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Maremaruka

VK 519.63
OO0 oxmHOIT BcmoMoraTeJibHOII HeJIMHEIHO KpaeBoii 3ajiavye B
Teopuu cBepxIirpoBoumoctu ['ma30ypra—Jlanmay u eé
MHOXKECTBEHHBIX PeIleHUsIX

H. B. KonmoxoBa, A. A. Illeuna
QUIT UY PAH, Mockea, Poccus

IIpoBogsaTCs aHATUTUKO-YUCIEHHBIE UCCJIEOBAHUS OJHOPOIHON HEJMHENRHON KpaeBoil 3a/1a9u
JJIs OOBIKHOBEHHOTO Ju(pDEepeHITHaIBLHOrO YPABHEHUsI BTOPOTO MOPSAAKA C KyOWdecKoil Hesm-
HEHHOCTDHIO U JBYMS BEIIECTBEHHBIMHU IIapaMeTPaMU, BOZHUKAIONIEH B TEOPUH CBEPXIIPOBOIMMO-
cru 'muzbypra—Jlanmay. MHoXKeCcTBeHHbIE HETPUBHAJILHBIE DEIIEHUS 3TON 3aJ/1a4u, 3aBUCSIIINE
OT YKA3aHHBIX MApPaMETPOB, BBIPAYKAIOTCS Uepe3 IJIIUNTHIeCKHe PYHKINM SIKoOU U onmmchiBa-
FOT CTAIMOHAPHBIE COCTOSTHUS (BOM3M KPUTUIECKAX 3HAYEHUI TEMIIEPATYD) CBEPXIIPOBOJSATIEH
GECKOHEYHOM MJIACTUHBI KOHEYHOM TOJIIUHBI B OTCYTCTBAE MATHUTHOTO MOJIsT. 3aa4a sIBJISETCS
«BBIPDOZKJICHHOI» 110 OTHOIIECHUIO K HMCXOAHOI HeJIMHEHHOHU KpaeBOHU 3ajade IJjId CBEPXIIPOBO-
JsIed IJIaCTHHBI B MArHUTHOM IIOJI€ M BaKHA ISl IIOCTPOEHUS aJIrOPUTMA HAXOXKJEHUS BCEX
pellleHuil 1mocjiefHeil B IIMPOKOM JHAalla30He M3MEHEHHs [IapaMeTpOB; U3ydaeMas 3ajada Ipej-
CTaBJISIET U CAMOCTOATEIbHBIM MaTeMATUIECKUI UHTEPEC.

KuroueBrbie ciioBa: Teopusi cBepxipoBojauMmoctu ['mu3bypra—Jlanmay, crarmonapHbie co-
CTOSIHUSI CBEPXITPOBOJISAIIENH IIJIACTUHBI B OTCYTCTBHE MATHUTHOIO TIOJIsI, HEJIMHEHHOE OOBIKHO-
BeHHOE MubdEpPEeHITNATBHOEe YPABHEHNE BTOPOTO TOPSIIKA, OJHOPOIHAs KpaeBas 3ajada u eé
MHOXKECTBEHHbBIE PEITeHUsT

1. Bsezneunune. O HemmHeliHOII KpaeBoii 3aaave s
CBEPXMOPOBOAANIEN IJIACTUHBI B MAarHUTHOM I10JI€

Makpockonuueckast Teopusi csepxuposojumoctu 'nusbypra—Jlanmay (IJI) [1] mw-
POKO IIPUMEHSIETCsI JJIsi OIMCAHUS COCTOSIHUI CBEPXIPOBOJHUKOB B MarHUTHBIX IOJIAX
BOJIN3M KPUTHIECKUX 3HAYEHUI TeMueparyp (CM., HanpuMmep, |2—4] 1 muTupoBaHHYO Tam
qureparypy). B 2], B wacTHOCTH, IpUBejieHa M3BECTHASI MCTOPHUST IKCIIEPUMEHTAIBHOIO
OTKPBITHUSI SIBJIEHUS CBEPXIIPOBOJIMMOCTH U OIIUCAHBI IIEPBBIE MOMBITKU (MEHee YCIelHbIe,
4eM B [1]) cozmanus Teopun ITOrO SIBJICHUS.

ITo coBpeMeHHBIM IIPEJICTABICHUSIM B CBEPXIIPOBOJIHUKAX, KAK U B CBEPXTEKYYNX YKUJI-
KOCTSIX, YaCTHUIbI BeAyT cebsl yIopsiI0o4eHHO, 00pa3yst OHY OOJIBIIYI0 KBAHTOBO-MEXaHHU-
vyeckyto BosHy (KMB), u Giaromapsi 9ToMy CBEPXIPOBOJHUKY IIEPEHOCIT JIEKTPUIe-
crBO Oe3 comporupienus. Takast 6onbinas KMB onuceBaercsa «3dpdeKTuBHOI BOJIHO-
Boit byHKImeil» [1], KOTOPYIO TaKyKe HA3BIBAIOT «IIAPAMETPOM HOPsIKay; KBAIPAT TOM
byHKIMY 33/1a6T KOHIIEHTPAINIO «CBEPXIIPOBOISIINX 3JIEKTPOHOBY, T.€. OTHOIIEHUE YNC-
JIa VIIOPSITIOYEHHBIX JIEKTPOHOB, obpazytomux eanayio KMB, K obmemy wucity 31eKTpo-
HOB B CBEPXITPOBOJHUKE.

O/1HOIT U3 MHTEHCUBHO M3yYaeMbIX 3aJiad Teopuu cBepxipoBogumoctu ['JI aBisercs
oJIHOMeDHasl HeJIMHeliHast KpaeBas 3aja4da (Kp3), Koropast onuceiBaeT cralioHapHbie Co-
CTOSTHUST CBEPXIIPOBOIAIIEH OECKOHETHON MIACTUHBI KOHETHON TOJIIIUHBI, TTOMEIEHHON B
MarHuTHOE II0JIe, HAIIPABJIEHHOE BJIOJIb IJIACTUHBI. B 6e3pasMepHBIX MMePEMEHHBIX, BBE-
néunbix B 3] (eMm. Takke [5]), 9Ta 330a9a I CHMMETPHYHBIX PENICHHUN IMEET BHI:

a"—¢*a=0, '+ —-y¢*)—d*p=0, 0<z<D, (1)

Crarbsa nocrynuia B pegakuuio 27 anpesns 2016 r.
Asropsr 6iaromapsar C.B. Kypoukuna 3a mnoJie3Hble 3aMedaHusl.
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a(0)=0, '(0)=0, a'(D)=h, ' (D)=0. (2)

31ech BCe BeJIMINHbI BelleCTBEeHHBL, D, h 1 > — 6e3pa3MepHbIe IIOJI0KUTEIbHBIE IIapaMeT-
pbi: D — nogymuprHa TIaCTHHBL,  — HAPSAYKEHHOCTD MATHUTHOTO TIOJIA, 3 — HapaMETP
teopun I'JI, XapakTepusyromuii MaTepras CBEpXIPOBOIHUKA U MEHATONIMNACA B IMTUPOKOM
Juanasone; a(x) — IMOTEHIMAJ MAarHUTHOrO 1oJisd, 1(x) — 3¢ dexTuBHas BoJHOBast DYHK-
1ust, xapakrepusylomasa KMB cBepXIpoBoasIIuX 3/JeKTPOHOB B IIACTHHE, [e BeJIUYnHA
1?(2) paBHA KOHTIEHTpAITUH B Hefl TAKHUX 3JIEKTPOHOB:

0< () <1 Vaelo,D] (3)

(o cpasuenuio ¢ [1], kak u B [3,5], BBeseHa Apyras HopMupoBKa h: h = hgr,», TaK 4To
a = agr, ¥ BeIOpaHa Jpyras OpHEHTAIs [IJIACTUHBI B MAIHUTHOM II0JI€).

Cuyuait ¢ = 0 coorBercTByeT HOpMaJbHOI (ase (n—dasze) cOCTOSIHUS MIIACTUHBI, &
ciyqaii 1) # 0 — cBepxupoBosineii dase (s—daze) eé cocrostaust. Kp3 (1), (2) paspern-
Ma: 1pu JioboM h oHa MMeeT 10 Kpaitneil mepe oxno pemrenne {a(x),v(z)} = {hz,0},
KoTOpoe npu h > 0 sABJIgeTCs eIMHCTBEHHBIM N—PEeIIeHneM 3TOH 3a1a9n; «(pU3IIECKOe»
orpanmndenvie (3) Boinosnsercs Juist Beex pemennit Kp3 (1), (2) Vs # 0. Unrepec, B
YACTHOCTH, IPEJCTABISIOT (DAa30Bble IIepexXonbl § — 1 U 1 — S JJId Pa3HBLIX 3HAYCHU
napaMeTpoB 3aJladd B PEKUMaX YCHJICHUS WM OCJA0JIeHHst MArHUTHOTrO moJist. Takme
HEPEXO/Ibl OIMUCHIBAIOTCSA C MOMOIILIO OM(YPKAIMOHHBIX JAAArPAMM COCTOSHHIT — 3aBUCH-
MOCTel OT BeJIMYUMHBLI MATHUTHOIO II0JI 3HAYeHuil IapaMeTpa MOpsIKa B HeHTPe MU Ha
KPalo IJIACTUHBI (U /W1 3HAYEHUIT IpyTuX (PU3NIECKUX BEJUYUH — TUIA HAMATHUIEHHO-
CTH IJIACTHHBL, cM. [3,5]).

ITo OCHOBHBIM COCTOSIHMEM ILIACTUHBI B MArHUTHOM IIOJI€ IIOHHMAETCA TaKoe,
npu KOTOPOM HapaMerp nopsiyika (Kak (OyHKIHsl TONEPEYHOil KOOPIMHATHI) HE MEHSET
3HAK Ha IMUPUHE IJIACTHHBI, T.€. YJOBJICTBOPSET 60Jiee CUILHOMY OIPAHUYEHHIO 1O CPaB-
HEHUIO C BbIpazkeHneM (3):

0<¢(x) <1 Vxel0,D] (4)

(zamaga (1), (2) ¢ orpanmyenuem (4) orHocurcst K 3a1adam tura Kuaesepa).

B [3] (cMm. Takke apyrue crarbu aBTOpa, IUTUPYeMbIe B [3,4]) comepKuTes mogapobHoe
u3soxenne (bU3NUECKUX IIPeJICTABIEHUN aBTOpa 00 OCHOBHBIX COCTOSIHUSIX CBEPXIIPOBO-
JISIIel IUIACTUHBL B MATHUTHOM I10JI€; BO MHOTOM OHH OCHOBAHBI HA YHCJICHHBIX HCCIIEI0-
Bamnusx 3aga4u (1), (2), (4). Oxmnako, Kak moapOOHO MOSICHSIETCS B [5], B 9THX JOCTATOTHO
MHOTOYHCJIEHHBIX CTAThAX UCIIOJB30BAJICSA HEY/IAUHbI IMCJIEHHBIH METOJ, UTO IIPUBEJIO
K IIOJIy9€HUIO B HUX HEHOJIHBIX PA3PBIBHBIX JIMATDAMM COCTOSIHUI (IO IPU3HAHHUIO aBTO-
pa [3], Bux Takux amarpaMm IoaBeprajics COMHeHHusIM co croponsl B.JI. I'nns6ypra, tax
KaK IIPOTHBOPEYNII €ro (bU3NIeCcKOil MHTYHUIWN).

[TpaBuibHbIe JEarpaMMbl ObLIH OJIyYeHBI B [5] ¢ OMOIIBIO JIPYIOro MOAXO0AA, Pe/i-
JIO?KEHHOTO U PEasIN30BAHHOIO IPYIIIOi COABTOPOB-MATEMATHKOB. A HIMEHHO, B [5,6] npe-
CTaBJIEHBbl JIOCTATOYHO HOJIPOCHBIE AHAJIMTUKO-IUCJICHHbIE HCCIIEI0BAHNUS MHOYKECTBEH-
HBIX pertenuit 3agaun (1), (2), (4): mpeaIoXKeH IPOCTOIl YUCICHHBII METO HAXOXK ICHUS
BCEX TaKUX PEIICHNUil B IIIPOKOM JIHalla30He M3MEHEHNUs [IapaMeTPOB 3a/1a4M, B TOM HC-
Jie TIOJIyYeHbl He HafiJleHHble paHee JAPYIMMH METOJAMH JMHAMUYECKN HEYCTOHYMBbIE U
HEM30JIMPOBAHHBIE PEIIeHNsl; TOCTPOEHbI 0oJIee TOIPOOHBIE U TOUHbBIE HEIPEPBIBHbIE A~
rpaMMBbl COCTOSIHHII IIJIACTHHBI, OLMCHIBAIONINE €€ IEePEX0J[ U3 CBEPXIPOBOZAIIeil dha3bl
B HOpMAaJIbHYIO (1 HA0OOPOT) mpH ycuiaeHuu (OCaabJeHNnN) MArHUTHOTO MOJIS, YTO MO3-
BOJINJIO JIETAJIBHO M3YUUTH SIBJIEHIE MArHHUTHOTO THCTEPE3UCA U IBOJIOIUIO JHArDaMM
C M3MEHEHHMEeM IIapaMeTPOB, U JIP.; [OCTABJIEHbl U M3Y9€HbI CIEKTpaJbHbIC 3319l JIJIs
UCCJIeIOBAHUS JIMHAMUYIECKOl (He)yCTOWYMBOCTH peIeHnil B paMKax JIMHEHHON Teopun
BOBMYIIEHHI U JIJIsi AIlPHOPHOTO HAXOK/ICHHSI IIOPOTOBBIX 3HAYEHUIT MAIHUTHOI'O IIOJIS.

K coxasnenuio, aropy [3] (a 3arem u Bceit rpymie coaBropos [5]) He ObLIM M3BECT-
HBI PE3Y/IbTATHI MHOIOYUCICHHBIX Pab0T MaTeMaTHKOB 110 u3ydeHuIo 3a1a4au (1), (2), (4)
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(HOTOK MaTeMaTHIecKuX CTareii MPOJIOJZKAETCsl JI0 CUX I1I0D), B TOM YHCJIe WHTEPECHOI
paborsl [7], npexsocxurusIieii noxxoxn [5| K pemenuro sroit 3amaun. B [7], B wacrHO-
CTH, JOKA3aHO CTPOro, UTO O ypKAIMOHHAS KPUBas JOJ2KHA OBITh HenpepbiBHA. Bostee
JIETaJIbHO HEKOTOPbIe Pe3ysIbTaThl 7] GyyT 06CyKIaThCs HAMU B JAPYTOii paboTe.

JIJ1st HAIIX UCCIIeIOBAHNIT BAXKHO, YTO KAK MATEMATHIECKHI, TaK U, BO3MOXKHO, (bu-
suyeckuii uaTEepec (CM., HanpuMmep, [8]) HpeacTaBisIOT M Jpyrue pelieHnus HeJMHEeHHO
Kp3 (1), (2), orBevaronue «BO30YKIEHHBIM» CBEPXIIPOBOIAINIAM COCTOSHUAM ILIACTH-
Hbl B MATHUTHOM TIOJI€, KOTJIa MAPAMETD IMOPSIKA MEHsIeT 3HAK Ha INMUPUHE ILIACTUHBI
i iéHKH. Takue pereHnst emg 6osiee 3aTPYIHATEBHO HAXOAUTD UTEPAIIMOHHBIME Me-
To/laMu THIa pesiakcanuu [3|: B [8] mpu nmombITKax HAXOIUTH TAKHE PEIIEHHs AJITOPUTM
UX BBIUUCJIEHUI HE NPUBOAUTCS (II0 YTBEPZXKJIEHUIO aBTOPa, BBUY ero cioxkuoctu). Co-
DJIACHO (8], XOTsI OCHOBHBIE COCTOSIHUSI IIJIACTUHBI CIUTAIOTCS HanboJIee PeasTn3yeMbIMU B
9KCIIEPUMEHTE, BOIIPOC O POJIU JIPYTUX PEIIEHUl U JPYIUX BOZMOXKHOCTSX, BOOBIIE TOBO-
psi, OCTaéTCsl HEM3ydYeHHbIM. B wacTHOCTH, B 8] cIesiaHO BarkKHOE 3aMedaHue: HUTJE He
JOKa3aHo, uro pernerus obmeit ogaoMepuoit Kp3 I'JI momKHbBI ObITH CHMMETPUIHBIMU,
u ciaegyer usydars OZLY (1) va unrepsase (—D, D) c 6oJiee OBIMME YCIIOBUSIME

a/(£D) =h, /(D) =0. (5)

IMoucky acummerpuunbix pertenuii Kp3 (1), (5) mocssiimeHo 6oJIbIoe 9UCIO COBpe-
MEHHBIX MaTeMaTHIeCKUX PabOT, aBTOPbI KOTOPBIX CCBHLIAIOTCS HA TUIOTE3BI 8], HA 1em
371€Ch OcTaHaBIUBaThCa He Oyaem. Ormernm tosbko, ¥ro Kp3 (1), (5) umeer yxe KoH-
tuayym n-pemrennit {a(x),y(x)} = {h(x + ¢),0}, rae ¢ — TpousBOIbHAS IOCTOSHHAS,
npuaéM TIpu ¢ # 0 3TH pemeHus ABIAIOTCA ACAMMETPUIHBIMU.

Iesbro qanHON PabOTHI SIBJISIETCST MATEMATHIECKOE U YUCJIEHHOE UCCJIeIOBaHIe BCIIO-
MOTATEJIbHON «BBIPOXKIEHHOI» OIHOPOAHOM HesmHeiHoi Kp3, HeTpuBuaibHBIE PEleHNSsT
KOTOPOIii OICHIBAIOT BO3MOXKHBIE CTAI[OHAPHBIE COCTOSIHUS (BOJM3N KPUTHIECKUX 3HA-
YeHUiT TeMIIepaTyp) CBEPXIPOBOJISIIEH OECKOHETHON IIACTUHBI KOHEYHON TOJIIUMHBI B
OTCYTCTBHE MArHUTHOIO IIOJIs. DTa 3aJada IJIs apaMeTpa MOpsaKa, KOTopasl IOJIyda-
erca u3 (1), (2) upu h = 0, @ = 0, BaxKHa, B YACTHOCTH, JJIsl aHAJIN3A U YUCIEHHBIX
HCCIeIOBAHNI MHOYKECTBEHHBIX PEIeHNiT NCXOMHON HeJlnHeliHo# HeogHopoaHoit Kp3 (1),
(2). Ona npejcTaBIsieT U CAMOCTOSITEIBHBIH MATEMATUIECKHUH UHTEPEC.

2. Henuneiinas KpaeBasd 3ajava JJid CBEPXIIPOBOASAIIEN
MJIACTUHBI B OTCYTCTBHE MArHUTHOIO I10JIsI

2.1. IlocTraHoBKa 33/la4M ¥ IIpeIBapUTEJIbHbIE CBEJIeHUS
ITpu h = 0, xorga 6yaer a(z) = 0, Kp3 (1), (2) npuobperaer Bu;:
V't~ ) =0, 0<a<D, (6)
¥'(0)=0, ' (D)=0. (7)

3adukcupyeM HEKOTOPBIE JOCTATOYHO OYEBHUIHBIE CBOMCTBA peIleHuil 3Toi 3amaqm.

IIpennoxxkenne 1. Crenyiomue yTBEPKICHNs CIIPABE/JIUBBI JJIS OTHOPOIHON HeJn-
ueiinoit Kp3 (6), (7) npu dhukcupoBaHHBIX 3HAYEHUAX TapaMeTpoB »x # 0 u D > 0:

1) 3a/1a49a pa3penimMa — OHa MMEET 110 KpaﬁHeﬁ Mepe TPpHU IIOCTOAHHBIX pEIIEHUMD,
+ — -
w - ila wzero = 07 (8)

2) ecsin ¢(x) — pemnenue 3a1aun, TO —)(x) — TOXKE peIeHUE;
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3) mo6oe perenne ¥ (z) Kp3 (6), (7) yaoBIeTBOpAIOT OrpaHIYeHHIO
0<y?(z) <1 Vzelo,D] (9)

1 COOTHOIIICHUIO

/ (s) (1 1(s)) ds = 0. (10)
0

JlJ1st onpeIesIEHHOCTH Jlajlee PACCMATPUBAEM Te HeTPUBHAJIbHBIE pemtenus 1)(z, », D)
Kp3 (6), (7), ayst KOTOpBIX Gy1er

(0,52, D) = 1o (32, D) > 0. (11)

IIycrs npu (bUKCHPOBAHHBIX 3HAUCHHAX » # 0 u D > 0 dbynkuus ¢ (z, 2, D) ectnb
pemenue nequueiinoit Kp3 (6), (7), koropyio jmHeapusyeM Ha 3ToM pemntenuu. [Tosy-
YUM JIMHEHHYI0 OMHOPOAHY Kp3 OTHOCHTESIbHO MAIOro BO3MyIeHust w(x) perreHust

U(x, 2, D):

w” + 5 (1-3¢*(2,5,D)) w=0, 0<ux

N

D, w'(0)=w'(D)=0. (12)
Torna, ciemyst [9], BBeEM cieylomiee olpeieseHue.

Ounpepnenienne 1. Ilycrs ¢)(x, 2, D) — pemenne omHoposanoii Henuneiinoit Kp3 (6),
(7) nupu hbUKCHPOBAHHBIX 3HAUEHHSIX apaMeTpoB » # 0 u D > 0. Do penieHne Ha3bIBa-
€M M30/IMPOBAHHBIM TOIJIA, U TOJIBLKO TOIVIA, KOIJIA COIyTCTBYIONIAs JIMHEHHAS OJHOPO/I-
nasg Kp3 (12) mmeer TOAbKO TpUBHAJILHOE PEIIEHUE; B IPOTUBHOM ciydae 9 (x, s, D) —
Hen30JIMpoBaHHoe pernenne Heauneitnon Kp3 (6), (7).

B wacrroctu, nonaras 1 (z, %, D) = ¢ = 1, nomyunm u3 (12) Kp3
w' —2:2w=0, 0<z<D, w(0)=w(D)=0, (13)

KOTOpAas IIPH JIF060M 3¢ # () IMeeT TOJIBKO TPUBHAIBHOE pernenue (To xe 1t ¢(x, 32, D) =
¢~ = —1), Tax uro pemennus )T = +1 — usomposanusie permenns Kp3 (6), (7) npu
Jobom 3 # 0.

3ameuanue 1. Kak uzsectno, nzoauposannoe perienne neauneiinoit Kp3 ama OLY,
BOODIIE TOBOPSsI, MOXKHO HANTH HUTEPATUBHBIMUA METOJAMU (HAIIPUMED, METOJIOM KBa3UJIH-
Heapu3allyn ), UCXOJs U3 JTOCTATOYHO XOPOIIEro HAYaIbHOTO TPUOIHIKEHUS.

Bameuanmne 2. Henuneiinas Kp3 (6), (7), 3aBucsiias or 1ByX mapamMeTpoB » u D,
cBozuTes K ananornanoit Kp3 wa narepsade (0, 1) ¢ omaum mapamerpom p = D 3amMeHOit
HE3aBUCUMOIl [IEPEMEHHOI Tpeyw = ¢/ D. Kak ciiesicTBue, IMEHHO 5TOT mapaMeTp UrpaeT
nasee Hanbojiee BayKHYIO POJIb.

B coorBercrBun ¢ nousituem 6udypkanuu (cm., Hanpumep, [10]) u ¢ yaérom 3ameda-
HUS 2 BBEJEM CJIEIYIOIIEe OIpesesIeHue.

Ounpenenienne 2. B npocrpancrse napamerpos (s, D) touka (s, Dg) Torma, u T0b-
KO TOrjIa, siBjisiercst ToYKoil obudypkanun nenuneitnoit Kp3 (6), (7), oupenesss miist Heé
KPUTHYECKOe 3HaueHne mapameTpa oudypkammu py = 9Dy, Korga cymecTsyeT Hem30-
JIMpoBaHHOe perienue 1)(x, >y, Do) 9Toil 3a1a4n.
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O HEeM30JIMPOBAHHOCTU TPUBHUAJIBHOTO PEIIEeHUs U KPUTUYIECKUX 3HAYEHUIX
napamerpa 6udypkamun. Kak ussecrno (cwm., Hanpumep, [11]), npu svHammaun Tpéx
HOCTOSIHHBIX pertenuii (8) ciemyer, BOOOIE TOBOPs, OXKUJIATH CYIIECTBOBAHHE JIPYTHX
pemtennit Kp3 (6), (7), menstiomux 3uak Ha unrepsase (0, D). Hasuune takux periennii
U UX KOJMYECTBO 3aBUCAT OT BEJUYMHBI Iapamerpa p = »x[D > 0. A mMmeHHO, mojarast
W(x, 2, D) = yero = 0, mosryunm u3 (12) BeromoraTesbHYyI0 JTUHERHY 0 01HOpOoHYy 0 Kp3
Ha oTbICKanue cobcrBenubix 3uadenuii (C3) u coberBenubix dynkmumit (CP) quckpeTHoro
CIIEKTPA:

w' +x*w=0, 0<z<D, w(0)=0, w'(D)=0. (14)
Kp3 (14) umeer cuérnpiii naop C3 s = (D) : (D) = (nl/D)? | = 1.2,....

YuurbiBaem nosoxkurenababie C3
w(D)=nl/D, 1=1,2,..., (15)
KayKJIOMy U3 KOTOpbIX orBedaeT CD
wi(z) = wi(x, D) = cos (nlx/D), 1=1,2,..., (16)

ISl OLIPEJIETIEHHOCTH HOpMupoBaHHas TpeGosannem w;(0) = 1; oHa muMeeT poBHO | HyJIeit
na unrepsaie (0, D).

Torya TpuBHaiabHOE DellleHHe HeauHenHoi oxuopoxHoiit Kp3 (6), (7) sasisercs eé
HEM30JIMPOBAHHBIM DPEIICHUEM IIPU 3HAYEHUSX HapaMeTpoB » U )| yIOBJIETBOPSIONINX
coornommenuto (15), a C3 (15) onpesensor KpuTudeckKue 3HaUYeHUsl napaMerpa oudyp-
kanuu p = »D > 0 wenuneitnoit Kp3 (6), (7). (Dror dakr, BoobIEe roBopsi, MOKHO 110~
JIVIUTH U3 O0IIel CIeKTPAJILHON TEeOpUH JIMHEHHBIX OmepaTopoB: mpoctbie C3 uHeirHOi
Kp3, nonydennoit muaeapusanueii HesmHeliHo Kp3 Ha €6 9acTHOM pEIeHnH, sIBJISTIOTCS
Toukamu OudypKarmu ncxoaHoil Hesauaeitnon Kp3.)

Orcrozia, yanreiBas orpanudenue (11), mosydaem, 9To npu

#D:ln SxD < (I+1)m 1< — nenoe dncio, (17)

cylejlyeT OKUIATh cymecTBoBanus | y3108bix pemennii (%) (z) (s = 1,. .., 1) nesumeitnoit

Kp3 (6), (7), taxux, aro ¢(*) (x) umeer posmo s mymeit na (0, D); UM J0KHBI OTBEUAT
()(0) = &)

suadennst ¢'*)(0) =1, e

0<yl! <™ <<yl <1 (18)

9TO MOJATBEPIKIACTCS KaK HOCIEYOIIMI PACCY 2K ICHUSIMA, TaK U B BbIYHCJICHUSIX.
13 (6), (7) cremyer coornomenue (10), KoTropoe BIEIET CHMMETPHIO (aHTHCHMMET-

puto) pemennit Kp3 (6), (7) orHocurensno npsimoit © = D/2 ¢ 9éTHBIM (HEYETHBIM)

ancsom y3i08 Ha (0, D). HerpynHo Takske IPOBEPUTH CIPABEINBOCTD COOTHOIICHHS

D

[e@ue | (59@) - (60@) | @ =0, (19)

e s,q =0,1,...,1 (mpu s = 0 wim ¢ = 0 nmogpasymesarorcs perienus (8)).
YuuTbiBas Jijisi CTPOTOCTHU CBEJIEHUsI, IPUBEJIEHHBIE Jajiee B Hoapas3iesie 2, OKOHYa-
TEJILHO TOJIYYUM, 9TO CIIPABEITUBO

IIpenmozkenune 2. IIpu BBINOJHEHNN yCJIOBUS

0<xD<m (20)
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onHopoaHas HenuHeitnas Kp3 (6), (7) He umeer npyrux pemieHuil, KpoMe HOCTOSTHHBIX
(8). Ilpu Bbimosinenun yeosuii (17) nenuneitnas Kp3 (6), (7), napsny ¢ pemenusvu (8),
mnveer emé 21 pemenuit +5) (x) (s = 1,...,1), Taknx, uaro ¥*) (x) umeer posHO s HymIeit
ua (0, D).

06 sneprernyeckoii (He)ycroitunBocTy nocrossHHbIX pemenuii. OJLY (6) sBis-
eTcs ypasHerueM Jlarpamka—diiaepa i HEOTPHUIATEIHHO OMPEIEAEHHOr0 (PyHKITMOHA~

JIa
D

E(3,D) = / WoLn (@, )(@) + 0" (@)/2] da, (21)
-D

e Warg — norernuan ['nusbypra—/langay—Xurrca (I'VIX), wiu noreHnuan «camoieii-
crBUst» 1mOJsA ¢ (cM. puc. 1):

Wara (¥, %) = 5% (¥* —1)%/4. (22)

Puc. 1. Ilorennuan I'uusbypra—Jlangay—Xurrca mpu »x = /2

Ha pemenusix ¢(x) Kp3 (6), (7) semuunna Wer g (1, 2)(x) + /> (2)/2 nox umre-
rpasioM (21) ompejiessier IIOTHOCTb CBOOOAHOI (LOTEHIIMAIBHOI) SHEPIUH IJIACTUHBL B
OTCYTCTBHE MArHUTHOTO [OJIs, & BeJaudrHa (21) nponoprioHaibHa OBEPXHOCTHOMN TLIOT-
HOCTH SHEPI'HH — BEJIMYUHE SHEPIUU HA €JUHUILY IIOBEPXHOCTH.

st mocrosinupix pernenwuit (8) Kp3 (6), (7) noxyuaem: narerpas (21) npuHumaer Hy-
JleBoe 3HaUenme Ha perrennax bt = +1, Tak 9TO 3TH pelTeHns (<«HCTHHHBIE BAKYYMbI»
II0JIST 1)) ABJISIIOTCS SHEPreTHIeCKN abCOJIOTHO YCTONIUBLIME (MM aBGCOIIOTHO yCTONYN-
BBIME 110 JIarpamKy); Ha pemeHnn Voo = 0 mmeeM E (3¢, D) = E©) (3¢, D) = D3?/2 > 0,
TaK 410 V3¢ # 0 910 pemnerne («JI0KHbBI BaKyyM» IOJIsI 1)) SHEPreTHIECKU HEYCTOHINBO
(morenmuman ['JIX (22) gocruraer sokanbHOro Makcnmyma mpu ¢ = 0).

ITepexo K HeJmHeliHOI 3a7a4e ¢ OJHUM HEM3BECTHBLIM IIapaMeTPoOM KaK cob-
CTBEHHBIM 3HAYEHMEM JUCKPETHOro cnekrpa. [lis noucka pemennit Kp3 (6), (7),
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OTIMYHBIX OT (8), OyJieM perrarh 3a/ady ¢ HEM3BECTHBIM I1apAMEeTPOM g:

"+ (h—v?) =0, 0<z <D, (23)
P0)=vo  (0<to<1), ¢'(0)=0, (24)
Y (D) = 0. (25)

ITpu durcupoBaHHbIX 3HAUEHUSIX > U D Tpebyercs onpeaeanTsb 3Hadenus g, Yo € (0, 1),
[IPU KOTOPBIX CYIECTBYIOT HETPUBUAJIbHBIE pentenus 3aaa4u (23)—(25), u onpeaenTsb ux
YUCJIO.

Bcenomorarenbayo 3a1ady (23)—(25) MOXKHO TPAKTOBATH KAK HEJIMHEHHY IO CIIEKTPAJIb-
HYIO 33/1a9y CO CIHEKTPAJIHHBIM IapaMETPOM )y Ha OTHLICKAHUE TUCKPETHBIX TOYEK CIIEK-
Tpa na (0, 1).

2.2. O cBs3u pelnieHUud 33Ja4U C JUIMOTUYIEeCKUMU PYHKIuUIMHU fIKoom

Kaxk 3ameueno B [8], npu kax oM dukcupoBannoM 3Hadennn ¥y € (0, 1) 3amaua Komm
(3K) (23), (24) umeer aHATIMTUYECKOE DEIIEHHE:

¥(z) = o sn <%a,w/1—1/)3/2+co). (26)

Baecw sn(u + cg, k) — ssmanrudeckuii cunyc ¢ Mogysiem k,

k:wo/\/z—@bg, K2 <1, (27)

sn(co, k) =1, co=sn"Y(1,k) = K(k), (28)

Co — IIOCTOsAHHAsA CABUrA,

rJie 1I0Ka3aTeslb CTelleHn «—1» MOHUMaeTcst B cMbicsie obparHoii dyukun, K (k) — mou-
HBIH sJmnnTudeckuit uarerpati I poaa:

/2 1
K(k) = / do - / dt k<1 (29)
) V1 k2 sin? ¢ ) V(I =2)(1 - k2t2)

(ompesiesieHnst ¥ CBONCTBA SJUINITHYIECKUX (DYHKIINIT 1 HHTEIPAJIOB CM., HapuMep, B [12]).

Sameuanue 3. B [8] nonymena oneyarka B hopmyiie (26) — 1m0 3HAKOM KOPHSI CTO-
ut ¢ BMecTo 12 /2; OTHOCHTENIBLHO ¢y yKa3aHO TOJILKO, YTO 3HAMEHHe STOfl TOCTOSHHOL
CBSI3aHO C BBHIOOPOM HAJaJIA.

B cupaseymmBoctu dhopmyin (26)—(28) sierko yoeauThest, yIUTHIBasI TIEPBBI HHTEIPAJT
(«3aKkon coxpanenus» ) nus permennit OJLY (23): ¢/? /24 5% (% /2—1)* /4) = const. Toraa
quist perrernst (x) 3K (23), (24) cupaBeyinBo COOTHOIIEHTE

45 (PP — g — /2 +95/2) =0, 0<z<D. (30)

Ocymecrsus B (30) 3aMeHBI IEPEMEHHBIX

w=sex\J1—92/2, b =1/vo (31)
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U yauTbiBast obosnadenue (27), nomyuum OJY mis smmnrudeckoro cunyca (cm. [12]):

(fg) - (1 - 152) (1 - k:%Z?) . (32)

Coryacho [8,12], mepuos kosnebanuii I1 nyist pemmenust (26) Boiparkaercst GopMyIIoi

1= a5 (0)/ /1= 03 2]. 3

e moutHbI ssmmnTrdeckuii uarerpat I poga K (k) u momyns k > 0 oupenesenst B (29)
u (27), COOTBETCTBEHHO.

Mozkno npuGmmkénmo mairu (k) = (1), nenomssys pasnoxenms (e [12,13]):

T 12 12. 32 12.32.52
K(k;)—2<1+22k2+22'42k;4+22'42'62k6+...), k* < 1; (34)

m 2 5, 12.3% , 12.3%2.5%7

m=(1-k)/QA+k), k=+v1-k, m?><k? (36)
u passioxkenue (35) cxoaurcs ObicTpee.

Bameuanue 4. [Ipu D — oo pemenne 3K (23), (24) npu smo6om 3HaueHuun g €
(0,1) ompeziensieT EpHOIMYECKOE OIPAHUYEHHOE Ha BCEH BEIECTBEHHON OCH pelleHue
OJ1V (23) —ssmunrudeckyro GyHKmo Jdkobu, T.e. 3HaUeHNs 1)) 00PA3YIOT HENPEPbIBHbI
crextp Ha (0,1), a dyukmun (26) apastorca CP wenpepwiBaoro crekrpa OLY (23) (cp.
c n. 1.3). MbI BepHEMCsI K 9TOMY 3aMEYaHUIO B mojpasesie 5.

3. YwucieHHbII MeTO/ pellleHns KpaeBoil 3ajlaun

IIycTs Bumommeno yetosue (17), u mycrs (%) (x, 1/)(()8)) — pemenne Kp3 ¢ mapamerpom

(23)—(25), T.e. UpH HAWJIEHHOM 3HAUEHUH 1/1(()8) >0 (1 < s < 1). Torma jsa nepuona
KoJIe6aHUil STOro pelleHusi, KaK HETPY/IHO IIOHSITh, HOJLyYaeM TOUHYIO (hOPMYILy:

=TIy, =2D/s, s=1,...,1, (37)

e s — gncio myneii dyukmm ) (x) ma (0, D).

B pesynbrare, npu Beimoanennu TpeboBanus (17), 11 HAXOXKACHUST HETPUBHAJIBHOTO
perterst (%) (x) nesmmeitnoit oamopomoit Kp3 (6), (7) ¢ moMOIIbio BCIIOMOraTe bHOI
3aja4n ¢ mapamerpoM (23)—(25) ycaosue (25) JOCTATOMHO 3aMEHUTH YCJIOBHEM

PN, /4) = (D/(25) =0, s=1,...,1. (38)

D10 ycsI0BHE CyNIECTBEHHO yI00Hee TeM, UTO cpa3y (DUKCUPYETCsl YUCI0 HyJlel UCKO-
MOit (bYHKINH, & BEIYUCJIEHUST OCYIIECTBIIAIOTCS Ha MeHbieM orpeske [0, D/(2s)] crpesb-

6oit o ycosuio (38) ¢ mapamerpoM CTpesibObl Py = 1/1(()3). Ocobenno 3to objerdaer Ha-

XOKJICHHE CHJIBHO OCIUJLIUPYIONTAX PEIeHuii st GObIMX 3HaYeHuit » u D.
U3 (33), uctosbdyst Toanyio dopmyiy (37), ya00HO HAXOAUTH 3HAYEHUS [TOJTHOTO 3JI-
ymnruaeckoro uarerpasia 1 poma Kg(ks) mis pasnmmanbix 3Hadenuii kg, onpeiessieMbrx
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o dgopmyie (27), rae 1y = és):

Ks(ks):% 1—(53))2/2, s=1,...,1 (39)

Pemrerme ¥(*) (2) Kp3 (6), (7) B pe3yibraTe MOMKHO IIPEICTABATD B BIIE:

P (z) = w(()s) sn (%(x—i—D/(Zs)) \/1 - ( és))2/2> , s=1,...,L (40)

Kpome Toro, 3amernm, 9To npu BHINOJHEHNH yCjioBust (17) U HallleHHBIX 3HAYEHUSIX

(s)

0 >0 JOJIZKHBI BBIIIOJITHATHCA COOTHOIIICHMA

cn(%D 1-(53))2/2+K(k)>:0, s=1,...,1, (41)

rje cn(u + co, k) — 9JMITHYeCKHit KOCHHYC ¢ MOJLysieM k, onpejenaéHubM B (27).

Ecisin yuecTb, B KAKUX TOYKAX JIIMITHYECKUIT KOCHHYC 0DOparaercs B Hy b (cM. [12]),
10 u3 (41) MoJyIUM COOTHOIIEHUST

D1 (wés))2/2+K(k) — (25 + )E(K), s=1,...,L (42)

Kaxk nerpynno nposeputs, coornomenus (42) nupu K (k) = K4(ks), oupeneséHHubIX B
(39), obpamatorcst B Toxkecra. C JIpyroit CTOPOHbBI, UCIIOJIB30BAHIE COOTHOIIEHM (42)

o S
7151 HAXOXKJIEHNsI CaMUX 3HAYUeHU w(() ) >0 SIBJISIETCs, HA HAII B3TJISI, MEHee yIOOHBIM
IO CPaBHEHUIO C OIMMCAaHHBbIM BBIIIE€ YUCJICHHBIM METO/I0OM, TaK KaK Ha Ka)K,ZLOfI urepanumn
rTpebyer niepecuéra k u K (k).

Bameuanue 5. Ha nam B3risz, pemenne 3K (23), (24) ecrb yaobublii ciocob Ha-
XOXKJIEHUS SJUIMITHIECKOTO CUHYCA U IIOJIHOI'O SJITMIITHYECKOro nHTerpasa 1 poga: mpu
3agannoM k > 0 BerauciseM ¥ 1o dopmysie:

vo = hV2/V1+ k2 (43)

pemaem 3K (23), (24) ¢ Tak mosydeHHBIM 3HAYEHUEM )y JIO HEPBOrO HyJIs x1 (DYHKIUN

D(2): yaHTBIDACM, 4T0
v =10/4 = K(k)/ [% m} : (44)
K =1 [=/1- 0372 (45)

n ImpeJacTraBjieHue PEIeHud B BHIE

Y(x) = 1Py sn <%9{:U1—1{)8/2—|—K(k}>. (46)

OTKYJa ITOJIy4vIaeM
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B [12, Ta6n. 30, c. 115] mst mabopa snauenuit k2 = 0,0.02,0.04, ..., 1.0 npuseseHb!
Besimansbl K (k), KOTOpbIe MOTYT CJIy’KUTh KOHTPOJIEM IIPABHJIBHOCTU BBIUUCJIEHU 110
AJITOPUTMY STOTO 3aMEUAHUS.

Bameuanue 6. Dumnruaeckne GyHkuuu fkobu (B 06IeM cirydae 9TO JIBOSIKOIE-
puogndeckne MepoMopdubie (DYHKIUE KOMILJIEKCHOTO apryMeHTa) OObIYHO BBHIYHUCIISAIOT
Pa3JIOXKEHUSIMU B Psijibl (CM. TaK¥e pas3JIoXKeHus, Hanpumep, B [13]), a miist yckopenust cxo-
JUMOCTH PSITIOB UCIIOJB3YIOT MPEICTABICHNS 3TUX PYHKIINI depe3 TaTa-pyHKImn Axodbu
(em. [12,14]), uro, Ha HaII B3JIs, SBJSIETCS JOBOJBHO I'POMO3JIKOI Tporieaypoii. Ho
UMeeTCsl JIU aJIbTEPHATUBA 9TOMY IIOJXO0/Iy B CIydae KOMILIEKCHOIO apryMeHTa, HaM ITOKa
HEU3BECTHO.

4. Pe3yabTraTbl pacuéToB

Pacuérer ocymecTBisinch B mporpaMMHoil cpejie nakera Maple 14.01 (nunensus BT
PAH) ¢ 3a/aBaeMoOii TOYHOCTBIO BBIUUCJIEHUN U JOIOJHATEIbHBIMU TPUEMAME KOHTPOJISI
KOJIMIECTBA BEPHBIX 3HAKOB. [IpuMepnl pacuéTHBIX JaHHBIX IPUBEIEHBI B Ta0. 1.

Tabauna 1
ITpumepsl pacYETHBIX JAHHBIX
1 2 3 4 5
D D o © © @ ©
0.5 6.4 3.2 0.21944
8 4 0.70593
15 7.5 0.97987 | 0.62511
20 10 0.99657 | 0.87298 | 0.38498
27 13.5 0.99971 | 0.96549 | 0.81006 | 0.42061
34 17 0.99998 | 0.99011 | 0.92363 | 0.76507 | 0.43999
1/vV2 | 47 | 3.32... | 0.37576
7 4.95... | 0.86788
9 6.36... | 0.95433 | 0.18329
13 9.19... | 0.99395 | 0.82457
13.7 | 9.68... | 0.99573 | 0.85632 | 0.26671

16 | 11.31... | 0.99858 | 0.92307 | 0.63312
20 | 14.14... | 0.99981 | 0.97262 | 0.84060 | 0.52681
26 | 18.38... | 0.99999 | 0.99393 | 0.94573 | 0.82457 | 0.59550

0.8 4.5 3.6 0.56027

7 5.6 0.91972

8 6.4 0.95552 | 0.21944

11 8.8 0.99203 | 0.79345

12 9.6 0.99548 | 0.85123 | 0.21944

13 10.4 0.99744 | 0.89124 | 0.48602

17 13.6 0.99973 | 0.96672 | 0.81525 | 0.43999

21 16.8 0.99997 | 0.98941 | 0.91972 | 0.75455 | 0.40830
1.0 4.5 4.5 0.81007

5 5 0.87298

6.38 6.38 0.95486 | 0.20027

8 8 0.98592 | 0.70593

11 11 0.99832 | 0.91345 | 0.59105

13 13 0.99959 | 0.95864 | 0.78139 | 0.29532

16 16 0.99995 | 0.98592 | 0.90179 | 0.70593 | 0.21944
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Tabauma 1
IIpumMepsbl pacdY8THBIX JAHHBIX ([IPOLOJI>KEHUE)
1 2 3 4 5

B D 2D é ) (() ) (() ) é ) (() )
1.2 2.7 3.24 0.28205

3.5 4.2 0.75455

5.5 6.6 0.96153 | 0.35270

7 8.4 0.98941 | 0.75455

10 12 0.99917 | 0.94037 | 0.70593

12 14.4 0.99984 | 0.97505 | 0.85123 | 0.56027
15.5 18.6 0.99999 | 0.99441 | 0.94852 | 0.83211 | 0.61335

1.5 2.2 3.3 0.35270
4 6 0.94037
4.3 6.45 0.95711 | 0.26062
9.5 8.25 0.98822 | 0.73763
6.38 9.57 0.99538 | 0.84944 | 0.20027
7.8 11.7 0.99898 | 0.93337 | 0.67681
10 15 0.99990 | 0.97988 | 0.87298 | 0.62511
11.5 17.25 0.99998 | 0.99097 | 0.92824 | 0.77745 | 0.47519

Jlono/THNTEeTbHBIM KOHTPOJIEM TOYHOCTH BBIYUCJIEHUI MOTYT CIIy?KUATBH CJIEJIYIOIINE
[paBWJIa U COOTHOIIEHUs:: 1) Jyisi PUKCUPOBAHHOIO j > 1 NP OJMHAKOBBIX 3HAYEHUSIX

mmapamMeTrpa p = »x D J0KHBI ObITH OJIMHAKOBBIMU BEJTUINHBI w((]] ) (¢ yuérom 3ameuanus

2, BeJINYUHBI ¢éj ) 3aBHCAT TOMBKO OT npoussejieHns napamerpos »xD); 2) eciu Dy /so =
Dy /sy mpu Dy > Dy u sp > 51, 10 pemenne 1(°2)(z, Dy) npu = € [0, D] coBmamaer ¢
pemrenuem 1 (51) (z, Dy), ABIsASICH €10 IPOJIOJIZKEHIEM J10 3HadeHus © = Dy ¢ yBeJmIeHneM
qucsia Hysteil; 3) JI0JKHBI BBIIOJHATHCsE cooTHomenust (10), (19).

ITpumep rpadukos pemennii Kp3 (6), (7) cM. Ha puc. 2.

w1

0.5

=0.5

Puc. 2. I'padukn y3aoBbix pemennii 1)) (z) mpu D =12, »=0.8, s =1,2,3

C yuaérom dopmys (8) u orpanndenusi (11) Bcero 3mech nmeercs: 4 HeTPUBUABHBIX
pemenust Kp3 (6), (7) — onuo ocuosnoe ¢ = 1 u Tpu ysnosbix (cm. Tabi. 1).
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Baxxkuo 3amerutTs, uro jyts ncxouoit Hemmueitnoit Kp3 I'VI (1), (2) (mpu h > 0) 3naue-

HUS iwés) U3 IPUBEIEHHON BbIme TabJl. 1 OYAyT OnpenesaTh «KOPUIOP» CyIIeCTBOBAHUS
pelllennii, y KOTOPBIX 1)-KOMIOHeHTa umeer § Hysei Ha (0, D).

5. JlomostHeHume: 00 o/HOI 3a/1a4ye HEJMHEWHON TEeOpUU IO

OY (6), paccmarpuBaemoe Ha Beeil ocu R, M3BECTHO B HEJMHEHHOH Teopuu moJst
7 KOCMOJIOTMH KaK OJHOMEPHOE CTAIMOHAPHOE YPABHEHUE JJId HEATPAJILHOTO CKAJISPHO-
ro nojisi Xurrca B npocrpancrse MuUHKOBCKOro (cm., Hanpumep, [15] u murupoBanHyio
TaM Jinreparypy). B obmewm ciydae (N + 1)-meproro npocrpancTBa MUHKOBCKOTO ¢ KO-
opauHaTamu Tog = t, 1,...,xn (N > 1) sarpankuan L jgist Takoro nosst ¢ (7, t) umeer

BUJI;
RV AN A

riae Wern () — norennman IJIX, oupesnesnéunsiii B (22).
VYpasuenue Jlarpamnxa—itiepa mjis sarpankuana (47) umeer By

> dWeru(¥) N
— — A —0 = reR teR 4
12 NY + ) 0, re , €R, (48)
rae Ayx — N-MepHbIi omeparop Jlamnaca u
dW,
Wornld) _euw? - ). (49)

3/1ech MCIIOB3YeTCsI CUCTEeMa eJMHUI, B KOTOpoit ¢ = A = 1 (¢ — ckopocTh cBeTa B
BakyyMme, h — nocrosinaas [lnanka). B aroil cucreme eauHUIL HETPUBUAIBHON OCTAETCS
TOJILKO pa3MepHocTh Macehl ([m] = M), a jymHa u BpeMsi UMeT pa3MepHOcTh 1/M.
Torna [»] = M, a ¢ — Benuunna 6e3pa3MepHasi.

VYpasuenue (48) obsiaaer, B 4aCTHOCTH, U3BECTHBIMU OJIHOMEPHBIMU PEIeHUsIMU, KO-
TOpBIE HA3BIBAIOT «JIOMEHHBIMH CTEHKAMI» (OHH COEJMHSIIOT JIBA «MCTHHHBIX BAKYYMay ).

B obmiem ciryaae 3TH CTEHKM JABUXKYTCS € MIOCTOSTHHON CKOpocThio v, 0 < v < 1, Hampas-
JIEHHO MEPIeHINKY/IAPHO UX TOBEPXHOCTH:

s (7= 75,1~ to,1,0) = & tanh <\7§ (7,7 75) % w(t — to)] /ﬂ) (50)

rie tg, v — mapaMeTphl, ) — BEKTOD TapaMeTpOB, 7l — e IMHUIHBIN BEKTOD B HAIIPABJIEHUN
PacIpPOCTPAHEHUA BOJIHBL.

Jtst cTanmoHApHBIX OJHOMEPHBIX PEIIeHU, MMEFOITNX BHU/T

Yy (¢ —a°) = + tanh <\’;§ (z — x0)>, (51)

rie ,2° € R (2° — mapamerp casura), momydaem

+o0 2
1 (dpy,
E, = / 5 ( 12&? ) +Wern(Yw,) | do = 2%\/5/3’ (52)
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rjie F,, — TOBEpXHOCTHASI INIOTHOCTh SHEPIUH CTEHKU, CKOHIIEHTPUPOBAaHHASI, BOODIIE TO-
BOpsI, B TOHKOM CJIO€. 3HAYTEHUE

PWarn e N
S = [dwz(wwi)] —1 / (%ﬂ) ~ 0.7071068/ 3¢ (53)

CBA3aHO C IIOHATHEM TOJIINIMHbI CTCHKH (I/IJII/I IIJIéHKI/I)7 a 3HavdeHue Ew COBIIaJa€T CO 3Ha-

YeHueM
+oo

A, , 17
Ow = / [ﬁx (m)] dx = 2:0v/2/3 ~ 0.942809 s, (54)

— 00
KOTOPOE OIIpeJIe/isleT MOBEPXHOCTHOE HATsiKeHHe IUIEHKH (cM., B wdactHoctH, |15], rme
n3yvaroTca bostee obrme 3aa4un ¢ norennuagamu tuna ['JIX ¢ «mepekorneHHbIMu Baky-

yMaMu», BOSHUKAIOIINE KaK B HEJUHEHHON TEOPUU IOJIsd, TAK U B HEJUHEHHON (hu3nke
CJIOYKHBIX CPeJT JIJIsi MOJIEJIel TUIIa «ITy3bIpeil» U «KAIesby ).

B cranmonapuom oxHoMepHoM ciaydae (N = 1, x = x1) u3 (48), (49) caeayer OLY
(6) mpu = € R; dazosbiii moprper jyist pertenunii aroro OLY cm. Ha puc. 3.

Puc. 3. ®@asoBblii noprper ais pemenunit OAY (1) npu »x = /2

3/ech TOMOKJIMHIYECKAsT 0pOuTa, 00pa3oBaHHasl ABYyMs IeT€POKIHHIYECKIMI OpOH-
tamu Mexkay toukamu {1, ¢’} = {—1,0} u {¢,¢'} = {1,0}, orBewaer pemennsm (51);
BHYTPH 9TOii «s9eiiKi» 3aMKHyTble OPOUTHI 06PA30BaHbI EPHOANIECKUMHE SJIIAITHIE-
ckumu dysxmmsamu dxobu (cm. Bameuanue 4); «ycbl» u3 touek {¢,¢'} = {—1,0} n
{,9'} = {1,0} orBeuator TounbM cuHryIspHbIM penterusM OLY (6):

Ysing, (z —2°) = * coth (\;‘5 (x - J;O)). (55)
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MozkHO TakzKe IOKa3aTb, YTO JUIs JII000ro (DUKCHPOBAHHOIO 3HAYEHUsI & = T, > 0
OJ1Y (6) obsamaer oHOIAPAMETPUIECKUM CEMECTBOM CUHTYJISPHBIX pertenuii («blow-
up solutions» ), UMEIOIUX B [VIABHOM IIPEJICTABIICHIE

V2

M{“FO(U}? |z — x| — 0. (56)

Vsingy (z — xp) ==+

OTHUM pelnieHusIM OTBEYalOT HeoI'PaHWYeHHbIe KpuBble Ha puc. 3. O crnocobax BbLIeseHI
U M3YJYeHUs] TAKUX PEIleHuii cM., B yactHoctH, B [15].

Ipu Gompmmx 3Hadvennsx »D > 0 oguoysmosoe pemenne (1) (z) memmmeitnoi Kp3
(6), (7), ¢ yaérom orpanudenus (11), BooOGie roBopsi, Gyaer 6113K0 K (DyHKIMN

Yo (x = D/2) = tanh ((D/2 - 2)/V2)

(em. (51)). B wacrroctu, npu D = 7 u 3 = 1.5 rpaduku s1ux GyHKIUi IpakTHUIECKH
COBIIAIAIOT.

6. 3akJirouyenue

B saksrouenne ormerum, uro xorst OJLY (6) xopoio u3BecTHO B HEJIMHEHON Teopun
noJsist U KocMoJiorud, nojapobnoe usydenue Kp3 (6), (7) Ha KOHEUYHOM HHTEpBaJe HaM
Hem3BecTHO. Ha HaIm B3MIsII, CC/Ie0BaHNST JAHHOM PAOOTHI MOT'YT TaK Ke TPEeICTABISATh
WHTEpEC JIJIS CIEIUAINCTOB 110 U3YUEeHUIO U MPUMEHEHNIO SJIINNITHIeCKNX (pyHKIIi AKo-
OU BEIEeCTBEHHOT'O apTryMeHTa.
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UDC 519.63
On an Auxiliary Nonlinear Boundary Value Problem in the
Ginzburg—Landau Theory of Superconductivity and its Multiple
Solutions

N. B. Konyukhova, A. A. Sheina
FRC CSC of RAS, Moscow, Russia

We realize analytic-numerical investigation of a homogeneous boundary value problem (BVP)
for a second-order ordinary differential equation (ODE) with cubic nonlinearity and two real
parameters which arises from the Ginzburg-Landau theory of superconductivity. Multiple non-
trivial solutions to this problem depending on the specified parameters are expressed through
the Jacobi elliptic functions and describe the stationary states (near the critical values of tem-
perature) of a superconducting infinite plate of a finite thickness without magnetic field. It is a
“degenerate” problem with respect to the original nonlinear BVP for a superconducting plate
in a magnetic field and is important to construct algorithm for finding all the solutions to the
indicated input problem in a wide range of the parameters. Studied problem is of separate
mathematical interest by itself.

Key words and phrases: The Ginzburg—Landau theory of superconductivity, station-
ary states of a superconducting plate without magnetic field, nonlinear second-order ordinary
differential equation (ODE), homogeneous boundary value problem (BVP) and its multiple so-
lutions
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MareMmaTudeckKkne MoOJAeJa U METOIbI
B DKOHOMUKE

VIK 330.4, 519.86, 517.977.5
ArpernpoBaHHasi JIByXCEKTOpPHAas JIMHAMUYECKAasi MO/IeJTb
BEHYYPHOI'0 MHBECTUPOBAHUSA

B. A. Ocranos

Poccutickuti yrusepcumem dpyotcobvr Hapodos, Mockea, Poccus

BenuypHbIil KalmuTas COCTaBJIsSET 3HAYUTEIBLHYIO JI0JII0 MHBECTUNINH B MHHOBAIMOHHBIE IIPOEK-
bl. CTponuTcsi AByXCEKTOPHAS JTUHAMUTIECKAST MOETh IKOHOMUKM C YIETOM BEHUYPHOTO MHBE-
CTUPOBAaHUs. BLIIEIAI0TCAa IATh 9KOHOMUYIECKUX areHTOB: HacejeHne, 0AHKM, TOPrOBbIe IOCPE/I-
HUKHU U ITPOU3BOJCTBO, Pa3JIeJIEHHOE Ha JBa CEKTOPa — TPAJUIMOHHBIN M WHHOBAIMOHHBIA. B
cTaTbe MAETCd MUKPOOIHUCAHNE JEATETHLHOCTH (HGUPM 000MX CEKTOPOB.

OupMbl OCHOBHOTO CEKTOPA B KaXKJbII MOMEHT BPEMEHH O0Opa3yIoTcCs 3a CYET Iepexona B
HEro OJHON n3 (pUPM BEHUYPHOI'O CEKTOPA, B KOTOPOM B KaKJIbIIi MOMEHT BPEMEHH CO3IaETCS
HeCcKOJIBKO dupM. [TapaMerpbl THHOBAITMOHHBIX (DUPM 33TAI0TCS HOPMAJIBHBIM PACIPEIETICHUEM.

BenuypHblit nHBECTOP KpeauTyeTCs OAHKOBCKON CHCTEMOM, IIOJHOCTBIO KOHTPOJIMPYIOIIEH JT0-
XOZIbI ¥ YOBITKY BEHYYPHOT'O ceKTopa. Hacenenne nHBeCTUPYET JIEHBIU B (PUPMBI TPATUIIMOHHOTO
CEeKTOpa B MOMEHT X IIepexo/ia U3 BEHIYPHOIO.

OnuceiBaeTcs mporece BbIXOAa (DUPM M3 MHHOBAIMOHHOI'O CEKTOPA M UX NPOJaku. Takxke
JIAHO OMMCAHUE TIPOTIECCa JTUKBUIAINH YOBITOUHBIX hupM 06oux ceKTopoB. lIpuBossaTcs pesyiib-
TATHI IUCIEHHDBIX SKCIEPUMEHTOB C 3aMKHYTOM MaTeMaTHIecKoi mozaennio. [IpesiokerHnas Mo-
JeJIb BXOJIUT B PEXKHUM 3KCIOHEHIIMAJIBHOI'O POCTa B KOTOPOM BBLIEIAECTCA XapaKTEPHBIA U3JI10M
B MOMEHT BPEMEHHM, KOT/[a MHBECTHUIINHN HACEJICHUS BBIXOJAT HA YPOBEHb OAHKOBCKUX KPEJINUTOB.

KiroueBbie ciioBa: BEHYYPpHOE€ MHBECTUPOBaHUE, MaTeMaTUI€CKOE MOJe/INpOBaHne, OIITU-
MaJIbHO€ yIIpaBJICHHE, YUCJICHHBbIEC METO/Abl, MaTeMaTUIeCKasd IKOHOMUKA

1. Bsenenue

Prinok Benuypubix maBecTunuit B XXI B. MOCTOSHHO paciiupsieTcs. B coBpeMeHHYIO
SII0XY AKTYAJIHbHOU fABJISETCS TEOPUsl SKOHOMUYIECKOI'O Pa3HOOOpa3usi, OCHOBHBIM IIOCTY-
JIATOM KOTOPOHl SIBJISETCS TO, YTO MOCTOSHHOE PACIIHPEHIE ACCOPTUMEHTA, IIOTPEOUTE b~
CKHAX TOBApPOB CTHUMYJIMPYET MOTPEOUTENHCKYIO aKTUBHOCTD HacejaeHus. TakuM oOpas3oM,
OYEBHUIHO, UTO HaceseHne OyeT obecriednBaTh OOJIBIIHI CIIPOC HA HHHOBAIMOHHBIE TOBA~
pbl. BenuypHbrit kanuTas B HAIlE BpEMs ABJISIETCA OCHOBHBIM NCTOYHUKOM WHBECTUIINNA B
WHHOBAITUOHHBIE TTPOEKTHI. TeM caMbiM 0OOCHOBAHHO SIBJISIETCS HEOOXOIUMOCTD IIOCTPO-
€HUsI MOJIeJI WHBECTUIIMOHHON MOJUTUKU (DUPM, YIUTHIBAIONIEl BEHIYyPHBII KanuTal 1
BBIJICJIAIONICT MHHOBAIIMOHHBIN CEKTOP B OTACJABHBIN CEKTOP IIPOU3BOACTBA.

B cratbe paccmaTpuBaeTcd JUHAMUYECKAsS MAKPOIKOHOMUYIECKAs MOJETb BEHIYPHO-
ro muaBectupoBaHus. CunraeM, 9TO B SKOHOMHKE B3aWMOJIEHICTBYIOT 5 areHTOB: KPYI-
HOE IPOU3BOJCTBO, NHHOBAIIMOHHBIN CEKTOP, OAHKOBCKMIT CEKTOD, HACEJICHUE U TOPTOBLIi
nocpetHuK. [IponsBosicTBO onpejiesnisieTcss AByMsI CEKTOPAMU: MEePBBbI — KPYIHBIN, BTO-
poit — uHHOBaIMOHHBII [1,2].

IIpennonaraercs, 9To B KaXKJIbIi MOMEHT BpEMEHU B MHHOBAIMOHHOM CEKTODE CO31a-
éTcs OIpeieIEHHOe YICJIO (DUPM, apaMeTPhl KOTOPBIX 33AI0TCs C ITIOMOIIBIO HOPMAaJIb-
HOTO PACIpe/Ie/IeHHIs. B nepBoM cekTOpe B KaXKIbIii MOMEHT BPEMEHU CO3JIAETCS OJlHa
dupma 3a CUET Iepexoa U3 NHHOBAIIMOHHOTO CEKTOPA (PUPMBI ¢ HAaUMEHDINeH TPYI0EM-
KOCTBIO. B MOMeHT BbIxof1a (hUPMBI U3 WHHOBAIIMOHHOTO CEKTOPA IIPOUCXOIUT JIOMHBE-
CTUPOBAHUE B HEE JIETTO3UTOB HACEJIEHUS, KOTOPOE HAYNHAET BJIAJIETh COOTBETCTBYIOIIEN
YaCTBHIO KallUTaaa (PUPMBL.

Crarbsa nocrynuia B pegaknuio 28 ampesns 2016 r.
PaGora Beimonuena npu yacruanoi noanepxkke POOU (kox npoekra 15-07-08952).
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B Momenn cunmraercs, 9T0 B KPYIIHOM CEKTOPE TEXHOJIOI'MH TOJBKO YCTAPEBAIOT, &
MOIITHOCTHA BOCIIPOM3BOSATCS TOJBKO 38 CUYET CO3MAHUA HOBBIX (pUpPM. B HMHHOBaIIMOH-
HOM CEKTOp€ HaJaJIbHAsl TPYAOEMKOCTD 33a8TCs CJIYUIaHO, IIPU ITOM CAMa, TEXHOJIOTHS
MOXKET KaK Pa3BUBATbCs, TAaK U JErpajupoBaTh [3,4].

B wnHOBaImoHHOM CeKTOpe (PUPMBI CO3JAIOTCA 3a CYET WHBECTHPOBAHUS COOCTBEH-
HBIX CPEJICTB BEHUIYPHOT'O WHBECTOPA U KPEIUTOB, KOTOpPhIe OH Oeper B Oanke. JloXompl n
pacxoabl HHHOBAITMOHHBIX (PUPM KOHTPOJUPYIOTCST MHBECTOPOM, KOTOPBIH MOyvIaeT 10~
XOJI TIPU BBIXOJie (PUPMBI 13 WHHOBAIIMOHHOTO CEKTOPA, & TAKXKe OT BJIAJIEHUsT AKTUBAMU
KPYIIHOIO CEKTOPA.

Hacesienne B Mojiein TpaTuT JAeHBI'M Ha MOTpeOJIEHAE M UHBECTUIIMH B (PUPMBI, IIepe-
XOIANE B KPYIHBIH ceKTop. JloXompl HaceIeHnsT CKIIAIBIBAIOTCS U3 3apabOTHON TIATHI
pabounx, TUBUIEHIOB OAHKOB U JOJU B JOXOJAaX KPYIHBIX (DUPM.

BankoBckasi cucTemMa XpaHUT JIEMTO3UTHI HACEJIEHUS U COOCTBEHHUKOB (PUPM, BBIIABASI
KpPEIUTHI BEHIYPHOMY HHBECTOPY.

Omnmcanne MOIEIN HAYHEM C OMMCAHMUS CEKTOPOB Ipom3BoiacTBa. Jlajgee mpuBOIUTCSI
OIMCaHNuEe YKOHOMUYIECKON JIesATEeJIbHOCTH HACEJIEHUsI W OIPEJIEIsIeTCsl PBIHOK TOBapOB.
BaBepIaercst ONUCAHNE MOJIEJN ONMCAaHNEM OAHKOBCKON CHCTEMBI.

Bropast 9acTb cTaThby MOCBAIIEHA YUCJICHHBIM SKCIIEPUMEHTAM C MOJIEJIBIO U aHAIU3Y
WX PE3yJIbTATOB.

B zakJitouenne nNpuBOIUTCS SKOHOMUYECKAsT WHTEPIIPETaIdsl [TOJIy9eHHBIX Pe3y/IbTa-
TOB W TPEJJTOXKEHUS 110 JAJbHEHIIEMY PA3BUTHIO MPEITOXKEHHON MOIEJIH.

2. Onucanune CEKTOPOB IIPpOuU3BOACTBA
2.1. BenuypHBbIii ceKTOp
2.1.1. Mukpoormnucanue

Cumraem, 9To B KaxK/[bIil MOMEHT BPEMEHHI T B CEKTOPE CO3aéTcs N, bupM, onpene—
JISTIOTIIXCSL MOIHOCTBIO 1), (t, T) 1 KarmrayoM ki (f,T), H3MEHSITOUIXCS C TEMITAMH /L
B7+% COOTBETCTBEHHO, U HAMAJIBHON TPYI08MKOCTBIO Vi, Takye camraeM, 9TO MONIHOCTH

7
MOLYT PaCIPOJABATBCS ¢ TeMIOM Uy (¢, 7).
MomHOCTb, KaluTas u TPYA0EMKOCTb AL (t, 7) N3MEHSIIOTCS B CHILY CJIE/LYIONIUX ypaB-

HeHuIt: ) ] ) )
mz) (t7 7-) = [M;J - U% (t7 7-)] : m;(tv 7—)7
iﬂi(t, T) [ﬁg’z - ui(tv T)] : qu) (t’ T)v

No(t,7) = —pTt - ml(t, 7).

v

BbIJIaHHBIN BeHIYPHOMY HHBECTODPY 6aHKOBCKUI KpeauT P, (7) aeamurest HOpOBHY MexK-
Jly BHOBb CO3JIAHHBIMU (DUPMAMU, 3aKyIAIONMME IIPOIYKT 1O HeHaM py(7) u p,(T) s
CO3JIaHUS MOIIHOCTU ¢ HOPMaMu (GOHIOEMKOCTH b1y (T, T) U byy (T, T).

Ki(r,7) = —==, X (1,7) =1}

T

D, (1)
v [P1(T) - 010 (T, 7) + po(T) - b (T, T)]

[pubsuts 7 (¢, 7) ckaaapBaeTca u3 goxona m4Y(t,T) OT IPOU3BOJICTBA 3a BBIYETOM
Pacxo/I0B Ha 3apabOTHYIO IJIATY ¥ 3aKyNKY MaTePUAJIOB C HOPMAMU A1y (T, T) U Ayy (T, T)
u goxofa ¥ (t,T) OT pacupoaXKu MOITHOCTEH.

Wi’y(tv 7—) = [ v(t) - Sv(t) ’ )\:}(t, 7—) - pl(t) cQ1y — pv(t) ’ avv] ) yqu(tv 7—)7

mf}(T, T) =
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ﬂ-qi;’Z(t’T) = Ufj (tv T) : [pl (t) : blv(t’ 7_) + Dv (t> : bUU (t’ T)] : m; (tv 7-)7
Wf) (t,7) = Wi’y(t, T)+ W:;’Z(t, 7).
Broimryck yf) (t, T) 3aBUCHUT OT IPUOBLILHOCTH (DUPMBI:

yi (t 7_) — mvll;(ta T)> Fé,y(t’ T) > 0;
v 0, mo¥(t, ) < 0.
Borycku 5V (t, 7) m y% 1 (¢, T) TPOIYyKIUT CeKTOPOB BCJIeICTBHE MTPOIAYKH MOITHOCTEI!:
Yol (t, ) = ul (t,7) - by(t, T) - mi (£, 7),
yol(t,m) = ul (t, 1) - bro(t, ) - mi (¢, 7).

Crpoc Ha pabodyIo CUJIY OIPEeIseTCsl BBIITYCKOM:

Rf) (t,7) = )\i (t,7) - yfj (t,7).

2.1.2. Maxkpoomnucanue

O6osznaunm 3a T*(t) MHO)KECTBO MOMEHTOB t*(7) coszmanust (UpM, Heperreaux B
IEepPBBIl CEKTOp B MOMEHT T K TeKylleMy MoMeHTy Bpemenn t. CyMMapHbIE TOKa3aTesIn
vomHoctn M, (t), karmrana K, (t) u cpoca na pabouyto cury R%(t) B cekrope ompese-
JIATCS CJIEAYIONIUM 00pa3oM:

K,(t) = / dr) KLt T), My(t) = / drY " mi(t,7),

T€[0,¢]/T(t) T€[0,¢]/T(¢)

RI(t) = / dr SRt 7).

T€[0,t]/T*(t) My

3a,10/2KeHHOCTH GAHKOBCKOI CHCTEME yMEHbITaeTcst 3a cuéT Boiuiar H, (t) u yBennan-
BAaETCs 3a CIET HAYUC/IeHHs IporieHTa 71 (f) 1 BHOBB BbLnanuoro kpeauta O, (). denosur
YBEJIMIMBACTCS 32 CYET HAYUCIICHUs IPOIeHTa 71 (t) U JUBUICHIOB d,(t).

Ly(t) = r1(t) - L(t) — Hy(t) + @, (1),

Dv(t) = TQ(t) : Dv(t) + dv(t)7
Lv(o) = q)v(o)’ DU(O) = 0.

[Tpubsus Beraypuoro umsecropa 1L, () ckiiagpiBaeTCs U3 JOXOIOB OT IPOU3BOJCTBA
I1¥(t), pacuponazku mommuocreit 117 (t), nepexoma dupm B nepserit cexkrop 117 (¢) u momm B
Joxojax 1epsoro cekropa 117 (t). Ona MAST Ha IUBUICHIB U BBITLIATHL.

H,(t) + d,(t) = I, (¢),

I, (t) = TY(t) + 105 () + LI (¢) + 1T (2),

Y () = / a3 w(t ), T = / dr S w1, 7),
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I (1) = /dT (= (7)) - mt, )], TE(E) = rg - B1 (1),

T

IIpoyKImst CeKTOpa CO37a8TCs 38 CUET NPOU3BEIEHHOrO ToBapa Y,P(t) u co3manHoro
U3 PACIpPOJIAHHBIX MoIHOCTel Y, (¢):

V() = / dr S it 7) + / dryb(t,7), YP(t) = / AR
TE[0,8]/T*(¢) v T ™ v

JIOXOHOCTD BEHUIYPHOT'O CEKTOPa MOYKHO OIIPEJIENISITh JIBYMs PA3HBIMHU CIIOCOOAMUT:

Hv (t) + AKU (t) - (I)v (t)

<
p'U(t) ~ Lv(t) ’
AL (¢t i
0 < PO =5 ZE - @) e~ palt) - auy | T, 6L
Po N b1 (t) : blv(t> t) + pv(t) ' bvv (t, t) Ny .

2.2. OcCHOBHOI ceKTOop
2.2.1. MuxkpoonucaHue

CumraeM, 9TO B KaK/Jblii MOMEHT BPEMEHH T B CEKTOD ILEPEXOJUT OfHa (upma u3
BeHIypHOro cektopa. Momuocts my (¢, 7) u Kamurasa kq(f, 7), yOBIBAIOT ¢ TeMIAMU [i1 U
(1 COOTBETCTBEHHO, OOIIMMH JJIsi CEKTOpa. BHOBb cUMTAEM, YTO MOIIHOCTH MOLYT Pac-
IPOJABATECS C TeMIIOM uq (t, 7).

MorHoCTb, KaluTaa U TPYI0EMKOCTD )\1(t, 7') U3MEHAIOTCA B CHUJIY CJICAYIOINX ypaB-
HEHUI:

ml(th) = - [ul + w1 (t?T)] ) ml(t?T)v
kl(tﬂ_) = - [ﬁl + ul(th)] : kl(th)v
).\1(15,7') = U1 - ml(t,T).

Kanuranuzanus ¢upMbl B IEpBOM CEKTOPE CKJIAIBIBACTCA U3 €€ KAIlMTaJia B BEHIYP-
HOM CEKTOpPe 1 MHBeCTUIwii Hacesennst 1 (7) 3a BBIYETOM JI0JIX '3 BEHIYPHOI'O HHBECTODA.
Ba cuér 9TUX MHBECTHIMI co3/1a10Tcst HOBble MotuocTu I4 (7). Homst s(7) Hacesenus: B
dupme ompese/IsaeTcst OTHOIIEHNEM BHOBb CO3JAHHBIX MOIHOCTEH K X OOINEMY YHCTY B
dupwme:

ky(m,7) = ky(m,t" (7)) + (1 — r3) - D1(7), ma(7,7) = my(7,t" (7)) + L1 (7),
_ . _ (1 —13) - P1(7) Ii(r)
e e N O R N T ma(r.7)

IIpubb1ab, BBIIYCKN U CIPOC HA PabOUyI0 CHILY OIPENeNAIOTCS TaK Ke, KAK U B BEH-
YYPHOM CEKTOpE:

7 (t,7) = [p1(t) — s1(t) - AL(t,7) — p1(t) - @11 — po(t) - @v1] - y1(t, 7),

i (t, 1) = ur(t,7) - [pr(t) - b1 (t, 7) 4+ po(t) - by (¢, 7)] - ma(t, 7),
mi(t,7) =7l (t,7) + 75 (¢, 7).

() =
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CunraeM, 4TO HIPUOBLIb AEJIAT HACEJIEHUE U BEHYYyPHBI MHBECTODP B 3aBUCUMOCTH OT
CBOUX JIOJIENA:
dn(t,7) = (1) - m1(t, 7),
dy(t,7) = (1 — (7)) - m1(¢, 7).

Broimycku:
t =
nien={ § wl(t.7) <0,

yi(t,7) = ur(t,7) - by (¢, 7) - ma(t, 1),
yi(t,7) = ui(t,7) - by (t,7) - my(t, 7).

Cmpoc Ha pabouyro CUiy:

Ri(t,7) = M(t,7) - y1(t, 7).

2.2.2. Maxkpoormniucanue

Cymmapuble mokazarenan momtaoctu M (1), xamurana Ki(t) u cupoca ma pabodyio
ey RE(t) B cexTOpe ONMpPeIe/IaTCs CIeIyIONIM 00Pa3OM:

Kl(t):/dT/ﬁ(t,T), M, (t) :/dTml(t,T), Rg‘(t):/dTRl(t,T).

IIpoyKuust CEKTOpa CO3/aéTCst 3a CIET POM3BESHHOro ToBapa Y1 (t) n co3gaHHoro
13 PaCIpOJaHHbIX MommHocTeit Yy (1):

Yi(t) = / ar S i, 7) + / dryl(t,7), YP(t) = / dry (t, 7).

T T T

3. Hacemnenue
Hastee o Tekcry uHuexc i, rie ¢ € {1, v}, moapasymeBaer, 4To ypaBHEHHe BEPHO JJIst

000UX CEKTOPOB.
CunTaeM, 9TO HaceJeHNE PACTET C TEMIIOM Ag:

Rs(t) = RO : exp()\o : t).

IIpeyozkenne paboyeii cutel R (t) B cekTopax onpeensercs aoneit xF(t), koropas
U3MEHsIeTCsl C TeMIIOM ALR B 32BHCHUMOCTH OT Pa3HHUILI B YPOBHSX 3aHATOCTH B CEKTOPAX:

Ri(t) = xj'(t) - R*(t),  Ri(t) = min{R;(t), R{(t)},

re L [RE®) R
v =72 [Rf(t) T Ri(0)

Craska 3apaboTHOl mIaThl S;(t) B CEKTOpEe yBEJIMIMBAETCS IIPU HEXBaTKe paboueil

CHJIBI C TEMIIOM 2~
1 R&(t)
i(t) = —— R S
5i(t) Smax{O Re(0)

] () =1 xRe).
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Jemo3uThl HaCe/IeHUsT CKJIAIbIBAIOTCA W3 OKJIa/1a, OAHKOBCKUX JTUBUJCHIOB U JIOJU
B Jiox0JlaXx (bUPM IIEPBOrO CEKTOPa, YMEHbIIAsCh 3a ¢46éT naBecturmit $q(t) B dbupmsl,
[IEPEXO/IATINE B IEPBBINl CEKTOP U TOTPEOIEHUS:

D (t) =ra(t) - Dn(t) + dn(t),

dy(t) = s1(t)Ry(t) + s, ()R, (8) + dp(t) + /dT [2(7) - w8, T)] — @1 (t) = Cu(t) — Co ().

T

O6beM HHBECTUITAI PACTET C TEMITOM ITPOIOPIINOHAIBHBIM OTHOIIEHNIO BHOBD CO3/TaH-
HBIX 38 CYET HACEJEHUs] MOIIMHOCTeH K 00Ieil MOIITHOCTU CEKTOPA ¢ KOIPMOUITMEHTOM V'

By (t) = 7 - f;fg) By(2).

ITorpebsenne C;(t) HaceseHHEM MTPOIOPIUOHAIBHO ¢ KOIMDMOUIMEHTOM Y. UMEOIIe-
MyCsl y HaceJIEHUS JENO3UTY U JI0Jie BHOBb CO3/IaBAEMOI0 TOBApa, NHTEPEC K KOTOPOMY
[AJIAeT C TEMIIOM 7,

Ci(t) =ve - Dn (1) - /dT [W : e—%1~(t—7)] ’

m{)(t, T)

Co(t) = e - D () - / dr {Mv(t) , e—%v-u—f)} .

T€[0,t]/T(t)

4. OmnumcaHue pbIHKA

Brimryck mpoyKImn KazKJI0ro U3 CEKTOPOB CKJIAJIBIBAETCS U3 IIPOU3BOJICTBA TOBAPA U
pacupomakKu MOITHOCTEIA:
Yi(t) =Y7(t) + Y (1)

Crpoc Ha TPOMEXKYTOIHbIH TPOIYKT J;(t):

Jl(t) = a;1 - Ylp(t) + @y - Yp(t).

v
Coznasaembie momnoctn I;(t) u cipoc Ha dongoobpasytomuit mpoaykt C (t):

D;(1)

. CL) = b L (8) + bip I (1).
b + pupn Ot = b h(®) +bi L ()

Li(t) =

OCHOBHBIM B YHCJIEHHBIX 9KCIEPUMEHTaX ObLI crtocob 06pa3oBaHUs IEHBI B 3aBUCH-
MOCTH OT IIPE/IJIOZKEHUsT TOBAPA, HA PBHIHKE.
Bamnacs! Q;(t) U3MEHSIOTCS B CUJLY PA3HOCTH MEKJIY IIPOU3BOJICTBOM U TOTPEOJIEHUEM:

_Git)
pi(t)

Temn m3amenenusi 1eHbl p;(t) TPOMOPIMOHAJIEH OTHOIIEHUIO 3AIACOB K MOIHOCTU C
ko3 punmenTom ;. OHa mamaeT B ciydae n30OBITKA TOBapa W PACTET B CIydae ero Je-

dunura: .
() =~ )

Qi(t) = Yi(t) = C{ (t) = Ji()
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5. Onucanmne 6aHKOBCKOII CHUCTEMBbI
ITaccus 6ankoBckoit cucremsl D(t) cKiIaJplBacTCsa U3 aKTUBA U pe3epBa R(1):
L(t) + R(t) = D(t).
Peseps namensiercst B cuiy smuccun F(t) ¥ IPOIOPIMOHAICH JIUBUICHIAM:
R(t) = E(t), R(t) > £D(t).
SMI/ICCI/IH JEHE2KHBIX CPeJCTB IIPOIMOPIMNOHAJJIbBHA BBIITYCKAaM:
E(t) = e -pi(t) - Y (1) + €y - po(t) - Y2 (2).

Bankosckuii JEIIO3UT CKJIaJAbIBaCTCA U3 JIUBUJICH/I0OB HaCeJI€eHUA U BEHIYPHOI'O NHBE-
CTOpa, a TaKKe IMHUCCUU:

D(t) =ra(t) - D(t) + dn(t) + dy(t) + E(t), dp(t) =ri(t)- L(t).

IMonoxkus R(t) = £ - D(t), mOIy<IuM COOTHOIIEHNSI HA BbIIABAEMbIil OAHKOM KPEJIUT U
IPOIEHTHBIC CTABKU.
Kpenur:

By (t) = 1€_£E(t) _ i),

ITponentnast craska 1mo Kpeauty 71(t) €CTh MAKCHMYyM H3 CPeJHEl JOXOIHOCTH CEK-
TOPOB U JICIIO3UTHOM CcTaBKU 7(t):

1(t) + po(t) £ B(t) —dy(t) —dn(t)
B T (U B o

r1(t) = max {7"2 (t),

6. I‘II/ICJIeHHbIe JKCIIEPpUMEHTBbI C MO/JIeJIbIO
YHucjieHHbIE 9KCIIEPUMEHTHI TPOBO/IMJINCH IIPU CJEAYIONEeM Habope mapaMeTpoB:
h=0.1 =01 e =€ =01 XN=06 Ry=5-10°, n, =3,
p1(0) = py(0) =20, 51(0) = 5,(0) =10, Q1(0) =Qu(0) =0, o =a, =05,

AS = AR = 15, A11 = Ayl = A1y = Agyy = 0, b11 = bvl = blv = bm, = 1.5,
M1 = 005, 51 = 0.1, ry = 0.25, Yo = 1, Yo, = Yo, = ()_17 Yo = 25.

IlapameTps! (pupM BEHUIYPHOTO CEKTOPA, 3aaBaeMble HOPMAJTBHBIM PACIIPE/IeIEHIEM
N(a,0) ¢ MaTeMaTHIECKUM OKHUJAHUEM @ U CPEJIHEKBAJIPATUICCKIM OTKJIOHEHUEM O

voT = N(0.3,0.2), ubT = N(-0.1,1.5), BT =1.2-pub".

Hagaspabie pacnpenesenust 3aaBajinch B 9KCIOHEHIINAILHOM (hopMe.

Cucrema mociie CcTabUIN3AIUN TAPAMETPOB BBIXOIUT B PEKUM IKCIOHEHITHATIHLHOTO
pocTa, KOTOPBIt MEHSIET CBOI TeMII B MOMEHT, KOrJa 06beM MHBECTHUINi HaceeHuns: hax-
TUYECKH CPABHUBAETCS ¢ OAHKOBCKUM KpeauToM (puc. 1).

B sToT MOMeHT 00a 9THX ITOKa3aTeJsl HAYMHAIOT PACTU C OJIHUM TEMIIOM, & JIOJIsI Hace-
Jienns B pUpMax TPAAUIMOHHOTO CEKTOPA HAYNHACT K0J1e0aThCs HAa ypOBHE 45 IIPOIICHTOB

(puc. 2).
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7. 3akJirouyeHue

B pamMkax mpeJioyKeHHON MOJen yAa€TCs BOCIIPOU3BECTH IIPOIECC BBIXOIa (DUPMBI
W3 WHHOBAIIMOHHOTO CEKTOPa B TPAJIUIIMOHHBIN U JIOMHBECTUPOBAHMS B HEE CPEICTB Ha-
CeJIeHusI, YTO B JIOCTATOYHO I'py0oil popMe ONHUCHIBAET MPOIECC MePBOHAYAIBHOIO Pa3-
MeIIEHUsI aKIUi. DTO IMO3BOJISIET MOBOPUTDH O JaJIbHEHIIIEM pPa3BUTHH JIAHHOW MOJIEIH.
[Ipeamonaraercst BBeIEeHNE Pa3HBIX IEH TOBAPHI KaxkKI0i m3 (hupm, a TakKe BO3MONK-
HOCTb WHBECTUPOBAHUS TPAIAIIMOHHOTO CEKTOpa OaHKaMu. AKTyaIbHBIM sBJISETCs OoJtee
TOHKOE OIHCaHue pabOThl ODAHKOBCKON CHUCTEMBI M MCC/IEIOBAHIE BIUSHUS CTPYKTYPHBIX
U3MEHEHWIT B BEHUYPHOM CEKTOpE Ha SKOHOMUKY CTpaHbl [5.

JIuteparypa

1. Oaenes H., Ocmanoe B. A. K nuHAMUYIECKOI MOJIEIN C YIETOM BEHIYPHOTO KAITUTA~
sma. — Mocksa: BII PAH, 2014.

2. Olenev N. N., Ostapov V. A. Optimal Investment Problems in a Dynamic Model of
Economy with Venture Capital // Optimization and Applications (OPTIMA-2015). —
CC RAS, 2015.

3. Ocmanos B. A. 3ajada onTuMaJbHOro nHBecTupoBanust // MoxepHusarust 1 HHHOBa-
[IMOHHOE Pa3BUTHe 3KOHOMUUIecknx cucteM. — Mocksa: PYJIH, 2014. — C. 344-362.

4. Ocmanos B. A., Oaenes H. H. Onrumusaiusi B IMHAMHYECKONR MOJEIN WHBECTHU-
[MOHHON MOJUTHKN (UPM HHHOBAIMOHOTO cektopa // Becrmuk TIV. — 2015. —
T. 20, Ne 5. — C. 1337-1340.

5. Oaenes H. H. UccnenoBanne BAUsIHAST CTPYKTYPHBIX M3MEHEHMIT Ha IKOHOMUKY Poc-
cun // Becrnuk Poccuiickoro yausepcurera apykObl Hapogos. — 2015. — Ne 1. —
C. 150-157.

UDC 330.4, 519.86, 517.977.5

Aggregated Dynamic Model of a Two-Sector Economy with
Venture Investment

V. A. Ostapov

Peoples’ Friendship University of Russia, Moscow, Russia

Venture capital now is a significant part of investments in innovative projects. In this article
it is proposed dynamic model of a two-sector economy with venture investment. There are five
economic agents: the population, the banks, resellers and producers, divided into two sectors -
the traditional and innovative. The article gives microdescription of firms in both sectors.

The main sector companies at any given time are founded by moving into it one of the venture
sector firms, where several firms are being created in each moment. Innovative firms parameters
are set by the normal distribution.

Venture investor takes loans of the banking system, and is fully in control of gains and losses
of the venture sector. People invest money in the firms which join the traditional sector to gain
their share in profits.

The article describes the process of exiting the innovation sector by firms and their sale. Also
it is described the process of liquidation of unprofitable firms in both sectors. The results of
numerical experiments with a closed mathematical model are presented. The proposed model
shows the exponential growth in which stands a distinctive kink in the time when the investments
of the population reaching the level of bank loans.

Key words and phrases: venture investment, mathematical modelling, optimal control,
numerical methods, mathematical economics
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Solution of the Boundary-Value Problem for a Systems of ODEs

of Large Dimension: Benchmark Calculations in the Framework
of Kantorovich Method

A. A. Gusev*, O. Chuluunbaatar*, S. I. Vinitsky*’, V. L. Derbov*

* Joint Institute for Nuclear Research, Dubna, Russia
" RUDN University, Moscow, Russia
t Saratov State University, Saratov, Russia

We present benchmark calculations of the boundary-value problem (BVP) for a systems of
second order ODEs of large dimension with help of KANTBP program using a finite element
method. In practice, for solving the BVPs with the long-range potentials and a large number of
open channels there is a necessity of solving boundary value problems of the large-scale systems
of differential equations that require further investigation of convergence and stability of the
algorithms and programs. With this aim we solve here the eigenvalue problem for an elliptic
differential equation in a two-dimensional domain with Dirichlet boundary conditions. The
solution is sought in the form of Kantorovich expansion over the parametric basis functions of
one of the independent variables with the second variable treated as a parameter. The basis
functions are calculated in an analytical form as solutions of the auxiliary parametric Sturm-
Lioville problem for a second-order ODE. As a result, the two-dimensional problem is reduced
to a boundary-value problem for a set of self-adjoint second-order ODEs for functions of the
second independent variable. The discrete formulation of the problem is implemented using the
finite element method. The efficiency, stability and convergence of the calculation scheme is
shown by benchmark calculations for a triangle membrane with a degenerate spectrum.

Key words and phrases: benchmark calculations, boundary-value problem, large-scale
systems of ODEs, Kantorovich method, finite element method

1. Introduction

The solving quantum tunneling problem or calculations of spectral and optical prop-
erties of electronic states in axially symmetric quantum dots and Helium-like atom (sys-
tem of two-electron in the Coulomb field) is reduced to the solution of boundary-value
problems (BVP) for elliptic differential equations with nonseparable variables in a fi-
nite domain [1-3]. One of the ways to solve these problems is implemented as a set of
programs ODPEVP-POTHEA-KANTBP [4-6] basing on the Kantorovich method (KM)
that provides the reduction of the initial problem to a set of self-adjoint second-order
ODEs [7] with further discretization by the finite element method (FEM) [8]. In practice,
for solving problems with the long-range potential and a large number of open channels
there is a necessity of solving boundary value problems of the large-scale systems of the
ODEs that require further investigation of convergence and stability of the algorithms
and programs.

Testing such approach, algorithms and programs for the solution of two-dimensional
BVPs and large-scale systems of the ODFEs is the aim of the present work. We present
a computational scheme for solving the eigenvalue problem for an elliptic differential
equation in a two-dimensional finite domain with Dirichlet boundary conditions. The
solution is sought in the form of Kantorovich expansion over the basis functions of one
of the independent variables with the second variable treated as a parameter. The basis
functions are calculated as a solution of the parametric eigenvalue problem for an ordinary

Received 12%F July, 2016. The work was partially supported by the Russian Foundation for Basic
Research (RFBR) (grant 14-01-00420). The reported study was partially funded within the Agreement
No. 02.a03.21.0008 dated 24.11.2016 between the Ministry of Education and Science of the Russian
Federation and RUDN University.
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second-order differential equation. Finally, the initial problem is reduced to a BVP
for a set of self-adjoint second-order differential equations for functions of the second
independent variable. The discretization of the problems is carried out using the FEM
with Lagrange interpolating polynomials. The result is used to formulate a generalized
algebraic eigenvalue problem for higher-order matrices. We demonstrate the efficiency
of the KANTBP program for solving the boundary-value problem for a systems of the
ODEs of large dimension in benchmark calculations for the exactly solvable eigenvalue
problem of a triangle membrane with the degenerate spectrum.

2. Kantorovich Method

Let us consider the 2D BVP in the two-dimensional domain Q(xf,zs) C R*:

(- = o+ Viese) — B) ey =0, 1)

where V(zf,z,) is a real-valued function and W(zs,xs) satisfies the Dirichlet condition
at the boundary 0Q(x ¢, x5) of the domain Q(z ¢, z;)

U(xys,xs) =0. (2)

(zf,25)€0Qx s ws)

The solution ¥(xf,x,)EWZ(Q) of the BVP (1)-(2) is sought in the form of Kan-
torovich expansion [7]

jlnax
Ui(wp,as) = Y ®j(asms)X5(@s), (3)
j=1
using the set of eigenfunctions of the parametric BVP

32
(<30 + Vo) — () &g =0, (@)
f
defined in the interval zy € (x}“m(xs), z'7¥(z5)) = Q,(z5) and depending on the vari-

able x, € (zM" 2M%%) = ., as a parameter. These functions obey the boundary
conditions

(M (ws)ias) =0, By(a™(ws);25) =0 (5)
at the boundary points {x?in(xs), TP (zs)} = 0Qy, (w5), of the interval Q. (z5).

The eigenfunctions satisfy the orthonormality condition in the same interval z; €
Dy, (z5):
f S

wrfax (zs)

(®;|®;) = / (2 25)Pj(w s 25)dTy = 04 (6)

wy}in (-Ts)

In Eq. (4) e1(zs) < ... < €j,..(s) < ... 1s the desired set of real-valued eigenval-
ues. If this parametric eigenvalue problem has no analytical solution, then it is solved
numerically using the ODPEVP program [4] or in the case of two variables POTHEA
program [5].

Substituting the expansion (3) into Eq. (1) with Egs. (5) and (6) taken into account,
we arrive at the set of self-adjoint ODEs for the unknown vector functions x*(z,, E) =
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XD () = (), x) (@ )T

d2
<_Ida:§ +U(z,) —EI+

Q) | Q(a:s)dd> X () = 0. ™

dz, T

Here U(z,) and Q(xs) are matrices of the dimension jmax X Jmax

Uij(xs) = €i(xs)0i; + Hij(xs), (8)
21 (z,)
H;j(zs) = Hji(zs) = / aq)ig;: Ts) a(pjézj;; ms)d:cf, (9)
P (zs)
2P ()
Qij(xs) = —Qji(xs) = — / ‘E(W;%)def
2R (.)

The solutions of the discrete spectrum E:EBi<Ex<..<E,<... that obey the
boundary conditions at the points z = {z™" z2**} = 90, | bounding the interval Q2 _,

S s

XP(al) =0, ol =o' 2P (10)

and the orthonormality conditions

max
Ts

/ (D ()X () s = 65, (11)

min
Ts

are calculated by means of the KANTBP program [6].

3. Benchmark Calculation: Triangular Membrane

As a benchmark example we consider the exactly solvable BVP for a triangular mem-
brane in conventional variables (zf,z,) € Q(zf, z)

0?2 0?2
<_3$§ - 875? - E) V(xs,xs) =0 (12)

with the Dirichlet conditions at the boundary 0€2(z,y) of the region Q(zf,xs)
U((xg,xs) € 0Nzyf,25)) = 0. (13)

In the considered case the parametric eigenvalue problem (4)-(6) has an exact so-
lution, i.e., the parametric eigenfunctions ®; (zs;z,) and potential curves ¢; (r5) are
expressed in the analytical form

- V2sin (;f@f—m’;"“(rs» )

T mzxx(ws)iwmin(ms)
max min ? ®; ('(E ;3175) - - . : (14)
2 () — 2 (a,))? !

\/:E?ax(:cs) — x}“i“ (xs)

€; (565): (
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With the basis functions (14) the integration in the effective potentials (9) can be
carried out analytically, which yields the expressions

iy (-1t i)
1) s

dx dxg

Ql(xs)__ . max min ) .77&27
I 2 — j2 TP (zs) — 2P (2s)
i 'dmmax(ws) dmlnin(‘rs) dmlnax(zs) dwlnin(zs)
1 (T ) (50
ij\Ls) = — : max min ’
’ (1% — j2)? (@ (@s) — 2P (ws))?
dxmax(xs) 2 dmmax(xs) dl'min(llfs) dil'min(its) 2
7T27:2 ( fdws ) + ( fdws ) ( qu:s ) + ( fdxs )
H“(CCS) = max min 2 +
3 (xf (zs5) — Ty (5))
(dw?]ax(a:s) _ dacr;]in(acs)>2
1 dxs dx s
+7 max min 2"
4 (2P () — 2P (2s))
In the symmetric case 2**(z,) = —x‘}“in(:ﬂs) the matrix elements H;; and Q;; be-

tween even and odd indexes equal zero and one can solve the BVP for even (e) and odd
(o) solutions separately.

As a domain we chose the equilateral triangle with side equal to 47/3, in this case
the eigenvalues E; = p? +v? + pv = 3,7,7,12,13,13,19,19,21, 21,27, ..., where y,v =
1,2,..., are integer [9].

Case 1, x; is paralleled to a triangle side and x5 belong to a triangle height:

o () = 2m/3 — x5 /V3, J;}nin(ars) = —21/3 4+ x,/V3, x™P =0, P =271/V3.
Case 2, z; is paralleled to a triangle side and x¢ belong to a triangle height:
TP () = 21 /V/3 — V3|, 2PN ) =0, @ =-2m/3, a2 =27/3.

In both cases taking into account the symmetry properties of the equilateral tri-
angle, we apply the FEM for discretization of the BVP (7)—(11) using finite element
grid Q,, = (0(2)3v/4(2)v), v = 2** — 0.002, where the number of finite elements in
each subinterval is presented in parentheses, and Lagrangian interpolation polynomials

of p/ = 12th order, which provides the accuracy O(h? *1) of the vector-eigenfunctions
Xz, E) = xD(xs) = (Xgl)(ms),...,Xg.fjax(:cs))T and O(h?") of the ecigenvalues E;
where h = 3v/8 is the maximal element length [8].

The numerical calculations of eigenvalue problem (7)—(11) were carried out till jiax =
280 using the new version of the program KANTBP 2.0 implemented in Fortran. In Fig. 1
some typical examples of profiles of the eigenfunctions are presented, corresponding to
the exact doubly degenerate eigenvalues ES=FE{=7, E{=E$=13, and Ef=EF{=19.

Achieved the discrepancy dEY = EZ — E; of the order of 107 for the eigenvalues
that is shown in the Table 1. One can see from the table that the convergence rate of
the Kantorovich expansion (3) is the order j.3 , which corresponds to the theoretical
estimations given by the perturbation theory. Similar rate of convergence takes place also
in solving of the parametric 2D BVP for a Helium atom [5] and 2D BVP for quadratic
membrane [10].
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444+
444<

Figure 1. Eigenfunctions ¥(z,y) of bound states of the 2D boundary-value

problem (12), (13) composed by the components X( )(z5) of the eigenfunctions of
the BVP for system of ODEs (7)—(11) and parametric functions ®; (zs;zs) from (14)

Table 1
The discrepancy 0E{ = E7°*° — E?, 0 = e,0, vs a number jm.. of even (e) and odd
(o) basis functions (14) of Kantorovich expansion (3)

Jmax | 0ES OES OES 0ES O0ES, 0EY 0E3 OE?
case 1
2.47(-2)

6 | 1.36(-4) 5.44(-4) 2.45(-3) 1.29(-3) 2.32(-2) | 6.67(-4) 2.59(-3)
13 | 1.37(-5) 5.41(-5) 2.35(-4) 1.22(-4) 2.02(-3) | 7.44(-5) 2.85(-4) 2.35(-3)
28 | 1.39(-6) 5.49(-6) 2.37(-5) 1.22(-5) 1.99(-4) | 7.98(-6) 3.05(-5) 2.44(-4)
60 | 1.42(-7) 5.62(-7) 2.42(-6) 1.25(-6) 2.03(-5)| 8.41(-7) 3.21(-6) 2.56(-5)
130 | 1.41(-8) 5.56(-8) 2.39(-7) 1.23(-7) 2.01(-6) | 8.42(-8) 3.22(-7) 2.56(-6)
8)

280 1.43(-9) 5.54(-9) 2.41(-8) 1.24(-8) 2.05(-7) | 8.56(-9) 3.26(- 2.59(-7)
case 2

6 | 8.69(-4) 8.21(-3) 1.83(-2) 2.43(-2) 0.95 1.13(-3) 8.79(-3) 4.84(-2)
13 1.01(-4) 8.93(-4) 1.79(-3) 2.33(-3) 3.57(-2) | 1.34(-4) 9.97(-4) 3.10(-3)
28 1.13(-5) 9.82(-5) 1.93(-4) 2.52(-4) 3.48(-3) | 1.50(-5) 1.10(-4) 3.27(-4)
60 1.21(-6) 1.05(-5) 2.07(-5) 2.70(-5) 3.65(-4)| 1.62(-6) 1.18(-5) 3.48(-5)
130 1.24(-7) 1.07(-6) 2.10(-6) 2.73(-6) 3.68(-5)| 1.64(-7) 1.20(-6) 3.52(-6)
280 1.29(-8) 1.09(-7) 2.13(-7) 2.78(-7) 3.74(-6) | 1.68(-8) 1.22(-7) 3.58(-7)

exact | ES=3  E§=T E§=12 ES$=13 E$=37 |E{=T E$=13 E9=37

For the number j,.x of the parametric basis functions increased to 280, that requires
more RAM and computer time are needed. The dimension of the mass and stiffness
matrices and their half-width are following: (124 4 1)jmax X (124 + 1)jmax and (12 -
2 + 1D)jmax: 294 x 294 and 150 for jmax = 6, 2940 x 2940 and 1500 for jp,.x = 60,
13720 x 13720 and 7000 for jma.x = 280. The calculation time was about 1 seconds for
Jmax = 6, 15 seconds for j,.x = 60 and 455 seconds for jn.x = 280 in the double precision
of Fortran-77 using the PC Intel Core i5 3.33GHz, 4Gb, 64 bit Windows 7.

4. Conclusion

We show and estimate the rate of convergence of Kantorovich expansion (3) in bench-
mark calculations for the exactly solvable eigenvalue problem of a triangle membrane
with the degenerate spectrum, together with the efficiency and stability of the KANTBP
program for solving the boundary-value problem for systems of the ODEs of a large
dimension.
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The proposed benchmark model can be used for testing of algorithms and programs

for solving the BVPs for systems of the ODEs or generalized algebraic eigenvalue prob-
lems of a large dimension.

10.
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Pentenue kpaeBbix 3aga4d ajist cuctem OJIY 6omabiioit
Pa3MEepPHOCTH: 3TAJIOHHbIE pacdeThl B paMKaX MeTo/ia
KanaToposuya

A. A. Tyces*, O. Uynyyubaarap*, C. 1. Bunnnkuii*,
B. JI. Iep6os?
* O6sedunéHnbLl uHcmumym adeproux uccaedosanul, 2. Jlybra

 Poccutickuti yrusepcumem opyorcbo, napodos, 2. Mockea
Y Capamoscruii zocydapemeeniuid ynueepcumem, 2. Capamos

[IpencraBaenst TaI0HHBIE PACTETHI KpaeBoit 3amaqan st cucteM OY BToporo mopsiaka 601b-
ot pazmepHocTu ¢ nomoinibio nporpamymbl KANTBP ¢ ucnonpzoBannem MeTo1a KOHEIHBIX 1€~
MeHTOB. Ha mpakTuke /Ui peneHus: KpaeBbIX 33/a4 ¢ JAJIbHOAEHCTBYIONIMMHY ITOTEHIINAIAMA U
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6OJIBIIIOrO YUCJIA OTKPBITHIX KAHAJIOB HEOOXOIMMO pelIaTh KpaeBble 3aJ1a4un sl cucteM nudde-
PEHIMABHBIX YPaBHEHUH HGOIBITON Pa3MEPHOCTH, KOTOPbIE TaKyKe TPEOYIOT M3y IeHUsT CXOTUMO-
CTH ¥ YCTORYMBOCTH aaropuTMoB u nporpamm. C 3To# 1esbio B JAHHON paboTe peleHa 3a1ada
Ha COOCTBEHHBIE 3HAYEHU JJIsI JJIANTUIECKOro JuddepeHnaabHoro YpaBHEHUS B JBYMEPHOM
obsacTu ¢ rpaHndHbIME yciaoBusmu Jlupuxie. Permenune wmmmercs B Bume pasnoxkenusi Kanto-
pOBHYA IO APAMETPUIECKUM 0A3UCHBIM (DYHKIUSM OHOM M3 HE3ABHCHUMBIX II€PEMEHHLIX, DU
9TOM BTOpasl He3aBUCHMAasl IIepeMeHHAas PACCMaTPHUBAETCA Kak IapaMeTp. Basucuele dyHKInn
BBIYUCJIAIOTCH B aHAJTUTHYIECKOM BHJIE KaK PEIIeHNUs BCIOMOTaTeIbHON ITapaMeTPUYeCKOi 3a/1a4u
Irypma—/Inysuiis giuss OY Broporo nopsizka. B pesynbrare, aBymepHast 3ajada CBOIMTCS
K KpPaeBoii 3aj1ade IJjisi caMOCOIPsixKEeHHo# cucreMmbl OJIY BTOpPOro mopsiika OTHOCUTEBEHO BTO-
POIi HE3aBUCHMOI IepeMeHHOM. JIucKpeTu3alus 3a/1a4u BBIIIOJIHEHA B PAMKAX METOJA KOHEYHBIX
3J1eMeHTOB. DDDEKTUBHOCTD, YCTONUYMBOCTD U CXOAMMOCTD BBIYHUCIUTEIBHON CXEMBI IIPOJIEMOH-
CTPUPOBAHA STAJOHHBIMU PACYETAMU JJIsi TPEYTOJIbHON MeMOPAHBI ¢ BHIPOXK/IEHHBIM CIEKTPOM.

KuroueBblie cjIoBa: TECTOBBIE PACUETHI, KpaeBas 3aada, cucrembl OLY GombImoit pazmep-
HOCTH, MeTos; KaHTOpOBMYA, METO/, KOHEYHBIX 3JIEMEHTOB
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The new algorithms and programs, implemented in Maple, for solving waveguide-type multi-
channel scattering and eigenvalue problems for systems of the second-order ODEs with N x N
matrix piecewise constant coefficients on the axis are proposed. New algorithm and program for
solving the boundary-value problems by method of matching the fundamental solutions (MMF'S)
of the system of ODEs at the points of discontinuity of potentials are elaborated. In each of the
subintervals of an axis the general solution of the system of ODEs are sought in the form of linear
combination of 2N fundamental solutions with unknown coefficients. Each fundamental solu-
tion explicitly dependent on spectral parameter and eigenvalues and eigenvectors of algebraic
eigenvalue problems with N x N matrix of constant potentials. From the condition of conti-
nuity for the solutions and their derivatives at the discontinuity points of the potentials, the
system of algebraic equations is followed. In the case of bound or metastable state problem the
obtained system of algebraic equations contains nonlinear dependence of unknown spectral pa-
rameter. For solving such nonlinear problem symbolic-numerical algorithm is formulated. The
benchmark calculations of bound, metastable and scattering states of BVPs for systems of the
second-order ODEs obtained using program of the MMFS are compared with those obtained
using program of the finite element method.

Key words and phrases: multichannel scattering problem, eigenvalue problem, system of
second order ordinary differential equations, method of matching the fundamental solutions

1. Introduction

The boundary-value problems for systems of N second-order ordinary differential
equations (ODEs) of the waveguide type with the matrix of piecewise constant poten-
tials arise in mathematical modelling of quantum-dimensional nanostructures and optical
multilayer systems [1]. For example, application Kantorovich method to the solution of
Maxwell’s equations in an integrated optical waveguide with an irregular change of pa-
rameters along two horizontal directions is considered in Ref. [2]. In this paper the BVP
for a system of differential equations for the coefficient Kantorovich functions using com-
puter algebra system Maple was derived. For solving such type of the BVPs the method
of matching the fundamental solutions (MMFS) at each boundary between the adjacent
axis subintervals was applied for single second-order ODE, while application to system
of ODEs is required [3].

The generalization of MMFES and creation of effective algorithms and programs for
solving the BV Ps for N second order ODEs with piecewise constant potentials in axis is
the aim of the present paper. The efficiency of the algorithm and program is demonstrated
by the example of calculating the resonance and metastable states of the multichannel
scattering problem in the axis for the set of IV second order ODEs with piecewise constant
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potentials. The results of solving the boundary-value problem by program of the MMFS
in axis are compared with those obtained using program KANTBP 4M [4] of the finite
element method (FEM) in finite interval with appropriate boundary conditions.

The structure of the paper is following. In Section 2 we present the algorithm of
MMEFS for solving the BVPs for systems of IV second-order ordinary differential equations
with piecewise constant potentials and calculation of bound, metastable and scattering
states. In Section 3 we compare the benchmark calculations MMF'S of bound, metastable
and scattering states with results obtained with the program KANTBP 4M that realizes
the Finite Element Method (FEM).

2. Algorithm of matching the fundamental solutions

Let us consider the boundary-value problems for systems of N second-order ordinary
differential equations (ODEs) of the waveguide type

(-1 + Ve - BT) 85 =0, #() = @6 0@ ()

with the matrix of piecewise constant potentials V(z) = {Vji(2)}, i,j =1,..., N:
Vii(2) = {Vji, 2 < 21, Viisa, 2 < 22, ooy Vii—1, 2 < 2Z—1, Vjisk, 2>26—1}- (2)

Here we suppose that the matrix of potentials is symmetric Vj;(z) = Vj;(z) and real-
valued Im Vj;(z) = 0, the case of complex valued potentials is considered in [5].

Step 1. In each of the subintervals z € (2,,,-1, 2m), m = 1,..., k, the system of N
ODEs (1) is a system of ODEs with constant coefficients

d2
<_Idz2 +V.,— EI> ®,,(2)=0,
that has the general solution, explicitly depending upon the spectral parameter E

N
@m(z)zz(c om—2yn 41 F™ (B, —2) 8™ 4 C 1y v F (B, 2) W “”’). (3)

i=1
Here Fl(m) (E,z) =exp <\/)\§m)—Ez>, Comn+i are unknown coefficients, /\gm) and \Ilgm) =
{\Ilgn), W%)}T are the solutions of the algebraic eigenvalue problem

Vol Mg n

calculated numerically. For the symmetric real matrix V,, the eigenvectors \Ill(.m) obey

the condition of orthogonality and normalisation (\Il(m))T\Ilg»m) = 0y;.

Step 2.1. For bound states E<FE,.x= mm(/\(l) ...,/\S\}),/\gk), .. .,)\g\’f)) the asymp-
totic conditions at z — £oo describe the exponentially decreasing solutions ®,,(z) of

(3)
(2——00) ZcNﬂepr/ )—Ez>q:§1>, (5)
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N
P (z—+00)= Z C2k—2)N+i €XD (—\/ )\Z(»k) —Ez) lIlEk). (6)
i=1

The wave functions of bound states satisfy to the normalization conditions

“+o0

/ dz®1(2)®(2) = 1, (7)

— 00

where T means a Hermitian conjugation.

Step 2.2. For metastable states EM=Re EM44Im EM | Im EM <0 the asymptotic
conditions at z—oo describe outgoing waves in the open channels and exponentially
decreasing solutions in the closed ones

N ) CNyi exp< Agl)_EMZ)a Re BM < )\1(1)7
( (8)
(2

i=1 C; exp (—z EM—/\51)2> , ReEM > /\Z(»l),

N ) Cor—2)N4iexp| — Agk)—EMZ)» RGEM<)\EI€)7

®i(z = +00) = Z\Ill

(9)
i=1 Clok—1)N+4iexp| 2 \/EM—)\gk)z>, Re EM > )\Ek).

The wave functions of metastable states satisfy to the normalization conditions

®
i
|
3
Il
g
S

/ 1287 (2)®(2) = 1 (10)

where 7 means a transposition.

Step 2.3. For multichannel scattering problem with fixed energy F = Re E the
desired matrix of solutions ®(z) is calculated with the asymptotic form “incident wave
+ outgoing waves” (see Fig. 1)

Xad ()T, + X (2) T
B, (s 4o0) =4 T (2)T~ + X (2) o 2>0, a1
Xmin (Z) + Xmin (Z)R—> + an;in(z)Riv z < 07

Xk (2) + Xk ()R + XS (2)RE, 2 >0,
X (T + X ()T, 2 <0.

min min

P, (2> +o0) = { (12)
Here R_, and R are desired square matrices of reflection amplitudes with the dimen-
sion NEx NI and NP x NE and T_, and T are the rectangular matrices of transmission
amplitudes with the dimension N*x NX and N x N, where N and NF are the num-

bers of open channels in the asymptotic regions. Here the desired scattering matrix S
with the dimension N, x IV, is calculated

_ (R» Te s — sst —
S(Tﬁ RJ’ sts —ssf—T1, (13)

which is unitary and symmetric for real effective potentials.



Gusev A.A. et al. Algorithms and Programs for Solving Boundary-Value. . . 41

D, (z—> 1) @, (z — +o0)
X(+)(Z) X(_)(Z)
—» <—
4 - >

X7 (2R, | XP(2)T, XO)T,_ | XP(2)R_
numbelgf<0 . RZ>O z<0 . Rz>O
oven channels: Ng No No No

Figure 1. Left and right asymptotic solutions “incident wave + outgoing waves”
respectively

Let us write the expressions (11)—(12) in the explicit form
exp(z \/EMf)\El)z>
: gL+
\/EM—AEI) o
( ) Esx O, (19

(— (1)
(PZL z — —00) Z\IJ YR 7
o %/EMf)\il)

RS, exp(\/)\gl)—EM z>, E< Y,
ex K3 — (-k)Z

)

Tiif 4 )
\/EM*)V' (15)

N
(2 > +o0) =Y @
i=1 TC, exp(—\/)\gk)—EMz>, E <\,
el VET)

)

Tiin—; o
\/EM*Ai (16)

<I>(<_) (z = —0) Z\Il(l
Tfr exp(\/)\gl)—EMz) E< )\1(»1),

exp(—z \/EM—)\ER)Z>
(SiiR‘f'
Y A" °
N k2
(<) (k) exp| 1 \/EM )\Ek)z
@ (2 = +00) Z;xp Ry ( - ) EA®), (17)

i= EM )\

Rr eXp<— /\Ek)—EMz>, E<AP.

Step 3. From the condition of continuity for the solutions and their derivatives
. . i)’m—l (Z) Qm (Z)
1 D, —®,,(2) =0, 1 — =0, =2,...,k, (18
ol Bl B2 =0 TR T T " (%)
.,k of the potentials (2), the system of

at the discontinuity points z = 2,1, m = 2,
algebraic equations is followed.
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Step 3.1 In the case of a Inultichannel scattering problem for the wave incident
from the left (see Fig. 1), for each value il = 1,..., NI we have a system of 2N (k—1)
inhomogeneous linear equations with 2N(k 1) unknowns Cont1;ss - Can(r—1);s, and

Ry, i=1.NF, Rfy,i=1 + NS, N, Ty, i =1.NF, Tpn,i=1 + NE . N:
from condition of contlnuity for the solutions:

RLX(I)(E —12’1) E>)\(k)
l X( ) (E,121)0;0+ o ’ ’ ! g
Z(( 1) L RlCZLFz(l)(E’ 21)7 E< )\Ek) i

— ConiF (B, —2) ¥ —Cyn i FP(E, 21)1115.2)) =0, (19)

o

(Com-awsiF™ V(B =20 )@ 4 Com i F D (B, 2 0" =

=1

_C(2m72)N+iFi(m)(E —Zm—1)¥ —C(z “yN+iF, "B, 2 1)‘I’(m)> =0, (20)

M-

<C(2k 4B (B, =2 )TV gy BT (B, 2 )TV -

=1

o (k) (*)
T KO E ) B0 | o)
mLF(k) (E T Rk— 1) E < )\gk) 1

from condition of continuity for the derivatives of solutions:

N (1) (k)
- R“’LXi E,—1z), E>)‘i
Xz(l)(Eyzzl)(sng—"_ Co ” ( 1) " \I,El)_
— R“%Gi (E,Zl), E < /\i

(2

— ConiGP (B, —2) ¥ —Csn G2 (E, 2 )q;f)) =0, (22)

jp

(Com-awsiG" (B 2 )B4 Clom gy i GV (B, 2 ) B

=1

~Clom-n G (B, =2 1) 8™ =Clam 1w 4i G (B, 212 ) =0, (23)

i

<C(2k NG )(E Z’“_l)‘I’Ekil)+C(2k73)N+iG§kil)(E,Zk—1)‘1’gkil)—

= (k k
B T,LX( )(E 125-1), E>)‘z(' : ‘IJ(k) =0, (24)
T< G(k)( *Zkfl)v E < )\Ek) ’ 7

ik

=1
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where the following notations are used:

GU™(E, +2,) = £\/AN™ — EF"(E,+2,,), m=3,...k—1, (25)

XUNE, +izy) = F'™ (B, +izg)/\JE—A™, m =1k,

X"N(E, +izy) = F™(E, +izg)\VE =A™, m =1,k

In the case of multichannel scattering problem for the wave incident from the right
(see Fig. 1) for each value iff = 1,..., N* we have the system of 2N (k—1) inhomogeneous
linear equations with 2V (k—1) unknowns, Cant1;s, s Con(k—1);s, and Ryr, i = 1.NE
Rfp,i=1+ NE,..,N, Tyr,i=1.N}, Tin,i=1+ NE . N:
from condition of continuity for the solutions:

n Tiig,?Xi(l)(E,—zm)a E>)\z('1) o
TPV (Byzm),  B<AY [

—Con i FON (B, —2) @ —Con  FP(E, zl>\11§2>> =0, (26)

iM-

o

(C(2m74)N+in’(m71) (E, _Zm—l)‘IJEmil)+C(2m73)N+iFi(m71) (B, zn1) @D -

=1

_C(2m72)N+iFi(m)(E -z —1) —C(z 1)N+z (E < —1)‘1’( )> ) (27)

M-

<C(2k ol )(E Z’“—l)q’gkil)+C(2k73)N+iFi(kil)(E, Zk—1)‘11§k71)—

Rin XM (B 1ze_y), E>AW R
_{ R, FY(E,—z-1), E<AY U = XD B azn)dag | =0 (28)
il ) —-1) X N\

=1

from condition of continuity for the derivatives of solutions:

n Tiig?):(i(l)(Ea—zm)a E>)‘£1) o
TeG (B, z1),  E<AY

i+

—Con iGN (B, —21) ¥ ~Cyn G (B, 21)‘I’§2)> - @9

i

(C(2m—4)N+iG§m_1)(E —Zm— 1)‘I’(m Y +C(2m 3)N+iG (E Zm— 1)‘I’(m b_

=1

_C(2m—2)N+iGEm)( —Zm— 1)‘1’ —C(z —1)N+z (E Zm—1 )‘I’(m)> =0, (30)
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Z <C(2k4)N+z’G§kl) (E, _Zk—l)‘IJEkil)+C(2k73)N+iG@('kil) (E, Zk—1)‘1’gkil) -
i—1

{ R”(I)%)?Z(k) (E,ZZkfl), E>)\£k) }

k) _ (k) —
RCRG(k)(E 7Zk71) E < )\(k) AU — X’L (E,sz—l)(szzoR> _07 (31)

where the notations from (25) are used. Step 3.2 or Step 3.3 for the problem of bound
or metastable states the nonlinear system of 2N (k—1) + 1 equations with 2N (k—1) + 1
unknowns follows

N
Z (C(2m—4)N+in‘(m_1) (Ea _mel)‘Ilgm_l)‘FC(Zm—S)N-i-iFi(m_l) (E7 mel)‘I’gm_l) -

1=1

_C(2m—2)N+iF7j(m) (E7 _mel)‘]:’@(‘m) _C(2m—1)N+iFi(m) (E7 mel)‘I’Em)> =0, (32)

Z (C(2m—4)N+iG£m_l) <E7 *mel)l:[lgm_l) +C(2m—3)N+iG§m_l) (E7 mel)‘IIEm_l) -
i=1

—C(szz)NHGEm) (E, —Zm—1)‘1’§m) _C(mel)N%»iGgm) (E, Zm—1)‘1’gm)> =0, (33)

where GZ(-m)(E, +2,) = £/ /\gm) — EFi(m) (E,£2m), m = 2,..., k. The equation following
from the normalisation condition (7) or (10) will be taken into account in final steps.

Step 3.2 From the condition of exponential decay of the bound-state eigenfunctions
(5), for z — +o00 the limitation for the eigenvalues arises

E<Emaxy=min(A\{"”, . A0, A% AR (34)
and the system of equations (32) is completed with the additional conditions
C1=0,...Cy =0, Ciap_1yni1 =0, .., Copn = 0. (35)
The limitation of the parameter E from below
E>Emm=min(\?, ., A AR A (36)

follows from the condition of boundedness of the self-adjoint operator, corresponding to
the problem (1)—(2) in the inner subintervals z € (2,1, 2 ), where m takes the values
m=2,..k—1

Step 3.3 For metastable states the system of equations (32) instead of (35) is com-
pleted with the additional conditions

{ci =0, ReEM <M } {CN(%_I)i =0, ReEM < A§’“>} ,
) , 1

Moo ) YESNCT At
CN—H = O, Re E™ > /\i CN(Qk_Q)i = O, Re B > /\Z

g Ly aeny

N

?

that follow from the asymptotic conditions (8).
Step 4. Writing the system of equations (32) and (33) in the matrix form

M(E) =0
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and calculating the determinant detM(E) of the obtained matrix, we arrive at the secular
equation for the spectral parameter F,

detM(E) = 0. (37)

Remark 1. The determinant of the matrix detM(FE) in the analytical form as a
function of the unknown spectral parameter E can be calculated in Maple during the
reasonable time only for small number of subintervals £ and small number of equations
N, kN < 19. For example, for N = 3, kK = 4 one expansion of the determinant of the
matrix with the dimension 24 x 24 takes more than 3600 seconds, while the construction
of the matrix M(E) and the calculation of its determinant for one given value of E takes
about 0.6 second. Therefore, we calculate the determinant detM(E) numerically using
the appropriate grid E: Fnyin, ..., Fmax from the interval Eyy, < F < Fpax, where the
boundary values F,,;, and Ep.x are given by Eqgs. (34) and (36). One of the possible
ways of constructing the suitable grid is implemented using the following algorithm. In
the exponential functions are replaced with their truncated expansions in the vicinity of
the chosen value Ey, i.e., with the polynomials of the order ) with numerical coefficients

exp (:I:\/ )\Em)—Eoz>
exp (:i:\/)\gm)—Ez> = exp (:l:\/)\l(-m)—E()Z> F W
20/, —Ey

where AE = E—Fj. Substituting the obtained expressions into the determinant detM(E),
we get a polynomial of the order 2N (k—1)Q of the variable AE, which is again truncated
to the order @, i.e.,

AE+ .., (39

detM(E) = detM(Ey) + a1 (AE) + ... + ag(AE)©. (39)

This leads to the limitation of the grid step AFpa, < |edetM(FEy)/ag|'/? , where ¢ >
0 is the preassigned number, the accuracy of the determinant detM(FE) series expansion.
Similar expansion is used to correct the roots of Eq. (37), calculated using a certain
method which will be published in a more detail elsewhere.

Remark 2. Near the singular points E = )\Em), i=1,...N,m=2,...k—1, for
which the subradical expressions in the exponents in Eq. (38) turn into zero, the domain
of convergence of the expansions (38) and (39) is not large. In this case instead of Eq.
(38) the following expansion is used

exp <i\/ AE"”-&) =1+ /A™_E+ %ZQ(Agm)—E). (40)

After calculating the set of solutions Fj, ..., E} of the equation (37), i.e., all values of
the spectral parameter E for which detM(E) turns into zero, for each Es, s = 1,...,t
we get the degenerate algebraic system of equations (32), linear and homogeneous with
respect to the unknown coefficients Cy, ..., Conk:s. To calculate the desired eigenvectors
C; = (Cr.s, -, Cank:s) T, we add an additional condition, e.g., Con 1.5+ +CoN (k—2);s
=1. As a result, the inhomogeneous system of algebraic equations obtained for each Ej,
s = 1,...,t has the unique solution C, = (CA'l;s,...,CA'gNk;S)T. Substituting it into the
left-hand side of the normalisation condition (7) or (10), we get the expressions for the
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normalising coefficients B2, s = 1, ..., t:

E N Zm
R . 2
> / 02 [Coam-ayv s F™ (B, =2)+ Com 1y i F (B, 2)| = B2
m=1 i:lzm_1
for bound states and
k. N Pm . ) 2
Z Z / dz (C(2m72)N+i;sFi(m) (E7 _Z)+C(2m71)N+iFi(m) (E7 2’)) = BE
m=1 i:lzm_1
for metastable states.
Table 1

The eigenvalues of bound E; and metastable E} = Re EM +:Im EM, ImEM <0
states of the BVP (1) with effective potentials (43) at N = 4: (*) calculations by
algorithm of MMF'S. The same results are given using FEM with 3rd-type BC in
intervals z € (—2,2) and z € (—8,8). (I) and (II): the estimations 6E; = E} "™ — E; of
eigenvalues E; calculations using FEM in interval z € (—8,8) with Dirichlet (I) and
Neumann (II) boundary conditions

2 B> EM EM
(x) | —0.3260959460 0.6358528584 | 2.8027364541  3.7392597199
-0.0000002130;  —0.02633305051

(I) (*)+1.69¢-7  (*)+2.09¢4
(1I) (F)-1.69e-7  (¥)-2.10e—4

As a result, we calculate the desired coefficients C; : Cj.s = C’i;S/BS, i=1,...,2Nk,
s =1,...,t, providing the fulfilment of the normalisation condition (7) or (10) for the de-
sired orthogonal set of eigenfunctions, s =1, ..., ¢:

P, (2) = {@gl)(z),z < 21, @22),2' < 29, .., @gk_l),z < zk_l,égk),z>zk_1}. (41)

3. Benchmark Calculations of Bound, Metastable and
Scattering States

For example let us consider the problem of bound, metastable and scattering states
for the Schrodinger equation in the 2D domain ., = {y € (0,7), z € (—o0, +00)},

<_aay2 R (TE E) U(y,z) =0, 0(0,2) =¥(mz) =0, (42)

with piecewise constant potential
V(y,z) ={0,2 < =2;—y, |2 < 22,2 > 2},

presented in Fig. 2. We seek the solution of Eq. (42) in the form of expansion
U(y,z)=>_, Bi(y)®i(z) over the set of basis functions B; y):% sin(iy), which leads
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to the system of ODEs (1) with the matrix of effective potentials (2) given in the form

Vij = {i%0;j,2 < —2;i%5;; — /y\/\f; sin(iy)ﬁ sin(jy)dy, z < 2; (i* +2)d;5, 2 > 2}. (43)

0

[35]

Figure 2. 2D potential and some diagonal (solid curves) and nondiagonal (dashed
curves) effective potentials (44)

This system has two bound and a set of metastable states. The eigenvalues were
calculated at N = 4, with matrix of potentials

100 0
04 0 0
009 0] z< =2
00 0 16
-5 & 0 5
6 4 m 48 0
Vij(z)= 95 ﬁ2 9257T7r 96 | 2] <2, (44)
257 2 497
w0 qge 16-%
30 0 0
06 0 0
00 11 0]’ z>2,
00 0 18

using the algorithm implementing the MMFS in the Maple system, and presented in
Table 1.

So, the parameters A(™) and matrices o of general solutions (3) calculated by
Step 1 by solving algebraic eigenvalue problem (4) take the form

0 0

AV —diag( 1 4 9 16), ¢W = : (45)

o O O
= o O O

1 0
0 1
0 0
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A®) = diag ( —0.675679 2.459337 14.484720 7.448436 ), (46)

—0.983202  0.182314 —0.003169 —0.008059
0.181948  0.975788 —0.004632 —0.121288

(2 _
v = —0.013991 —0.120697 —0.088442 —0.988642 |’ (47)
0.003524 0.005598 —0.996065 —0.088372
1 0 0 0
(3) _ a3 (3) _ 01 0 O
A =diag(3 6 11 18 ), WY = 00 1 0 (48)
0 0 0 1

From here we have desirable restrictions of Step 3.2 for the bound-state eigenvalues
~0.675679 = min(A'?, . AP <E<min(A, AP AP APy =1 (49)

These values were used to test the algorithm and programm KANTBP 4M, imple-
menting the FEM in the Maple system [4]. The FEM calculations were performed with
the Hermite elements of the seventh order (p'=7, p=3, k™**=2) on the finite element grid
0, = {—8(4) —2(4)2(4)8}, where in the parentheses the number of elements is indicated.
The calculations of the bound states with the Neumann and Dirichlet conditions yield

the upper and lower estimates of 6 F; = EZFEM — E; with the accuracy 6F; ~ 1.7-107
and 6E5 =~ 2.1-10~*. Note, the results, obtained by MMFS and FEM with 3rd-type BC
(III) on both intervals z € (—2,2) and z € (—8,8) coincide with an accuracy of the order
10710, In this table we show also upper and lower estimations of eigenvalues of bound
states obtained by FEM on interval z € (—8,8) with Dirichlet (I) and Neumann (II) BC,
respectively.

The results of calculations of eigenvalues of bound and metastable states and the ma-
trix elements of reflection and transmission amplitudes for the multichannel scattering
problem, obtained by matching the fundamental solutions and using FEM on the grid
Y, = {—2(4)2} with the boundary conditions of the third kind and the asymptotic so-
lutions of Step 2, coincide with the accuracy to the order of 107!°. Eigenfunctions
U(y, z) of bound and metastable states of the 2D boundary-value problem and the com-
ponents of the eigenfunctions ®;(z) (the imaginary parts shown by dotted lines) of the
corresponding system of ODEs (1) are shown in Fig. 3.

DWN =

® v (9P ""H'-I v/l @

Figure 3. Eigenfunctions ¥(y, z) of bound and metastable states of the 2D
boundary-value problem and the components of the eigenfunctions ®;(z) (the
imaginary parts shown by dotted lines) of the corresponding system of ODEs (1)

The considered system has the set of threshold energies E: Eih;Lzl, Eih;R:?),

E;h;L:4, E;h;R:6, ... that are different for the left- and right-hand asymptotic re-
gions of axis. At given E € (1, 3] we have only one open channel N =1, N =0 and
we have only incident and reflected waves in left-hand side. The S matrix (13) contains
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only one element S = (Ri1). At given E € (3,4] and E € (4,6] for the wave incident
from the right there is one open channel N* = 1 and for wave incident from the left the
there are one and two open channels NOL =1 and NOL = 2, respectively. The dependence
of the elements of scattering S matrix (13) is shown in Fig. 4.

1,0 10
~.0,5 0,81
70,61

0,0 =
@ 0,4
45 0,2

10
1 2 3 4 5 e 90
E

Figure 4. The dependence of real and image parts, and the square of absolute
values of elements of S—matrix (13) versus the scattering energy E. The threshold

: th;R th;L
energies F;'"'=3 and E;""=4

For example at £ = 2.005, F = 3.305 and F = 4.805 the S-matrix takes form

—0.53—0.32i | —0.57—0.53i
S(E = 2.005) = (0.2140.98i), S(E = 3.305) = ( d ! ) :

—0.57-0.53¢ | 0.36+0.51¢

—0.14-0.17¢ 0.10—-0.287 | —0.884-0.291
S(E = 4.805) = 0.10-0.28: —0.724+0.52: 0.07+0.34¢
—0.88+4+0.29¢ 0.07+0.347 | —0.06—0.13¢

where the R_,, R, T_, and T, submatrices are separated by lines. Corresponding
typical wave functions of the multichannel scattering problems are presented in Fig. 5.

)

LR(1): E=2.005 LR(1): E=3.305 RL(1): E=3.305

A g .'5

Figure 5. The real (solid lines) and the imaginary (dotted lines) components of
the solution of the scattering problem for the wave incident from the right, RL(1),
and the waves, incident from the left from the first, LR(1), and the second LR(2)

open channels
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One can see from Fig. 4 we have the resonance behavior of transmission and reflection
amplitudes near F &~ 3.7 that corresponds to the resonance state at E = 3.748 presented
in Fig. 6 while the other resonance state with the energy in vicinity of £ = 2.803 is not
resolved in this scale. The scattering energy £ = 2.803 and E = 3.748 corresponds to
real part of energy Re EM = 2.803 and Re E}! = 3.739 of metastable states (see Table
1), while half-width of peaks corresponds to imaginary parts of the energy Im B =
—2.1-1077 and Im EM = —0.026 of these metastable states. So, the wave functions
of metastable states in Fig. 3 have similar behavior with wave functions of resonance
scattering states in Fig. 6.

LR(1): E=2.8027364541 LR(1): E=3.748 RL(1): E=3.748
250

2400

1500
000
5

-8 -6 -4 >0 4 6 8

z

Figure 6. The the same as Fig. 5 but for resonance solutions of multichannel
scattering problem that will be compared with the eigenfunctions of the
metastable states in Fig. 3 and Table 1

So, the elements of S-matrix at different values of energy F, obtained by MMFS and
FEM with 3rd-type BC (III) on both intervals z € (—2,2) and z € (—8,8) coincide with
an accuracy of the order 10710,

4. Conclusion

Effective Symbolic-Numerical Algorithms of Matching the Fundamental Solutions is
elaborated and implemented in Maple. At large number & of subintervals or large number
N of equations we have a cumbersome secular equation for bound and metastable states
solving by author’s algorithm, which will be published in a more detail elsewhere. It was
shown that the results of benchmark calculations obtained by algorithms of Matching
the Fundamental Solutions at each boundary between the adjacent axis subintervals and
Finite Element Method in finite interval with third type boundary conditions coincided
with an accuracy of the order of 107'°. The proposed algorithms and programs can
be applied for solving boundary-value problems for systems of N second-order ordinary
differential equations (ODEs) of the waveguide type with the matrix of piecewise constant
potentials arisen in mathematical modelling of optical multilayer systems and quantum-
dimensional nanostructures.
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VK 519.632.4
AJII‘OpI/ITMLI n ImporpamMmMbl pelieHnud KpaeBblIX 3a/Ja4 AJId CUCTeM
O,Zl;y BTOPOTO IIOpsAJKAa C KYCOYHO-IIOCTOAHHBIMMU ITOTEHIIAJIaMM:
MHOI'OKaHaJIbHasdA 3aJilada pacCesdHnd N 3aJa9a Ha CO6CTB€HHI)I€
3HaAYeHud

A. A. I'yces*, O. Yynyyu6aarap*, C. 1. Buaunkuii*',
JI. JI. Xaii*t, B. JI. dep6os®, A. T'yxmax>?
* O6sedunénnul uncmumym adeproux uccaedosanudl, 2. Jlybra
t Poccuticrkud yrusepcumem dpyocovl napodos, 2. Mockea
¥ Beazopodexuti 2ocydapemeennvidi yrnusepcumen, 2. Beazopod
§ Capamosckuti zocydapemeermoi ynusepcumem, 2. Capamos
32 Inemumym dusuru, yrusepcumem um. M. Kwopu-Craodoscka, 2. JTobaun, IToavwa

IIpensokeHbl HOBBIE AJTOPUTMBI M IIPOUPAMMBI, peaJn30oBaHHbIe B cucteMe Maple nis pe-
[IEHWs] MHOI'OKAHAJILHON 3a/1a9/ pacCesiHUs M 3a/1a9d Ha COOCTBEHHBIE 3HAYEHHS BOJIHOBOJIHO-
ro Tura njsi cucrem OJLY BTOpOro mopsika ¢ MaTpHIENl KyCOYHO-ITOCTOSHHBIX KO3 UIIIEH-
TOoB pa3dMmepHocTbio N X N Ha ocu. PazpaboTaHbl HOBble aJITOPUTM U IPOrpaMMa JJIsl pelre-
HUsSI KPaeBoil 3a/1aum MeTozioM cimBkU (yHIamenTanbubix pemennii (MCOP) cucremer OY
B TOYKAX pa3pbiBa MOTeHIUAJIOB. Ha KarXKI0OM M3 MOABIHTEPBAJIOB OCH ODIee PENeHne CUCTEMBI
OY wmmercs B Buje juHeiHoil koMmOuHaruu 2N dyHIaMeHTAJIbHBIE DEIIeHNH C HEeM3BECTHBI-
mu Koddbdurmentamu. Kaxxnoe dyHIaMeHTAIBLHOE PEIIEHNE sIBHO 3aBUCUT OT CIIEKTPAJIHBHOTO
mapamMeTpa UM COOCTBEHHBIX 3HAMEHUN M COOCTBEHHBIX BEKTOPOB AJTe€OPANTECKUX 3a71a9 HA COO-
CTBEHHBIE 3HAYEHUS C MATPHUIEH TOCTOAHHBIX HOTEHINAJIOB pa3MepHocThio N X N. U3 ycaoBus
HEMPEPBIBHOCTHU PEIIEeHN U UX MPOU3BOIHBIX B TOUYKAX PA3PBHIBOB MOTEHITUAJIOB CJIEIYEeT CUCTe-
Ma ajrebpamteckux ypaBHenwmii. B ciaydae 3amatun Ha CBS3aHHBIC MJIH METACTAOMIBHBIE COCTOSI-
HU¢ IIOJIYYEeHHAs] CUCTEMa ajIireOpanmvdecKuX ypaBHEHUN COAEPKUT HEJIUHEHHYIO 3aBUCHMOCTDb OT
HEM3BECTHOTO CIEKTPAJIBLHOTO TapamMerpa. Jljisa permenunst Takofl HeMWMHEHHON 3amadu cHopMmy-
JIUPOBAH CUMBOJILHO-IUCIEHHBIN agroputM. JlaHo cpaBHEHHE 3TaJOHHBIX PACUETOB CBI3AHHBIX,
MeTacTabUIbHBIX COCTOSIHUII U COCTOSHUN paccesiHusi KpaeBbIX 3agad s cucrtem OZLY Bropo-
T'0 TIOPSIJIKA, BBIITOJTHEHHBIX C TIOMOIIBIO TPOrpamMM, peanudyionux agroputmbl MCOP u meToma
KOHEYHBIX 3JIEMEHTOB.

KuroueBbie cjoBa: MHOTOKAHAJIbHAs 3aJada PACCEsSHUs, 3a7ada Ha COOCTBEHHBIE 3HATE-
uus, cucrema O/Y BTOporo mopsigaka, METOJOM CITUBKU (DYHIAMEHTAJIBHBIX PEIICHU
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Pusmka

VIIK 532.526
NuTerpanbuasi MojieJib CBOOOJTHOKOHBEKTUBHOIO TYypPOYJIEHTHOTO
MMOTPAHUYHOTO CJIOS C OOJBIIMMHU TMONEPEYHBIMU YMUCIAMU
I'pacroda m ogHOpOIHO pacnpeieIEHHBIM Y1eJIbHBIM TEIJIOBBIM
MOTOKOM

IO. II. Pri6akos*, C. I'. Yepkacos', S1. A. Cycios!

* Poccutickuti yhusepcumem dpyotcobv, napodos, Mockea, Poccus
Y IHIT @I'VIT «Hewmp Keadvauas, Poccus, Mockea

[Ipeutozkena mHTErpasibHast ABYX30HHAS MOJENb JJIsl ONMCAHUsI XapaKTEPUCTUK TYpPOyJIeHT-
HOTO CBOOOJ/THO-KOHBEKTHUBHOTO TOTPAHUYIHOTO CJIOS OKOJIO BEPTHKAJIBbHON cTeHKHu. llosryuensr
YTOYHEHHBIE TPODUIN BEPTUKAIBHON CKOPOCTA W M3OBITOYHON TEMIIEPATYPHI, yIUTHIBAIOIINE
BJIMSIHUE IIPUCTEHOYHOI 06J1aCTH Ha T€YeHNEe B OCHOBHOMN YaCTH HOIPAHUYIHOrO cjiosi. IIpeoxken
KOPPEKTHBIN Crocob MCIobp30Banus hopMyabl baasuyca mjst ompee/ieHus BeJIMINHBI Ty pOy-
JIEHTHOT'O HAaIIpsi>KEeHWsI TpeHusi Ha creHKe. Ha ocHoBe quddepeniimpoBannst mpoduiisi u30bITOY-
HO TeMIepaTypbl HAfIEHO COOTHOIIEHNE, CBA3BIBAIOIIEE YIETbHYIO IIJIOTHOCTD TEIJIOBOTO TTOTO-
Ka ¥ M30BITOYHYIO TeMIEePaTyphbl CTeHKU. [[oKa3aHo, ITO B paMKaX BBIOPAHHOTO MPUOJIMKEHUS
COOTHOIIIEHNE, CBS3bIBAIOIIEE YAEJIbHYO IJIOTHOCTh TEIJIOBOIO IIOTOKA U M30BITOYHYIO TEMIIepa-
TYpPBI CT€HKH, UMeET (HhopMy, aHaJIoTHIHyo dopmynam Biura—Pocca u Caymaepca. ITomydena
3aMKHyTas CUCTEMa UHTErpo-auddepeHITnaJIbHbIX YPABHEHNH, OMICHIBAIONIAS TEIE€HNE B CBO-
GOHOKOHBEKTHBHOM IIOI'DAHUYHOM cJioe. B paMKax BbIOpaAHHOrO NPHUOJINKEHUs 00Iasi CUCTeMa
uHTErpo-auddepeHnnaIbHbIX yPABHEHUI ObLIa CBEIEHA K CUCTEME HEJTMHEHHBIX OOBIKHOBEHHBIX
muddepeHImanbHbIX YPaBHEHNH IepBOro nopsika. Ha oCHOBaHWM MOJTYyYIEeHHON CHCTEMBI OBLIO
[IPOBE/IEHO YUCJIEHHOE MO/IEJIMPOBAaHIE CBOOOJEHOKOHBEKTUBHOIO TYPOYJIEHTHOIO IOIPAHUYIHO-
ro CJI0s B YCJOBHAX Dsia dKcrepuMeHTOB. CneslaHo COIOCTaB/IEHNE PE3yJILTATOB YHCJIEHHOIO
MO/JIEJINPOBAHUSI, B TOM YHCJIE II0JIeil BEPTUKAJIBHON CKOPOCTH M U3OBITOYHOM TEMIIEPATYDHI, C
9KCIIEPUMEHTAJIBHBIMY JTAHHBIMU.

KiroueBbie ciioBa: cBoOOHAsT KOHBEKIHS, TYpPOY/JIEHTHOCTH, IMOTPAHUYHBINA CJIOW, WHTE-
IpaJIbHBIN TTOAXO, JBYX30HHAsT MOJEJb

1. Bsenenne

Cpen MHCTPYMEHTOB PACIETHO-TEOPETUIECKOTO NCCIEIOBAHNST CBOOOIHO-KOHBEKTIB-
HBIX IIOIPAHUYHBIX CJIOEB CBOEH MTPOCTOTON U y/I06CTBOM BBIJIEJIAIOTCS HHTEIPAJIbHBIE Me-
Tompl. 1o cpaBHEHUIO ¢ MPAMBIM YHUCIEHHBIM MOJETUPOBAHMEM JTAHHBIN MTOIXOJ TO3BO-
JISIET CYIIECTBEHHO YIPOCTUTH UCIIOJIb3yEMbIl MaTeMaTUYeCKUil almapaT U TeM CaMbIM
CBECTHU WCXOJIHYIO 33Ja49y K 00Jiee SKOHOMUYHBIM BBIUUC/IUTEIbHBIM ajropurMaM. Han-
boJtee TIIpoKasi 06/IACTH TPUMEHEHUsT MHTErPAJIbHBIX METOIOB — PACUET XapaKTEPUCTUK
CBOGOIHO-KOHBEKTUBHOI'O TIOTPAHMYHOIO CJIOSI BO BHEIIHUX 3ajadax Kousekimn [1,2], xo-
TSI 9TH METOJIbI MOT'YT OBITH TIOJIE3HBIMU U JIjIsI BHYTPEHHUX 3378, B TOM YUCJIE W HeCTa-
uoHapHbIxX [3]. [IpumernTebHO K TYypOyIeHTHOMY CBODOHO-KOHBEKTHBHOMY ITOIPAHIY-
HOMY CJIOIO HamboJiee M3BECTHBIM WHTEIPAIHHBIM METOJOM SBJISETCS METOI JKKEpTa—
zxekcona [4]. DTor Meros GbLI IPEJIOKEH TOBOIBHO JIABHO U UCIOJIB30BAJICS B OCHOB-
HOM JIJIST pacyéra MHTEHCUBHOCTH TeII000MeHa. UTO Ke KacaeTcss CKOPOCTH KOHBEKTUB-
HOT'O TEYEHHsI, TO PACIETHI IT0 METOIy JKKepTa-/[KeKCOHa IPUBOIAT K 3aMETHBIM OTJIU-
IUAM OT IKCIIEPUMEHTAIBHBIX JaHHBIX. CpaBHUTEILHO HEJABHO OBLI MIPeI0sKeH HOBBIH
meron [5,6]. B 91oM MeTojie jij1st onucaHust TeII00OMEHa UCTIOIB30BAIACH IMIUPUIECKAsT
3aBUCUMOCTD, HO IIO IIOIIEPEYHBIM PaCIpPe/ieIeHNusAM CKOPOCTU U TeMIepaTyphbl 3TOT Me-
ToJ1 1aéT GoJiee TOYHBbIE Pe3ysbTaThl. B JIAHHOI cTaThe MCCIe0BaHus, HadaTbie B |5, 6],
IIPOJIOJIZKEHBI U TIPEJIJI0YKEeHa HOBas MHTerpaJibHasd (PU3NKO-MaTeMaTUIeCKas MOJEJb, B

Crarbsa nocrynuia B pegaknuio 20 ampesns 2016 r.
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KOTOPOH yIaJIOCh COXPAHUTH YPOBEHb TOYHOCTH PACYETa HONIEPeIHbIX Ipoduieii CKopo-
CTH U TeMIIEPATYPHI, HO yKe 0e3 MPHUBJICICHIs SMINPIIECKUX JAHHBIX 110 TEILIOOOMELY.
Mopnesns ocHOBaHa Ha BBLIBUHYTOI panee [7| TUIIOTE3e O IBYX30HHOI CTPYKTYPE CBOOOIHO-
KOHBEKTHUBHOI'O TypPOYJIEHTHOIO IIONPAHUIHOIO cJiosi. IIpoBeieHO cpaBHEHHe Pe3yJIbTaToB
pacdéra 1o JAHHON MOJIENIN ¢ SKCIEPHUMEHTAIbHLIMA JaHHBIME |8, 9).

2. llocTaHoBKa 3aga4mu

Paccmarpusaercst TypOyIeHTHBIM CBOOOTHO-KOHBEKTUBHBIN MMOTPAHUYIHBIN CJIOM OKO-
JIO BEPTUKAJIBHOMN ITOJTyOECKOHETHON TIIIACTHHBI C OJJHOPOIHO PACIIPEIEIEHHBIM V/IeTbHBIM
TEIJIOBBIM IIOTOKOM Gy . 3384y 00 OIlpeJIeJICHUH II0JIeli CKOPOCTEl U TeMIIEPATyPhl B II0-
IPAHUYHOM CJIoe Oy/IeM PACCMATPUBATH B pAMKaX JIByX30HHOI Teopun [7| B Buze obiacry,
rje JOMUHHUPYIOT Bsi3KHe CUJIbI (BA3KUI MOJACIION), n 061aCTH, IJe JOMUHUDYET BbITAJ-
KHUBaIoOIas cuia (OCHOBHAs YacThb MOIPAHUYHOrO cJiost). IIpu 9T70M MOXKHO peHebpedb
BBITAJIKUBAIOIIEH CUJION BHYTPU BA3KOT'O IIOACTIOA M BASKUMHU CAJIAMU BHYTPU 30HDLI CBO-
60O KOHBEeKIMH. B paMKax CIeJIaHHBIX JOMYIIEHNH MOXKHO CYIIIECTBEHHO YIIPOCTHUTH
3a/1a9y, BOCIIOJIb30BaBIINCH HHTEIPAJBHBIM 101X00M. O003HAYNM Yepe3 d TOJIIUHY I10-

TPaHUYHOIO CJIOd, a Yepe3 1) — TOJIIUHY BS3KOT'0 BBIHYZK/IEHHOI'O I10/IC/I0s1, KOTOpasi OIIpe-

Gr - .
JIeJISIeTCsl U3 COOTHOIIeHusl ——# = 1. B coorsercrBun ¢ teopueit 7] u n3 coobpazkeruii

Re?
Pa3sMepHOCTHU IIPUMEM, UTO
9 1
oA\ 4
; _< ) | (1)
98w

n
3neck B, v, A — COOTBETCTBEHHO KOI(MDPUIMEHT TEILIOBOTO PACIINPEHUs, KHHEMa~
TUIeCKUH KOIMDMUITHEHT BABKOCTH U KOIPMDUIMEHT TEITOMPOBOTHOCTH KUIKOCTH, § —
YCKOpEHHUE MaCCOBOI CHUJIBL.
Hampasum och z BBEpX BI0J/Ib ILIACTUHBI, & OCh X [0 HOPMaJH K Heil. B manbmeiinem

. . . Gr
Oy/ileM Ha3bIBATh 30HAMHU | U 2 BA3KWI BBIHYKIECHHBII mOACIHON (x < 1), s < 1) m
x
Gr
OCHOBHYIO YaCTh TIOIPAHUYHOTO ciod (1 < & < §, 7% > 1) BHyTPH HOrPAHUYHOTO CJIOS.
x

54
[Tpumem rakzxke, aTo nonepednoe uucso I'pacroda Gry = % BEJIMKO, CJIEIOBATEIbHO,

TOJIIIIHA BAZKOTO MOJCI0A HAMHOI'O MEHbIIE TOJIIUTHbI BCErO IIOIPAHIYHOTO IO, TO €CTh
_1
T~Gry T <1
Bee1éM M30BITOYHYIO TeMIIepaTypy KUJIKOCTH B MOIPAHIYHOM CJI0e

AT(z,z) =T(x,2) — Teo, Too =T(2)

:r:é'

Torna ypaBueHus TypOyJIeHTHOTO CBOOOIHO-KOHBEKTUBHOI'O ITOTPAHUYIHOTO CJIOS B OT-
CYTCTBUU CTPATHMDUKAIIMYN BHE TOIPAHUIHOIO CJIOS JIJIsi YCPETHEHHBIX BEJIMINH B UHTE-
rpajgbHOit opme OYAYT UMETh BUL:

5 5
d [, 1
=< - AT dz — =7y, 2
dz/wdx gﬁ/ dz pT (2)
0 0
d ; 1
dz/wATdaf: = ;qw. (3)
0

31ech w — BEpPTHKAJIBbHAS COCTABJISIIONIAST CKOPOCTH; T,, — HAIpsI)KEHNEe TPEHUS Ha
CTEHKE; p, C — NJIOTHOCTb M yJIeJbHAs TEIJIOEMKOCTb YKNUTKOCTH.
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HpI/IMeM TaKzKe cjieiyronime JOIOJTHUTE/IbHbIE COOTHOIIIECHM .

1. IIpodunas ckopoctu. g pacupesnesienns BEPTUKAJIBLHON COCTABIIAIONIEN CKOPOCTH
MOTIEPEK TTOTPAHUIHOTO CJIOS UCTIOIB3YyeM (POPMYITY

wmo3) (-3)

2. Hampsizkeaue TpeHusi. B 3oHe 1 B paMKax MPUHATHIX B PACCMATPUBAEMOU MOJIEN
nonyienuii hbopmysia (4) npuHUMAaeT BUIL:

w wl(z)(j;>%. (5)

Wcmonb3yem Teneph aHAJIOIMIO ¢ TE€YEHHEM B TYPOYJIEHTHOM ITOTPAHUYHOM CJIOE IIPH
BBIHYKJICHHOM oOTekanuu miactubl [10]. B arom ciryuae npoduib ckopocTa 10cTaToaHO
XOPOIIO OMUCHIBAETCS (POPMYJIOLt

w = Weo(2/6)7, (6)

e Wy, — CKOpPOCTb BHEIIHEro Te4YeHUsl, 0 — TOJIIIUHA MOIPAHUIHOrO cJjios. [Ipu sTom
HAIIPsZKEHUE TPEHUsI Ha CTeHKE JIOCTATOYHO XOPOIIO OIHUChIBaeTcs (opmystoit Biasuyca:

v 4
w = 0,02280W2 [ —— ) .

B nByx30HHOI MOAean TYypOYIEHTHOTO CBOOOIHO-KOHBEKTUBHOTO MTOTPAHIIHOTO CJIOS
POJIb BHEIIHEr0 TeYeHHsl WI'DaeT TedYeHHe BO BHEIIHeH 9acTh MOTPAHUYHOrO Caos (30-
Ha 2), a aHAJIOTOM BBIHY?KJIEHHOTO TIOTPAHUTHOTO CJIOSI ¢ TOJIIIUHON § SIBJISETCS BA3KUIA
nozicaoit ¢ rosmuuoit ) (3ona 1). Cpasuusasi opmyiist (5) u (6), JIerko yBHJIETH, YTO
poduIbL CKOPOCTH OKOJIO CTEHKH B 3a/[a9€ KOHBEKIIUH COBIAIAET ¢ MPOMUIEM CKOPOCTH
B TaKOi 3aj1a9e BBIHYZKJICHHOIO 00TeKaHus, B KOTopoit § = n u W, = wy. Eciau npodu-
JII CKOPOCTH OKOJIO CT€HKH COBHAJAIOT, TO MOYKHO HPEIIOJIOKHATh, 9TO W HAIPAKCHHS
TpeHust coBHAIAIOT. [109TOMYy /I HAIIPSZKEHUsT TPEHUsl Ha CTEHKe OyJIeM UCIOJIb30BaTh
dopmyny Biazuyca B Buze

v 1
Tw = 0,0228pw? <w177> . (7)

3. Ilpoduas temneparypbl. COrIacHO TEOPETHYECKUM HUCCAETOBAHUSIM W IKCIEPH-
MEHTaJIbHBIM JaHHBIM [7—9| monepedynoe pacupejesieHne U30bITOYHON TeMIIepaTypbl BO
BHEIIIHEil 30He 2 UMeeT B

AT = Az~% + B.

Bo BuyTpenneit 3oue 1 npoduiib TeMIepaTypbl OMUCHIBACTCA JIMHENHOM (DyHKIIHAEH,
a Ha BHemHeil rpanuie norpanuvHoro cjosds AT obparaercss B Hysb. UTOOBI ymoBJjIe-
TBOPHUTb BCEM THUM YCJIOBUSIM, JJI PACIpPeaeseHns N30BITOTHON TEeMIIEePATYPhI OIEPEK
MIOTPAHUIHOTO CJIOS IIpeJjIaraeTcs cieayomas gopMysia:

AT:Tl(z)(g)a(Hg)zl(—%;?:)g) - -(3)" (8)
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4. Tentoobmen. B mozenn [5,6] qyist onucanusi TerioobMeHa MeXK/Ly CTeHKOM U JKH/I-
KOCTBIO HCIIOJIb30BaJIach aMuupuyaeckas gopmyrna Biura-Pocca [1]

Nu, = 0,17Ra** = 0,095Ra3 . 9)

2 — gumcno Pames, Ral —

Bnech Nu, = quz/A\T,, — amcio Hyccembra, Ra, = gB8T,23 /v
Mo uimpoBantuoe uncyo Pajes.
B mpemaraeMoif Momeam Ay 9TOH IeId UCIOIL3yeTcsa 3aKoH Pypbe, B KOTOPLIA

IIO/ICTABJISIETCs BhIpaxKkeHue (8), 4To JaéT:

1
OAT A 14+ 13 Ti(z
Qu = A ox E] (17 :1:,6) 15 17(]) (10)
2=0 1+3)° - (3)
B paccmarpuBaemom citydae, koria 1/0 < 1, 910 dhopMmysia IpuHAMAaeT BUI:
)\Tl (Z)
31
"3 dbopmyist (11) coemyer cooTHOIIEHNE:
1 1 1
N’U,Z = ﬁRag = K(Pr) X Ra§’ (12)
3 Prs

B yciioBusix 9KCIIepuMEHTOB, Ha KOTOPBIX IIPOBEpsiIach Mozeb |5, 6], koaddurumenr
K (Pr) B dopmyse (12) npunnmaer 3nadenue 0,12-0,23 mst aucesn [Ipanmis B tnanazone
or 7 10 1, COOTBETCTBEHHO. DTO HECKOJIBKO BhINIe, ueM y (opmyasl Bimra—Pocca, rae
K(Pr) = 0,095, oHaKO CTOUT OTMETHTb, UTO JAHHBI PE3YJIBTAT XOPOIIO COITIACYETCs C
sMmumpraeckoit popmyinoit Cayruepca [10], B koropoit koaddurmenr K (Pr) = 0,17.
5. OcHOBHas cucTeMa ypaBHeHMI. B paMKax HCIOIL3yeMOro MOIX0Ia CHAMAJA, TPe-
OyeTcsi BBIYUCJIUTD MHTErpasibl B opmynax (2) u (3) ¢ yaérom dbopmyn (4) u (8):

)

/ w?dz ~ 0,0523w3s7y "7, (13)
0
1) 1 s
~ = (1
/Ade ~ 3 (5) 7.6, (14)
0
6 4
/wAT da ~ 0,172 (%)  w Th6. (15)

0

Ioncrasass (4), (7), (8), (13), (14) u (15) B ypaBaenus (2) u (3), ¢ y46ToM 0JHOPOI-
HOCTH TeIJIOBOIO MOTOKA HA CTEHKe, IOJIyYUM CJIEJYIONLYI0 CACTEMY ypaBHEHMiIi:

25 1
d 9 3 s (9Bqw\ ™ ,, 25 .2 FEAVAR7.0 WA
0,0523 (w%év) = Svh ( p ) Praz§s —0,0228v%w] (gﬂqw , (16)

|

25
d i\ (9Bqw \ P
0,516 (w15 ) —a ( ) . (17)

V2 )\
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3. Bepudwukausa moaenn

JJ1s1 IpOBEpKH HOJIy4eHHOiI MOje/n ObLIN HCIOJIB30BAHBI SKCIIEPUMEHTAIbHbIE HC-
cienosanus 8] u [9], caenmannere Ha Boje ¢ nepenagamu teMueparyp 7-25° C. Ilnacruna
ObLIa OrpyzKeHa B Bojy ¢ Temueparypoii 25-30° C'. B crarbe [8] nanbosee mosHo mpei-
craBieHbl KcrepuMeHTs! V) u V9. B skcnepumente V5 IJIOTHOCTH TEIIOBOTO HMOTOKA
Ha miactune cocrapisia 19497 Br/m?, B skciepumente V9 — 28661 Br/m?. Ha puc. 1
1 2 IpeJCTaBJICHBI HONEPEYHbIe PACIPEIEICHNAs TEMIIEPATYPBI U CKOPOCTH B YCJIOBUSX
sxciepumMenta V5 u V9 coorsercrsenno. Kak BUIHO U3 rpaduKoB, pe3ysbTaTbl paciéra
XOPOIIIO COTVIACYIOTCH € IKCIEPUMEHTAILHBIME JAHHBIME BO BCEii TOIIIUHE IIOrPAHTIHOIO
csost. Tak ke MOYKHO 3aMETHTh, YTO TOYHOCTDH PACIETa BO3JIE CTEHKH 1 BOJIM3H BHEIIHEH
I'PAHUIIBI IOIPAHIYHOTO CJI0si HEMHOI'O HIZKE, YeM B CEPeJInHE.

i T/Tsken, V/Vaken

X (cm)

05 10 L5 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95

Puc. 1. IIpodunap ckopocT 1 U3OBITOYHON TeMOepaTyphbl MOOEPEK IMOTPAHUYHOTO
cJjiost AJist ycjosuii onbiTa V5. Ha nanHom pucyHke: 1 — 3KcOoepuMeHTaJIbHbIE
3HAYEHUsI CKOPOCTU, 2 — IKCIEPUMEHTAJIbHbIE 3HAUYEHUsI TeMIIepaTypbl, 3 —

pacuyérHble 3HAYEHUsI CKOPOCTU U 4 — pacYEéTHbIe 3HAYEHUSI TEMIIEPATYPhI

U3 crarbu [9] mist cpaBHEHHUsI ¢ pe3ysibraTaMy Pacdéra ObLI B3AT SKCIEPUMEHT C

TeIIOBbIM 1TOTOKOM 4488 B/ M2 KaK HAHJIYYIIIM 06PA30M OIHCHIBAIOIINN 06/JaCTh pas3-
BUTOI TypOysnenTHOCTH. Kak BUIHO U3 puc. 3, 3aBUCUMOCTh 4ucja Hyccemabra oT ducia
I'pacroda, npemacrasiennas dopmysnoii (12), Koropasi cieiyer u3 JaHHON MOJEJH, TaK
2Ke XOPOIIIO COBIAIAET C IKCIEPUMEHTAJIHHBIMEU JAHHBIMU. MakcuMabHOE OTKJIOHEHHE
pacyéTHOro 3Ha4YeHnd yncja HycceabTra OT MOTyYeHHOTO B PE3YJIbTATE SKCIIEPUMEHTA, HE
upesbimaer 12,5%.

4. 3akJiroyeHue

IIpemoxkena pusnko-mMaTeMaTrIecKas MOIEb s PACUéTa XapaKTEPUCTUK TypoOy-
JIEHTHOI'O CBOOOIHO-KOHBEKTUBHOI'O ITOIPAHUYHOTO CJIOsi, OCHOBAHHAS HA YPaBHEHUSIX I10-
TPAHUIHOTO CJIOSA B MHTErpaJibHON opme. B Momenn nCmomb3yoTes 3JIeMEHTHI JIBYX30H-
HOIl Teopuu CBOOOTHO-KOHBEKTUBHOI'O IMOIPAHUYHOrO cjost. IlokaszaHo, 9TO pe3yabTaTh
PacdIETOB XOPOIIO COBIAJIAIOT C Pe3y/IbTaTaMI U3BECTHBIX IKCIIEPUMEHTOB, KaK 110 UHTEH-
CHBHOCTHU TeIJIOOOMEHA, TaK U IO PACIPEIEIEHISIM CKOPOCTH M TEeMIIEPATYPhI MOMEPEK
ITOIPAHIYHOTO CJIOS.
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| T/Takcn, V/Vaken

FSTCRN

Puc. 2. IIpoduab cKOpoCcTH U M3OBITOYHOI TeMIepaTyphbl HOIEPEK MOTPAHUYIHOTO
cjios ajist ycaosuil onbita V9. Ha nanHOM pucynke: 1 — 3KcIepUMeEHTaJIbHBIE
3HAYEHUsI CKOPOCTH, 2 — 3KCHEPUMEHTAJIbHbIE 3HAYEHUSI TEMIIEPATYPbI, 3 —
pPacYEéTHBIE 3HAYEHUS CKOPOCTH U 4 — pacyé€THbIe 3HAYEHUs TeMIlepaTypPhl

Nu )

1000 +

800 +

600 1
10 20 30 20 50 Ra i(xﬁ)m)

Puc. 3. 3aBucumocts unciaa Hyccesbra or uncia Pajest B yciioBusix
IKCIEPUMEHTOB [9] ¢ MIOTHOCTHIO TEIIOBOrO IIOTOKA Ha creHke 4488 [Br/mMm2]. Ha
JaHHOM pucyHKe: 1 — pacuérHoe 3Ha4deHue 4ducja Hycceabra, 2 —
SKCIepUMEeHTaIbHOEe 3HaueHue uynciaa Hyccesbra
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UDC 532.526
Integral Model of Natural Convection Turbulent Boundary
Layers Next to Heated Vertical Surface width a Large Lateral
Grasgof Number and Homogeneous Heat Flux

Y. P. Rybakov*, S. G. Cherkasov', Y. A. Suslov'

* Peoples’ Friendship University of Russia, Moscow, Russia
¥ Keldysh Federal Research Center, Moscow, Russia

The proposed integrated two-zone model to describe the characteristics of the turbulent free
convection boundary layer near a vertical wall. To obtain accurate profiles of vertical velocity
and excess temperature, taking into account the effect of wall region of the flow in the main part
of the boundary layer. Offered the correct way of using the Blasius formula to determine the
value of turbulent shear stress on the wall. On the basis of the differentiation profile of excess
temperature the relation connecting the specific heat flux and excess wall temperature. It is
shown that in the framework of the chosen approximation ratio linking density of the heat flux
and excess wall temperature has a form similar to the formulas Vliet—Ross and Saunders. The
obtained closed system of integro-differential equations describing the flow in free convection
flow the boundary layer. In the framework of the chosen approximation, the total system of
integro-differential equations was reduced to a system of nonlinear ordinary differential equations
of the first order. On the basis of the obtained systems was carried out numerical simulation
of a natural convection turbulent boundary layer in terms of the number of experiments. Made
comparison of results of numerical simulation, including the fields of vertical velocity and excess
temperature, with experimental data.

Key words and phrases: natural convection, turbulence, boundary layer, integral method,
two-zone model
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VIIK 532.526
Ananmu3 TedyeHUs B IPUCTEHOYHOII 00J1acTh!
CBOOOJTHOKOHBEKTUBHOT'O TYypPOYJIEHTHOTO MOTPAHUYHOTO CJIOS

IO. II. Pri6akos*, C. I'. Yepkacos', SI. A. Cycios!

* Poccutickuti ynusepcumem 0pyotcbovl napodos, Mocksa, Poccus
Y ITHIT @I'VIT «ewmp Keadvauas, Poccus, Mockea

IIpoBenén ananmmus TedeHuss TypOyJIEHTHOIO CBOOOIHO-KOHBEKTHBHOI'O IIOTPAHUYIHOI'O CJIOSI OKO-
JIO HATPETOI BEPTHKAJIBHOI IIacTHHBI. Ha 0CHOBe comocTaBeHNs KPUTEPUEB MTOA00MS Ompeie-
JIEHO OTHOCHUTEJIbHOE BJINSAHME BA3KUX M KOHBEKTHMBHBIX CHJI B paccMarpuBaemoit obsactu. Ilo-
JIy9eHbI TPpUOJIMKEHHbIE YPABHEHUS, OIIMCHIBAIOIINE XaPAKTEPUCTUKN T€YeHUsI B IIPUCTEHOTHOMN
00J1aCTH ¢ YI6TOM OTHOCUTEJHLHOTO BIUSHUS BI3KUX W KOHBEKTUBHBIX cujl. C MCIIOIB30BAHUEM
AHAJIOTMH MEK/Iy YPABHEHUSIMU BBIHYKJIEHHOT'O TYPOYIEHTHOI'O ITIOIPAHUYHOTO CJIOSI U IOJIY 9€H-
HBIX YPaBHEHU JIJIsi IPUCTEHOYHOM 00JIaCTU HallJIEeHbI COOTBETCTBYIOINE IPOMUIN BEPTUKAJIb-
HON CKOPOCTH M M3OBITOUHOI Temmeparypbl. Ha ocHOBe mosyueHHBIX TpoduIeil BEpTUKAILHON
CKOPOCTH U U30BITOYHON TeMIIEpaTypPhl OBLIIN ITIOCTPOEHBI II0JIsI CKOPOCTEH U TeMIIEPATYPhl BHY T-
pu ipucteHouYHOI obsacTu. o mosM cKopocTeil oIy dIeHO BhIpaXKeHue, OMUCHIBAIOIIEe TypOy-
JICHTHOE TPEHUE B IIPUCTEHOYHON 00JIACTH CBODOIHOKOHBEKTHUBHOI'O TYPOYICHTHOTO IMOTPAHMY-
Horo cyos. Ha ocHOBe aHasIornu ¢ BBIHY2KJEHHBIM TYypPOY/I€HTHBIM IIOT'DAHUYHBIM CJIOEM U Tede-
HHEM B IIPUCTEHOTHOM 06/1aCTH CBOOOIKOHBEKTUBHOTO TYPOYIEHTHOTO TIOTPAHUIHOTO CJIOSI BO3JIE
BEPTUKAJIBHOM IJIACTHHBI OBLIO IPEJJIOZKEHO HCIO0JIb30BaTh dopMyay Biasmyca s Haxoxie-
HUS 3HAYEHUsI TYypPOYJEHTHOI'O HAIIPsi>KEeHWsI TpeHus Ha cTeHke. [IpoBesgn 0030p MOIyYeHHbIX
Pe3yJIbTaTOB.

KuroueBbie ciioBa: cBOOOJIHAsI KOHBEKIINSI, TYPOYJIEHTHOCTD, IOIPAHUYHBIN CJIOM, TYpOy-
JIEHTHOE TPeHUue, IPUCTeHOYHAast 00J1acTh

1. Bsenenue

IIpu uccienoBanmy ¢BOOOJHOKOHBEKTUBHBIX TYPOYJIEHTHBIX MOTPAHUYHBIX CJIOEB WH-
TerpaJbHbIMU MeTosaMu [1-3] ocobeHHO ocTpo BeTaér mpobsiema OnpeJesieHnst mapa-
METPOB TEYEHUsI B MPUCTEHOYHON OOJIACTH M 3HAYCHWIT HAIPSXKEHUS TPEHHUs] HA CTEH-
ke. BrepBbie 3a/1ata 0 CTPyKType TedeHusl B IPUCTEHOIHON 00JiacTU ObLIa [IOCTABJIEHA
C.C. Kyryremnazze [4,5|, rue 6bl1a uCIOIb30BaHA MOJIEIb KBA3HIAMAHAPHOIO BSI3KOTO
mojicyiost. B paMkax npubJinykeHnsi KBa3WJIAMIHAPHOTO BS3KOTO IOJICIIO0S OBLIO MPEJIo-
JKEHO MpeHeOpeub JieBbiMu dacTsaMu ypapHenuit HaBbe—CTOKCa M IyJIbCAIIMOHHBIMU CO-
CTABJIIONIIME JIJIsI HAIPSXKEHU TPEHMsT W TEIJIOBOIO MOTOKa. B paMKax 3To#t Mojesn
OBLIN [TOJIYIEHBI IIPUOIMKEHHBIE PEIIEHNs] yPABHEHUI TOTPAHUIHOTO CJIOS B IPUCTEHOY-
HOI 00JIaCTHU /1T BEPTUKAJIBHON CKOPOCTU 1 M30LITOYHOM TeMIiepaTypsl. B manabreiinem
10/106H0€ pemnienne 6bpL1o osyueHo B. Jxopmazkom u C. Kanmnowm [6] B 1978 rony B pam-
KaX TeX K€ TPEJIITOJIOKEHHT ObIIO MOy YeHO AHAJIOTUIHOE PEIIEHUE, B KOTOPOM, OJTHAKO,
SIBHO (DUTYPUPOBAJIO 3HAUEHNE HAIPSXKEHWsT TPEHUsI Ha CTeHKe. J[aHHbIe pe3ysibTaThl Ho-
YTH HE UCIOJIb30BAIUCH B IMIPAKTUIECKUX PACUETaX, BBUILY TOTO, YTO COTJIACHO MOJIEJISIM
C. C. Kyryrenaaze u Hxxopka—Karma Tedyenne B IPUCTEHOYHON 00J1aCTH HE OKA3bIBAET
PSIMOTO BJIUSTHUST Ha TertooOMer. Kak moKa3bIBaOT COBpEMEHHbBIE IKCIIEPUMEHTAJBHBIE
JaHHbIe |7, 8], npenebperKeHNe JIeBOil YaCThIO yPABHEHUS [I€PEHOCA UMILY/IbCA B IIPHCTE-
HOYHOI 00JIaCTH HEKOPPEKTHO BBU/LY TOJOKUTETLHOCTH KAK BBITAJIKABAIOIIEH CUIIBI, TAK
U CUJIBI TPeHus. B maHHOi cTaThe MPejIoyKeHO UCII0Ib30BATh AHAJIN3 KPUTEPUEB O100MsT
B IIPUCTEHOYHON OOJIACTH JIJIsI OLPEICJIEHUS OTHOCUTEILHOTO BJIUSHUS BBITAJIKIBAIOIIEH
CHUJIBI U CHJIBI TPEHUs Ha apaMeTpbl TedeHusi. [loydena mpubImKEHHAsT CHCTEMA YDPAB-
HEHUI, YINTHIBAIONIAS JIEBYIO YaCTh YPABHEHUS TIePeHOca UMITyabca. [loryaeno pemenne
IpUOJINKEHHON CUCTEMBI U OIPEIeJI€Hbl TPAHUIIBI IPUMEHUMOCTH BBHIOPAHHOTO TPHOIIH-
JKEHUSI.

Crarbs nocrynuia B pegaknuio 20 ampesns 2016 r.
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2. IlocTaHoBKa 3aga4m

PaccmarpuBaercst npucrenodnasi 06/1acTb TYpPOYJIEHTHOIO CBOOOIHO-KOHBEKTHBHOTO
TOTPAHUIHOTO CJIOSI OKOJIO BEPTUKAJIBbHON OECKOHETHOM HATPETON IIACTUHBI C 38 TAHHBIM
VIAETbHBIM TEIJIOBBIM ITOTOKOM (. 3aJady 00 OlpesesieHun IoJiell CKOPOCTel W TeMIte-
paTypbl B IPUCTEHOYHOI 00JIACTH IMOIPAHUIHOIO CJIOS OyIeM pacCMaTpUBATh B paMKax
CMeIIaHHOM’ KOHBEKIIN [9], 1€ OTHOCUTE/IbHOE BJINAHNE BA3KNX CHUJI U CHUJIBI IIJIaBy1€CTHU
OTIpeJIesIsIeTCsT OTHOIIIeHneM 1nciia I'pacroda K KkBaapary uncia Peitaonbaca. Obo3naunm
3a d pacCcTostHUE 110 HOPMAJIU JI0 CTEHKH U IIPUMEM 3TO PACCTOsHUE 38 XapaKTePHBIN Jin-
Hefinbiit MaciTad 3amadn. HampaBuMm ock 2z BBEPX BIIOJb IJIACTUHBL, & OCh T IO HOPMAJIU

K meit. B coorsercrBum ¢ Teopueii [6] ornomenne Gr*/Re? 3amaéres cooTHOmEHRMEM:

Gr* (98au\?
Re2 < Av2 ) @ (1)

Orcrona cieyer, 9ro B npucTeHOIHON obsactu (d — 0) MOXKHO IpeHeOpedb BBITAT-
kuBaromieil cuoit. Obo3HaunM 3a 1) TOMINUHY 00JIACTH, B KOTOPOH JOMUHUPYIOT BI3KUE
cuiipl. 13 yenoBus (1) MOXKHO BeJUUUHY 7) YCJIOBHEM DABEHCTBA €JMHUIE OTHOIICHUSI

Gr*/Rée?.
2\ T
" (gﬁqw> ' ®

B pamkax cies1aHHOTO Oy IIEHNsT MO2KHO CYIIIECTBEHHO YIPOCTUTD UCXOIHYIO 33/1a1Y,
3alliCaB ypaBHEHNE IIePEHOCa UMILYJIbCa B CIICAYIOIEM BHAE:

uZl pwl 22T (3)

3mech p, U, W — COOTBETCTBEHHO IJIOTHOCTb, HOPMAJIbHAS CKOPOCTb W BEPTUKAJIb-
Has CKOPOCTb, T — TYPOyJIeHTHBIE HAIIPsizKeHus Tpenus. /st 3aMbikanus ypapHenus (3)
TpedyeTcst NCIOIb30BATh yPaBHEHNE HEPA3PBIBHOCTH.

ou Ow
%-F%—O. (4)

B paMKax IpHHATHIX B pacCMaTpPUBAEMOE MOJEN JIONMYIEHNN, C yIETOM JUHEHHOCTH
npodUIs TEMIIEPATYPHI B TPUCTEHOUIHOU 00JIaCTU, YPABHEHHE IIEPEHOCA TEILIa 3aIUIeM

B BHJC:
9
— =0. (5)
Ox
I'pammaabivu yeaoBusiMu st ypasrennii (3)—(5) sABIAIOTCA yCIOBHE MPUTHIAHAS,
yCJIOBHE HE IIPOTEKAHWsS U 3HAYCHHE TEILUIOBOIO MOTOKA HA CTEHKE, & TaKyKe 3HAUCHUS

BEPTUKAJBbHOW M HOPMAaJbHOM CKOPOCTEeH Ha BHEITHEH T'PaHUIEe MPUCTEHOYHON 00J1acTH.
JlaHHbBIE YyCIIOBHSI MOYKHO 3aIlMCATh B BUIE CJAEAYIONNX (POPMYIT:

w|a)=0 =0, (6)
“|1;:0 =0, (7)
ql,_y = qw (8)

|1‘=n = Wo- (9)
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3. Amnanus penieHus

Ypasuenus (3)—(4) ¢ rpanmuanbiMu yeaoBusamu (6)—(7) u (9) SKBHBaJIEHTHBI 334~
4e 0 TypOYJEHTHOM HOTPAHMYHOM CJIO€ IIPU BBIHYKJICHHOM OOTeKaHWH ILJIACTHHBL [9),
IJic B Ka4eCTBe CKOPOCTH BHEIIHErO TEYEHUsI UCIOJIb3YeTCsl CKOPOCTh Ha BHEIIHEH rpa-
HUIIE IIPUCTEHOYHON 00/IacTH, a B KadeCTBE TOJIIUHLI MOIPAHMYHOIO CJIOs — TOJIIIHA
7. BepTukasbHyo CKOPOCTH U TPEHHE Ha CTEHKE, C yIETOM AHAJOTHH C BLIHYZKJCHHBIM
TypOYJIEHTHBIM TE€YCHHEM, MOKHO 3allICATH B CJIELYIOMEM BH/IE:

mdwy (7
_ _Mmdw [z 1
“ 8 dz <n> ’ (10)

w = wo(z) (f;) (11)

1
4

T = 0,0228pw? (”) . (12)
won

~|oo

B cuny ypasuenwuii (3)—(4) TypOysieHTHBIE HAIPSIZKEHUSI TPEHUST B IPUCTEHOYHON 00-
JIACTU OIUCHIBAIOTCS (DOPMYJION:

1 9
v \* 49 dw (z\~
= 0,00228pw? [ — “apw (Z) 1
7 = 0,00228 pw (”U”?) +72n,owdz <n> (13)

TypOysienTHOE HAIpsizKeHMe TpeHusl, onucbiBaemoe dbopmysioii (13), memorCcTpUpyeT

[OBEJICHIE, AHAJIOTUYHOE SKCIEPHMEHTAIbHBIM HCC/Ie0BaHusiM B paborax |7, 8, 10, 11]

npu § <5 - 1072, e 6 — o6IIAs TOIIMHA TTOIPAHIIHOTO CJIOS.

Ypasuenue (5) perraercst OTeJIbHO OT ypasHeHuit (3)—(4) u B CHILy IPAHIYHOTO YCJIO-
BUA (8) MMeeT pellleHne B BUJE HOCTOSIHHOTO TEILIOBOIO HOTOKA.

q = Qqu- (14)

4. 3akio4deHue

IIpennoxkena duznko-MaTeMaTUIeCKas MOJIEIb /I PACUETa XapaKTEPUCTUK TypOy-
JIGHTHOT'O CBOOOHO-KOHBEKTUBHOI'O ITOTPAHUYIHOTO CJIOsI, OCHOBAHHAS HA YPABHEHUIX I10-
TPAHUYIHOTO CJIOSI B MHTErPAJILHOM dpopMme. B Momem ncnoib3yoTcs: 3JIeMeHThI IBY X30H-
HO¥ Teopuu CBOOOIHO-KOHBEKTHBHOI'O IOrPAHUYHOrO cjost. [lokazaHo, 4To pe3ysabTaThbl
PacuEToB XOPOIIIO COBIAIAIOT C PE3YIbTaTaMi N3BECTHBIX KCIEPUMEHTOB, KaK 10 HHTEH-
CHUBHOCTH TEIJIOOOMEHa, TaK W 10 PACIPEIeJEHUSIM CKOPOCTH W TEMIIEPaTypPhl MOMEPEK
IIOIPAHUYIHOIO CJIOH.
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Analysis of the Flow of the Near Wall Region in Natural
Convection Boundary Layer

Y. P. Rybakov*, S. G. Cherkasov', Y. A. Suslov'

* Peoples’ Friendship University of Russia, Moscow, Russia
TKeldysh Federal Research Center, Moscow, Russia

The analysis of the flow of turbulent natural convection boundary layer near a heated vertical
plate was done. On the basis of comparison of criteria of similarity determined relative influence
of viscous and convective forces in this region. The approximate equations describing the flow
characteristics in the near wall region takes into account the relative influence of viscous and
convective forces. Using the analogy between equations of forced turbulent boundary layer and
obtained the equations for the near wall region was found corresponding profiles of vertical
velocity and excess temperature. On the basis of the profiles of vertical velocity and excess
temperature were built of the velocity field and temperature in the near wall region. In the
fields of velocities obtained an expression describing the friction in turbulent wall region of a
turbulent boundary layer free convection flow. Based on the analogy with a forced turbulent
boundary layer and the flow in the near wall region of natural convection turbulent boundary
layer near a vertical plate has been proposed to use the Blasius formula for finding the values
of the turbulent shear stress on the wall. A review of the results was done.

Key words and phrases: natural convection, turbulence, boundary layer, turbulent fric-
tion, near-wall region
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VIK 533.9
OcobeHHOCTN yCKOpPEeHUd YJIbTPapPeJaTUBUCTCKUX 3JIEKTPOHOB
MOIIHBIM JIA3€PHBbIM M3JIyY€eHHEM B pexKHMe IUKJIOTPOHHOTO
aBTOpE30HaHCAa

H. A. A6aynos, B. II. MuaanTreB

Poccutickuti ynusepcumem dpyotcbv, napodos, Mockea, Poccus

IIpoBenén aHaIN3 YMCJIEHHOTO PEIIEHUs YPABHEHWU JIBUXKEHHS JIEKTPOHOB B IIOJIE YJIbBTPa-
KOPOTKOTO JIa3€PHOI'0 UMITYJIbCA, PACIPOCTPAHSAIONIETOCA BAOJb IOCTOAHHOIO MArHUTHOTO TOJIS,
IIPU yCJOBUU IUKJIOTPOHHOIO aBTOpe3oHaHca. IlokazaHo, 4TO NMpu OTCYTCTBUM YCJIOBUSA ITUKJIO-
TPOHHOTO PE30HAHCA B MOMEHT HHKEKITHMH 3JIEKTPOHBI MTHOBEHHO MOKHUAIOT 0OJIACTDL B3aMMO-
neictust. Ilose y1a3zepHOro M3sydueHus KpyroBoil HMOJISPHU3ALNAN 33/1aBajIOCh B IAPAKCHAJILHOM
NpUOMKEHNA B BUJE TAayCCOBBIX IIYYKOB OCHOBHOW W TEPBOI MOJ. Y UUTBHIBAJNCEH MOMPABKA
[I€PBOr0 MPHUOJIMAKEHNsT K KOMIOHEHTAM II0JIs M3JIydeHus. PacuéThl moKasasd, UTO MIOIMPABKU
IIepBOro MOpsAJKa K IOINEePEYHBIM KOMIIOHEHTaM BEKTOPOB MOJIA HE OKa3bIBAIOT CyIIECTBEHHO-
IO BJIHASHUA HAa aBTOPE30HAHCHOE IBUXKEHHUE 3JICKTPOHOB, TOIJA KaK IIPOJOJIbHBIC KOMIIOHCHTDI
[I€PBOT0 MPHUOJIMAKEHNS UTPAIOT PEIIAOIyIo POJIb. BBIIO IOKa3aHo Tak:Ke, UITO B PACCMaTPUBAE-
MOM CJiydae KOHKpeTHasi (popMa UMITYJIbca He uMeeT 3HadeHusA. [lorydeHbl KapTUHBI TPOCTPaH-
CTBEHHOI'O paclpeiesIeHUsI BEKTOPOB II0JIsI U3JIyUeHNs B IIOIEPETHON IJIOCKOCTH B 3aBUCHMOCTH
OT TPOJIOJILHON KOOPAMHATEI (HATIPABJIEHHs] PACIPOCTPAHEHUS U3JTydeHnsl ). [loKa3aHo, 9To Xa-
paKTep U3MEHEHUs SHEePIUU IIydKa 3JIeKTPOHOB CHJIBHO 3aBUCUT OT UX IOJIOJKEHUI MHIKEKITUU B
dokayIbHOM IJIOCKOCTH. [Ipy 9TOM B 3aBHCHMOCTH OT MeCTa MHXKEKIINN BO3MOXKHO KaK YCKOPEHHE,
TaK M 3aMeJJIeHre IIy4Ka 3J1eKTPOHOB. [loKa3aHo, 9TO IpM ONTUMAJIBHBIX YCJIOBUAX WHXKEKITUH
MEXaHU3M ITUKJIOTPOHHOI'O aBTOPE30HAHCA MOXKET 00ECIIeUIUTDb JOCTATOYHO BBICOKYIO 3D PEeKTHB-
HOCTBH YCKOPEHHd YJIbTPAPEIATUBUCTCKUX 3JIEKTPOHOB B II0OJI€ MOIIHOI'O JIa3€PHOIO U3JIy4YeHUHA
TIEPBOI M OCHOBHOI MOJ, C JOCTATOYHO BBICOKMM CPEIHUM TEMIIOM Ha PACCTOSHHUU MOPSAIKA JIBYX
pasteeBckux AyuH. [IpeanmournTresnnpHee sABIsSETCs OCHOBHAsS MOIa M3-3a 60JIee IIPOCTOTO OIHUCA-
HUS TIOJIsI 9TOM MOJBI, 60JIee BHICOKOTO TeMIIa YCKOPeHUs U 60Jiee MUPOKON yCKOPSIONIEH 30HbI
WHXKEKIIUN IIyIKa 3JIEKTPOHOB.

KuroueBble cjioBa: IUKJIOTPOHHBIN ABTOPE30HAHC, YJIBTPAPEIATUBUCTCKUN SJIEKTPOH, MOIII-
HOe JIa3epHOe U3JIyUeHre, YIbTPAKOPOTKIE UMITYJIbLChI, MOJIbI TayCCOBBIX IIYYKOB, aBTOPE30HAHC-
HOe YCKOpDeHNe

1. Bsenenne

ABTOPE30HAHCHBII MEXaHN3M YCKOPEHHs 3apsAXKEHHBIX JACTHUIL, OTKPbITHI Kosomen-
ckuM u JleGenesbiM [1] u JJaBbrioBeknM (2], ocHOBAH Ha TOM, YTO LIPU JBUKEHUN YaCTHIbI
B BaKyyMe B I10JI€ IJIOCKOH 9JIEKTPOMATHUTHON BOJIHBI, PACIIPOCTPAHSIIOMIENCST BJIOJIb 110~
CTOSTHHOT'O MArHUTHOI'O IOJISL CO CKOPOCTBIO CBETA, HAYAJIbHOE YCJIOBUE IMKJIOTPOHHOIO
Pe30HAHCA SIBJISIETCS] HHTErPAJIOM JBHKeHUsl. Pasimanble 1po6iieMbl yCKOPEHHS JIEKTPO-
HOB B PeXXHMe IMKJIOTPOHHOI'O aBTOPE30HAHCA 00CY?KJAJUCh BO MHOTHX paborax (CM.
0630psI [3,4]). DdbdeKTHBHOCTH aBTOPE30HAHCHOIO YCKOPEHNUsI CYIIECTBEHHO 3aBUCUT OT
MHTEHCUBHOCTH yCKOPSIIOIIEro 31y denusi. [[09ToMy ecTecTBEHHO BO3HUK HHTEPEC K aBTO-
PE30HAHCHOMY MEXaHU3MYy yCKOPEHHUsI MOIHBIM Jia3epHbIM n3iryderneM. OHAKO B 9TOM
cJIydae MMeeTcsi PsiJi OCOOCHHOCTEH, CBSI3aHHBIX ¢ GOJIBINOI 9acTOTON M3/IyUeHHs U ero
UMILYJIbCHBIM XapakTepoM [5,6]. IIpexe Bcero, okasaaoch, UTO Jlsl BBIIOIHEHUs! yCJIO-
BUsl IIMKJIOTPOHHOIO PE30HAHCA B HAYAJIBHBIN MOMEHT BPEMEHHU JIJIsl TIOKOSIIIUXCS IACTHIL
TpebyroTcst (haHTACTUUECKN CHJIbHBIE BEJyIue MarHUTHBIE HOJsA. Eciu ke paccmarpu-
BaTh PEAJMCTHIHbIE 3HAYEHNS] MAIHUTHOI'O IOJIsl, TO B PEXKUM aBTOPE30HAHCHOIO YCKO-
PEHHUsI JIA3ePHBIM U3JIy9I€HHEM MOTYT BOBJIEKATHCS JIUIIb yIbTPAPEJSITUBUCTCKUE DJIEK-
TpoHs! [5,6]. Jasee, nMITy/IbCHBII XapaKTep U3JIy9YeHUs] CTABUT HPOOJIEMY aJeKBATHOIO
OIMCAHMsI TAKOTO U3JIyUeHUs] U IPUBOJUT K DPsily OCOOEHHOCTEfl JIBUXKEHUS JIEKTPOHA
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B aBTOPE30HAHCHOM pexkume. Hanbosiee M3y9IeHHBIM sIBJISIETCS aBTOPE30OHAHCHBIN Mexa-
HU3M YCKOPEHUS JIEKTPOHOB UMITYJIHLCHBIM JA3€PHBIM U3JTy ICHUEM JTOCTATOYTHO OOJIBIION
JUTATELHOCTH, ONUCHIBAEMbBIM B PAMKAX IapakCuaJbHOro npubsmkenus [7,8]. Bompoc o
IIPUMEHUMOCTH ITapaKCHaJIbHOI'O HpI/I6J'[I/I}K€HI/IH B CjIy9a€ KOPOTKHX HUMIIYJIbLCOB O6CY}K-
nasicst B paborax [9,10]. Beuto mokasano, 4To Ja3epHoe u3aydeHne (heMTOCEKYHIHON
JUIATEJILHOCTU BIIOJIHE MOYKET OIHCHIBATHCHA B MAPAKCHAJILHOM HPUOIMKEHUU. DTO IPH-
6III/I)KGHI/IG CTaHOBUTCA HCIPUMEHUMBIM B CJIydae MOIITHOI'O OCTPO C(i)OKyCI/IpOBaHHOFO JIa-
3epHOro m3iydenus [11].

OcHOBHOII 11€JIBI0 JTAHHON PaOOTHI SIBJISETCH NCCJIEI0OBAHNE BO3MOXKHOCTH 3P dEKTHB-
HOT'O YCKOPEHUSI YJIBTPAPEIATUBUCTCKAX JIEKTPOHOB MOIIHBIM JIA3€PHBIM H3JIyICHHEM
deMTOCEeKyHIHOI IJINTEIFHOCTH B PEXKUME ITUKJIOTPOHHOIO ABTOPE30HAHCA.

2. Ilone mazepHOro M3J/Iy4eHUSA

Ornncanue MOIHOTO UMITYJIBCHOTO JIA3€PHOTO U3JIYYeHNUs, B ODIIEM, [IPEJICTABIISET CO-
6oit ocTaTouHO CII0KHY0 3a1a9y [7—11]. OrpannauMcst paccCMOTPEHIEM UMILYJIbCOB, TIPO-
TSI>KEHHOCTH KOTOPBIX MPEBBIIIAET JJIUHY BOJHBI A: cAt > \. Bneck At — IIUTEIBHOCTD
HUMITYJIbCA, ¢ — CKOPOCTD CBETA B BaKyyMe. B aToM cirydae Jiuist OIUCAHWS U3JIY ICHIS MOXK-
HO HCIIOJIb30BATh MAPAKCUHAJIBbHOE MPUOJINKEHNEe, B KOTOPOM U3JIyUIeHUe TPeJICTABJISETC S
B BHJIE I'ayCCOBBIX IIYYKOB IPOM3BOJILHOI Mosibl [9]. TIpemoniaraercs, 4To XapakTepHbIit
pasMep Iydka a B miockoctu z = () (CyzKeHHe rayccoBa IydKa) HAMHOIO IPEBOCXOIUT
JUIMHY BOJIHBI A\, TaK YTO CYIIECTBYET MAJIBII ITapamMeTp:

w=2/ka=a/zr < 1. (1)

Bnech zp = ka?/2 — paseeBckas JMHA, oUpeJIesionas TuPaKIMOHHOe PACILIbIBAHNE
BosIHOBOrO myuka [7,8], K = 27/\ = w/c — BOJHOBOE YHCJIO, W — HECyIasl 4acrora
BOJIHBI, ¢ — CKOPOCTDb CBETA.

[Tonepevnble KOMIIOHEHTBI 3JIEKTPHIECKOTO TI0JIsI JIA3€PHOTO U3JIy9IeHHUs] B ITAPAKCH-
AJBLHOM MPUOJIMKEHUN ONPEJIEJISIIOTCS ¢ TIOMOIIBIO MapaboJNIecKOro ypaBHeHusl, BbITe-
KAaIOIIero u3 TOYHbIX ypasHenuit Makcsesuta. Ero perienust HaX0IATCs ¢ TIOMOIIBIO Pa3JIo-
JKeHmit 1o napamerpy (1)) u mpeacTaBiIsIFOTCs B BUJE MayCCOBBIX IIYYIKOB M-0il MObI [9].
[Tpenotaraercst, 9TO U3JIy9eHUE PACIIPOCTPAHAETCS B0 BHEIIHETO MOCTOSHHOTO Mar-
HUTHOTO noJtst (ocH 2). B cilyuae akCMaIbHO-CUMMETPUYIHBIX ITyYKOB KPYTOBOIM MOJISIPU-
3aIMd B HYJIEBOM TIPUOJIMKEHUN 110 TAPaMeTPy [ KOMIOHEHTBI 3JIEKTPUIECKOTrO MOJIs, B
0b11eM, MOYKHO IIpeJICTaBUTh B BHjie [9):

Epm = f(0)En(r,z)sin(0 + ), Eym = f(0)En(r, 2) cos(0 + ¥p,). (2)

B srux dopmynax: E,,(r, z) — ammmrya m-oit MOJbL, ¥, — €€ daza, 0 = kz — wt —
«OpIcTpasg» (asa BOJHBI, PACIPOCTPAHAIONIEACH BAOIh BHENTHErO IIOCTOAHHOIO MATHUT-
Horo moss (ocu z), r = /a2 + y?. @yuknus (o) onpesenser UMITYJIbLCHBIN XapakTep
U3JIydeHusl, IpU 9ToM napamerp o = (t — z/c)/A, rne A — JJINTEJIBHOCTH UMILYJIbCA.
Umnysbcnas dyuknus f(o) Moxer 3ajaBaThCsi 1Mo-pa3HoMy. B jaHHON paGore Oympem
npescrapaTh eé B Buge [10]: f(o) = cos® (50).

BazKHYI0 POJIb B JIBUKEHUU 3JIEKTPOHOB B I110JI€ UMILYJILCHOIO JIA3EPHOTO W3JIy YeHUsI,
Kak Oy/IeT TIOKa3aHo Jlajiee, NrPaeT IMPOJI0JIbHas COCTABIAIONIAs BEKTOPA HAIIPAKEHHOCTH
JIEKTPUIECKOTO T0JIsI, SIBJISIFOIASICS BEJMIUHOM IePBOro MOpsiJiKa 1o rmapamerpy 4 [9]:

E.m = f(0) [E1(r, z)sin(0 + ¥p,) + Ea(r, z) cos(8 + ¥n,)] , (3)

1
% (amEm - Emaywm) ) am

0y

1 0 0
El - _% (ayEm + Emamwm) ) E2 - %7 aiy
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ITonepeunble KOMIIOHEHTBI BEKTOPOB II0JIA U3JIydeHUs B HYJEBOM H II€PBOM IPHOJIU-
JKEHHSX [0 mapamerpy (1) cBsi3aHbI OOIMMHI COOTHOIICHUSIMIL

Bmm = _Eyn’u Bym = Emm (4)

IIpomonpHas cocTaBigonasg BEKTOpa MArHUTHOTO IOJIS, TaK Ke KaK W dJIEKTpUde-
CKOT'O TOJIs1, SIBJISIETCsI BEJIMYUHOM 1IepBOro mopsijika [9):

B.m = f(0)[Bi(r, z) sin(f + ¥p,) + Ba(r, z) cos(0 + )], (5)

B (0 Em — EnOythm)

_1
Tk

1
By = 1 (0yEm + En0stbm) .

B cnayyae mocTtaTovHO NIUTENBHBIX UMITYJIHCOB MOMPABKH K TOIEPEYHBIM KOMITOHEH-
TaM BEKTOPOB TOJIsI SIBJISIIOTCsI BEJIMYMHAMU BTOPOrO mopsijika 1o mapamerpy (1). Ilpu
JUIATEIbHOCTH UMITybca At < 66 ¢d¢ TOMpaBKy K MOMEPETHBIM KOMIIOHEHTAM BO3HUKA-
for B nepoM npubsmkennu |9, 10]. Oguako npoBeAEHHBIE OIEHKH MOKA3aJIM, YTO [IPU
paccMaTpUBaeMbIX MHTEHCUBHOCTSX JIA3€PHOT'O M3JIYUEHUs U HAYAJIHLHOW SHEPTUU YCKO-
PSIEMOTO Iy YKa 3JIEKTPOHOB TIOMPABKY IIEPBOTO MPUOINKEeHNs HA 5—6 MOPSIIKOB MEHBIITE
BesimauH HyJeBoro npubsmkenus (2). ITosromy mepBbIME MONpaBKAMU K [IOHEPEYHBIM
KOMIIOHEHTAM BEKTOPOB II0JIsI OyIeM IIpeHedperaTh.

Hasee GyeM paccMaTpuBaTh OCHOBHYTO U IIEPBYIO MOJIbI JIA3EPHOIO U3JIydeHust (m =
0, 1). Yao6Ho ucnosnb30BaTh Ge3pasMepHbIe IIepeMeHHbIe: BpeMst T = wt, PaJnyc-BEKTOD
B norepevnoit mwiockoctu p = (X,Y), rue (X,Y) = (x/a,y/a), npononbHast KOOpanHATA
Z = Z/ZR.

st ocroBHO# Mol (m = 0) ammmuTyna u dasa ja3epHoro u3irydeHus (2) sJeKTpu-
YECKOI0 II0JIsI HYJIEBOIO IPHUOJIMZKEHNUS OlLpeiesistioTcst hopMymnamu [7,9]:

By = ep /(14 2} o= 2/ 2) et Z, (6)

rie E(0) — ammuryna soansl B dokyce (mpu 7 =0, X =Y = Z =0), p> = X? + Y2

Ammummryna u dasza nepsoit Mozl (m = 1) onuceiBatores dhopmynamu |7, 9]:

_ EB(0)\/(1—p?)2+ 22 5 2
Ey = EITE exp{—p~/(1+ Z%)}, (7a)

Z
1/)1:p2Z/(1+Z2)_3arcth—|—arctg<1 2) +7H(1 - p?). (7b)
p

Bnecy H(r) — byuknusa Xssucaiiia.

IIpo/iosibHBbIE KOMIIOHEHTBI HOJIsi U3JIydeHust HaxojsTes o dhopmytam (3), (5). s
WX OIpejieIeHnsT HEOOXOINMO BBIUHUCINTD TPOU3BOIHBIE OT aMIIATYAbI Fg 1 das3bl Yy o
IIOTIePEYHBIM KOOPINHATAM:

2FEyq 2q7

8‘1E0 = _a(l + ZQ)? 8q¢0 = a(l + Z2)7

rie ¢ — Koopjmaara X win Y.
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3. YpaBHeHUus JABUXKEHUs IJIEKTPOHA

PessituBrucTCKOE JIBUZKEHNE 9JIEKTPOHA B 3a/IAHHOM 3JIeKTpoMarauTHoM mose (3)—(7)
OIIMCBHIBAETCs, B O0OIIEM, ypaBHeHUsIMU (B G€3pasMepPHOM BUJIE):

dP, e
T _ 1—P,/y)E; +w.P,(1+ B:/B

dr wmoc( /B +wePy (1 + B/ Bo),

dP, e

T::wmoc(l_ 2 /7By — wePs(1+ BL/B), (8)
dP, ek,

e
= P.E.+ P,E,),
dr wmge + wmocy( + By Ey)

dp P dZ P,

= = = . 9
dr  aky’ dr  zgky 9)

3aech ucnosnb30BaHbl cooTHOIeHnst (4). BBemensr Takke obo3nadeHus: Ge3pasMepHbIit
BeKTOp nMityiabca P = p/myc, e my — Macca 3J1eKTpOHa, Y — PeJIITUBUCTCKUIT raMMa-
daxkrop, w. = eBy/mocy = weo/, TAE wep = €By/moc — Kiaccuueckasi IUKJIOTPOH-
Has gacrora. B ypasuenusx (8) Bekrop E mpescrasisier coboit BEKTOp HAIPSIZKEHHOCTH
3JIEKTPUIECKOT'O IOJIS JIA3EPHOIO U3JIyYeHHUS C TOYHOCTHIO JI0 YIEHOB IIEPBOIO IOPAIKA.
Bremnee marauTHOe oste B cuuTaeTcst MOCTOSHHBIM U HAIIPABJIEHHBIM BJOJb OCH 2.
CorylacHO IPOBEJIEHHBIM OLEHKaM, IIOJIE€ JIa3€PHOIO U3JIyYeHHs C HHTEHCHBHOCTBIO
108 Bt/cM? Ha HECKOJILKO TIOPSIIKOB CHTbHEE CaMOCOT/IACOBAHHOTO OIS 3eKTPOHHOTO
IIy4Ka, II09TOMY BJIHSIHUEM IIOCJIeHErO Ha JBUKEHNe 3JIEKTPOHOB OyleM IIpeHeOperaTs.

4. VYcaoBud MUKJIOTPOHHOTO aBTOPE30OHAHCA

Crporo roBopsi, aBTOPE30HAHCHOE JIBU2KEHHUE YACTUIIBI BOSMOXKHO JIUIIb B TIOJIE TIJI0C-
KOM IIOIePEeYHON 3JIEKTPOMArHUTHON BOJIHBI, PACIPOCTPAHLAIOIENCS CO CKOPOCTBIO CBETa
B BaKyyMe BJIOJIb [TIOCTOSIHHOTO MarHUTHOrO noJis [3|. B aroMm cityvae HavasibHOE ycioBue
[UKJIOTPOHHOTO PE30HAHCA YACTHIIBI C BOJHON w — kv, = Weo /7y, WK

v— P, =wep/w=0 (10)

COBIIQJIAET C WHTErPAJIOM yDABHEHWI JBUXKEHUS U, CJIJ0BATEIHHO, COXPAHIETCS BO BCE
BpeMsl JIBUKEHUsT JacTHipl [3]. 31ech v, — CKOPOCTb YACTHUIILI B HAIPABJICHUH BHEII-
HEro MarHUTHOTO T10Jisl (M PACIPOCTPaHeHUs BOJIHBI), P, — IPOIOJIbHBIN 6e3pa3MepHbIit
UMILYJIBC YaCTHUIIbI, Wy = eBgy/moc — Kiaccudeckasi IUKJIOTPOHHAS YacToTa. B cirydae
JIA3€PHOIO M3JIy9YeHHsi HAUaJbHOE YCIOBHE IMKJIOTPOHHOIO PE30HAHCA, B ODIIEeM, He MO-
JKET COXPAHATBHCsI BO BCE BPEMsl JIBUYKEHUsI YACTUIIBI. PaccMOTpuM, OJHAKO, M3MEHEHUE
Besimunbbl G = 7y — P,, Bxogsieii B coorromienne (10). 13 ypaBrenunii nsuxkenus (9) ¢
YUETOM UJIEHOB TIEPBOTO HOPSIJIKA [0 TIAPAMETPY [ CJIEJLyeT:

d& © <1 - %) E(2) + o(i?).

dt moc c

Orciona BugHO, 4To Bejaum4nHa (G IpU ydEéTe UIEHOB IIEPBOIO IMOPSJKA B CPEIHEM
ocTaéTrces MoCTOAHHOM. TakuM 00pa3oM, MOXKHO CUATATH, YTO 38 BPEMSI B3aUMOICHCTBUS
YACTHIBI ¢ KOPOTKUM JIa3€PHBIM MMITYJIbcoM yciaosue (10) B cpesnnem coxpansiercsi. Pac-
9ETHI TIOKA3aJIH, YTO JeHCTBUTENHHO ycsoBue (10) BBITOIHSAETCST ¢ OYeHb BBICOKOI TOY-
HOCTBIO. I103TOMY MOKHO CYMTATH, 9YTO aBTOPE3OHAHCHLINA PEXKMM NBUKCHUS IACTHUIILI,
obecrieunBaeMblii ycsoueM (9), BO3MOXKEH U IIPHU JIBUKEHUU YACTUIBI B MOJI€ MOIIHOIO
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UMIIYJIBCHOTO JIA3EPHOT0 U3y YEHHUsI, KOTOPOE CYIIECTBEHHO OTJIMIAETCS OT TI0JIsT TIJIOCKOMH
BOJIHBI.

Knaccudeckast MIKJIOTPOHHAS YACTOTA SJIEKTPOHA 3aBUCUT TOJIBKO OT BHEIITHET'O Mar-
HHTHOTO MOJIsI, KOTOPOEe MBI CYMTAaeM HOCTOSHHBIM 1 pasHbIM 10° I'c. Taxmm obpazom,
napamerp €2 B (10) 3aBUCHT TOJILKO OT JJIMHBI BOJIHbI U3J1ydeHnsi. Mbl pACCMAaTpUBAEM W3-
JTyHdeHue ¢ JTHHOI BOTHB A = 1 MKM, HHTeHCHBHOCTBIO JlazepHoro mydka ~ 1018 Br/cm?,
U JJIATEIbHOCTBIO uMIryabca At = 34 dce. Takue mapaMeTpbl XOTs U sIBJISIOTCA TEOPETH-
YEeCKUMHU, HO OHU JIOCTATOYHO XOPOIIO NPUOJIMZKEHBI K peaJbHbIM JaHHbIM [12,13]. Vun-

ThIBas PEJIATHBHUCTCKOE COOTHoINeHme P, = /42 — 1 — Pf, rJe Pf — KBaJpar 0e3pas-

. . L Q*+14P2
MEpHOIl MONePEeTHON KOMIIOHEHThI UMILYJIbca, U3 ycaobust (10) mosmyunm: v = —a -
Orciona ipu P? = 0 ciemyer:
02 +1
Ymin = . (11)
2Q

9T0 MUHMMAJIbHAST HadaJbHAs SHEPrus, TpedyeMas JJisi OCYIIECTBJICHUS PE30HAH-
ca (10). B paccmarpuBaembix yciaoBusx napamerp 2 = 9.3 - 10~%. B srom ciaygae co-
riacHo (11) MUHMMAJIbHAST HAYAIbHAS SHEPIUs YACTHILI JIOJKHA ObITh Topsijika Wy ~
273,5 M»B. 910 3Ha9YUT, 9TO JIEKTPOHBI, BOBJIEKAEMbIE B PEYKUM aBTOPE30HAHCHOTO YCKO-
peHUsI, y2Ke JIOJMKHBI OBITH YABTPAPEIITUBACTCKIUMU.

YpaBHeHusi JBUKeHUs 7aeKTpoHa (9) IpH yCJOBUU IUKJIOTPOHHOIO ABTOPE3OHAH-
ca (10) aBAAIOTCH YUPE3BBIYANHO CJIOKHBIME JIJIsi AHAJUTUIECKOrO perteHus. 1loaromy
OHU pEIaJIUCh YucieHHO 110 MeToy Pyare—Kyrra. Permenne npoBouioch ¢ TOYHOCTHIO
70 1076, JIpmkenne 31€KTPOHOB € PA3IMYHBIMU HAYAJILHBIMU YCJIOBHAMHI B aBTOPE30-
HAHCHOM pPEXKHMMeE PACCMaTPUBAJIOCH HA OIPAHUYEHHOM WHTEPBAJIEe B HAIIPABJIEHUU Pac-
[IPOCTPAHEHUsT U3JTy9eHus (BI0OJIb HOCTOSTHHOTO MArHUTHOIO TOJIs1): OT (hOKATBHOI IJI0C-
KOCTH JI0 paccTosgHud 3zgr. [lasee ma3epHBIil rayccoB MyYOK 3aMETHO PACILIBIBAETCS, U
€ro MHTEHCUBHOCTDb CYIECTBEHHO ocjadssiercs. Takoe paccTOSHUE IMYyYOK IJIEKTPOHOB
npeojiojieBaer B cpegaeM 3a 3,2 1mc. C IOMOIIBIO YHCJIEHHOI'O PElIeHusl 10y YeHbl I'Pa-
dUKH, MOKA3BIBAIOIINE YBOJIIOINIO CTPYKTYPHI MOJIsI JIA3EPHOTO M3JIyUeHHs IPU aBTOpe-
30HAHCHOM JIBM2KEHUM JIEKTPOHA. VI3 MpOBEIEHHBIX PACUETOB CJIE/IyeT, YTO U3MEHEHUS
uMITyIbCHON byHKIuu f(0) 3a BCE BpeMsi JBUYKEHHsI YaCTHUILBI [TPOMCXOIAT IIPUMEPHO
B 5—6 3make mocie 3amaToii. [losromy cumranocsk, 9To 9ra (QyHKIMI 0CTAETCI TOCTOSH-
HOIl Ha PacCMATPUBAEMOM HMHTEPBAJIE JIBUKEHHS JaCTUIBI. B pacdyérax MPUHUMAJIOCH:
ap = 1073 cm, zr = 0,031 cu.

5. N3menenus CTPYKTYDBI JJIEKTPUYIECKOI'O I10JId JIa3€pHOro
n3Jjrydenmd OCHOBHOI1 MO/JbI

IIpu gBUKEHIN YACTUIIBI TPOUCXOIUT U3MEHEHHUE IPOCTPAHCTBEHHOT'O PACIIPEIEICHUST
KOMITOHEHT 3JjieKTpudeckoro mosisi. Cornacuo dopmysnam (2), (6) B pokaabHOI TI0CKOCTH
(Z = 0) upu t = 0 KOMIIOHEHTa JIEKTPUIECKOTO HOJIsi OCHOBHOI Moabl E, = 0, mpu 5T0M
KoMIIOHeHTa [, mMeeT TayccoBo paclpejieleHHe ¢ MaKCHUMyMOM B Hadaje KOOD/MHAT.
Jlajiee B TIOTIEPEYHOI IIJIOCKOCTH CTPYKTYPA ITUX KOMIIOHEHT CYIECTBEHHO M3MEHSETCS.
XapakTep M3MEHEHHUsI CTPYKTYPBI IOJIS B IIONEPEYHON ILIOCKOCTH Z = 2 IOKa3aH Ha
puc. 1 u 2.

Kak y2xke ormeuasoch, BayKHYIO POJIb B JIBU2KEHUN YACTHUIIHI B PACCMATPUBAEMBIX YCJIO-
BUSAX UTPAET MPOJIOJbHAS COCTABJIAIONIAA JIEKTpHIECKoro noisd F,, Koropasd omuchiBa-
ercs hopmysioit (3). IIpocTpancTBeHHOE pACIpe/IesieHIe KOMIIOHEHThI F/, OCHOBHOM MO/IbI
rayccoBa manaydenus npu Z = () nzobOpaxkeHo Ha puC. 3, a €€ MPOEKIUs B ITONEPETHON
IIOCKOCTU — Ha, puc. 4.
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Puc. 1. Pacnpenenenue komnoHeHTsl  Puc. 2. PacnpenesieHne KOMIOHEHTHI
noJs F, OCHOBHOI MOABI B MJIOCKOCTH II0JisA [, OCHOBHOII MOJbI B IJIOCKOCTH
Z =2 Z =2

Puc. 3. IIpocTpaHcTBeHHOE Puc. 4. Ilpoekuuss kOMOOHEeHTHI F,
pacripeziejieHre KOMIIOHEHTBI F, B IIONI€PEYHOMH MIOCKOCTH
npu Z =0

W3 3Tux pucyHKOB BHIHO, UTO CTPYKTypa MPOIOJIHLHON KOMIIOHEHTHI B ITOIEPETHOI
IJIOCKOCTH SIBJISIETCS ACCUMETPUYHON ¢ YETKUM pas3jieieHueM 00JIacTell TTOJIOKUTETbHBIX
U OTPUIIATEJIBHBIX 3HAYEHMI 110J1st F,. DTO CyIIECTBEHHO BJIUIET HA XapaKTep JBUKEHUsI
9JIEKTPOHA B 3aBUCUMOCTH OT MECTa, MWHYKEKINHN JaCTUIIBI B (POKAIBHON ILJIOCKOCTH. 3aMe-
TuM, 9To ipu X = 0 noste F/, paBHO Hysi0. XapakTep 3aBucuMocTu nojs F, or X npu
Y = 0 nemoHcTpHpYyeT puc. 5.

B mporecce naBurkenus gacTuibl IPOCTPAHCTBEHHOE pacipesesenue noJs F, cyiie-
cTBeHHO m3MeHsieTcs. CTPYKTypa OIS B MOIIEPEYHON IIOCKOCTH Z = 2 n300parkeHa Ha
puc. 6, 7.

N3 stux puCyHKOB BHUIHO, 9TO B OT/JIHYNE OT (POKAJIBHON IIOCKOCTH B TLIOCKOCTH
Z = 2 06JacTu ¢ MOJOXKUTEJIbHBIMI U OTPUIATEIbHBIMIA 3HAUEHUSIMU TTOJIsT F, pacipe-
JENSI0TCS JTOBOJBHO CJIOXKHBIM oOpa3om. IIpu Gosbmux AjanHax BOJIH mopsiaka 10 MKM
MIPOJIOIbHAST COCTABJISIONIAST JIEKTPUIECKOTO T0JsT F, siBasieTcst OBICTPO OCIULIMPYIO-
el BeJIMYUHONM, TaK 4TO B CPEJAHEM JICHCTBHAE 3TO KOMIOHEHTHI HA YaCTHUILY OTCYTCTBY-
eT. B paccmMaTpuBaeMOM aBTOPE30HAHCHOM PEXKUME YaCTUIA JBUKETCS CO CKOPOCTHIO,
0IM3KOI K CKOpPOCTH cBeTa. [lo3ToMy YacTuiia JBUKETCSI TPAKTUIECKH OTHOBPEMEHHO C
BOJIHOM, U Jijidg HEeE I0Jie BOJHBI MIPEJCTABIIETCS KakK OJIM3KOoe K KBa3UCTAIMOHAPHOMY.
DT0 BUIHO U3 pUC. 8, HA KOTOPOM IIOKa3aHO paciipejiesieHne o F, B HallpaBJIeHUU Pac-
OPOCTPAHEHNs U3JyYeHUs JIjisd YaCTUIIbl C HAYaJbHBIMU IIONIEPEYHBIMU KOOPAUHATAMU B
dokasbraOl mockoctu X =Y = 0,3.
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w10

Puc. 5. 3aBucumoctb koMnoHeHTbI F, or X npu Y = 0 B myrockoctu Z = 0

Puc. 6. CrpykTypa noJisg B nmornepeudHoii Puc. 7. CTpykTypa moJisi B moIliepevHoi
IJIOCKOCTHU Z = 2 MJIOCKOCTHU Z = 2

6. YckKopeHHe 3JIEKTPOHOB JIA3€PHBIM U3JIyY€HUEM OCHOBHOM
MOJIbI

IIpu 1UKIOTPOHHOM pe30HAHCE B IIOJIE UMITYJILCHOIO M3JIyUeHUs OOJIBIION JIJINTEh-
HOCTHU BCE YaCTHUIIBI HE3ABUCUMO OT HAYAJIBHBIX (ha3 CO BPEMEHEM HAUYMHAIOT BOBJIEKATDb-
csl B pexuM yckopenus [3,5,6]. B ciydae KOpOTKAX MOIIHBIX MMIIYJIbCOB DPeIaroliee
BO3/IefiCTBHE Ha IIPOJOJIbHOE JIBUXKEHUE YJIbTPAPEIATHBUCTCKOIO JIEKTPOHA OKa3bIBaeT
IPOJIOJIbHAS KOMIIOHEHTA JIEKTPUIECKOTO TOJIsl. DTO IOJIe, KAK IMOKA3AHO BBIIIE, MMEET
ACUMMETPUYHYIO CTPYKTYpPY. 1109TOMYy BO3MOYXKHOCTH 3aXBaTa YACTHIL B PEKUM yCKOpe-
HUs CHJIBHO 3aBUCUT OT NOJIOXKeHH: HHKeknuu. Ha puc. 9 npescraBiena 3aBUCUMOCTD

SHEPruy MPOOHBIX JJEKTPOHOB OT Z TIPU PA3HBIX HAYAJBHBIX MMOJOKEHUAX B ILIOCKOCTH
cyxenus nyuka (Z = 0).
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Puc. 8. Pacnpenenenue nosusa F, B HaIpaBJ€HUU PACHPOCTPAHEHUSI U3JIyYE€HUS OJIsI
YacTULbl C HAYAJIbHBIMU MONEPEYHbIMU KOOPAMHATAMU B (POKAJIBHOM IIJIOCKOCTU
X=Y=03

282 ! : ! ! .
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Puc. 9.1) X=0; Y =0;2) X =0,3; Y =0,3;3) X =-03; Y =—0,3; 4) X =0,3;

Y =-03;5) X =-03; Y =03
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N3 pucynka BUIHO, YTO YACTHUIIBI, HAXOISIINECS B IEPBOIl Y€TBEPTH IJIOCKOCTH CYzKe-
HUS JIA3EPHOTO IyYKa 2), MOHOTOHHO YCKODSIFOTCSI, U HA PACCTOSTHUU 1,5-2 pP3JIeeBCKUX
JUIMH HACTYIIAeT HACKIIEeHHe. JacTuIpl B TpeThell 9eTBepT 3) MOHOTOHHO TOPMO3SITCSL.
OcHoBHOl HAGOD (MM TIOTEPsi) SHEPIUU IPOMCXOIUT HA PACCTOSHHUU JIO OJJHON PIJIeeB-
CKO#l JIJINHBI. DHEPrusl YaCTHIl, HHKEKTUPYEMbIX HA OCH JIA3€PHOTO U3JIyUCHUs, HIKAK
HE MEHSIETCHA. DTO CBA3AHO C TE€M, UYTO U3MEHEHNE SHEPIUU YACTUIILI BHI3BIBACT IIPOIOJIb-
Hasl COCTABJIAIONIAS JIEKTPUIECKOTO MoJid n3aydenns. CMelnenre YacTull] B MOIePeTHON
IJIOCKOCTH cocTaBiiseT He 6osee 6 - 1075 cm mpu HagabHOM pajyce JTa3epHOTO MyHdKa
ap = 1072 cu

Ha puc. 10 nama 3asucumoctsb sHeprun W(Z) nydka 9acTull, WHKEKTUPYEMBIX B
okpectHoCcTH Touku X =Y = 0,5.
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Puc. 10. 1) X =0,5; Y = 0,5; 2) X =0,4; Y = 0,55; 3) X = 0,6; Y = 0,6; 4) X = 0,35;
Y =0,4; 5) X =0,55; Y =0,45

Bumno, wT0 BCe gacTUIbl, HHKEKTAPyeMble BOJIN3N JAHHON TOYKH B (DOKAILHOM ILI0C-
KOCTH TP BBITIOJIHEHUY YCJIOBUsI PE30HAHCA, IPUOOPETAIOT SHEepruo. B aToMm cirydae cpeji-
HUiiT Temnr yckopenusi cocrasisier d = 129,3 M»sB/cm. U3 rpadukoB BujHO Takxke, 9TO
OCHOBOI{1 IPUPOCT TPUXOAUTCs 110 paccrosuuii (1-1,5)zR, gajtee HaCTyIIaeT HACHIIICHUE.

IlomaepkHéEM, 9TO paccCMaTPUBAEMBIN PEYKUM YCKOPEHUS SBJISIETCS] aBTOPE30HAHCHBIM:
I3MeHeHNe BeJMYNHbI §) K KOHILY JBHKEHNs COCTABJsAeT B cpeaueM +2.3-107°. DTo 3Ha-
qut, 9410 ycsosue (10) ¢ BBICOKOI TOYHOCTBIO COXPAHSAETCS 38 BPEMsI [IBUKEHUST YACTHIIBL.
Ecu sTo ycmoBue B HaUaIbHBIF MOMEHT BPEMEHH HE BBITTOJTHSIETCsI, TO SJIEKTPOHBI TTPaK-
TUYECKN MT'HOBEHHO MOKHUJIAIOT JIA3EPHBIA Ty YO0K.

7. ABTOpe30HaAHCHOE YCKOPEHUE JIEKTPOHOB JIa3epPHBIM
U3JIy4YeHUeM I1epBOIl MOJIbI

IIpocTpancTBeHHOE paCIpeiesIeHre TIONEPEIHBIX KOMIIOHEHT 3JIEKTPUYECKOrO IIOJIs
MOIITHOT'O JIa3€PHOTO M3JIyUeHHsl IIePBOIl MOl OTJIMIAETCS 110 CTPYKTYPE OT M3JIyUIeHUS
OCHOBHO# MOJIBI. DTO MIPUBOIUT K HEKOTOPOU CHEeIudUKe IBUKEHUS YCKOPAEMbIX YACTHII.
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Kak u B ciiydyae OCHOBHOII MOJIBI, PEIIAIONLYIO0 POJIb B YCKOPEHUH HI'PAET ITPOJIOJIbHAS
KOMITOHEHTa, 9JIEKTPUIECKOTO TOJIsT, KOTOpasi TaKyKe MMEET aCHMMETPUIHYIO CTPYKTYPY
CO CJIOXKHBIM Y€peIOBaHNEM 00JIaCTell MOJTOXKUTEIBFHBIX U OTPUIIATEIBHBIX 3HAUEHNA 10~
gs F,. Beaencrsre 5T0ro BOZHHKAET HEOOXOIUMOCTD OA00Pa OIITUMAJILHOTO TIOJIOXKEHUST
WHKEKITNN MTyYKa YCKOPSIEMBbIX YaCTHUIl. B OT/imdme OT OCHOBHOM MOIBI 06/IACTH YCKOPSI-
OIIIETO TIOJIST SIBJISIETCSI JIOBOJIBHO Y3KOM M HAXOMUTCS MEXKIY ODJACTSIMU TOPMOBSIIETO
OJIsI. DTO HAKJIAALIBAET JIOBOJILHO CTPOTHME OI'PAHUYEHUs] Ha 00JIACTb MHXKEKIIUU YCKO-
PSEMBIX YaCTHIL.

Ha puc. 11 mpeacrasiien rpaduk 3aBUCUMOCTH SHEPTUU OT MTPOIOJTHHON KOOPTHHATHI
JJIS 9aCTHUIl, HAXOJSIIIUXCS B yCKOpsiforeit obyactu. CpegHuil mpupocT SHEPIUU COCTAB-
aster d = 122,8 MsB/cM, 910 HECKOIBKO MEHbIIE, YeM JJIsi 9aCTHIl, YCKOPSEMbIX OJIEM
OCHOBHOW MOJIBI.
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Puc. 11. 1) X = 0,45; Y = —0,45; 2) X =0,55; Y = —0,35; 3) X = 0,35; Y = —0,3; 4)
X=06;Y=-0555) X=03Y=-06

TakuMm 006pa3oM, IPUPOCT FHEPTHH IJIEKTPOHOB B IIOJIE MOIITHOT'O JIA3€PHOTO U3JIY-
YeHUs IePBOil U OCHOBHOI MOJ IIPHU ONTHUMAJIbHBIX YCJIOBUAX MHIKEKIIUH OTIMYAETCS Ha
6—7 MsB/cm. Ho npejnoururesibHee siBIsieTCsi OCHOBHAST MOJIA U3-33 OTHOCUTEJIHHOI TIPO-
CTOTBI OIMCAHUS II0JII TOU MOJIbI, OOJIee BHICOKOI'O TeMIIa YCKOpeHUs u 6ojiee MUPOKOi
YCKOPSIOIIEN 30HbI MHKEKITUN MIyYKa JIEKTPOHOB.

8. 3akJirmouenune

C 1OMOIIBI0 9UCJICHHOTO PEIeHuil ypaBHEHWIT JIBUKEHUST IPOBEJIEH aHAIN3 3D dek-
TUBHOCTH YCKOPEHUS YJIHTPAPEATUBUCTCKAX JEKTPOHOB MOIITHBIM UMITYJIbCHBIM JIA3€P-
HBIM U3JIy4eHUEM B PEXKUMeE IIMKJIOTPOHHOTO aBTope3oHanca. [loJre yrazepHoro usimyvenus
KPYT'OBOIl TOJIIPU3AINY 33/1aBaJIOCh B IIAPAKCUAIHLHOM IIPUOINYKEHIHN B BUJE I'ayCCOBBIX
IIY9KOB OCHOBHOI M mepBoil Mojl. [lokazaHo, 94To yc/ioBHe IUKJIOTPOHHOT'O aBTOPE30HAH-
ca COXpaHSEeTCs BO BCE BPeMs JIBU2KEHUsI JIEKTPOHA C JIOCTATOYHO BBICOKOI TOYHOCTBIO.
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Haitneno, uro npu anannze JBUKEHUs YIBTPAPEIATUBUCTCKIX SJIEKTPOHOB B II0JI€ MOIII-
HOT'O MMIIYJIbCHOTO JIA3€PHOTO M3JIyYeHHs] B aBTOPE30HAHCHOM PEKMMe IIONPaBKU IIEP-
BOI'O TIOPSIJIKA K TIOMEPEYHBIM KOMITOHEHTAM BEKTOPOB IOJIS SBJISIOTCS MPEHEOPEsKUMO
MasibiMu. OKa3aJi0Ch TaKKe, ITO MPU YJIBTPAPEATHBIHCTCKOM JIBIXKEHUH JIEKTPOHOB B
10JI€ MOIIIHBIX UMITYJIbCOB (DEMTOCEKYH/IHON [JINTETbHOCTU KOHKPETHAsT (DOPMA MMITY/Ib-
ca He mMeeT 3HadYeHUs. [Ipu onrcaHuM MO JIA3EPHOTO UBJTyUE€HUS YITEHBI IIPOJIOIbHbBIE
KOMIIOHEHTBI 3JIEKTPUYECKOI'0 U MarHUTHOI'O IIOJIell M IOKa3aHO, YTO UX BJIUSHUE SIBJIS-
€TCsl PENIaloNIM B IIPOIleCcCe B3aUMOJIEUCTBHS IIydYKa JacTHll ¢ udinydenneM. Ilorydensr
KapTHUHBI IIPOCTPAHCTBEHHOI'O PaCIpe/ieIeHUs BEKTOPOB IOJIA U3JIyYeHUd B IOIEPEYHON
IJIOCKOCTHU B 3aBUCUMOCTH OT IIPOJIOJILHOM KoopauHAaThl. [lokazano, 4To m3MeHeHne IHep-
TUH IIy9YKa 3JIEKTPOHOB CHJIBHO 3aBHUCHT OT €rO IOJIOYKEeHUS] WHIKEKITNH, M BO3MOXKHO HE
TOJIBKO yCKOPEHHe, HO U 3aMe/iJIeHHe IIyYKa Ha PACCTOAHUU MOPAIKA JIBYX PIJTECEBCKUX
ayuH. [Ipn nogbope onTUMAaIbHBIX TapaMeTPOB MHKEKITUH MOYKHO JIOOUTHCS YCKOPEHMUS
IIy9IKa YIbTPAPEIATHBUCTCKUX IJIEKTPOHOB C JOCTATOYHO BBICOKMM CPEIHUM TEMIIOM Ha
PACCTOSTHUY TOPSIIIKA IBYX paJieeBCKuX AauH. Bojtee 3¢pdeKTUBHBIM ABJISETCS YCKOPEHUE
IIy9IKa 3JIEKTPOHOB B I10JI€ OCHOBHO MOJIbI U3JIyI€HNUs], HE2KEeJIU B II0JIe TIepBoil Moabl. JLs
noBbIteHns 3PHEKTUBHOCTA YCKOPEHUsI, TO-BUIUMOMY, I1€I€CO00PA3HO HCIIOIH30BAHNE
KACKaITHOTO MeXaHn3Ma. 110y4eHHbIi TyYOK YCKOPEHHBIX JIEKTPOHOB C TOMOIIBIO BBI-
BO/IAINEr0 MAarHUTHOTO IIOJIA MOXKeT CJIY?KUTh UCTOYHUKOM CHHXPOTPOHHOI'O U3JIyYeHUs.
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UDC 533.9
The Peculiarities of Acceleration of Ultra-Relativistic Electrons
by the Powerful Laser Radiation at the Regime of Cyclotron
Autoresonance

N. A. Abdulov, V. P. Milant’ev
Peoples’ Friendship University of Russia, Moscow, Russia

Analysis of the numerical solution of the motion equations of electrons in the field of ultra-
short laser pulse, propagating along the steady magnetic field at the conditions of cyclotron
autoresonance, is performed. It is shown that in the absence of the condition of cyclotron res-
onance during injection of electrons they momentarily escape the range of interaction. Laser
radiation of the circular polarization is defined in the paraxial approximation in the form of
the Gaussian beams of the basic and the first modes. Corrections of the first approximation
to the components of the radiation field are taken into consideration. Calculations show that
corrections of the first order to the transverse components exert no sufficient influence on the
autoresonant motion of electrons whereas the longitudinal components of the first approxima-
tion play a major role. It is shown also that the specific form of the pulse is inessential. Images
of the spatial distribution of the vectors of the radiation field in the transverse plane depending
on the longitudinal coordinate (the direction of the radiation propagation) are obtained. It is
shown that the character of changes of energy of an electron beam essentially depends on their
position of injection in the focal plane. In this case acceleration as well as deceleration is possible
in dependence on the position of injection of electron beam. It is shown that under the optimal
conditions of injection the mechanism of the cyclotron autoresonance can provide sufficiently
high efficient of acceleration of ultrarelativistic electrons in the field of powerful laser radiation
with sufficiently high average rate at the distance of the order of two Rayleigh lengths. The ba-
sic mode is more preferable due to more simple description of that mode, higher acceleration
rate and wider acceleration zone of injection of an electron beam.

Key words and phrases: cyclotron autoresonance, ultra-relativistic electrons, high-power
laser radiation, ultra-short pulses, modes of Gaussian beams, autoresonant acceleration
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VIK 533.9
YHucsieHHOE MOeJIMPOBaHNE B3auMOAENCTBUsSI KOPOTKOIO MOHHOT'O
ny4dKa C IJja3Moit

B. B. Kpacosunxkunii*, B. A. Typukos', /I. B. Kamun'
* Mnemumym npuxaadnott mamemamuryu um. M.B. Keadvuwa PAH, Mocksa, Poccus
 Poccutickuti yrusepcumem opyorcbo, napodos, Mocksa, Poccus

B pabore paccmarpuBaeTcs 3a7a4a O IMPOXOXKJIEHUH KOPOTKOI'O0 MOHHOIO MyYKa Yepe3 CJION
mIa3Mbl. B TakoM mporiecce MPOMCXOAUT 3aXBaT IIyYKOM 3JEKTPOHOB ILIA3Mbl M KOMITIEHCAITUST
ero 3apsiaa. KoMmeHcarus 3apsijia Ipu TPAHCIIOPTUPOBKE 3aPsI*KEHHBIX Ty YKOB HEOOXO UM, JIJTsT
[IPEIOTBPAIIEHUsT UX PACIUIbIBAHUS IO JeHCTBUEM COOCTBEHHOTO KYJIOHOBCKOTO TOJIsA. Baxk-
HOCTb U3yYIEHUs] METOIOB KOMITEHCAIIMY 3aPsi/Ia HOHHBIX ITyYKOB BBICOKUX SHEPTHUil 00yCIOBIEHA
WX MHOTOYHCJIEHHBIMY MTPUJIOXKEHUSIMH. B 9aCTHOCTH, B MTOCJIEIHIE TOJIbI BEJyTCsT aKTUBHBIE UC-
CJIEJIOBAHUS TI0 B3aUMOJIEHCTBUIO MHTEHCUBHBIX MOHHBIX IIyYKOB C TEPMOSIIEPHBIMYA MUIIEHSIMI
C IEJIBIO TIOJIyYEeHNsT YIIPaBJIsieMOoro cuHTe3a. st onrcanust B3anMOIeCTBUS Iy YKa C IJIa3MOM
B paboTe UCIOJIb30BAHO OJTHOMEPHOE JIEKTPOCTATHYECKOE TPUOJIMKEHNE U TTPUBEJIEHBI YCIOBUST
€ro NMPUMEHUMOCTH. PaccMOTpPEHO JIBUKEHHE 3JIEKTPOHA B IOJIE MOHHOIO IMyYKa C MOJIE/IHLHBIM
pacripefieJieHreM ILIOTHOCTU. 1locpeacTBOM YHCIEHHOTO MOJIEJIMPOBAHUS 10 METOJY YacCTHI[ B
AYeiKe MOKA3aHO, YTO MPU MMPOXOXKJICHUA KOPOTKOTNO MOHHOIO IyYKa Yepes3 CJION IJIa3Mbl IPO-
HCXOJIUT 3aXBaT YACTH HJIEKTPOHOB ILIA3MBI 1ojieM cryctka. OJHAKO, B OTJINYNE OT TUIPOIUHA-
MHUYECKOTO OIMCAHUSI, UCIIOJb30BAHHOIO JAPYTUMH aBTOPAMU, STOT IMPOIECC UMEET CYIECTBEHHO
KUHETUYIECKYIO IIPUPOLY, TPUIEM KOJIJIEKTUBHOE JIEKTPUIECKOE TI0JIE CPABHUMO 10 BEJIMUUHE C
nosieM my4ka. [log jmeficTBHeM CyMMApHOTO TOJIsI BOSHUKAIOT MYyYKU YCKOPEHHBIX 3JIEKTPOHOB,
MPUBOJISIIE K HEJIMHEHHOMY PEXXUMY ITyIKOBOW HEYCTOWYMBOCTH M CHJIBHOMY HArpeBY 3JI€K-
TPOHHON KOMIIOHEHTBI TJIa3Mbl. [[0Ka3aHO, 9YTO Ha 3aXBAT 3JEKTPOHOB IOJIEM CTYCTKa CHJILHOE
BJIMSIHUE OKa3bIBAaeT IEPEMEHHOE II0JIe, BbI3BAHHOE IJIA3MEHHBIMU KOJEOAHUSIMUA Ha TPAHUIAX
ciiost. ITpoBeieHO dmCIeHHOE MOJETMPOBAHUE MTPOIIECCA, TPOXOXKIEHUST IIyIKa Yepe3 CJION TIIas3-
MbI Ha MHTEPBAJIAX BPEMEHHU, CPABHUMBIX C MOHHBIM ILJIA3MEHHBIM IepuoioM. MeTos dyacTuil B
sAdeiike MPUMEHEH B 3TOM CJIydae Ui pacdyéra JIBUKeHUsl MOHOB. lIpeamosiarajgock, 9To 3J€K-
TPOHBI UMEIOT GOIBLIIMAHOBCKOE pacHpeeseHue IJIOTHOCTH B CaMOCOoriacoBaHHoM mosie. Kpae-
Bas 3aJiada st ypaBHeHus [lyaccoHa, KOTOpoe B TaKOH MMOCTAHOBKE CTAHOBUTCS HEJIMHEHHBIM,
pelraJjiach YUCJIEHHO MEeTO/I0M CTPebObI. [Ipu 3/1eKTpOHHOI TemItlepaType, 3HAYNTETBHO TTPEBBI-
[AOIEe MOHHYIO, IIPOIEMOHCTPUPOBAHO 00pPa30BaHUE CTAIMOHAPHBIX CTPYKTYP THUIA WOHHBIX
$az0BBIX ABIP.

KiroueBbie ciioBa: MOHHBIE MYYKH, IJIa3Ma, IJIa3MEHHbIE HEYCTOMYINBOCTHU, KOMITEHCAITUST
3apsga, HOHHBIE (PAa30BbIE JIBIPDI

1. Bsenenne

KymnonoBckoe pacrajgkuBanue 3aps0oB B MHTEHCHUBHBIX MOHHBIX ITyYKaX HMPUBOIUT K
UX PACIUIBIBAHUIO, UTO YXY/IIACT XapaKTePUCTUKY Iy dkoB. [losTomy ucciemoBanme meTo-
0B HelTpajmn3anuu 00bEMHOIO 3aPs/ia NHTEHCUBHBIX IIYYKOB SBJISIETCS BECHMa BaYKHBIM
B CBSI3U C Pa3pabOTKOil HOBBIX THIIOB YCKOPUTEJEH BBICOKUX SHEPTHil, a TaK>Ke B CBI3HU
C UCIIOJIb30BaHUEM PEJIATUBUCTCKUX IIyYKOB B CHUCTEMaX MHEPIINAJIBLHOI'O TEPMOSIEPHOIO
CHHTE3A.

g npemoTBpalleHus KYJIOHOBCKOIO PACTAJIKUBAHUS MOHHBIX IIYYKOB CYIIECTBYET
GOJIBITIOE YUCJIO METOJIOB KOMIIeHcanuu ux 3apsaa [1]. B mociemuue rogpl mmpokoe pac-
IPOCTPAHEHUE MOy IUJI METOJI KOMIICHCAIIUN 3apsA/a, OCHOBAHHBIA Ha IIPOILyCKAHUM ITyd-
KOB uepe3 ¢Jioii miasmbl [2-5]. IIporece mpoxoxKieHnst HOHHOTO I1yYKa KOHEYHON JIJIMHBI
yepes3 IIa3My TEOPETHYECKU U YUCJIEHHO MCCJIeI0Bajcs B paborax [3-5]. Anamurudeckue
pe3yJIbTaThl ObLIM MOJYYEHBl B TUJIPOAMHAMUYECKOM MPUOINKEHUN B IIPEIIIOJIOXKEHUN

Crarbs nocrynuia B pefaknuio 2 wuiojis 2016 r.
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TOJTHOM HeHTpaIn3aIun 3apsa/ia U TOKa MydKa. BBII0 Tak:Ke MPOBEIEHO JIByMEPHOE UUC-
JIEHHOE MOJIeJTUPOBAHUE TI0 METOIY JIACTHUIL [T MIYIKOB, JJIMHA KOTOPBIX [ ObLIa 3HAYN-
TeJILHO GOJIbIIE UX pajuyca r, (JUIMHHBbIE ydKn). [Ipu 9T70M COGCTBEHHOE TI0JIE CI'YCTKA,
FE, B/IOJIb HAIIpABJIEHUS €r0 JBUXKEHUS CIUTAJIOCH MAJIBIM 110 CPABHEHUIO C PaUAJIbHBIM
mojieM F,.. Bbut cieran BBIBOJ O TOM, YTO B TAKOM IIPOIECCE PA3BUBACTCS ITyUKOBAS
HEYCTONIMBOCTD, OOYCJIOBJIEHHASI JBUKEHUEM 3aXBadeHHBIX 3JIEKTPOHOB OTHOCUTEHHO
HENOABUKHON I1JIa3MBI.

B manHOIT paboTe paccCMOTpPEHO IPOXOXKIEHME Uepe3 ILIA3MEHHBIN CJIOH KOPOTKUX
MYYKOB, JJIsi KOTOPBIX [ < 7p. B 3TOM ciydyae 3axBaT 3JIEKTPOHOB B OCHOBHOM IIPO-
UCXOJUT TIOf, JIefcTBHEeM IpoaoabHoro mojst F,. IIpoBenénHoe ducaeHHOe MOAEINPOBa-
HHUE MM0KA3aJ10, YTO 3aXBAT IJEKTPOHOB TAKUMU ITyYKAMU OIPEJIEJIIeTCs] KOJLIEKTUBHBIM
10JIEM, BO3HUKAIOINIEM Ha HEJIMHENHON CTa Uy Iy YKOBON HEYCTONYMBOCTH, a TaKXKe IJ1a3-
MEHHBIMU KOJIEOAHWSIMI Ha TPaHUIAX cjaosi. MojaeaupoBaHue jisi THTEPBAJIOB BpPEeMEHN
MOpsi/IKa IJIA3MEHHOrO IIePUo/ia MOHOB ITOKA3aJI0, YTO KOPOTKHUI HMOHHBINA MYYOK MOXKET
BO30Y2KJIATh B ILJIa3M€ HEJIMHEHHbIe CTPYKTYpbl Tula paBHoBecuit Bepurreitna—I puna—
Kpyckaia.

2. /JIBuxKeHUe 3JIEKTPOHA B 33/[AHHOM I10JIe KOPOTKOTO ITy4dKa

PaCCMOTpI/IM B OJHOYIaCTUYIHOM HpI/I6.HI/I}KeHI/II/I JABUZKEHNE 9JIEKTPOHAa B I10JIE TOHHOT'O
nydka. byJiem cauTarh, 9TO BCe HOHBI B HEM JIBUXKYTCS C OJIMHAKOBOI cKopocThio Vj,. To-
I'Ta B CUCTEME OTCUETA IIYy9Ka 9JIEKTPOHBI U3 XOJOAHOI'O IIJIa3MEHHOI'O CJIOSA 6y,H,yT NMETHb
Ha4YaJbHYIO CKOPOCTb — V},. [ljist onipeesiéHHOCTH 3a/1a/IUM T10JI€ TIyYKa B BUJIE

E = Egth (%) , (1)
b

[7le OCh 2z HAIIPaBJIEHA BJIOJIb HAIIPABJIEHUS PACIIPOCTPAHEHHS ITyJKA.
N3 Teopembr 'aycca cieyer 3HaUeHre aMILIUTYJIBI TI0JIsI BHE CJIOS TLJIa3MbI

Ey = 27lyeny, (2)

rae ny, — IUIOTHOCTh MOHOB B ITyYKe.
Ilepeiiném x ciemyromumM 6e3pa3MepPHBIM TEPEMEHHBIM:

w w w P
p p p ze
Z=z-—, Ly=1Iy-—, Lp:lp'ia P, = )
c c c MeC
eFEy Vp
€0 = — ) %:77 T:t'wzh
MeCWp c

rje [, — mupuHa IJIa3MEHHOIO CJIOs, 1M, — MAaCCa OKOs 3JIEKTPOHA, Py — PEJIATHBUCT-
CKuit UMITyJIbe. B TaKUX TlepeMeHHbIX 3aKOH COXPaHEeHNs SHeprun (B eJIMHUIIAX 1M C?) JJTst
9JIEKTPOHA, JIBUKYIIErocs B 1oJie (1), MOKHO IpeJICTABUTH B BHJE

H=\/1+P2 — 50% In [ch <2LZ>} = const. (3)
b

Ha puc. 1 npencrabiena da3oBasi IIOCKOCTh aHCaMOJIsi HE3ABUCUMBIX JIEKTPOHOB,
COOTBETCTBYIOIIAsI 3aKOHY coxpaHenus (3). B HauabHbBIIl MOMEHT BPEMEHU YaCTHUIIbI DAB-
HOMEDHO DPAacCIIPeIeeHbl 10 KoopanHare B obsact 5 < Zy < 20 ¥ UMET HaYaIbHYIO
ckopocth Vy = —0.2. VI3 pucyHka cjaeayeT, 9TO BCe SJIEKTPOHBI 3aXBATHIBAIOTCS ITOJIEM
crycrka. [Ipu saTom 0bsacTh uX ABUKEHUS PACIINPSIETCA C POCTOM HAYAJIHHON KOOPIIU-
HaThl Zy. 3uadenus Ly, Vi, np/ng (np, ng — IWIOTHOCTH IyYKa U IJIA3MBI) COOTBETCTBY-
10T XapaKTepHbIM 3HAYEHUSIM IapaMeTpoB B paborax [3-5]. 113 3uavenuii 6e3pazmepHoro
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MMIIYJIbCa 3JIEKTPOHOB Ha pUC. 1 BUJHO, YTO IPU TAKUX IapaMeTpax UX SHEPIHUs MOKET
JOCTUTATH PEJIATUBUCTCKAX 3HAYEHUI MOPsJIKa HECKOIbKUX MaB.

15
10

P, /mgC
o
SN\

5 -
10 - -
15 -

L1 1 L1 1 1
-40 -30 -20 -10 0 10 20 30 40

z

Puc. 1. PazoBasa njiockocTb aHCAMOJI HE3aBUCUMBIX 3JIEKTPOHOB B MOMEHT
Bpemenu 7 = 540. Ilpu 7 = 0 3/1eKTPOHBbI PABHOMEPHO PacCIipeaesieHbI
¢ KoopauHaramu 5 < Zo < 20, Ly =12, V, = 0,2, ny/no =0, 1.

3. YwucienHoe MojeJnpoOBaHUEe 3aXBaTa 3JIEKTPOHOB MOHHBIM
My 4YKOM

XapaxkTepHbIil MacmTad BO3MYIIEHUT 3JIEKTPOHHOM IJIOTHOCTH ILJIA3MBI B TAKOM B3a-
UMOIEHICTBAN UMEEeT IOPSIIOK V) /wpe . Ipu V, / Wpe K Tp (rb — pajauyc quKa) TJIaBHBIN
BKJIaJ] B II0JIe pa3JesleHus 3apsiga OyaeT nasaTh IpojossHoe noje F,. Takoe npubimxke-
HEE IPUMEHNMO K CJIYYalo IIyYKa C PaJInyCcOM, IPEBOCXOSINEM €TI0 IPOJOJIBHYIO JIJIIHY.
st HEpeNATUBUCTCKUX Ty9IKOB ¢ Vi /¢ < 1 jeficTBEeM Ha 3J€KTPOHBI COOCTBEHHOTO
MarHUTHOTO IOJISI IO CPABHEHUIO C IIOJIEM PAa3JieJIeHus 3apsijia MOKHO IpeHebpeds. Ta-
KM 00pa30oM, PY yKA3AHHBIX OMPAHUYCHUX JJI OIMCAHUS B3AUMOICHCTBUS CTYCTKA C
IJIA3MEHHBIM CJI0EM MOXKHO UCIIOJIb30BaTh OJITHOMEPHOE JIEKTPOCTATHYECKOe TTPUOIHKE-
ure. Takoe paccMoTpeHue Mo00HO MOJIEIM TOHKHUX JIMCKOB, MCIIO0JIb30BaHHOIT B padore (6]
715 aHAJIN3a TUHAMUKA CJIOUCTBIX JIEKTPOHHO-UOHHBIX IIyYKOB B ILJIa3Me.

J1a IucsIeHHOrO MOJIESIMPOBAHMUST IIPOIIECCA PACIPOCTPAHEHNUS 3aPIKEHHOT'O0 HOHHOTO
My9Ka B IJIA3MEHHOM CJIOe OBIJT MCIIOJIb30BAH OJHOMEPHBIN 9JIEKTPOCTATUIECKAN BAPUAHT
MeToJIa JacTuIl B stuefike [7]. 3aada B 4UCIEHHOM MOJEIMPOBAHUY ObLIA IOCTABJICHA CJIe-
AYIOmUM 00pa3oM. YUIUTHIBAJIOCH TOJIBKO 3JIEKTPOCTATUYIECKOE TI0JI€ Pa3Ie/IeHs 3apsia
E(z). Ily4yok 110 BXOJla B IJIA3MEHHBIN CJION nMeJ Tpodbuiib PACIpeie/eHus TIOTHOCTH,
COOTBETCTBYIONNI JIEKTPUICCKOMY MOJIIO BHJIA (1) IInasmennsbrit ciioit ¢ 06enx CTOPOH
OBLT OKPY2KEH BAKYYMHBIMH OOJIACTSIMH U MMeJI CTYIEHYAThI TPOMUIb IIJIOTHOCTH HA
rpanurax. OTHOIIEHNE MACC JIEKTPOHOB U MOHOB II0JIArAJIOCh PaBHBIM m;/m. = 1840.
I'pannunble 3HaYeHNS OJIA F/, B BAKYYMHBIX 00JIACTSX BHE CJIOS ONPEJIE/ISTUCE 110 3HAYE-
HUIO €r0 TIOJHOTO HAYAJIBHOTO 3apsiia (Jg. B MomemnpoBaHun 1y 40K B HA9AIbHBIIT MOMEHT
BPEMEHH DPACIoJIarajcsad BOJIM3M rPAHUIbl I1a3Mbl. [Ipu yrajgeHnn HAMAJIBHOTO TOJIOXKE-
HUS OT I'DAHUIBI PE3Y/ILTATHl U3MEHSIUCHh MaJio. 1IogBysicsa UMb MydoK 3JIEKTPOHOB
MaJIolf IIOTHOCTH, BBITATUBAEMBI MOHHBIM IIYYKOM U3 IIa3Mbl. [lo Mepe BXOXKIeHUS
[Iy4YKa MOHOB BHYTDB CJIOs HAOJIIOIAIOCH PDA3BUTHE IIy9IKOBON HeycToifunBocTu (puc. 2),
BBI3BAHHON yCKOPEHHBIMHE dj1eKTponamu. Ilapamerpsr Ly, Ly u ny,/ng BeiOupasmcs 6/1u3-
KMMU K 3HAYEHUSIM, UCIIOJIb30BAHHBIM B padore [3]. Tlocsie moIHOro MpoXoXKIeHUsT Yepes3
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cJIoi (pI/IC 3) JaCThb 3JIEKTPOHOB CJIOA 3aXBaTbIBaJlaChb CI'yCTKOM M JBUI'aJlaChb BMECTE C
HHM. HpI/I 9TOM ITy9IKOBasl HeyCTOIL/'I‘II/IBOCTb IpuBOJIMJIa K CUJIbHOMY HarpeBy 3JIEKTPOHOB
IIJIa3MBI.

,ZLHH OII€HKN 3(1)(1)€KTI/IBHOCTI/I HeﬁTpaJIHBaHHH IIy9Ka BbIYHC/IAJ/IaCh CTEIIEHb KOMIICH-

calliu ero 3apsjia

rje ()5 — HOJHBII 3aps] CI'yCTKa M0CJIe ero IIOJIHOTO ITPOXOXK/ICHUS Yepes IIa3MeHHbII
cyofi. Kak noka3aJym pe3y/bTaThl YACJIEHHBIX SKCIEPUMEHTOB, MAKCUMAJIbHbIE 3HAYEHUS
CTEIIeHN KOMIIEHCAIINU B TAKOH ITOCTAHOBKE 3aJ1a49U COCTABJIAIOT nopsaka 50%. Dra seu-
YKMHA 3HAYUTEIHHO HIZKE HabJoaBInelics B 9kcrepumenTax [2]. Henosnnas komnencanust
O00DbSICHSETCS TE€M, YTO MBI PACCMATPUBAJIN ILIA3MEHHBINH CJION CO CBOOOIHBIMU TPAHU-
namu. B pabore [2] uccienoBanune mpoBOAMIIOCH B CHCTEME C IIPOBOJINEH rpaHuieii,
KOTOpast 00eCcIeInBaIa JOMOJTHUTEIbHYIO TOCTABKY 3JIEKTPOHOB B ILJIA3MY.

02 | ©
o ! I
£ I I
'\-:,_ T T T
N
o Ly | 28 50 75
z

Puc. 2. ®a30Bble IJIOCKOCTH 3JIEKTPOHOB (a) 1 noHoB ny4ka (6) mpu ero
OBU>KEHUU BHYTPHU MJIAa3MEHHOTrO cJjioss B MoMmeHT Bpemenu ¢ = 300. IlyHkTupom
oTMedeHa 00JIaCTh CJIOSI B HAYAJIbHBIN MoMeHT. L, = 30, L, =8, ny/no =0, 1

YHuciennoe MOIeIMPOBAHIE TIOKA3AJI0, UTO CTEIIeHb KOMITeHcarnu 3apsana f ciaabo 3a-
BHCHT OT TOJIIIMHEI IIJIA3MEHHOTO cJIog Ly. 9TO yKasblBaeT Ha TO, YTO OCHOBHAA YacTh
3aXBaYEHHBIX JIEKTPOHOB YBJIEKAETCsT CI'YCTKOM BOJIM3U rpanwut cjos. VccmeaoBana Tak-
2Ke 3aBUCHUMOCTDH CTEIIeHN KOMIIEHCAIINU 3aps/ia OT HavyaIbHON IIJIOTHOCTU 3aps/ia IIyUKa.
Nmeer mecto BO3pactanue f OpH yBEJIUMYEHUH OTHOIIEHUs My /ng. Ilpm srom, omHako,
HaOJTI0/IAI0Ch CUJIBHOE PACILIBIBAHUE IIYIKa [P OOJIBINMNX 3HAYEHUSIX Np/No. DTO CBI3a-
HO ¢ GOJIBIIIMM 3HaUYeHneM 3apsia () Ha BbIXoAe u3 cios. Ilpu ny/ng > 1 npoucxomasr
CHJIbHBbIE HEPETYJIIPHbIE BO3MYIIIEHNsI CKOPOCTEHN 3JIEKTPOHOB B CJIO€ U MOHOTOHHOE BO3-
pacTaHue CTelleHN KOMIIEHCAIIUN HapyIIaeTcs.

4. ®@opmupoBaHUE HEJIMHEWHBIX CTPYKTYP IPU HPOXO2KJIEHUU
WOHHOI'O IIyYKa 4depe3 IIa3My

IIpu B3amMoOECcTBIE KOPOTKOI'O MOHHOT'O IIyYKa C IUIa3MOI Ha HMHTEpBajaxX Bpeme-
HU TIOPSATKA NOHHOTO IJIa3MEHHOTO TTEPHUOa MOTYT (POPMUPOBATHCS KBA3UCTAIIMOHAPHBIE
HeJIMHENHbIe CTPYKTYpbI THila paBHoBecuii Bepumreiina—I'puna—Kpyckana (BI'K) [8]. B
YaCTHOCTH MOI'YT BO3HUKATH TaK Ha3blBaeMble MOHHBIE (ha30Bble JIbIPhI (ion phase-space
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Puc. 3. ®a30Bble IJIOCKOCTH JIEKTPOHOB (a) 1 MoHOB nyuka (6) mocJie ero
IPOXOXKAEeHNA 4depe3 IIJIa3MeHHBIH cjoii B MomeHT BpeMenn t = 380, L, = 30, L, = 8§,
nb/no = 0, 1

holes). B Hux noHb! coBepinaioT KojiebaHusi B MEJJICHHO MEHSIIOIIEMCS CaMOCOTTIaCOBaH-
HOM 3JIEKTPUIECKOM Tojie. B ¢a30BoM mpocTpancrse p,, z TAKOE PACIPEIETEHNE MMEET
BUJI, BUXPS WK «JIbIPBI», €CJid (DYHKIMS paclpele/ieHs HOHOB B €ro IEHTPAIbHON 4acTh
6m3ka K Hyi0. IIpu 3TOM OHO 6/TM3KO IO CBOMM CBOMCTBAM K COJIMTOHAM, TaK KakK IMpU
nBuzkeHnn ero Qopma ocraérca Hem3meHHON. VomHbie da30BbIe ABIPHI HAOIIOIAINCH B
YHUCJIEHHOM MojiejinpoBanuu [9] u B aboparopubix sxcrnepumentax [10]. B nanuoii pabo-
Te mporiece 0Opa30BaHMsT NOHHON (HA30BOI JBIPHI UCCIEIYETCS TIOCPEICTBOM UHUCIEHHOTO
MOJIETTUPOBAHUS.

st MomeTMpoBaHusI IMHAMUKH UOHHBIX (PA30BBIX JIBIP MCIIOJIB30BAH METOJ, YACTHUIL
B sUeiike, MIPUYIEM JaCTUIAMHU B sTYEHKaX Teleph SIBJISIOTCS MOHBI, 8 JIEKTPOHBI CUNTA-
I0TCsl paclpeiesIéHHBIMI 110 BosibiMany. Takoe omucanne MOXKHO CIUTATH ONPABIAHHBIM
IIPU MAJIBIX CKOPOCTSIX JIBUXKEHMSI MOHHOTO TyYKa B ma3Me. [Ipu 3ToM 3/71eKTpOHBI B CH-
JIy X OOJIBIIel TOABUKHOCTHU YCIIEBAIOT PACIIPEIEIUTELCS 110 BoIbIMaHy 3a IPOMEZKYTOK
BpPEeMEHN HAMHOTO MEHBINNI, YeM BpeMsl MMPOXoa MyvKa depe3 IJIa3MeHHbBIH C/1oil. Ypas-
nernue [lyaccona 1t caMoCOTIaCOBAHHOTO TIOJIST B TAKOH ITOCTAHOBKE 331491 CTAHOBUTCSI

HeJMHETHBIM
()2(b €(b
7522 = N exp —? — Ny. (5)

Ha rpanumnax o6/acTd MOJEJIMPOBAHUS HUCIOIH30BAIUCH OTPAXKATE/BHBIE YCJIOBUS
ISl 9acTull. B ¢BsI3M ¢ 3TUM T'paHUYHBIE YCJIOBUS JIJISI SJIEKTPUYIECKOTO TIOJIS B BaKy-
YMHBIX 00JIACTSIX 33/1aBAJINCh B BUIE

E.(0) = E.(L) =0, (6)

rie L — pa3mep obnactu Mmojenuposanns. Kpaesas 3a1a4a 115 HEJTMHERHOTO yPABHEHUS
ITyaccona (5) pemanach MeTOIOM CTPesbObI [11].

B uncnennoM MoieTMpOBAHNY MOHHBIN IIYI0K B HAYAJIHHOM COCTOSHUN T'€HEPUPOBAJI-
¢l B BUJIe OJTHOPOJTHOTO DacCIpesiesleHUsI JacTUIl II0 KOOPAMHATE 2 W MaKCBeJJIOBCKOTO
PACIIpe/IeJIeHNs IO CKOPOCTH V,, CMEIEHHOTO HA CKOPOCTD JIBUXKeHUsI Ty4uKa Vj, (cM. puc.
4). TIpu 5TOM IyHYOK € CAMOI0 HavaJja PACIOIarajacs BHYTPHU IIa3MeHHoro cjiost. O6paszo-
Banue (Pa30BBIX JIBIP IIPOUCXO/IUIIO, HaUYnHAas ¢ oTHoIeHus: TeMueparyp T, /T; ~ 10. Ha
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puc. 4 mpecTaBIeHa SBOJIONUS (Pa30BOH IIJIOCKOCTH IIPHU B3aUMOJIEHICTBUN IIyYKa, C I1J1a3-
MEHHBIM CJIOEM B TE€UEHUE OJIHOTO MOHHOI'O ILJIa3MEHHOT0 iepuojia. BuiHo, 9To Yepe3 3ToT
WHTEPBaJ BpeMeHr (GOpMUPYeTCs MOHHAs (ha30Bas IbIpa, B KOTOPOl MOHBI COBEPIIAIOT
KojiebaHust B 00pa3oBaBIlelicst TOTeHInAIbHON saMe. [Ipu sToM dazoBast Ibipa TBUXKETCs
B IIPOTHBOIIOJIOKHOM HAITPABJIEHNN IO OTHOIIEHUIO K JIBUKEHNIO my4dka. Ha puc. 5 n3006-
pakeHbl COOTBETCTBYIOIINE PACIPEJIEIEHUS JEKTPHIECKOTrO MMoJisd F/, B Te Ke MOMEHTBI
BpPEMEHU, 4YTO U Ha puc. 4.

t=0.0 2| —
o
(] t t t t {
" \/
a |l
t=04 <
1 /\ t=04
. 1
o t=06 m
3 4 t=06
t=08 T \/
' I t=0.8
1 1 1 1 1 IZ L . . . . . Z
0 40 80 120 160 200 40 8o 120 160 200

Puc. 4. O6pazoBanue nonHoii paszosoii Puc. 5. IameHneHnune pacnpeesieHus
JOBIPBI IPU MPOXOXKJEHUU MOHHOTO  JIEKTPUYUECKOro moJist F, co BpeMeHeM
nydka 4depes miaasmy, L, = 20, V, =2, 1npu pacrnpocTpaHEeHWHN MOHHOIO IIyYKa
0=T./T; =20 B m1a3Me. Ilapamerpsl cM. Ha puc. 4

5. 3akJirouyenue

B pabore mokazaHo, 4TO IPU MPOXOXKJIEHUU KOPOTKOT'O MOHHOTO IIyYKa Yepe3 CJIoH
IJIa3MBbI [IPOMCXOJ/IAT 3aXBAT YaCTH JIEKTPOHOB ILIA3MbI 110JIeM Iry4ka. OHAKO, B OTJIH-
qye OT MUJIPOJMHAMUIECKOrO OIHCaHus [3-5], 9TOT mporece uMeer CyImecTBeHHO KIHETH-
9eCKyI0 IPUPO/LY, IPUIEM KOJJIEKTUBHOE JIEKTPUUECKOE I10JI€ CPDABHUMO II0 BEJIMUNHE C
mojieM Trydka. [loj jieiicTBreM CyMMApHOIrO ITOJIsi BOSHUKAIOT ITYYKH YCKOPEHHBIX JIEK-
TPOHOB, NIPUBOJAIINE K HEJUHEHOMY DEKUMY IIyYKOBOIl HEYCTOWYMBOCTH U CUJIBHOMY
HArpPEBY 3JIEKTPOHOB IIa3Mbl. Ha 3aXBaT 3JIEKTPOHOB IOJIEM MOHHOT'O IIYyYKa CHJIBHOE
BJIMSIHAE OKa3bIBaeT TaKKe IepPeMEHHOE TI0JIe, BhI3BAHHOE ILIA3MEHHBIMU KOJIEOAHUSAMU
Ha I'PaHUIAX CJIOS.

Pe3ynbraThl 4HCIEHHOIO MOJEJUPOBAHUS ITOKA3aJId, UTO CTEIeHb KOMIIEHCAIMH 3a-
psfa mydka caabo 3aBUCUT OT MUPUHBI cjIosg. OTCIOma MOXKHO 3aKIIOUATH, 9TO 3aXBAT
9JIEKTPOHOB B OCHOBHOM IIPOMCXOIUT BOIM3U rpaHul] cjiod. [Ipu yBesmdennn mIoTHOCTH
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IyYKa CTeleHb KOMIIEHCAIUN 3apsiia BospacTtaer. OIHAKO P 3HAYEHUX Ny /1o > 1 BO3-
HUKAIOT CUJIbHO HeJIMHEHHBbIe BO3MYIIEHUsI CKOPOCTEN 3JIEKTPOHOB B CJIO€, IIPUBOJILAIINIE
K HaApyLICHUIO YCJIOBUH 3axXBaTa U K CHUXKCHUIO CTEIICHU KOMIICHCAIUU 3apdAfa IIydKa.

MopennpoBanue mporecca IPOXOKISHHS IIyUKa depe3 CJION IJIa3Mbl Ha MHTEpPBaJIaxX
BPEMEHU, CPABHUMBIX C MOHHBIM ILIA3MEHHBIM IIePUOIOM, IIPOIEMOHCTPUPOBAJIO 00Pa30-
BaHUE CTAIIMOHAPHBIX CTPYKTYP THUIIA MOHHBIX (DA3OBBIX JIBIP.
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UDC 533.9
Numerical Simulation of a Short Ion Beam Interaction
with Plasma

V. B. Krasovitskiy*, V. A. Turikov’, D. V. Kamin |
* Keldysh Institute of Applied Mathematics, Russian Academy of Sciences, Moscow, Russia
' Peoples’ Friendship University of Russia, Moscow, Russia

The problem of a short ion beam passing through the plasma layer is considered in this paper.
In such a process the plasma electrons capture by the beam takes place. The charge compensa-
tion is necessary during the charged beams transport with the purpose to prevent their dispersion
under the influence of the own Coulomb field. It is important to investigate the methods of the
beam charge compensation methods for the reason of their numerous applications. Specifically
the active investigations of the intensive ion beams interactions with the thermonuclear targets
in the controlled fusion problem are performed last years. In this paper the one-dimensional
electrostatic approximation is used and the conditions of its applicability are presented. The
electron movement in the ion beam field with the model density distribution is considered. It
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is shown by the numerical simulation using the particle-in-cell method that during the short
ion beam passing through the plasma layer the capture of the part of plasma electrons by the
beam field takes place. But unlike the hydrodynamical description used by other authors this
process has the essentially kinetic nature moreover the collective electric field is compared with
the beam field. The beams of accelerated electrons are formed under the influence of the total
field leading to the nonlinear regime of the beam instability and strong heating of the plasma
electrons. It is shown that the oscillating field caused by the plasma oscillations on the plasma
boundaries affects essentially on the electron capture. The numerical simulation of the beam
passing through the plasma layer on the time intervals compared with ion plasma period is car-
ried out. The particle-in-cell method is applied in this case for the ion movement calculation.
It was supposed that the electrons have the Boltzmann density distribution in the self-consisted
field. The boundary problem for the Poisson equation which becomes nonlinear in such a state-
ment was solved numerically by the shooting method. It was demonstrated the formation of
the stationary structures of the ion phase space holes type for the electron temperature much
larger the ion one.

Key words and phrases: ion beams, plasma, plasma instabilities, charge compensation,
ion phase-space holes
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