential function V' (g, p) depending on the parameter p can be defined as
follows.

Task 1. The case of one pair potential in the intervals ¢ € (0,2¢,) (poa=n/3, /4 or
7/2) V(. p)=V (psing).

Task 2. The case of three pair potentials, Eq. (7), in the interval ¢ € (0,2p,=m/3).

Task 3. The case of one pair potential and two penetrable or almost impenetrable
barrier potentials, Eq. (8), in the interval ¢ € (0,9, = 7/2) or in the intervals ¢ €
(0,00 =m/4—€) and p € (9o =7/4—€,7/2), 0 < e L /4.

The solutions symmetric with respect to the permutation of two particles satisfy the
Neumann boundary condition at ¢ = 0 and ¢ = 2¢p,. If the pair potential possesses a high
peak in the vicinity of the pair collision point, then the solution of the problem (6) will
be considered in the half-plane Q. , = (p € (Pmin, 20), ¥ € [@min(p), 2¥a — Pmin(p)]) With
the Neumann or Dirichlet boundary condition. Since the potential of the boundary-value
problem (10) is symmetric with respect to ¢ = ¢q, the gerade ¢;(; p) = ¢;(20a — ¢; p)
and ungerade ¢;(p;p) = —@;(2pa — ¢; p) solutions, satisfying the Neumann or the
Dirichlet boundary condition respectively, will be considered separately in the interval
© € [Pmin(p), Pa). The parametric angular basis functions with successive numbers
j=1,...,ng are referred to as cluster states with €;(p) < 0 and those with j > no + 1 as
pseudostates with €;(p) > 0 corresponding to discrete and continuous spectrum of (4) at
large values of the parameter p, respectively.

The system of coupled ODEs in the Kantorovich form has the form

Jmax

1d d . =) E] it (P) + D Wi ()i () = 0, (11)

pdp~dp  p?

Wis(e) = o) + 5 2-pQu(0) + Qo) (12
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Here the potential curves (terms) €;(p) are eigenvalues of the BVP (10) and the effective
potentials Q;;(p) = —Q;i(p), Hij(p) = H;i(p) are given by the integrals calculated using
the above symmetry on reduced intervals ¢ € [0,2¢,]:

2¢q 2¢a

de;(w; p) dei(; p) do; (s p)
Qij(p) = — [ dedi(p; p)——"=, Hj(p) = [ de¢ : . (13)
! O/ dp ! O/ dp dp

For Task 3 the effective potentials Wi;(p) = Wi;(p) + V(p) are sums of Wi;(p),
calculated using the potential curves and the parametric basis functions of Task 1, and
the integrals of barrier potentials V(p) multiplied by the basis functions

Vi(p) = /dw@(@; p) (VP (psin(p — m/4)) + V' (psin(p + 7/4)))b;(¢; ).
0

As an example, we calculated with a required accuracy the parametric basis functions
of BVP (10) and the effective potentials (13) for the models of Bey dimer and Bes trimer
in collinear configuration by means the FEM using the programme ODPEVP [4]. The
results of calculation on the grid ©,[1.8/p,a] = {1.8/p(24)3/p(10)4/p(5)5/p(10)a} for
a = 7/2 for Bey dimer and a = 7/6 for Bes trimer are shown in Figs. 1, 2, and 3.

£(p)

-4000

-8000 1

-12000 -

(b)

Figure 1. The potential curves of Be; (in K, 1IK=0.18A7?), i.e., the energy
eigenvalues depending upon the parameter p (in A): (a) £;(p) and (b) &; = ¢;(p)/p°.
Here j=1,...,10

In the FEM the eigenfunctions ¢(p; p) of the problem (10) are approximated by a
finite sum of local functions Nf () with coefficients ¢'(% ., p) specified in the nodes ¥ ,
of the finite element grid [4]

L
3(wip) = Y _ (8, p) NI (). (14)
=0
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The functions { N} (p)}~_,, L = np, form a basis in the space of polynomials of the p-th
order. After substituting the expansion (14) into the variational functional corresponding
to BVP (10) and minimizing it [13,14] we obtain the generalized eigenvalue problem

APl = "BPo". (15)

Here AP is the stiffness matrix; BP is the positive definite mass matrix; d)h is the
vector approximating the solution on the finite-element grid; and €” is the corresponding
eigenvalue [4]. The required accuracy of the calculated eigenvalues, eigenfunctions and
their derivatives with respect to parameter, and effective potentials is provided by the
estimations given below.

Let €;(p), ¢;(v;p) be the exact solution of (10) and e?, qb? be the numerical solution
of (15). Then for a bounded positively defined operator A(yp;p) the following estimates
are valid [13]

lei(p) — €} < c1h®,

;(;p) — ¢§-‘H0 < bt e >0, ¢ >0, (16)

Somélx
where [[v(g;p)||3 = [ v*(p;p)de; h is the maximal grid step, p is the order of finite
$Ymin
elements, j is the number of the corresponding eigensolution, and the constants ¢; and co
do not depend on the step h. It is necessary to mention that the second estimate of Eq.
(16) is valid also for the solution d¢;(y; p)/0p of the problem [4]

(8. p)es(p) PHEE) — - (DML I8 g0,
27T _ ) (17)
/ it p: p) LLLEL) g;’ 2,
0

This fact guarantees the same accuracy for eigenfunctions and their derivatives within
the present method.

Theorem 1. Let A(yp;p) be a bounded positively defined operator on the finite interval
© € (Pmins Pmax)- Let OV (p,p)/0p be also bounded for each value of the parameter p.
Then for the exact solutions, Oe;(p)/dp, Dp;(p;p)/Op € H?, from (17) and the potential
matriz elements, Q;;(p), Hij(p), from (13), and the corresponding numerical values,

h
86;-‘/8,0, o9 /0p € H, and QF, H:

ii» His, the following estimates are valid [4]

Dej(p)  Oc} 00i(p;p)  OF)

op ap op ap o
Qi (p) — Q| < esh®, |Hij(p) — HY| < csh®,

< e3h?, < egh?

(18)

where h is the mazximal grid step, p is the order of finite elements, i, j are the numbers
of the corresponding solutions, and the constants cs, cq4, c5 and cg do not depend on the
step h.

For this model the eigenvalues and the hyperradial components of 2D eigenfunctions
of the BVP for the set of ODEs (11) with Neumann boundary conditions were calcu-
lated with the required accuracy by means the FEM using the program KANTBP [9].
The discrete energy spectrum of the dimer Bes calculated of the grid €2,(1.8,10) =
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10)10} and the set of binding energies of the trimer Beg calculated of
the grid Q, = 4.1(20)7(10)10 with the eighth-order Lagrange elements (p = 8) are shown
in Table 1, and the components of the trimer eigenfunctions (9) are shown in Fig. 4.
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4.

Algorithms for calculating the asymptotes of parametric

angular basis functions and effective potentials

Algorithm for calculating the cluster parametric angular basis functions and effective
potentials of the lower part of the discrete spectrum

Let us calculate the solution of the Sturm-Liouville problem (10) at large p

(Ap; p)—€j(p)) Dj(w0; )= <

2

aa ——+p°V (psin p)— 51’(:0)) bj (03 p)=0

Using the new variable x’ defined as ¢ = 2’ /p, ' = parcsin(xz/p) we get

(-

In the argument of the potential we add and subtract 2’ and expand the potential in

2

Taylor series in the vicinity of 7/,

V(psin(z'/p)) =

s+ Vipsin(e! o) -

V(z' + Az')) =

gj (P)
P>

)%(w p) =0.
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where the small correction Az’ = psin(z’/p) — 2’ < 1 is presented in the form of Taylor
series
(_1)k m'2k+1

Az’ =
v ;(%4—1)! 2k

Then the Sturm-Liouville problem (19) is reduced to

9?2 V(k‘) .
< 72 TV ')+Z a;(f)>¢j(w’;p)—0,

0
P (22)
wmwmwz/dﬂ@WM%WM=%.

Here first terms V(¥ (') of the asymptotic expansion of V (psin(z’/p)) read as

V(l)(a:/):_$6/3d‘(;(vgn’)7
Vs gf;z (5 e EQ 2 da(c’ )>’ (23
V(B)(x’)=—45x;60 (35:1:’2 di:;g: )+63x,d2£§§/)+9d‘(/1g/)) | )
v 542;200<75 /3d4dx( L0 ’2d:;( ) 43692 de ) 115 d; ))'

Note that k!V(¥)(z') are the derivatives of the potential of the BVP (22) with respect
to the parameter p~2. So, we apply the modified version of the program ODPEVP for
calculating the parameter derivatives of the solution up to the given order to determine
the asymptotic expansion of the cluster eigenfunctions and eigenvalues.

In the framework of FEM using similar expansions (14) we reduce the eigenvalue
problem on the given finite-element grid Qg (a! ;. , %) in the finite interval 2’ €

(@] ins xmax) to a generalized eigenvalue algebraic problem with respect to the eigenvalues
A e {) } -, and the corresponding eigenvectors c(p) = {(ci(p)); }J , of the order L. In
the con51dered example €,(1.8,10) = {1.8(24)3(10)4(5)5(10)10} with Lagrange elements
of the eighth order NPOL:p:S (the numbers of elements between the nodes given in
parentheses), providing the accuracy O(h?P) for the eigenvalues and O(hP*1) ~ 1078 for
the eigenfunctions, h being the maximal grid step. L equals the number of grid nodes,
which in the considered example was L = 393.

Alp)e(p) — clp) BA(p) =0, (24)
(c(p))" Be(p) = 1. (25)
Here the matrix A(p) is presented in the form of inverse power series

rnax

—2k
= A© 4 Z L E—a®. (26)
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We choose as unperturbed the matrix operator A(©) corresponding to the differential
2
one, —% + V(2'), and numerically solve the corresponding algebraic problem

AOLO) OB — g OT RO =1, (27)

The solution A(p), ¢(p) is sought in the form of inverse power series

max max

—2k
P o), (28)

N 0 :

k
_ (0
Ap)=A;"(p) + y
k=1 k=1

The substitution of Eq. (28) into Eq. (22) leads to the system of inhomogeneous
algebraic equations for the corrections A*) and ¢(*):

(AOH) — 3O Bk 4 (AR _ B B0y — .
=l
— : k—n n n) (k—n —
by = Z W(BC( INR) — Aty ) =0, (29)

—n)!

A0 = OPAQ gy _ MO

T ork T Ork

Differentiating the normalization condition (25), we obtain additional conditions for
the corrections c(F):

k—1
0T (k) — k) _ L K T p ()
c B = Fy = 2Zn!(k—n)!c Bel.

n—=

Multiplying (29) by O and taking the zero values of the first term and the nor-

malization condition into account, we get the formula for the corrections A*) of the
eigenvalues:

AR — O gk (0) _ c(O)Tb(k). (30)
The vector ¢(¥) is calculated by solving the system of algebraic equations

Kok = 40) k) _ \0) gok) — p(k)
k

k!
b(k) = — 7(/1(")0(1‘3_”) _ )\(H)Bc(k—n)),
; nl(k —n)! (31)
k
ST
= nl(k - n)!

where the latter equation is a result of differentiation of the normalization condition.

Since A(9) is an eigenvalue of (27), the matrix K in Eq. (31) is degenerate. In this
case the algorithm for solving Eq. (31) can be written in three steps as follows:

Step k1. Calculate the solutions v®) and w of the auxiliary inhomogeneous systems
of algebraic equations

Ko =p®) Ky =d (32)
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with the non-degenerate matrix K and the right-hand sides b*) and d

&, :{ Kij, (i_S)(i_g £0,

51']'7 (Z._S)(._ :07
_ (k) . ;
b(k):{bj , ‘]-758, dj:{K]S’ J#&
J O, ] =S, 07 J =S5,

where s is the number of vector ¢(?) element having the maximal absolute value.

Step k2. Evaluate the coefficient v(*)

S p .
+® = —ﬁ, 1 =o®7 Oy = T, (33)
Cs ™ — 72

Step k3. Evaluate the vector cg-k)

=] it

c: 34
’ 7k, j=s. (34

The execution of the above procedure yields the required asymptotic expansion for
the eigenvalues

max

6;’/)(;) 0 (p) + ZP 2k€§k) A(0 () + Z p2
k=1

- (35)

and the corresponding expansion of the eigenfunctions in the nodes z; of the given grid

kmax —2k

6;(z'5;p) = () prk, (c®),5.

Following Eq. (14) we present it in the form of a piecewise-polynomial function

p x/ _ x/
¢'(x/ c [1'/ ¢ i A (36)
j pk, L p(k+1 J pk+p’7p r_
// 0 p”;ﬁp’ xp’ xp”

We calculate the discrete spectrum solutions ¢;(¢; p) of the problem (19) on the grid
©; = x,/p, related to the solutions ¢;(z’;; p) of the problem (20) as

bi (i = xi/pip) = /pd; (23 p).

The corresponding piecewise-polynomial functions are

bi (i € [Ppk, per)]: P)T=0;(pi=x7/p € [ v/ P, &' 1)/ P)i p) =
p p o—or p p op—z'
Z G5 (Ppk+p's P) H fp”: Z 05 (Ppk+p'i P) H =
=0 p//:() QOp Sop p’=0 p//:() p p
p//#p/ p//#pl
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P P pp—at,
=0 bippin) [ =
p’:() p//:O p, P”
p’'#p’
P Emae _of p —x

p PP—1T)y,
=Vry ((C(O))iﬁ > e (C(k))m) II - (37)

p’=0 k=1 ’ p''=0 p’ p"’

p"'#p’

The nodes 7, in Eq. (37) are the same as in Eq. (36).

The calculation of the matrix elements is similar to the derivation of Newton-Cotes
formulae [15]. In each of the subintervals of the nonuniform finite element mesh the
calculated values of functions and their derivatives are approximated, in the considered
case of Q,[1.8/p,10/p] = {1.8/p(24)3/p(10)4/p(5)5/p(10)10/p} by a Lagrange polynomial
of the order p = 8, which provides the same relative accuracy of O(h?*1). The obtained
approximations of functions are polynomials of ¢, explicitly depending on p. By analytical
differentiation of Eq. (37) with respect to the parameter we arrive at the explicit

expansion of the derivative W. Integrating the products of functions ¢;(¢; p) and/or

their parametric derivatives in each subinterval of the length h; = ¢,;41) — p: of the
nonuniform finite element mesh €2, and summing the obtained results, we get the required

asymptotic expansion of matrix elements (13) for cluster states, i, =1,...,ng:
krn,az (2k—1) kmaz (Zk)
Qv "
=1 P =1 P

(
J
(35) and the coefficients H ](f) of the expansion (38) at i = j are presented in Table 2, and
the first coefficients of the expansions (38) are

For the beryllium trimer in collinear configuration, the coefficients € *) of the expansion

0 10.3201 —3.81790 1.83170 —.903311

~10.3201 0 122419 —5.54402  2.68986
QY = 381790 -12.2419 0 11.5096 —5.30745 |,
~1.83170  5.54402 —11.5096 0 7.99437
0.903311 —2.68986  5.30745 —7.99437 0
0 19.6114 —3.63427 158099 —6.31271
~19.6114 0 322355 —12.5531  22.0625
QY = 363127 —32.2355 0 520431 -53.8134 |,
~1.58999  12.5531 —52.0431 0 105.275
6.31271 —22.0625  53.8134 —105.275 0
0 682366 —6.68774 —14.8770  128.505
—68.2366 0  91.6918  27.6600 —356.227
QY = 668774 —91.6918 0 68.9065 595.104 |,
14.8770  —27.6600 —68.9065 0 —523.035

—128.505  356.227 —595.104  523.035 0
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127.981 —67.2820 —85.3811  73.3913 —44.4889
—67.2820  317.556 —161.487 —40.5195  46.8714
HY =| -85.3811 —161.487 408505 —231.091  45.2520
73.3913 —40.5195 —231.091  385.919 —215.798
—44.4889  46.8714 452520 —215.798  223.511
414479 —142.333 —526.641  464.604 —624.169
~142.333  1204.00 —420.171 -812.366  1119.09
HYY = | —526.641 —420171  2009.09 —947.285 —464.551
464.604 —812.366 —947.285  3041.77 —2605.05
—624.169  1119.09 —464.551 —2605.05  5091.16
191247 —670.689 —2112.77  815.251  4153.61
—670.689  5431.40 —1689.40 —3295.46 —646.435
HY = | —2112.77 —1689.40 848251 —2016.27 —12077.1
815.251 —3205.46 —2016.27  10047.9  12431.9
4153.61 —646.435 —12077.1 124319 —664.074

The convergence of the expansion (35) to the numerical values (NUM) is presented in
Table 3. One can see that the first six terms of the asymptotic expansion provide the
accuracy of 11 significant digits.

Remark 1. The effective potentials E§1)+H§?):(1/4)p_2 (presented, e.g., in the
last line of Table 2) lead to the asymptotic cluster fundamental solutions of the ODEs
(11), determined by the Bessel functions J /5(y/—E+€;p), j=1,...,n0, while for pseu-

dostates the asymptotic fundamental solutions of the ODEs are J,,, (v E p) with the integer
m=(j—no)=1,2,....

Algorithm for calculating the parametric angular functions of pseudostates and the
effective potentials

The eigenfunctions of pseudostates €;(p) > 0, (j —no) = 1,2, ..., are localised beyond
the potential well. Then the (ng — 1)-th node is located at the boundary of the potential

well. Here and below we consider the case of ¢, = 7/2 for the atomic dimer illustrated
by Fig. 5.

1 0.1
i
=t s 10105
e QU
= b
& 0 S o
o
-05 =~
-0.05
-1
0 /4 =
T 0 T 0.02 0.03 ® 0.04 0.05

Figure 5. Eigenfunctions ¢;(p; p) corresponding to the eigenvalues ¢;(p) > 0 of the
gerade (g) pseudostates j=n+1=6,...,10 at p =100

From this fact the estimate of the eigenvalues for pseudostates ;(p) & (j —ng)? follows,
namely, the eigenvalues of the corresponding BVPs (22) in new variable 2/, ¢; = £;(p)/p?,
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will be a small quantity (see Fig. 1b). So, the solution €,(p) (e, = en(p)/p?) of the
derived equation is sought in the form of a power series at n/p < 1

kmax 8(k)
ealp) =+ D (39)
k=1

Then the numerical values of the function B(y;;p) = B(x}) and its derivative
B'(pi; p) = pB'(z}) on the specified grid Q, = {1 = ¢o,..., i =xi/p,...,on =@} in
the polar system of coordinates are determlned via the values of the function B(z;) and
its derivative B'(x;) on the grid Q,/{z] = z¢,..., 7, ..., 2y = 2.}, found with the same
accuracy accepted in the FEM scheme chosen above in the form of the power series of
the small parameter €,,:

maxB(k) e rnaxb(/c) [N
=B+ ) a0 3G g
k=1

using the Runge—Kutta method, in which the all terms contain the power kpya.x + 1 of
1/p and the higher ones are neglected. The expansion coefficients B(k) = (k) (x}) and

(k) = b(k)( 1), calculated at the grid nodes  for the BVP (22) with the potentlal V(z')
defined in Eq. (5) are presented in Fig. 6.

e 1 3) , A10
. 02 ———B 10 ....... b(,1012
™ o : T - b(4,) 10
o 7 (5). = =12
-0.21 ---b,10
T ———
> V (0) 4 o8
-0.81 A —b, 10
10
1 ; -—-b%10
_] v

Figure 6. Expansion coefficients Bfk) (5%1), cee e;’“)) and bgk) (6»21), e ,65{”), k=0,2,3,4,5,
n =1 with ¢ given by Eq. (44) calculated at the nodes z; of the grid Q-

One can see that in the vicinity of the potential well the corrections to the eigenfunctions

are small, and at large 2’ they become essential. The coefficient bgo), the derivative of
the wave function with £, = 0, exponentially tends to a constant for z > 5.5. From
these observations the condition for choosing x. follows. However, to avoid analytical
calculations of the exponential terms in the effective potentials (13) between the weakly
bound cluster states and pseudostates, it is sufficient to choose z. = 10.

The interval ¢y < ¢ < 7/2 is divided into two subintervals by the point ¢, = x./p:
wo < ¢ < . and /2 > ¢ > .. In the calculations the point z. was chosen from the
condition |V (x > x.)| < €, where ¢ is a preassigned number, and the left-hand boundary
of the interval ¢y = 0. In the case of a high barrier, at the pair collision point, when the
eigenfunctions in its vicinity are close to zero, the left boundary of the interval changes,
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o = xo/p > 0. The eigenfunctions ¢;(y; p) are calculated in the form
40 A;(p)Bj(p; p); wo < ¢
(g5 p0) = cos
: Cilp) 2 {5} (VEI e —7/2) e <o
w/2
2 [ doton(ein)? =1
Yo

Here A;(p) and Cj(p) are the normalisation factors, and B(yp;p) is determined from
the numerical solution B(x) in Cartesian coordinates using the transformation ¢ = z/p.
From the continuity of the eigenfunctions and their derivatives,

bn(pe — 0;p) = ¢dn(pe +0;p),

dgy, .y den ' (42)
4 (pe = 05p) = 0 (we +0;p),
we get the equation for the eigenvalue &, (p):
tan(VanPlge-5)  evenn | VElp)
—cot(y/en(p)(pe—%)) oddn R ’ (43)

_ B (¢e;p) _pBj ()

R Bn(pe;p)  Bn(ze)

Substitute (40) into (43), and then substitute (39) into the resulting equation. Ex-
panding both sides of the equation in inverse powers of p, we arrive at the system of linear
equations, from which the expansion coefficients 6%’“), and then the coefficients A4, (p) and
Crn(p) are determined.

Since the values of the function B, (¢;p) and its derivative B, (¢; p) on the grid Q,
are known, for the calculation of the first integral we use the quadrature formula of the
Newton-Cotes type. The second integral is calculated analytically using the expansion
(39). We have the analytical expression in the interval ¢.(p) < ¢ < 7/2, and the explicit
dependence of its values upon the parameter p on the grid €2,. For the considered

potential (5) we get the asymptotes of the g and u potential curves at n = j — ng for
n/p<1:

klnax (k)
5
en(p)=n’+ E ;T; for g-parity at odd n, or u-parity at even n. (44)
k=1

The first terms of these expansions are expressed as

e(N=4.4862257n%, £(2)=15.094666n2,
e(3)=_88.164324n2+0.2988408n", &D=—-770.50344n>+3.3516683n",
e(5)=_13803.854n2+162.14850n* —0.2922734n5,

e(0)=_68926.763n2+1584.0782n* —4.4329308n°.

The calculated eigenvalues in comparison with the numerical solution obtained by
means of the program ODPEVP [4] are presented in Table 4.
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Table 4
Convergence of the expansion (44) at p=50 and the numerical results (NUM)

gerade (g-parity)
n 1 3 ) 7
n? | 1.000000 9.00000 25.00000  49.00000

+eM /p 1.089724  9.80752  27.24311  53.39650
+e/p? | 1.005762  9.86186  27.39405 53.69235
+e® /08 | 1005050 9.85570  27.37792  53.66353
(4) /p* | 1.094936  9.85464  27.37517 53.65878
5{”’) /p° | 1004803  0.85428  27.37437 53.65775

+€$L6)/p6 1.094888  9.85425  27.37432 53.65774
(NUM) | 1.094887  9.85424  27.37431 53.65776

ungerade (u-parity)

n 2 4 6 8
n? [ 4.000000 16.00000 36.000000  64.0000

+el/p | 4.358898 17.43559 39.230082  69.7423
+elP/p? | 4.383049 17.53219 39.447445  70.1287
(3) /p% | 4.380266 17.52152 39.425152  70.0934
%4) Jpt | 4.379781 17.51968 39.421409  70.0877
+s£?) /p° | 4.379613 17.51911 39.420448  70.0868

+el® /08 | 4.379597 17.51906  39.420407  70.0868
(NUM) | 4.379592 17.51905 39.420408  70.0869

The described algorithm is implemented in the Maple-Fortran environment. The
asymptotic expansions, obtained using it at p = 50, coincide with the numerical solution
given by the finite element method to 5—6 significant digits for the eigenvalues and to 4-5
significant digits for the eigenfunctions. The asymptotes of the effective potentials (13)
between the states n; =i — ng and ny = j — ng of the same (g or u) parity at ng = 5,
i,j=mno+1,... for n/p < 1 have the form:

s 5 (K+2) B pr(+4)
Qnins (P)= Z k1+22 ) Hn1n2(p>zz pk1+: . (45)
k=0

First terms of these expansions read as

nina2 nin2

@) 92431198 112 _ =5.0315554 A2
Ursna (nf—n3)’ i (nf—n3)’
2 2
QW _188.67822"A"2 L 0.994137 2 (M),
(ni—n3) (nf—n3)
2 2
HO, —10.06311 1020 ) - pe) s 14538w+69 93509m1ns,
v (n{—n3)? v (ni—n3)?

3,3
H®) ——1642. 273”1”2(”1+”2) +8.044 2,
n

—_— +476.762n1n9
e (nl_n2> ( ny )?
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HW  =0.6289444+2.0691442n2,  H() =2.8215867+79.217746n2,

nini nini
H®), = —102.642068 + 138.328874n? + 0.826991n1.
Using Eq. (35) and Eq. (41), we get the asymptotic expansions for Qi (p) and H;,(p)
between the cluster states i=1,...,ng and pseudostates n—ng=1,2,..., for n/p<1
Emax ~(k-+5/2) Emax 77(k+7/2)
Qin Hin
Qin(p)= ~kt5/2 Hin(p)= Z kt7/2 0 (46)
k=0 P k=0 P

The first terms of these expansions read as

/2~ _0.428911n, Q\7/P=-1.443145n, Q\%/?=—25.01600n+0.183791n?,
C/D_ 12730000, QL/P=+4.286254n, Q= 75.66328n—0.546657n°,
O/ 94975110, Q\/P=-8.403301n, Q\/?=—152.3919n+1.075421n°,
/D 3668834n, Q\7/P=+12.34441n, Q/P= 231.9007n—1.599005n°,
82— 1.008659n, QL/P=—13.79066n, Q% =—247.9253n+2.018873n%,
HP= 22530060, H/?=+77.24936n, H{'/?=1551.8678n—9.835892n%,
H{/P=—2657543n, HY/?=-93.70381n, H'/?=_2203.032n+11.89657n°,
H{/P=—12.19800n, HY/?=-32.64199n, H{''?=262.11512n+4.400493n%,
HP= 85.06821n, H\”/?=4273.8820n, H.'/?=4387.8346n—35.91925n%,
H/P=_120.4823n, H/P=_391.5948n, H{'*?=_8001.428n+54.83111n°.

5. Conclusion

The model for beryllium trimer in collinear configuration is formulated as a 2D
boundary-value problem for the Schrédinger equation in polar coordinates. This problem
is reduced using the Kantorovich expansions to the boundary-value problem for a set
of second-order ordinary differential equations. The symbolic-numeric algorithms are
proposed and implemented in Maple to evaluate the asymptotic expansions (35), (38), (45)
and (46) of the parametric BVP eigensolutions and the effective potentials W;;(p) in inverse
powers of p. It can be used for calculation of the asymptotes of the fundamental solutions
of the system of second-order ODEs at large values of p [10] and construction of asymptotic
states of three atomic scatterring problem. The proposed approach can be applied to the
further analysis of quantum transparency effect [10,11], quantum diffusion [16-18] and
the resonance scattering in triatomic systems using modern theoretical and experimental
results [19-21] and algorithms and programs [4-9].
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VK 519.632.4
AJsropuTmbl perlieHusi KpaeBbIX 3a/a4 JJIsi aTOMHBIX TPUMEPOB B
KoJIJIMHeapHoil KoHdurypanuu merogom KanTopoBuya

A. A. I'yces*, O. Yynyyn6aarap*’, C. 1. Buannkwnmii*,
B. JI. Iep6os®

* O6sedunénnvill uncmumym adeprur ucciedosanut, 2. Aybna, Poccus
T Mnemumym mamemamuruy, Monzoavcruts 2ocydapemesennuid yrusepcumem, Yaan-Bamop,
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§ Capamosckuii zocydapemeermoni ynusepcumem, 2. Capamos, Poccus

Moeb aTOMHBIX TPUMEPOB C MAPHBIMU MOJIEKYJISIPHBIMHU B3aNMOICHCTBUSIMHI B KOJIJTMHEAPHO
KoHbUrypanun HGopMyIupyeTcs B BUJIe JBYMEPHON KpaeBO# 3aJa4Mn B IKOOMEBCKUX IOJIIPHBIX
koopauHaTrax. Ilocnenusasa ceogurca MerogoMm KaHTOpoBHYa K OJHOMEPHOI KpaeBoil 3ajade I
cuctembl OJLY BTOpOro mopsijka, UCIOIb3Ys PA3I0KEHNE NCKOMOT'O PEIIeHHs IO YIJIOBBIM Oa3uc-
HBIM (DYHKIUSIM, 3aBUCSIIUM OT THIIEpPaJuyca, Kak oT mapaMmerpa. [Ipeacrapiensl aaropurmol
pellleHusl MapaMeTPUIeCKOU KpaeBOoM 3aladdl MeTOJOM KOHEUHBIX 3JIEMEHTOB W BBIUHCJICHUS
ACHMIITOTUYECKUX PA3JIOKEHUN TapaMEeTPUIECKUX YIJIOBBIX O0a3UCHBIX DYHKIMHA U 3PDEKTUBHBIX
norenruaaos cucrembl O/1Y mpu Goabmux 3HaYeHUIX TapaMeTpa. DPHOEKTUBHOCTD AJTOPUT-
MOB TIOATBEPIK/IACTCSI CPABHEHNEM ACHMITOTUYIECKUX PEIICHUI MapaMeTPUIeCKOi 3a1adu Ha
coOCTBEeHHBIE 3HAUYECHUS U 3(DHEKTUBHBIX TOTEHIINAIOB C UX YUCIEHHBIMU 3HAYUEHUSAMH, IIOJIY-
YEeHHBIX METO/IOM KOHEYHBIX 9JIEMEHTOB IIPU OOJIBIINX 3HAYEHUAX mapamerpa. [IpumeHnmocTs
AJITOPUTMOB JIEMOHCTPUPYIOTCS HA IPUMEPE PACIETOB ACUMITOTUYIECKUX PA3JIOKEHUI PeIeHuit
ITapaMeTPUYIecKoil KpaeBoi 3a7a4u U 3(PDEKTUBHBIX ITOTEHIINAIOB, 1 COOCTBEHHBIX 3HAUEHUI
SHEPIUH CBS3U TPHUMepa OepujuInst B KOJUIMHEAPHOH KOHMUIYPAIIUN.

KuaroueBrnle cioBa: Kpaesble 33124, Mero Kanroposnya, cucremsr OJIY BToporo nopsyika,
MeTO/J] KOHEUHBIX JIEMEHTOB
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T'eomeTpuyeckuii moaxo/1] K JlarpaH>KeBy U raMUJIBTOHOBY
dopmamuaMaM IEeKTPOJAUHAMUKN

JI. C. Kynatos*!
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IIpu permennn moneBLIX 33249, B YACTHOCTH 33a JEKTPOINHAMUKY, UCIOIb3YIOTCS JIarPaH-
JKEeB W TaMWJIBTOHOB (popMasin3mel. [TosieBoii raMuibTOHOB (hopMa/In3M MMEET TO IPEUMYIIECTBO
mepes JTarpaH:KeBBbIM, YTO UMMAHEHTHO COJAEPKUT KAJUOPOBOIHOE yCJIOBUE, B TO BpeMs KakK B
JlarpazkeBoM (popMaIu3Me KaJIuOPOBOTHOE YCJIOBUE BBOJIUTCS CIEIHAJIBHO U3 HEKOTOPBIX BHEIII-
HUX coobparxkeHnit. OIHAKO HUCIIOJIB30BaHUE FAMUJIBTOHOBOIO (bOPMAJIM3Ma B IIOJIEBBIX 3a/1a9aX
3aTPYTHEHO M3-33 HEPEryJISIPHOCTH TMOJIEBBIX JIarpaHKUaHOB. HeobXoqmMo nCrmoIb30BaTh TaKOM
BAPHMAHT JIArPAHKEBOI'0 ¥ TAMUJIBTOHOBOTO (pOPMAIN3MOB, KOTOPBIH MO3BOJINI ObI PAOOTATD C
IIOJIEBBIMU MOJIEJISIMH, B YACTHOCTH PEILIATh 3aJa9l JIEKTPOJIUHAMUKIA.

B kadecTBe MaTeMaTHYECKOIO alapara IPeIaraeTcs UCIOIb30BATH COBPEMEHHYIO audde-
PEHIIMAJIbHYIO0 T€OMETPHIO U ajrebpandecKyo TOMOJIOIUIO, B YACTHOCTH TEOPUIO PACCJIOEHHBIX
MIPOCTPAHCTB. DTOT AMMAPAT MPUBOIUT K GOJIBINEH SICHOCTA B MOHUMAHUN MATEMATHIECKUX CTPYK-
TYP, &CCOIMMUPOBAHHBIX C (PU3MIECCKUMHU U TEXHUIECKUMHU MoneasaMu. Vcmonb3oBanme Teopun
PACCJIOEHHBIX IIPOCTPAHCTB MTO3BOJISIET YIJIyOUTh M PACIIUPUTDH KaK JIAIPAHZKEB, TAK U TaMUJIb-
TOHOB (POPMAJIU3MBI, BBIABUATD IMUPOKUI CIIEKTP BAPUAHTOB JaHHBIX (POPMATU3IMOB, BHIOPATH
BapuaHT (popMaan3Ma, Hanmboee aIeKBATHBIN n3ydaeMmoil mpobseme. PaKTUIECKH, TOJTBKO HC-
moJib30BaHue (bOPMaIM3Ma PACCIIOEHHBIX IIPOCTPAHCTB MO3BOJISET aJeKBATHO PEIIATh IOJIEBbIE
3a7a4n, B YACTHOCTHU 33J[a9U SJIEKTPOTUHAMUKH.

KuroueBrbie cjioBa: paccIOeHHbIE TPOCTPAHCTBA, CBA3HOCTD, JarpaHkeB opMaIn3M, ra-
MHUJIBTOHOB (popmasm3M, Teopust Aura—Mwumica

1. Bsenenue

Jlarpam:>keB U TaMUJIBTOHOB (POPMATU3MBI BOCTPEOOBAHBI B MEXAHUKE W TEOPHUU I10-
st OgHAKO 171 PabOTHI ¢ HUMHU OOBITHO MCITOJIB3YIOT KJIACCHIECKUI MaTeMaTHIeCKuit
aIrapaT, KOTOPBII He TI03BOJISIET B MTOJTHOM Mepe UCI0/IHh30BATh BO3MOXKHOCTHU JAaHHBIX (Pop-
MaJn3MOB. Bojtee TOTO, TaHHBIN ammapar 3a9acTyi0 UCIOIb3yeTCs MEXaHUIEeCKH, 9TO He
ITO3BOJISIET OCO3HATH CUJIbHBIE U CJIa0ble CTOPOHBI UCIOIB3YEMBIX (hOPMAJIU3MOB, 8 TaK¥Ke
IPUMEHUTh UX K HECTAHJAPTHOU cuTyanuu. Hampumep, BbI3bIBaeT 3aTPYIHEHUE TPUME-
HEHME IaMUJIBTOHOBOI'O IIOJXO0/a K ITOJIEBBIM 3aa4aM. ABTOp HpejiaraeT moab30BaThCst
6oJiee COBPEMEHHBIM MATEMATHIECKUM AllapaToM, & MMEHHO Teopueii paccyoenwuii [1,2].
DTOoT anmapar moMoraer riryoxke IMOHSITh JAIPAHKEB U FaMUIBTOHOB TOIXObI [3], mMO3BO-
JIsieT UCHOJIb30BaTh UX B HOBBIX objacTsax. Hampumep, 6osiee 3pHeKTUBHO TPUMEHATH
raMIJIBTOHOB (hopMasn3M B 3aj1a4ax Teopun nosis [4,5]. Jannas pabora paccmarpuBa-
eTCsI aBTOpaMM KaK KPATKUM KOHCIIEKT METOJIOB TEOPUN PACCTOEHHBIX IMPOCTPAHCTB. B
KadJeCcTBe WLIIOCTPAINN K 3TUM METOMAM UCIOJB3YeTCs JJTEKTPOITHAMUIKA.

2. JlarpanxeB ¢dopmaiu3zm
Bynem paccmarpuBaTh pacciioeHue:
m:Y =X (1)

A

¢ koopunaTamu (27, y*).

Crarbsa nocrynuia B pegakuuio 10 okrsaops 2016 r.
Pabora gacruuno nopneprkana rpanramu PODI Ne 14-01-00628, 15-07-08795, 16-07-00556. Takzke my6siu-
Kalysl BbINOJIHeHa pu (uHaHCcoBoil nopuep:kke Munobpuayku Poccun (Cormamenne Ne 02.203.21.0008).
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TOI‘,IL& JlaI'paH>KeBa IIJIOTHOCTb (.J'Ial"paH}KI/IaH IIepBoro HOpH,ILKa) 6y,ILeT OolIpeaeIdTbCAd
KaK

L= E(m)‘,yi,yi)w, (2)

rae w:=dz' A Adz™.
IIpu sToM marpamkeBa IJIOTHOCTH PACCMATPUBAETCS KAaK TOPU3OHTAIbHASI IJIOTHOCTH
Ha PaCCJIOEHUH CTPYii IEPBOIO MOPSIKA:

L:JY — AT*X, (3)

a MHOro0Gpasme crpyit J'Y urpaer posb KOHMUIYPAIMOHHOTO IPOCTPAHCTBA.

st marpamxkuana L MoxKHO 3anucarh qudepeHnuaibHbIil OepaTop BTOPOro Mmo-
psaaka (oneparop Ditepa—Jlarpanxka):

1
& Y - AT, (4)

Tax>ke ompemennm oneparop Jiyiepa—J/larpamka mepBoro MopsiaKa:
€L = [0 — (On + 930 + yz,\)ﬁf‘]ﬁdyi Aw. (5)

OHn npejcrapiiger coboii quddepeHpaabHbIi OIepaTop MEPBOro MOPSIKa HA PaCC/Ioe-
muu crpyit J1Y — X:

n+1
E 2 JY — ATYY. (6)
JY
Mo2KHO BBIIEIUTH TPU THUIA YPABHEHUI, TOJIYIAEMBIX B JIATPAHKEBOM (DOPMAII3ME
(ypaBHeHI/IH SﬁﬂepafﬂarpaHX{a):

— aJsrebpaunteckne ypaBHeHust Jityiepa—/larpamka. 9Ty ypaBHEHUsT 3aIMCHIBAIOTCS JIJTsT
CeYeHUs IIOBTOPHOI'O PACCJIOEHUs CTPYIl:

JIY = J'y; (7)

— YPpaBHEHUsI Ditnepa—JlarpaH:ka 1epBoro mopsijka. Y paBHEHUs 3aIIUCHIBAIOTCS JIJIsT
CeueHue PACC/IOCHUs CTPYI:

JY = X; (8)

— ypaBuenus Dittepa—Jlarpanzka BTOporo mopsiika. Y paBHEHUS 3AMUCHIBAIOTCS st
CcedeHue PacC/IOeHUs:

Y - X. (9)
Bayta M Ha paccaoernn J'Y — X JlarpaH:KeBy CBA3HOCTH 1_“; N = fz NERTRTAE
['=da* @ (0x +y50; + T0,,00). (10)
JlarpanzkeBa CBA3HOCTHL NPUHUMAET 3HAYEHUs B sjpe olneparopa Jilnepa—Jlarpamxa
epBoro nopsiaka (5): B
E ol =0. (11)
Toraa anrebpandeckue ypapHeHus Jiiyiepa—Jlarpanxka Gy lyT UMeTh BH/I:

i — (Ox + g}y + T80 )M L = 0. (12)

910 YpaBHEHUA Ha KOMIIOHEHTHI HanaH)KeBOfI CBA3HOCTH.
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I[lycthb 5 ecTh MHTErpasibHOE cedenue paccioenus csasnoctu (10) (J'Y — X). Ono
IpUHEMAaeT 3HadYeHne B siape omeparopa (5) ker &£ :

EroJ's=0. (13)

Torma moxyanm muddeperuanbubie ypaBaeHus Jitiepa—/larpamka mepBoro mopsaka;
0L — (m + 50 + 6A§{L8§‘)83£ —0, (14)

riie 55 := 0,5'. Ypasuenns (14) zanucanst jiist § = 5(z, y7).
Paccvmorpum BMecTo 5 ceuenne s paccaoenusi ¥ — X. Ilycts ero BTopoe cTpyitHoe
pojio/uKenne J2s MpUHIMaeT 3HaYeHusT B aype onepatopa (4) ker £ :

EroJ%s=0. (15)

Torna muddepennuaibibie ypaBHeHus Jitjaepa—/larpanzka BToporo mopsaka OyIyT
UMETb BUJI:

O;L — (Ox + 0x570; + 0x0,57 0! ) 0} L = 0. (16)

Ypasuenus (16) 3amucanst ais s = s(z”). Ypasuenns (14) u (16) SKBUBATCHTHDI.

3. TamMmabTOoHOB (popmMaIm3M

MOo2KHO BBIJIEJINTH HECKOJIBKO BAPUAHTOB TaMUJILTOHOBA (hOPMAIH3MA.

— CTaHJAPTHBI CUMIICKTHYECKUN TaMuIbTOHOB bopmasn3M (IpH PUMEHEHHH K
TOJIEBBIM 3aJ1a9aM CTAHIAPTHBIN (popMaIn3M mepexoauT B ¢opmasnsm Jlupaka mst
CHCTEM CO CBSI3SIMH);

— raMuJabTOHOB hopmaauaM jqe Jlormepa;

— MHOTOUMILYJILCHBIN MaMUJIBTOHOB (DOPMAIN3M (JAHHBIH (DOPMAIU3M SIBJISIETCS TIOJIU-
CHMIJIEKTHYECKIM BAPHAHTOM CTAHJIAPTHOTO TAMUJIBTOHOBA (DOPMAJIU3MA).

st Teopun 1107151 HarboJsiee yI00HBIM MIPEJICTABIISIETCST UCIIOIb30BAHNE MHOTOUMITYJIHC-
HOT'O FaMUJILTOHOBa (hOPMAJIM3MA.

st mepexo/ia K TaMIJIBTOHOBOMY (hOPMAIU3MYy HCIIOJIB3YIOT HE JIATPAHKUAH, 8 €ro
JIerazkeB IKBUBaJIeHT. B dopmanuzme ne JloHIepa U MHOMOMMITY/IBCHOM (DOPMAJTH3ME
ncroab3yoT ¢opmy Ilyankape-Kaprana:

Ep = m Ay’ Awy — myhw + Lo, (17)

e ) 1= OML, wy = Oy ow.
Hna paccnoenus Y — X BBeném paccroenne Jlexkanpa ¢ aTiacoM KOODMHAT
(29", p}):
n
M=AT"XQTX VY. (18)
Y %

Jlarpamxuan L 3a7aéT MOCJIOWHBINH MOphU3M:

A

L:J17H, prol =) (19)

Mmuoroo6pasue Jlexxamapa Il aBaserca ¢pa3oBbIM TPOCTPAHCTBOM MHOTOUMITYIECHOTO
raMUIJIBTOHOBA (DOPMAIU3MA.
Ha paccnoenun Jlexxanmapa II — Y BBoauTcst obobménnas dpopma JInysBusis:

0 =—p}dy’ Aw® d. (20)
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Eii coorBercTByeT nosmcuMILieKTHIecKas popma:
Q=dp} Ady' Aw ® . (21)

B cayuae mmoroobpaszus X = R stu dopMbI mepexoiisT B CTAHAAPTHYIO HOpMY
JIMyBUIISA ¥ CTAHZAPTHYIO CUMILIEKTHIECKYIO (POPMY.

MHOFOI/Il\/IHyJIbCHI)Iﬁ TraMUJIbTOHUAH MOXKET 6bIT]3 IpeaCTaBJIEH KaK BHEITHAA (bopMa:
dH = 7.9, (22)

re 7 — TaMHUJIBTOHOBA CBA3HOCTH, TO €CTh TaKas CBIA3HOCTD, JIjis KOTOPOIl BHEITHsIs
dopma i) — TouHAasd.
MHOTrOUMITYJILCHBIN TAMUJIBTOHNAH MOXKET OBITH MIPECTaBIeH B hopMe

H =p}dy’ Awy — p}Thw — Hrw = prdy’ Awy — Huw, (23)

rae I' — cBsasHocTh Ha pacciaoerun ¥ — X.
Torma MOXKHO 3allUCaTh CUCTEMY YpPaBHEHUIA:

8/\ri (1‘) = af\Hv

3>\7“{\(x) = —0;H. (24)

Bneck r — cedenne paccioenus: 11 — X.

4. KannOpoBOYHBIN ITOIXO/T

KaymbpoBo4anblit 1oax0/1 UCIOIB3yeTCs I OMUCAHUS (PU3NIECKUX TIOJIEH B PAMKAX
reOMeTPHYIECKO Teopun 1oJisi. Pu3ndecKne 1Mot PacCMaTPUBAIOTCA KaK CEYeHUSIMUA Pac-
cioennss Y — X. Ha sarom pacciioennn BBOAAT CBSI3HOCTH M KOBAPUAHTHDLIE TPOU3BOIHDLIE
V. Ha pacciioenun cTpyii cTposT Jarpanzkuan (3).

Bynem paccmarpuBaTh raBHOE PACCIOCHUE CO CTPYKTYPHON TPYIIION BHYTPEHHUX
cummerpuit G:

WPZP—)X. (25)

KanubpoBounbie MOTEHINAILI COOTBETCTBYIOT I'PYIIIE BHYTPEHHUX cuMmerTpuit G.
Bynem oroxaecTBIgTh X CO CBA3HOCTAMU Ha TyiaBHOM paccioernu P. Kammbposotmbie
[IOTEHIUAJIBI IIPEJACTABIAIOTCA IJI00AILHBIMA cedeHusMu A paccioenns cassHocreir C =
J'P/G — X:

m o, __ m
A= (ko A) (). (26)
— m
Ha C zaparorcsa koopaunaret C' = C(z#, k:ﬂ .

Muoroobpazue crpyit J'C raasrnoro pacciaoenus cesasnocreii C' HasbBaeTcs KOHHTY-
m m
PAIMOHHBIM IPOCTPAHCTBOM KaJMOPOBOYHBIX MOTEHIMAJIOB ¢ KoOpauHaTaMu (z#, ku k # 5)-

Hnsg J'C cymecTByer paciernenme:

Jlc=CcraC._. (27)
C

31ech
2
C_=CxAT*XQVCP, (28)
X

rie VEP = VP/G.
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Pacciioerne C; — C ectb addunHOE paccyioeHmne, MOJAETUPYyEMOe HaJl BEKTOPHBIM
pacciioeHueM:

— 2
C,=VT*"XVCYP. (29)
C
Koopaunarsl Ha 9TOM pacIielIeHnH UMEIOT CJIeIyIONIuil BUI:
1 l 1 l
= 5(ic;jg + B+ ckREL) + 5( =k, — ek, (30)

rJe cﬁm CYyTh CTPYKTYpPHBIE KOHCTaHTHI aiareopsl Jlu g, rpymnmnsr G oTHOCHTEIBHO Hasuca

{Im}-

BamnmimeM KaHOHUYECKYTo clopbeknnio S = pry : J1C — O :
SV =K+ kR + emkikL (31)
BanmuineM KaHOHHYECKYIO CIOPbeKImio F = pro @ J1C' — O_ :
1
F =P det Adat @ L, TR, = ki = KX, = kR, (32)

Beeném Bemunny F := F o J'A. Torna s Heé moaydmnm:
FJl, = Ay — 0,A% — cmAKAl#. (33)

Ha kondurypamnmonaom npocrpancrse J'C 3agaércs narpamxkuan Sura-Munuica.
JLjist IPOCTOTHI PACCMOTPUM CBOOOIHBIN Jarpan:kuad Jdura—Musuica (Iipu OTCyTCTBUN
UCTOYHUKOB):

1

4e2

rae “a,,, — HeBBIpOXKIeHHas G-MHBAPHAHTHAS MeTPUKa Ha anrépe JIn g,, € — KOHCTaHTA
B3auMozieficTsust, gy, u g — Merpuxa B KacareabnoM (TX) u kokacarensuom (T*X)
paccioennsx Hag X, g := det{gx,}.

Ly g™ 9" FIF A 9w, (34)

5. SﬂeKTpOMaFHI/ITHOG I1oJie

OnmmeM cTpYKTYpPy KaJauOPOBOYHOTO IIOAXOA JJIS SJEKTPOMATHATHOTO 110, Bymem
PacCMaTpUBATL 3JIEKTPOMATHUTHOE TI0JIe Ha MHOroobpasun X 4. I'pymmoii BHyTpenHnx
cummerpuii G siBiisiercs: rpynma U (1).

T'maBHOE paccioenne:

mp: P — X% (35)

CompsiKEHHOE paccjaoeHre N30MOPQHO TPUBUAIHLHOMY PACCIOEHUIO:
VeP = X* xR (36)
Paccioenne cBsznocreit nzomopduo abdUHHOMY KOKACATETHHOMY PACCIOEHUIO:
C=T*X* (37)
U3 (33) 3anumeM HAIPSKEHHOCTH 3JIEKTPOMATHUTHOTO IIOJIS:

Eu=FupoJ A= 0,4, — 0,Ax. (38)
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Jlist mpoctpancrsa Munkosckoro (X* = M*) ¢ merpukoii 17, = diag(1,—1,—1,—1)
u3 (34) mosrydnm JIarpaHKuaH CBOOOIHOTO SJIEKTPOMAIHUTHOIO MOJIS:

_ 1 A, Br
L= 1671'077 n ./_")\5./_",“/&). (39)

/\q)a3OBb>I\M IPOCTPAHCTBOM OyJIeT ABJISATHCS paccjaoenue Jlexkamapa ¢ KOOpIUHATAMEI
(XA, k")
% :

= (ﬁT*X O TX ® TX) x C. (40)
X

AcconuupoBaHHBIN C JArPAHKUAHOM JIEXKAHIPOB MOPMU3M 3aIUIIETCsT CJIEITY FOIIIM
obpazom:

(1) o [, = 0; 41
p
. 1
PN o L= — i Fop. (42)

MHOFOI/IMHyJIbCHbIﬁ TaMHJIbTOHWMAH IIPUHUMaET BHUJI:

H:p“Adk“/\wA —p“/\SM,\w—I:Iw, (43)
1

Su/\ = 5(8MA>\ - 8>\Au)v (44)

H = —mnuamspNp?. (45)

STOMy TraMUJIBTOHNAaHY COOTBETCTBYIOT CJICAYIOIINE YPaBHCHUA lamuabToHa:

ot =0, (46)
ATy + 0, = OrA, + 0, Ay (47)

6. 3akJirouyenue

ABTOpOM cIenaHa BBIXKMMKA MaTEPUAJIOB IO T€OMETPUIECKOMY IOIXOIY K JIarpaHzKe-
BY U FaMUJIBTOHOBY (pOpMaJII3MaM Ha OCHOBE PACCIOCHHBIX TPOCTpaHCTB. [IpuMmenenne
JAHHOT'O TIOJIX0J1a ITPOJAEMOHCTPUPOBAHO HA MPUMEPE JIEKTPOMATHUTHOTO TIOJIA B TIPEJI-
crasiennu nojada dara—Muniica.
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UDC 537.8:514.762.37
A Geometric Approach to the Lagrangian and Hamiltonian
Formalism of Electrodynamics

D. S. Kulyabov*
* RUDN University (Peoples’ Friendship University of Russia), Moscow, Russia
t Joint Institute for Nuclear Research, Dubna, Moscow region, Russia

In solving field problems, in particular problems of electrodynamics, we commonly use the
Lagrangian and Hamiltonian formalisms. Hamiltonian formalism of field theory has the advantage
over the Lagrangian, which inherently contains a gauge condition. While the gauge condition
is introduced ad hoc from some external reasons in the Lagrangian formalism. However, the
use of the Hamiltonian formalism in the field theory is difficult due to the non-regularity of the
field Lagrangian. We must use such variant of the Lagrangian and the Hamiltonian formalism,
which would allow us to work with the field models, in particular, to solve the problem of
electrodynamics.

We suggest using the modern differential geometry and the algebraic topology, in particular
the theory of fiber bundles, as a mathematical apparatus. This apparatus leads to greater clarity
in the understanding of mathematical structures, associated with physical and technical models.
Using the fiber bundles theory allows us to deepen and expand both the Lagrangian and the
Hamiltonian formalism. We can detect a wide range of these formalisms. We can select the most
appropriate formalism. Actually just using the fiber bundles formalism we can adequately solve
the problems of the field theory, in particular the problems of electrodynamics.

Key words and phrases: fiber bundles, connectivity, Lagrangian formalism, Hamiltonian
formalism, Yang—Mills theory
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Pusmka

UDC 530.122:531.266.3
Spherically Symmetric Solution of the Weyl-Dirac Theory of
Gravitation and its Consequences

O. V. Babourova, B. N. Frolov, P. E. Kudlaev, E. V. Romanova

Moscow Pedagogical State University, Moscow, Russia

The Poincaré and Poincaré—Weyl gauge theories of gravitation with Lagrangians quadratic on
curvature and torsion in post-Riemannian spaces with the Dirac scalar field is discussed in a
historical aspect. The various hypotheses concerning the models of a dark matter with the help
of a scalar field are considered. The new conformal Weyl-Dirac theory of gravitation is proposed,
which is a gravitational theory in Cartan—Weyl spacetime with the Dirac scalar field representing
the dark matter model. A static spherically symmetric solution of the field equations in vacuum
for a central compact mass is obtained as the metrics conformal to the Yilmaz—Rosen metrics.
On the base of this solution one considers a radial movement of an interplanetary spacecraft
starting from the Earth. Using the Newton approximation one obtains that the asymptotic
line-of-sight velocity in this case depends on the parameters of the solution, and therefore one
can obtain, on basis of the observable data, the values of these parameters and then the value of
a rest mass of the Dirac scalar field.

Key words and phrases: Dark matter, Dirac scalar field, Weyl-Dirac theory of gravitation,
Cartan—Weyl spacetime, Yilmaz—Rosen metrics, spacecraft Earth flyby

1. Introduction

In [1] a gauge principle has been applied to Poincaré group that has resulted in
construction a gauge theory of gravitation in a post-Riemannian space with curvature
and torsion — a Riemann—Cartan space. In [1] a curvature scalar (generalized on a
Riemann—Cartan space) was used as a Lagrangian of the theory. Such generalized theory
of gravitation has been named the Einstein—Cartan theory of gravitation. The similar
gauge theory of gravitation was proposed in [2-5] where it was offered to use as a
Lagrangian along with a curvature scalar also quantities quadratic on curvature and
torsion. Later in [6] the most general Lagrangian of a such kind in a Riemann—Cartan
space was constructed containing ten arbitrary connection constants. A gauge theory of
gravitation with quadratic Lagrangians has received the name the Poincaré gauge theory
of gravitation, see Refs. in [7-9].

Then in [10,11] it was advanced a conformally invariant generalization of the Poincaré
gauge theory of gravitation was proposed which uses the method offered by Dirac in his
well-known work [12]. The given method is based on using in a Lagrangian of the theory
an additional scalar field which in [10] was named as a Dirac scalar field.

In [13,14] the gauge theory of gravitation was constructed, proceeding from the
requirement of the gauge invariance of the theory concerning the Poincaré—Weyl group,
supplementing the Poincaré group by a group of spacetime stretching and compression
(dilatations). It was shown that from this requirement spacetime obtains a geometrical
structure of Cartan—Weyl space. Besides, in this theory a requirement appears of necessary
existence of the additional scalar field having so fundamental geometrical status, as well
as the metrics. The further development of the theory has shown, that the given scalar
field coincides by the properties with the scalar field entered by Dirac in [12].

Further on the basis of the given result the theory of gravitation in a Cartan—Weyl space
has been constructed [15-18], which generalizes the Einstein—Cartan and the Poincaré
gauge theories of gravitation in presence of nonmetricity of the Weyl’s type and uses the

Received 30" June, 2016.
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Dirac scalar field for supporting conformance of the theory. This generalized theory of
gravitation is pertinent to be named the Weyl-Dirac theory of gravitation.

According to Gliner [19], the cosmological constant in the Einstein equation determines
a vacuum energy density (dark energy). In the Weyl-Dirac conformal theory of gravitation,
an effective cosmological constant appears, which value is determined by the Dirac scalar
field. Application of the Weyl-Dirac theory to the early universe cosmology has allowed
to find the solution of a well-known cosmological constant problem [18,20-22], which
represents the important problem of modern physics [23,24].

Matos with co-authors [25] within the framework of a Riemann geometry in GR
advanced a cosmological SFDM model, in which the dark matter was modelled with the
help of a scalar field using a special kind of a potential. The full solution of a cosmological
scenario was obtained. To the hypothesis that the scalar field can carry out the same
problems, which are assigned to a dark matter, Capozziello with coauthors have joined [26].
In [26] the Yukawa interaction between the scalar field and substance is used.

In the monography [18] within the framework of the Weyl-Dirac theory of gravitation,
the hypothesis has been stated that the Dirac scalar field in Cartan—Weyl space not only
determines a size of the effective cosmological constant (dark energy density), but also
plays a role of the basic component of a dark matter. Then the spherically symmetric
solution of the Weyl-Dirac theory for the central mass in vacuum [18,27,28] was found.

Thus, the hypothesis about a possible modeling of dark matter by a scalar field is
fruitful idea, which now is developed by some modern researchers. In the present work a
new method of deriving the spherically symmetric solution of the conformal Weyl-Dirac
theory of gravitation is elaborated, and also possible influence of dark matter on movement
of space vehicles within the limits of Solar system is found out.

2. Lagrangian Density and Field Equations in Weyl-Dirac
Theory

Let us consider [18] a connected 4D oriented differentiable manifold M equipped
with a metric § of the index 3, a linear connection I'*, and a volume 4-form 7. Then a
Cartan—Weyl space CW, is defined as such manifold equipped with a curvature 2-form
R%, a torsion 2-form 7% and a nonmetricity 1-form Q,; obeying the Weyl condition

1
Qup = EgabQ- (1)
Here Q. = —Dgap, and D =d 4+ T' A ... is the exterior covariant differential.

In [13,14] the Poincaré-Weyl gauge theory of gravitation (PWTG) has been developed.
The gauge field introduced by the subgroup of dilatations is named the dilatation field,
its vector-potential is the Weyl 1-form, and quanta of this field can have nonzero rest
mass. An additional scalar field 8(x) is introduced in PWTG as an essential geometrical
addendum to the metric tensor, the tangent space metrics being the form,

Gab = ﬁ729%7 (2)

where g™ are the constant components of the Minkowski metric tensor.

The properties of the field 8(x) coincide with those of the scalar field introduced by
Dirac [12]. Some terms of the Dirac scalar field Lagrangian have structure of the Higgs
Lagrangian and can cause an appearance of nonzero rest masses of particles [11].

On the basis of PWTG, the conformal theory of gravitation in Cartan—Weyl spacetime
with Dirac scalar has been developed [15-18] with the Lagrangian density 4-form (in
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exterior form formalism) [20, 21],
1
L=Lg+ Lmat + LAY A (Qab - 4gabQ> ; (3)

1 1
L =2f 5,8273% Ane — B*An + R A *ROy + p1 82T A *To+

+ P2 BT A Gy) Ax(T NO,) + psB2(T Aba) A*(TP A Gy)+
+EB2QAXQ + (B2Q A 0% A xT, + 11dB A +d B+
1 LBAB A O A KT, +1BdA A Q| . (4)

here L is the gravitational field Lagrange density, Lt is the matter Lagrange density.
The first term in L is the Gilbert—Einstein Lagrangian density generalized to the Cartan—
Weyl space (1,° = *(0, A0°), fo = ¢*/16mQ), the second term is a generalized cosmological
term describing vacuum energy (A is the Einstein cosmological constant).

We use the exterior form variational formalism on the base of the Lemma on the
commutation rule between variation and Hodge star dualization [29]. The independent
variables are the nonholonomic connection 1-form I'%,, the basis 1-form 6%, the Dirac scalar
field 3(x), and the Lagrange multipliers A%, A-equation yields the Weyl’s condition (1).
The variational field equations of the theory (I'-equation, #-equation and (-equation) can
be found in [18,21].

These variational field equations have been solved for the very early stage of evolution
of universe for the scale factor a(t) and the field (), when the matter density is very
small [18,20-22]. This solution realizes exponential diminution of the field /3, and thus
sharp exponential decrease of physical vacuum energy (dark energy) by many orders.
Thus this result can explain the exponential decrease in time at very early Universe of
the dark energy being described by the effective cosmological constant. This can give
way to solving one of the fundamental problems of the modern theoretical physics — the
problem of the cosmological constant (see [23,24]) — as a consequence of fields dynamics
at the early Universe.

3. Spherically Symmetric Solution
of the Weyl-Dirac Theory

Now a static spherically symmetric solution of the field equations in vacuum (in case
of A =0, A =0) is obtained for a central compact mass m [18,27,28].

In the spherically symmetric case the torsion 2-form is, 7% = (1/3)T A 0%, T =
*(0y N *T), where T is a torsion trace 1-form.

As a consequence of the I'-equation, one can conclude that the torsion 1-form 7 and

the nonmetricity 1-form Q can be realized as T = sdU, Q = qdU, U = log 3, where s
and g are arbitrary constants.

We shall find a static spherically symmetric solution with a metrics of the form,
ds? = e 2V o7 qe? — et (dr? + 1% (d6? + sin? 0d¢2))} . (5)

After calculation the I'-, #- and S-equations with the help of this metrics, one can conclude
that these equations are reduced to the following equations,

2 k
u+;u’=0, U’:i?u’, k=vVk2>0, (6)
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with ¢ = —8, s = —6, and k=2 = [; under some conditions on the coupling constants of
the Lagrangian density 4-form (4).

The equations (6) have solutions,

T Erg
p="r. Blr)=poets, (7)

which lead to the metrics,
ds? = eij%ds%,R, (8)
ds¥p = e~ 72 — e (dr? + r2(d6? + sin? 6 d?)) . (9)

With the help of the conformal transformation

krg

Jap = e¥79a5 s (10)

the metrics (8) can be transformed to the metrics (9), the Cartan-Weyl space being
transformed to the Riemann—Cartan space.

If one puts ro = ry = 2Gm/c?, the metrics (9) is known as the Yilmaz—Rosen (YR)
metrics [30-32]. In this case this metrics in the post-Newtonian approximation at large
distances gives the same results as the Schwarzschild metrics. The metrics (9) belongs to
the Majumdar—Papapetrou class of metrics [33,34].

The metrics (8) will be named the generalized Yilmaz—Rosen metrics. In the simplest
case the constant k can be chosen as k = 1/+/I1, where [; is the coupling constant in the
Lagrangian density (4).

4. Possible Influence of Dark Matter
on the Interplanetary Spacecraft Motion

Let’s consider a radial motion of a test body under the influence of the metrics (8).
The t-component of the geodesic equation has the first integral,
rq cdt
e~ ER 22 — Fy = const . (11)

ds

Let us divide (8) by ds? and put df = 0, d¢ = 0. Then after some transformations we
shall obtain for radial movement the following functional dependence between the velocity
v of a test body and the radial coordinate r,

Yoo (1 - 1e—<1i’<>rf> . (12)

2 2
c Eg

This equation yields the identity,

2
Vi 1

m -1 - — 13
5 i (13)

where vy is an asymptotical value of the test body velocity at infinity.

Let’s apply the equalities (12) and (13) to the motion of interplanetary spacecraft
starting from the Earth (ignoring its rotation). If we use the Newton approximation in
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this case, then we obtain the approximate equality,
2 2
Vinf — Yinf /0 r
_inf Tnf/0 o o (i) : 14
c? + R/ Earth ( )

where viy,¢ /o is the value of the test body velocity at infinity calculated under the condition
k=0.

The data on Galileo, Cassini and other Earth flyby of the interplanetary spacecrafts
show the increase Auviyr in the asymptotic line-of-sight velocity vinf, of the order of
1-10 ™ [35]. Therefore the value of (14) is not zero. From this fact one can make two
conclusions. First, we need to choose the second sign in the solutions (7), (9). Second,
the formula (14) allows to estimate the values of k£ and I, and thus the value of the Dirac
field rest mass. In [11] one can see, how a scalar field, which is a model of dark matter,
can obtain a rest mass by the Higgs machinary.

5. Conclusions

As a consequence of the Poincaré—Weyl gauge theory of gravitation, the Dirac scalar
field, which has an equally fundamental status as the metrics, should exist in Nature, and
spacetime has a geometrical structure of the Cartan—Weyl space. We have named such
gravitational theory as the Weyl-Dirac theory of gravitation. In this theory we derive
a static spherically symmetric solution of the field equations in vacuum for a central
mass. With this solution we consider a radial motion of an interplanetary spacecraft
starting from the Earth. Using the Newton approximation we obtain that the asymptotic
line-of-sight velocity vinr in this case depends on the parameter k of the solution. Using
the observable data, one can obtain the value of this parameter and then the value of the
Dirac field rest mass.

The results were obtained within the framework of performance of the State Task No
3.1968.2014 /K of the Ministry of Education and Science of the Russian Federation.

References

1. T. W. B. Kibble, Lorentz Invariance and the Gravitational Field, Journal of Mathe-
matical Physics 2 (1961) 212-221.

2. B. N. Frolov, Principle of Local Invariance and Noether Theorem, Vestnik Moskovskogo
Universiteta 6 (1963) 48-58, (in Russian).

3. B. N. Frolov, Principle of Local Invariance and Noether Theorem, in: Proceedings,
Modern Problems of Gravitation, 2nd Soviet grav. conf., Publ. House Thilisi Univ,
Thilisi, 1967, pp. 270-278, (in Russian).

4. B. N. Frolov, Tetrad Palatini Formalism and Quadratic Lagrangians in the Gravita-
tional Field Theory, Acta Physica Polonica B 9 (1978) 823-829.

5. B. N. Frolov, On Foundations of Poincaré-gauged Theory of Gravity, Gravitation and
Cosmology 6 (2004) 116-120.

6. K. Hayashi, Gauge Theories of Massive and Massless Tensor Fields, Progress of
Theoretical Physics 39 (1968) 494-515.

7. F. W. Hehl, J. L. McCrea, E. W. Mielke, Y. Ne’eman, Metric-Affine Gauge Theory of
Gravity: Field Equations, Noether Identities, World Spinors, and Breaking of Dilaton
Invariance, Physics Reports 258 (1995) 1-171.

8. B. N. Frolov, Poincaré Gauge Theory of Gravitation, MPGU, Moscow, 2003, (in
Russian).

9. M. Blagojevié, F. W. Hehl, Gauge Theory of Gravitation, WSPC, Imperial College
Press, London, 2013.



Babourova O.V. et al. Spherically Symmetric Solution of the Weyl-Dirac. . . 89

10

11.

12.
13.
14.
15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

B. N. Frolov, Gravitatziya i elektromagnetizm, Universitetskoe, Minsk, 1992, Ch.
Generalized-conformal Poincaré-gauged Quadratic Theory of Gravity, pp. 174-178,
(in Russian).

B. N. Frolov, Gravity, Particles and Spacetime, World Scientific, Singapore, 1996, Ch.
Generalized Conformal Invariance and Gauge Theory of Gravity, pp. 113-144, (in
Russian).

P. A. M. Dirac, Long Range Forces and Broken Symmetries, Proceedings of the Royal
Society A 333 (1973) 403-418.

O. V. Babourova, B. N. Frolov, V. C. Zhukovsky, Gauge Field Theory for Poincaré—
Weyl Group, Physical Review D 74 (2006) 064012-1-125.

0. V. Babourova, B. N. Frolov, V. C. Zhukovsky, Theory of Gravitation on the Basis
of the Poincaré—Weyl Gauge Group, Gravitation and Cosmology 15(1) (2009) 13-15.
0. V. Babourova, B. N. Frolov, Dark Energy, Dirac’s Scalar Field and the Cosmological
Constant Problem, ArXive: 1112.4449 [gr-qc] (2011).

O. V. Babourova, B. N. Frolov, R. S. Kostkin, Dirac’s Scalar Field as Dark Energy
with the Frameworks of Conformal Theory of Gravitation in Weyl-Cartan Space,
ArXive: 1006.4761[gr-qc] (2010).

0. V. Baburova, R. S. Kostkin, B. N. Frolov, The Problem of a Cosmological Constant
within the Conformal Gravitation Theory in the Weyl-Cartan Space, Russian Physics
Journal 54(1) (2011) 121-123.

O. V. Babourova, B. N. Frolov, Mathematical Foundations of the Modern Theory of
Gravitation, MPGU, Moscow, 2012, (in Russian).

E. B. Gliner, Inflationary Universe and the Vacuumlike State of Physical Medium
Space, Physics-Uspekhi (Advances in Physical Sciences) 45(2) (2002) 213-220.

O. V. Babourova, K. N. Lipkin, B. N. Frolov, Theory of Gravity With the Dirac
Scalar Field and the Problem of Cosmological Constant, Russian Physics Journal
55(7) (2012) 855-857.

O. V. Babourova, B. N. Frolov, K. N. Lipkin, Theory of Gravity With a Dirac
Scalar Field in the Exterior Form Formalism and Cosmological Constant Problem,
Gravitation and Cosmology 18(4) (2012) 225-231.

O. V. Babourova, B. N. Frolov, Dark Energy as a Cosmological Consequence of
Existence of the Dirac Scalar Field in Nature, Physical Research International (ID
952181) (2015) 1-6.

S. Weinberg, The Cosmological Constant Problem, Reviews of Modern Physics 61(1)
(1989) 1-23.

M. Li, X.-D. Li, S. Wang, Y. Wang, Dark Energy, Communications in Theoretical
Physics 56 (2011) 525-560.

T. Matos, L. A. Urena-Lopez, On the Nature of Dark Matter, International Journal
of Modern Physics D 13 (2004) 2287-2292.

D. F. Mota, V. Salzano, S. Capozziello, Unifying Static Analysis of Gravitational
Structures With a Scale-Dependent Scalar Field Gravity as an Alternative to Dark
Matter, Physical Review D 83 (2011) 084038.

O. V. Babourova, B. N. Frolov, E. V. Febres, Spherically Symmetric Solution of
Gravitation Theory With a Dirac Scalar Field in the Cartan—Weyl Space, Russian
Physics Journal 57(9) (2015) 1297-1299.

0. V. Babourova, B. N. Frolov, P. E. Kudlaev, E. V. Romanova, Spherically Symmetric
Solution in Cartan—Weyl Space with Dirac Scalar Field, in: Proceedings of the T'welfth
Asia-Pacific International Conference on Gravitation, Astrophysics, and Cosmology
dedicated to the Centenary of Einstein’s General Relativity, Moscow, 28 Jun—5 July
2015, World Scientific Publishing Co. Pte. Ltd., Singapore, 2016, pp. 191-195.

O. V. Babourova, B. N. Frolov, E. A. Klimova, Plane Torsion Waves in Quadratic
Gravitational Theories in Riemann—Cartan Space, Classical and Quantum Gravity 16
(1999) 1149-1162.



90 Bulletin of PFUR. Series Mathematics. Information Sciences. Physics. No4,2016. Pp. 84-92

30. H. Yilmaz, New Approach to General Relativity, Physical Review 111 (1958) 1417—
1420.

31. N. Rosen, A Bi-Metric Theory of Gravitation, Annals of Physics (New York) 84 (1974)
455-473.

32. Y. Itin, A Class of Quasi-Linear Equations in Coframe Gravity, General Relativity
and Gravitation 31 (1999) 1891-1911.

33. S. D. Majumdar, A Class of Exact Solutions of Einstein’s Field Equations, Physical
Review 72(5) (1947) 390-398.

34. A. Papapetrou, Solution of the Equations of the Gravitational Field for an Arbitrary
Charge-Distribution, Proceedings of Royal Irish Academy A 51 (1947) 191-204.

35. L. Iorio, Gravitational Anomalies in the Solar System?, International Journal of
Modern Physics D 24(6) (2015) 1530015 (37 p.).

VK 530.122:531.266.3

Cdeprniyeckn-cuMMeTPpUYHOE pellleHne TeOpUU I'paBUTAIAN
Beitns—/Iupaka n e€ cjencTBusd

O. B. BabypoBa, B. H. ®pouJos, II. 9. Kyanaes, E. B. PomanoBa

Mocxosckuti nedazozuveckutl zocydapcmeennniii yrusepcumem, Mockea, Poccus

B wucropuueckom acrekre obcyxkmarorcst Ilyapkape- u [lyankape-Beitib- KaaubpoBOUYHBIE
TEOPHUHU I'PABUTAIINY B ITOCTPUMAHOBBIX ITPOCTPAHCTBAX CO CKAJISIpHBIM ToJieM Jlupaka ¢ Jrarpas-
KrnaHaM1, KBaJIpPaTUIHBIMU 110 KPUBU3HE 1 KPYy49€HUIO. PaCCManI/IBaIOTCH Pa3JIMYHbIEC TUIIOTE3bI
O BO3MOZKHOM ITOCTPOECHUN NIO,ZLeJ'IefI TéMHOﬁ MaTepuu C IIOMONIBIO CKAJIAPHOT'O ITOJIA. PaSBI/IBaeTCH
HOBasl KOH(OpPMHas Teopus rpaButanuu Beiia—/lupaka, npeacrapismornas coboil TEOPUIO TPa-
BUTAIIMU B IIPOCTpaHCTBe-BpeMenn Kaprana—Beiiis co ckaisspabiM mosieM Iupaka, KoTopoe pac-
CMAaTPUBAETCs KaK MOJesb TéMHON MaTepun. Haiineno crarudeckoe cepruIecKn-CUMMETPIHIHOE
pellleHre ypaBHEHUH TOJIsi B BAKyyMe JIJIsl [EHTPAJIbLHON KOMIAKTHONH MacChl B BUIE METPUKU,
koHOopMHON MeTpuke MiMmaza—Pozena. Ha ocHOBe 3TOr0 pereHust paccCMOTPEHO PaTUATBLHOE
JBU2KEHME KOCMHUYIECKOTO alllapaTa, CTAPTYIOMEro ¢ 3eMyn. B HbIOTOHOBOM HPUOINKEHUN II0-
Ka3aHO, 9TO ACUMIITOTUYECKOE 3HAYEHNE CKOPOCTHU allllapara Ha 3HAYUTETHLHOM YIAJEHUH OT
3eM.HI/I 3aBUCUT OT IIapaMeTpa penieHusd. TeM CaMBbIM BO3HHKaET BO3MOXKHOCTH IIPU CpaBHEHUU C
Ha6HIO,D;a,TeJIbeIMI/I JaHHBIMU OIIPEIE/INTh 3HAQYEHNUEe 3TOI'0 ITapaMeTpa, 9YTO IIO3BOJIUT OIEHUTDH
BEJIMYMHY MACCHI MIOKOsI KBAHTA CKaJISIPHOTO ToJist upaka.

KuroueBbie ciioBa: TéMHasi MaTepusi, CKaJsipHOe mojie {upaka, Teopusi rpaBuTanuu Beirs—
Hupaka, nmpocrpancTBo-Bpemst Kaprana—Beitns, merpuka Mnmaza—Pozena, o6iér Seman kocMmu-
YECKUM aIlapaToM
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[IPABUJIA O®OPMJIEHUSA CTATEN

Penxosmrerna xypnana «Becrauk Poccuiickoro ynuepcurera IpyKOBI HAPOIOB»,
cepus «Maremaruka. Uudopmaruka. Pusnkay MpOCUT aBTOPOB MPUIEPKUBATHCS CJIELY-
IOIUX TIPABUJ IIPU IIPEJICTABICHUN CTATHU B YKypHAJI.

1. CraTbu npeCcTaBIIsiOTCS HA PYCCKOM WJIA AHTJINHACKOM SI3BIKE.

2. O6béM craTbu He J0JIKeH peBbimaTh 0,75 aBr. med. JI.

3. ABTOp upeicTaBiseT B PEJAKIMIO 3JIEKTPOHHYIO BEPCUIO PYKOIUCH, HAOpaHHYIO
B cucreme KTEX(ucnosb3yercss Bepcust WIEX 2¢, qyis Habopa (GopMys1 HCHOIB3yeTCst
makponakeT ANS-TEX). K ssrekTponHOMy BapuaHTy IpHIaraeTcsl OTIeYATAHHBIN Ha
OyMmare sk3eMIIsAp uau daitn B dopmare Postscript mmu PDF. JIns kaxmoit crarbu
ykasbiBatorcest kogael YK n MSC (PACS).

4. Ha3Bamnue, aHHOTAIMSA, KJIIOYEBbIE CJIOBA, (DAMUINU U NHUIMAJILI aBTOPOB, HA3BAHUE
OpTraHu3allui, TJie PA0OTAIOT ABTOPHI, IIPEIOCTABIISIOTCS HA PYCCKOM U AHTJINHCKOM si3bIKaX.

5. Annoranus (ot 150 70 250 cJ10B) JI0JI2KHA ONMUCHIBATH OCHOBHBIE I1EJIH UCCJIEI0BAHMS;
00bSCHATD, KAK OBLIO IIPOBEJIEHO UCCEIOBaHNEe, 0€3 METOIOJOIMIECKUX JleTaseil; CyMMU-
poBaTh HamboJIee BayKHBIE PE3YIbTATHI U UX 3HAYUECHHUE; OBITH HAIMCAHA KAaYEeCTBEHHBIM
PYCCKUM / aHIVIMICKIM $I36IKOM. B aHHOTAIMY He JIOMYCKAIOTCS CCBLIKU HA IUTHPOBAHHYIO
JITTEPATYPY, a00PEBUATYPHI U TPOMO3JIKIE (DOPMYJIDI.

6. TexcT cTaTbu J0JKEH BKIOYATH BBEJIEHUE, 3aK/TIOUEHNE, CITICOK UCIOJTH30BAHHBIX
ucTouHuKOB (He Menee 5). [uyOuHa pasOUBKU TEKCTa He J0JIZKHA IIPEBBIIIATh TPEX yPOBHEl
(pasiesbl, MYHKTHI U TIOIIYHKTHI).

7. Pucynku npuHUMAIOTCS B 9JIEKTPOHHOM BHJle. KaXKIblif PUCYHOK JTOJI?KEH ObIThH
moMerél B oresbHblil daitn. [Ipuanmaemsie dopmarer daiios: 1) Bekropusle: PDF,
EPS, TgX; 2) pacrposbie: PNG, TIFF, GIF (Bosmoxna nakancyssinus 8 EPS).

8. Pa3mep pucyHka BMecTe ¢ MOANUCHIO HE JOJIZKEH TpeBhImaTh 14x19 cm. Pasperenne
PacTpPOBOTO PpHUCYHKA JOJZKHO HAXOMUThCs B mperdenax 300-600 dpi.

9. Pucynku n0JKHBI OBITH 9€pHO-0esibie. BO3MOXKHOCTD UCIIOJIB30BAHUS IOy TOHOBBIX
1 dpororpadraecKux n300parkeHnii MOXKET OBITH paccMOTpPeHa OTaebHO. POHDBI JTOJIXKHBI
OBITH TOTBKO MTpuxoBaHHBIE. CeTOUHBIE (DOHBI U TOJIyTOHA HE JTOITYCKAOTCSI.

10. Cuucok sureparypsl moarorasauBaercs B cucreme BIBTEX u mpescrasisieTcs B
JIBYX OT/IesibHBIX aitinax — 1o Tpebosanusym ['OCT 7.1-84 (cmermanHbIil CIMCOK MCTOYHH-
KOB Ha PYCCKOM U JIDYTHUX s3bIKax) ¥ 110 crangapry Harvard (IOJHOCTBIO HA HHOCTPAHHOM
si3biKe (QHJIT., DPaHIL., HEM., UCIL ); JIJIs HCTOYHUKOB HA PYCCKOM sI3bIKe TPeOYeTCsl epeBo/l
Ha aHrMiCKMii 53bIK ). CChLIKY Ha HEOIyOJIMKOBAaHHbBIE PAOOTHI He JIOIYCKAIOTCS.

11. Pykonuch mo/kHa OBITH TIIATEIBHO BbIBepeHa. HeobOXomnMmo ykaszaTb TOUYHDBIE
cBesieHUs 00 aBTOpax: (PaMUIINIO, UMsI, OTIECTBO MOJTHOCTHIO, YICHYIO CTEIEHDb, YIEHOE
3BaHUe, JOJIZKHOCTb C YKA3aHUEM IIO/IPa3/Ie/IeHUs U OPraHU3allnd, IOYTOBBIA U 9JIeKTPOH-
HBIIT asipec MecTa paboThl aBTOPoB 1 Tesnedonbl. [loce mOAroTOBKYU pemakimeil K HabOpy
Pa3MEYEHHBII U UCIPABJICHHBIN aBTOPOM TEKCT CTATHU W UCIPABJICHHAS SJICKTPOHHASI
BEpCHUsI BO3BPAIAIOTCA B pefakimio. KoppekTypa Jjis MpocMOTpa BBICHLIAETCS 1Mo e-mail.

12. Boszsparlmenue crarbu aBTOpPY Ha JOPaOOTKY HE 03HAYAET, UTO OHA MPUHATA K
omybsimkoBanuio. JlopaboTaHHbBI BADUAHT CTATBU PEIKOJIIETHsT PACCMATPUBAET BHOBbD.
B cinydae oTKJIOHEHUs CTAThbU PEIKOJITIETUS OCTABJISET 33 COOOI MpPaBO HE BO3BPAIIATH
aBTOPY OJIMH €€ IKIEMILISAP.

13. Bce craTbu, mianupyemMbie K myOJUKAIIMN B XKyPHAJIE, TPOXOAAT 00A3aTEILHYTIO
MPOIIEyPY PEIEH3UPOBAHUSI IBYMs PEIEH3EHTAMH, SIBJISIONIMMUCS IKCIIEPTAME B JTAHHOMN
obsacru. OJUH U3 PEIEH3EHTOB MOXKeT ObITh BBIOPAH U3 COCTaBa PEIKOJIIEIUN (BHYTPEH-
Hee pereH3upoBaHue). B 06g3aTeIbHOM TIOPSJIKE CTAThsl HAIIPABJISIETC HE3ABUCUMOMY
sKcrepry (Ha BHeIIHee pereHsuposanue). IIporme/ypa pereH3npoBanus siBJIsI€TCs aHO-
HUMHOI 7Tt aBTOPOB. 110 pesymbraTaM pereH3npoOBaHUS CTAThsl MOYKET OBITH OTKJIOHEHA,
HaIlpaB/IieHa aBTOPY Ha HOpabOTKY WU IPUHATA K IevdaTh. 1 peboBaHUS K PEIreH3UsIM:
OTIEHKA CYIIeCTBA pabOThl U BOZMOXKHOCTH €€ MyOJIMKAINN B YKypHaJe; KOHKPETHOE Tepe-
qucjIeHre OomubOK B METOIOJIONMH W MHCTPYMEHTAPUH (€CJIM OHU €CTh); [IPEJJIOKEHUsI [0
nTopaboTKe TEKCTA.



14. Tlpu noJiyueHHU IIOJIO?KUTEILHOIO 3aKJ/IIOYUEHUs] PEleH3eHTa MaTepPHaJIbl IToOMe-
MAIOTCA B «IIOPTAEIby PEIAKINH JJIs abHeiinero onyoankoBanus. [Ilpu moxydernun
OTPHUIIATEIBHOTO 3aKJIIOYCHUSA OJHOIO U3 PEIEH3CHTOB CTaThbdA PACCMATPUBAECTCA Ha 3ace-
JaHUY PEeTAKIIMOHHON KOJIETUH, KOTOPas NPUHUMAET pellleHne 00 OTKJIOHEHUH CTATbU
Wi 0 HEOOXOIMMOCTHU TIOJIYI€HUs JIOMOJTHUTEILHON PEIeH3nN HEe3aBUCUMOrO KCIIEPTA.

KonTakTHBII ajpec [jIs pereHnsi TEXHUIECKIX BOIPOCOB T10 TTPEI0CTABISEMbIM Ma-
TepuasiaM B kypHaj Becrauk PYIH. Cepus «Maremaruka. ndopmaruka. Pusnkas:
Poccus, Mocksa, VIL. OpKOHUKHUI3E, . 3, KOMH. 313;
e-mail: vestnik-miph@sci.pfu.edu.ru.

Anpec nnsa nepenucku: 117198, Poccust, Mocksa, yin. Mukiayxo-Maxias, 1. 6, paxyib-
TeT (PU3NKO-MATEMATHIECKUX U €CTECTBEHHBIX HayK, mpodeccopy CesacrbsinoBy JI. A.




d. ClII-1 PI'VII «TIOYTA POCCHI»

ABOHEMEHT wa xypnan 18235

B ECTH H K PY paH (MHIEKC W3TaHHA)
Cepua «MaTemaTmka. Konnuectso
"H¢DPM3THK3. ¢H3HKa» KOMILIEKTOE:

Ha 20 roj no mecsam
1 213 4|5 6 7 &1 9 |10]11| 12

Kyaa

(IMOYTOERIH HHIEKC) (ampec)

Komy

{(PAMMIHA, HHHIHATILL)

JOCTABOYHASA KAPTOUYKA

wa xypra 18235
[B |mecro|murep (MHJIEKC H3TaHHA)
BECTHUK PYAOH
Cepusa «MatemaTtuka. UHdbopmaTuka. @usukar
Cron-|  [OJINHCKH py0. _ Kom. [ Komugectso
MOCTE | nepeanpecoskn py6. ko, | KOMILICKTOB;

Ha 20 rojl 110 MeCALLAM
1 2 3 4 5 6 7 ] 9 1011 12

Kyna

(MOMTOREIH HHEKC) {aapec)

Komy

(hanMuTHs, HHALHATEL)




Haynbrit xKypHaJ

BECTHUK

Poccuiickoro yauBepcutera Apy>KO0bI HAPOIOB

Cepus
MATEMATUKA. TH®POPMATUKA. PU3UKA
2016, Ne 4

N3z nanue 3aperucrpuposano PenepalibHoil ciry2k00it 10 HaBOPY B cdepe CBA3M,
nH(MOPMAIMOHHBIX TEXHOJIOIHIA 1 MacCOBBIX KoMMyHuKarumii (Pockomuaz0p)

CsugeresibeTBo 0 perucrpanuu [T Ne @C 77-61205 or 30.03.2015 1.

Yupenurennb: PenepaabHoe rocyJapCTBEHHOE aBTOHOMHOE 00PAa30BATENIbHOE YIPEKIICHIE
BBICITIEr0 0Opa3oBanus «Poccuiickuit yHuBEpCUTET APYKOBI HAPOIOB>
(yn. Muksyxo-Makias, x. 6, Mocksa, Poccust, 117198)

PenakTop K. B. 3enxun
Komnbrorepuas Bépcrka: A. B. Kopoavkosa

A npec pemaknuun:
Poccuiickuit yauBepcurer npy:KObI HAPOIOB
yi. Operonnku3e, 3, r. Mocksa, Poccus, 115419
Test. 4+7(495)955-07-16, e-mail: ipk@pfur.ru

A pec peJaKIIMOHHON KOJIJIEruu
cepun «Maremaruka. Iudopmaruka. Pusukas:
ya. Opmrorukuaze, 3, KomH. 313, . Mocksa, Poccust, 115419
rest. +7(495) 952-02-50, email: mathitphysjournalrudn@pfur.ru
cafiT: http://vestnik-miph.sci.pfu.edu.ru

[Moanucano B nevars 9.12.2016. Beixox B cser 9.12.2016. @opmar 70x100/16.
Bywmara odpcernas. Iledars odeernas. Napaurypa «Computer Moderns.
Yen. meq. 1. 11,68 Tupaxk 500 sx3. 3akas Ne 1462

Ilena cBobomHAA

Tunorpacdua UK PY/IH
yir. Opmxonukuaze, 3, ['CII-1, r. Mocksa, Poccus, 115419, Tesn. 952-04-41



Scientific journal

BULLETIN
of Peoples’ Friendship University of Russia

Series
MATHEMATICS.INFORMATION SCIENCES. PHYSICS
2016, Ne 4

Editor K. V. Zenkin
Computer design: A. V. Korolkova

Address of editorial board:
Peoples’ Friendship University of Russia
Ordzhonikidze str., 3, Moscow, Russia, 115419
Tel. +7 (495) 955-07-16, e-mail: ipk@pfur.ru

Address of editorial board
series “Mathematics. Information Sciences. Physics”:
Ordzhonikidze str., 3, Moscow, Russia, 115419
Tel. +7 (495) 952-02-50, email: mathitphysjournalrudn@pfur.ru
site: http://vestnik-miph.sci.pfu.edu.ru

Printing run 500 copies
Open price
Address of PFUR publishing house

Ordzhonikidze str., 3, Moscow, Russia, 115419
Tel. +7 (495) 952-04-41





