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MatremaTuvdeckasi Teopusi TejieTpaduka U ceTu
TEeJIEKOMMYHUKAIUNA

VIIK 621.39
AHaJII/IB n ajJiropuTrm pacqéTa BEPOATHOCTHBIX XapaKTEepUCTHUK
AJId OJHOT'O a6OHeHTCKOI‘O y3J1ia IIACCUBHOI OIITUYECKOI ceTu

I'. II. Bammapun, FO. B. l'aiinamaka, H. B. Pycuna
Poccutickuti ynusepcumem dpyoicbv nwapodos, Mockea, Poccus

B macrosiiee Bpemst TeTeKOMMYHUKAIIMOHHAST WHLYCTPHUSI TPETEPIIEBAET OECIpereIeHTHbIE 13-
MEHEHWSsI, CBSI3aHHBIE C MEPEXOOM OT TOJIOCOBBIX CHCTEM K CHCTEMaM IMEPEeatdn JAHHBIX, UTO
SABJISIETCSI CJIEACTBUEM OYPHOT'O Pa3BUTHSI CeTeil CBA3U, OBICTPOIO POCTA HUHCJA IIOJIb30BaTEsIEHH,
YBEJIMYEHUsT YUCJIa, IPEJOCTABISIEMBIX YCIYT W UX KA4eCTBA. JBOJIONMS CETEH JOCTYIA UIAET TIO
JBYM OCHOBHBIM HAIIPABJICHUSM: PA3BUTHE BBLICOKOCKOPOCTHOTO JIOCTYIA JJIsT IPEIOCTABIICHUS
YCJIYT C BBICOKHMM yPOBHEM KadeCTBa OOCIyKUBAHUA U YMEHBIIICHHE JTOIH MEIHBIX KabeJsei npu
OpraHU3aIMN MECTHBIX ceTeit. /JloMUHUMpYyIOIIee MOOKEHNEe 3aHNMAEeT TPadUK JAHHBIX, KOTO-
pBIil B CBOIO 0Yepeib TPeOYeT CO3/IaHusl CeTell CBSI3U C BBICOKOM ITPOITYCKHOM CIIOCOOHOCTBHIO HA
0a3e TeXHOJIOINK KOMMYTAINH TakeToB. IloaToMy GosbIioe BHUMAHUE YIEISeTCs CeTsAM, IIPHU II0-
CTPOEHUN KOTOPBIX 33I€CTBOBAHBI ONTHYECKIE W OMTOIJIEKTPOHHBIE KOMIIOHEHTHI. [laccuBHast
OITUYECKAsI CETh — 9TO IIOJHOCTBHIO ONITHUYIECKAs CETh, KOTOPas UCIOJIB3YeT B CBOEH apXUTEKTYPe
TOJIBKO ITACCUBHbBIE ONITHYECKNE KOMIIOHEHTBI, HCKJIIOYAIONNE IPeobpa30BaHie CUI'HAJIA U3 SJIEK-
TpuIecKoit HGOPMBI B ONITHIECKyI0 M HA0O0opoT. Ilepenata Tpaduka B Takoit ceTm MOXKeT OBITH
peanu3oBaHa KaK Ha 0a3e BpeMEHHOIr'0, TaK U Ha 6a3e YacTOTHOIO pa3ieseHus KanajaoB. B pabo-
Te TpeICTABJIEHA MO/IENIb (DparMeHTa MYyJIbTUCEPBUCHOM TACCUBHON ONTUYECKOH CeTH, B KOTOPOit
OCYIIIECTBIISIETCS TEPEIada BOCXOSINEro TOTOKA TPpadUKa ¢ yI€TOM 0coOeHHOCTEH (DYHKITMOHN-
pOBaHUs ONTHYECKNX aOOHEHTCKUX Y3JI0B U IPUHIUIA JUHAMHYIECKOTO DPaCIpeesIeHusl JJINH
BOJIH. Pe3ybraTs! aHam3a mporecca mepegadn Tpaduka IPUMEHSIIOTCS B aHAJIN3€ BEPOSITHOCT-
HBIX XapPAKTEPUCTUK MPEJJIOZKEHHON MOJIEIH.

KroueBbie cjioBa: 1acCUBHAs ONITUYECKAsi CETh, ONITUYECKU JIMHERHBII TePMUHAJ, OIITH-
9eCKUil aODOHEHTCKUI y3€eJ1, BOCXOISIINN ITOTOK TpaduKa, MyJIbTUILIIEKCUPOBAHUE C pa3jieleHueM
10 JJINHE BOJIHBI, MHOXKECTBEHHBI JOCTYII C pa3/ieJIeHHEM 110 BDEMEHH, BEPOATHOCTH OJIOKUPOB-
KU

1. Bsenenne

[TaccuBrast ontuueckas cerb (PON, Passive Optical Network) npejcrasisier co6oii
cerb onrudeckoro jocrymna [1-3|, [4, §1.5], [5-9], koropasi obecrneunBaer nepenady pas-
JIMIHBIX KJIACCOB CETEBOrO TpaduKa MeXK/y ONTHIECKUM JuHeiHbM Tepmuaantom (OLT,
Optical Line Terminal) u ontuvyeckumu abonerrckumu yaiamu (ONU, Optical Network
Unit) ¢ ncosns30BaHIeM TACCHBHOTO ONITUIECKOTO MYJIBTUILIEKCOPA, / IEMYJIBTUILIEKCOPA,
KOTODBIN 00beIMHSIET / pAa3/Ie/IsIeT CIeKTPAJIbHbIE KAHAJIBI B OMHOM OnTOBOJIOKHE. Criek-
TpaJbHBII KaHaJ — 3TO KaHaJ Iepejady JIAHHBIX, YCTaHABJIUBAEMbI MeKy abOOHEeHT-
CKHM Y3JI0M U JIMHEHHBLIM TEPMUHAJOM M OCYIIECTBJISIONMIA Iepeaady JaHHbIX Ha BbLIE-
JIEHHOW JIJINHE BOJIHBI.

B cooTBeTcTBUM ¢ TEXHOJIOTHEH MHOYKECTBEHHOTO JOCTYIIA C Pa3AeJeHueM 110 BpeMeHH
(TDMA, Time Division Multiple Access) [6, 7], aboneHTCKIiT y3€1 MOKET HAXOJAUTHCH B
AKTUBHOM COCTOSTHHH, T.€. OCYIIECTBJIATH TIepeady abOHEHTCKUX JAHHBIX K JIMHEHHOMY
TEePMUHAJIY B BBIJIEJCHHOM €My BPEMEHHOM JOMEHe, MU B HACCUBHOM COCTOSTHUU, IIPU
KOTOpPOM Ilepefiada TaKUX JAHHBIX IPHOCTAHOBJIEHA.

Crarbsa nocrynuia B pegakuuio 19 susaps 2016 r.
HcciienoBanme BBITOSTHEHO [IPU YaCTUYHOM dpuHaHCOBOU oz iepkke POPU B paMKax HAyIHBIX IPOEKTOB

Ne 15-07-03051, 15-07-03608.
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B coorBercTBum ¢ TEXHOIOrHEl My IBTUIIIIEKCHPOBAHUSI C Pa3/IeJIeHIeM 110 JIJINHE BOJI-
usl (WDM, Wavelength Division Multiplexing) (2,3, [4, §7.5-§7.6], [5-8] mis nepeaau
noroka Tpaduka or aGOHEHTCKOIO y3j1a K JIMHEHOMY TePMHHAJY BBLIEJEHO KOHEUHOe
quciao W nauH BOJIH.

Kaxkaprit abOHEHTCKMIT y3€eJl UCIOJIb3YeT IePeHACTPANBAEMBIN J1a3ep U MOXKET OCy-
IECTBJISATD IIepeJlady JAHHBIX K JIMHEHOMY TEPMUHAJY B BBIJIEJICHHOM JIAAIIA30HE JJTHH
BOJIH. TaKI/IM 06pa30M, MeXaHU3M JUHaAMHNYICCKOI'O paclpeldesIicHuA JJIMH BOJIH IIO3BOJIACT
VBEJINYATH EMKOCTb BCEH CHCTEMBI, MIPEIOCTABATH BO3MOXKHOCTH TMOKOTO MACIITabUPO-
BaHMsA, a Takxke ¢ ydérom TDMA TexHOJIOIMM MCHOIB30BATH MMEIONIUICST YaCTOTHBIM
IIJTaH JJIA IIOAKJIIOYEHMNA HOBBIX a6OHeHTCKHX y3J10B 1 06ecnequH5{ Tpe6yeMOI‘O YpOBHA
KaIeCTBa OOCIIy KUBAHUS.

Pacemarpusaemyio cerb WDM-TDMA PON ¢ auHaMu4ecKuM pacupeaeaeHueM JIJIiH
BOJIH JIJISI KPATKOCTH OyJieM Ha3bIBATH CEThIO 1.

B cern I permraercs 3aiaya pacupejiesienns orpanundeHHoro yuciaa W < L jiuH BoH
MKy KOHEUIHBIM dncioM L aboHEeHTCKUX y370B. B ciiydae, Kor/ia B MOMEHT BKIIOYUCHUS
abOHEHTCKOTO y3J1a Ha JIMHETHOM TepMIHAJIe HeT CBOOOIHOM JIMHBI BOJIHBI, TTPOUCXOTUT
OJIOKUPOBKA IEPeIavdn JTaHHBIX B BbBIJIEJIEHHOM aDOHEHTCKOMY y3J1y BPEMEHHOM JIOMEHE.

Pacemorpum Mojtesib COBMECTHOTO (DYHKITMOHUPOBAHUS aDOHEHTCKUX y3JI0B B (par-
MeHTe ceTn I, mapamMeTpbl KOTOPOIt MIpeICTaBIeHbl B Tab. 1.

Tabauma 1
ITapameTpbl MOA€ I COBMECTHOTrO (PYyHKIIMOHUPOBAHUS AG0OHEHTCKUX y3JI0B

[Tapamerp | Onucanme

L Yucio abOHEHTCKUX Y3JIOB B CETU
W, W < L | Yucio jjiuH BOJIH B ceTH

k1, | =1, L | VIHT€HCUBHOCTDL TIOCTYILICHHs [-3aIIPOCOB Ha, BBIJIEJICHIE
JITHHBI BOJTHBI

NuTencuBHOCTS TIEpexona [-ro aDOHEHTCKOTO y3J1a U3 aK-

THUBHOI'O COCTOAHUA B IIaCCUBHOC

—_
=~

Vl7l: 3

BepogrnocTs o oTCyTCTBUS OJIOKMPOBKY II€PEIavn JAHHBIX HA [-M aDOHEHTCKOM y3JIe
paccunTbiBaeTcs 110 dbopmymnam (em. [10,11]):

w

al:l_Gflgl,OFF (W)7G1 = ZQ(L’W)’ (1)
w=0

W) =

gl’OFF g (L,W) - algl,OFF‘ (W - 1) , W= 15 Wa
0, =0, w=1W,
g(l’w> = 17 l:()?L? W:07 (3)
g(l—-1L,w)+ag(l—-1,w-1), I=1,L, w=1,W,

— ki —
rae a; i= 7l l=1,L.
Beanmunna 1 — o HazbBaeTCsT BEPOATHOCTHIO OJIOKUPOBKH IEPEIAtN JTaHHBIX HA [-M
aDOHEHTCKOM y3JIe M3-33 OTCYTCTBHS CBOOOHON JIJIMHBI BOJIHBI U SIBJISIETCS OJHUM W3

OCHOBHBIX TIOKa3aTeseit 3pHeKTUBHOCTH (DYyHKIIMOHNPOBaHUS ceTu 1.
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2. Mozaenp nepemadyn BOCXOIMIIEr0 MOTOKa Tpaduka OT OJHOTO
aboHeHTCKOro y3Jja B cetu |

Pacemorpum mporiece mepematn BOCXOISIIEro MOTOKA TpaduKa OT 0aHOTO abOHEHT-
CKOr'0 y3Jia K JITHEHHOMY TepMuHAaJy B cetu 1. Moesib abOHEHTCKOrO y3J1a IPeICTaB/IgeT
cobor0 ostHOJIMHElHYT0 cucreMy MaccoBoro obcsykuBanust (CMO) ¢ 6ydepHbIM HaKOIH-
TegeM éMKocThio R, 0 < R < oo, yeiaosHbIX enunauIl. Mccaeayemas CMO obciaykuBaer
K Tunos 3asiBOK.

YcaoBue 1. [loroku noctymrennst k-3asBOK JIT0OOT0 KJIACCA IIyaCCOHOBCKHE C TIOCTO-
SAHHBIMUA WHTEHCUBHOCTAMU Ak, 0 < A\ < 00, k = 1, K, 1 He3aBUCUMBI B COBOKYITHOCTH.
Kaxast k-3asiBka TpebyeT 71st cBOero obcykuBanus by, 0 < by, < R, yCJIOBHBIX €TUHUIL,
KOTOpBIe 3aHnMaioTcd B Oydepe nakonurese npu nocrymwiennn B CMO u ocBob0xK maroTcst
cpasy IMocje 3aBepIieHns 00CTyKUBAHIS BMECTE C OCBODOXK IEHUEM JIJIMHBI BOJIHBI.

Hucnummaa Beibopa 3asBOK u3 odepeaun — B nopsiake nocrymenus (FCFS, First
Come First Served).

VYcaoBue 2. Eciiu B MOMEHT TIOCTYILIEHUsT HOBOM k-3asiBKu, k = 1, K, B cucreme oka-
3a/IMCh 3aHATHI 00JIbIe, YeM R — by ycaoBHBIX equHUI] B Oydepe-HaKOIuTe e, TO TOCTY-
nuBIIas k-3adBKa MOJIyIaeT OTKA3 U TePseTCs, He BJINss HA NHTEHCUBHOCTD OCTYILICHUST
IIOPOJIUBIIIETO €€ IIyaCCOHOBCKOI'O MOTOKA.

YcaoBue 3a. Bpems obciyxkuBanus k-3adBKU B CHCTEME PACIIPEIETEHO IO IKCIIO-
HEHITHAJILHOMY 3aKOHY C IapameTpoMm Uk, 0 < up < oo, k=1, K.

Takyro Momesb Iepeladn BOCXOSINIErO IOTOKAa Tpaduka OyaeM KOAUPOBATD
M | M 0<R<o
Ab | p
JeHnst aDOHEHTCKOrO y3/1a Ha JIMHEHHOM TepMUHAJE MOXKET He ObITb CBOOOIHOM JJIHHBI
BOJIHBI, UTO MPUBOJUT K OJIOKMPOBKE IEpeadn JAHHBIX B BBIJIEJIEHHOM aOOHEHTCKOMY
y3JIy BPEMEHHOM JIOMEHE.
YcaoBue 36. YunThiBas JaHHYIO OCOOEHHOCTD U PE3YIbTATHI IIPEIBIIYIIETO PA3Iesa,
[IpUMEM MHTEHCHUBHOCTDL OOCJIYKMBAHUS Kk-3aBKU PABHOI

[4] O,ZLH&KO OHa HE€ YYHUTBIBA€T TOT'O, 9TO B MOMEHT BKJIIO-

aug, k=1,K, (4)

raee, 0 < o < 1, — BEPOATHOCTH OTCYTCTBHsI OJIOKHPOBKH II€PeJady JAHHBIX Ha abo-
uenTckoM y3zite (1)—(3).

Cxema CMO, onucsiBaroreil HyHKIMOHIPOBaHIe aDOHEHTCKOTO y3JIa, IIPe/ICTaB/IeHa
Ha puc. 1.

ﬂlbla:ul

I

RO

A By oy v
T

Puc. 1. Cxema CMO

CMO na puc. 1 onucsBaeTcs ¢ MOMOIIBIO CJIEAYIONNX TaPAMETPOB:

m = (mg),_7, Mk € {O, 1,..., L%J} — BekTop cocrogana CMO, o6o3HagaIomuit

YHCJIO 3asBOK KaxkKI0ro THila B OydepHOM Hakonuresae abOHEHTCKOIO y3JIa;

S:={m| 0 < b’m < R} — npocrpancrso cocrosuuit CMO;

Sk :={m € S| b’m < R — by} — nommpocrpancrso npuéma k-3assok, k = 1, K;

St = S\Sk = {m € S| bT’m > R — b} — mommpocTpaHCTBO GIOKHPOBKH k-3aIBOK,
k=1K.
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Oyukrmonnpoanne CMO ma puc. 1 OymeM OMUCHLIBATH C ITOMOIIBIO CTYIEHIATOTO
mapkosckoro nponecca (CTMII) Y (1) = (Yj (t)),_7 ¢ npocTpancTBOM cocTognuit S
U KOHEYHOH MaTpullelli MHTEHCUBHOCTEH IEPEeXOI0B. 31IeCh Y} (t) — 4gncyio k-3asiBOK B
abOHEHTCKOM y3JIe B MOMEHT Bpemenn t > 0.

YciioBue 4. [Ipumem JOMOJHATEIBHO, ITO MATPHUIIA, HHTEHCUBHOCTEH IEPEXOJIOB HEPa3-
JIOKUMa (BCE COCTOSIHUS U3 S COOOIIAIOTCH).

Teopema 1. Ecau das cucmemvs 6onoAHAIOMCA Ycaosue 1 — yeaosue 4, mo eé onu-
coeaem CmMITY (t) co ecmayuonaprvm pacnpedesenuem 8EPOAMHOCMEL MYNMUNAU-
KamueHot Gopmovy:

| K
p(m)zG?WHPZlka (5)
k=1
K
1 1
Gy = =y — 11 (6)
p(O) meS e k=1

edem €8S, py = ;%’ k=1,K, me:= Zszlmk'

JokazaTesbCcTBO TeopeMbl 1 AHAJOIUYHO JIOKA3aTeNIbCTBY, IIPEJICTABICHHOMY B |4,
§2.4].

Torma BeposITHOCTH OJIOKUPOBKM k-3asIBOK M3-3a OIPAHUYEHHON EMKOCTH OydepHOro
HaKOIIUTEJIsT PACCIUTBIBAETCS 110 (popMyJIe

K
1 1 N
Tk G2 § M klll Pr s ) ( )

mESk

YT006BI BEIYHCIUTD BEPOSITHOCTD OJIOKUPOBKY k-3asTBOK, HEOOXOINMO PACCINTATH HOP-
MUPYIOILYIo KoHCTaHTy Go. B cmily MyJbTUILIMKATUBHOCTY CTAIMOHAPHOTO paclIpeelie-
uust BepositHocTelt (5)—(6) kKomcramnTa (G MOXKET OLITH BLIMUC/IEHA C IIOMOIIBIO MOJH-
GUIUPOBAHHOTO CBEPTOYHOrO AJTOPUTMa By3eHa, KOTOPBIH MHUPOKO HCIIOIB3yeTCA IO
HacTosee BpeMs B Teopun reserpaduka [4, §4.5], [11,12].

Teopema 2. Hopmupyrowasn xonemarwma Go (6) evuucaiemes no gopmyaam

R
G2 :Zg(KaT)v (8)
r=0
0, k=0, r=1,R,
0 k=0,K, r<Q0
k7 — ) 9 b ) 9
g (km) 1, k=0,K, r=0, )
gk—1,r)+22qg(k,r—by), k=1,K, r=1R,

ede pi = N/, k=1, K.

Torma BeposATHOCTH OJIOKUPOBKU k-3asIBOK B ceTH | m3-3a orpaHmveHHON éMKOCTH OY-
depHOro HakKoOMUTE ST OYJAET PACCINTHIBATHCA 110 (POPMYJIe

R
me=Gy' > g(Kr),k=1K. (10)
r=R—br+1
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3. Ilpumep umciieHHOTO aHaAJIM3a

Paccvorpum Mojiennb coBMecTHOro byHKITMOHUPOBaHUs aDOHEHTCKUX y3JI0B B dpar-
MeHTe cetu 1. 3HaveHUs MapaMeTpoB MOJIEIN IPUBEIEHBI B TaOI. 2.

Tabauma 2
3HavueHNs IapaMeTPOB MOJEJII COBMECTHOrO (pyHKIIMOHUPOBAHUS
abOHEHTCKUX Y3JI0B

Ilapamerp| Suadenue | Ilapamerp| Suavenue | [lapamerp| 3uauenue
L 2,16 as 0.45 ail 0.65

w ﬁ ag 0.4 a1 0.22

aq 0.1 ar 1 als 0.36

a9 0.2 ag 0.6 alq 0.54

ag 0.15 ag 0.25 ais 0.78

aq 0.3 alo 0.35 ale 0.8

Ha puc. 2 npencrasiien rpaduk 3aBUCUMOCTA BEPOATHOCTH OTCYTCTBHUs OJJOKIPOBKH
repeadn TAaHHBIX Ha 1-M U 2-M aDOHEHTCKUX y3JIaX OT M3MEHEHUs UncJia aDOHEHTCKUX
V3JI0B TIpy (PUKCUPOBAHHOM UNCJIE JJTMH BOJIH.

Q
1_

0,9 A
0,8 -
0,7 -
0,6 -
0,5 -
04 -
0,3 -
0,2 -
0,1 -

0

T T T T T T T T T T T T T IL
2 3 45 6 7 8 9 101112 13 14 15 16

Puc. 2. 3aBucMMOCTb BEPOSITHOCTEH OTCYTCTBUsI OJIOKMPOBKU II€peNavu JAHHBIX OT
YyucJja aDOHEHTCKUX y3JI0B

BepogrrocTs orcyTcTBUS OJIOKMPOBKY MEPEIAtN TAaHHBIX HA aDOHEHTCKOM y3Jje yObI-
BAET, TIOTOMY YTO TIPU YBEJUUYEHUU YHCJIa aDOHEHTCKUX Y3JI0B B CeTH I, KOTOpBIE Tpe-
OyIoT JJ1s1 CBO€it pabOThI BBIJIEIEHUS JUTMHBI BOJHBI, BO3PACTAET BEPOSITHOCTH TOTO, UTO
B MOMEHT BKJIIOYCHUA HEKOTOPOIro a6OHeHTCKOI‘O y3J/1a BCe€ OJWHBI BOJIH Ha JIMHETHOM
TepMUHAJIE 3aHSITHI.

IIpu W = 2 B Touke L = 2 BepOSITHOCTb OTCYTCTBHUS OIOKUPOBKU MEPEIATH JTAHHBIX
a1 = ag = 1, TOTOMY YTO B 3TOM CJydae JJIsi KayKJ0ro abOHEHTCKOTO y3Ja BbIIeIeHaA
CBO4 JJINHaA BOJIHBI JIJIdg II€pEeIavqIu.

Bosnoobpazmoe noBenenne rpaduKOB 00bICHIETCS 3HAUEHUSIMU TTapaMeTpa aj, | =

1, L, mpejcrasiennbix B Tabj1. 2. Hanpumep, cpaBHEM MoBeleHne IPAMDUKOB MEXKTY 3HA-
genusiMu L = 6;7 u L = 7;8. B mepBoM ciaydae CKOpOCTh yObIBaHUsI TPaUKOB BHIIIIE,
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IIOTOMY YUTO B CeThb J00aBjsieTcst aDOHEHTCKUI y3es ¢ Harpy3Koii 10 3alpocaM Ha BbIIe-
JIeHWe JIJTMHBI BOJIHBI a7 = 1, a Bo BTopoM — ag = 0.6.

BeposiTHOCTD OTCYyTCTBUST OJIOKUPOBKY TIEpeatin JAHHBIX (v <(g TIPH JOOOM 3Hate-
HuE mapamerpa W, moToMy UTO HArpy3Ka IO 3allpOCaM Ha BBIIEJIEHWe JJINHBI BOJIHBI
a1< ag B UCXOJHBIX JAHHBIX, IIPEICTABIEHHBIX B TabJI. 2.

BepositHoCTb OTCYyTCTBUS OJIOKMPOBKU Tepeiadn JaHHbix pu W = 2 Gouibllie, Yem
npu W = 1, moromy u9Tto ueMm OOJIBbINE [JIMH BOJH BBIIEJTEHO B CeTH I, TeM MeHBbIIe
BEPOSITHOCTH OJIOKUPOBKHU Tepeadn JaHHBIX Ha abOHEHTCKUX y3JaX U3-38 OTCYTCTBUS
CBOOOJTHOM JJTUHBI BOJIHBI.

Pacevorpum momens mepemaun Tpaduka OT 0JHOTO aDOHEHTCKOTO y371a K JIHHEHHOMY
TEepMUHAJY B CeTH |, 3HaUeHUsT apaMeTpOB KOTOPOI MpUBEIeHbI B TabI. 3.

Tabauna 3
3HaueHua IIapamMeTpoB MoAdeJ/J i1 COBMECTHOI'O (byHKLII/IOHI/IpoBaHI/Iﬂ abOHEHTCKUX
y3J10B
[Tapamerp| 3nadenue
K 2
R 28
bT (1;2)
p” (0,8;0,25)

Pacemorpum 3aBucuMocTh BepoaTHOCTH OJIOKHPOBKU k-3aTBOK B MOJIETU TIEPEIATH
TpaduKa 0T OJHOr0 aOOHEHTCKOrO y3/1a K JUHEHHOMY TepMUHAIY B ceTH | OT n3MeHeHust
BEPOATHOCTH OTCYTCTBUSI OJIOKUPOBKHU IIEPEIAdN JAHHLIX Ha aDOHEHTCKOM y3JI€.

Ha puc. 3 npencrasien rpaduk 3aBUCUMOCTH 71 U Ty OT U3MEHEHUs 3HAYCHUS [apa-
MeTpa «.

Bnauenusi napamerpa « := «y paccuntanbl no dopmyaam (1)—(3) ucxomst u3 mose-
JI COBMECTHOTO (DYHKITMOHMPOBaHUS aDOHEHTCKUX Y3JI0B B CeTH |, mapaMeTpbl KOTOPOit
npuBeeHbl B TabJ1. 2, npu ¢pukcupoBannom L = 16.

0,9
0,8
0,7
0,6
0,5
04
0,3
0,2
0,1

0

' 1 &

0 01020304 0506 07 08 09 1

Puc. 3. 3aBucumocTh BeposiTHOCTEN GJIOKHPOBKHU 3asIBOK OT BEPOSATHOCTH
OTCYyTCTBUA OJIOKMPOBKHU MEpeaavyn JaHHbIX
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C yBenuaeHnEM BEPOSITHOCTH OTCYTCTBHUsT OJIOKMPOBKH TIEPEIaTH JaHHBIX Ha aODOHEHT-
CKOM y3JIe BCJIEJICTBUE YBEJIUIEHUs 9UCJIa, JUIMH BOJIH, [TPEIOCTAB/IAEMbBIX B ceTH I, Bepo-
STHOCTH OJIOKUPOBKU k-3asBOK YMEHBITAETCS.

3HadeHne BEPOSTHOCTH OTCYTCTBUsI OJIOKUPOBKH MEpEeIadr TaHHBIX Ha aDOHEHTCKOM
y3J1€ IPSMO IPOIOPINOHATIBHO Yncay W I BOJIH U 0OPATHO IIPOIIOPIIHOHAIBHO YHCILY
L abomentckux y3/0B B ceTn .

4. 3akjaryeHue

B macrosmeit cratbe mocTpoeHa MaTeMaTHIeCKas MOJIE/Ib Iepeiadn BOCXOILIIEro Mo~
TOK& MYJIbTUCEPBUCHOIO TpadHKa OT OJHOINO AODOHEHTCKOIO y3Ja K JIMHEHHOMY TepMU-
HaJy B ceTu | M TIpeIOKeH aJITOPUTM HAXOXKIEHUST BEPOSITHOCTEN OJIOKMPOBKHU 3asBOK.
[IpuBoauTCS MpUMeEp YNCIEHHOTO aHAIN3a, B KOTOPOM OTPaykKeHa, poJb IMapaMeTpa o IpH
BBIOODE ONTUMAJIBHOTO PeXXUMa PYHKITMOHUPOBAHUST ADOHEHTCKUX y3JI0B.

ABTODBI [IPEIITOIAral0T UCIIOIb30BATD IIPEJICTABICHHBIN B CTATHE IIOIXO0I JJIs IIOCTPO-

€HUsl AJITOPUTMA PACIETa BEPOSITHOCTEH OJIOKMPOBKU 3aIBOK B MOJE/IH IIEPEIATN BOCXO-
JSIIEero MOTOKa TPUOPUTETHOTO Tpaduka B ceTu 1.
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Probability Characteristic Analysis and Computation Algorithm
of One ONU Upstream in WDM-TDMA PON

G. P. Basharin, Yu. V. Gaidamaka, N. V. Rusina

Peoples’ Friendship University of Russia, Moscow, Russia

Nowadays, the telecommunication industry undergoes fundamental changes, associated with
transition from voice to data-link systems. It‘s due to telecommunication network revolution,
rapid growth of user count, increasing number of provide service and quality of service. Access
network evaluation is being conducted in both directions, such as high bit rate access devel-
opment for providing high quality of service and decrease length of cooper wiring in local line
networks. Data traffic dominates in the networks and requires the creation of networks with
high bandwidth based on packet switching. Therefore, it‘s paid special attention to the net-
works, which are based on optical and optoelectronic components. Passive optical network is
an all optical network based on passive optical components only, which exclude the conversion
of electrical signal into optical form and vice verso. Traffic transmission in the networks may
be implemented using time division multiple access (TDMA) and wavelength division multi-
plexing (WDM) technologies. In the present paper, we propose a fragment of the multiservice
passive optical network with upstream traffic carrying considering the functioning process of op-
tical network units (ONU) and the principle of wavelength dynamic distribution. These results
are used in the blocking probability analysis of the model.

Key words and phrases: Passive Optical Network (PON), Optical Line Terminal (OLT),
Optical Network Unit (ONU), upstream, Wavelength Division Multiplexing (WDM), Time Di-
vision Multiple Access (TDMA), blocking probability
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MaremaTrnieckoe MOJeJINPOBAHIE

VK 519.624.2
AHI’IpOKCI/IMaLII/Iﬂ penaieHnd KpaeBbIX 3aJa4
HOK&HBHO-KYﬁI/I‘IeCKI/IM CHHaﬁHOM

T. XKannas*, P. Muxugmgopsx!
* Mowneoaveruti 2ocydapemeenmnoiti yrusepcumem, 2. Yaan-Bamop, Monzoaus
TFocyz?ozpcmsev—w—mﬂ yrusepcumem obpadosarus, 2. Yaarn-Bamop, Moneoausn

ITocTpoeH SBHBIN JIOKAJIBHO-KYOUYIECKUHA CILUIAWH JIJIsl AlllIPOKCUMAIANA TIAAKAX (PYHKIMA U
PacCMOTPEHBI €ro aIIpoOKCUMATUBHBIE CcBoiicTBa. [Ipesyioxkena craiin-cxeMa I YUCJIEHHOTO
pellleHust KPaeBbIX 33/1a4, OCHOBAHHAS HA CBOMCTBAX JIOKAJbHO-KYOUYECKOT'O CILIAHA U OOBIYHO-
0 KOJIOKAITMOHHOTO Kybudeckoro cruiaiiaa. CxeMa peaim3yeTcst Iy TéM MOCTIeI0OBATEIHLHOTO Pe-
MIeHUs ABYX TPEXIUArOHAJbHBIX CUCTEM, OTJIMYAIONINXCS APYT OT APYTra JIUIIb IPABOil YacCTbIO,
9TO TO3BOJISIET UCIOIb30BaTh METOJ TPEXTOUEUHON MPOTOHKH. DTO CBUJIETETHLCTBYET O TOM, UTO
JAHHBIA aJITOPUTM SIBJIsIeTCsE 9(P(PEKTUBHBIM, KOJIMYECTBO OTEPAIU JUHEHHO 3aBUCAT OT YHUCTIA
y3Ji0B ceTku. JloKa3aHO, 9TO MOCTPOEHHBIN CILUIAWH 00/1a/1a€T TAKUMH YK€ AllPOKCUMATHBHBIMU
CBO¥ICTBAMU, YTO U JIOKAJIBHO-KyOudeckuit criaiin. TakuM o6pa3oM, B JaHHOIN paboTe dharTude-
CKHU PacCMaTpUBAIOTCs BOIIPOCHI AlllIPOKCUMAITNN PeIeHnit KpaeBbix 3a7a4. [Ipeqmoxxennas cxe-
Ma [O3BOJIdEeT HaWTHU pellleHne KpaeBOo# 33Ja4M U ero IIepBYIO U BTOPYIO IIPOU3BOJHBIE B y3Jlax
PaBHOMEPHOM CETKHU C TOYHOCTHIO YETBEPTOrO IOPSI/IKA IO IIAry CETKH. 1eopeTuvdecKue BBIBO-
bl TIOJITBEPK/IEHBI YUCJICHHBIMH SKCIIEPUMEHTAMU. BJjaroapsi XopoImM anmpoKCUMaTUBHBIM
CBO¥ICTBAM M MPOCTOTE AJTOPUTMA PEAJUBAINN IIPEJJIOKEHHBIN METO/] MOYXKET ObITh IIPUMEHEH
JJIsl YUCJIEHHOIO PEIeHNsT KPAeBhIX 3a/a4 JJIsi OOBIKHOBEHHBIX UM PEPEHITNATBLHBIX YPABHEHUH
BTOPOTO TOPSIJIKA, KOTOPBIE YaCTO BCTPEUYAIOTCS KaK B MareMaTuke, (PU3WKe, TaK U B ODJIACTH
€CTECTBEHHBIX U MHXKCHEPHBIX HAYK.

KiroueBbie cjioBa: KpaeBble 3aJa4un, KyOMYIeCcKuil CIIaiiH, MOBBIIIEHHAS] TOYHOCTH

1. Bsenenue

IIycts Tpebyercst HaliTh perteHne KpaeBoit 3a1a9u
Lu=y" +p@)y +q@)y = f(z), x¢€la,b], (1)

ery(a) = b1y(a) + f1y'(a) = 1,
eay(b) = b2y(b) + B2y (b) = 2.

Baech p(x), q(z) u f(x) mocrarouno riagkue Gynknun, npuiém ¢(z) < 0 na [a, b].

IMocrosinuble B KpaeBbix ycaoBusx (2) saganbl, u 0; > 0, f; < 0, f2 > 0. B nann-
HefiIeM MBI CIUTaeM, 9To permrenue 3agadn (1), (2) cymecTByeT U eIMHCTBEHHO, U OHO
SIBJISIETCSL JIOCTATOYHO TytagkuM. Jljist waucsennoro pemenus 3agaqdu (1), (2) BBegena Ha
[a, b] paBHOMepHast cerka Ay = {z; =a+1ih,1=0,1,...,N, h = ija}. Wmem pernienue
sagaun (1), (2) B Buge Kybuueckux craiinos kiacca C?|[a, b], Te.

(2)

N+1

y(x) ~ S(z) = ) a;B;(w), (3)

j=—1

rae Bj(xz) — HOpManm3oBaHHbIe KyOmdeckue B-cruraiimst [1).

Crarbsa nocrynuia B pegaknuio 27 saaps 2016 r.
Pa6ora BemosnHena B paMkax rpanrta SST 007/2015 donna Hayku u TexHogaoruu MoHrosamu.
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st ucnionib3oBanust B-upejicrasienus (3) mpeosaraeTcs, 9YTo JOMOJHEHA PABHO-
MepHas ceTKa Ay ¢ TOUKaMu

T 3<T_9<T_1<xy, IN<IN+1 <ITN42 < TNL3- (4)

XOpoIIIo U3BECTHBIN METOJ CILIAWNH-KOJIJIOKAINT

LS(&Zl)Zf(JZZ), iZO,l,...,N,
e1S(a) =1, eaS(b) =2,

naér cucremy [1]

Aiai—l _Ciai+Biai+1 = h2fi7 ,L.:O:]-)"wN) (63“)
(91h — 361)05_1 =+ 4h91()é0 + (elh + 361)0&1 = 6h71, (6b)
(92}2 — 362)0[]\[71 + 4h02a1\7 + (egh + 352)0&N+1 = 6h’)/2,
rae 2 2
h h 2 h h
Ai=—spit+ —a i=2—-2h*q, Bi=1+4_pi+—a.
gPit i C 3 topitpa

Cucrema (6) uMeeT eIMHCTBEHHOE DEIIEeHHE MPH JOCTATOYHO MAJOM h ¥ pelraercs
METOJIOM TPEXTOYEYHON MPOroHKHU. JIjIsi KOJJIOKAIIMOHHOTO CILIaiiHa crpaBenBhl [1]

Sy = 0om?), r=0,1,2, i=0,1,...,N. (7a)

Bularomapst annpokcuMaTuBHOMY cBOiicTBY (7a) M IIPOCTOTE aJIrOPUTMa [TOCTPOCHUST
MeTO/], CIIJTAaH-KOJJIOKAINN, KaK U MeTOJ KOHEYHBIX Pa3HOCTell, 9acTO MPUMEHSIETCI Ha
npakTtuke. B pabore [2| 6buia jokazaHa cieyomast JeMMa.

JIemma 1. ITyemw r(x), q(x) u f(x) 6 ypasnernuu (1) docmamouno enadkue dyrik-
yuu. Tozda 0aa KOANOKAUUONHO20 KYOUHECKO20 CNAATIHG, YOOBAETNEOPAIOULER0 YPAGHEHUIO
(5), cnpasedausv, coommowerus

A2S! =4V 1+ O(h?), i=0,1,...,N, (7b)
206 1 25!/ S// .
1 i+1 — 29; T 9O, 1, 1=1,2,...,N —1,
A2S! = 7 25y — 587 4485 — SY, i=0, (7c)

255\’[ - 5SX]_1 + 455\/[_2 - SK/_S, Z == N

Crenyer ormerutrb, 4ro B paborax [3,4] Ha OCHOBe HCIIOIB30BAHUS CBOMCTB KBa3U-MH-
TEPIOJIANMOHHBIX KyOMIeCKUX CIUTARHOB IIOCTPOCHBI TAKIKE CILIAH-CXEMBbI HOBBIIICHHO
TOYHOCTH JIJIst PeIleHus KpaeBbIx 3a1a4d (1), (2).

B nocietHee BpeMst MosTBUTIUCH MHOTO pabOT, B KOTOPBIX IPUMEHEH JIOKAJIBHO-KYOntIe-
CKUil CIIaiiH B YMCIeHHOM aHajm3e [5-7|, 0COOEHHO B MOCTPOEHUH SIBHBIX CXEM JIJIsl IHC-
JIEHHOT'O PEIeHUs] Pa3/IMIHbIX HEJIMHEHHBIX YPABHEHUI B 4ACTHBIX IPOM3BOJIHBIX [8,9]. B
JAHHOM paboTe MOCTPOEH JIOKAJbHO-KYyOMYIeCKuil CIIaiiH [Ijisl pelleHns KPaeBoil 3a1adu
(1), (2) u nosyueHbl cxeMbl PelleHUs] OOBIKHOBEHHBIX b depeHIalibHbIX ypaBHeHNUi
(OLY) BTOpOroO MOpsijiKa, KOTOPbIE JA0T TOT Ke MOPSAIOK AIIPOKCUMAIMN U JIJIs Pellie-
HUS U JIJIST €r0 TIPOU3BO/HBIX IIEPBOIO M BTOPOTO IMOPsIJIKA Ha, y3J1aX CETKH.
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2. JlokanbHO-KyOM4YecKuil cijiaifH AJisi pelneHns KpaeBoii
3a/1a9u

ITycre pemmenue kpaesoit 3aga4au (1), (2) n3BeCTHO, U IOCTPOUM JJIsi HETO JIOKATIBHO-
Kybuueckuit ciuiaiin. B pabore [5] GbLI Ipe/yiozKeH JIOKAJIbLHO-KyOnIecKuil crain

N+1
S(a) = ) &;Bj(x), (8)
j=—1
rJe
~ Y — Yk—1 2 Yk+1 — Yk
=y, + h? —h 2, k=1,....,.N—1, (9a
ap = Yk 3(hk+hk:—1) ( k hr1 k—1 hi ) ( )

ho—h_1 , hoh_1 ,

Qg = yo + Yo — Yo,
S, (9b)
~ / Ow "
G_1 =yo — whoyy + 5 Yo
. hy — hy— hyhy—
AN =yn + Yy~ Y o
9c
h%\ffl("‘}Q 1"

ANt1 = YN +whn_1yy + —3 U~

3nech hy = Tg11 — Tk, (h_Q =h_1 =whpy, hy+1 = hy = whN_l), n w > 0 — 3aaHHBINI
rmapamMeTp.

TlokazaHo, UTO JaHHBIN JIOKAJIBHO-KYOUYIECKN CIJIaiiH 00/1a/1aeT TAKUM Ke aIlllpOK-
CUMATHBHBIM CBOMCTBOM, KAK M MHTEPIIOJSIIMOHHBIN KyOuwdecknii citaita. B cioygae pas-
HOMEPHOI ceTku hopmysibl (9) IPUHAMAIOT BUJ

éék: _yk_1+zyk_yk+l7 k:1727"'7N_17 (103)
2 h2
G = Yo — gy()’, aN = YN — E?Jf{r, (10b)
2020 + (35_1 = 3y0 — hy(’), 2(341\7 + &N—O-l = 3yN + hyﬁ\, (IOC)

Hnst annpoxkenmanun npou3soasbix B (10b) u (10¢) Mbl ucnosnbsyem opmyIibt

1
Yo = g (1o + 18y1 — 9ya +2ys) + O(°),

: (11a)
vy = g (Uyn = 18yn -1+ 9yn—2 = 2yn—3) + O(R?),
1
U6 = 53 (2u0 — 51+ dy2 — ) + O(h°),
(11b)

1
YN = 73 2y — Byn—1 + dyn—2 — yx—a) + O(h°),

KOTOpBIe crpase/ymBbl npu yestosun y(z) € Ca, b).

B pesyabrare mogcranosku (11) B (10b) u (10c) mbr Haxogum &g, Gy, 240 + G—1 u
24N + GN41 C TOYHOCTBHIO O(h4), 7 9TO HE CHMXKAET TOYHOCTH JIOKAJbHO-KYOHMIECKOTO
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craitaa. Takum 06pa3oM, MBI TOCTPOWJIM HA PABHOMEDPHON CETKE MOJTHOCTHIO JIOKAJIHHO-
KyOn4ecKuii CIUIaiiH, B KOTOPOM KO3 MUITNEHTHI ONPEJIEIAIOTCS POPMYyIaMu:

—Yr—1+8Yr — Y11
6 )

.1 1
G = 6(4% +5y1 —4dy2 +y3), an = 6(491\[ +O5YN—1 — dYn—2 +Yn-3);

Gy = k=1,2,...,N—1,

(12)

1
a_1 = 6(217;0 — 28yy + 17ys — 4y3),

1
1

ANl = 5 (21lyn — 28yn—1 + 1Tyn—2 — dyn—_3) -

OrmernM, uro B padore [6] momoxkumm h_o = h_1 = hyt1 = hy = 0, 910 cooTBeT-
creyer w = 0. Toryma dopmyser (9b), (9¢) npuobperator BuL

a_1=yo, Q=10+ =Yy AGN+1=YN, QN =YN — §y§v- (13)

3

Ecim ucnosnbzosars opmyiy (11a) B HOCIEAHIX PABEHCTBAX, TO HOJLY IUM JIOKATIBHO-
KyOudecKuii CIIaitH, mosydeHHblii B (6], B KoTopoM GasucHble Bj-CIUIaifHbl OTIHIHBL OT
HyJIsl HA HHTepBaJie (T, T 44). B ormane or (12) ko3bdunuenTs! I0KaIbHO-KYOHIECKOT0
CIUTAfHA OIIPeIeJIsIIOTCsl POPMyIIAMHE:
o TYk—1F 8k — Ykt
by = c o k=1,2,...,N—1,
Tyo + 18y1 — 9y2 + 2y3

18 '

. B . Tyn +18yn—1 —9yn—2+2yn_3
aON+1 = YN, ON = 18 .

a_1 =1y, Go= (14)

st mokasibHO-Ky6udeckoro cruiaitaa (8) ¢ koadduimenramu, 3ajaHHBIMA POPMYJIOf
(12), uMeroT MecTa COOTHOIIEHHUS:

N 1 A 1
S"(xz0) = ﬁ(%o —5y1 +4y2 —y3), S"(x1)= ﬁ(yo —2y1 +12),
1 .
§"(w:) = 6h2( Yi—2 +10y;—1 — 18y; + 10y, 41 — Yiv2), 1=2,3,...,N =2, (15)
15
A 1
S"(xn) = 152y~ — Syn—1 +4yn—2 — Yn—3),

h
A 1
S"xn-1) = ﬁ(yN —2yn—1+Yn—2);

N 1
S'(xg) = *(—112/0 +18y1 — 9yo +2y3),  S'(z1) = (2yo — 3y1 + 6y2 — y3),

6h
( i) = 12h(y% o —8Yi1+8Yiv1 —Yi—2), 1=2,3,...,N—2,

1 (16)
S/(fol) 6h(2yN +3yn—1 — 6yn—2 + Yn—3),
S’(xN) 6h(11yN—18yN 1+9yN ) *2yN 3)
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1 .
S(xi) = s=(=Yi—2 +4yi—1 + 30y + 4yip1 — Yit2), 1=2,3,...,N =2,

36 (17)

S(zi)=vy;, i=0,1,N—1,N.

CupaBeymBa cJeayiomas TeopeMa.

Teopema 1. I[Tycmwv y(x) € C%a,b]. Toeda daa aokarvro-kybuueckoeo cnaatina, an-
npoxcumupyrowezo Gynryuto y(r), cnpasedsuss. CoomHoueHUA

4
S(xi) = yi iV +Oom°), i=23,...,N-2, (18)

- S
S(z;)=vy;, i=0,1,N—1,N,
‘gl(xz):y;—i_O(hél)? i:2a3a"'aN_23

. B3
S'(zo) = yh + —yo¥ + O(h),

4
. h3 1
§'(@1) = v — 1ul¥ +O0Y), 19)
U ! h3 1A% 4
Szn) =yy + TN +O(h%),

N h3
S'zn_1) =yn_1 — Eyjl\’v—l +O(h")

R h?
§"(wi) =y — gui” FOMY), i=23,. N2,
2

S" (x0) = yg + %yév —h?y1" +O(n?),

R 2
§"(x1) =i + Hui¥ + O, (20)
2

N h
S"(@n-1) = Yh—1 + ZUn + O(RY),
N h?
S"(@n) = YK + 5UN — h*YN"y + O(R).
HoxkazarenbcrBo. Popmysner (18), (19) u (20) HeHOCPEACTBEHHO HPOBEPSIOTCS C

yaérom (13), (14), (15) u y(x) € CY[a, b]. O

3. Ammpokcumalius penieHusi KpaeBbIX 33/1a9 KyOndecKuM
cIjIaiiHoOM

YT06BI TOCTPOUTH KYOMUIECKU CILIAMH, AIIPOKCUMUPYIONINIA peIeHnst KpaeBoii 3a-
maan (1), (2) mer ncnossszyem reopemy 1. Corstacuo dopmys (19) u (20) umeem

A N N h?
S + oSy + qoSo = fo + E(l — 3hpo)yY — K2yl + O(h?),

N N N h?
SU4pS + @S = fi+ 51— hp)y{” + O,
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2

h
S”+pzS’+q@SZ—fz—E VoY), i=23,...,N-2,

h2
SN 1 TDN-— 15N 1 T an- 1SN—fN 1+ (1—hpN 1)yN 1+O(h4)

2
12(
9T ypaBHEHUsI MOXKHO 3aIlCATh B €IMHOOOPA3HOM BHJIE:

SU + pnSh +anSy = fn + — 3hpn)yN — PyN_, + O(hY).

S+ S+ ¢S = fi — D + O(h*), (21)
rae
— (1= 3hpo)yg"” +12y{", i=0,
— (1 =hp)yl", =1,
D=1y, i=2,3,. ,N—2 (22)
— (1= hpn- l)yJIVV17 i=N-
— (1= 3hpn)yn +12yy",, i=N.
Cornacno jemme 1 mozkno zamenuts y!Y B (22) uepes (7b) 6es norepu Tounoctu. B
PE3YJIbTATE MBI HIMEEM
SI'+piS+ qiSi = fi — iLZf)H—O(h‘l), i=0,1,...,N, (23)
rie
— (1 = 3hpo)A%S] + 12A%87, i=0,
— (1 — hp1)A*SY, i=1,
D; = A%S!, i=23,...,N -2, (24)
— (1 — hpn_1)A*SY 4, i=N-1,
— (1= 3hpN)A%SY +12A%S%_,, i=N.

Ipenebperas O(h*) wienamu B (23), MbI TPEXOAUM

2
Takum 06pazoM, MOCTpoeHNe KyONIeCKOTO CILIaiiHa, alllPOKCUMUPYIONIEro PeIeHnst
kpaesoit 3agaan (1), (2), cBogurcs K mocsenoBaTebHOMY perrernio 3agad (5) u (25),
T.e. CHaYaJIa CTPOUTCST KOJITOKAIMOHHBIN KyOmdecKuit criaia S (:U), YZIOBJICTBOPATOIIAI
ypasaenuio (5). Ilorom crpourcst crnaiin S(x), ymosiaersopsitonmii ypasHenuo (25) u
KPaeBOMY yCJIOBHIO

e150 =1, €258 = Ao, (26)
rue

n=m-+ ﬂAQS Y2 =2 + ﬁAQS

Bazmada (25) owmdaercs or 3aaaun (5) b npasoit dactsio. U3 Jlemmsr 1.1 u Teo-
pemsl 2.1 HENOCPEICTBEHHO BBITEKAET
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Caencrsue. CrupaBeIyimBbl COOTHOITEHMS:
’ ~1 h3 2 1/ 4
?/():So—ZA Sy +O(h7),
/ Qo h3 2.ql 4
Y1 :SI+EA S7 +O(h),
Yy =S8 +0(h*), i=2,...,N—-2, (27a)
N B3
Z/E\ffl = S;Vfl + EA2S§\/171 + O(h4)7
/ o/ h3 2qn 4
yN:SN_ZA S+ O(R%),

105 — 195} + 85y + Sy

"o 5’" 9] h4
~ h
y = 87 — AT + O,
~ h2
yl =S+ EAQSQ’ +O0(hY), i=23,...,N—2, (27b)

YR =SN_1— ];;AQSXI—l +O(nY),
1084 — 1955, +8S% 5+ Sk _4
12
yi=S;+0(*), i=0,1,...,N. (27¢)

+O(nY),

yn = SN +

CnpaBe,mn/IBa CJIeIyIoliasl TeopeMas

Teopema 2. Jlasa nocmpoennozo cnaatina S(z) cnpasedausv coomnowenus (18),

(19) u (20).

Hoxazarenscrso. Ilycrs S () ynosierBopsier (25) BMecTe COOTBETCTBYIOMIUME KPa-
eBbiMu ycstoBusaMu. Vcnonbsys Jlemmy 1.1, sanumiem (25) B Buje
h3

N h2 N N .
S =l =y APy e (S =y = )+ ai(Si— ) = O(hY), i =0, N, (28a)

N , h2 _ h3 ~ ]
S —yi' — E?J{V +pi(S; —y; + Ey{‘/) +qi(S; —y:) =O(h'), i=1,N—-1, (28b)

- h? - ~ )
S —y! + Eyfv + (S —v)) + @(S;i —yi) = O(hY), i=2,3,...,N—2. (28¢)

B ypasuenun (28a) 3nak + (—) coorsercrsyer ciy4aio i = 0 (i = N). Teneps Borarem
ypasHenus (28) u3 ypasuenuii (23). B pesynbrare Mbl nmeem

(8 =8 +pi(S—8); +q(S—8);=0((h*, i=0,1,...,N,

- . (29)
61(5—8)0:0, 62(5—5)]\7:0.
O6o3Haunm
) ~ N+1
S—85= Z ijj(J}), dj = ééj — &j. (30)
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B repmunax kosbdunuentos d; ypaBaenus (27) 3alHUCbIBAETCS B BHIE

Aidi_y — Cid; + Bidiyy = O(h°), i=0,1,...,N,
(01h — 361)d_y + 4hfrdo + (61h + 3B1)ds = O, (29")
(O2h — 3B2)dN—1 + 4hb2dn + (62h + 382)dn+1 = 0.

Marpuna cucremsr (29’) uMeer JparoHajIbHOE IIpeobJIaianue:

h2
C’Z-—A,-—Bi:—?qi>0 1=0,1,...,N.

CuietoBaresibHO, cucrema (29’) UMeeT eIMHCTBEHHOE DeIlleHre W UMeeT MeCTO
di=0(h"), i=-1,0,1,...,N,N + 1. (31)

U3 (30), ¢ yaérom (31), mmeem

N ~

S(z) — S(z) = O(h*), Yz € [a,b]. (32)
C yuérom (18) u (32) MBI mpUXOIUM
Si—yi=8 -8 +8 —yi=0(hY, i=01,...,N (33a)

T.e. dopmyna (18) cupasesymsa O(h?). Uz (28¢) u (33a) caemyer, uro

~ h2 ~

Hauee, uz (30) u (31), moayuaem
o dipr —di
g g el il
(2 (2 2h
dit1 —2d; + di—s
72

- O(h3)7
(34)

Svl(/_gl{/: :O(hQ) 1=0,1,...,N.

Ecin yuaects (19) u (34), TO sICHO, 9TO BBIpasKeHHsI B KBaJIPATHBIX CKOOKAxX B ypaB-
nenun (33b) ABIAIOTCS MaJBIMK BeJIMIUHAME OTHOCUTebHO h (1o Kpaiine mepe O(h?)).

Eciu p; = 0 B (33b), TO

- h?
ng_y;'+ﬁy{V20(h4), i=2,3,...,N—2. (35)

Ecim xe p; # 0, To u3 (33b) cieayer, 9ro BhIpaKeHUsl B KBaJIPATHBIX CKOOKAX sIB-
JIAIOTCH MAJIBIMUA BEJIMYUHAMU OJHOTO M TOT'O K€ IOPs/IKA, & CJIeI0BATEJbHO, COTJIACHO
(33b) uX HOPSIZIOK paBeH YeTBEPTOMY, T.€

S/ =yl + 124V = O(h"), Si—y;=0(h"), i=23,... . N-2

AnanornaneiM obpaszom u3 (28a) u (28b) HemOCPEICTBEHHO BBITEKAIOT

- h2 ~ h3
SU =l — g0 AWy =00, Sj—yi— Ly =0, i=0N,
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_ 2
R T =0(hY, S - h =0, i=1,N—-1

12 12
cooTBeTCTBEHHO. Teopema j10Ka3aHa IIOJTHOCTBIO. O

C uCroIb30BaHMeM MSITUTOUYEIHBIX (DOPMYIT

1
Y = 12h( Yi—a + 16y;—1 — 30y; + 16yi+1 — Yit2) (36)

! — (Yi—2 — 8yi—1 + 8Yit1 — Yir2), 1=2,3,...,N =2 (37)
12h
MOXKHO ITOCTPOUTDH PA3HOCTHYIO CXeMY IOBBINEHHOM TouHocTH. HO, 37eCch BOZHUKAIOT J0-
[OJTHUTEJIbHBIE BOIIPOCHI 00 AIIIPOKCUMAIMN KPAEBBIX ycJoBuil u ypasrenus (1) B Tou-
KaxX & = Xg, T1, TN_1, TN. LloJydeHHAs] TSATHINATOHAJIBHAS CUCTEMA, K COXKAJIEHUIO, HE
CBOJUTCS K PEIIEHU0 TPEXTUATOHAJIBHON CHUCTEMBI, KAK 3TO MMEET MECTO B JIOKAJIHHO-
KyOnJeckoil anmpokcuMalun. B pesyabrare TOIBKO 3HAUEHUS PEIIEeHUsT B y3JaX CETKH
naiiyrest ¢ tounocrteio O(ht). B To Bpems, kak Bujno uz Teopembr 3.1, kKybuueckuii
CcILIaiiH, TTOCTPOEHHBIN s permennst 3aja49u (1), (2) He TOJIBKO alpOKCUMUPYeT 3Have-
HUs DeIIeHus], HO U €ro IPOU3BOJAHBIX. JIFOOOIBITHO OTMETHTH, 4TO (hopmyia (16) mist

Yy =

S’(z;) nomHocreio cobnasaer c¢ (37). Kak ciencrsue, BbiosHeHune coorHomenust (19)
OYEBUJIHO.

4. Pe3yabTaTbl YUCJIEHHBIX PACYETOB
KauecTBO cxeMbl IpOBEpeHo Ha psjie IPUMEPOB. PaccMOTpUM TECTOBYIO 3a1ady
v’ (x) +sinz - u'(z) — zu(z) = 2(cosx — 1 —x) -sinz, z € [0, 7]
C KPAEBBIMHU yCJIOBUSIMU
u(0) = u(m) =0 (D)
!/ 1 /
u(x) —2u'(x) = -4, ==0; wu(x)+ U ()=-1, z=m. (1I1)

Tounoe pemenne 3ana4qu uMeer Buj u(r) = 2sin z.
B Tabs. 1 npuBenenns! ducIeHHBIE PE3YIBTATHI, TOJIYICHHBIE HA PABHOMEPHOI CETKE.

Tabauua 1
YucjeHHble pe3yJbTaThl, II0JIyYeHHbIe HA PABHOMEPHOM ceTKe

Iorperm- I II

HOCTU h:7r/10 h/2 h/4 g; h:7r/10 h/2 h/4 g;
€0 1.94-04 5.70-06 | 3.0-07 | 5.12 3.99-03 2.68-04 | 1.71-05 | 3.89
€1 0.68-02 4.11-04 | 2.53-05 | 4.05 4.74-03 3.32-04 | 2.21-05 | 3.83
€2 4.64-04 1.55-05 | 4.88-07 | 4.90 5.86-03 3.56-04 | 2.21-05 | 4.04

HcnonbzoBanbl 0603HaYeHNns:

QN " ~ QI oQn
€O_OI<ani}§V|ul S| 51—0r<\nla<)}:v{u el(S SNY, 62—022%}5\7 u; — €;(S",8")],
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rue
- h3
SQ_TQAQS% i=0,N,
(& gy _ - h3
ei(5",57) Si+ A%, i=1N -1,
SZ{’ i:2537"‘7N_27
n

S|

S+ E(105(; — 1957 +855 +55), =0,
h2
12
- h?

S,L{/‘FEAQSg/, 7;:2)35""]\[_27

S/ — A28V i=1,N—1,

é’i(gﬂv S//) —

~ 1
Sy + ﬁ(1OS§Q —19S%_1 +8Sy_o+ SN_3), i=N.

B Tabua. 1 npusenennt koadbdurmentsr Pynre o; = log, % .

W3 Tab:1. 1 BUAHO, 9TO TIOPAIOK CXOANMOCTH BCeX BEJIMIHH £¢, £1, £2 paser O(h?). Oun
HOJITBEPZKIAIOT TEOPETHYECKIE BBIBOJIbI OTHOCUTEIHHO Mopsiaka cxoaumoctu (Teopema 2,
Crencrsue).

5. 3akJrroueHue

B pabote npeiokena cnsaitn-cxeMa Jjisi YUCJIEHHOTO PelleHus KpaeBbIX 3aaad. Jlo-
Ka3aHO, UTO IMOCTPOEHHDI CILIAH 06JIaaeT TAKUMHI K€ AlIPOKCUMATHBHBLIMU CBOHCTBA-
MU, KaK JIOKaJbHO-KyOmveckuil ciuraita. CriegoBaTesbHO, IpejjiaraeMast CIIaiiH-cxeMa
MOZKeT OBITh IIPUMEHEHA C YCIIEXOM JJIs YUCJIEHHOTO PelleHust KpaeBbix 3a1a4 s O/1Y
BTOPOTO TOPSIKA.
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UDC 519.624.2
Local-Cubic Spline for Approximate Solution of Boundary Value
Problems

T. Zhanlav*, R. Mijiddorj
* National University of Mongolia, Ulan-Bator, Mongolia

¥ Mongolian State University of Education, Ulan-Bator, Mongolia

We have constructed an explicit local-cubic spline for the approximation of the smooth func-
tions and have studied the behavior of the approximation. To solve numerically boundary value
problems, a spline-scheme based on the properties of the local-cubic spline and the standard
cubic spline collocation is proposed. The scheme is implemented by sequentially solving two
tridiagonal systems, which allow to use the three-point sweep method and differ from each other
only by matrix of the right-hand side of the equation. It indicates that this algorithm is effi-
cient. The number of operations depends linearly on the number of grid nodes. It is proved that
the constructed spline possesses the same approximation properties as the local-cubic spline.
Thus, in this paper we actually considered the approximation of the solutions of the boundary
value problems. The proposed scheme also allows to find the first and second derivatives of the
solution of the boundary value problem on the uniform grid nodes of the fourth-order accuracy
with respect to the step-size of the grid. The numerical experiments confirm the theoretical or-
der of convergence. Due to good approximation properties and the simplicity of the algorithm
implementation, the proposed method can be applied to solve numerically the boundary value
problems for the second order ordinary differential equations, which often occur in mathematics,
physics, and in the field of natural and engineering sciences.

Key words and phrases: boundary value problems, cubic spline, high accuracy
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YIIK 519.711.3; 517.958
CumBoJIbHO-uMCJIeHHOE pelnieHne ypaBHeHus Illpenunrepa mais
BPaNIAOMNIHIOCHd TeJla METOAOM INaroHaJIn3aruu

. H. BeasieBa*, H. A. Yekanos*, H. H. Yekanosa'
* Benazopodckutli 2ocydapcmeenmnvili HAUUOHAALHBLT UCCAEA0BAMEALCKUL YHUBEDPCUMEM,
Benzopod, Poccus
T Xapvroscrud uncmumym bankosckozo deaa Ynusepcumema bankosckozo deaa HBEY
Xapvkos, Ykpaura

MeTomom araroHaIu3aIny HAMIEH CIIEKTP U COOCTBEHHBIE (DYHKITMH TaMIJIBTOHHAHA BPAIIAIO-
MIErocsi KBAHTOBOI'O BOJIYKA C TPEMs IIPOU3BOJLHBIMUA MOMEHTAMU UHEPIUH B CUCTeMe Oa3UCHBIX
byHKIHi, peaansyolieil Bce YeThbIpe HEPUBOIUMBIE ITPeJICTaBIeHus rpynnbl D2, oTHOCHTETHHO
peobpa30BaHMt KOTOPOI MCXOAHBIN TraMUJIBTOHUAH HEe U3MeHseTCs. {1t COOCTBEHHBIX 3HAMEHUM
pu HeOOJIBIINX 3HAUEHUSX BPAIaTeIbHOTO MOMeHTa J = 1,2, 3,4 ObLIH [TOJIyYeHbl aHAIUTHIe-
ckre (HOPMYJIBI, & B C/Iydae MPOU3BOJBHBIX 3HAYEHUN BPAIATETLHOIO MOMEHTA TIPEJICTABJIEHBI
CHUCTEeMBbl ypaBHEHUI, KOTOPbIE C UCIIOJIb30BaHUEM COBPEMEHHBIX KOMIBIOTEPHBIX IAKETOB IIPU-
KJIJJHBIX IIPOTPAMM II03BOJISIIOT JOCTATOYHO IIPOCTO BBIYUCIUTH CIEKTD U BOJIHOBBIE (DYHKIUN
aCUMMETPHUYHOI'O BOJIYKa. B KadecTBe mpumepa i BpamareabHOro momenta J=>50 npusee-
HBI BbruucjaeHHble B cpege MAPLE cobcTBeHHbIe 3HAYEHHS W UX 3aBUCHUMOCTH OT IapaMerpa
aCUMMETPUU.

KuaroueBrnie cijioBa: KBAHTOBOE BPAIlleHNE IIPOU3BOJILHOIO TBEPOrO TeJja, TaMUJILTOHHUAH,
SHEPreTUIECKUIl CIEKTD, BOJTHOBBIE (DYHKIINM, METOJ, TUATOHAJIUIAINN, CUMBOJIbHO-IUCICHHBIE
pacdeTsl, MaTeMaTU4IeCKOe MOJEeJINPOBaHNAE

BBeaenmne

Bpamarenbaoe iBukenne, ¢ TOYKA 3peHUs KBAHTOBOI MEXAHUKU, SIBJSETCS YHUKAb-
HBIM KOJUIEKTUBHBIM BO30Y2K/IEHHEM B ATOMHBIX sJIpaX. DTOT THII JIBUKEHUSI ObLT Teope-
TUYECKH pejicKa3aH [1-3], 3aremM 0OHADYKEH HA OCHOBE SKCIIEPUMEHTAIBHBIX JTAHHBIX 10
KYJIOHOBCKOMY BO30Y2KJI€HHIO aTOMHBIX s1/1ep. B HacTosIIee BpeMs 9TOMY BOIIPOCY IIOCBSI-
IIeHO MHOTO Iyb/ukanuii (cM. Hanpumep, [4-8]). Bpamarenbaoe JBrzKkeHne B KBAHTOBBIX,
B YACTHOCTH SIIEPHBIX, CUCTEMAX MOYKET PEAJIM30BAThCs TOJIBLKO B TOM CJIydae, ecyan hop-
Ma dnpa sBJseTcs He chepuuecKoil, a UMeeT BHJ HEKOTOPOTo cdeponia ¢ Pa3ImIHbIMU
MOMEHTaMU WHEPITIH.

B cBsA3m ¢ 3TMM BO3HUKAaeT 3a/1a4a BHIYUCIEHUS SHEPTETUUECKUX YPOBHEN M UX BOJI-
HOBBIX (DYHKIMI KBAHTOBOI'O aCUMMeTPUYHOro Bosruka. Ha mepBom srame Takmx BbIMHC-
JIEHUYl €CTECTBEHHO HE YUHTHIBATL B3aMMOJIEHCTBHE BPAIIATEJbHBIX M KOJIeOATETbHBIX
JBUKEHUH, TaK KaK IOCIeIHIe BO3HUKAIOT IIPU HAMHOTO OOJIBINX YHEPTHUAX.

IlepBbie unceHHbIE pACYETHI SHEPIETUYUECKUX BPAIATEIHHBIX CIEKTPOB aCUMMETPH Y-
HOT'O BOJIYKA JIjIsT HEOOJIBIITNX 3HAYEHUI OJIHOTO YIVIOBOI'O MOMEHTA C UCIIOJb30BAHUEM
HEIMIPEPBIBHBIX AP00eii ObLIN BBIIOJIHEHBI B paboTax, KOTOPhIE IPUBEIEHBI B KJIACCUIECKOM
monorpadun [6]. 3amada BHUUCAEHNs CHIIEKTPA ACKUMMETPHYHOIO BOJIYKA PACCMATPUBA-
nach B kaurax |9, 10], rie mosrydeHbl aHATIUTUYECKIE BBIPAYKEHUS JJIsi SHEPIeTHIECKUX
YPOBHE{l ¢ TOJIHBIM yrJIOBbIM MoMeHTOM J = 1,23, a Takxke B padore [11]. Mmerorcst
3aMedaTesbHble TeopeTndeckue paborsl [12,13], B KOTOpbIX 3aaua Ha COOCTBEHHBIE 3HA-
qeHNs TaMUJIBTOHUAHA aCHMMETPUYHOTO BOJTYKA MPUBOJUTCA K ypaBHeHUIO Jlame, XoTs
CJIO2KHOCTD PEIEeHUsT KOTOPOTO HE YCTYIaeT ITepBOHAYAIBHON 3a/1ade.

B nacrosimeit pabore 1 raMuiIbTOHAAHA BPAIIAIOIIETOCH aCUMMETPHIHOIO KBAHTO-
BOrO O0OBEKTA JjIsT HAXOXK/IEHUSI €r0 SHEPreTUIeCKOr0 CIEKTPA U COOTBETCTBYIOIIUX BOJI-
HOBBIX (DYHKIIANA C yIETOM WHBAPUAHTHOCTH FaMUJIBTOHUAHA OTHOCUTEHLHO JUCKPETHOM
Dy rpynmbl mosiydeHbl YpaBHEHUs, KOTOPble MPAKTUYECKU JIOCTATOYHO IIPOCTO Peasiu-

30BaTh B COBPEMEHHBIX MATEMATUIECKUX IMAKETAaX CHMBOJIBHO-UYMCIEHHBIX BBIUNCIEHUIH,
nanpumep, REDUCE, MAPLE.

Crarpsa nocrynuia B pefgaknuio 24 mapra 2016 r.
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ITocTranoBka 3alavdn

Tpebyercst pemunTh 3a/1a4y HA COOCTBEHHbIE 3HAYEHUS IS CJIEYIONIETO OIIEpaTOPa
Ipenunrepa

27772 2772 2772
H:h]\/ll+7i]\42+hM37 (1)
21 215 215
rae h — nocrosaHas Ilnanka, I1, I, I3 — ryraBHbIe MOMEHTBI WHEPIIMH OTHOCUTEIHHO
ocefl BHYTPEHHEN CUCTEMBI KOOP/IMHAT, & OTIEPATOPHI Ml, Mg, M3 onpejiesieHbl Kak 7]

N — (cos«93 0 smﬂgi— cos 03 _8)
sin 0 891 005 tanfy 005 )
MQZi(sineg' 0 o0, 0 +sm@g 8) Angii
sinfy 06, 005  tanfy 005 003’

3uech 01, 02, 03 — yrobr Ditnepa (0 < 01 < 27, 0 < 02 < 7, 0 < 03 < 27), onpeiesisironiye
II0JIO?KEHIE BPAIAIOerocs BOIUKa B IPOCTPAHCTBE B CUCTeMe KOOPIUHAT, KECTKO CBd-
3aHHOIT ¢ TesioM. Tak Kak aromuble siapa [7,8| MMeroT BpamaTeabHbIe CIEKTPHI, TO OHH
MOT'YT OBITH ONMUCAHBI COGCTBEHHBIMU 3HAYEHUsIMU U DYHKIUAME ramuibronnana (1).

OnepaTopsr M 1, Mg, M3 YJIOBJIETBOPSIOT CJIEAYIONIUM IIPABUJIaM KOMMYTAIINN:

My - My = My - My, = —ihy My, m k1 =1,2,3; i=+/—1, (3)
l

TJI€ Emkl — MOJHOCTHIO AHTUCUMMETPUYHBIN € TMHUYIHBIIT TEH30p — U IPEACTABJISIOT CO-
001 TTPOEKINHU OIepaTopa MOJHOI'O MOMEHTa UMITYJIbCA WJIH, APYTUMU CJIOBAMU, ITOJTHOTO

BpanaTeJIbHOI'O MOMCHTa aCUMMETPHUYIHOT'O BOJIYKaA J , Ipu4YeM mMeeT MeCTO COOTHOIIIEe-
HHe

J? = M? + MZ + M2 (4)
,Z[.HH KPaTKOCTH BBEIEM CJICYIOIEe 0003HaYECHUA

h? h? h?
A=—, B=_— = —
20’ 215’ ¢ 213 (5)

u 0e3 1oTepu OONTHOCTH HAJIOKUM YCJIOBUE

A>B>C, (I, <I<Iy). (6)

Torga ramuapronnan (1) npuMeT BbIpazKeHHe

H = AM? + BM2 4+ CM3, (7)
KOTOPOE IEpENUIEM B BUJIE
1 o1 . . R
H:§(A+C’)J2+§(A—C)(M12+XM22—M§), (8)
rae
2B—A—-C

€CTh TTapaMeTp, ONPEIEIAIONINI CTeITeHh ACUMMETPHUN BOTYIKA ITPOU3BOJIHLHON (DOPMBI.
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Cuenaem ramuibronnas (7) Ge3pasmepHbiM. st 9TOro BBeJEM MOAXOJSIINYIO PU
YHUCJEHHBIX pPacueTax €JIUHUILY U3MEPEHUs SHEPTHUH:

A+C  R(L+ D)
2 ALl

g0 = (10)

KOTOpast OJIM3Ka K BeJIMYWHE [IEPBOI0 BPAIIATEILHOIO YPOBHSI.
Tornma 6e3pa3mMepHBIil TAMUIBTOHHAH ACHMMETPUYHOIO KBAHTOBOT'O TE€JIA BPAICHUS
IIPUMET BU/T

o A—C . . .
NJIN, €CJIN BBECTU BTOpOI71 ImapaMeTp
_A-C
12
TA+C’ (12)

XapaKTePUIYIOMNil OTHOCUTEIBHYIO PA3HOCTh MEXKTY HAMOOJbINNM U HAUMEHBIIINM MO-
MEHTaMU WHEPIUU, TO 0e3pa3MepHbI TaMUIBTOHUAH, C KOTOPBIM OyIeM MTPOU3BOINTH
JaJIbHeNIne BIYUCIEHN, 3AIMUIIETCI KakK

H = J%+n(M? + xMZ2 — M2). (13)

IIpu 3ajanHOM cooTHOImMeHNn Mex ity BeamduuHamMu A u C) T. e. JJIsi ONPEJICTIEHHOTO
3HAUYEHUs TTApaMeTpa 1), BpaIlaTeIbHbI CIIEKTP U COOCTBEHHBIE (DYHKIINN TAMUJIBTOHIA~
Ha (13) OyyT 3aBUCETH OT €IMHCTBEHHOIO NapamMerpa x acuMmMerpun. MeHsist BeJImIuHy
B, xoropasi 3akiouera Mexk 1y A u C, MOXKHO MOJIyIUTHh BCEBO3MOYXKHBIE (DOPMBI TBEPJIO-
ro sJmncona: oT BeirstayToil (B = C) npu x = —1 10 cuttocuyToit (A = B) npu x = 1.
IIpu x = 0 nmonyvaem Hambosiee HECUMMETPUIHYIO (POPMY BPAIIAIOIIEIOCS SJLIATICOUIA
(A+ C = 2B). Bropoit napamerp 7 MeHsieTcsi B mpejiesiax or 1) = 0, eCJI BBIIOJIHSIETCS
paserctBo A = C' (pu 9T0OM, KOHEUHO, HMEIOT MecTo paBeHcTBa A = B = C, 410 C00T-
BETCTBYET TBEDJIOMY TeJly B BHJE Inapa), 10 1 = 1, ecau Besmunaa A — oo(I; — 0).

Camoconpsizkennsbtii quddepenimanbablii oneparop (13) MOKHO HPEJCTABUTH B BUJIE

CyMMBI HEBO3MYIIEHHOI'O orrepaTopa Hg u Bo3MmyItenus V':

H=Hy+V, Hy=J? V=n(M?+xM2—-M2). (14)

OcHoBHBIE ypaBHEHUS

TakuMm obOpazoM, Hallla HCXOMHAS 3aJa4a CBOAUTCA K HAXOXKICHUIO Oe3pa3sMEepHBIX
COOCTBEHHBIX 3HAYEHMI € U COOCTBEHHBIX (PyHKINN ;7 muddepeHnnaabHOrO OmepaTo-
a (14), To ecthb K pemienuto ypasuenus IIpeguarepa:

(Ho+V — E)(01,05,05) = 0. (15)

JlJist 3a1aHHONO OJIHOrO MOMeHTa J peleHue ypasHenus (15) Oygem uckarb B BHJE
PA3JIOKEHHs 10 CJIE/LYIONIEMY TTOJHOMY HAOOPY OPTOrOHAJBHBIX (byHKITHIA:

(01,02,05) = ZZC - (01,02, 65), (16)
TrIe

1 . .
gpf]jl){(ela02793) = %[@J,K(91)92793) +]@J,*K(01792793)]7] = :l:17K > 07 (17)
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C HOPMUPOBKOH

/ / / @95 (01,02, 03)09) (61,04, 03) sin 2dy df2dbs = 65565 10655 (1 + joxc0), (18)

puveM KBAaHTOBOE YnCJI0 K IPUHUMAET TOJIBKO IeJIble MOJIOXKUTEbHbIe 3HaUeHusS K =
0,1,2,...,J —1,J npu JaHHOM TI€JIOM TOJIOXKUATETHHOM 4YHCE J.

Dyuxiym ¢ gk (61, 02, 03) sapasrorcs OPTOHOPMUPOBAHHBIME cOOCTBEHHBIMU (DYHKITHSI-

MH OIIepATOpa MapoBoro Bomuka Hy = J2 1, Kak n3BecTHO (cm., manpumep, [7,10]), onpe-
JEJIAIOTCA  Uepe3  0DODIIeHHbIe ccbepnquKHe byuknun win  dyskinun Burmepa
D1 (01,04, 03) creytonmm obpaszom:

2J+1
@K (01,02,03) =4/ 32 = D7k (61,65,065). (19)

Jna ynknumit Burnepa mMeroT MeCTo CaeayIonye ypaBHeHIs:
j2D}\]/1K = J(J +1)D3;x, Mi’»D}\]/[K = KD{, Mi;D]{4K = MDj,x, (20)

Ny R
31eck M; ecTb OIepaToOp TpeThbell IPOEKIHU OepaTopa IIOJHOIO MOMeHTa J B HeIO-
JIBUZKHOM cucreme KoopiauHatr |7], a kBaHTOBbIe uncia K u M sBIISIIOTCS TPOEKIUSIMU
MTOJTHOT'O BPAIATEIHbHOTO MOMEHTa J Ha TPeThU OCU BHYTPEHHEH 1 HETTOJABUXKHON CHCTEM
KOOPJIMHAT COOTBETCTBEHHO.

Borauciienne jieBoit wactu ypasuenust (15) ¢ dyuxmusivmu (16) mpore npoussectu ¢
noMoIeIo onepaTopos My u M(_y, /i KOTOPBIX U3BECTHBI COOTHOIICHHUST [10]:

1
V2

MyDyc = ==/ (J = K)(J + K + 1)D; 41,

21)
. 1 (
M \Di = ﬁ\/(JﬂL K)(J — K + 1)Diy g1,
. 1 - . « i
My = —=(M_y — M4y), My = — (M_y + M, 22
1 \@< (-) = M), My = \[( (-) T My))- (22)
HUcmnonb3yst Beipaxkenus (21) u (22), naxonum
PGk = I + Dok, MspFi = Ky,
NGk = (K)o sn + a(-K)eT ), §(J2 +J = K2, (23)
. 1
N = ~a(K)pYjpp — a(=K)e ey + 5T + T = K*)pz
1
a(K)zZ\/(J+K+1)(J+K+2)(J—K—1)(J—K), (24)

a(K)=0,ecm K=4+Jua(-K)=0,ecm K =J+1,K =J+2.

[Moxcrasisist Beipaxkenust (23) B ocHoBHOe ypasHenue (15), mosryaum

Zcm AL K) =)o) + B(J, K)o )y + B, —K)p ) )] =0, (25)
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rae aJigd IIPOCTOTHI 3alliCU BBEICHBI 0003HAYEHMSI:

AL K)=J(J+1)(1+ g(l +x)) — %nK2(3+X),

B(J,K) = n(1 - x)a(K).

(26)

Ypasuenue (25) yMHOXKUM cjeBa Ha (DYHKIMIO go%?, U IIPOUMHTETrPUPYEM II0 BCEM

nepemeHHbIM (01,02, 03). YuurbiBas ycioBue oproroHagbHocTH (18) 6asucHBIX (DYHK-
it (17), mostydnm cirefiyronee ypaBHEeHIE OTHOCUTEIbHO HEM3BECTHBIX KO3(hMUIMEHTOB

C}g) U COOCTBEHHBIX 3HAYCHUI &:

(A(J, K) — &) (1 + jok.0)CL + B(J, K —2)C%) ,+
+ B(J,—K - 2)C, + jB(J,K —2)CY . =0, (27)

KOTOPOE TIPEJICTABUM CJIEIYIONIIM 00pa30oM

(A(J,K) — &) (1 + jok.0)CY + B(J, K —2)c?) +
+B(J,K +2)CY, +iB(J,2 - K)CY ) =0, (28)

e
B(J,K) = B(J,—K) = n(1 — xY)a(—K). (29)

Taxkum 06pa3oM, peleHne 3a/1a4n Ha cOOCTBeHHbIe 3HaueHust (16) CBesI0Ch K PeIenuto

OJJHOPOJHOI CUCTeMBI JIMTHEHHBIX yPaBHEHNI OTHOCUTE/IBHO HEU3BECTHBIX BEJIMYNH C;g)
B cuy omHOpogHOCTH cucreMbl (27) OHA MMEeT HETPUBHAJIBHOE DEIeHHe TOJIBKO MPH
OIIPEJIEJIEHHBIX 3HAYEHUSIX €, COCTABJIAIONINX CIEKTP UCXOTHOTO oreparopa (14).

Kuaccudukaiust cocrosinuii. OCHOBHbIE yPaBHEHUS B MATPUYHOM
BU/IE

Huddepennmanbubriit oneparop (14) He m3MeHsiercss npu TpeoOPA3OBAHUIX TPYII-
bl cuMMeTpun Do, KpOMe TOXKJIECTBEHHOTO JIEMEHTA, COJMEPXKUT TPU ONEPAIUd TOBO-
POTOB Ha yroJl T BOKPYI TPex JeKapToBbiX oceil koopauuar. Kak wmssecrno [10], [9],
rpymmna Dy nMeeT YeThbIpe HEIPUBOIUMBIX ITPEJCTABIEHHT, KOTOPbIe 0003HAYMAIOTCS KaK
A, By, By, B3. Huxke u3 ananusa ypaaenusi (27) Oyzer BUIHO, YTO BBIOOD GA3MCHBIX
dbyukuumit B Buzme (17) peanusyer yKasaHHbIE YeThIPE HEIPUBOJAUMBIE IPEJICTABJICHUS
rpynnbl Do, B COOTBETCTBUM C KOTOPBIMEU OYIyT KJIACCU(PUIMPOBAHLI COOCTBEHHBIE CO-
CTOSTHUST ACHMMETPUYIHOTO BOJTIKA.

JHeiicTBuTeIBHO, HEOCPEICTBEHHO BUJIHO, YTO OCHOBHOE ypaBHeHue (27) pacraiaercs
Ha JIBE HE3ABUCUMbIE OIHOPOJHBIE JUHEHHBIE CHCTEMBI IO OTHOIIEHUIO K HEM3BECTHBIM

KO3 durmentam Cg) u C';(_)

G=+1): (A(LK)—e)(1+68x0)C + B(J, K —2)C,+
+B(J, K +2)C ), + B(J,2 - K)C{Pe =0, (30)

(=-1): (AUJK) =)A= dk0)CRY + BUK - 20+
+ B(J, K +2)Cf), + B(J,2 - K)C{T) = 0. (31)



Bensiesa U. H., Yekanos H. A., Yekanosa H.H. CumBoabHO-4ncIeHHOE . . .

29

B cBoto ouepesp, Kaxkaas u3 cucrem (30)—(31) pacrmajgaercs: eme Ha JiBe B 3aBHCH-
MOCTH OT YE€THOCTHU IIPOCKINN K yrJioBOI'o MOMEHTaQ J 'Hﬂﬂ KPaTKOCTH IIHCbMa BBEIEM

0003HAYCHUA:

ax = A(J,K),bx = B(J,K),bgx = B(J,K)

U IPEJICTaBUM IoJTydaeMble cucreMbl u3 cucreM (30)—(31) B marpuanom Buje. Buauase
BBIIIAIIEM COOTBETCTBYIONINE MATPUIILI B 3aBUCUMOCTH OT YETHOCTH IIOJHOTO BPAIIaTeIb-

HOI'O MOMEHTa W TUIIa CUMMETPHUHN COCTOSIHMI1 T'PYIIIIBL DQ.

Ecaun J — deTHOE 9mMCI0, TO IMEEM CJIEIYIOINE MATPUITHL:

(32)

(J=+1)
ap—¢e by 0 0 0
2b0 ags — € bQ 0 0
0 bg aq — € b4 0
A= 0 0 b4 ag — &€ b6 (33)
0 0 bJ72 aj—¢&
ai+b—e b 0 0 0
bl as — € b3 0 0
0 b3 as — & b5 0
By = , 34
3 0 0 b5 a7 — & b7 ( )
0 0 b,]73 aj—1 —¢&
(=-1)
az—¢ by 0 0 0
ba a4y — € by 0 0
. 0 b4 ag — & b6 0
Bi=1"y 0 be as—¢e bg |’ (35)
0 0 bJ_Q ajy — €
a| — l~)1 — €& b1 0 0 0
by az—¢ b3 0 0
0 b3 as — & b5 0
By = 36
2 0 0 bs ag—e by (36)
0 0 bJ_3 aj_1 — €

Marpuna A s cocrosinuii A-Tura uMeer pasmepHocTs J/2+1, a marpurpt By —, Bo—
u Bz nyist cocrosinmit By —, Bo—, Bs—runos — J/2.

Ecau xe J — mewerHoe umnciio, To

(G =+1)
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&
I

b N
Il

ag — € bo 0 0 0
2b0 ag — € bg 0 0
0 bg aq — & b4 0
0 0 b4 ag — & b6 ’
0 0 bjfg aj—_1—¢€
a1+b—¢ b 0 0 0
b1 az — & b3 0 0
0 bg as — & b5 0
0 0 bs a7 — € b7 ’
0 0 bJ72 ajy— ¢
(=-1)
az—¢e by 0 0 0
b2 aq — & b4 0 0
0 b4 ag — & bﬁ 0
0 0 bﬁ ag — € bg ’
0 0 bj-3 aj-1-—¢
ay — i)l — & bl 0 0 0
bl az — & b3 0 0
0 bg as — & b5 0
0 0 b5 ag — € b,
0 0 b(]_g ajy — €

(37)

(39)

(40)

‘Marpuna A jns cocrosmmit A-Tuna mveer pasmepnocts (J—1) /2, a marpunpt By —, By—
u B3 nns cocrosinnit By-, Ba-, Bs- tumos — (J + 1) /2.

Ipu noxygennn Marpur (33)—(40) IPEHATH BO BHUMAHIE COOTHOIICHHS! by = bx 4o,
bok+1 = bogys 1 by = by, KOTOpBIE CJIe/lyIoT U3 ornpejesenus (29).

Teneps 3anuriemM cucTeMbl aaredbpandecKux ypaBHEHUil, KOTOPbIe CJIEAYIOT U3 ypaB-
nennii (30)—(31), B MaTpuaHOM BHJIE, UCHOJIB3yst MaTputibl (33)—(40).

Ecau nmonubrit Bpamareabublit MOMeHT 4eTHBIN: J = 0, 2,4, ..., TO uMeeM CJIeayIomme
9eThIpe HE3ABUCUMbBIE OJTHOPOHBIE CUCTEMbI YPABHEHU OTHOCUTEIbHO HEU3BECTHBIX KO-

3 PuIuIeHToB C’g) :

ACKY =0,B,CY) = 0,B,0) =0, B;05 =0,

(41)
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rie
(+) (C(+) C(+) C(+) C§+)2,C(+ )

Cfgl):(c2 Nen ’,...,0572,05 NT,
8 = (0,050,080, 02, e
cg) = (P, e ofP,.. ity )T

€CTb MHOTOMEPHBIEC BEKTOPBI, & 3HaK «T'» obozunagaer OIIepaIlio TPpaHCIIOHUPOBAaHUA.

(42)

Ecnun nonmerit Bpamareababiii MOMEHT HedeTHbIH: J = 1,3, 5, ..., TO ITOJIy4aeM CUCTe-
MBI:
ACY) =0,B,05) = 0,B,CY) =0, BsC) =0, (43)
rae
C(—) _ (C(—) C(—) Cé_) CF] . J )1>T’
Cp) = (057,057 o o o),
o) = (0P e, 5, ob)T (44)
=M, P, ct i, cihT,
cfgg):(cf ) o8 ol ’,...,0532,03 NT,

Marpuunsie smementsl Marpun, A, By, By, By (vernwie J) u A, By, By, By (neuernbie J)
COJIEPKAT BEJIMYUHY € KAK MapaMeTp.

Yacrable cayvyan: J = 1,2,3,4

I. Ilycrs J = 1. Cocrosinnii A-Tuna B 3TOM Cilydae HET, TaK KaK I0Jy4YaeTCs MaTPHIA
HYJIEBOTO pa3Mepa, a JJisd cocTossuuilt Bi-, By-, B3-TUNIOB, COOTBETCTBEHHO, IMEEM yPaB-
HEHUS:

(a0 —)C{V =0, (a1 45 —e)CP =0, (a1 —b —e)C ) =0, (45)

U3 KOTOPBIX ¢ yueToM omnpesenennii (24), (26), (29) u (32) naxoaum Ge3pasMepHbie c00-
CTBEHHBIE 3HAYCHUSI £:

n(1+x))

€(B1) :2(1+ 9 5

e(Bz) =2, &(Bs)=(2—n+nx). (46)

Benomunast euauiy u3mepenust suepruun (10), Koropasi paBHa g9 = M, HaX0/IUM

pasMepHbIE cobcTBeHHbIEe 3HaYeHns: F ACHUMMETPUYIHOI'O BOJIYKa JJisd MOMEHTa J=1

E(By) =¢0-e(B1) = A+ B,

E(By) =co-2(B)) = A+ C, E(Bs)=z0-e(Bs) = B+C. (47)

II. Tlycre J = 2. U3 cucrembl anrebpandeckux ypaBHEHUI Jjist cocTostHMiT A-Tura

_ o) (+) _
{(0 )C5 ™+ boCy (48)

+ +
2b0C’é )+ (ag — E)Cé ) =0
HaXOIUM JIBa COOCTBEHHBIX 3HAYEHUS COCTOAHUN U3 PpaBEHCTBa HYJIIO OIIPpEACINTECIIA

apg — & bo

2bg ay — € =0, (49)
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YTO IPUBOAUT K KBaJAPATHOMY YPaBHEHHUIO

(64304 3nx —e)(6—3n+3nx —e) —3n*(1 —x)*> =0, (50)

13 KOTOPOro HaxXoJauM

€1,2(A4) = 3(2 +nx) £nv/3(4n — x)- (51)

st cocrosiamii B1-, Bo-, B3-TUIIOB, COOTBETCTBEHHO, UMEEM YPABHEHUS:
(az—2)CS) =0, (ay—by—2)C ) =0, (ay+b —e)CP =0, (52)
U3 KOTOPBIX HAXOIUM TPU COOCTBEHHBIX 3HAUCHMUS:
e(B1) =6-3n+nx, &e(B2)=06+4nx, e(Bs)=6+3n+4dnx. (53)
Pasmepnbie cobcTBeHHbIE 3HAYEHUS I COCTOAHUNA A-THIIa, OIIPENENAIOTCd U3 ypPaB-

HeHNA

E? —4(A+ B+ C)E +12(AB+ AC + BC) = 0, (54)

OTKY/Ia IIOJIydaeM

EL(A)=2(A+B+C)+2\/(A+B+C)?-3(AB+ AC + BC) =0, (55)
a st Bi-, Bo-, B3-TUIIOB COCTOSTHUIL:

E(B)=A+B+4C, E(By)=A+4B+C, E(Bs)=4A+B+C.  (56)

HI. Iycrs J = 3. Cocrosinne A-Tuiia ONMUCHIBACTCS yPABHEHUEM
—e)cS) =0 57
(az —€)Cy 7 =0, (57)
a cocrosinus Bi-, Bo-, B3-TUIIOB, COOTBETCTBEHHO, CJIEIYIONUMU CUCTEMAMU YPAaBHEHUIA:

(ag — )T + boC$T =0,
2boCé+) + (a2 — s)CéJr) =0,

i . (58)
(a1 +b—e)CfY +01C5 =0, [(a1—bi —e)Cf ) + 0,05 =0,
biOf + (a3 = )05 =0, bC + (a3 — )07 =0,
CobcrBennble 3Hadenus A-, Bi-, Ba-, B3-THUIIOB HAXOIATCS U3 yPABHEHMIA:
ag — € bg
az —e=0, 2bg as — € =0,
b 7 (59)
a1+b1—€ bl al—b1—€ bl

by az—¢ =0, by as—¢ =0,

U3 KOTOPBIX, IPUHUMas BO BHUMaHue onpejenenus (24), (26), (29), (32) koaddurmenton
ax " by, HaxoauMm Oe3pasMepHble COOCTBEHHbBIE 3HAYCHUSI:
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e(A) =12+ 4nx,
e12(B1) = (12 + 5x + 3n) = 20/4x> — 6x + 6,
e12(Ba) = (12 + 2nx) £ 201/ + 15,
e12(Bs) = (12 = 31 + 5nx) + 20/4x> + 6x + 6.

st pazmepHbIX cOOCTBEHHBIX 3HaUeHU (50) MOXKHO IIOJIyYUTh CJIEIYIONIe BhIpazKe-
HUSI:

(60)

E(A) =4(A+ B +C),

E1(By) = (5(A + B) +20) + 2y/4(A — B)2 + C2? + AB — AC — BC, oL
E12(By) = (5(A+C) 4 2B) + 2y/4(A - C)2 4+ B2 + AC — AB — BC, (61
E19(Bs) = (5(B 4 C) 4+ 24) + 21/4(B — C)2 + A2 + BC — AC — AB.

Eciin niepenucarh 1osiydeHnble pe3ysabrarbl (51) 4epe3 MOMEHThI WHEPIUH COTJIACHO
omnpejesieansivm (4), 1o Bbipazkenus (51) s cobcTBeHHBIX 3HavYenuit npu J = 1,2,3
COBIAIAIOT ¢ (bOPMyJIaMHU, TIPUBEIEHHBIMU B KHurax |9, 10].

IV. Ilycts J = 4. B aTom ciryuae cocrostausg A—, Bi-, Bo-, B3-THIIOB ONUCHIBAIOTCH,
COOTBETCTBEHHO, CJIE/IYIONIUMU CHCTEMAMH aareOpanvecKux ypaBHEHUH:

(+) (+)
(ap —€)Cy"" +boCy" =0, B B
(+) (+) (+) (a2 = )03+ baCi” =0,
2bpCy" " + (ag — )0y +bCy " =0, (=) )
boCy '+ (as —€)Cy ' =0,

b2(a2 - €)C£+) + ((14 — E)Cé(l—’_) =0, (62)
{ (a1 = b1 =)0 +biC57) =0, { (a1 — by — ) + 0,05 =0,
b1C{7) + (a3 — E)C:gi) =0, b+ (a5 — 5)C§+) =0.

BespasMepHbIe TP COOGCTBEHHBLIC 3HAYEHHA A-THIIa HAXOZATCA M3 ypaBHCHHS £° —

2022 (nx —3) — 16e(4n?x% — 13n? + 500X + 75) — 320(9n3x — 4n?x% +13n% — 250} — 25) = 0,
a coOCTBeHHbBIe 3HaUeHust B1-, By-, B3-TUNIOB —13 ypaBHEHUIT
e2 —10(nx — n + 4)e — 2001 + 200mx + 9n*x? — 630> — 901>y + 400 = 0,
e2 —20(nx + 2)e + 4(100nx + 165*x? — 7> 4 100) = 0, (63)
e2 —10(nx +n + 4)e + 2001 + 200nx + In*x* — 63n% — 901>y + 400 = 0.

Pemenust kBagpaTHbix ypaBHenuil (57) 1moc/ie10BaTeIbHO DaBHbI:

e12(B1) = 5(nx — 0 +4) £ 2V2n/2x2 + 5x + 11,
€1,2(B2) = 10(nx +2) £ 20/ Ix> + 7, (64)
e1,2(Bs) = 5(nx + 1+ 4) £2V2ny/2x% — 5y + 11,

Takum 06pa3oM, IIpu IMOJIHOM BpalnaTeIbHOM MoMeHTe J = 4 uMeeTcs JIeBATh COCTOSI-
nuii. CoOCTBEHHBIE 3HAYEHUST B NCXO/IHBIX €IUHUIIAX U3MEPEHNUsl, HAIIpUMeD i Bi-Tuia,
UMEIOT BUJT

E15(B1) =5(A+ B+2C) +2y/4(A — B)2 +9(C? + AB — AC — BO), (65)
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a pa3MepHble COOCTBEHHbIE 3HaYeHUsI Bo-, B3-TUIIOB MOIyYaroTCst u3 BhipaykeHus (5H9)
IMKJIMYecKoii noacranoskoit A — B, B — C u C — B.

PeBy.IIbTaTbI YHUCJIEHHBbIX pacdeToOB

Jna 6oJsibIuX 3HAYEHHUI [TOJTHOTO MOMEHTA J ¥ IIPOU3BOJIBHBIX MOMEHTOB MHEPIIUU
BBIYHC/IEHNE COOCTBEHHBIX 3HAYCHUI B aHAJIMTUIECKOM BUJE HEBO3MOYKHO, TIO9TOMY IIPHU-
XOJUTCS MPUOEraTh K YUCACHHBIM PaCIeTaM.

B macrosmeit pabore 6pu1a cocrasiena nporpamma ASYMMA B cpeae MAPLE, c
[OMOIIIBIO KOTOPOi MOXKHO BBIYUCJIUTH COOCTBEHHbIE 3HAYCHUS (SHEPIETUIECKUIT CIIEKTP)
7 coOCTBEeHHDBIE (DYHKITUHU JjId TPOU3BOJILHBIX BEJIMINH J.

Hwmxke na puc. 1-3 npeacraBjeHbl pe3yIbTATH 9UCJIEHHBIX PACIETOB SHEPIEeTUIECKUX
YPOBHEIl BCeX YeThIpeX THUIOB I COCTOSIHUI ¢ BpamaTeJbHbIM MOMeHTOM J = 50.

Puc. 1. 3aBUCHMOCTb HepreTuvYecKnx ypoBHeii (cieBa Hanpaso) A-tumna, Bi-Tuna
OT BeJIMYUHBI IapaMeTpa aCUMMETPHH X IIPU IIOJIHOM YIJIOBOM MoMmeHTe J = 50

-1 ds -0 o4 02 0 0.2 04 0.6 X 1

Puc. 2. BaBucumMocTs 9HEepreTudYecKnux ypoBHei (cijieBa Hanpaso) Bo-tuma u
Bs-Tuna oT BeJMYUHBI IapaMeTpa aCUMMETPUHN Y HIPU HOJTHOM YyIrJIOBOM MOMEHTE
J =50
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Puc. 3. 3aBucumocTh 3HepreTudeckux yposueii A-, Bi-, B2-, Bs- Tuma or
BEJIMYHUHBI [IapaMeTpa aCUMMETPUU X MPU MOJHOM yrjoBoM Momente J = 50

3akJiroueHue

B pabore paccmorpena 3ajada Ha cOOCTBEHHBIE 3HAUYEHUs I AndHepeHITnaaIbHOro
OIIePaTOPA, OTMCHIBAIOIIETO BPAIEHNEe ACHMMETPUTHOTO KBAHTOBOTO BOTIKA. Y YUTHIBASI
CBOIICTBa CUMMETPHUU ITOTO OIEPATOPA, HANIEHBI HOAXOAAINe Oa3UCHbIe (DYHKINN, KO-
TOpbIE Pean3yioT BCE YeThIpe €ro HEIPUBOIUMBIX IIPEICTABJICHUsI U HA UX OCHOBE IIPO-
BesleHa KjtaccuduKanys cOOCTBEHHBIX 3HAYeHNH U PYyHKIUN.

ITosy4yeHbl COOTBETCTBYIOIIME CUCTEMBI YPaBHEHU, ONUCHIBAIOIINE BPAIEHUE TBEP-
JIOTO TeJia C TMPOMU3BOJIbHBIM 3HAYEHUEM YTJIOBOTO MOMeHTA. JIIs MasIbIX 3HAYEHUN YTJI0-
Boro Momenta J < 4 moJsiydeHbl (DOPMYJIbI JIJIsi BBIYUC/IEHUS COOCTBEHHBIX 3HAYEHUI, a
JIs1 6OJIBIINX 3HAYEHUN YIJIOBOrO MOMeEHTa OblLia cocraBieHa nporpamma ASYMMA B
cpese MAPLE, ¢ moMOIIbIO KOTOPOl MOXKHO BBIYHCIUTH COOCTBEHHBIE 3HAUEHMsI (IHEp-
PeTUYeCKHil CIIEKTP) U COOCTBEHHBIE (DYHKIMN aCHMMETPHYHOIO KBAHTOBOI'O BOJIYKA.
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Symbolic-Numeric Solution the Shroedinger Equation for
Rotating Solid Body by Diagonalisation Method

I. N. Belyaeva*, N. A. Chekanov*, N. N. Chekanova'

* Belgorod National Research University, Belgorod, Russia
' Kharkov Institute of Banking of National University of Bankin, Kharkov, Ukraine

The eigenvalues and wave functions of the rotational quantum top Hamiltonian with a dif-
ferent three moment of inertia by the diagonalisation method in the basis function system that
realized the all four irreducible representation of the discrete D2 group are obtained. For the
low rotational moment value J = 1,2,3,4 the analytical formulae are calculated. But in the
case of any rotational moment values the systems of equation are obtained that with the mean
of the modern computer program packages allow very easy to calculate the spectrum and eigen-
functions of asymmetric quantum top. As example, for the rotational moment value J=50 by
the help of Maple system eigenvalues are performed and its dependence versus of the parameter
asymmetry are presented.

Key words and phrases: quantum rotation of solid body, Hamiltonian, energy spectrum,
wave functions, diagonalisation method, symbolic-numeric calculations, mathematical modelling
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VIIK 519.234
O06 omHOM MeTo/ie CriIa*KMBaHUS ABYMEPHOI MOBEPXHOCTU

II. T'. JIroOuu

DOBI'OY BO MI'TY «CTAHKHH», Mocksa, Poccus

Perpeccuonnslit anaius ctaBuT nepen codoil 3a7atdy OTBICKaHUS (PYHKINOHAJILHON 3aBHCH-
MOCTH MeXKJy HAaOJIIOJaeMbIMU BEJUYHHAMU HU3ydaeMoro mporiecca. [Ipu sTom ucxomuble nan-
HBble SIBJIAIOTCA peaJiu3aliueil ciaydaliHON BeJIMYUHBI, IO9TOMY PacCMaTPUBAETCH 3aBUCHUMOCTH
MaTeMaTHIECKOTO OKUJaHusA. Takylo 3a/1a1y MOXKHO pelIaTh IIyTEM «CIVIA’KUBAHUA» HUCXOTHBIX
naHabx. [lof cruaskuBaHmeM MOHUMAETCS TOMBITKA YIAJEHUS IITyMa W HEeCYIEeCTBEHHBIX (par-
MEHTOB IIPU COXPAHEHNN HAMOOJIee BarKHBIX CBOMCTB CTPYKTYDPBI JAHHBIX, TO €CTh PE3YIbTAT
Mo00eH MaTeMaTuIecKoMy OoxXujanuio. CriakKuBaHue JTaHHBIX, KaK MPaBUJIO, OCYIIECTBIISIET-
cs IIYyTEM ITapaMeTPUYeCcKON MM HellapaMeTPUYecKoil perpeccuu. B ciiydae mapameTpuyeckoit
perpeccun HEOOXOIMMBI alIPUOPHBIE 3HAHUS O (POPME ypPaBHEHUS PErpecCHi. BOoJIbIIMHCTBO HC-
CJTeJTyeMBbIX JAHHBIX, OJTHAKO, HEBO3MOXKHO MapaMeTpu30BaTh. C 3TOM TOUKYU 3peHUs HemapaMeT-
pudecKas U MoJIyIapaMeTpuyecKas perpecCuyl IPeACTaBIAI0TCA JIY UM TOAX00M K PEIIeHUIO
3a7a4u CryiazkKuBaHud. Llespio mcciietoBaHus CTaBUIOCH PA3paboTKa U Peasn3allis aJlOPUTMa
OBICTPOTO CIVIAXKUBAHUS JABYMEPHBIX JaHHBIX. Jljisi mocTmKeHwst 9TOi Ten ObLIM TPOAHAJIN-
3MPOBaHbI MPEIBIIYINIE PAOOTHI B JAHHON 001aCTH M pa3pabOoTaH CBOM MOMXOJ, YTy IIIAONTA
npenpiayume. B pesysnbrare, B maHHOM paboTe IpeCTaBJIEH AJTOPUTM, KOTODPBIH OBICTPO H C
MHUHUMAJIBHBIM TTOTPEOIEHUEM TTAMSITA OYHINAECT JAHHBIE OT «IIyMay W «HECYIEeCTBEHHBIX» Ta-
creit. Jlnst moarBep:kaeHust «3M@HEKTUBHOCTH» aJTOPUTMa, ITPOBEIEHbI CDABHEHUsI C JIPYTUMU
OOIIETPU3HAHHBIMU TIO/IXO/IAMHU Ha CMOJIEJTMPOBAHHBIX U PEAJbHBIX JAHHBIX. Pe3ysIbTaThl 9THX
CPaBHEHUII TaK»Ke IPUBEIEHBI B CTAThE.

KiroueBbie cjioBa: HemapamMeTrpuyecKasi perpeccusi, IByMEPHOe CIJIaKUBaHMe, IMTpadHbIe
CIJIafiHBI, CIVIaXKWBAIOIINeE CIJIAWHBI, CKOJIB3SIINI KOHTPOJIb, IBYMEPHOE INCKPETHOE KOCUHYC-
HOe TIpeobpa3oBaHue

1. IlocranoBka 3amaum

IIpu amammse HEKOTOPOro peabHOTO IPOIECCa MCXOJHBIE TaHHBIE 3aIlyMJIEHBI, N3-
3a Yero HeoOXOIMMO «CrylaxkKuBaHues. 1los criiazkuBaHneM ITOHMMAETCs MOIBITKA (DHUIb-
TpaIlUu IIyMa WJIA HECYIIECTBEHHBIX (DPArMEHTOB IIPU COXPAHEHUHM HAMOOJIee BAXKHBIX
CBOUCTB CTPYKTYPHI JAHHBIX. PACCMOTPUM CJIEIYIONIYIO MOJIENTH

y=?)+€, (1)

rje € — rayccos Gesbiii nym. IIpeamonaraercs, aro dbyukius f(x) nomkHa ObITH 7181
KOIi, T.€. IMETH HelPepPbIBHBIE IPOU3BOIHBIE IO HEKOTOPOTO Hopsiaka. CriiaykuBaHue IaH-
HBIX, KaK MPABUJIO, OCYIIECTB/ISETCS MyTEM TapaMeTPUIeCcKOil Wi HermapaMeTPUIecKOl
perpeccun. B ciydae mapaMeTpudeckoil perpeccuu HeOOXOMMMbI HEKOTOPBIE allPUOPHBIE
3HaHUA O (POpMe YpaBHEHUsI PErPECCHH, KOTOPOE JOCTATOYHO XOPOIIO OMUCHIBAJIO OBI UC-
XOJTHBIE JIAHHBIE. BOJIBITUHCTBO HAOJIIOIAEeMbBIX JTAHHBIX, OJTHAKO, HEBO3MOYXKHO TapaMeT-
pHU30BaTh C TOUKHU 3peHus 3ajanus dbyHkinuu f(x) B anamurudeckom Buge. C 31oit ToU-
KW 3pEHUsI HellapaMeTPUYIecKast U MOJIyapaMeTpHYecKasi PErPECCUU SBJISIOTCS JIy UM
HOXO/IOM K perennto 3aiadn (1). OHuUM U3 KJIACCHYIECKUX MOXO/0B K CIUIAYKUBAHUIO
SIBJISIETCS MCIIOIL30BAHNE PA3INIHBIX MOAMMUKAIINN METOIa HANMEHBIITNX KBAPATOB CO
mrpadom. Ou Buepsble GbLI HpogeMoHCTpUpOBaH BHadase 1920-x B pabore [1] u mo-
JIpobHO pa3obpan B KHHUre [2]. DTa TEXHUKA 3aK/II0YACTCH B MHUHUMU3AIMNA HEKOTOPOI'O
bYHKITMOHAIA, KOTOPBIA YPABHOBEIINBAET «aI€KBATHOCTbY M «TJIAJIKOCTb» OIEHKN

F(g) = RSS+X-P(§) = |l§ — y|I* + X P(5), (2)
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rze || - || — eBkimmosa HOpMa. [Tapamerp A siBJIsieTCsl BEIIECTBEHHBIM TIOJIOKUTETbHBIM
YUCI0M, KOHTPOJIMPYIOIIAM IJIaJIKOCTh PEIeHUs: TP €r0 BO3PACTAHUY IJIaJIKOCTD j TaK-
ke pactér. Korma mrpadnas dyHkiusa 3ammucana B Bujie HHTErpaJia KBaIpaTa IPOU3-
BOJIHO# p-TIOPsIJIKA, PErPECcCUsl HA3BIBAETCsI CIVIAXKUBAIONMM crutaiinom [1,3,4]. Ipyrum
IpOCTHIM 1 3(DMDEKTUBHBIM TIOJIXOJ0M K peleHuo 3aja4du (1 )sBiisercss KBajpaTuIHbIil
By mrpadHoil yHKIMU B coepytomnieii dhopme [5]:

P(y) = [|Dgll?, (3)
rme D — TpéxamaroHaJibHAS MATPHUIA CJIETYIOMIETO BUIA

-1 1

JlaHHAast CTATbsT SBJISIETCS HPOJIOJIZKEHIEM HCCJICJIOBAHUN aBTOpa, 3aTPOHYTHIX B CTa-
ThsIX [6,7], & Tak:Ke HEKOTOPbIE NWJIEH [IOYEPIHYTHI U3 craThi [8].

2. OpHOMepHOe criia>kuBaHUe

IIycts uMeroTcst paBHOOTCTOSIIIE TOIKHI {%}1 <i<n U 3HAUCHUSA bYHKINNA OTKJINKA B
9TUX TOYKAX CJIEIYIONEro BUIa
yi = f(x:) + &4, (4)

re g ~ N(0,02). Ilycts § aBastercst onenkoit dynxmmn f(z;). Torya MunuMmI3aITS
BbIparkeHusl (2) IPUBOJUT K CJIE/YIONEMY YPABHEHUIO

g=HA) v, ()

rne HA) = (I + X DTD)’1 MIPEJICTABJISIET COOOM TPOEKITMOHHYIO MATPHILY, & A — 3TO
criaaxkuBarommit mapamerp. CrirakKuBaromnuit mapaMeTp BbIOMPAETCS MYTEM MUHUMNA3a-
nuu (QYHKIMOHAJA CJIEIYIOIEro BUIa

 RSS(/n
GO = ) “

Takoit 1mOJIX0/[ HA3BIBAETCST METOJIOM CKOJIB3SIIEro KoHTposist (crossvalidation). ITpu
PaBHOOTCTOAIINX HAOJIIOAEHUSIX MOXKHO HCIIOJIH30BAaTh CBOIMCTBA MATPUILI [, C IOMOIILIO
KOTOPBIX MOXKHO yrnpocTuTh Bbrauciaeraus GCV. 9To CBOMCTBO 3aKTI0IAETCI B BO3MOXK-
HOCTH pa3jIokKuTh Marpuny D B caemyiomee npousseaerne UTUT | rne marpuna U siB-
JISIETCsl YHUTAPHOI U TIpejicTaB/sieT coboil JUCKPEeTHOe KOCUHYCHOe mpeobpasosanue [9).
Torma RSS MOXKHO TIepenucarsh B CJIEAYIOMEM BUJIE:

RSS = 1§~ l” = 1HQ) -yl = | (T4 2-DTD) " 1) -y =

S (CRUESS SR R (B of Cee oy e

%

B rakom ciayuae dynknponan (6) npuanMaer 60Jiee yI0OHBII JJIsi BBIYUCICHUN BUJT:
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05 (ke —1) - DOT2Y)

GOV (\) = Z( : )2
n—2 12

(7)

3. /IBymepHOe criia>kuBaHUe

ITycrs umetorcst paBHOMepHast ceTKa { (1 4, $2aj)}1<¢<n171<j<n2 U 3HavYeHNnd DYHKIUN
OTKJIMKa B y3JIaX 3TOI CETKH CJIe/IyIOIIero BUIa

Yij = f(@1,4,225) + €ijs (8)

rae €;; ~ N(0, 0?). B TakoM ciTyuae MOXKHO ITPeJICTABUTH 3HaUeHns] (byHKIME OTKJIIKA
B BHJIe MATPHUIIBI Y, B KOTOPOI ¥; j SABJIAETCS 3JIEMEHTOM i-if CTPOKH j-ro crosona. Torma

CrJIa’KeHHbIe 3HadYeHus OyyeM obo3HadaTh Kak Y. BBesém omeparuio vec, KoTopas 3a-
KJTIOYUAETCsI B 3aIIMCH MATPHUIIBI B BUJE BEKTOP-CTOJIONA ITyTEM BBIKJIAIBIBAHUS CTOJIOIOB

MAaTPHUIIbI APYT 3a IPYI'OM. O4eBUIHO, YTO OLEHKA vec(Y) UMeeT CJICAYIONUNNA BUJI:
vece(Y) = (Hyy ® Hy,) - vec(Y) = Hyy 4, - vee(Y), (9)

rae H,,, H;, — IPOEKIIMOHHbIE MATPHIIBI COOTBETCTBYIONIEro n3Mepenus. O4ueBn/IHO, YTO
9TU IPOEKIIMOHHBIE MATPUIIBI UMEIOT CJIEAYIOMUIT BI,

H,, = (I, + \DI.D,) ", i=12 (10)

[TpuMmeHsisi BBIIEU3JIOKEHHBII [IOIX0J] M CBOICTBA TeH30pHOTO npousseeHus [10],
BhIpazkeHue (9) MOKHO YIPOCTUTH CJIELYIOMIUAM 00Pa3oM

g = (H$2 ®HZC1) Yy = (ITLQ + )‘QDZQDTLQ)_l ® (Inl +A1D51Dn1)_1 Y=

1 1
=U, (——— ) U oU,, - [————— ) UL .y =
2 (1 + /\1’@1) z2 ® Vs (1 + /\1%%1> @z Y

1 1 T T T
= Una @ U (1 + /\1%%1) ¥ (1 + /\17%1> Uy, @Uzy Yy = Usy oy Tag oy - Upy o -0

JJist aBTOMaTHUYIE€CKOrO ITOMCKa ONTUMAJIbLHBIX 3HAUEHUN A1 U Ao IIpejjlaraeM TaKKe
ucnosb3oBarb GOV aganTupoBaHHbIA I JIByMEPHOIO CJIydasi:

RSS/n
(1 = Tr(Hep 0, )/1?)

GOV (A1, o) = (11)

[TpuHnMast BO BHUMAHKE CBOCTBO CJieJla TEH30PHOTO mpon3Beaenust Marpuil [10], mo-
aygaeMm Tr(Hy, z,) = > 1 /\1 )T )\1 . O9eBHUIHO, ITO OCHOBHBIM 3ATPATHBIM Me-
’ +A17z, tA27z,

CTOM B YaCTU BBITHUC/IEHUI ABJIsIeTCa pacdér RSS, Tak Kak Tpebyercs BBIYUCIEHUE § IJIsT
Bcex KoMOMHANMI A1 U Ag. JlaHHBIN pacuéT MOXKHO YIIPOCTUTH CJEIYIONIAM 0OPa30M:

N . ,

RSS =15 =4l = 1oy -5 = 1" = |(Hasir, ~ 1) -0 =
2

- |’Ux27ml ’ (F172,I1 - In) Ur y” =

x2,T1

T
= (Uwg,wl “(Payzy — In) - Ui,ml y) : (Uwz,m (T2, — In) - Ua:q;,rl y) =
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= (DCTy )"+ (Tage, — 1)* DCT2 -y =Y (Yagay — 1)* - (DCTy - y)?.
3nece DCTy — 910 AByMEPHBII aHAJION JIUCKPETHOI'O KOCHHYCHOTO rpeobpasoBanust. M3
VIIPOIIEHHON (HPOPMYJIBI BUIHO, UTO MPeoOpa3oBaHne HEOOXOINMO BBITOJTHUTEH OJUH pas3,
a MEHSIIOTCSI TOJIBKO 3HAUEHUSI 7z, », B 3aBICHMOCTHU 3HA4YeHUN A\ U Ao. JaHHBIT monxoxn
peaim3oBaH Ha sizbike R. JIjisi meMOHCTpaIluy MpenMyIEecTB U3JI0XKEHHOTO TI0IX0/1a, BbI-
[TOJIHEHBI YUCJIEHHBIE SKCIEPUMEHTDBI: Ha UCKYCCTBEHHO CP€HEPUPOBAHHBIX JAHHBIX U HA,
peabHBIX JTAHHBIX.

4. YwucisieHHBIl S5KCIEPUMEHT

JlJ1st IpoBeieHnst IKCIIepUMEHTa CMOJIETMPOBAHA CJIEYIONIast 3a1a9a: B3ATa (PyHKIHsI
sin(27(z—0,5)3)-cos(4my) u 3amymiIena cydaiiHbIMI 3HAYEHUSMU U3 HOPMAJILHOTO Pac-
npenenerna N (0, 0,22) (puc. 1). Craaskuanue TPOBOIAIOCH M3JTOXKEHHBIM MOIXOJ0M 1
npu nomoru makera MGCV [11], B KOTOpOM pean30BaHO CrilayKuBaHUE MTPaQHBIMI
ciIaifHaMM, B TOM YHCJI€ U JJIi MHOIOMEPHOTO CJIydasl ¢ MCIIOJIb30BAHUEM TEH30PHOI'O
npou3BejieHnst 0a30BbIX pyuKIuit. Huxke nmpuBenena Tabauia ¢ pe3yabTaTaMu CrUIaXKHU-
BaHUsI HA PA3JINIHBIX CETKAX.

Puc. 1. ®yukuus sin(27(z — 0,5)%) - cos(4ry) ¢ mrymom

Tabauma 1
Pe3yabTaThbl criia>kuBaHusi CMOJAEJINPOBAHHOM 3a1a4YM HA Pa3HbIX CETKaX

N P-crinaiiasr GAM GAM
apamerp ¢ JKII ¢ 10? yzmamu | ¢ 20 yzmamu
RSS 9, 488243 11,72485 9,87163
MSE 0,001483 0,001832 0,00154
Koppetsis ¢ 0,9993394 | 0,996919 0,9991624
UCTHUH. 3HAYEHUAMI
Bpewst onen. (c) 1,941 10, 237 29,875
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Jtst meMOHCTpanyuy MPaKTUIeCKOTO TPUMEHEHU T BBIMEN3IOKEHHOTO TTOIX0/a B3ATHI
JIaHHBIEe 0 cMepTHOCTH B Poccnn. JaHHbIe B3sITHI M3 OTKPLITOrO ncTouHuKa [12] u comep-
»xaT HabsmogeHns 3a 1959-2010 roxwr mo Bospacram 0-110. OueHuBaHME IPOBOIMIIOCH
HA YaCTHU JIAHHBIX, KOTOpas OTHOCUTCs K craprmM Bospactam (50101, puc. 2). K srum
rojiaM BBIOOPKA JOCTATOYHO CHMJILHO YMEHBIIAETCSI, B PE3yJIbTaTe Uero HaOJIIOIEHNUs CO-
JEpKaT OMMOKU U BBIOPOCHI, M3-38 KOTOPBIX HE BUJIHO OOINEHl KAPTUHDBI ITPOUCXOSIIIIX
mporieccoB. Takum obpa3oM, aHAJIU3UPYEMbIE JAHHBIE IIPEJICTABIAIOT OO0 PABHOMEPHO
paCIOJIOKEHHbIe 3HAYEHNsT KO3(MMUIIMEHTOB CMEPTHOCTH Ha CETKe Pa3MepHOCTH 52 X H2.
CritakuBanue IPOBOIUIOCH M3JI0KEHHBIM 10ax00M, makerom MGCV u mapamerputie-
ckoit mojienibio JIum-Kaprepa, Koropas craja KIacCHYecKO P OIEHUBAHUH JIBYMEPHOI
IIOBEPXHOCTU cMepTHOCTHU. Jlajee mpuBenena Tabynia ¢ pe3yaIbTaTaMyi OICHIBAHUS.

A

A6
S5
/0‘ .,'):M 1,:

T

Puc. 2. Kosdduiinenrol cmepTHOocTU Hacesjenusi Poccuun crapime 50 jet ¢ 1959 r.
no 2010 r.

Tabauma 2
Pe3ynbTaThl criia>kuBaHunsi JByMepPHOII MOBEPXHOCTU cMmepTHOCTU Poccumn

b P-crutaiine: Moneinn GAM
apamerp ¢ JIKII JIm-Kaptepa | ¢ 122 y3namu
RSS 0,21637 18,5092 0,41395
MSE 0, 0000905 0,0077379 0,0001731
Bpewmst omen. (c) 0,49 1,194 4,185

5. 3akJiroudyeHue

W3 npuBenéHHBIX pe3yJILTATOB OYEBHUJIHO, UTO IOJXOJ, ONMMCAHHBLIA B JAHHON CTaThe
bostee acdeKkTUBEH, TaK KaK UMeeT OOJIBIIYI0 CKOPOCTh CIVIaXKUBAaHUST 1 MaJIoe moTped.re-
HIe TaMsITH. TakzKe XO4eTcsI OTMETHUTh, ITO MIPHU POCTE BBIOOPKU CKOPOCTH OIEHUBAHIIST
PacTéT HE3HAYUTE/ILHO IIPU COXPAaHEHUH KadecTBa, OIEHKU. Pe3ysibraraMu Ipojie/IaHHON
pabOThI ABJISTIOTCS:
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1. mo/tydeHbl BBIpaXKEHUS I JBYMEPHOTO CIydas ¢ YIETOM JIBYX MapaMeTpPOB CrJIa-
SKUBaHUS;

2. TOJIyYeHHBIN TOIX0]] PeaJIn30BaH Ha si3bIke R;

3. BBINIOJIHEHO CPABHEHMUE MTOIX0JIA C IPYTUMU AHAJTOTUIHBIME TOIXOJAMU U MOIEJISIMHU.

B mocnenyromux paborax IMpeIosaraeTcs PacCMOTPEHUE CJIEAYIONIUX BO3MOXKHO-
creit:

— pacumpenne MeTola Ha MHOI'OMEPHBIN CJIydai;

— HCIIOJIB30BAHUE JIPYTUX PACIPOCTPAHEHHBIX KPUTEPHUEB BbIOOPA CIVIA’KUBAIOIINAX I1a-
pamerpos, Hanpumep, BIC wm AIC,

— UCIOJIb30BaHue OoJiee OBICTPOTO METO/Ia TTOMCKA, MUHUMAJIHLHOTO 3HAYEHUST (PYHKIIH-
onasa GCV.
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UDC 519.234
On a Method of Two-Dimensional Smoothing

P. G. Lyubin
Moscow State Technology University “STANKIN”, Moscow, Russia

Regression analysis has the task of finding a functional relationship between the observed val-
ues the studied process. The raw data is the realization of a random variable, it is therefore
considered dependent on the expectation. This problem can be solved by “smoothing” the raw
data. Smoothing is the process of removing the noise and insignificant fragments while preserv-
ing the most important properties of the data structure. It is similar to finding the expectation
of data. Data smoothing usually attained by parametric and nonparametric regression. The
nonparametric regression requires a prior knowledge of the regression equation form. However,
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most of the investigated data cannot be parameterized simply. From this point of view, non-
parametric and semiparametric regression represents the best approach to smoothing data. The
aim of the research is development and implementation of the fast smoothing algorithm of two-
dimensional data. To achieve this aim previous works in this area have been analyzed and its
own approach has been developed, improving the previous ones. As a result, this paper presents
the algorithm that quickly and with minimal memory consumption cleanses the data from the
“noise” and “insignificant” parts. To confirm the “efficiency” of the algorithm the comparisons
with other generally accepted approaches were carried out on simulated and real data with other
generally accepted approaches. The results of these comparisons are also shown in the paper.

Key words and phrases: nonparametric regression, two-dimensional estimation, penal-
ized splines, smoothing splines, cross-validation, discrete cosine transform
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Kuryshkin-Wodkiewicz Model of Quantum Measurements for
Atoms and Ions with One Valence Electron

A. V. Gorbachev, L. A. Sevastianov, A. V. Zorin

Peoples’ Friendship University of Russia, Moscow, Russia

The structural form of the Kuryshkin-Wodkiewicz model of quantum measurement was devel-
oped in detail for quantum Kepler problem. For more complex objects such quantum structure
is unknown. At the same time, a standard (non-structural) model of quantum measurement
proposed by Holevo-Helstrom is suitable for any quantum object. The aim of this work is to
spread the structural model of quantum measurement to a broader class of quantum objects
— a model of quantum measurements of optical spectra of atoms and ions with one valence
electron.

In this work the Kuryshkin-Wodkiewicz model with implementation of Weyl-Kuryshkin quan-
tization rule is applied to the extended quantum Kepler problem of quantum systems with one
valence electron, such as alkali metal atoms. The proof of the consistency of the model is based
on two Kato theorems about compact perturbations of operators. In the proof process the
explicit form of the discrete spectrum of the valence electron for various spectral series was
achieved with dependence on the serial parameters of the disturbance spectrum of an isolated
object in the process of quantum measurement.

Key words and phrases: quantum measurement models, quantization rule, a relatively
compact perturbation of the observable operator, perturbation of the observable discrete spec-
trum

1. Introduction

The energy spectrum F, = f% of the valence electron in a hydrogen atom is
described by a discrete spectrum of the Hamiltonian operator H = —%—% of the quantum
Kepler problem with the Hamiltonian function H (¢q,p) = % — % The measured

spectrum of the valence electron, except from the operator, is also dependent on the
quantum state p of the probe of the measuring instrument, i.e. It is described by a
discrete spectrum of the measured observable O, (H) = Ow (H * W,.) [1,2].

The constructive form of the Kuryshkin-Wodkiewicz model of quantum measurement
is developed in detail for quantum Kepler problem [3] and quantum oscillator [4, 5].
For more complex objects such quantum construction is unknown. At the same time,
a standard (non-constructive) model of quantum measurements of Holevo-Helstrom is
suitable for any quantum object, any quantum system [6,7].

The aim of this work is to spread the constructive model (of quantum measurements)
of Kuryshkin-Wodkiewicz to a wider class of quantum objects, to construct a model of
quantum measurements of optical spectra of atoms and ions with one valence electron.
Hydrogen-like atoms - a hydrogen atom, muonic atoms, ions of different charges with a
single electron. We are interested in the atoms of the alkali metals, consisting of a core
(a nucleus together with all the filled electron shells) and the valence electron and ions
with one valence electron.

2. Hydrogen-Like Atoms

Theory of the hydrogen atom in quantum mechanics is a theory of an electron in a
hydrogen atom. Its energy spectrum under theoretical analysis where electron is treated

Received 24" March, 2016.
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as an isolated quantum object has a very simple form

En = - (1)

2n2

The measurement process violates the isolated state of the quantum object, transfer-
ring it to an open state, forming a part of a complex system: “object+probe” [8-11].

The measured energy spectrum of an electron in a hydrogen atom is perturbed with
respect to the spectrum (1):

There is a description problem (of constructing a mathematical model) of the mea-
sured values of the optical spectrum of the hydrogen atom. This model is a Weyl-
Kuryshkin quantization rule equipped with: a mixed quantum state {¢y} of the probe,
smoothed (perturbed) classic observed A * Wy, 1 (¢,p), applied to it the Weil quantiza-
tion rule O,y (A) = Ow (A). Next step will be a theoretical study of the spectrum of
this operator and the numerical calculation of parts of the discrete spectrum affiliated
with {¢x} [12-15].

First remark. While the experimental data is obtained with respect to a valence
electron spin, the model not considers the spin state. As a result, at the current stage
the studied model can not fully describe quantum interaction. However, on the one
hand, it is adequate for the averaged over spin experimental values, on the other hand
a model can be generalized taking into account the electron spin by Stratonovich-Weyl
quantization [16-18].

For the hydrogen atom model is verified with relative accuracy ~ 10716 (there is no
special achievement in it). Before discussing the dependence of the perturbations 0 E,, of
the hydrogen atom under the influence of the measuring device with a quantum probe
in the state {¢r} let us recall what is known about the discrete energy spectrum of the
valence electron in an isolated atom of an alkali metal with a serial number Z.

3. The Energy Spectrum of the Valence Electrons in the Atoms
of the Alkali Metals

For atoms with more than one electron, even for the most simple, Schrodinger equa-
tion can not be solved immediately neither with analytical nor numerical methods. For
this reason, the study of the spectra of many-electron atoms is based on an approximate
model. The most appropriate approach turned out to be the one [19] that maintains an
idea of the individual state of the electron in an atom, and the whole state of the atom
is determined by a set of states of the electrons with respect to their interaction. This
approach helps us obtain some general information about the system’s possible energy
levels for a given atom and their mutual arrangement.

General description of states of electrons in the atom is based on the assumption that
each electron moves in an effective centrally symmetric field produced by the nucleus
and all the other electrons. More detailed analysis focuses on the non-central part of
the electrostatic and magnetic interaction of electrons. In the theory of atomic spectra
these interactions are usually described as small corrections to the centrally symmetric
field using methods of perturbation theory. Perturbation does not change the number
of possible states of the system [19]. The calculation of the energy parameters can find
practical use in various aspects of the atomic spectra theory. The key value of this
calculations is determination of the wave functions. They are used in the calculation of
the probabilities of radiative transitions, the effective excitation cross-sections and other
characteristics of the atom. This is the main problem of the calculation of many-electron
atoms, as energy levels can be obtained (and with high accuracy) from experiments.
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In the approximation of a complete separation of the electronic variable the probabil-
ity of radiative transitions k — k' between states xk and x’ can be expressed [19] through
one-electron radial integrals

Ryw = /P,.i (r)rPq (r)dr. (3)

Therefore, the main task in the calculation of the transition probabilities is to find
radial functions Py (r), P. (r). For all of the atoms and ions, with the exception of
those with a single electron, radial functions can be found only by approximate methods.
Main methods of approximate calculation of the radial functions are different versions
of variational methods and semi-empirical methods. All semi-empirical methods use of
experimental values of energy levels.

Variational methods provide good approximation quality of functions P, (r) in the
area of values r, which is the most significant in the calculation of energy. For large
values of r these functions can be very inaccurate. With the help of semi-empirical
methods it is easier to get functions P (), exact at large r, i.e. just in the region which
is most important for the calculation of transition probabilities. Therefore, much more
simple semi-empirical method gives a better agreement with experiment (the accuracy of
calculation of the transition probabilities) than the method of self-consistent field [19].

In the method of self-consistent field wave functions are calculated simultaneously
with eigenvalues of the system of differential equations, with energy parameters Fi.
Different approach is more preferable for calculating the radiation transition probabilities.
We can pre-define values E,, and lookup such single-electron radial functions P, (r) that
calculated values E coincided with pre-defined. In this case the problem of self-consistent
defined by the system of equations field is usually replaced by a single equation for the
optical electron in an effective field. This equation has the form

1 d? Z l(l+1) i
{rdr?‘r*w*V”(”‘E”}P’““)‘O‘ W

The energy parameter E, is equal to the difference between the atom energy F, and
the “frozen” atomic core energy E; [19]. Accuracy of functions P, (r) largely depends
on how close the selected value F, is to the true value of the difference F, — E;. In the
semi-empirical method, the energy parameter F, is equal to the experimental value of the
ionization potential I,;. Even for the alkaline earth atoms, and even more so for the alkali,
it is the most appropriate to apply the semi-empirical method of calculations [19]. When
choosing an effective potential Vj; (r) different approaches are available. However, in all
cases, functions P, () have good asymptotic because the behavior of these functions for
large r is determined by pre-selection of E.

One of approaches is to choose potential V,; (1) as a function of some fitted parameter
whose value satisfies both boundary conditions. (In general case, the selected value E,
does not belong to eigenvalue of the equation (4), an thus it does not necessary have to
satisfy both of the boundary conditions: P, (0) =0, P, (r) — 0).

4. Generalization of Kuryshkin-Wodkiewicz Model on the
Valence Electrons of Alkali Metal Atoms

The spectral composition of terms (excluding spin interaction, relativistic corrections,
etc.) of an isolated hydrogen atom can be easily calculated:

()
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Upon splitting of the terms, they acquire corrections d F,; so that

R
Eyn=———+0E,. 6
1 o2 + 1 (6)

In the measurement process (due to “interaction” with the quantum probe) the mea-
sured energy spectrum (after the projection on the original Hilbert space) becomes

ul +d6E,; + 0FE,, (7)

E?’Ll,KJ = - 2n2

where & is the multi-index of the quantum probe state. This is a standard approach for
the hydrogen atom.

The spectral composition of terms of “hydrogen-like” alkali metals atoms is defined
by the equation

R
Ef = 8
: 2(n+alz)2 ( )

Upon splitting of the terms, they acquire corrections

nl,mmg 7\ 2 , s
2(n+o07)

In the process of measuring the ”"measured” energy spectrum takes the form

R
EZ = + 6Eumm, + 0E,. (10)

nl,mms,k 2(7’L—|—0’lz)

There is no need to take into account the additional contributions of fine structure
and hyperfine structure in the formula (6) and (9) of the measured values of observables —
energy before generalization of the Weil-Kuryshkin quantization rules to the quantization
rule of Kuryshkin-Stratonovich. Consequently, the measured values of the terms should
be limited by the formulas

R
1

=——— +40E! 11
n,k 2n2 + K ( )
and R
= —————— +0E. (12)
' 2(n+0lZ)

Moreover, contributions §E! and §EZ are obtained from the convolution V (r) *
Wiswy (¢, p), where

Vi) = (13)
and p
VZ (r) = —%+%. (14)

As a result the quantization rule of Weil-Kuryshkin is adequate for the alkali metals
to the same extent as the potential Vi, (r, 1), with respect to the small corrections to the
centrally symmetric field of core.
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5. The Model of Quantum Measurements of
Kuryshkin-Wodkiewicz for Atoms and Ions of Alkali Metals

Recall the form
- 1
0,(H)=H+ zj:aj <2b] +V; (T,cosﬂ))
of the Hamiltonian of hydrogen atom perturbed by the probe measurement in a quantum
state
p=">>_a;l; (b)) (v (b)]-
J

Therefore, perturbation of the potential V! (r) measured by probe in the state p has
a form 6V, =) a;V; (bj, r,cos¥) that is
J

0, (—i) = Ow <(—i> * W, (F,ﬁ)) = —% + 6V, (7).

Ritz method makes it possible with the help of 6V, () to calculate ¢,E, for the

first spectral lines §,AY = (A2 — )\}g)N through the calculations of eigenvalues of the
Ritz matrix of dimension N. In the works [20-23] it is shown how to restore the
state p by disturbances 0,E,. Thus, on the perturbation 6V, (i) one can calculate

p=>_a;¥; (b;)) (¥ (bj)] such that

As a result, we get

Theorem 1. For any mized state p = > a;|v; (b)) (¢ (b;)| of a quantum probe

J

there exists a unique perturbation 8V, (¥) of potential V' (F) = —1 being V* (r)-compact

and equal to zero at infinity. And vice versa, to any V' (r)-compact and equal to zero

at infinity disturbance 6V, () of potential V' (r) corresponds the state p =" c¢; [1h;) (1]
J

N
uniquely defined in a subspace HY = { > cjwj} of minimal dimension N in the Hilbert

=1
space Lo (R?).

Let us use the result of Kato’s theorem [24]: If the operator O (H) = H + V (7) of
the potential V' can be written as the sum of two functions, one of which is continuous
and bounded, and the other is the square-integrable on R3, while V () r) 0, then

T o0
V is H-compact. Any perturbation V, (r,cos?) of the centrally symmetric field VZ (r)
in (14) in the problem (4) decreases at infinity, and thus according to Kato theorem
V7 4V, is H-compact, vanishing at infinity. According to the Statement 1 for V.2 (7) =
VZ (r) 4V, (r,cos¥) there is a state pZ = Y ¢; [1b;) (1;| defined uniquely in a subspace

N
HN = {Z cjy; ¢ of minimal dimension N in the Hilbert space Lo (]RB) such that

Jj=1
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(V1 ng) (7,p) = VZ(¥). Thus, for the measured Hamilton operator of a valence
electron in the alkali metal atom the measured potential is:

(VZ«W,) (70) = {(V' « W,z) « W, } (7.1) .

A —
Vi (™
Hence, is valid

Theorem 2. The quantization rule of Kuryshkin-Wodkiewicz applied to the valence
electron in the alkali metal atom with an approzimate pseudopotential V.2 () been mea-
sured by the quantum probe in the state p =Y c; [1;) (;| take the form of quantization
rule of Kuryshkin-Weyl with the potential (VZ « W,) ().

Corollary 1. Quantum measurement by the quantum probe in the state p of the
energy spectrum of the valence electron in the alkali metal atom with state values

R
EZ =— ~
2(n+o0f)
of (8), will result in measured value
R
T%lvp = 7 T 6EpZ
2 (n + o7 )

of (12).

6. Conclusion

In [2,3,25,26] of quantum measurements applied to the quantum problem of Kepler
has been implemented. In previous works a particular modification the model of quantum
measurement has been applied to the problem of quantum oscillator [4,5]. In this paper
the Kuryshkin-Wodkiewicz model with implementation of Weyl-Kuryshkin quantization
rule [3,25,26] is applied to the quantum systems with one valence electron like alkali metal
atoms Kuryshkin-Wodkiewicz model implementing quantization rule Weil-Kuryshkin,
extended to the quantum system with one valence electron, such as alkali metal atoms.
The proof of the consistency of the model is based on two Kato theorems [24]. The
explicit form of the discrete spectrum of the valence electron for various spectral series,
depending on the serial parameters of the disturbance spectrum of an isolated object in
the process of quantum measurement was achieved.
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Mogenp KBaHTOBBIX n3Mepenuit Kypoimkuna-ByakeBuda auis
aTOMOB M MOHOB C OJIHUM BaJIEHTHBIM 3JIEKTPOHOM

A. B. I'opbaues, A. B. 3opun, JI. A. CeBacTbsiHOB

Poccutickuti yrusepcumem opystcobvr Hapodos, Mockea, Poccus

KoucrpykruBnaast hpopma MOfe M KBaHTOBBIX n3Mepennit Kypoimknna-Byakesuda meraabHO
pa3paborana /i KBaHTOBOM 3amaun Kensepa. s 6ostee c10:KHBIX KBAHTOBLIX OOBHEKTOB TaKasd
KOHCTDYKIMsl HEM3BECTHA. B TO ke Bpemsi cranjapTHas (He KOHCTPYKTHUBHAS) MOJIETh KBAHTO-
BBIX U3MEpPEHUM X0JeBO—XeJICTPOMa TOAUTCS JJIsd JIIOOOTO KBAHTOBOrO 0ObekTa. Ilenbio manmoit
paboOTHI SIBJSIETCST pACIIPOCTPaHEHNe KOHCTPYKTUBHON MOJIEJIM KBAHTOBBIX U3MEpPEHU Ha OoJiee
MMUPOKUI KJIACC KBAHTOBBIX OOBEKTOB — MOJEJb KBAHTOBBIX U3MEPEHUI ONTUIECKOTO CIEKTPA
ATOMOB M MOHOB C OJTHAM BAJIEHTHBIM 3JIEKTPOHOM.

B pabore momens Kypwimkuna—ByakeBuda, peajusyromias MPaBUIO KBaHTOBaHUS Beilsi—
Kyprlikuaa B IpUIOXKEHUN K KBAHTOBOM 3aj1ade Kertepa, pacpocTpaneHa Ha KBAHTOBBIE CH-
CTEMBI C OJTHUM BAJIEHTHBIM 3JIEKTPOHOM, HAIIPUMED, Ha ATOMBI IEJIOYHBIX METAJIJIOB. B OCHOBY
JOKa3aTeJIbCTBA COCTOATENBHOCTH MOJIEIH TIOJIOXKEHBI JIBE TeopeMbl KaTo 0 KOMIaKTHBIX BO3MY-
IIEHUSIX OepaTopoB. B xo/ie JoKa3aTebCcTBa MOy YeHbI siBHBIE (DOPMYJIBI TUCKPETHOT'O CIIEKTPA
BAJIEHTHOT'O 3JIEKTPOHA ISl PA3JIMIHBIX CIEKTPAJIbHBIX CEPUI, 3aBUCSIINE OT CEPUAJLHBIX IMa-
paMeTpOB BO3MYINEHUsI CIIEKTPA M30JTUPOBAHHOIO OOBEKTA B MPOIECCE KBAHTOBBIX M3MEPEHUIA.

KurodueBrnle cjioBa: KBAaHTOBBIE MOJIE/IM U3MEPEHUS], IPABUJIA KBAHTOBAHUS, OTHOCUTEILHO
KOMIIAKTHOE BO3MYIIeHHE HAOJII0IaeMOr0 OIIEPaTOpa, BO3MYIIEHNE HADIIOAAEMOr0 JUCKPETHOTO
CIIEKTDA
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Large amplitude (geometrically non-linear) vibrations of doubly curved shallow shells with
rectangular boundary, simply supported at the four edges and subjected to harmonic excitation
normal to the surface in the spectral neighbourhood of the fundamental mode are subject of
investigation in this paper. The first part of the study was presented by the authors in [M. Ama-
bili et al. Nonlinear Vibrations of Doubly Curved Shallow Shells. Herald of Kazan Technological
University, 2015, 18(6), 158-163, in Russian]. Two different non-linear strain-displacement re-
lationships, from the Donnell’s and Novozhilov’s shell theories, are used to calculate the elastic
strain energy. In-plane inertia and geometric imperfections are taken into account. The solution
is obtained by Lagrangian approach. The non-linear equations of motion are studied by using
(i) a code based on arclength continuation method that allows bifurcation analysis and (ii) di-
rect time integration. Numerical results are compared to those available in the literature and
convergence of the solution is shown. Interaction of modes having integer ratio between their
natural frequencies, giving rise to internal resonances, is discussed. Shell stability under dy-
namic load is also investigated by using continuation method, bifurcation diagram from direct
time integration and calculation of the Lyapunov exponents and Lyapunov dimension. Inter-
esting phenomena such as (i) snap-through instability, (ii) subharmonic response, (iii) period
doubling bifurcations and (iv) chaotic behavior have been observed.

Key words and phrases: nonlinear vibrations, shallow shells, equation, motion, stability

1. Introduction

In the present study [1], large-amplitude (geometrically non-linear) vibrations of dou-
bly curved shallow shells with rectangular boundary, simply supported at the four edges
and subjected to harmonic excitation normal to the surface in the spectral neighbourhood
of the fundamental mode are investigated. Two different non-linear strain-displacement
relationships, from the Donnell’s and Novozhilov’s shell theories, are used to calculate
the elastic strain energy. In-plane inertia and geometric imperfections are taken into ac-
count. The solution is obtained by Lagrangian approach. The present theory is based
on the studies developed by Amabili [2—4] for circular cylindrical shells, circular cylindri-
cal panels and rectangular plates, respectively, properly adapted to take into account the
different geometry. The non-linear equations of motion are studied by using (i) a code
based on arclength continuation method that allows bifurcation analysis and (ii) direct
time integration. The first part of the present study was published by the authors in [1].
Numerical results are compared to those available in the literature and convergence of
the solution is shown. Interaction of modes having integer ratio between their natural
frequencies, giving rise to internal resonances, is discussed. Shell stability under dynamic
load is also investigated by using continuation method, bifurcation diagram from direct
time integration and calculation of the Lyapunov exponents and Lyapunov dimension.
Interesting phenomena such as (i) snap-through instability, (ii) subharmonic response,
(iii) period doubling bifurcations and (iv) chaotic behavior have been observed; in this
case up to four positive Lyapunov coefficients have been found, indicating hyperchaos.

The reported study was funded by RFBR according to the research project Ne 13-08-00535a .
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2. Stability analysis

The Lagrange equations of motion for discrete models are as follows [1]:

dg; _ . dg(OT,\ O U,
dt - dt aq] 8(]] 8(]]‘

=Q;, j=1,..., (1)
where g—; = 0, U, is the elastic strain energy, the generalized coordinates ¢;, j =1,...,

denote the displacements of an arbitrary point A,, ,, of coordinates wum, n, Vm n, Wm,n in
the positive directions outward the centre of the smallest radius of curvature. The very
complicated term giving quadratic and cubic non-linearities can be written in the form:

ouU. dofs dofs dofs
aq% = GeFikt+ Y GGFak+ Y GaGOEik, (2)
J

k=1 ik=1 iki=1

where coefficients Z have long expressions that include also geometric imperfections.

The presumable solution of the system (1) is ¢; = ¢;(¢), ¢; = ¢;(¢), which corresponds
to an undisturbed motion. After defining the excitations of the phase coordinates of the
system as x; = q; — ¢;(t), y; = ¢; — q;(t), the equations of the perturbed motions can be
presented in the frame of the first approximation:

dZL‘j .
a v
dofs dofs dofs (3)

dofs dofs dofs dofs
cjn(t) = Z Zjingi(t) + Z ZinkQr(t) + Z Z Zinkiqr ()@ (t)+
i=1 k=1 k=1 1
dofs dofs dofs dofs

+ Z Z Zjin1 Qi ()@ (t) + Z Z Zjikn Qi (t)qi ().
=1 1 =1 &

If the conditions

Zjiin =0, Zink =0,  Zjnke =0, 25 =0,  Zjikn =0, ()
i=1,...,dofs, j=1,...,dofs, k=1,...,dofs

are satisfied the system of equations of the perturbed motions becomes a system of linear
differential equations with constant coefficients

dl’j
at =Yj

% dofs dofs (5)

T - > ajiwi =Y bjiyi.
i=1 i=1

In this case the stability of the solution of the system (1) can be analyzed by means
of the characteristic equation
det(A—AE) =0 (6)
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0 dji
of the system (5), where A = [ J ]

—aj; —bji|’

Once all the roots of the characteristic equation (6) have negative real parts, then
the trivial solution x; = 0, y; = 0 of the system (5) is asymptotically stable.

In this case there exists a Lyapunov’s function of fixed sign V' = V(z,y) , and its
derivative, which can be obtained from the equations (3), is also a function of fixed sign
of the opposite sign. This means that the solutions of the initial system g;(t), ¢; = ¢;(¢)
for which the conditions (4) are valid, result as asymptotically stable.

The variable-coefficient system (3) can be written in the matrix formulation as follows:

LB F = ww) (7)
p=|_, e T D=0 A= 0O = Gren0). B= ).
—-A-C(t) —B
The Lyapunov’s function can be written as a quadratic form with constant coefficients
2V = 7T Mz, 9)
where T = (z,y) and M = {%; %;j

The derivative of V' calculated from the equation (7) can be presented in the following
form:

W(z,y) = 2" MipAz — y" Mg Az + 27 (M1 D — M2 B)y +y* (M12D — M2 B)y, (11)
K(z,y,t) = (27 Myg + y* Ma2)C(t)z. (12)

From the expression (10) for V the following conclusion can be drawn: if the quadratic
form W (x,y) is a function of fixed negative sign, then the solutions ¢; = ¢;(t), ¢; = ¢;(t)
of the system (1) for which K (z,y,t) = 0 are asymptotically stable.

3. Numerical solution

The equations of motion have been obtained by using the Mathematica 4 computer
software [5] in order to perform analytical integrals of trigonometric functions. The
generic Lagrange equation can be divided by the modal mass associated with ¢; and then
is transformed in the following two first-order equations by using the dummy variables
y; in a similar way as shown in the previous section

4i = Yj,
dofs dofs dofs dofs dofs dofs (13)
Yj = —26w;y; — Z %l — > ZakGiGk — Y Y Y Gidedr + f cos(wt)
=1 k=1 =1 k=1 1=1

for j =1,...,dofs, where

{ 0, if ¢j = Umn, Vmmn, OF Wy, With m,n even,

f/[pshab/él], if ¢j = wy,,n with m,n odd,
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f is the radial concentrated force, which define the external, normal, distributed load
such that g, = fd(u — @) cos(wt), applied to the shell, @, ¥ give the position of the point
of application of the force; the point excitation is located at @ = a/2, ¥ = b/2, w is the
excitation frequency, t is the time, § is the Dirac delta function, and coefficients z are
obtained by those in equation (2), z = Z/[pshab/4].

In equation (13) each generalized coordinate ¢; (and therefore ¢ — j and w;) has to
be referred to mode (m,n). A non-dimensionalization of variables is also performed for
computational convenience: the time is divided by the period of the resonant mode and
the vibration amplitudes are divided by the shell thickness h. The resulting 2 x dofs first-
order non-linear differential equations are studied by using (i) the software AUTO 97 [6]
for continuation and bifurcation analysis of non-linear ordinary differential equations,
and (ii) direct integration of the equations of motion by using the DIVPAG routine of
the Fortran library IMSL. Continuation methods allow following the solution path, with
the advantage that unstable solutions can also be obtained; these are not ordinarily
attainable by using direct numerical integration. The software AUTO 97 is capable of
continuation of the solution, bifurcation analysis and branch switching by using arclength
continuation and collocation methods. In particular, the shell response under harmonic
excitation has been studied by using an analysis in two steps: (i) first the excitation
frequency has been fixed far enough from resonance and the magnitude of the excitation
has been used as bifurcation parameter; the solution has been started at zero force where
the solution is the trivial undisturbed configuration of the shell and has been continued
up to reach the desired force magnitude; (ii) when the desired magnitude of excitation
has been reached, the solution has been continued by using the excitation frequency as
bifurcation parameter.

Direct integration of the equations of motion by using Gear’s BDF method (routine
DIVPAG of the Fortran library IMSL) has also been performed to check the results and
obtain the time behaviour. Adams Gear algorithm has been used due to the relatively
high dimension of the dynamical system. Indeed, when a high-dimensional phase space
is analyzed, the problem can present stiff characteristics, due to the presence of different
time scales in the response. In simulations with adaptive step size Runge-Kutta methods,
spurious non-stationary and divergent motions can be obtained. Therefore, the Adams
Gear method, designed for stiff equations, was used.

The bifurcation diagram of the Poincaré maps was also used in case of non-stationary
response. It has been constructed by using the time integration scheme and by varying
the force amplitude.

3.1. Maximum Lyapunov exponent

In order to evaluate the maximum Lyapunov exponent, which is useful to characterize
regular or chaotic motion of the system, it is necessary to assume a reference trajectory
x,(t) in the phase plane (g, ¢ plane) and observe a neighbouring trajectory originated
at infinitesimal initial perturbation dx(tg) from the reference trajectory (see Argyris et
al. [7]). The evolution of the perturbation during time, dz(t), is governed by the following
variational equations directly obtained from equations (13)

&5% = 0y,

dofs dofs dofs dofs

%(5?}3' = —2§jo5yj - Z Zjﬂ'éqz' — Z Z Z Zj,i,k5Qn(5k,nQi + 6i,nq1€)_
=1

n=11i=1 k=1
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dofs dofs dofs dofs
3D %0 ki00n (i m@ktt + SknGiqs + O1mqrgi), for j=1,... dofs, (14)

n=1i=1 k=1 [l=1

where dy, ,, is the Kronecker delta. Assuming dg; and dy; as new variables, the simul-
taneous integration of the 4 x dofs first-order differential equations (equations (13) are
non-linear and are integrated by using DIVPAG IMSL routine and equations (14) are
linear, but with time-varying coefficients, and are integrated by using the adaptive step-
size 4th-5th order Runge-Kutta method) has been performed. The excitation period has
been divided in 10000 integration steps At in order to have accurate evaluation of the
time-varying coefficients in equations (14) that are obtained at each step by integration
of equations (13). To find a reference trajectory 6 x 10° steps are waited in order to
eliminate the transitory and 1 x 10° steps are waited to eliminate the transitory on the
variational equations (14). Then 1 x 10° steps are used for evaluation of the maximum
Lyapunov exponent o for the reference trajectory z,(t), which is given by

1 ox(t
o1 = lim sup—1In [92(®)]
t—o0

t o |dx(to)]

. (15)

Assuming the initial perturbation of unitary amplitude, equation (15) is simplified
into

. 1
o1 = tlingo sup - In |dz(t)] . (16)

Then, by restoring at each integration time step k the amplitude of dx(¢) to its original
unitary measure by the following re-normalisation

_ 5$(t)k

0T (t) Td (17)

where |02 (t)|,, = dp, the following formula for the maximum Lyapunov exponent, evalu-
ated at step k, is obtained

k
1
01,k = m;lndz (18)

In the numerical calculation of the maximum Lyapunov exponent, the non-dimensional
time previously introduced has been used.

4. Results for harmonic excitation

Numerical calculations have been initially performed for doubly curved shallow shells,
simply supported at the four edges, having the following dimensions and material prop-
erties: curvilinear dimensions ¢ = b = 0.1m, radius of curvature R, = 1m, thickness
h = 0.001m, Young’s modulus E = 206 x 10° Pa, mass density p = 7800 kg/m? and
Poisson ratio ¥ = 0.3. Shallow shells with the same dimension ratios (R,/a = 10,
h/a = 0.01, a/b = 1, v = 0.3) were previously studied by Kobayashi and Leissa [8]. In
all the numerical simulations a modal damping ¢;,; = 0.004 and harmonic force excita-
tion at the center of the shell in z direction are assumed. If not explicitly specified, all
calculations have been performed by using Donnell’s shell theory.
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4.1. Case of a spherical shell

A spherical shallow shell (R, = 1m) is considered. The frequency range around
the fundamental frequency (mode (m = 1, n = 1) in this case, where m and n are the
numbers of half-waves in z and y direction, respectively) is investigated. The fundamental
frequency w; ;1 is 952.31 Hz according to Donnell’s shell theory and 952.26 Hz according
to Novozhilov’s shell theory, i.e. practically the same results for both theories. Other
natural frequencies useful in the present study are (according to Donnell’s theory): w3 =
ws,1 = 2575.9 Hz, w3 3 = 4472.3 Hz. The amplitude of the harmonic force is f = 31.2 N.

Figure 1 shows the maximum (in the time period; this is positive, i.e. outwards) and
the minimum (negative, i.e. inwards) of the shell response in z direction in the spectral
neighbourhood of the fundamental mode (m = 1, n = 1) versus the excitation frequency.

3

Max(w 1 /h)
~Min(wu/h)

(a) wjw 1 ) wlwy,)

Figure 1. Amplitude of the response of the shell (generalized coordinate w1 1)
versus the excitation frequency; R,/R, = 1 (spherical shallow shell); fundamental
mode (m=1,n=1), f=31.2 N and ¢i,; = 0.004; model with 9 dofs; Donnell’s
theory: solid line present stable results; dashed line — present unstable
results; dot-dashed line — backbone curve from Kobayashi and Leissa [8]. (a)
Maximum of the generalized coordinate wi,; (in a vibration period); (b) minimum
of the generalized coordinate wi ;

Calculations have been performed with the 9 dofs model. This model includes the
following terms in the expressions for displacements v, v and w, which satisfy identically
the geometric boundary conditions [1]: wq 1, w1,1, v1,1, U3,1, V31, U1,3, V1,3, U3,3, V33

Results are compared to those obtained by Kobayashi and Leissa [§], where only
the backbone curve is given. The present results with 9 dofs are quite close to those
in references [8] (considering that the backbone curve, indicating the maximum of the
response for different force excitations, approximately passes through the middle of the
forced response curve computed in the present calculation) and shows a softening type
non-linearity, turning to hardening for vibration amplitudes about two times larger than
the shell thickness. Comparing Figures 1,(a) and 1,(b) it is evident that displacement
inwards is about two times larger than displacement outwards during a vibration period.

In order to check the convergence of the solution, the response has been calculated
with a larger model, including 22 dofs. This model has the following additional general-
ized coordinates with respect to the 9 dofs model: w; 3, w3 1, w33, w15, Uz s, Us 1, Us 3,
Us,5, V1,5, U35, U5,1, U5,3, U5 5.
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Comparison of the response computed with the 22 dofs and the 9 dofs models is given
in Figure 3, where the backbone curve of Kobayashi and Leissa [8] is also shown.

The results of the 22 dofs model are moved slightly to the left with respect to the
smaller 9 dofs model, and present a more complicate curve, especially in the frequency
region around 0.9w; ;. In fact, for excitation frequency w = 0.9w; 1, there is a 3:1 internal
resonance with modes (m =3, n =1) and (m =1, n = 3), giving 3w = w31 =wi 3. A
second relationship between natural frequencies that leads to internal resonances is for
w = 0.77wy 1 where 6w = w3 3.

3 ]
2
g =
;. 3
B
Figure 2. Amplitude of the response Figure 3. Effect of the curvature
of the shell versus the excitation aspect ratio R,/R, on the shell
frequency; R,/R, =1 (spherical response (maximum of the
shell);j‘undamental mode (m =1, generalized coordinate wi,1) versus
n=1), f=31.2 N and ¢1,1¢1,1 = 0.004; the excitation frequency;
Donnell’s theory: solid line — fundamental mode (m =1, n = 1);
22 dofs model; dashed line — 9 dofs ¢1,1 = 0.004; 9 dofs model; Donnell’s
model; dot-dashed line — backbone theory

curve from Kobayashi and Leissa [8]

4.2. Effect of different curvature

Figure 3 synthesizes all the maximum responses for the 9 dofs model for different
shell curvature aspect ratios R,/R,. It is clearly shown that for R, /R, = 1 (spherical),
0.5 and 0 (circular cylindrical) the shallow shell considered exhibits a softening type
behaviour turning to hardening type for vibration amplitude of the order of magnitude
of the shell thickness. The softening behaviour becomes weaker with the decrement of
the curvature aspect ratio R, /R,. In particular, the softening behaviour of the spherical
shallow shell for vibration amplitude around 1.3 times the shell thickness is very strong.
On the other hand, for R, /R, = —0.5, —1 (hyperbolic paraboloid) the shell has a strong
hardening type behaviour without presence of the softening type region.

The effect of the curvature on the maximum response of spherical shallow shells is
investigated in Figure 4, obtained with the 9 dofs model and Donnell’s shell theory. Here
the radius of curvature R, = R, is varied with respect to the value 1m previously used,
while all the other geometric and material characteristics are kept constant. In particular,
three responses for R, /a = 10, 20, 100 are presented (solid line) and compared to the
response of a flat square plate (dashed line) of the same dimension and material, also
computed with the same theory [4] and the 9 dofs model. It must be observed that the
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flat plate is the limiting case for a spherical shallow shell when R,/a — oo. Figure 4
shows that increasing the curvature ratio R, /a the shell response changes gradually from
(i) strongly softening turning to hardening for vibration amplitude about two times the
shell thickness, to (ii) fully hardening, which is the typical behaviour of flat plates. It is
curious that a flat plate (R, /a — oo) presents a slightly weaker hardening type behaviour
than the spherical shallow shell with R, /a = 100. However, the difference is practically
negligible.

w0 (plate)

1.5

Max(wi ;/h)

0.5

0.8 1 1.2 1.4 1.6
wfwyy

Figure 4. Effect of the curvature ratio R,/a on the response (maximum of the
generalized coordinate wi,1) of spherical shallow shells versus the excitation
frequency; fundamental mode (m =1, n =1); (1,1 = 0.004; 9 dofs model; Donnell’s
theory. For R,/a =10, w11 = 952.3 Hz and f: 31.2 N; for R.;/a =20, wi,1 = 637.1 Hz
and f =11.16 N; for R,/a = 100, w1, = 495.4 Hz and f = 5.56 N; for R,/a = oo
(square plate), wy,1 = 488.6 Hz and f=54N

5. Bifurcation analysis

The same shallow spherical shell studied in Section 4.1 is considered here and the
22 dofs model is used. Poincaré maps have been computed by direct integration of the
equations of motion. The excitation frequency has been kept constant, w = 0.8wy 1, and
the excitation amplitude has been varied between 0 and 1400 N.The force range has been
divided into 800 steps, so that the force is varied of 1.75 N at each step. 600 periods have
been waited each time the force is changed of a step in order to eliminate the transient
motion. The initial condition at the first step is zero displacement and velocity for all
the variables; at the following steps the solution at the previous step, with addition of
a small perturbation in order to find stable solution, is used as initial condition. The
bifurcation diagrams obtained by all these Poincaré maps are shown in Figure 5, where
the load is decreased from 1400 N to 0.

Simple periodic motion, period doubling bifurcation, subharmonic response, ampli-
tude modulations and chaotic response have been detected, as indicated in Figures 5,(a),
5,(b). This indicates a very rich and complex nonlinear dynamics of the spherical shallow
shell subject to large harmonic excitation. Different stable solutions coexist for the same
set of system parameters, so that the solution is largely affected by initial conditions. In
particular, Figures 5,(b) and 5,(d) give the maximum Lyapunov exponent o associated
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to the bifurcation diagram. It can be easily observed that (i) for periodic forced vibra-
tions o1 < 0, (ii) for amplitude modulated response o1 = 0, and (iii) for chaotic response
01 > 0. Therefore o can be conveniently used for identification of the system dynamics.

:
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Figure 5. Bifurcation diagram of Poincaré maps and maximum Lyapunov
exponent for the spherical shallow shell under decreasing harmonic load
with frequency w = 0.8w1,15 (1,1 = 0.004;

22 dofs model; Donnell’s theory:

(a) Bifurcation diagram: generalized coordinate w1 1; T =response period equal to
excitation period; PD =period doubling bifurcation; M =amplitude modulations;
C =chaos;

(b) maximum Lyapunov exponent;

(c) bifurcation diagram: generalized coordinate wi,1, enlarged scale; T =response
period equal to excitation period; PD =period doubling bifurcation; 27" =periodic
response with two times the excitation period; 57 =periodic response with five
times the excitation period; M =amplitude modulations; C' =chaos;

(d) maximum Lyapunov exponent, enlarged scale

All the Lyapunov exponents have been evaluated for the case with excitation f =
1396 N in Figure 5, corresponding to chaotic response. In this case, four positive Lya-
punov exponents have been identified, allowing to classify this response as hyperchaos.
The Lyapunov dimension in this case is dj, = 24.59.
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6. Conclusions

The present study introduces a multi-mode expansion and uses accurate shell theories
retaining in-plane inertia to study large-amplitude, forced vibrations of doubly curved
shallow shells. This overcomes two frequent limitations in previous studies: (i) the use of
mode expansions with one or two degrees of freedom; and (ii) the use of less accurate, but
simpler, Donnell’s shallow-shell theory, which neglects in-plane inertia. The occurrence of
internal resonances in the problem studied is a clear indication that this important non-
linear phenomenon has fundamental importance in the study of curved shells. Internal
resonances can be studied only with multi-mode expansions, in some cases with a quite
large number of degrees of freedom.

Bifurcation diagrams constructed by Poincaré maps and Lyapunov exponents show
period doubling bifurcations and highly complex nonlinear behaviour of a spherical shal-
low shell under very large harmonic excitation. Up to four positive Lyapunov coefficients
have been found for the studied case, indicating hyperchaos.
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VIK 534.1
YcToiiuynBOCTh HEJMHEMHBIX KOoJIe0aHuil II0JIOTuX 000JI0YeK
,Z[BOSIKOI';’I KPHUBU3HbI

P. I. Myxapasmos*, M. Amabuym', P. l'apsuepa’, K. Patosa
* Poccutickuti yrusepcumem dpyotcbor napodos, Mockea, Poccus
T Yuusepcumem MaxDuan, Monpeans, Kanada
¥ Ynusepcumem Hapmw, Hapma, Amanus

B cTaThe paccMaTpmBAIOTCS BBICOKOAMILIUTY/IHBIE (T€OMETPUIECKH HEeJUHEHHbIE) KOJTeOaHus
MoJTIOruX OOOJIOYUEK JBOSIKOW KPUBU3HBI C MIPSIMOYTOJBHBIMU IPAHUIIAME, CBOOOIHO OMEPTHIX IO
BCEM YeThIPEM KpasM U IMOJIBEPTAIONIUXCSI HOPMAJLHOMY K ITOBEPXHOCTH TapMOHHYIECKOMY BO3-
JIeWCTBUIO B CIIEKTPAJIbHOM OKPECTHOCTH OCHOBHOIT ¢popmbl. [lepBast yacTh IPOBEIEHHBIX HCCIIE-
noBaHuil GbLTa npenacrasieHa B padore [M. Amabuin u ap. Henuneiinbie konebGaHus mosiorux
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obosouek gBosikoit kpueusabl // Becrauk KI'TY, 2015. — T. 18, Ne 6. — C. 158-163] aBTopos.
st pacyera sHeprum ynpyroit medopManun ObLTH UCIIOTHL30BAHBI IBA PA3IUIHBIX HEJIMHEHHBIX
COOTHOIIIEHUsT MeXKy Jedopmarueil u nepemerinenueM: u3 reopun Jlonnesuia u reopuun Hoso-
JKMJIOBA. Y YATHIBAJIUCH TAKXKE F€OMETPUYIECKIE HECOBEPIIEHCTBA (DOPMBI OOOJIOUKHY U BIIUSTHUE
WHEPIWH B TTOCKOCTHU. [locTpoeHbl mpubimKeHHbIe yPABHEHUS TUHAMUKN B (DOpME YPABHEHUH
Jlarpamzka Broporo poja. IIpeamonaraercsi, 9To MOTEHIAJIbHAS SHEPIUsl CUJI YIPYTOCTH Pa3-
Jlaraercsi B psifi, B KOTOPOM OI'DAHUYUBAIOTCH YJIEHAMH TPeThero nopsiika. s ncciaenoBanus
YCTOMYINBOCTH HEBO3MYIIEHHOTO JBUKEHUS UCIOIB3yeTcsT MeTorn (byHKImit JIsamyHoBa u MeTos
XapakTepucTuIHbIX unces. [lomaras dyukmuio JlsnyHoBa kBagpaTndHoil HOpMOil € MOCTOSTH-
HBIMU KO3(DMUIUEHTAMU, ONMPEIESIIOTCS YCJIOBUS, TPU KOTOPBIX PEIeHNe, COOTBETCTBYIOIIEE
HEBO3MYIIIEHHOMY JIBUKEHUIO CUCTEMBI IIPU TaPMOHUYECKOM BO3MIEHCTBUU, SIBJISETCS yCTOWYM-
BbIM. OmpeiesisieTcsi OlleHKa HAnOOJIBIIEr0 XapaKTePUCTUIHOro dncia JlsmyHosa. [IpuBomsrcs
PEe3yIbTATHI YUCTEHHBIX IKCIIEPUMEHTOB, MOy IEHHBIX JJIsT CUCTEMBI C TAPMOHIMIECKIM BO30Y K-
nenmneM. PaccmarpuBaercs caydait cepudaeckoit 00071049KH, UCCaeayeTcs 3PpMEKT BAUIHASI Pa3-
JINYHOW KPUBU3HBI, IPOBOJAUTCS 6U(YPKAIIMOHHBIN aHAJINS.

KoroueBble ciioBa: HesuHeiHble KojebaHUs, MOJIOTHe ODOJIOYUKH, YPaBHEHUE, BUKEHUE,
YCTOHYUBOCTb
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Symmetric Encryption on the Base of Splitting Method
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This article shows a method of secured transmitting of information by using splitting encryp-
tion algorithm which replaces each character in plaintext by k-integer in ciphertext. Splitting
algorithm is a generalization of the secured transmission procedure with secret key that.

This study shows how to use a set of cryptographic keys which are generated using genetic al-
gorithm and pseudorandom number generators, to solve some of serious problems in the modern

cryptography.

Key words and phrases: genetic algorithm, pseudorandom number generator, encryption,
decryption, cryptography, monomorphism, splitting algorithm

1. Introduction

The problems of information protection are excited the humanity for centuries. The
need of information security has originated from the necessary of diplomatic negotiation,
secret transferring of the military information, and protection of the personal information.

In the recent years, the information has become considered as financial category, this
add more attraction and attention to the data security. Protection of the text during
transmission via communication channels is an important task for business applications,
and many other areas of the modern life [1].

There are several encryption algorithms; one of them is XOR encryption which uses
pseudorandom number generator (PRNG). The experience has shown that XOR encryp-
tion has relative weakness against the actions of experienced hackers, and it is not entirely
satisfy the requirements of high level of security [1,2].

The principle of XOR encryption could be summarized as follows: generate keystream
using pseudorandom numbers generators after that apply XOR operation (modulo-2
addition) between the obtained cryptographic keys and plaintext.

Modulo-2 addition in XOR encryption can be accomplished in several ways, for ex-
ample, by the formula [1]:

where y — ciphertext, x — ASCII code plaintext, k — the generated cryptographic keys
using PRNG; and @& — bitwise “exclusive or”. The schema of XOR cipher is shown in
fig. 1.

This article is proposed a symmetric encryption algorithm, which improves the safety
of traditional encryption algorithms by replacing each character in plaintext by k-chain
in ciphertext. This mechanism would increase the level of security and it has not been
studied previously in cryptography.

This paper is organized as follows: in section 1 we define the proposed encryption
algorithm based on the splitting method, in section 2 provides a description of splitting
algorithm, in section 3 proves the property of monomorphism of splitting method. In
section4 presents the results of experiments. The conclusion is contained in the final
section.

Received 25" May, 2016.
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h-4 @l Y=X8K \@ H=VpK 0

ciphertext plaintext

plaintext

XOR cipher XOR cipher

initial state

initial state

Figure 1. The scheme of XOR encryption

2. Defintion of the Encryption Algorithm Based on Sippliting
Method

The term of splitting, which is referred in this paper, means replacing each character
in plaintext by k-chain of integers in ciphertext; to be transmitted over a communica-
tion channel. Splitting provides defense in depth for the transmitted information from
malicious actions of various kinds.

Definition: splitting k-level means representation of each character in plaintext as a
sequence of k-integers in ciphertext.

The obtained ciphertext by this method is difficult to reveal, as the cryptographic
keys are variable and the cipher changes randomly for each ciphered letter. This concept
is new in cryptography, and there is no similar proposal has been issued or reported
before.

In particular, the splitting algorithm provides reliable protection from cryptanalytic
attacks based on counting the frequency of occurrence of the letters in the ciphertext.
This algorithm does not depend on the probability distribution of the letters in the
language or the other properties of the natural language. (If the primary requirement is
the speed and size, it is possible to use k=1; But if the degree and level of security and
privacy is more important, choose k > 1).

3. Description of Splitting Algorithm
3.1. Mathematical model of splitting algorithm

3.1.1. Mathematical model of the encryption algorithm

splitting level = 1 — modification XOR encryption
encryption process = < splitting level k, where k > 1 — Encryption algorithm based
on siplliting method

KPRNG @ ASCII code, whenk = 1

quotient remaindery, ... remainders remaindery,

encryption processY = ¢ whenk > 1 quotient = %
remainder = KPRNG mod ASCII code
KPRNG > 256

KPRNG denotes a generator that creates a sequence of conventional pseudorandom
number generator (PRNG) after applying the operations of genetic algorithm (GA),
which ensures a high probability of inability to predict the next character.
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3.1.2. Mathematical model of decryption algorithm

_ k =1— KPRNG @ ASCII code
Decryptlon process = E>1— KPRNG —remainder

quotient

3.2. The scheme of splitting algorithm

3.2.1. The scheme in case of £k =1

ASCII Code

Figure 2. The scheme of splitting algorithm for k£ =1

3.2.2. The scheme in case of £ > 1

Figure 3. The scheme of splitting algorithm for £ levels, £ > 1

3.3. The secret key

The key — it is a particular secret state of some parameters of the cryptographic
algorithm of the data that provides only one choice of all the possible options for the
transformation encryption algorithm [1]. In the symmetric algorithm the same piece of
information (i.e. key) is used to encrypt and decrypt the message [1].
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The secret key in the proposed encryption algorithm contains information about
the genetic algorithm, the level of splitting, and parameters of pseudorandom number
generator. The block diagram of the secret key is shown in fig. 4.

/
Paramieters of pseudorandom number
~
~._  Eenemtors

Figure 4. The block diagram of the secret key

The private key contains a set of parameters that make the cryptographic algorithm
difficult for attacker to break it (increasing the level of security) [3]. These parameters
are as follows:

1. The parameter of splitting algorithm, which indicates the “level of splitting”. This
parameter specifies the number of characters of ciphertext, which is replaced by
substituting in place of each character in cleartext to be sent over the channel.

2. The parameters of genetic algorithm, which include “generation size, the number of
generations, the length of the chromosome, the initial value, the end value” [4].

3. The parameters of pseudorandom number generator, which belong to the selected
pseudorandom number generator [4]:

(a) In the case of Blum-Blum-Shub and Fibonacci generators, parameters include
“initial value and modulus”.

(b) In the case of a linear congruential generator, parameters include “initial value,
modulus, increment and multiplier”.

(¢) In the case of a quadratic congruential generator, parameters include “initial
value, module, a, b, ¢”.

3.4. Steps of the encryption algorithm

Input: cleartext, the type of generator, and secret key.
In case if the splitting level is 1

1. Generate a sequence of cryptographic keys, denoted this sequence by the symbol
(So) , on the basis of the selected pseudorandom number generator, secret key, and
the selected genetic algorithm.

2. Convert each character in cleartext into its ASCII code value. Let denoted this
number by the symbol (Sascrr)-

3. Apply XOR operation between a part of the sequence (Sp), which is obtained in
stepl, and the ASCII code representation (Sascrr), which is obtained in Step2, to
obtain a new sequence, which we denote by the symbol C, where C = So® Sascrr-

4. The sequence C' is the ciphertext.

In the case of splitting level k, where k > 1

1. Generate a sequence of cryptographic keys, denoted this sequence by the symbol
(So), on the basis of the selected pseudorandom number generator, secret key, and
the selected genetic algorithm.

2. Convert each character in cleartext into its ASCII code value. Let denoted this
number by the symbol (Sascrr)-
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3. Select keys which have a value more than 256 from the generated sequence Sj.

4. For each character in cleartext apply division k — 1 time and save the remainder of
integer division at each step, after that save the final result and quotient.

5. The ciphertext will be a sequence of the form:

quotient,,remainderj;remainder;s . . . remaindery, . . .,
quotient,, ,remainder,remainder, . . . remainder,,.

4. The Main Theorem of Splitting Algorithm
4.1. Definition of the mathematical function of the splitting algorithm

Suppose we have a character ay, which is the ASCII code of the cleartext character,
and let r; — random number resulted from PRNG after applying GA. Suppose the function
®,. is the result of division «; by 7;, denote the quotient n;, and the remainder of this
division §;. The function ®(«a;) in our system is mapping a character «; by an ordered
pair of integers n; and ;. The function ®j, when the splitting level k£ = 2, is determined

by the following relation:
r
) i) = = ;61' .
o= ([a) )

Theorem. The mapping function ®o at r; = 256 reversible, and it is monomorphism.

5. Experimental Results

5.1. A comparison between the traditional XOR encryption and the
proposed one

5.1.1. The traditional method of XOR algorithm

The following example shows the restriction of the security level in the traditional
XOR encryption algorithm. If the private key is selected as shown in fig. 5, the generated
cryptographic keys contain only one single value 1,1,1,....

ol traditional GAMMA Encryption |

traditional gamma key ?_[’mdu:ed Key(g ammeg_f traditional gamma encryption %_ Decryptio evztmdrtl' &

@ Fibonacci © BlumBlumShu

@® LinearCongruential

| Key
| i a.i\"alne Modulus  FOLT]
StartValue m

Figure 5. The secret key of the traditional XOR encryption algorithm

As shown in fig. 6. when encrypting the following cleartext, which consists of one

character “aaaaa”.
As shown in fig. 7, the ciphertext will have the same value for each encrypted symbol

= 9696 96 96 96, as shown in fig. 7.
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:
afl traditional GAMMA Encryption o] = [

traditional gamma key | Produced Keylgamma) | traditional gamma encryption | Decryption key | traditi * | *

generating space using BlumBlumShub
1>

Figure 6. The set of cryptographic keys in the traditional XOR encryption

ol traditional GAMMA Encryption o B
traditional gamma key | Produced Keylgamma) | traditional gamma encryption | Decryption key | traditi| * | -

»

- ]
ext to he eneryp!

Figure 7. Cleartext and ciphertext (the traditional XOR encryption algorithm)

From this example, it is clear the limitation of the traditional XOR encryption algo-
rithm, leading to relatively easily to analysis and break by attacker.

5.1.2. Modified algorithm of XOR encryption (splitting algorithm
when £k =1).

The following example shows the improvement in the level of security, that the pro-
posed splitting algorithm provides to the modified XOR encryption algorithm. The
example is conducted by the usage of the same parameters as used in the example above.
If the private key is selected as shown in fig. 8 (similar to the secret key in fig. 5), then
the generated cryptographic keys contain many different values, as shown in fig. 9.

And when encrypting the cleartext, which consists of one symbol “aaaaa” as shown
in fig. 10, the ciphertext will have several different values for each encrypted character,
not one; In this case, the ciphertext will have the form “185273 361369 112" as shown in
fig. 10. (Recall that in fig. 7, the ciphertext has the same value for all characters).

This example shows that the splitting algorithm that we proposed is highly resistant

and provides a high level and degree of security as the key is variable and ciphertext vary
randomly for each ciphered letters.
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ol Encryption By Using Splitting Based On Genetic Algorithm lilﬂ‘ﬂ—hl
Cryptographic Encyption Key

Produced Key using GA | Encryption Using Splitting Algorithm | Decrypt * | *

@ Fibonacci © BlumBlumShub~

@® LinearCongruential ] Ql.l:ldl'ﬂtic(:ﬂlll
Key
level of
splitting

Size of
Chromosome

EndtValue

Figure 8. Secret key of the modified XOR encryption algorithm

T ~
a5 Encryption By Using Splitting Based On Genetic Algorithm B
Cryptographic Encyption Key | Froduced Key using GA ‘ Encryption Using Splitting Algorithm I_Decryp} Lk

Generated Keys Using
generating space using BlumBlumShub
- 2 000000010
308 100110100
322 101000010
352 110001000
280 100011000
4 000000100
104 001101000
100 001100100
111001101
010001101
000010000
100100000
000010010
101010100
101010010
100000000
100001100
000001100
24 000011000
396 110001100

Figure 9. The set of cryptographic keys in the modified XOR encryption
algorithm

o Encryption By Using Splitting Based On Genetic Algorithm l SRECE X
Cryptographic Encyption Key I Produced Key using GA | Encryption Using Splitting Algorthm | Decnypt ¢ |

B

Figure 10. Cleartext and plaintext in the modified XOR encryption algorithm
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5.2. Example of applying the encryption algorithm based on the splitting
procedure when splitting level k = 2

For the experiment has been selected the plaintext: < Encryption >. When select
a linear congruential generator based on the secret key as shown in fig. 11, we get the
ciphertext =89682437831844547546449659977 as shown in fig. 12.

al Encryption By Using Splitting Based On Genetic Algorithm o 51 a5l Encryption By Using Splitting Based On Genetic Algorithm =
| Coptographic Encyption ey | Produced feyusing G | Ercyotn Usng Spting Agortm [ Decapil |

@® Fibonacci ® BlumBlumSh;

@ LinearCongruential ] Quadmtir(:nng?nﬁd—»

Key

level of i "

Size of inﬁawame A

‘Chromosome

e 150 |
Figure 11. The secret key Figure 12. The cipher text in
(splitting level = 2) accordance with the secret key

(splitting level = 2)

5.3. Example of applying the encryption algorithm based on the splitting
procedure when splitting level k£ =3

If the splitting level k = 3 for the same secret key as shown in fig. 13 and the same
plaintext as shown in fig. 14. We’ll get the cipher

text =113096113024125078120018132145130375132064129096 130499113627,

as shown in fig. 14.

sl Encryption By Using Splitting Based On Genetic Algorithm o o5 a8l Encryption By Using Splitting Based On Genetic Algorithm [ESE=
Cryptographic Encyption Key | Produced Key using GA | Encryption Using Spiiting Algorthm | Decrypt * | > | Coyptographic Encyption Key | Produced Key using GA | Enciyption Using Spitting Agorthm | Decrypt ¢ |

@ Fibonacci ® BlumBlumShub—

© LinearCongruential @ QuadraticCon

Key
level of :
Size of m inﬁawalue Mod

ssage

113096113024 12507 130 375 132.0 64 125 0 96 130 4 99}

Chromosome

Enirvaine [ERJ
Figure 13. The secret key Figure 14. The ciphertext in
(splittinglevel = 3) accordance with the secret key

(splittinglevel = 3)
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[IpemaraemMoe B cTaThe paCIIEIIEHWE KACAETCs 3AIUINEHHBIX CIIOCODOB Tmepemadn uHMOP-
MaIu{ O KaXkJOM OTZIeJIbHOM CHMBOJIE IIPH MX IOTOKOBOM Iiepenade. Paciensienne siBisieTcs
00600IIIeHNEM TIPOIIEIYPbI 3AIMUIIEHHON epeIadu C OJUHOYHBIM KJIIOYOM.

VIHTeNIeKTyaIbHOCTD PACIIEIUIEHIs COCTOUT B 00paruMoM Koguposanuu (reversible coding)
OTJIeJTbHBIX CUMBOJIOB BMECTO HCIIOJIB30BaHUs TeopeMbl orcyeToB Korenpuukosa-Illennona s
repeiadn Mo KaHAJLY CBS3H IOCJIEIOBATEIHLHOCTH OJIOKOB CHMBOJIOB, C IIEJIBIO TOBBINIEHUST CTe-
rreHu 3amuThl. OnucaH AefCTBYONUI BapUAHT CUCTEMBI, IIPeIHA3HAYEHHBIN [IJIsl Iepeiavn TeK-
CTOBBIX coObIeHnit. B 9T0it cTaThe MOKa3aHO, KaK MCIOJIB30BATH HAOOP KPUMTOTrpadUIeCKuX
KJTIOYeil, KOTOpble TEeHEPUPYIOTCS C IIPUMEHEHHEM T'€HETHYIeCKOro aJrOpuTMa, M KaK BBIODATH
reHepaTop IICEBIOCTIYYallHbIX YHCeJI, YTOOLI PEIIUTh HEKOTOPhIE COBPEMEHHDbIE KPUIITOTpadutie-
CKUe 33/1a4u.
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Pusmka

YK 621.378.826.535.8
CgoiicTBa IJIEHOK AUOKCHUJA TUTAHA C METAJIJINYECKNUMU
HaHOYaCTHUIIAMHI

C. A. AnueB
Poccutickuti yrusepcumem dpyotcobv. Hapodos, Mockea, Poccus

B pabore uccienoBasuch pU3NKO-XUMUYECKHE CBOWCTBA IUIEHOK JUOKCH/IA TUTAHA, COIEPXKa-
MAX HAHOYACTHUIILI 30JI0TA, U3TOTOBJICHHBIX II0 TejIb-TexXHoJoruu. [IpoBeseHo cpaBHeHme pas-
HBIX TEXHOJIOTHIl CHHTE3a JMOKCHJA THTAHA. DKCIIEPUMEHTAJBHO IIOKA3aHO, YTO paspaboTaH-
Hasl TeJIb-TEXHOJIOTHUS TI03BOJISAET MoJiydaTh npaktudecku 100% da3y HAHOCTPYKTYPUPOBAHHOTO
aHaTa3a, 9YTO OBLIO MOJITBEPXKJAEHO METOJAMU MUKPOCKOIINU BBICOKOT'O Pa3peIIeHns U Pe3y/IbTa-
TaMU PEHTTEHOCTPYKTYpPHOro aHaam3a. IIpoBenens! nccmemoBanms Tonorpadun u Mopdoaornu
IIOJTy Y€HHBIX 00pa3IoB IIEHOK. VI3ydena pOTOAKTUBHOCTL CUHTE3UPOBAHHBIX IIJIEHOK METOJIOM
IIIP-cniekrpockomnnu. [lokazano yBemumdenne (HoTOAKTUBHOCTHU AEHOK Tipu Y P-0b/1yaennm.

[IpoBenena MomuduKamys AMOKCHIA TUTAHA HAHOYACTUIIAMH 30JI0TA PA3HONW KOHIICHTDAIUH.
WcciienoBanbl CIEKTPHI IPOILYCKAHUS B 3aBUCUMOCTH OT COOTHOIIEHUsI KOMIIOHEHT PacTBOPa IIPU
W3TOTOBJIEHUN TeJTb-TIEHOK, & TAKXKEe OT TEMIIEPATyPbl OTKura mpu ux (popmuposanuu. [lokaza-
HO, YITO CHEKTPHI IIOIVIOIIEHHSI CYIIECTBEHHO 3aBUCAT OT IIaPAMETPOB TEXHOJIOTUYIECKOTO PEXKU-
Mma. VcciemoBanue CIIeKTPOB MOTIONIEHUS IJIEHOK JIMOKCHIa TUTAHA C COIePKAaHNeM HAHOYACTHUIL
30J10Ta TOKA3aJI0 CYIIECTBEHHbIE M3MEHEHHs] CIEKTPOB, & MMEHHO: BO3HUKAJIH JOIIOJIHUTEIbHBIE
[IMKU TIOIJIOIIEHUs] Pa3HON NMHTEHCUBHOCTH U HADJIIOIAJICS CABUT KPasi IIOJIOCHI IIPOILYCKAHUS. DTU
U3MEHEHHsI 00YCJIOBJIEHBI, [TO-BUIUMOMY, U3MEHEHHEM CTPYKTYPBI IJIEHOK, & TaKKe arperarue
HaHOYacTHI] 30510Ta. [IpoBeIéHHbBIE MCCIeT0BaHNS TOKA3aJIU IEPCIIEKTUBHOCTD I'eJIb-MeTO/Ia JIJIS
CHHTE3a JUOKCUJIA TUTAHA U €r0 MOAUMUIIMPOBAHNS HAHOYACTUIIAMU.

KirouyeBble cjioBa: 30J1b-TejIb U IeJib-METO/bI, IIJIEHKA JUOKCHUIA TUTAHA, MOIU(PUKAINLA,
HaHOYACTHIIBI, 30JI0TO, CIIEKTPOCKOIINS

1. Ornucanue cucTeMsbl

KomMmmo3zuTable gusiekTputieckue IMAEHKH C HAHOYACTUIIAMU METAJIOB B IOCJIEIHEE
BpeMsI IPUBJIEKAIOT BHUMAHNE UCCIeI0BaTe el Otarogaps CBONM HEOOBITHBIM CBOMCTBAM,
OTJIMYAIOIIUMCS OT CBOMCTB OOBEMHBIX MATEpPUAJIOB. BBeJleHne TAKUX YACTHUIL B KOMIIO-
BUTHYIO IJIEHKY IIPUBOJIUT K IOSIBJIEHUIO KAYECTBEHHO HOBBIX (DU3MUIeCKuX CBOiicTB [1-3].
BemecTBo, HaxodImeecs B HAHOPA3MEPHON MOANMPUKAIINY, CYIIIECTBEHHO OTIMIAETCS 110
MHOTHM XapaKTEePUCTHKAM OT OOBbEMHBIX MaTepuasoB. Hanmpumep, HAHOYACTHUIBI 30710Ta
POABJISIIOT (hePPOMATHUTHBIE U KATAJIUTUIECKHE CBOWCTBA, OCOObIE ONTUYIECKHE CBOM-
CTBa, KOTOPBIE 3aKJI0YAIOTCA B BOSHUKHOBEHUN ITOJIOC TOTJVIONIEHUS B BUAMMON 00JIACTH
CIEKTPAa, OOYCJIOBJIEHHBIX PE30HAHCHBIMU sIBJICHUSIMU Ha IJIa3MOHaX. VIHTEHCHBHOCTH pe-
30HAHCHOTO IIOIVIOIIEHUS U €0 CIIEKTPAJILHOE IIOJIO2KEHUE 3aBUCUT OT 00bEMa BKJIIOUEH-
HOU B JIMJIEKTPUIECKYIO MATPHUILY METAJIUIECKON JaCTHITHI.

Takwe AI3IeKTPUYIECKHEe MATPHUIBI ¢ METAJUTMIECKIMI HAHOYACTHUIIAMHI MOTYT OBITH
HCIIOJIB30BAHBI JIJIS IOBBIIIEHNST YyBCTBUTEIHHOCTH CHEKTPAJIBHBIX METO/IOB aHAJIN3a CO-
CTaBa BEIIECTB, JJIs CO3/IaHUs PA3JTUIHBIX CEHCOPOB W HOBBIX METaMaTepPHAJIOB, CHHTE3a
CBEPXPEIIETOK, BKJOYasi (GOTOHHBIE KPUCTAJUIBl 1 jip. OcoObIil HHTEPEC MPEeICTABIISIOT
ONTUYIECKNE U HEJUHEIHO-ONTUYIECKNe CBONCTBA TaKUX CTPYKTYp. B KadecTBe MaTpHUIIbI
MOXKeT OBITH HCIIOJIH30BAH JUOKCU] TUTAHA, CHHTE3UPOBAHHDIN PA3TUIHBIMUA METOIAMM.

CoBpeMeHHbIE KATAJIN3ATOPbI HA OCHOBE JTHOKCHJA TUTAHA, ITOJIy9aeMble B BHJIE I10-
POIIIKOB, UMEIOT OI'PAHUYIEHHOE IPUMEHEHIE B XUMUIEeCKoi TexHosiorun. [loaromy co3zza-
nre PK-akTHBHBIX TOKPBITHUI C BBICOKOPA3BUTOH MOBEPXHOCTHIO Ha ocHOBe Ti0o aBister-
csI aKTyaJIbHOI 3a/1adell, a pa3paboTKa HOBBIX METOOB UX IOy YeHUs C HCIIOJIb30BAHIEM

Crarpsa nocrynuia B pegakuuio 16 despasnsa 2016 r.
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nanopa3mepubix dactut, TiOs2, a Takke crmoco60B MOIUMUKAINN IOy ICHHOTO MAaTEPHUa-
JIa, C TIEJIBIO IIPOCTPAHCTBEHHOI'O Pa3J/ie/IeHrs 3aPsiJIOB B YaCTUIAX U CMEIEHHUs CIIEKTPa
IIOTJIOIIEeHUS B 00J1aCTh H60JIee HU3KUX SHEPTUil SIBJIAIOTCSA IEPCIEKTUBHBIM HAIIPABICHUEM
CO3/TAHUS BBICOKOAKTUBHOTO (DOTOKATAIN3ATODA.

Hanokpucraummaecknit quokcen tutana (TiOg) B HaCTOsIIIIEE BPEMST SIBJISIETCS OJTHIM
n3 Hambojiee BOCTPEOOBAHHBIX MATEPHUAJIOB, MIUPOKO MCIIOJIL3YEMBIX B HAyKe, ITPOMBIIII-
JIEHHOCTH U OBITY TI0JIyIPOBOJHUKOBBIX MaTepPHaJIOB (CM., Hanpumep, [4-6]). Croas 60Jib-
II0¥ UHTEPEC K JJAHHOMY COEIMHEHUIO 00YCJIOBJIEH IIPEXKIE BCETO €0 (PU3NKO-XUMUIeCKUMU
cBoiictBamu. Tax, MI0OIMAIb yAEIbHON TOBEPXHOCTH HAaHOKpHUCTALIHIecKoro TiOs MoxKeT
JOCTUTATh COTEH KBAJIPATHLIX METPOB Ha rpaMM BeriecTsa. Illupuna 3anperénnoit 30Hb1
BapbUPYeTCd B 3aBUCHMOCTH OT CIIOCODOB cmHTe3a B mpeesnax 3,2—3,6 3B. Dueprerute-
CKOe TIoJI0yKeHue 30HbI mpoBogumoct 1109 mepekpbiBaeTcs ¢ Heprueil BO30yKIEHHOTO
COCTOSTHUSI Psifia KpacuTesell. DTO MO3BOJIIIO pa3paboTaTh HA OCHOBE HAHOKPHUCTAJIIH-
geckoro TiOy cosHeuHBIE OaTaper HOBOIO MHKEKIMOHHOTO Tula |7,8|, addexruBrocTsh
KOTOPBIX BO3PACTAET IIPU yBEJUIEHUN TLIOIIAIN YIEJbHON TOBEPXHOCTH HUCIIOIb3YEMBIX
nanodactur; TiOs. Kpome Toro, janHoe BemecTBO sBjsieTcs 3(hpdeKTUBHBIM (hoTOKATA-
JIM3ATOPOM JIJIsi TIeJIOr0 psijia XuMudeckux peakiwii [9, 10] u mupoko mcnosb3yercs: B
KadecTBe (DUIHTPOB I OYUCTKU BOJBI M BO3/yXa OT TOKCUYHBIX OPIaHUYIECKUX IIPUMe-
ceil. B aToMm cityuae yBesmdenne yaesbHON MOBEPXHOCTH 33 CUET HAHOCTPYKTYPUPOBAHUSI
MTO3BOJIAET YBEJIUYINTH BBIXOJ PEAKITUU (DOTOOKUCIEHUS Ha, HECKOJIBKO TOPSIIKOB BEINYIN-
HBI 110 CPABHEHUIO ¢ 00BEMHON (pa3oii BelecTBa.

B macrosiee Bpemst akTUBHO BeIETC pa3pabOTKa HOBBIX TEXHOJIOTUN CHHTE3a MOK-
CUJIa TUTAHA, TIO3BOJISIONNX (POPMUPOBATH 00PA3IILI C IMUPOKUM PacIpejieleHIeM HaHO-
KpucTa/uioB no pasmepam [11,12]. YkasaHHble CTPYKTYPBI XapaKTEPU3YIOTCS KAk 00JIb-
IO TLITOIAIBIO YAETbHON ITOBEPXHOCTH, TaK U OOJIBITNM KOI(MMUITHEHTOM ITOTJIONIEHIIST
CBeTa, YTO IIO3BOJISIET MOBBICUTDH CTEIEHb (POTOKATATUTUIECKONH AKTUBHOCTH JIAHHOTO Ma-
TepuaJa.

WzBectro, uro npunmun geicrBust TiOs Kak doTokarasm3aropa ocHOBaH Ha (HOp-
MHUPOBAHUU HA €r0 IOBEPXHOCTH B IIPOIECCE OCBEIIEHUs PSIa PATUKAJIOB, SBJIAIONIAXCS
cunbHBIMA OKucsuTeasmu, Hanpumep O, u -OH [11]. Berynas B peaknuio okucaeHus ¢
Pa3IMIHBIMU OPTaHUIECKIMU BelIeCTBAaMU, YKa3aHHbIE PAIUKAJIBI CIIOCOOHBI Pa3/I0KUTh
ux s10 npocrefimux cocrapisiiomux — HoO u CO2 (em. puc. 1). Opnako 10 HACTOSIIETO
BPEMEHHU OTCYTCTBYIOT JAHHBIE O KOJUIECTBEHHON CBI3U MEXKY KOHIIEHTPAIINEH CITHHO-
BBIX IIEHTPOB U CTEIEeHbI0 (POTOKATAJIUTUIECKOH akTuBHOCTH 06pa3mnoB TiOs.

O

Oz+e —=04y

- g

hv " AKTHEHBIE MpogykTs
OpraHAueckud + OKMCTTENW —3 OKMCTIEHUA
p 3arpAIHKATENL (*0y, *OH) (CO4, H:0)
Ceer
.
OH +h*—+0H

*OH

Puc. 1. Cxema obpasoBanusa gactur -OH, -O; na noBepxnoctu TiO; mopn
nmeficTBueM cBeTa
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2. Crpykrypa TiO,

CBoiicTBa TIIEHOK JUOKCHIA TUTAHA OIPEIEISIOTCS METOIOM CHHTE3a U ITapaMeTPaMKI
TEXHOJIOTUYECKOTO PEKUMA.

IIpu u3roroBjeHUN NJIEHOK MO METOJMKE 30JIb-TejIb 00Pa3yeTcsl THJIPOKCU]] TUTAHA
TiO2xHy0, KoTOpBIil B 3aBUCUMOCTH OT YCJIOBUI €10 OCAXKJIEHUS MOXKET COJEPKATH IIe-
pPeMeHHOe YHCTI0 CBs3aHHBIX ¢ TuTanoM OH-rpymm.

IIpw orkure auOKCHIAa TUTAHA B aMOP(HOM COCTOSIHUU CHadYaJja 00pa3yeTcsi aHaTas
(ipu 3roM wactuano yuassitorcs OH-rpymmer), a 3arem — pyTtuii. AmopdHoe cocTosinme
COXPAHSIETCS JIOJBIINE B IEJIOYHBIX CPEJAX, YeM B KHUCJBIX, TaK KaK B KHUCJBIX Cpejax
ymenbiienne OH npoucxomur mementee. [loHoe ynaseHne BOgbl IPOUCXOINT TIPU TEM-
meparype, bosibireit 600°C. OTHOCHTEIBHOE COMEPyKAHNE CTPYKTYPHBIX MOIUMUKAIIN B
3aBUCUMOCTH OT TEMIIEPATYPBI OTKUTA TPUBEJEHO B Tab1. 1.

Tabauma 1
®dazoBoe cocrossame TiOz B 3aBUCUMOCTH OT TEMIIEPATyPbl OT>KUTA

TiOo, Temmnepatypa | Temmeparypa | Temmeparypa | Temmeparypa
dazer | orxkura 400°C | orxwura 600°C | orxkura 800°C | orxkura 900°C
AHaTaB AMOp(bHOe 84% 18% 0%
Pyrun COCTOsAHNE 16% 82% 100%

Amopduniii TiOg nepexoaur B anaras npu remueparype 6oubineit 300°C. Couep-
JKaHue aHaTas3a B aMOpP(dHON IUIEHKE 3aBUCUT OT TOJIMIUHBI MJIEHKHU. [[JIEHKKM TOJIIIIHOMN
100-200 M cTporo amopdubl, a mpu ToamuHe 500 HM cozep:KaT aHaTas. deMm TOHbIIE
IUIEHKA, TEM MEHBIIIe Ha9aJIbHAS CTENEHb KPUCTAIIU3AIIN.

Jna monydenus: Tonkux mi€HOK TiO9 u ero Momudukammii nCIoJIb3yIOT 30/Ib-TEJIb,
MHUTIEJIJISIPHBIE U OOPAIEHO MUNE/UIAPHBIE, 30J1b, THJIPO- U COJTBBOTEPMAJILHBIE, JJIEKTPO-
XUMHUYIECKUE U PsIJl IPYTUX METOJOB cuHTe3a. VI3BeCTHO, UTO aHATA3 MPE/ICTABIISIET HAU-
GOJILINMIT WHTEPEC WCCIETOBATENCH IO CPABHEHUIO ¢ pyTW/IOM U OpykmTom. OmHako Ha
MMPAKTUKE, KaK IMPABUJIO, TOJIYIaI0T CMECh ITUX KPUCTAJIMIECKUX Mo ukaruii. B myd-
X KOMMepPYecKHX o0paslax cojep:KaHue pyTusia Moxker gocturarb 20%.

Tomorpadust MOBEPXHOCTH TOJYUYEHHBIX TJIEHOK ObLIa IMPOBEJIEHA MPU MOMOIIN CKa-
HUPYIOIIETO 30HIOBOTO MHUKpOockoma VHTerpa. MeTom aTOMHO-CHIOBON MHUKPOCKOIIHH.
Caeryible yIIOPsIOYEHHbBIE IT0JIOCHI, COTJIACHO JIMTEPATYPHBIM UCTOYHUKAM, MOI'YT OBITDH
OTHECEHBI K MOJUKPUCTAJLIMIECKOMY JUOKCUIY THUTAHA, 8 MEPEMBIYKH B BUJE CBETJIBIX
MATEH MEXKTY TTOJIOCAMH — K KHUCJIOPOJHBIM BaKAHCHSIM.

Oxnako Ha cHEMKe (puc. 3) 9TOi Ke MIEHKH B pexkume 3D BUIHO, UTO TOBEPXHOCTH
IJIEHKH NIPEJICTABIIAET cOOO0 pesibed, cocToAmuil n3 XpeOTOBUIHBIX BBITYKJIOCTEH U BIIa-
nuH Mexry HuMr. CyIecTBOBaHEE YIOPSIIOYUEHHBIX BBINYKJIOCTEH ABJISICTCS TPUINHON
HIposiBJIeHUsT IUAPOGOOHBIX CBONCTB MOBEPpXHOCTH. BoJia HE cMadnBaeT Takue [OBEPXHO-
CTH, a CYIIECTBYeT B BHJE Kamesb. [Ipm anamormanom nccienoBannm obpasma c Oosee
HU3KO{I TeMIepaTypoil OT?KHTa IIEPOXOBATOCTh 00pa3na Obliia MaJla, YTO CBUJIETEIBCTBY-
er o npeobsiagannu aMopgHOI (a3bl BelecTa.

MetomoMm mpocBedrBaroOIIeil JIEKTPOHHON MUKPOCKOITIHI OBLITH Oy IeHbl CHUMKH BbI-
coKoro pazperenns. [[néuka mpejacrasiisier coOoOit CTPYKTYPY B BUJIE CKOILIEHUS KPH-
CTAJUINTOB JIUOKCHIA TUTAHA. XapaKTepPHbIE pa3Mephl KPUCTAJINTOB JIeXKaT B JUAIIA30HE
or 5 1o 15 um.

Konrpact Ha mo/ydeHHOM 3JIEKTPOHHO-MUKPOCKOIIMYECKOM CHUMKE IO3BOJIAIOT CY-
JUTHh O TOM, YTO KPHUCTAJJIUTHI COOPAHBI B CTPYKTYPY IO THUIY «denryus. [loxoxue pe-
3yIBTATHI OBLIN TOJIYIEHBI METOOM aTOMHO-CHJIOBONT MUKPOCKOIIHH.
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Puc. 2. ®parMeHT KPUCTAJINIECKOI CTPYKTYPbI aHaTa3a. ATOMBI KHCJIOpOAa
0003HaYEHbI CBETJIBIMHM KPY2KKaMU, ATOMBI TUTAaHA — TEMHBIMU

12

16

(b)

Puc. 3. Tonorpadust yyacrka nmjiéHku, nojaydeHnas merogom ACM (a), u e& 3D
Mozenb (6)

2.1. Tean-rexHoJsorua

Jnokcua Tutana MOXKeT 00J1aaTh OOJIBINON TJIOMAIHI0 YASTBHON MOBEPXHOCTH 33
CUET HAHOCTPYKTYPUPOBAHUS, ITO SIBJISETCS OJHIM U3 €70 BayKHEHITNX (PU3NKO-XUMIIECKIX
CBOMCTB. ¥YBe/JIMYEHNE TIJIOMAIN VAETbHOW TTOBEPXHOCTU XapaKTEPHO JJIsi MEJTKOKPHUCTAJI-
simdeckoii crpykTypbl TiOo B dopMe aHaTaza. DTo MO3BOJISIET YBEJIUYNTD BBIXO PEaKIUU
dOTOOKUCIEHNST Ha, HECKOJIBKO TOPSIIKOB 110 CPABHEHUIO C OOBEMHBIM MATEPUAJIOM.

B nannoit pabore qis mosrydenus mi€HoK TiOo UCIOIB30BaICS METO/, IIOKa HE TMEIO-
muit OOIENTPU3HAHHOTO HA3BAHUsI, KOTOPBIH MO3BOJISIET TIOJIYIATh aHATA3 B BUAE TOHKUX
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IUIEHOK, COIEpXKaHme KOTOporo B oobéme Oimsko k 100%. Coemectrno ¢ xadenpoit 06-
el XMMUU MBI YCJIOBHO HA3BAJIM ITY TEXHOJOIHIO «I'€jIb METOIOM» ITOJIyIeHHMs TOHKUX
IJIEHOK.

T'estb TeXHOTOTHST 3TO METOANKA CO3JAHUST HA CTEKJISHHBIX WM KBAPIEBBIX ITOJII0XK-
KaX OINTHUYECKH IIPO3PAYHBIX ILJIEHOK, ITYTEM BBHICYIIMBAHUS U IOCJIELYIOIIEr0 OTXKUTa, Ha-
HECEHHOI'O Ha 9THU IIOJIOXKKH CJIOs CIIEIUAJILHOIO PACTBOPA.

Tloryaerne mo 3TOH TEXHOJOTHHM ONTUYECKH MPO3PATHBIX U OTHOPOIHBIX TJIEHOK HE
TpebyeT MpUMEHEHNST JTOPOTOCTOSIIIETO, CIOXKHOTO 000PYIOBAHNUS, 9TO U O0YCJIOBUIIO TIO-
BBIIIIEHHBIN UHTEPEC K ITOI TeMe.

B ornmmume ot mporiecca 30b-renb 3/1€Ch 3071€00pa30BAHUS HE TTPOUCXOIUT, TLIEHKT
BBITSITUBAIOTCS HEIIOCPEJICTBEHHO M3 PAacTBOpA, a He U3 CYCIIEH3WH, TaK K€ OTCYyTCTBY-
eT IpgMasl peakIys TUIPOJIn3a, TO €CTh I'UIPOJIN3 IIPOUCXOIUT 6e3 n100aBIeHus BOILI B
pacTBOp, BOJA KOHJeHcupyercd u3 arMmocdepsl, mmnoc OH rpynnbt gjs rugposmusa oT-
IETISIOTCST TIPX yIAJeHNH CIIMPTa U3 PacTBOPA.

pacTBOp — rejb — OKCH/I

B kauecTBe 6a30BOr0 MaTepuasa s IOJyUeHHs IJIEHOK IMOKCUIA KPEeMHUS U CTé-
KOJI ucnosib3ytor Tarpadyrokeny, tutana Ti(OCH3CsHr)y, KOTODBIH cMemuBaoT B Co-
OTBETCTBYIONUX Nponoprusax ¢ rpudrumieHriukoaeM CgHi4O4 u momemusaior 6yTaHoI
CgH1203 10 omnpenenéunoit oTMETKH.

—)

Puc. 4. D1eMeHT-CTPYKTYPHBIII KapKac rejib pacTBopa

Ilosmy4yennsril resib pacTBOP HAHOCUTCH Ha MOJIIOKKY. [lo/102KKN ¢ HAHECEHHBIM -
OKCHJIOM TUTaHa cytarcsd npu temmeparype ~ 100°C B teuenune 10-20 mun. Benencraue
WCIIAPEeHNs PACTBOPUTE IS HA IOIJIOYXKKE OCTAETCs MOpHUCTas IJIEHKa — Kapkac. llocie-
ayromuii orkur npu remueparype ~ 300-800°C mpuBoauT K 00pa3s0BaHUIO CILIONIHON
IUIEHKH, IOPACTOCTL KOTOPOIt He mpesbimaer 10-15%.

OCHOBHBIM PEUMYIIIECTBOM METO/Ia TeJib SIBJITETCS BO3MOXKHOCTD IOy I€HUS TLIEHOK
C 33JIaHHBIMU CBOIicTBaMU. ['€JIb TEXHOJIOTHSI 00eCIIeYNBaeT BO3SMOKHOCTh OY€Hb TOYHOTO
VIPABJIEHUS CTPYKTYPOIi IOy IaeMOr0 BEIIECTBA Ha MOJIEKYJIIPHOM YPOBHE U IOJIyIe€HUe
MHOTOKOMIIOHEHTHBIX OKCHJIHBIX COEIMHEHWI C TOYHBIM COOJIIOIEHNEM CTeXHOMEeTpUYe-
CKOT'O COOTHOIIIEHHS JIEMEHTOB, BBICOKON T'OMOTI'€HHOCTHIO M CPABHUTEIHLHO HU3KOI TeM-
neparypoii obpaszoBanusi okcu10B (~ 400-800°C), 4TO 3HAUYUTESHHO PACIIUPSIET CIEKTD
BenecTB (0COGEHHO OPraHMYECKUX ), MCIOJIb3YEMbIX B KAUeCTBE KOMIIOHEHTOB PACTBOPA.
Brecenwne onpenenéuanix 106aBOK MOXKET 00€CIEINTh, HAITPUMED, HEJIUHEHHbIE CBOICTBA
[TOJTy9aeMBbIX IIJIEHOK, YTO JA€T BO3MOXKHOCTD Y/IBOEHUS YaCTOTHI, MOLYJIAINH CUTHAJIA U
T. 1.

2.2. MoaguduinupoBaHue JUOKCHUIA TUTAHA

B macrositiiee Bpemsi jerupoBaHue CTPYKTYPbI JUOKCHIA TUTAHA JIPYTUMHI SJIEMEHTA-
MU SBJISTETCS HamboJIee TMEePCIIEKTUBHBIM TTOAX0I0M st MoguduinpoBanns TiOs. Jlern-
pOBaHNe MO3BOJISIET PACIIUPUTE crieKTp noryomenus TiOs, a Tak»Ke moBbIicUThL ero K
aKTUBHOCTD [13].
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2.3. MoaudunmupoBanne KAaTUOHAMH

CyTb KATHOHHOI'O MOJAUQUINPOBAHNUS 3aKII0IAETCS BO BBEJIEHUN KATHOHOB METAJIJIOB
B KPHCTA/TITIECKYTO CTPYKTYPY JMOKCHIa THTaHa Ha mozumun nouos Ti; . B kauecTse Ka-
THOHOB MOTYT OBITH HUCIIOJIH30BAHBI HAHOUYACTHIBl PEIKO3EMENIbHBIX, OIATOPOJHDIX U IIe-
pexoAHbIX Metasuios [14,15]. JlerupoBanne KaTHOHAME 3HAYUTEJILHO PACIIAPSIET CIEKTD
norsonienust TiOg, yBenInBaeT OKUCINTETLHO-BOCCTAHOBUTEIBHBIE CBOIICTBA, 00pa3yIo-
IIUXCsL PAJIUMKATIOB ¥ IIOBBIIIACT KBAHTOBYIO 3 (MEKTUBHOCTD 38 CUET CHUKEHHsT CTEICHH
PEKOMOUHAIINK 3JIEKTPOHOB 1 JILIPOK. [Ipupoia 1 KoHIEHTpaIyst Jerupyoneil IpumMecu
U3MeHsIeT pacIpejesenne 3apsiia Ha nosepxaoct Ti0g, Biuser Ha mporecc GOTOKOD-
posun u PK axkrusrOCTSH [16].

YBesmuenue TOTJIONEHUs BUUMOIO CBETa HE BCEryia MPUBOJUT K YBEJUIEHUIO aK-
THBHOCTH (DOTOKATAJIN3ATOPA. B pe3ysbrare JJerupoBanus Karuonamu, B crpykrype TiOs
HOSABJISIETCS ONPEIEIEHHOE KOJMIECTBO 1e(DEKTOB, KOTOPBIE MOI'YT BBICTYIIATh B KAYECTBE
HEHTPOB pekoMbuHamu 3apsa0B. OHAKO ITOT0 MOKHO M36€KATh, €CJIM MOCTe JIETHPO-
BaHWSA TPOBOJUTD JONOJHATEIbHBIH OTKUT (POTOKATAIN3ATOPA B KACIOPOICOAEPKAIIEH
armocdepe [15].

O6paszner TiO9, JerupoBaHHbIE HAHOYACTUIIAME METAJLIOB, [0 CPABHEHUIO C YUCTHIM
TiOy orsmuarorcst Gojiee BHICOKMM 3HAUEHHEM 3JIEKTPOIpOBOjHOCTH. B pabore [17] uc-
crepoBarenu jobunuch yseandenns PK akrusnoctn TiOs 3a c4ér jierupoBanust rajiom-
rnem (Gd). O6pasier Gdj /TiOg, IPUTOTOBIEHHBIE TIO 30.Tb-TeJTb METOJLY UMEIOT HU3KYIO
NIMPHUHY 3alPEIEHHON 30HbI, MAJeHbKUI pa3Mep YaCTHll, BBICOKYIO BHENTHIOK ILIOIIA/IH
MOBEPXHOCTHU U BBICOKUiT 0OBEM TOP.

HeocraTkamu ternposamust B nosuiun Ti; B OCHOBHOM sIBJISIETCS TOBBITICHHAS CTe-
[eHb PEKOMOMHAIINK 3apsiZioB, 9TO NpUBOIUT K cHinkeHnio PK akrtusHOCTH Jaxke mof
neiicrBuem YP-cBera. CoBpeMeHHbIE HCCIEJOBAHUS IIOJTBEPXKIAIOT BBIBOL O TOM, UTO
JUTs CHUZKEHUS [INPUHBI 3anpernéunoii 3o0mer TiOgy srydine nCnoib30BaTh AaHHOHHBIE [TPH-
MecH, a He KarnoHHble [18-20].

2.4. MoauduiiupoBaHue aHHOHAMU

Ba moceaaune Heckosbko Jsier (2007-2013 rr.) 6buto moKazaHo, 9to 06pasipl TiOs,
JIErUPOBAHHbIE HEMETAJJIMIECKUMU djieMeHTaMu (yriiepos, cepa, bTop, a3oT u T.1.), B
AHMOHHBIE TTO3UIINN KUCJIOPOJIA, AeMOHCTPUPYIOT BhICOKyI0 PK akTHBHOCTD B BUANMOI 1
Y®-ob1actu costnevHoro crekrpa. Cpean BceX aHMOHOB, HAMOOJIBINUI NHTEPEC BBI3BAJIN
YIJIEepoJ, u a3ot |21].

3amerreHne aToOMOB KHUC/IOPOIa Ha YIJIEPOJ MPUBOIUT K OOPA30BAHUIO HOBBIX yPOB-
Hell BBIIIE MMOTOJIKA BajieHTHON 30HBI TiO2, YTO CHMXKAET MUPUHY 3aAMPENEHHON 30HbI
u cMemmaer cruekTp norsonienus [22]. Bkiouenne yriepogna B TiOg Takke Moxker mpu-
BeCcTu K 0Opa30BAHUIO YIJIEPOIUCTHIX COEIWHEHUN Ha IMOBEPXHOCTH (POTOKATAIMIATOPA,
KOTOPBIE BBICTYIIAIOT B BHUJE IEHTPOB IOTJIONIEHUS BUIUMOTO W3JIy YCHUS.

JlerupoBanue aTroMaMu a30Ta SIBJISIETCS CAMBIM IIOIYJISIPHBIM criocoboM yirydrmunTb PK
nokazarern TiOq [19,23,24]. Beenenue azora B crpykrypy TiOg crocobeTByeT 3HaqM-
TeJILHOMY CJIBUTY CIIEKTPA IOTJIOMIEHNUS B BUIUMYIO 00J1aCTh COJTHEYHOTO CIEKTPa, U3Me-
HEHUIO [TOKA3ATEJIs IPEJIOMJIICHISI, YBEJIMICHUIO TBEPAOCTH, YBEJIMICHHUIO SJIEKTPOIIPOBO/I-
HOCTH, YBEJUIEHUIO MOAY/s yiupyroctu u yeeanderanio PK akTuBHOCTH 1O OTHOIIIEHUIO K
BHJIIMOMY CBeTY. ATOMBI a30Ta MOT'YT BCTPauBaThcd B CTPYKTYPY TiOs b0 Ha MO3UIMH
KHCJIOPOA, Tub0 B MEXKJI0Y3JIbe KpucTasaandeckoil pemérku. [Ipu 3ameriennn Kuciopo-
JTa 0bpas3yeTcst HOBBI yPOBEHDb HAJI TIOTOJKOM BaJieHTHOM 30HbI 1109, a mpu BcTpanBanun
B MEXKJI0y3JIbe PEIIETKU ypoBeHb obpasyercs Ha 0,76 3B Bbime BajgenTHoi 30Hb! [25]. Kak
ITOKa3aHO Ha PUCYHKE 5, MPUCYTCTBUE a30Ta CyKaeT IMUPUHY 3ampeménnoil 30ab1 TiO,
110 2,5 3B, uro crocoberByer norsoneHno GOTOHOB ¢ MeHbIIel sueprueii [26].
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Puc. 5. Cxema namenenusi 30HHOI cTpyKTypbl TiO2 nipu jierupoBaHuu aToMaMu
asora

2.5. HaneceHue HaHOYaCTHUI] METAJIJIOB

Hamecenne MerayuimaecKux YacTHUI] SBJISETCH JPYTUM aJbTEPHATUBHBIM MOJIXO/IOM K
Mo IudUKAIUN (DOTOKATAIN3ATOPOB. B jimreparype mMeroTcs JJaHHbIe, CBUIETEIbCTBYO-
e 0 TOM, 4TO OJIaropoHble MeTaJsuIbl, BKiodas Pt, Ag, Au, Pd, Ni, Cu u Rh, snaun-
TeJILHO yBeIUINBaloT (hoToKaTamTHIecKyto akTuBHoCTh TiO9 [27]. IlockonbKy ypoBHE
®epMmu y sTux MerasioB Huxke, 4eM y TiOs, To (poTOBO3OYKIEHHBIE IJEKTPOHBI MO-
IyT HepeiTH u3 30HbI poBoguMocTr TiOg Ha MeTa/InYecKne YaCTUIbI, OCAXKIEHHbIE HA
nosepxHocTu TiO2, B TO BpeMsi Kak (DOTOreHEPUPOBAHHBIE JIBIDKH OCTAIOTCS B BAJICHT-
woit 30He TiOs. DTO 3HAYUTETHHO CHUZKAET BO3MOXKHOCTh PEKOMOUHAIIUN JIEKTPOHOB U
JIBIDOK, B PE3YJIbTATE Yero MPoucXoanT 3deKTUBHOEe pas3/ieieHne U IOBBIIaeTcs GoTo-
KaTaJUTHIeCKast aKTUBHOCTb. MHOrOYNCIIeHHbIE JJAHHBIE B JINTEPATYPE CBUJIETEIHCTBY-
IOT O TOM, YTO CBOWCTBA 3TUX (DOTOKATAIU3ATOPOB 3ABUCAT OT JUCIEPCHOCTU YTACTHUIL
Merasuta. Korpa pasmep dacruiy Merasuia cocraBiser menee 2,0 HM, KOMIO3UTHI IIPO-
SIBJISIFOT BBICOKYIO KATAJIUTHIECKYIO aKTUBHOCTD [28]. BBII0 BBICKA3aHO PEIIOIOKEHNE,
9TO CJIUIIKOM BBICOKAsI KOHIIEHTPAIIUs 9aCTHIl MeTaiia Ojokupyer moBepxHocTb TiOs u
CHI2KA€eT CTelleHb HOIVIONIeHNus (POTOHOB, TAKXKE CAMU YACTHUIBI MeTajlja BBICTYIAIOT B
BU/JIE SJIEKTPOHHO-IBIPOYHBIX EHTPOB PEKOMOMHAIINHN, UTO TPUBOJIUT K CHUKEHHUIO (-
dbekruBHOCTH doToKaTasm3aTopa. B padore 29| npesyioxken curre3 nanodacrur TiOg,
JonmpoBanHbix dactunamu (1 mac. %) Gmaropoxubix Merasios (Me/TiO2, Me = Ag,
Au u Pt), 3omb-reas merogom. Me/TiOs-karanuzarops! nokasaan Beicokyio PK akTus-
HOCTb, Jlaxke 1pu obirydennn BuuMbIM cBeToM. Hanbossimyio @K akTHBHOCTH IPOSBUIT
KaTaJn3aTop, MonnduIupoBanublil 3070ToM. Ilpn ncnonb3oBanuu Apyrux 6J1aropoIHbIX
MeTtasitoB PK akTMBHOCTD yMeHbINAIACH.

3. 9KCHepI/IMeHTa.TIbHI>Ie nccijieaoBaHmd

B macrosimeit pabore mpoBeIeHO UCCIIEIOBAHNE CIEKTPAJIHHBIX XapPaKTEPUCTUK ILIE-
HOK JIMOKCHUJIa TUTaHa ¢ HAHOYACTHUIAMU 30j0Ta. VccaemoBanust MTpOBOIUINCH HA TIIEH-
KaX, c(hOpMUPOBAHHBIX C TIOMOIIBIO0 HOBOT'O TeJIlb METO/Ia TIPU PA3HBIX ITapaMeTpax TeXHO-
JIOTHIECKOTO PEKUMa, & UMEHHO, COCTABA MCXOIHBIX PACTBOPOB M TEMIIEPATYPHI OTKUTA.
Kpome Toro, BapbrpoBasiach U KOHIIEHTPAIUs 30JI0Ta B 00pa3iax (cM. tabuuity 2).
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Tabsuna 2
DKcrnepuMeHTaJIbHbIE 00pPAa3IibI
T TI:TBT
eMmIiepaTypa

12 1 1:1 | 211 1:1 1:1
ORI ’ ' 7| (AuwTiO2=1:100) | (Auw:TiO2=1:50)
450°C K1 | K3 | K2 K71 KZ2
700°C K4 | K6 | K5 K73 K74

UccnenoBanue CrieKTPOB MPOITYCKAHUSI [TOJTYYeHHBIX 00Pa3IoB OBbLIO MIPOBEIEHO C TI0-
MoIpio ciekTpodoromerpa SPECORD.
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(2) (b)

Puc. 6. CnekTpbl npoiryckanusi o6pas3iioB 6e3 30/10Ta IpU TeMIIEPAaType OT>KUTra
450°C (a) u 700°C (6)

Awnayms crniekTpoB mporrycKanus o6pasios 6e3 gobasiaenus 3omora (K1, K2, K3) npu
Temneparype orkura 450°C mokasaj, 9T0 Kpail IOJIOCHI MTOTJIOIIEHNUsT COOTBETCTBOBAJI
A = 330 um. g obpasma K1 makcumym morsomenus: nabsonasicsa npu A = 500 um c
amrmnTyoit ~ 40% u mupunoii ~ 150 um. Iis obpasma K2 nuk nornomenuns (50%)
casuraJjcs Ha 50 HM B KOPOTKOBOJIHOBYIO 00s1acTh 10 A = 450 uM ¢ mupunoit 80 um. Ha
qutnae BosiHbl 600 HM mpomyckanme coctasiasaino 97% um ma A = 850 HM BO3HUKAJ BTO-
poit muK moryiomenus ¢ mupuHoil ~ 200 uM u aMmmmaTynoil ~ 30%. JIMHHOBOJIHOBLIIL
nuk 6bu1 anajornded muky K1. O6pazen K3 obJiagan npuMepHO OJMHAKOBBIM ITOTJIOIIIE-
nuem ~ 40% B qmanazone jyma BosH oT 500 10 870 EM. TIpm yBeqMYeHnn TeMIEPATYPBI
orxkwura (700°C) kpaii 1M0JIOCHI TIOMJIONEHUs CABHUTascsa 10 350 HM JjIs BceX O0pPasIioB.
VY obpasmna K4 makcumym morsormenust coorerctBoBas A = 450 um (ammymryaa 60%,
mmwmpuna 80 um). s obpasna K5 vabsronascs MejieHHbIT POCT MHTEHCUBHOCTH TTOTJIO-
menns B gpanasone or 470 mo 870 mm n MmakcmmyM noromenus coctasua 50%. O6paszer,
K6 obaanan npumepHO OMUHAKOBBIM IIOTJIOIIEHNEM B juana3one oT 450 HM U BBIIIE.

AHau3 1OJIyYeHHBIX PEe3YIbTATOB IO3BOJISIET CAEIATh BBIBOJLI 00 M3MEHEHUU CIIEK-
TPOB MPOITYCKAHUSI TP BBEIEHUN B IIJIEHKM HAHOYACTHIL 30J10Ta. VI3MeHs1ach WHTEHCHB-
HOCTBH TIOJIOC TIOTJIONMIEHHWST W WX CHEKTPAJIbHOE MOoJIoXKeHue. HarngaHoe mpejcTraBieHne
00 M3MEHEHUU CIEKTPOB JIAET PUCYHOK 7b, KOTOPBIN MpeJCcTaBasgeT coO0# pa3HOCTHBIM
CIIEKTP, TOJYIEHHBINl BBITUTAHUEM CIIEKTPOB 00PA3IoB 0€3 30710Ta U ¢ 30JJ0TOM.
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(2) (b)

Puc. 7. CriekTp npomnyckaHus o6pasnoB ¢ 30J10TOM (a) U Pa3HOCTHBIE CIIEKTPBI
noryiorennst Au B miiéHkax (6)

IIpu BBemEeHUM 30JI0TA TPOUCXOIUT YBEJIUIEHUE MOTJIONIEHUST BO BCEM CIIEKTPAJIHHOM
nmanasone. Kak BujiHO u3 pucyHka 7b mpu temmeparype orxkura 450°C Habiogacsa xa-
pakTepHbIil UK Ha JjuHe BoHbl 600 HM. YBeIudueHne TEMIEPATYPhl OTKUTA U3MEHSIET
CIIEKTPAJIbHOE TOJIOXKEHIE THKA, CABUTAs €ro B KOPOTKOBOJHOBYIO obOsacTh Ha 130 HM.
CaBur nukKa u W3MEHEHHE €ro MIUPUHBI IO-BUJIUMOMY, CBSI3aHO C OOPA30BAHUEM arjioMe-
pAaTOB, U3MEHEeHnEeM pa3Mepa U (POPMBI JACTHII.

Ilosy4yennbie 06pa3Ibl UCCIEIOBAINCH METOIAMU JJIEKTPOHHOTO TAPAMATHIUTHOTO Pe-
zonanca (IIP), kombunannonuoro paccesiaust (KP) u onruveckoit cnekrpodoromerpun.
SIIP cnekrper 6bltn nostyvensr Ha ycranoske SENS ESR 70-03 XD /2. Kak BumHo u3
puc. 8, Y®-obaydenne npuBeso K u3MeHeHuio B crektpe JIIP, a nmenno — ammurymga
CHUTHAJIA CYIIECTBEHHO BO3POCJIA.

0.80§ 0.80
075 0.75
3 0.70 =< 0.70
Z 0.65 Z 065
2 060 2 060
'g 0.55 g 0.55
% 050 % 0.50
s
9 045 S 045
2 040 2 040
I I
< 035 < 035

0.30 0.30

0.25 0.25

3354 3356 3358 3360 3.362 3354 3356 3358 3360 3362
MarHutHoe none, laycc MarHuTtHoe none, Maycc

(a) (b)

Puc. 8. Cnekrpbl DIIP nminéHku nuokcuaa TUTaHA A0 U MOCJI€ BO3deNCTBUS
Y PD-006s1yueHus
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CrreKTpbl KOMOMHAITMOHHOTO paccesiHnst ObLIN oIy IeHbl Ha yecraHnoBke NTegra Spectra.
Ha KP-cunekTpe obpasia, oroxk:kéHHoro npu remieparype 450°C, nabogaauch 4 nuka,
HOJIOZKEHNE KOTOPBIX cooTBerTcTBYIOT anarady [30], a npu Temueparype 700°C nosiBis-
[OTCA IIMKM, XapaKTepHbIe JJjIs PYyTU/Ia. YCTAHOBJIEHO, YTO C HOBbImeHueM Joju T B
HUCXOIHOM PACTBOPE, a TAKKe MPU BBEJIECHUU 30JI0TA B PACTBOP, TeMieparypa (ha3oBoro
Imepexo/ia aHATA3-PYTUJI BO3PACTAET.
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Puc. 9. CneKTpbl KOMOMHAIIMOHHOTO PACCesIHUS IJIEHOK IIPU TeMIIepaType OT2KUura
450°C (a) u 700°C (6)

4. 3akJjgro4dyeHue

Ilo paspaboTanHOl TEXHOJIOTUN, HA3BAHHON Te/Ih TEXHOJOTHEH, OBLINM M3TOTOBJIEHBI
obpasnel mwienok TiOs B dopme amarasza, mMaccoBasg mojs KoToporo osmska k 100%,
4TO OBLJIO MOATBEPIKIEHO METOJAMH MHKDPOCKOINU BBICOKOT'O Da3peIlleHdusl U Pe3yJIbTa-
TaMU PEHTIEeHOCTPYKTypPHOro anaJu3a. [Iposeneno ucciemoBanme HU3MKO-XUMUIECKAX
CBOHCTB TIEHOK AMOKCHa TUTaHa. lIpemcraBiieHHbIe PE3y/IbTATHI UCCICIOBAHUS TOIO-
rpacdun 1 MOpPGOJIOTHH TOJYIEHHBIX 00PA3I0B IIJIEHOK TaK:Ke IOJITBEPIUIN CYIIEeCTBO-
BaHUEe aHATA3HON (ha3bl MaTEpHUAIa IJIEHOK.

WNsyuenne GpOTOAKTUBHOCTU CHHTE3WPOBAHHBIX IIEHOK MeromoMm IDIIP cmekrpocko-
MY TOKAa3aJj0 yBeJandeHne (hOTOAKTUBHOCTU IVIEHOK npu Y P 0bsydeHnn, HCTOYHIHKOM
KOTOPOTI'O CJIy2KWJIa PTYyTHAs JIaMIa. BBISBIEHO, YTO IJIEHKHU AMOKCHIA TUTAHA B (popMe
aHaTa3a MPOSBJISIOT OOJBITYI0 (POTOAKTUBHOCTDL, €M PYTUJIbHAS W CMEIIAHHBIE MO/IU-
duxammy, B ToO BpeMs KaK Ha IIOBEPXHOCTH JUOKCHIA TUTAHA B aMOpPQHOIl da3e He Te-
HepUpYyeTCsl CBOOOJHBIX PAJIMKAJIOB B IIporiecce o0JydeHuss U (POTOIYBCTBUTEIHHOCTD B
YO®-inarra3oHe He TPOSBIISAETCH.

IIpoBenena Monudukanms THOKCHIa TUTAHA HAHOYACTUIIAMHI 30JI0Ta PA3HOM KOHIEH-
tpanuu. VccaenoBanue CrieKTpOB IPOITyCKAHMS IOKA3aJI0 UX 3aBUCUMOCTD OT COOTHOIIIE-
HUsT KOMIIOHEHT PAaCcTBOPa IPU M3TOTOBJICHUH T'eJib IJIEHOK, & TaKyKe OT TEeMIIepaTypbl
OTZKHTa IPU UX (POPMUPOBAHUH.

CrexkTpbl KOMOMHAIIMOHHOTO PACCesTHUS MOKA3aJIl, ITO JJIisi 00pa3ia, OTOXKKEHHOTO
npu Temieparype 450°C, mabsomaanch 4 muKa, MOJOXKEHHE KOTOPBIX COOTBETCTBYIOT
anara3dy [30], a upu remneparype 700°C 1OSIBISIIOTCS IUKU, XapaKTEPHbIE JJIs PYTUIIA.
Orciofa MOXKHO CIeJIaTh BBIBO/I, 9TO C HOBbIIenneM noju TII' B ucxoaHoM pactsope, a
TaKyKe IIPU BBEJCHUH 30JI0Ta B PACTBOP, TeMIrepaTypa (ha3oBOro nepexo/ia anaTa3-py T
BO3PACTAET.

Kpome TOro, crekTpsl IOIVIOIIEHUSI CYIIECTBEHHO 3aBHCEIN OT IApaMeTPOB TEXHO-
JIOTHIEeCKOro pexknma. VcciaenoBanue CIieKTpOB IOIVIONIEHUS IJIEHOK JIMOKCHJIa TUTAHA
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C cozepKaHueM HaHOYACTHUIL 30JI0Ta ITOKA3aJI0 CyIIeCTBEHHbIE N3MEHEHHd CIEKTPOB, a
MMEHHO, BO3HUKAJIU JIONOJHUTEIbHbIE TTUKU TIOTJIONIEHNsT Pa3HON MWHTEHCUBHOCTU U Ha-
OJIIOIAJICS CIBUI' Kpasl IOJIOCHI ITOTJIOMIEHNA. DTH 0COOEHHOCTH CIEKTPOB 00YCJIOBJIEHBI,
TO-BUNMOMY, I3MEHEHNEM CTPYKTYPbI ILIEHOK, 8 MMEHHO M3MEHEHneM pa3mepa u (hop-
MBI YaCTHUIl, IPA MW3MEHEHUH IIaPaMETPOB TEXHOJOIHYIECKOro pexkuma. CyIlnecTBEHHYIO
POJb IPHU 3TOM UT'PaeT arperanus HAHOYACTHUIL 30J10Ta, T.€. BOBHUKHOBEHUE arjioMepa-
TOB, B pe3yJbTaTe Yero IPOM3ONITIO YBeJMIEHNE IIOTJIONIEHNSI BO BCEM CIIEKTPAJJIbHOM
Jralla30He.

IIpencraBisier nHTEpEC MCCAEIOBAHUE CIEKTPOB IIOLJIOMIECHUS IIJIEHOK IMOKCHIA TH-

TaHa, MOAUMUINPOBAHHBIMY JIPYTUMHA JJIEMEHTAMM, TAKUMHU KaK KOOATBT U YTJIECPOSI.
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Properties of Titanium Dioxide Films with Metallic
Nanoparticles

S. A. Aliev

Peoples’ Friendship University of Russia, Moscow, Russia

The physicochemical properties of titanium dioxide thin films prepared by the gel technology,
doped with gold nanoparticles, were investigated. The differences between technologies for the
synthesis of titanium dioxide were compared. It is experimentally shown that the developed
gel technology allows to get almost 100% phase of nanostructured anatase that was confirmed
by high-resolution microscopy and X-ray results. The topography and morphology of the films
samples were investigated. The photoactivity of the synthesized films was studied by EPR
spectroscopy. It is shown that the photoactivity of the films is increased by the UV irradiation.

Titanium dioxide was modified by nanoparticles of gold with various concentrations. Has been
investigated the depending of the ratio of the solution components in the manufacture of gel
films, as well as of the annealing temperature of their formation on transmission spectra. It is
shown that the absorption spectra depend significantly on the parameters of the technology. A
study of the absorption spectra of titanium dioxide films containing gold nanoparticles showed
significant changes in the spectra, exactly, there is an additional absorption peaks of varying
intensity and the observed shift in the passband region. These changes are caused, presumably,
by changes of the film structure, and the aggregation of gold nanoparticles. Studies have shown
the prospects of the gel method for the synthesis of titanium dioxide and its modification of
nanoparticles.

Key words and phrases: sol-gel and gel methods, dioxide titanium film, modification,
nanoparticles, gold, spectroscopy
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Usually it is supposed that K°, K° meson oscillations are realized through Ks, K1 meson
states. It is necessary to remark that Kg, K1, meson states are produced at C'P violation in the
weak interactions, besides these states are nonorthogonal states. Since Kg, K1, meson states are
nonorthogonal states they cannot generate K°, K° meson oscillations. For this aim can be used
only orthogonal states. In reality at strangeness — S violation K°, K° mesons are transformed
into superpositions of orthogonal K, K9 meson states. Then through these K?, K9 meson
states there are realized oscillations of K°, K° mesons. Further K?, K9 states at C'P violation
are transformed into superpositions of Kg, K meson states and then arise interference of Kg,
K meson states but not oscillations. This picture is well in agreement with experiments. So

we come to conclusion: K9, K° meson oscillations are realized through K9, K9 mesons, but not
through Ks, Kr.

Key words and phrases: mesons, weak interactions, oscillations, interference, strange-
ness, parity, violation, oscillations theory

1. Introduction

This work is devoted to the discussion of K 0. K° meson oscillations.

K K° mesons are produced in strong interactions and their strangeness — S are
Skgo = +1, Sgo = —1, and they consist of s, d quarks; then K = sd and K° = 3,d.
Since K%, K9 consist of quarks that participate in weak interactions, then after their
production there take place changes generated by weak interactions; there take place
violation of strangeness — S and C'P parity. Then, at violation of strangeness — S
neutral K9, K° mesons are transformed into superposition of K?, K9 mesons:

K+ K3 RO_K?—KS B
vz V2o

where KV, K9 mesons are eigenstates of the weak interaction that violates strangeness.
Before the discovery of C'P violation, it was assumed [1] that K°, K° meson oscillations
arise though K¢, K9 mesons. After the detection of C'P violation [2,3] in literature [4,5],
it was assumed that K9, K° meson oscillations go through Kg, K, mesons — eigenstates
of weak interactions violating C'P parity. Then, it is necessary to assume that (below we
will give a more detailed consideration of this issue)

KO

~Kst KL om0 Ks—Kp
~ ~ s

It is necessary to remark that in modern literature [4, 5] there is no mentioning of the
existence of K?, K9 mesons. This issue demands a more detailed investigation.

Now lets proceed to the discussion of the following problem: how in reality there arise
oscillations of K°, K° mesons?

K" (2)

Received 18*" March, 2016.
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2. The Theory of K°, K° meson oscillations

In the old theory of neutral K°, K° meson oscillations [6,7] constructed in the frame-
work of Quantum Mechanics, it is assumed that:

1. K° K° mesons are direct produced as superposition states of Kg, K meson states

(see expr. (2)), i.e., K = \IF(KS + K1) and K0 & \IF(KS — K1,). This means that

the K9, K° mesons have no definite mass, i.e. their masses may vary in dependence
on the Kg, K mesons admixture in the K°, K° mesons states.

2. The mass eigenstates are Kg, K, meson states, but not physical states of K°, K°
mesons.
3. K° K° meson oscillations are real (and indeed, K°, K° meson oscillations are real

since masses of K? and K° mesons are equal in agreement with C'PT theorem [8]).

On the example of K%, K° mesons (eigenstates of the strong interactions), we can see
that in duration of the time 10~2*sec (typical time of the strong interactions), the Kg,
K, mesons-eigenstates of the weak interactions at C'P violation cannot be produced,
since their typical time is 1076-107% sec. Besides, every particle must be produced on
its mass shell and it will be left on its mass shell while passing through vacuum. It is
clear that the above-considered picture has a defect and therefore calls for correction.

A statement that K°, K° mesons are direct produced as superposition of Kg, K,
mesons, leads to a conclusion that there is not necessity to take into account that K 0,
K mesons have strangeness. Indeed, we have to proceed from the requirement that
they have strangeness and they are transformed into superposition of K, K9 mesons
at violation of strangeness — S, i.e. K% = %(K? + K9) and K° = %(K? - K9). In
principle, we can assume that K9 K° mesons are transformed into superpositions of
K?, K mesons; and then they are quickly transformed into superpositions of Kg, Kr,
mesons. But this process is a dynamic one, and C'P violation is a very slow process; and
then, there will arise a time delay (a gap) at C'P violation, i.e., at generation of Kg, K,
states (see work [9]). Besides in [3,9] was shown that Kg, K| states are nonorthogonal
ones. Let us to consider it in more detail:

At the time of transition of K°, K° mesons in weak interactions into superpositions
of K? , K9 mesons, there takes place strangeness — S violation. Then, obviously, K7,
K9 mesons have no strangeness. In weak interactions there take place the following
semi-leptonic decay of K — 7~ e, and K° — 7te~ 7, mesons at strangeness — S
violation. K meson has CP parity +1, and main mode of its decay are K¢ — 27
mesons, while K9 meson has C'P parity —1 and main mode of its decay is K3 — 3w
mesons. It is necessary to remark that K¢, K9 mesons also have semi-leptonic mode
7~ et v, nTe U, decays, but since they are superpositions of K°, K mesons, then their
numbers are equal, and as stressed above, their strangeness equals to zero. In this case,
there will arise oscillations [10]; and therefore, K — K9 K° — KO transitions will
arise. Probabilities of such transitions are produced by the following expressions [7] (it is
necessary to assume that K9, K meson states are quasistationary states until the time
they will get transformed into superpositions of Kg, K mesons):

_ _ 1
P(K0—>K0):P(K0—>KO)—4[ it 4 emTat 4 90 wcos((mg—ml)tﬂ, (3)

_ _ 1 t
P(K' - K% = P(K* - K% = 1 [e_Flt T cos((my — mg)t)}, 4)

and expression for asymmetry is determined by the following formula:
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A12(t) _ [P(KO — KO’t) +P(K0 — Ko’t)] _ [P(KO N Ko,t) +P(KO . Kovt)] B
T [P(KO = KO,t) + P(KO — K9),4] + [P(KO — K°) + P(K0 — KO,)]
2 cos|(mag — my )t]e” 1 +T2)t/2
- e—Tit 4 =Tt : (5)

If we are to substitute numerical value of parameters (I'y /T2 = 580, Amjs = 0.533 -
10712 MeV, ' = tI'; ) in this expression, then we obtain:

2 cos[0.474t')e~0-5
125 _
Ay (t) = e~V 1 ¢—0.001750 (6)

Figure 1 gives experimental data obtained in work [5] together with the curve obtained
by using expression (6). It is necessary to stress that these data were interpreted in [5]
as K0 K9 oscillations via Kg, K mesons. It is important to stress that these states are
nonorthogonal states [3,9] therefore they cannot be used for oscillations generation. For
this aim can be used only orthogonal states (i.e., Ky, K9 orthogonal states).

We see that expression (6) for asymmetry is well in agreement with experimental
data. Also, it is necessary to remark that the work [5] has not taken into account that
at C'P violation there has to be present phase § = 43.5°. This phase has to be present if
it is suggested that there are produced superposition states of Kg, K1 mesons (see [10]).
In a case of strangeness violation this phase does not appear. From Figure 1 we can
make a conclusion that K°, K° mesons oscillations come to an end in region ¢’ > (7 — 8)
t' = Tt—c, where 7. = 0.892 - 10710 sec.). These K°, K° meson oscillations come to an
end, since these oscillations are realized via K, K meson states; but since K} mesons
decay quickly, then they will be existent mainly in present long living K9 mesons. Then,
condition for K%, K° meson oscillations is not fulfilled [11].

0.9 T
0.8 z ’ . ’
07 3
0.6 3
05 3

04 3

Asymmetry

03 3

Figure 1. A curve obtained from expression (6) together with experimental data
obtained in work [5].

Then, what will there arise in the system of K, K mesons? Since weak interactions
violate C'P parity, then K?, KY mesons will be transformed into superposition states of
Kg, K1 mesons (eigenstates at C'P violation). It is important to remark that K%, K°
cannot be direct transformed into superpositions of Kg, K mesons since they appear
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only at C'P violation but not at strangeness violation. Also, it is necessary to remark
that weak interactions with C'P violation are a slow process, and it becomes strongly
apparent at t > (7-8)7. (see below), i.e., only at ¢’ > (7-8)7. the main part of Ky, K?
mesons has time to be transformed into superposition of Kg, K mesons; although such
superposition states start appearing direct after the ascent of K¢, K9 meson states).

Then, KV, K9 mesons are transformed in the following superpositions of Kg, Kf,
mesons:

1
K= ——(Ks +¢Kp),
! 1—1—52( s 2 (7)
1
Ky = —— (K +¢Kjg).

iie
where ¢ = |g|e ™.

Now there emerges the following question: Do oscillations between K9, K meson
states take place via Kg, K mesons, or there takes place only interference between these
Kg, K, states? The problem of oscillations existence at C'P violation was consider in
work [9] in detail (see also work [12]). There following conclusion was made: all existent
experimental data on C'P violation are well in agreement with theoretical calculations in
the case when there takes place interference between Kg, K}, states, but not oscillations.
It means that at C'P violation oscillations do not arise and these states are not orthogonal
states. As an illustration, we consider a figure and some expressions from work [9].

Kg, K1, meson states are stationary states, and then their expressions for time de-
pendence are determined by the following formulas:

Ks(t) = e mims—Ts/2t g (0),  Kp(t) = eTme=Te/Dt R (0), (8)

where I'g, I'r,, mg, my, are widths of decays and masses of Kg, K mesons.

Expressions for probabilities of interference of Kg, K1 mesons is obtained by using (8)
and (7) have the following form:

P(K' K| — Ki,t) ~
1
>3 [e(_rst) + lefelTED 4 2lglel3 Ts+TY) cos((mr — mg)t — 5)}, 9)

P(K°, Ky — Ki,t) ~

1
~ [e(ﬁst) + |E|2€(ert) — 2’5’6(%(F3+F1)t) Cos((mL — mg)t — 5)} (10)

An expression for asymmetry Ay, (t) obtained by using expr. (9), (10) has the following
form:

P(K° K9 — K9,t) — P(K°, K9 — K9,t)
P(KO, K9 — K% t)+ P(K°, K? — K0,t)
2¢ cos[(my — mg)t — 6]e~ Ts+T)t/2

= e—Tst | 20— Trt - (1)

A (t) =
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If we substitute value parameters § = 43.5°, I'g = ?lc’ 'y, e=223-10"3, Amrs = Amqo
n (11), then we obtain:

~2-0.00223[cos(0.477¢ — 0.751)]e " (581/1160)
e=t" +(0.00223)2e—t/580 )

Ath(t/) = (12)

Figure 2 shows a curve line obtained by the use of expression (12) together with experi-
mental data obtained in work [3].

The asymmetry A (t') connected with C'P violation become nonzero at ¢ > (7-8),
i.e., C'P violation begins to be evident not direct at t. = 0, but at ¢’ > (7-8); and
asymmetry connected with strangeness — S violation appears at ¢’ = 0: (7-8).

(t)

Oﬁ_ri - [ ]
|

'

Ay

0.4[ 23 '
i

0.2 4 \
s
Vs
'I
Olseescceees” \}‘
0.2/ \\L
o6} \ l

o 1]

Figure 2. A curve line obtained by the use of expression (12) together with
experimental data obtained in work [3].

Expression (12) is in agreement with experimental data obtained in [3] at C'P viola-
tion. Kg, K1, meson states are stationary states (i.e., they have definite masses); further,
since C'PT is not violated, nothing will further arise.

_ Thus, from the above-considered experimental data we come to a conclusion that K 0,
K" mesons cannot be direct produced as superpositions of Kg, K, mesons that are eigen-
states at C'P violation. If K°, K° mesons could be direct transformed into superpositions
of nonorthogonal Kg, K meson states then there can arise only interference between
Ks, K|, states but not K° K° meson oscillations. Experiment [3] and calculation [9]
has shown that at C'P violation arises only interference but not oscillations.

As a matter of fact, K9, K mesons have to be transformed into superpositions of K7,
K9 mesons at violation of strangeness — S, and further there take place oscillations (it
is important to remark that K?, K states are orthogonal quasistationary ones). Then
K?, K9 mesons are transformed into superposition of Kg, K1 mesons; and then, there
will take place interference between these states. Such picture is well in agreement with
experimental data [3,5]. As we see we cannot ignore KY, K9 meson states in the system
of K° K9 mesons, and these two processes are realized at different time intervals.

We see that the idea that these both processes — oscillations and interference- can
be realized only through Kg, K states, has no confirmation in the framework of the
standard approach.
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Therefore, we have to fulfill some adjustment to the theory of K9 K° oscillations.
Following that, points 1-3 in the beginning of this section obtain the following form:

1. K9 K° mesons are produced in strong interactions, and at strangeness violation by
weak interactions, they are transformed into superposition states of K, K9 mesons
(see expr. (1)); and K°, K° mesons are in their mass shell.

2. KV, K9 meson states are quasistationary states before C'P violation, and they have
definite masses. ~

3. K°, K% meson oscillations are real since masses of K° and K° mesons are equal in
agreement with C'PT theorem [8].

3. Conclusion

In the standard theory of K°, K° meson oscillations, it is assumed that K°, K°
mesons are direct produced as superpositions of Kg, K, mesons (indeed, Kg, K mesons
are produced in weak interactions at C'P violation). Then, K°, K° meson oscillations
have to be realized through these Kg, K mesons and then these mesons are stationary
states. In reality in weak interactions takes place violation of strangeness — S and C'P
parity. Eigenstates at strangeness - S violation are K¢, K9 orthogonal meson states, and
eigenstates at C'P violation are non orthogonal Kg, K meson states. At strangeness
violation, primary K°, K° mesons are transformed into superposition of K, K2 mesons;
and then there arise K°, K° meson oscillations. The K?, K9 states are quasistationary
states. Further at C'P violation, KV, K9 states are transformed into superpositions of
Kg, K1, mesons; then, interference between these Kg, K mesons states arises instead of
oscillations. The Kg, K states are stationary states. This picture is well in agreement
with experiment [3,5]. We see that standard theory of K°, K° meson oscillations is not
in agreement with the experimental data. Indeed, K°, K oscillations go through K9,
K9 states, but not through Kg, K, states.
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Hapymenue crpannoctu — S u C'P 4€THOCTU B CJIa0BIX

B3aumoeiictuax B cucreme K°, K° mezonos

]X. M. BemToeB\

Hayuno-uccaedosamenvekuti uHCMUMym npuriadHott Mamemamuky U aemomMamu3auuls
2. Haavuur, Kabapouno-Basxapckan pecnybauxa, Poccus

O6erano mpemanonaraercs, uro K°, K° mezonubie ocrpmsimu peanusyiorcs depes Kg, K
MEe30HHBIE cocTOosiHUA. Hy>KHO 3aMeTuTh, 9T0 Kg, K1 ME30HHBIE COCTOSTHWSI BO3HMKAIOT TPHU
napytneanu C' P 96THOCTH B CIa0bIX B3AMMOIEHCTBUIX, U KPOME ITOTO, STU COCTOSHUS HE SIBJIS-
JOTCsI OPTOTOHAIBHLIME U IIO9TOMYOHH He MOTyT renepuposarh K°, KC MesonHbIe ocimisanum.
Ha camom zese, npu mapyutenun crpaunocta — S, K° K° mesonsr npespamalorcs B cymep-
[O3UI[MOHHbIE COCTOSIHUS OPTOrOHANBHBIX KV, K MEe30HHBIX COCTOSIHWIL, W [ajee Uepe3 Tu
cocrostanst BosuukaoT K°, K° ocrpisaimu. B gansneitniem npun C P mapymennn KY, K9 we-
30HBI TPEBPAIIAIOTCS B CYIEPIO3UIINOHHBIE cocTosinnst Kg, K Me30HOB, W jajiee BO3HUKAET
nHTepeperIus mexay 3tumu K g, K, ME30OHHBIMU COCTOSTHUSIMU, HO OCITUJLJISIIIUN TIPU 3TOM He
BO3HUKAIOT. Takas KapTUHA HAXOJMTCS B XOPOIIEM COIVIACUM C KCIIepuMeHTOM. M Tak, mpuxo-
UM K 3aksmovennto: ocipuisinnn KO, K° mesonos peasiuzyercs depe3s K 0 K9 mesonbl, a He
gepe3 Kg, K1 Me30HBI.

KuroueBrle ciioBa: Me30HBI, C1abble B3aNMOJIEHCTBUS, OCIUJIIAIINY, UHTepMEPEHIINs, CTPAH-
HOCTb, YETHOCTh, HAPYIIIEHNE, TEOPUS OCIHJIIIAIII
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