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Towards the Analysis of the Queuing System Operating
in the Random Environment with Resource Allocation

Ivan S. Zaryadov*', Vladimir V. Tsurlukov*, H. Viana Carvalho Cravid*,
Anna A. Zaytseva*, Tatiana A. Milovanova*
* Department of Applied Probability and Informatics
Peoples’ Friendship University of Russia (RUDN University)
6, Miklukho-Maklaya str., Moscow, 117198, Russian Federation
t Institute of Informatics Problems, FRC CSC RAS
IPI FRC CSC RAS, 44-2 Vavilova Str., Moscow 119333, Russian Federation

The mathematical model of the system, that consists of a storage device and several homoge-
neous servers and operates in a random environment, and provides incoming applications not
only services, but also access to resources of the system, is being constructed. The random envi-
ronment is represented by two independent Markov processes. The first of Markov processes
controls the incoming flow of applications to the system and the size of resources required by
each application. The incoming flow is a Poisson one, the rate of the flow and the amount of
resources required for the application are determined by the state of the external Markov pro-
cess. The service time for applications on servers is exponential distributed. The service rate
and the maximum amount of system resources are determined by the state of the second ex-
ternal Markov process. When the application leaves the system, its resources are returned to
the system. In the system under consideration, there may be failures in accepting incoming ap-
plications due to a lack of resources, as well as loss of the applications already accepted in the
system, when the state of the external Markov process controlling the service and provision of
resources changes. A random process describing the functioning of this system is constructed.
The system of equations for the stationary probability distribution of the constructed random
process is presented in scalar form. The main tasks for further research are formulated.

Key words and phrases: queuing system, random environment, Markov modulated
Poisson process, Markov modulated service process, resource allocation

1. Introduction

The mathematical model of the analysis of the functioning of modern telecommunication
systems must take into account the influence of external factors, which may be realized
within the framework of the queuing theory (the theory of teletraffic) [1-4] with the help
of arrival and/or service processes controlled by some external random process. The
application of the Markov modulated arrival process (MMAP), Markov modulated service
process (MMSP)) [3,5-9] allows us to construct not only the adequate mathematical
model, but also to obtain good analytical results for different tasks [10-22].

The mathematical modeling of modern telecommunication systems when incoming
applications in addition to services also require some fixed or variable volume of re-
sources [23-29] is the actual problem.

We will try to apply Markov modulated Poisson process (MMPP) theory [5-9] to con-
struct the mathematical model of the system, that consists of a storage device and several
homogeneous servers and operates in a random environment, provides incoming applica-
tions not only services, but also access to resources of the system, is being constructed.
The random environment is represented by two independent Markov processes. The first
of Markov processes controls the incoming flow of applications to the system and the size
of resources required by each application. The service rate and the maximum amount

Received 9t® October, 2018.
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of system resources are determined by the states of the second external Markov process.
The initial stages of this study were presented in [30]. The system of equations for the
stationary probability distribution of the random process, describing the behavior of the
system, is the main goal of this part of the research.

2. System description

We will consider the queueing system MM PPy|MMSPs|n|r|Ry, Ry (according to
Kendall-Basharin notation [1]), functioning in the random environment (Markov modu-
lated Poisson arrival process and Markov modulated service process), with 1 < n < oo
homogeneous servers and the buffer of r < oo capacity.

The random environment is present by two-state Markov process (MP) 7, (t), which
control the incoming Poisson process. If the external Markov process 7 (t) is in state 1
then the rate of incoming Poisson process is A\; and each arriving application requires the
fixed k1 amount of system resources. If the MP 7 (¢) is in state 2 the each application
arrives according the Poisson law with the rate A and requires the fixed amount of
system resources of size ks.

The second external two-state Markov process 72(t) controls the service process on
system servers and the maximum amount of system resources. If MP ny(t) is in the
state 1, then the maximum value of system resources is Ry < oo, the service time of an
application (on each of n homogeneous servers) is subject to the exponential distribution
with the rate pq. If MP 75(t) is in the state 2, then the amount of system resources Ry
is unlimited, the service time of an application (on each of n homogeneous servers) is
subject to the exponential distribution but with the rate mus.

The transitions of Markov processes 11 and 72 from one state to another are determined
by the corresponding infinitesimal matrices A = (Aij); ;_ o and M = (pi5); j_; 5

After the end of the service each application returns to the system the resources,
occupied by this application.

The functioning of the system may be defined by the multidimensional random pro-
cess C(t) - {61 (t)7£2(t)7 R(t)v m (t)v 2 (t)}v where random process 61 (t) = (fls(t)v glq(t))
describes the number of applications with demand on k; amount of resources (appli-
cations of the first type) on the servers (§15(¢)) and in the buffer (£1,4(¢)) at the time
moment ¢t. Respectively, the random process &»(t) = (§25(t), {24(t)) — the number of
application with demand on ks amount of resources (applications of the second type)
on the servers (£25(¢)) and in the buffer (£2,(t)) at the time moment ¢. R(t) — the
available at time ¢ amount of system resources. If the state of the Markov process 7
is 1, then R(t) = max(0, R1 — k1&1(t)1 — ko&2(t)1), if the state of the Markov process
n2 is 2 then R(t) = Ry = oc.

If the amount of the system resources R(t) at the moment of the new application arrival
is less then k; (for the first type application) or ko (for the second type application)
amount of resources needed in addition to service (i.e. R(t) < k1 or R(t) < ks), then
the incoming application is lost. Also the accepted to the system applications may
be dropped from the buffer due to the transition Markov chain 72 from state 2 with
unlimited amount Ry of system resources to the state 1 with limited amount of resources
R(t) = R — k1&(8)1 — kao(8)1.

In order to avoid downtime of servers it is supposed that the maximum value of system
resources Ry < oo is sufficient for all servers to be occupied, that is Ry > n - max(kq, k2).

The goal of this paper is to derive the system of equations for random process ((t)
steady-state probability distribution. The main goals of the study as a whole are to
obtain main time-probability characteristics of the system as for this general case (also
for the case when the maximum values of system resources are finite, but different for all
states of governing external Markov process), and for special cases of only one external
governing Markov process.
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3. The steady-state probability distribution. The system of
equations (scalar form)

The set X' of states of the random process ((t) = {&1(¢), &2(t), R(t), mi(t), n2(t) } may be
presented as X' = {(is;1q), (Js; Jq), R1(is+ig; js+Jq)| Re,l,m}. Here, is and iy (0 < ig < n,
ig > 0) are numbers of the first type applications on servers (is) and in the buffer (iq); js
and j, (0 < js < n, j, = 0) are numbers of the second type applications on servers (js)
and in the buffer (j,). It should be noted that 0 < is + js < n. The argument [ = 1,2
describes the state of the external Markov process 7; as well as the m = 1,2 — the state
of the Markov process na. Ri(is + iq;js + Jq) = R1 — (is +ig)k1 — (Js + Jq)k2 — the
current amount of the system resources in the state 1 of Markov process 7s.

In the case of the buffer of unlimited capacity, the entire set of states can be divided
into 10 subsets corresponding to the following states:

1) the system is empty — the states {(0;0), (0;0), R1(0;0), 1,1}, {(0;0), (0;0), R1(0;0),
27 1}3 {(0, O)a (07 0)7 R27 1> 2}7 {(07 O)a (07 0)1 R2> 2) 2}7

2) there are only applications of the first type in the system, not all servers are occupied,
the buffer is empty — {(7;8; 0)7 (07 O)a Rl(is; 0)5 L, l}a {(is; O)a (Oa O)v Rl(is; 0)7
2,1}, {(i5;0), (0;0), Ra, 1,2}, {(i,:0), (0;0), R2,2,2}, 1 < iy < m;

3) there are only applications of the first type in the system, all servers are occu-
pied, the buffer is empty — {(n;0), (0;0), R1(n;0),1,1}, {(n;0),(0;0), R1(n;0),2, 1},
{(’ﬂ,; 0)7 (07 0)7 R27 1, 2}3 {(TZ, 0)7 (05 O)a R27 27 2}7

4) there are only applications of the first type in the system, all servers are occupied,
the buffer is not empty — {(n;i,), (0;0), R1(n + i4;0),1,1}, {(n;iq), (0;0),

Rl(n + qu 0)7 27 1}7 {(n7 iq)7 (07 0)7 R27 17 2}7 {(n7 iq)7 (07 0)7 RQ; 27 2}7 iq 2 17

5) there are only applications of the second type in the system, not all servers are occu-
pied, the buffer is empty — {(0;0), (js; 0), R1(0; 4,), 1, 1}, {(0:0), (j;; 0), Ry (0; j, ),
2,1}, {(0;0), (j; 0), Ra, 1,2}, {(050), (js;0), R, 2,2}, 1 < j, < m;

6) there are only applications of the second type in the system, all servers are occu-
pied, the buffer is empty — {(0;0), (n;0), R1(0;n),1,1}, {(0;0), (n;0), R1(0;n),2, 1},
{(Oa 0)> (n7 0)7 R27 17 2}3 {(07 O)a (TL; 0)7 R27 27 2}7

7) there are only applications of the second type in the system, all servers are occupied,
the buffer is not empty — {(0;0), (n; jq), R1(0;n + j4), 1,1}, {(0;0), (n;4q),
Ri(;n+7q4),2,1}, {(0;0), (n5 4q), R2,1,2}, {(0;0), (n; jn), R2,2,2}, jg = 1;

8) there are applications of both types in the system, not all servers are occupied,
the buffer is empty — {(is;0), (js; 0), R1(is; Js), 1, 1}, {(is;0), (453 0), Ra(is; Js), 2, 1},
{(’is;O), (js;o)a Ro, 1, 2}7 {(is; 0)7 (js§ 0)7 Ry, 2, 2}; I<is<n—2,1<js<n—1—1g;

9) there are applications of both types in the system, all servers are occupied, the buffer
is empty — {(is; 0)7 (’ﬂ, — is; 0)7 Rl(is; n-— is)a 1, 1}7 {(is§ 0)7 (TZ — s} 0)7
Rl(is; n— Z'8)7 27 1}7 {(ZS7 O)> n— Zsa 0)7 R27 13 2}> {(Zsa 0)7 n— Zsa 0)7 R27 23 2}7 1<is <
n—1;

10) there are applications of both types in the system, all servers are occupied, the buffer
is not empty — {(is;%4), (n — is;Jq), R1(is + ig;n — s + Jq), 1, 1}, {(45394),
(TZ - is;jq)a R1(i5 +ign—is+ jq)a 2, 1}7 {(is§ Zbq)y (n - is;jq)a Ry, 1, 2}7 {(is§ Z>q)> (n -
is;jq)7R27272}7 1 < is < n— 17 iq +Jq 2 1.

For the system with the buffer of finite size, three more groups of states will be
introduced (the system is fully occupied by applications of only one type, the system
is fully occupied by both type applications).

Since the states in which the amount of resources requested by applications exceeds
the amount of resources of the entire system are impossible (due to our assumptions),
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then conditional indicator function — the Kronecker symbol — is introduced:

17 Rl - (7/5 + iq)kl - (Js +]q)k2 2 0

. . . . 1
0, Ry — (Zs —|-’Lq)k1 — (]5 —|—jq)k2 < 0. ( )

d (Rl(is + iqvjs +]q)) = {

This indicator function will be used for the equations of transitions between the states
of the groups (4), (6), (10) and for the transition from the states (3), (6) and (9) to the
overlying states and for transitions from the overlying states to states of these groups.

The first four equations consider the transition of the system from the zero state:

(A1 + p1,2 + A1,2) P((0;0),(0;0), R1(0;0),1,1) = pu1 P ((1;0), (0;0), R1(1;0),1,1) +
+M1P((O 0) ( ) )7R1( ) ) )+)\2,1P((0;0)7(0;0)7R1(0;0)a2a 1)+
+N2,1P((O§O)’(O;O)7R27172)’ (2)

(A2 + p1,2 + A2.1) P ((050), (0;0), R1(0;0),2,1) = 1 P ((1;0), (0;0), R1(1;0),2,1) +
+ 111 P ((0;0), (1;0), R1(051),2,1) + A1 2P ((0;0), (0;0), R1(0;0),1,1) +
+ 2.1 P ((0;0), (0;0), Ry, 2,2), (3)

()\1 + 2,1 + )\1,2)P((07 0)7 (070)7R27 172) = M?P((170)7 (07 0)7R27 172) +
+M2P((O’O)7(170)’R2)172)+)‘2,1P((0a0)7(070)5R27272)+
+ p1,2P ((050), (0;0), R1(0;0),1, 1), (4)

(/\2 + H21 + >\2,1) P ((07 0)7 (Oa 0)R2a 2a 2) = NZP ((17 O)a (Oa 0)7R2a 27 2) +
+ p2P ((0;0), (1;0), R2,2,2) + A1 2P ((0;0), (0;0), Rz, 1,2) +
+ M1,2P ((07 0)7 (0; 0)7 Rl (0; 0)7 27 1) . (5)

Now consider the case where only the first type of application is present in the system
and not all servers are occupied:

(A1 + A2+ p12 +ispn) P((is50), (0;0), Ry (is;0),1,1) =
= M P ((is — 1;0), (0;0), Ry (is — 1;0),1,1) + Aa.1 P ((is; 0, )(0; 0), By (i3 0), 2, 1) +
+ p2,1P ((is;0), (0;0), R2,1,2) + p1(is + 1) P ((is + 1;0),(0;0), Ry (is + 1;0),1,1) +
P ((i550), (1:0), Ry(ig: 1), 1,1), 1<is<n—1, (6)

()\2 + )\2,1 + p12 + isﬂl) P ((lsa 0)7 (0; 0)7 Rl(is§ 0)7 2, 1) =
:Nl(is‘i‘l)P((is+1;O>7(0;0)7R1(is+150)727 1>+
+M1P((is;0)v(1§0))R1(is§1)>2?1)+)\1,2P((is;0)v(O;O)aRl(is§0)7171)+

+ p2.1P ((i5;0),(0;0), R2,2,2), 1<is<n—1, (7)

(A1 + Ao+ p2n +’isM2)P((’is; 0),(0;0), Ry, 1,2) =
:)\1 ((ZS - 07 0) R27172)+)\2,1P((1570)7(07 0)7R27272)+
+M1,2P((ZS7 ) (O O) Rl(zsa0)>1>1)+/1’2(ZS+1)P((Z8+170)7(050)7R27172)+
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+/’L2P((2870)7(170)7R27172)7 1 gzs gn_l? (8)

(/\2 + /\2,1 + ,U2,1 + isﬂ2) P ((Zsa 0); (Oa 0)7 R27 23 2) == AI,ZP) ((Zsa 0); (Oa 0)7 R?a 13 2) +

+ Ml,ZP ((is; 0)’ (Oa 0)7 R1<is; O>7 27 1) + MQ(iS + ]-)P ((Zs + 1; 0)’ (0; 0)7 RQ: 27 2) +
+ paP ((is;0),(1;0), R2,2,2), 1<is<n—1. (9)
The system contains only applications of the first type, all servers are occupied, but
the buffer is empty. According to the assumptions, the maximum amount of system
resources is sufficient for all servers to be occupied, but it is not sufficient for arriving

applications to occupy the buffer. Therefore, it is necessary to use the indicator function
— verification of the existence of overlying states:

(np1 + p12 + A2 + A0 (Ri(n+1,0))) P ((n,0),(0,0), R1(n;0),1,1) =
=MP((n—1,0),(0,0), Ri(n—1;0),1,1) + X2 1 P ((n,0),(0,0), R1(n;0),2,1) +
+ p21P ((n,0),(0,0), Re,1,2) + p10 (R1(n;1)) P ((n —1,1),(1,0), R1(n;1),1,1) +

Jj+i

+ 21 Z I[I (=6@Ri(n+ir;1)) P((n,3),(0,5), Ra, 1,2) +
i+5=1141+j1=1)

418 (Ry(n + 1,0)) P ((n, 1), (0,0), Ry (n +1;0),1,1), (10)

(np1 + 1,2 + A21 + A28 (R1(n, 1)) P ((n,0),(0,0), R1(n;0),2,1) =
= >\1,2P ((nv 0)(07 0)7 Rl (n; 0)7 17 1) + ,UI(S (Rl (nv 1)) P ((n - 17 1)7 (17 0)7 Rl(n; 1)7 27 1) +
+ 21 P ((n,0),(0,0), Rz, 2,2) + npd (Ry(n + 1,0)) P ((n, 1), (0,0), Ry (n + 150),2,1) +
00 J+Jj
+M2,1 Z H (1_5(R1(n+i1;j1)))P((nvi)?(O’j)’R27272)’ (11)

t+j=14i145=1)

(nu2+/1,271-I-/\l,g+)\1)P((7’L,0),(0,0>,R2,1,2):)\1P((n—1,0),(0,0),R2,l,2)+
)\2’1P<(n,0),(O,O),R2,2,2)+/,L]_72P((’)’L,O),(0,0),R1(7L;0),1,1)+
+M2P((n_171)7(170)7R27172)+n:u2p((n71)7(070)7R27172)7 (12)

(nMQ + llf2,1 + A2,1 + /\2) P ((na O)a (07 0)7 R27 27 2) = /\1,2P ((TL, 0)7 (07 O)a R2a 17 2) +
+ p1.2P ((n,0),(0,0), R1(n;0),2,1) + poP ((n —1,1),(1,0), R2,2,2) +
+nlu'2P((n7 1)7(07 0)7R27272)' (13)
In the system there are only applications of the first type, all servers are occupied,

there are also applications in the buffer. The indicator function is used to check the
possibility of transition to (from) overlying states:

(1 + p12 + Mo + M6 (Ri(n + ig +1,0))) P ((n,4g), (0,0), Ry(n +ig;0),1,1) =
=M\ P((nyig —1),(0,0), Ri(n +iq —1;0),1,1) +
+ X201 P ((nyig), (0,0), Ry(n +ig;0),2,1) + pa P ((1,44), (0,0), R, 1,2) +
+ 118 (Ri(n+ig; 1)) P ((n— 1,4 + 1)(1,0), Ry (n + ig; 1), 1,1) +
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Jj+i

+:U'21 Z H Rl n"_zq+217]1)))P((n7iq+i)7(07j>,R27172)+
i+5=1141+j1=1)

+nM16(R1(n+Zq+1,0))P((7’L,Zq+1),(0,0),R1(7’L+Zq+170),1,1), Z'q = 1a (14)

(gt + 1.3+ Aot + Nab (Ri(n 4 i + 1,00)) P ((n,34)(0,0), Ry (n +ig; 0),2,1) =
= A 2P ((n,iq),(0,0), Ri(n +1i4;0),1,1) + p2,1P ((n, i), (0,0), R2,2,2) +
48 (Ry(n + ig +1,0)) P ((n,7q + 1), (0,0), Ry (n + ig + 1;0),2,1) +
00 Jj+i
tuza Y, [ (=0 Ri(n+iq+ir;51)) P((nyig+14),(0,5), R2,2,2) +
i+i=1i1+j1=1)
+ 0 (Ri(n+ig 1)) P((n—1;ig+1),(1,0), Ri(n+i4;1),2,1), i,>1, (15)

(nNZ + po1 + /\1,2 + /\1) P((”?%)? (07 O)aR2> 1?2) =
= MP((n,ig —1),(0,0), Ra,1,2) + A1 2P ((n,14), (0,0), R2,1,2) +
+ 1,20 (R1(n+14;0)) P ((n,iq), (0,0), (R1(n+1i40),1,1) +
+ p2P ((n—1,i4+1),(1,0), R2,1,2) +
+ npeP ((n,i4+1),(0,0), R2,1,2), i, >1, (16)

(npo + p2,1 + A21 + A2) P ((n,4q),(0,0), R2,2,2) = A2 1 P ((n,14),(0,0), R2,2,2) +
+ w126 (Ri(n +1i4;0)) P ((n,ig),(0,0), (R1(n +1i4;0),2,1) +
+ MQP ((n - 17iq + 1)a (170)7R27 27 2) + nlj'2P ((nviq + 1)a (070)7R27 27 2)7 iq 2 L. (17)

There are only application of the second type in the system, not all servers are occupied,
the buffer is empty:

(A1 + A2 + g2 + gspa) P((050), (455 0), R (05 5s), 1,1) =
= p1(js + 1)P ((0;0), (js + 1;0), Ry (05 js + 1),1,1) +
+ P ((1;0), (Js; 0), Ri(1;s), 1, 1) + A2,1. P ((0; 0)(4s3 0), R1 (05 4s), 2 )+
+ 12,1 P ((0;0), (js5;0), B2, 1,2), 1< js<n—1, (18)

(A2 +A21 + p12 + Jspn) P ((0;0), (453 0), R1(0;45), 2,1) =
= AP ((0;0), (js — 1;0), R1(0; js — 1),2,1) + p1 P ((1;0), (js; 0), Ra (13 4s), 2, 1) +
+ p1(js + P ((0;0), (js + 1;0), R1(0; js +1),2,1) +
+ A1,2P ((0;0), (js; 0), R1(0;45),1,1) +
+ p2,1P ((0;0), (js;0), R2,2,2), 1<js<n—1, (19)

(>\1 + )\1,2 + /14271 +js/142) P ((07 0)7 (jsa O)7R2a 13 2) -
= X21P ((0;0), (455 0), R2,2,2) + p1,2P ((050), (455 0), R (05 5s), 1,1) +
+ M2(js + 1)P ((an)v (ZS + 1;0)7 R2a 1a 2) +
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+ 2P ((1;0), (i5;0), B2, 1,2), 1<js <n—1, (20)

(A2 +A2,1 4 pi21 + Jspiz) P ((050), (453 0), Rz, 2,2) =
= )‘QP ((Oa 0)7 (]S - 1; 0)’R27 27 2) + )‘LQP ((070>7 (js; 0)7R27 17 2) +
+ p1,2P ((0:0), (553 0), R1(05 ), 2, 1) + p2(js + 1) P ((0;0), (js + 1;0), R2,2,2) +
+ 2P ((1;0), (4s;0), R2,2,2), 1<ig<n-—1. (21)

In the system there are only applications of the second type, all servers are occupied, but
the buffer is empty. The indicator function is used to check the possibility of transition
to (from) overlying states:

(npn + pa2 + Az + Ad (Ra(1,n))) P ((0,0), (n,0), Ri(0;n),1,1) =
— X1 P ((0,0), (1,0), Ry (0:n),2,1) +
+ pe, 1P ((0 0) (n 0) Ry, 1, 2) + o (Rl(l;n)) P (170)7 ((n -1, 1)7R1(1; n)v L, 1) +
J+7

+ p2,1 Z [T =6(Rili;n+41)) P00, (n,5), Rs,1,2) +
i+j=114;1+j1=1)

+ npd (R1(0,n + 1)) P ((00), (n; 1), Ry(0;n 4+ 1),1,1),  (22)

(gt + 1.5+ Aot + ad (R1(0,n+1))) P ((0,0), (n, 0), R (05 ), 2,1) =
— P ((0,0), (n — 1,0), Ry (0:n — 1), 1,1) + AroP ((0,0)(n, 0), Ry (0; ), 1,1) +
+ p16 (R1(1,m)) P (1,0), (n — 1,1), R1(1;n),2,1) + p2,1 P ((0,0), (n, 0), R2,2,2) +
418 (R1(0,m + 1)) P((0,0), (n, 1), R (031 +1),2,1) +
J+i

+,u21 Z H Rl Zlvn+]1)))P((0>i)?(n>j)7R2>2>2)1 (23)
i+j=14d1+51=1)

(np2 + p2,1 + A2 + A1) P ((0,0), (n,0), R, 1,2) = A21 P ((0,0), (n,0), R2,2,2) +
+ MI,QP ((07 0)7 (nv 0)7 R1(07 n)7 1, 1) + 2P ((17 0)7 (n -1, 1)7 Ry, 1, 2) +
+TL,U,2P((O, 0)7(”5 1)9R27172)a (24)

(n/JIQ + H2.1 + )\2,1 + )\2) P ((070)7 (n70)7 R27 27 2) = )\QP ((070)7 (n - 170)7R27 17 2) +
+ )‘172P ((07 0)? ('I‘L, 0)7 R27 17 2) + #1,2P ((07 0)7 (TZ, O)a Rl(o; n)a 2> 1) +
+ MQP ((17 0)7 (n - 1? 1)7 R27 27 2) + TL/J,QP ((Oa 0)7 (TL, 1)) R27 27 2) : (25)

In the system there are only applications of the second type, all servers are occupied, the
buffer is not empty. The indicator function is used to check the possibility of transition
to (from) overlying states:

(npn + pa2 + Az + Ad (Ba(1,m + jg))) P ((0,0), (1, jg), R1(05n + jg), 1,1) =
= )\2,1P ((07 0)7 (najq)7 Rl (Oa n+ .jq)7 27 1) + ,u2,1P ((07 07 (nﬂjq)7 RQ; 17 2) +
+ p1d (Ri(Lsn + Jg)) P((L,0)(n — 1,jq + 1), Ri(15n + jg), 1,1) +
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Jj+i

+,Ule Z H Rl Zlyn—‘f_]q +]1)))P((072)7(n7.7q +.7)7R27172)+
i+5=1141+j1=1)

+npd (R1(0,n+ j,+1)) P((0,0),(n,jq + 1), Ri(0;n+j,+1),1,1), j, =1, (26)

(npr + p12 + A2 + X200 (R1(0;n 4 54 + 1)) P ((0,0)(n,4q), R1(05n + jg),2,1) =
= )\QP((Ovo)a (nvjq - 1),R1(0;TL +jq - 1)a 17 1) +
+ A1,2P ((0,0), (1, Jg)s R1(0;n + 4g), 1,1) + p2,1 P ((0,0), (n, jq), R2,2,2) +
+np1d (R1(0,n+ j, + 1)) P((0,0), (n,j; + 1), R1(0;n+ j, +1),2,1) +

J+i

+ p2,1 Z [T (=6@RiGn+iq+5)) P(0,3),(n,jy+ ), R, 2,2) +
i+j=1li1+j1=1)

+M15(R1(1;n+jQ)>P((1’O)? (n - 1;jq + 1)7R1(1;n+jQ)a2’ 1)? jq 2 1’ (27)

(n/@ + H2.1 + )\1,2 + )‘1) P ((07 0)7 (nvjq)ﬂ R27 17 2) = )‘172P ((07 0)7 (n7jq)’ R27 17 2) +
+ 11,26 (B1(0;n 4 Jg)) P ((0,0), (1, jg), (R1 (057 + jg), 1, 1) +
+ p2P ((1,0),(n— 1,74+ 1),R2,1,2) +
+nu2P ((0,0), (n,jg +1), B2, 1,2), jg =1, (28)

(g2 + pi21 + Aay1 + A2) P((0,0), (1, 5g), R2,2,2) = AP ((0,0), (n, jg — 1), R2,1,2) +
+ p2P ((1,0), (n — 1, jg + 1), R9,2,2) + Aa,1 P (0,0), ((n, jg), R, 2,2) +
+ 1,20 (R1(031 4 Jg)) P ((0,0), (n, g), (R1 (057 + g), 2, 1) +
+npaP ((0,0), (n,4g +1), R2,2,2), jg = 1. (29)

The applications of both types are in the system, but only some (not all) servers
are occupied:

(A1 + p1,2 + A1 + (65 + Js)pa) P ((4s,0), (Js, 0), Ra(is; Js), 1,1) =
= MP ((is = 1,0), (Js, 0), Ra(is — 1345), 1, 1) + A2,1 P ((45, 0), (Js, 0), Ra(is; Js), 2, 1) +
+ p2,1P ((is,0), (45, 0), Ra, 1,2) + (i + 1)1 P ((is + 1,0), (Js, 0), Ra (s + 15 55), 1,1) +
+ (Js + 1) P ((45,0), (s + 1,0), Ra(is; js + 1), 1,1),
is=1n—-2  js=1n—1—1i5 (30)

(A2 + p1,2 + Ao + (is + Js)pa) P ((4s,0), (Js, 0), Ra(is; Js), 2, 1) =
= AP ((i5,0), (Js — 1,0), R1(is; js — 1), 2, 1) + A1 2P ((i5,0), (55, 0), Ra(is5 Js), 1, 1) +
+ p2,1P ((is,0), (45, 0), R2,2,2) + (is + 1)1 P ((is + 1,0), (Js, 0), Ra (s + 15 5s), 2, 1) +
+ (Js + D1 P ((is,0), (s +1,0), Ry (is; js +1),2,1),
is=1,n—2, js=1,n—1—1ig, (31)

(>\1 + M2,1 + )\1,2 + (Zs +]s>,u2) P ((im 0)? (j870)7R27 17 2) =
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= Alp((zs - 170)7 (j870)7R27 172> + )‘2,1P((i870)7 (j370)7R27272) +
+ M1,2P ((isao)a (jS7 0),R1(is;js); 17 1) + (Zs + 1)N2P ((Zs + 1>O)7 (jsa O)a RQ) 1?2) +
+(.jS+1)u2p((i870)7(j8+170)7R27172)7 is:lan_27 jszl,n—l—is, (32)

(A2 + p2,1 + Ao1 + (s + Gs)pe) P ((4s,0), (Js, 0), R2,2,2) =
= AP ((is,0), (js — 1,0), Ra,2,2) + A1 2P ((4s,0), (45, 0), B2, 1,2) +
+ p1,2P ((is,0), (Js, 0) R1 (455 §s ), 2, 1) + (is + D)pa P ((is + 1,0), (4s, 0), Re, 2,2) +
+ (s + V2P ((is,0), (js + 1,0), R2,2,2), is=1,n—2, jo=1,n—1—1i, (33)

The application of the first and the second types are in the system, all servers are
occupied, but the buffer is empty:

(npg + p12 + A2+ M0 (Ri(is + 1,n —i5))) P ((is,0), (n — is,0), Ri(is;n — is),1,1) =
=MP((is —1,0),(n —is5,0), R1(is — 1;n —i5),1,1) +
+ X1 P ((is,0), (n — is,0), Ry(is;n — i), 2,1) + pio1 P ((is, 0), (n — iy, 0), Ra, 1,2) +
g (Ra(iy + 13m0 — i0)) P (15, 1), (0 — i0,0), Ry + Lin — i), 1,1) +
+ (n —is)p10 (Ri(is;n —is + 1)) P ((is,0),(n —is,1), Ri(ig;n —is +1),1,1) +
+(n—is+1)u1d (R1(issn —is + 1)) P ((is — 1,1),(n —is + 1,0), Ry (is;n — is + 1),1,1) +
Jjty

+ p2) Z [T (=6 (Rilis +ir5n —is + 1) P (i), (n — is, §), R2, 1,2),
i+j=1i1+4+51=1)

is:]-vn_]-z js:n_isa (34)

(np1 + p12 + Aoq + A2d (Ry(is,n —is + 1)) P ((4s,0), (n — i5,0), Ry (is;n — is),2,1) =
= AP ((is,0), (n —is — 1,0), Ry (isin —is — 1),2,1) +
+ A 2P ((i5,0), (n —is,0), R1(is;m — i5), 1, 1) + po1 P ((is,0), (n — is,0), R2,2,2) +
+isp16 (R1(is + Lin —i5)) P ((is, 1), (n — i5,0), R1(is + 15 — 45),2,1) +
+(n—is+1)ud (Ri(is;n —is + 1)) P((is — 1,1),(n —is +1,0), R1(is;n — s+ 1),2,1) +
+ (n—is)prd (Ra(is;n —is + 1)) P ((i5,0), (n —is, 1), Ra(is3n —is +1),2,1) +

o0 J+i

+M21 Z H Rl(zs+7’17 7;8 +j1)))P((isvi)7(n_i37j)7R27272)7

i+j=111+751=1
iS:]ﬂni]ﬁ js:n*isa (35)

(npo + p2,1 + A2+ A1) P ((is,0), (n — i5,0), R2,1,2) =
= MP ((is —1,0),(n —is,0), R2,1,2) + A2 1 P ((is,0), (n — is,0), R2,2,2) +
+ p1 2P ((is, )(n—is, 0), R1(is3 js), 1,1) + (n —is)p2 P ((45,0), (n — is, 1), R2,1,2) +
iaginP (i 1), (n— 10,0), B, 1,2) 4 (n— i+ DjiaP (i — 1, 1), (n — iy +1,0), Ra, 1,1),
is=1n—1 js=n—1is (36)
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(npg + p2,1 + A21 + A2) P ((is,0), (n — 15,0), R2,2,2) =
= X P ((i5,0), (n —is — 1,0), R2,2,2) + A1 2P ((i5,0), (n — i5,0), R2,1,2) +
+/‘1,2P((i870)7(n*isao)7R1(is§js)a2a 1) + (n*is)/@P((Z&O)v(nflsal)aR272v2)+
+(n—is+DpaP ((is — 1,1), (n —is + 1,0), Ra,2,2) +isuaP ((is, 1), (n — is,0), Ra,2,2),,
is=T,n—1, js=n—is. (37)

The equations for the case when both types of applications are in the system (on
servers and in the buffer):

(A0 (R1(is +ig+1,n—is+ Jg)) + A2 + p12 + np) X
X P((iSSiq)a (n - istq)le(is + iq;n — i +jQ)7 1, 1) =
=MP ((is;ig — 1), (n —is;7q), Ri(is +ig — Lin —is + jg), 1, 1) +
+ A2 P ((isidq), (0 — is5dg), Ra(is +igin — is + jg), 2,1) +
+ p21 P ((is;1q), (n — is37q), R2,1,2) +

00 Jjt+i

+ 21 Z H (1 =0 (Ri(is +iqg+isn—is+Jg+71))) %
i+j=1141+71=1

P ((is,iqg +1),(n —is,Jqg + J), R2,1,2) +isp1pu16 (R (is + ig + 15n — is + jg)) ¥
XP(<is§iq+1>7(n_is§jq)7R1(is+iq+1§n_is +jQ)7171)+
+ (n = is)poprd (Ry(is +igin — is + jg + 1)) X
X P ((is;iq), (n —is;Jg + 1), R1(is +igsn —is+jg+1),1,1) +
+ (is + 1)1?2#15 (Ri(is +ig + 1;n — i + jg)) X
X P((is + 15iq), (n —is — 15 g + 1), Ri(is + g+ 1sn — i+ jg), 1,1) +
+ (n—is+ )plulé(Rl(is—Fiq;n—is+jq+1))><
X P((is — Lyig+1),(n —is+ 1;jg), Ri(is +igsn —is + jg + 1),1,1),
is=Tn—1, ig+j,>1, (38

(A20 (R1(is +ig,m —is+ jg+ 1))+ Aaq + pa,2 +npr) X
X ‘D((Zsa ) (n Zs?jq)7R1(is +iq;n — i +jq)323 1) =
= X P ((is;1q), (n —is;5q — 1), R1(is +ig;n —is + jg — 1),2,1) +
+ M 2P ((is5q), (N — 155 Jq), Ri(is +ig;m — s+ Jg), 1,1) +
+ p21 P ((is;1q), (n — is37q), R2,2,2) +

00 Jj+3

+M21 Z H 1_5(R1 Zs+7'q+7fla Zs+]q+]l>))x

i+j=1lu1+j1=1
P ((is,ig +1),(n —is,dqg + ), R2,2,2) +ispip10 (Ri(is +ig + 1in —is + jg)) X
X P((is;ig+ 1), (n —is; Jq), Ri(is +ig+ 1in —is+ jg),2,1) +
+ (n —is)pop1d (Ri(is +ig;n —is + g+ 1)) X
x P ((is3iq), (n —is;jg + 1), Ri(is +igin —is + jg +1),2,1) +
+ (is + )p2p1d (Ra(is +iq + 1in —is + jg)) ¥
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X P((is+ 15iq), (n —is — L;jg + 1), Ri(is + g+ 1in —i5 + Jg), 2, 1) +
+(n—is+ D)p1pad (R(is +igsn —is + jg + 1)) X
) P ((is — Lyig + 1), (n— iy + 154g) Ri(is +igin — is + jg +1),2,1),
is=Tn—1, ig+j,o>1, (39)

(A1 4+ A2+ pa2 +npo) P((isiig), (n —is; 4q), R2,1,2) =
=MP ((is§iq - 1)7 <n - istq)aR% 1, 2) + )\2,1P ((is§iq)7 (n - is5jq)7R27 2, 2) +
+ 11,20 (Ry(is +igin —is + Jq)) P ((is;iq), (n — is34q), R1(is +igsn —is + jq), 1,1) +
+ispipeP ((is;ig + 1), (n — s Jq), R2,1,2) +
+ (n = is)papaP ((is;iq), (N —is;jg + 1), R, 1,2) +
+ (is + D)popaP ((is + 154q), (n —is — 1;jg + 1), R2, 1,2) +
+(n—is+ DprpoP ((is — L;ig+ 1), (n —is + 1; §4), R2, 1, 2)
is=1,n—1, i,+7j,>1, (40)

(A2 + Aot + p12 +np2) P ((isiiq), (n — 153 q), B2, 2,2) =
= )\QP((is§iq)a (n—1s;0q — 1),R2,2,2) + )\1,2P((is§iq)7 (n— i‘s;jq)vRQa 1,2) +
+ 11,20 (Ry(is +igin —is + Jq)) P ((is;iq), (n — is34q), R1(is +igsn —is + jq),2,1) +
+isprpal ((is;iq + 1), (n — is; Jq), R2,2,2) +
+ (n —ig)papalP ((isiiq), (N —isijg + 1), R2,2,2) +
+ (is + D)popaP ((is + 154q), (n —is — 1;jg + 1), R2,2,2) +
+ (n—is+ D)prusP ((is — 1; ig + 1),(n—is+ 1;jq), R2,2,2),
ia=Tn—1, ig+j,>1 (41)

Here p; — the probability that the first type application is taken from the buffer, po —
the probability that the second type application is taken from the buffer.

4. Conclusions

The mathematical model of the system with the allocation of resources to incoming
applications and functioning in the random environment is constructed. The system of
equations for steady-state probability distribution of the random process, which describes
the functioning of the system, is present.

The main task of future research is to present this system of equations in a matrix
form and try to apply the well known matrix algorithms [6,7,31-33] in order to obtain
the steady-state probability distribution in the analytical form.

Also of interest are stationary distributions of applications of each type, the average
value of the system resources, the average number of discarded (lost) applications.
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K ananm3y cumcTteMbl MAacCOBOIo OOCJIy>KMBAHUS C pecypcamu,
dyHKIMOHUPYOMIE B CIIydailHOM OKPY>KEHUN

. C. Bapsinos*’, B. B. Ilypaykos*, 1. Buana Kapsaasio Kpasug*,
A. A. 3Baiinesa*, T. A. MusioBanosa*

* Kagedpa npuraadnoli un@opmamury u meopuy eepoamHocmets
Poccutickuti ynusepcumem dpyotcbovr Hapodos
ya. Murayxo-Maxaas, 0.6, Mockea, Poccus, 117198

t Hnemumym npobaem ungopmamuru
Dedeparvrniti uccaedosamenverut yenmp <« HUndopmamura u ynpasserues PAH
ya. Basuaosa, 9. 44, xop. 2, Mockea, Poccus, 119333

Crpourca MaTeMaTHueCKas MOMEIb CHUCTEMBI, COCTOSAIEHl M3 HAKOIHUTEJs U HECKOJbLKUX
OJTHOPOJIHBIX TTPUOOPOB, (PYHKITMOHUPYIOIIEN B CIYIalHOM OKPYKEHUU U MPEIOCTABJISIONIEN T10-
CTYTAIONAM 3asBKaM IIOMUMO OOCJIY?KHUBAHUS €I1é U JOCTYI K pecypcam. CiryuaitHoe oKpyKeHne
IIPeJICTaBJIEHO ABYMsl He3aBUCUMBIMU MapKOBCKUMHU IIPOIECCaMU, YIPABIAIOIINMUA HOCTYIJIEHN-
€M 3asBOK B CHCTeMYy U OOCJIy>KUBaHUEM 3asBOK. B cuCTeMy IOCTyHaeT IMyacCOHOBCKHUIT ITOTOK
3as1BOK, MHTE€HCUBHOCTD MTOCTYILJICHUST U 00BbEM PECYyPCOB, HEOOXOMMMBI 3asBKE MPU OOCITY KU~
BAHUU, OIPEJIEJISIIOTCS COCTOSHIEM BHEIITHEr0 MapKOBCKOro Iiporiecca. Bpemsi obcykuBaHus
3asBOK Ha MPUOOpaX MOJIYMHEHO SKCIIOHEHIINATIBHOMY pacIipe/iesieHnio. VIHTeHCHBHOCTD O0CITY XK1~
BaHUS U MaKCHMAJIbHBII 00BEM PECYPCOB CUCTEMBI OIIPEIEISIOTCS COCTOSTHIEM BTOPOTO BHEITHETO
MapKOBCKOTO 1poriecca. Ilpu okonyanuu obciry>KuBaHus 3asBKU 3aHATHIE €10 PECYPCHI BO3BPa-
malTcs B cucreMy. B paccmarpuBaeMoil cucreMe BO3MOXKHBI OTKA3bI B IIPUEME ITOCTYIIAOIIIX
3adBOK U3-3a HEXBATKM PECYPCOB, a TaKrKe BO3MOKHBI IIOTEPU y2Ke NPUHATHIX B CUCTEMY 3asdBOK
IIPY M3MEHEHUU COCTOSIHUS BHEIIHEr0 MapKOBCKOT'O IIPOIECCA, YIIPABJIAIONIETO OOCIyKUBAHUEM U
IpeIoCTaBICHIEM pecypcoB. IlocTpoeH ciry9galtHbIi mpoIece, OMUChIBAIOMNY (DyHKITMOHUPOBAHNE
nauHoil cucreMsbl. [IpencraBiena B cKaJIsIpHOit popMe CHUCTeMa YPaBHEHHUH IS CTAIMOHAPHOTO
pacrpejie/ieHnsT BEpOSITHOCTEN MOCTPOEHHOTO CJIydaitHoro mporecca. ChopMyTupoBaHbl OCHOBHbBIE
3a7a9In AJI JaJIbHEUIIero MCCIeIOBAHUS.

Kuro4geBbie cJjoBa: cucreMa MacCOBOTO OOCIYyXKUBaHUsI, ciaydaiiHoe okpyrxkenne, MMPP,
IIPEeIOCTABJIEHUE PECYPCOB
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O HOPpMaJIbHBIX MOJaX 3aKPbITOI'O BOJTHOBOJA C Pa3pPbIBHBbIM
3alloJIHEHUEM
M. O. Maasbix

Kagedpa npuraadnoli undopmamuru u meopuu 6epoammnocmets
Poccutickuti yrusepcumem Opysrchvl Hapodos
ya. Muxayxro-Maxaasa, 0. 6, Mocxksa, Poccus, 117198

PaccmaTrpuBaercst BOTHOBOJ, MOCTOSTHHOTO TOMIEPETHOTO CeUIeHUsT S C UACATLHBIM ITPOBEIEHN-
eM crerkamu. [Ipesnosiaraercs, 9To 3all0JIHEHUE BOJHOBOJIA HE M3MEHSIETCS BJIOJIb €0 OCU U
ONMCHIBAETCS KYCOYHBIMU HEMPEPBIBHBIMUA (DYHKITUSIMU € U [ HA TOTEPEIHOM CEUYEHUU BOJIHO-
Boza. [TokazaHno, 9TO BO3MOXKHO C/Ie/IATH 3aMEHY IEPEMEHHBIX, KOTOPAas MO3BOJIAET paboTaTh
TOJIBKO C HEIPEPBIBHBIMU (DYHKI[USIMUA.

BumecTo pa3spbIBHBIX MOMEPEYHBIX KOMIIOHEHT 3JIEKTPOMArHUTHOrO nosst F n H MbI npejiaraem
HCIIOJIb30BATH YEThIPE MIOTEHIINAIIA Ue, Up U Ve, Vh. MBI MOXKEM TOKA3aTh KaK 0000IIEHIE TEOPEMBI
Tuxonoa—CamMapckoro, ITo J1000e moJjie B BOJHOBO/IE JIOIIYCKAET IIPEJICTaBIeHne B TaKOi dhopMme,

o
€CJT MbI PACCMATPUBAEM MOTEHITUAIBI Ue, Up, KAK dJeMeHTHI npoctpanctsa Cobonesa W3(S), a
TOTEHINAIIBI Ve, Vp, KAK 31eMeHTsl npocrpanctsa Coboresa W3 (S).

Ecim € m 4 — KyCcOYHBIE TIOCTOSTHHBIE (DYHKIINU, TO ypaBHEHUA MaKCBesIa, 3alMCaHHbIE B
YETBIPEX IOTEHIMAJIAX, CBOIAATCS K JBYM HE3ABUCUMBIM CUCTEMaM. DTO OOCTOATEILCTBO IaET
HaM HOBBIN TOIXOM, K HWCCJIEJOBAHUIO CIEKTPAJbLHBIX CBOWCTE BOJHOBOJOB. BO-TIEPBBIX, MBI
MOYKEM JOKA3aTh IIOJHOTY CHCTEMBI HOPMAaJbLHBIX BOJH B 3aKPBLITBIX BOJHOBOJAX, UCIOJIb3Ys
cTaHIapTHBIE (PYHKINOHAJIbLHBIE ITPOCTPAHCTBA. BO-BTOPBIX, MBI MOYKEM IPEIJIOKHUTHL HOBYIO
TEXHUKY JJIs1 BBIYUCJICHAST HOPMAJIbHBIX BOJIH, UCIIOJIb3ysl CTAHJAPTHBIE KOHEYHBIE 3JIEMEHTHI. B
KOHIIe CTaTbU IIpeJcTaBjIeHa IporpaMMa, HAallCaHHasA Ha sf3blKe FreeFem-+, 11 BRIYMCIEHUS
JIUCTIEPCUOHHBIX JIMHUI BOJIHOBOA. TaK»Ke PacCMOTPEH BOIPOC O BBLIYUCJIEHUH MOJ, IPH OOJIBIIAX
3HaveHusx k = w/c.

KuroueBbie cjioBa: BOJIHOBO, ypaBHenuss Makcsesia, npocrpanctsa Cobosesa, MeTOT
KOHEYHBIX 3JIEMEHTOB, HOPMAaJIbHBIE MOJIbI

1. Bsenenue

3aKpbIThIE BOJTHOBO/IBI SIBJISIIOTCST HAMOOJI€e U3YUIEHHBIM OOBEKTOM MATEMATHIECKOMN
TEOpPUU BOJIHOBELYIUX cucTeM. KINé B cepejiiHe MPOILIOrO BeKa OBLIA MPEJJIOKEHbBI
KOPPEKTHBIE MOJIE/IM PACIIPOCTPAHEHUS BOJIH 110 TAKUM CHCTEMaM, B YACTHOCTH OBLIA pac-
CMOTPEHA BECbMa CJIOYKHAs KaK JJIs TEOPETUIECKOI0 AHAJN3a, TaK U JJIsd [IPUMEHEHUS
YUCJIEHHBIX METOJOB BEKTODHAsSI MOJIEJIb, B KOTOPO# PacCMaTpUBAIOTCS TIOJIsI, YAOBJIE-
TBOpsIonue ypapHenusMm Makcseiuta. Hanbosiee n3yueHHBIMEU OKA3aJUCh BOJTHOBO/IDI,
3AII0JIHEHHBIE OJJHOPOJIHBIM BEIECTBOM, MCUYEPIIBIBAIOIIAS TEOPHs KOTOPBIX ObLIa TOCTPOE-
Ha B CTABINHX yXKe Kiaccuaeckumu padorax A. H. Tuxonosa u A. A. Camapckoro [1].

Tem HE MeHee MaTeMaTHYeCKas CTOPOHA MOJIEJMPOBAHUs BOJHOBOJOB C CJIOXKHBIM
3aIl0JIHEHUEM Ha OCHOBe ypaBHeHuii Makcsesia He passuTa B nosHoi mepe. Ileno B
TOM, YTO KJIIOYEBBIM TEXHUIECKHM MOMEHTOM B TEODUU IOJIOI'O BOJIHOBOJA SIBJISIETCS
UCIIOJIB30BaHue TIOTeHIMa 0B Lepra nimn dyukiun Bopraumca |2, 3]. Dror npuém He
YJIAJIOCH ODODIIUTH Ha, CJIyYail BOJIHOBOJIOB C IIEPEMEHHBIM 3aII0JHEHNEM, U 3TO 3aCTABJISAET
paboTarh ¢ KOMIIOHEHTAMHU 3JIEKTPOMATHUTHBIX IIOJIEHl B CIIEMATIBHO KOHCTPYHUPYEMBIX
mpoctparcreax CobosieBa, Jjisi KOTOPBIX MIPUXOAUTCS B TEOPUY JIOKA3BIBATH CBOM TEOPEMBI
BJIOYKeHUs [4—T|, a HA TPAKTUKE — MCIOJIb30BATh CMENIAHHbIE KOHEYHbIE JIEMEHTHI [8—

Crarba noctynuia B pefgaknuio 14 cenrsiops 2018 r.
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10]. Do, B YacTHOCTH, CYIIECTBEHHO OCJIOXKHSET UCIIOIb30BAHIE CBOOOIHBIX M XOPOIIO
OTJIaYKEeHHBIX KOHEYIHO 3jieMeHTHbIX nporpamM (FEA software) nyist pacaéra BoJIHOBOZIOB
CO CJIOXKHBIM 3aII0OJTHEHUEM.

CoBpeMeHHOe pa3BUTHE BOJIOKOHHON ONTHKUA W CO3/aHUE MeTa-MaTepUajiOB BHOBb
BO3BpAaIlaeT HAC K MOJIENN 3aKPHITOTO BOJTHOBO/A, 3AIIOJTHEHIE KOTOPOT'O ONHUCHIBAETCS
KYCOYHO-TIOCTOsTHHOU (byHKIHeil. BeposiTHO, HanboJiee 09eBUIHBIM ITPUMEPOM SIBJISTIOTCS
MHOTOXKMJIbHBIE OllThYeckue BosokHa (multicore fiber), KoTopble aKTHBHO UCCJIELYIOT-
cs B MOCJIEHEE BPEMsi, TTOCKOIbKY IPOIYCKHAS CIIOCOOHOCTH OOBITHBIX OITHOKAHAIBHBIX
BOJIOKOH HCIIOJIb30BaHA y2Ke IOYTU HOIHOCTBIO [11] 1, oueBuaHO, HepmoCTATOUHA Jist TIE€pe-
MEIIEHUsI OTPOMHBIX MaCCHUBOB JIAHHBIX, UTO SBJISIETCS KJIIOUEBBIM MOMEHTOM Ha IYyTH K
MobubHBIM ceTsiM 5G. Cremayer Tak:Ke 3aMETHUTh, 9TO PACIPOCTPAHEHNE BOJTHOBOIHBIX
MO/, IO OTKPBITBIM ONTHUYECKHUM BOJHOBOJAM, PABHO KaK U B3aUMOJEHCTBUE HECKOJIBKUX
TaKNX BOJTHOBO/IOB, MOKHO KOPPEKTHO MO/IeJINPOBATh, IIOMECTUB BCIO BOJIHOBEYIOIIYIO
CHCTEMY B SIIIUK, Ha I'PAHUIle KOTOPOT'O IIOCTABJIEHBI YCJIOBUS WUJ€aJIbHON TPOBOIIMO-
cru [12]. He TpyaHO 3aMeTHTH, YTO CUCTEMA «BOJIOKHO -+ SIIIUK» IIPEJICTABISAET COOOM
HHU 9TO MHOE, KaK 3aKPBITHIII BOJTHOBOJ, CO CJIOXKHBIM 3aIIOJTHEHUEM.

Koneunoii nenbro Harmmx uccseoBanuii [13-15] Gymer paspaboTka YMCIEHHBIX METOJIOB
UCCJIE/IOBAHUS BOJTHOBOJIOB B CTAHIAPTHBIX (DYHKIIMOHAJIBHLIX IPOCTPAHCTBAX U UX PEaJIu-
3alisl HA BBICOKOYDOBHEBBIX sI3BIKAX IIPOrpaMMUpOBaHus, Takux Kak FreeFem++ [16,17],
WIN B CHCTEMAX KOMITLIOTEPHO# ayirebpbl. Ilpm 3TOM MBI CTpeMHMCsS HUCIIOJIH30BATDH
KaK MOXKHO 0OoJiee IIPOCTBIE, a CJIEJIOBATEIbHO, W HAJAEXKHbIe KOHCTPYKIuu. Ha marm
B3IVISAJI, KJIOUEBas IPobIeMa B MCCAEIOBAHUEI BOJHOBOIOB C PA3PHIBHBIM 3AITOTHEHUEM —
HEOOXOIUMOCTEL PA0OTATH € PA3PBIBHBIMEU KOMITOHEHTaMHU 1mojieil. OOBIYHO MOTEHITHAIBI
paccMaTpUBaIOT KaK CIOCOD ITOHMKEHHSI CUCTEMbl YPABHEHUN B YACTHBIX IIPOU3BOIHBIX,
TO €CTh KaK CIOCOD MHTErPUPOBAHUS CUCTEMBI. MBI 2Ke XOTUM B3IVISTHYTH Ha BBEJICHUE
IIOTEHITNAJIOB KAaK Ha 3aMeHy MEePEMEHHBIX, IIPU KOTOPOH MBI ITEPEXOIUM OT Pa3PBIBHBIX
dyHKIM K TIaIKAM ToTeHnuraIaM. B 3Toit cTaTbe Mbl OIUIIEM TAKYIO 3aMEHy U IIOKaYKeM,
KaK IIpU €€ ITOMOIIK BBIYUCINUTH JUCIEPCHOHHBIe KpuBble BO FreeFem+-+-.

2. Jexomnoszuiiua l'esbmrosibia

PaccmoTpuM 3aKpHITHIT BOJTHOBOI ITOCTOSTHHOTO CEUEeHUsT S ¢ KYCOTHO HETPEePhIBHBIM
3AI0JTHEHUEM € U [4, HEe MEHSIONUMCS BJIOJb OCH BOJTHOBOJIA. JIMHUIO pa3phiBa 3aIl0THEHUST
obozHauynm Kak I'. Hampasum och Oz JieKapTOBOIl cuCTEMbI KOOPAUHAT 10 OCH BOJHOBOJIA.

Ilox s/meKTpOMarHUTHBIM TIOJIEM B 3aKPBITOM BOJIHOBOJIE S X Z x T c 3amnomnennemMm
€, 4 OyZIeM MOHUMATHL BEKTOPHBIC IIOJIsS E,H », KOMIIOHEHTBI KOTOPBIX OIPEJIC/ICHbI Ha

(S —T) x Z x T, upu ycjaoBum, 9r0 CyKeHHe E H u ux 4acTHBIX IIPOU3BO/JIHBIX 110 2 U T
Ha cedeHue S MPU JIIOOBIX 3HAYEHUSX 2z U t SIBJISIOTCS KYyCOYHO TJIAJIKAMU (DYHKIUSIMU,
YZOBJIETBOPAIOIIMU

1. ypaBHermaM MaxkcBesta

rotE = —H&gﬁ, V.cE = 0,

L. . (1)

rotH = +-0:F, V-uH=0
c

BHyTpH BotHOBOHA S X Z X T
2. yCJIOBUSIM HJI€AJIbHOM MTPOBOAMMOCTU CTEHOK BOJTHOBOJIA

Exii=0, H-7=0 (2)

B PEryJIsipHBIX TOYKaX IpaHunbl 95 X Z x T
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3. YCJIOBUSIMH COIIPSI?KEHUST

[Exii]=0, [eE-7]=0
[Hx @] =0, [pH-i]=0

B PEryJsipHBIX TOYKAX IPAHUIBI pa3pbiBa 3amosuenus ' x Z x T.

Haxoner, mpumem 171 KpaTKOCTH, UTO

—

Al = (A, A,007 and V= (0,,0,,0)", V' = (-0,,0,,0)7
(@):3c33 MEXKAYy HOJISIMHU 1 IIOTEHIINAJIaMHI 3aJaJUM CJIEIYIOINM obpazoM:

. 1 - 1
FE, =Vu, + EV/”U@, H, =Vu, + pv’uh. (4)

Kaxnas uz satux dopmysn npezcrasiisier cob0il ABYMEPHBIN aHAJIOr JEKOMIIO3UITUN
TCesibMroJibIia, XOPOINo U3BECTHOI B Teopun yupyrocru [18].

Bameuanne 1. B ssexkrpogunamuke Jyist nosst H| Takue IIOTE€HIUAIBI BOSHUKAIIN
DY JIOKA3aTeIbCTBE MOJTHOTHI CUCTEMbI HOPMAJIBHBIX MOJ] B KA9eCTBE BCIIOMOIaTe/IbHOM
koucrpykrmu [5]. Bee wersipe morenrmana 6bumm BBeseHb! B Haleil padore [14] s

[JIaJIKOTO 3aloJiHeHnst 6e3 koabduruenTos 1/€ u 1/, BaXKHBIX TOJBKO JJIsi PA3PHIBHOTO
crydasi.

Teopema 1. [lrs n0b6020 saexkmpomazrummozo noas E, H 6 eoarnosode natidymcs

o
makue PYHKUUL Ue, U, NEPEMEHHBLT 2, T co 3nauenuamu 6 npocmpancmee Coboaesa W(.9)
u maxue GYHKUUU Ve, Uy, nepemennuir z,t co anavenuamu 6 npocmpancmee Cobosesa
W3(S), wmo cnpasedauco pasencmeo (4). Vrazanmnoe npedcmasaenue eduncmeento c
MOYHOCMBI 00 AOOUMUBHBIT KOHCINAHM.

Teopema 1 ozHauaeT, 9TO IpH Mepexoe OT mepeMeHHbIX F, H K 4eThIpéM MOTeHIa-
JlaM u JIByM KomrioneHTam E,, H, o dbopmysnam (4) He TepsitoTCst PellieHns: ypaBHEHU
Makcpesra. IIpu saTom ycitoBust

Ue, Un, B, € VOVé(S) and v, vy, H, € W}(S)

3aMEHSIOT HaM YCJIOBHs Ha Pa3phIBax 3allOJHEHUs, PABHO KaK W IPaHUYIHBIE yCJIoBus. [To-
CKOJIBKY TIOTEHIHAJIBI SIBJIAIOTCS d7eMenTaMu npoctpancts CobosieBa, j1ajiee eCTeCTBEHHO
paccmarpuBaTh ypaBHenust Makcsesuia B ciaboii dhopme [19].

O6paTumca Terephb K CIIydalo, KOrda 3allOJHEeHNE BOJHOBO/IA, SIBJISETCS KyCOYHO ITO-
CTOSTHHBIM. Y paBHeHuss MakcBesiia JafoT, 9TO MOTEHITUAJBI Ue, Up U F, — 37eMeHTbI

(o]
W1L(S), cBs3annble ypaBHEHUSIMUA
2 9 y

/ (Vu, Vue)dxdy = 0, // euE, dxdy,
/ (Vu, Vuyp,)dxdy = —0 // euE, dxdy
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st gmo6oit u u3 C°(S), tne E, = 0,ue + Opup, TOTEHIMAIBL Ve, Uy, U H, — 3j1€MeHTHI
W4(S), cpsasanHble ypaBHEHUAMNI

// (Vv, Vo )dxdy = 0 // poH dxdy,
/ (Vu, Vop)dxdy = // uwvH . dxdy,

st 0ot v uz C*°(S), tne H, = 0.v, — Oyve.
VYpapuenus (5) u (6) MOXKHO MCIOJIb30BATH U JIJIsi KOHCTPYUPOBAHUSI TI0JI€Hi B BOJHOBO-

(0]
ne. Ecmm ue, up, u E, us W(S) ynosnersopstior ypasuennsm (5), a ve, vy, u H, uz W4 (S)

YJIOBJIETBOPSIIOT ypaBHeHusM (6), To none E, H, Bbrauciaennoe 1o dbopmyiaam (4), yio-
BJIETBOpsieT ypaBHeHUsiM Makcsesia B 0000IIEHHOM cMbIcye. Bojee Toro, ecim 3T0 1moJte
MMEET BHE PA3PBIBOB 3AIOJTHEHNS HEIIPEPHIBHBIE YACTHBIE MPOU3BOIHBIE 1-T0 TOPSIKA 110
BCEM IIepEMEHHBIM, & Ha Pa3pbIBax 3aIlo/HEHNs — Pa3pbIBbI 1-10 pojia, TO ITO 1MoJIe BHE pa3-
PBIBOB 3allOJIHEHUsI COOTBETCTBYET ypaBHeHUsAM Makcpesuia (1), yCIoBHSM CONPSIZKEHUsT
(3) Ha paspbIBax 3all0JHEHHs] U KPAEBBIM yCIOBHUSAM HJICaJIbHON IpoBoAuMOCcTH (2).

IlockobKy cucrema ypaHeHuit MakcBeia pacrnanach Ha JIBe€ HE3aBUCUMbIE CUCTEMBI,

3JIEKTPOMAarHuTHOe noste [/, I B BOTHOBOJE, 3aI0HEHIE KOTOPOTO OMUCHIBAETCS KyCOTHO
ITOCTOSTHHBIMY (DYHKITUSMU € U [4, IPejcTaBsgeT coboit cymneprnozuruio TE- u TM- noseit.

3. Hopmaabable TM-Mo/b1

ITokazkem, Kak Pa3zBUTYIO TEOPHUIO MOXKHO HPUMEHUTH K OTBICKAHUIO HOPMAJIbHBIX
MOJI BOJTHOBOJIa. HaIltoMHUM, 9TO IT0JT HOPMAJIBHOU MOJION BOJTHOBOJIA Oy/IeM MOHUMATH
HeTPUBHAJIBbHOE ITI0JIEe BUJIA

E=E(z,y)e”* ™', H=H(z,y)e"" ",

rJie w — IMOJIOXKHUTEIbHOE YUCJI0 (KPYroBasl 9acToOTa MOJbI), & Y, BOOOIIE TOBOPSI, TUCIIO
KOMILJIEKCHOE (BOJIHOBOE YHCJI0). MOJIbI ¢ BEIeCTBEHHBIM BOJHOBBIM YHCIOM HA3bIBAIOT
HOPMAaJIbHBIMHU BOJIHAMU, PACIIPOCTPAHSIONIUMUCS BAOJIb UJIN IIPOTUB OCH BOJHOBO/IA.

Hopwmagabuas TM-Mmoza BOJTHOBOAA OIMCHLIBAETCS IIOTEHIIAAJIAMU

wt ~  _iyz—iwt
)

Ue = UeT*T, up = ape

KOTOPBIC YJIOBJIECTBOPAIOT YPaBHCHUAM

/ e(Vu, Vi )drdy = —~> // eutiedrdy + kv // eutipdxdy,

s s s

/ 1(Vu, Vi )dzdy = —k~y // eutiodrdy + k> // eutpdrdy,
;1,

s s

S

(7)

o
it moboit u € W1(S); 31ech ais kpaTKocTH HcHonb3yercs obosHadenue k = w/c.
Ilepenmnmiem 3Ty cucTeMy ypaBHEHHII B OIIEPATOPHOM BHJIE, UCIHOJb3Ysd CTAHIAPTHYIO
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TexHUKY Teopun npocrpancts Cobosesa [20],

Aeﬁe = _72Beﬁe + k’YBeth,
Aty = —kyBete + k‘2BE’ah7 (8>
m

rje A., A1, B, — orpaHuYeHHBbIE CAMOCOTPSIXKEHHBIE OMEPATOPHI, 8 B¢ KO BCeMY IIpPOYeMy
m
eIll€ M BIIOJIHE HEIIPEPBIBHBIN.
JJtsl TeopeTuuecKoro aHaIu3a yJa00HO UCKJIIOYUTD Uj U OCTABUTH OJIHO YDaBHEHUE

-1
1
Aeae = _’72 Be + Be (kJ2Al1L — B€> BE ﬂe- (9)

IlosTomy 3amauy o6 OTHICKAHUU BCeX HOPMAJIbHLIX 1TM-MOm mpu 3a/IaHHOH “acToTe
W MOXKHO pacCMaTpPHUBATh KaK 33/a4y Ha COOCTBEHHbIE 3HAYEHUS IS OIEPATOPHOIO
mydKa, B KOTOpoit A = <2 paccMaTpuBaeTcss KakK CIEKTPaJbHBIN mapamerp. B cuiry
CaMOCOIIPSI?)KEHHOCTU OIIEPATOPOB U IIOJIHOM HEIPEPBIBHOCTH oneparopa B cobcTBeHHbIE

(o]
byHKIIE 3TOM 3a1a9M 06pasyioT 6azuc mpoctpancTa W1 (S). OTcroma HeTpyIHO BHIBECTH,

qto j1i060e TM-11071€ B BOJTHOBOJIE MOYKHO IIPEJICTABUTD B BUJE CYIEPIO3UIINN HOPMAJIbHBIX
TM-1oJ1€ii.

3ameuanue 2. CremyeT moIIepKHYTh, YTO Mbl YCTAHOBUIN NMEHHO OA3UCHOCTD CHUCTE-
MBI HOPMAJIBHBIX MOJI, ITOJIHOTA, CHCTEMBI HOPMAJIBHBIX MOJL JJIsI BOJTHOBOJIOB CO CJIOZKHBIM
3ari0/iHeHneM Oblia ycraHoBsieHa B paborax A.JI. Hemunpiaa [6,7]. 9ToT pesynbrar ss-
JISIETCA €CTECTBEHHBIM O0OOITEHNEM TEOPEMBI O DA3UCHOCTHA CUCTEMBI HOPMAJIBHBIX MO/T
[I0JIOTO BOJIHOBOJIA, ycranoBeHHON ermé B 1940-x romax A. H. Tuxonoseim u A. A. Camap-
ckuMm [1,3,21].

IIpn dukcupoBanHoit YacToTe W NMeEeTCs DECKOHEYHOE YNCJI0 HOPMAJIbHBIX MOJI, U3 HUX
JINIITb KOHEYHOE YHUCJIO MIPEJICTABIIAI0T coboil Oerymue BoaHbI. 1Ipoune Momabl nMmeroT uu-
CTO MHHUMbIE 3HadYeHus y. Hau BbIYucIenns: MOJT BOJIHOBO/IA, 3AIIOJTHEHHOT'O BEIIECTBOM,
OCHOBaHHBIE Ha HENOJHOM Meroje l'anépkuna [15], npuBoanIn B BBICIINX MOJAaX K BOJI-
HOBBIM YHCJIAM, UMEIOIUM KaK BEIECTBEHHYIO, TAK M MHUMYIO YaCTH, OJHA U3 KOTODPBIX
ObLIa OUYeHb MaJia. 1ernephb SCHO, IYTO ITO ObLI UUCTO YUCJCHHBIN 3DPEKT.

YT00b! onucaTh mapaMeTphl PACIPOCTPAHSIONINXCS HOPMAJIbHBIX BOJIH, YI0OHO UCIIOJIb-
30BaTh JINCIIEPCUOHHYIO KPUBYIO. Bee Toukm kvy-1tockocTu, r/ie 9Ta 3a/1a4a Ha COOCTBEHHbIE
3HAYEHUSI UMeeT HeTPUBHAJIBHOE pelleHre, 00pa3yioT KPUBYIO, KOTOPYIO Oy/eM HAa3bIBATD
JIACIIEPCUOHHOM KPUBOI BOJIHOBOMA. JJist €€ MOCTPOeHMsT €CTECTBEHHO UCIIOJIL30BATH METO/I
ycedeHust: Mbl OyJIeM HCIOJIB30BATH IIPOCTPAHCTBO KOHEYHBIX JIEMEHTOB BMECTO IIPOCTPAH-
crBa CoboJieBa M M3MEHHM OIepATOPAMU PAa3PEKEHHBIMHU MaTPHUIAM, TTOPOXKIEHHBIMA
TEMU >K€ CaMbIMU OMJIMHEHHBIMU (POPMAaMU.

L7151 BBIMUCIEHNS 9TUX MATPHIL U NAJIHHEHINX MAHUILYJISAINN ¢ OIIOYHBIMU PAa3PEXKEHHBI-
ME MaTPHIAMU MbI HCII0JIb30BaJU CBOOOIHOE porpaMMHoe obecniedenue FreeFem ++ [17].
Ha sTtom s3bIKe, He OIlycKasiCh HA yPOBEHDb MATPUIL U UUCEJI, MOYKHO 33/IaTh IIPOCTPAH-
CTBO KOHEYHBIX DJIEMEHTOB U MATPUILI OonepaTopoB A, A1, B.. OqHaKO BbIYUCTIEHIE

m

obpaTHON MaTPUIIBI TPUBEIET K 3aJa49e Ha COOCTBEHHBbIE 3HAYEHUS C HEPA3PEKEHHBIMU
MAaTPUIIAMHU, UTO CYNIECTBEHHO YCJIOKHUT e€ pererue. [loaromy njsa Berauciaenuit yaoo-
Hee I0JIb30BaThCsl NCxoIHoi cucreMmoit (8). Tlomcrasisis v = k3, Mbl MOXKeM Hiepenucarh
HAILy 3aJ/iady Ha COOCTBEHHbIE 3HaUeHUs (8) B OJIOYHO-PA3PEKEHHOM BUJIE:

Ac 0\ [a , (~B2B. BB\ (i
(0 a) ) = (e &) (60):

I3
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DTy 338y MOYKHO PEITAThL CTAHJAPTHBIMI CPEJICTBAMH, €CJIN PACCMATPUBATh k2 Kak
cOOCTBEHHOE 3HAYEHUE, a 3 — Kak mapamerp. Jist mocTpoeHus AUCIIEPCHOHHON KPUBOI
BOJIHOBOJ[A TEIEepPh JOCTATOYHO PEMIATh ITY CTAHIAPTHYIO 3329y, MEHsd 3HadeHus 3 ¢
HEKOTOPBIM IIAroM. DTO MO3BoJIsieT HaM paborath Bo FreeFem++ co Bcemu BostHOBOIAMM,
IPAHUIIBI KOTOPBIX MOTYT OBITH OIMCAHBI TAPAMETPUYECKHU C IOMOIIBIO 3JIEMEHTAPHBIX
byHKIMH, a 3aI0/JJHEHIE — C IOMOINBIO aJIre0paniecKnx HEPaBEHCTB.

BroranciauresibHbIe BO3MOXKHOCTH 3TOU IMTPOTrPAMMbI TPOUJLIIOCTPUPYEM TPUMEDPOM.

IIpumep 1. Ha puc. 1 npencrapiena IuclepCHOHHAsI KpUBasi IJIS BOJHOBOIA C CeYe-
HUEM
S={0<z<1} x{0<y<1}

1 KYyCOYHO ITOCTOAHHBIM 3allOJTHEHUEM

1727 (w—0,5)2+(y—0,3)2<0,5,

= pw=1 (10)
1, nHa4de

Y
12}
10}

8l :

/’ ° -

6,

4| . ) .

21

4 6 8 10 12 14

Puc. 1. IucnepcuonHasi kpuBas g npumMmepa 1. CruloniHoi JuHueili orMedeHa
BeTBb 71 (k), HyHKTUPOM — BeTBb 7Y2(k), KOoTOpas ¢ rpadu4ecKoii TOUYHOCTHIO
COBIAJAET C TPEThell BETBBHIO

Mpr ucnonb3oBaan 2120 TpeyroJbHUKOB JIjIsi TTIOCTPOEHUsT MTPOCTPAHCTBA KOHEYHBIX
3JIEMEHTOB U MeHsuin 3HadeHus [ ¢ marom AfS = 0.1. Y1obbl TPOBEPUTH CXOAUMOCTD, MBI
CIlesIaJIA P YUCJIOBBIX KCIIEPUMEHTOB JIJIsl II0JIOTO BOJTHOBOJA.

4. BBbICOKOYACTOTHBII ITpeaest

B onTuyeckux zazavax pequdauHa k = ¥ BecbMa BeJlMKa, MOITOMY BEChbMa I10JIe3-
HO B3IVISIHYTh HA BBICOKOYACTOTHBIH mpesen [22]. Mbl He MoxKeM mnepeiiTu K mpejesy
k — oo menocpencTseHHO B (9), HO MBI MOXKEM CJEJIATh TO mocje ycedenus. Jleno B
TOM, UTO OIepaTop B, sBJIsIETCS BIIOJIHE HEIIPEPBIBHBIM M MOTOMY HeobpaTtuMm. OHAKO
MKD BHOCHUT HEKOTODPYIO PEryJIApU3AIMIO: MAaTpuiia B, cTaHoBUTCS 0OpaTHMOil, Mpu-
96éM HOPMY OOpaTHOM MATPHUIIBI MOXKHO OIEHUTDH Uepe3 XapaKTepHBIN JUHEHHBIN pa3Mep
h mcmoab3yeMoil ceTK! Kak

1B =~ h.



Mauterx M. /1. O HOpMaAJIBbHBIX MOJAX 3aKPBITOIO BOJIHOBOJA C PA3PBHIBHBIM . . . 327

D10 06CTOATENHCTBO TIO3BOJIAET PpUMEHUTH (hopmysny Heiimana x 3amade (9) nocie
eé nucKperuszanuu. B pe3ysbrare MOJIyIUuTCs, 9TO

-1
1 1 1
B, <A1 — Be) B, = —B. (B;l + =B *ALB'+ 0 ()) B,
15

k2 k2 L4
u 2 .
wi=7 (140 (L))
Ecan oboznauuts cobcrBennbie 3uadenus mydka A, — BQAi Kak B, n=1,2,..., 1O

cobCTBeHHbIE 3HAUCHHS 33a4H (9) ACHMITOTUYECKH DABHBI

Yn = Bnk+....

Takum 006pa3oM, HOpMAJbHbIE MOIbI UMEIOT B
E(xvy)ezkﬁnz—zwt’ H(:E’y)ezkﬁnz—zwt‘

VYenosue npumenumocTr Gopmyiisl Heiivana coctoar B Tom, uto h2k™2 < 1, T.e. mar
cetu h, MOJI2KeH OBITH MEHBIe JJIMHBI BOJHBI B BaKyyMme. MBI mojiaraeM, ITo HalieHHAs
opmysta MOKeT OBITH MOJIE3HA JIJIs YIIPAB/IEHHs BEJIMIUHON OTHOIIEHHUST 7y / k BOTHOBOHBIX
MOJI IIyTEM M3MEHEHUsI 3aIlOJIHEHUS BOJIHOBOJIA.

5. 3akJjrodyeHue

B HaCTOHmeﬁ CTaTbe MBI XOTeJIN ITOKa3aTh, YTO TEOPETUYICCKNEC U YUCJICHHbIC NCCJIe-
JOBaHUA IJIEKTPOMaIlrHUTHBIX moJieii B 3aKPbLIThIX BOJIHOBOJaX, 3allOJTHEHHA KOTOPBLIX
OITNCBIBAIOTCA KYCOTHO-IIOCTOAHHBIMA d)yHKI_H/IHMI/I € 1 4, BOSMO2KHO BECTU B CTaHAAPTHBIX
npoctpancTBax CoboJieBa U MPU ITOMOIINA OOBIYHBIX KOHEUHBIX 3JeMeHTOB. OT paspbiB-
HBIX KOMIIOHEHT II0JIeil MBI ITpe/jIaraeM MepeiT K YeThIPEM HENPEPBIBHBIM CKAJISIPHBIM
GYHKIMSAM — TOTEHIIHAIAM. DTOT MPUEM MO3BOJISIET B TEOPHUHU JIETKO 00OCHOBATH Oa-
3UCHOCTH CHUCTEMbI HOPMAaJIbHBIX MOJI TaKOI'O BOJIHOBOJIAa, a Ha IIPaKTHUKE IIPEIJIO?KUTH
CI1Ioco06 MPUOINKEHHOTO BBIUMCIEHNS HOPMAaJIbHBIX MO/I, UCIIOJIB3YIONNI CTaH/IapTHBIE
CpeJICTBa YUCJIEHHOTO aHAJIN3a, pa3pabOTAHHBIE JJIsi CKAJSIPHBIX KPAEBbIX 3379 MaTeMa-
TUYECKON CbI/I3I/IKI/I. ﬂﬂﬂ IIOATBEP2KJACHUA 3TOIO IIPOJAEJaHbl YUCJICHHBIC SKCIICPUMEHTHI
B cpene FreeFem-++.

Baarogapuoctu

Asrop npusnarenen npodeccopy A.H. Boromobosy (MI'Y), npodeccopy JI. A. Ce-
BactbstnoBy (PY/IH) u nouenty K.II. Jlosenkomy (PVYIH) 3a obcy»xaenne paborsl u
BECbMa, UHTEPECHbIE 3aMEYaHUA.

[Ty6mukarust moarorosieHa mpu nojepkke [Tporpamvber PYIIH «5-100» u mpu ga-
cruanoit momaepxkke rpantos PODU NeNe 18-07-00567 u 18-51-18005.

JIutepatypa

1. Camapcxuti A. A., Tuxonos A. H. O npeacrasjieHuu 0Js B BOJHOBOJE B BUIE
cymmbl nosieit TE u TM // 2Kypuan texandeckoii dusukn. — 1948, — T. 18, Ne 7. —
C. 959-970.

2. Zhang K., Li D. Electromagnetic Theory for Microwaves and Optoelectronics. — 2
edition. — Berlin: Springer, 2008.



328

Becruuk PYIH. Cepust MU ®. T. 26, Ned, 2018. C. 321-330

10.

11.

12.

13.

14.

15.

16.
17.

18.
. heo I., Jluonc X.-JI. HepasernctBa B Mexanunke u ¢pusnke. — Mocksa: Hayxka, 1980.

20.

21.

22.

Moeunescxuti U. E., Ceewnuros A. I'. Maremarudeckue 3a1a9u TeOpUn T PAKITUT. —
Mocxksa: Puzndeckuii pakyaprer MIY, 2010.

Bozoawbos A. H., Jleauyvn A. JI., Ceewnruros A. I O moyiHOTE CHUCTEMBI COO-
CTBEHHDBIX U IPUCOEIMHEHHBIX (DYHKIWM BoHOBOMA // 2KypHAas BeIMUCIATETHHON
MaTeMaTUKH U MareMarudeckoil pusuku. — 1999. — T. 38, Ne 11. — C. 1891-1899.
Heauywvin A. JI. O6 omHOM TIOAXOE K BOIPOCY O TIOJTHOTE HOPMAJIBHBIX BOJTH BOJTHOBOJIA
C MArHUTOMJIEKTpUIecKuM 3amosnerueM // Jnddepeniuaabubie ypaBHeHUs. —
2000. — T. 36, Ne 5. — C. 629-633.

bozomobos A. H., Heauvywoin A. JI., Maavx M. /I. O KOpHEBBIX BEKTOPAX IUJINHIPH-
9eCKOro BOJTHOBOA // 2KypHAJ BBIYUCIUTEIHLHON MaTEeMATHKNA M MATEMAaTUIECKON
dusuru. — 2001. — T. 41, Ne 1. — C. 126-129.

Heauywn A. JI. O mosHOTE CHCTEMBI COOCTBEHHBIX BEKTOPOB JIEKTPOMATHUTHBIX
BOJIHOBOJIOB // ZKypHaJI BBIYUCIUTEIbHOM MATEMATHKN ¥ MATEMATUIECKOH (PU3NKI. —
2011. — T. 51, Ne 10. — C. 1883-1888.

Leauyvn A. JI. O mpobjieMe IPUMEHEHHsSI METOJIa KOHEYHBIX 9JIEMEHTOB K 3aJ1ade
BBIUHCJIEHHST MO/ BOJIHOBOZIOB // 2K ypHaJI BBIYUCIUTEIHHOI MAaTeMATHKN U MaTeMa-
Tdeckoit pusuku. — 1999. — T. 39, Ne 2. — C. 315-322.

Heauvyon A. JI., Kpyenos C. U. Ilpumenenre MeTo/[a CMENIAHHBIX KOHEIHBIX JIEMEH-
TOB JIJIsl BBIYUCJIEHUST MOJT, IIUJIMHIPUIECKAX BOJIHOBOJIOB C TIEPEMEHHBIM TIOKA3aTeIeM
npenomyienusi // 2Kypuas paaunossiekrponnku. — 2012. — Ne 4.

Lezar E., Davidson D. B. Electromagnetic Waveguide Analysis // Automated Solution
of Differential Equations by the Finite Element Method. — The FEniCS Project,
2011. — Pp. 629-643.

Coffey V. C. Novel Fibers Use Space to Extend Capacity Limits // Photonics Spectra. —
2013. — Vol. 4, No 7.

MonenupoBaHue pacupoCTpaHeHHUs MOJISIPU30BAHHOTO CBETA B TOHKOILIEHOYHOM BOJTHO-
Bozuoit smmaze / 1. B. Iusakos, M. JI. Masbix, A. JI. CeBactbsinoB u sp. // BecrHuk
PYJIH. Cepus: Maremaruka. Mudopmaruka. Pusuka. — 2017. — T. 25, Ne 1. —
C. 56-68.

On the Representation of Electromagnetic Fields in Closed Waveguides Using Four
Scalar Potentials / M. D. Malykh, L. A. Sevastianov, A. A. Tiutiunnik, N. E. Niko-
laev // Journal of Electromagnetic Waves and Applications. — 2018. — Vol. 32, No 7. —
Pp. 886-898.

O ceenennn ypapaenuii Makcsesjia B BOJTHOBOJIAX K CUCTEME CBSI3aHHBIX YPABHEHUI
Tesbmroabia / M. 1. Manwix, A. JI. Cesactbsiros, JI. A. Cesactbsinos, A. A. Tio-
tionnvk // Becruuk PY/IH. Cepusi: Maremaruka. Uudopmaruka. @usuka. — 2018. —
T. 26, Ne 1. — C. 39-48.

Tromionnurx A. A. O BbIYUC/IEHUN 9JIEKTPOMATrHUTHBIX 1TOJI€H B 3aKPBITHIX BOJTHOBOIAX
¢ HeoHOpoaubIM 3anosHenneM // Becrauuk PY/IH. Cepusi: Maremaruka. Uudopma-
tuka. Ousuka. — 2018. — T. 26, Ne 2. — C. 129-139.

Hecht F. New Development in FreeFem++ // J. Numer. Math. — 2012. —
Vol. 20, No 3-4. — Pp. 251-265. — ISSN 1570-2820.

Hecht F., 2018. — Freefem++. — Laboratoire Jacques-Louis Lions, Universite Pierre
et Marie Curie, Paris, 3 edition. — www.freefem.org.

Jlae /[. Teopus yupyroctu. — Mocksa, Jleunnrpaa: 'TTU, 1939.

Stummel F. Rand- und Eigenwertaufgaben in Sobolewschen Raumen. — Berlin-
Heidelberg-New York: Springer, 1969.

Chew W. C. Lectures on Theory of Microwave and Optical Waveguides. — 2012. —
http://wcchew.ece.illinois.edu/chew/course/tgwAl120121211.pdf.

Babuyw B. M., Byaduwpes B. C. Acumurormyeckue MeTOJBI B 3a/a49ax JIudpakiinm
xoporkux BosiH. — Mocksa: Hayka, 1972.



Mauterx M. /1. O HOpMaAJIBbHBIX MOJAX 3aKPBITOIO BOJIHOBOJA C PA3PBHIBHBIM . . . 329

UDC 519.633.2
DOI: 10.22363/2312-9735-2018-26-4-321-330

On Normal Modes of the Closed Waveguide with Discontinuous
Filling
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We consider a waveguide of a constant cross-section S with ideally conducting walls. We
assume that the filling of waveguide doesn’t change along its axis and is described by the piecewise
continuous functions € and p defined on waveguide cross-section. We show that it is possible to
make substitution which allows to work only with continuous functions.

Instead of noncontinuous cross-components of an electromagnetic field £ and H we offer to
use four potentials u.,up and ve,vy. We can prove as the generalization of Tikhonov—-Samarskii
theorem that any field in the waveguide allows representation in such form if we consider the

o
potentials u.,u, as elements of Sobolev space W%(S) and the potentials ve, vy, as elements of
Sobolev space W3 (S).

If ¢ and p are the piecewise constant functions then Maxwell’s equations written in four
potentials reduce to a pair of independent systems. This statement give us new approach to the
investigation of spectral properties of waveguides. First, we can prove the completeness of the
system of the normal waves in closed waveguides using standard functional spaces. Secondly,
we can offer new technique for calculation of the normal waves using standard finite elements.
FreeFem++ program for calculation of disperse lines of waveguides is presented. The question of
calculation of modes at great values of k = w/c is also considered.

Key words and phrases: waveguide, Maxwell’s equations, Sobolev’s spaces, finite element
method, normal modes
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The paper sets out one of the methodologies on image processing and recognition of the form
of graphic objects. In it, at the first stage preliminary processing of the image with the purpose
of extracting of characteristic attributes of the form of objects is made. Contours of objects
are used as such attributes. For transformation of 2D contours of objects to one-dimensional
contour function ArcHeight method has been used. The algorithm for identification contour
functions based on metrics DTW is developed. Definition of the identification function based on
this method is introduced. Features of application of metrics DTW are stated at identification of
the form of objects. Matrices of distances of combinations the sample-sample and the sample-not
sample are presented. Results of calculations of metrics DTW on a plenty of real data are
analyzed. It is shown, that the developed algorithm allows to identify the form of objects
independently of their position and an angle of turn on the image. Influence of the noise imposed
on the image of object, on value of the metrics is investigated. Theoretical and practical results
of such dependence are received; it shows that in a wide range (up to the ratio a signal/noise
10 dB) value of the metrics practically does not change. The positive parties and lacks of the
offered algorithm are noted at identification of the form of object.

Key words and phrases: image processing, pattern recognition, metric, DTW, noises

1. Introduction

At identification of graphic objects there is a number of problems that need to be
investigated first. One of such problems is the influence of noises on the quality of
recognition. The use of methodology described in Refs. [1,2] is oriented on multiple stages
of preliminary image processing aimed at extracting primary image features, such as
contours, angles, texture, etc. [3,4]. At the final stage, the object properties are compared
with the sample object properties basing on a certain metric that allows the classification
of objects. The object contour is known to be one of the most informative features of the
object shape [5,6]. Although the issues of contour receiving and mathematical description
attract much attention, a significant role here is played by the recognition methods
using signature analysis [7,8]. It is based on the calculation of one-dimensional contour
function from the two-dimensional array of the contour points with the use of the center
of gravity of the studied object or, in some cases, without it. The process of identifying
such one-dimensional contour function is identical to the analysis and comparison of time
series data, since such contour function can be considered as an example of time series.

Time series data are widely used in many scientific and practical areas, such as
recognition of speech and music, hand-written text, electrocardiograms, stock exchange
quotations, in bioinformatics, etc. The use of Euclidean metric (as well as the L, metrics)
for their classification often leads to large errors.

In the present paper in order to identify the object shape after the preliminary processing
of the image we use the algorithm ArcHeight, one of the signature analysis algorithms,
by using which one gets a contour function considered further as a time series. We briefly
present the principles of the classical algorithm DTW that underlies the comparison of

Received 27t" October, 2018.
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time series data. The influence of noises on the value of DTW metric is theoretically
analyzed. The results of simulations confirm the theoretical conclusion that the metric
value is independent of noise values in a wide range of interval. Examples that show
the area of applicability of the present method are presented. In the discussion, the
advantages and disadvantage of the presented approach to the identification of contour
functions are summarized. In conclusion, the direction of further studies in the field and
the perspective of application are outlined.

2. Contour Function

Let us define a contour function as the result of a certain transformation of the 2d form
(contour) object into a 1d function of the boundary representation. Most methods of
constructing such functions are based on the signature analysis that uses the representation
of the contour function with respect to the center of gravity [9]. There are also methods
that use contours, but do not use the center of gravity, which can be also considered as
signature methods, e.g., the algorithms by Chetverikov [10], Rosenfeld [11], Mokhtarian [12]
or the arc-chord distance method [13,14], later referred to as ArcHeight [15].

In the present paper the contour function of the object is obtained using the classical al-
gorithm ArcHeight. This algorithm is based on calculating the length of the perpendicular
from the middle of some segment of the curve (the object perimeter) to the chord con-
necting the end points of the segment. This perpendicular is calculated using the formula

d, = \/((xz- — 20) (Y — Ya) = (Ui — Ya) (@ — 24))” )

(q —25)% + (Ya — Wb)?

and is proportional to the value of curvature of the segment at the considered point [16].

The sequential tracing of the contour yields a certain tabulated function that charac-
terizes the shape of the object. An example of such function for the silhouette of the
aircraft JetCommander1121 is shown in Fig. 1.

FileN=JetCommander1121.jpg NPoint=2065
500f

0 200 400 600

HordLen=35 S.Golay.Num=31

L

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 1. Silhouette of the aircraft JetCommander1121 with introduced noise at
the level of 40 dB, its contour and its contour function calculated using the
method ArcHeight. The number of contour points is 2064, the chord length is 35,
the Savitzky-Golay filter length is 31 point
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In the left upper corner of Fig. 1 the silhouette is shown, the right upper corner
shows the contour of this, and at the bottom the resulting contour function, obtained
using the ArcHeight method is presented. To obtain the contour function we used
the following sequence of operations: image loading, filtering, conversion into binary
black-and-white image, morphological cleaning of the residual noise, contour receiving,
using of the algorithm ArcHeight for the contour function calculation, and its smoothing
using Savitzky-Golay method.

Since the size of the objects on the image can be different when applying the ArcHeight
method, we used the technique of dynamical setting of the curve segment size to eliminate
the size influence. Experiments have shown that the optimal value of the chord is
L = K/100 + 14, where L is the segment length and K is the total length of the contour
in pixels.

Remark. To enhance the noise immunity of the method for large objects it is possible
to use averaged values of coordinates of a few adjacent points rather than a single point
as the end coordinates of the chord.

3. The Idea of DTW

Let us denote the contour functions of the object and the sample as the sequences of
values Q = q1,92,---,Gi,---,qn and C = c1,¢Ca,...,C;,y . .. Cm, respectively, generally with
n #% m, and let us consider these functions to be time series data, so that the adjacent
values of each series have similar time shifts. For comparing these sequences in the classical
DTW method the matrix of distances (deformations) D(i,j) with the dimensions m x n
is constructed, where each element (i, j) of the matrix represents a certain distance d(q, c)
between two pomts ¢; and ¢;. Commonly this distance is calculated as a Euclidean one, i.e.,

d(gi,ci) = (%’2 - 012)1/2’ (2)

but it can be calculated as the norm d(q;,c;) = |g; — ¢;| as well. Each element of the
matrix corresponds to the flattened section between the points ¢; and ¢;. The purpose
of the DTW algorithm is to construct a certain path W = wy,ws, ..., wg, ..., wg, such
that max(m,n) < K < m+n+ 1, obeying the following conditions:
— the boundary condition: for the initial and final points of the matrix diagonal
wy = (1,1) and wg = (m,n);
— the continuity condition: for the adjacent points wy = (a,b) and wy = (a/, ') it is
necessary that (a —a’) <1 and (b—10") < 1;
— the monotonicity condition: for the adjacent points and it is necessary that (a—a’) > 0
and (b—10') >0

From the theoretical variety of possible paths, the following one is chosen:

DWT(Q,C) = min

In Eq.(3), the divisor K is used to normalize the metric at different dimensions of the
sequences ) and C'. This path is found basing on dynamical programming by means
of the formula

7(7'7]) = d(qivcj) + mln{’)/(l - 17] - 1)77(2 - 17])77(7'7] - 1)}7 (4)

where (i, 7) is the accumulated path length and d(g;,c;) is the path length from the
starting point to the point (4,7). As a result, a certain number is obtained characterizing
the distance between the sequences ) and C, which will be denoted by pgtw -
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Figure 2 presents three matrices of distance.

- 80 ) 200

Figure 2. Three matrices of distance and the calculated paths for comparison of
objects: EE (left); EE with distortion of one of the objects (middle), EN (right)

The left-hand one results from the comparison of two identical sequences SS (Sample-
Sample), the middle one is obtained for a certain variation of one sequence with respect
to another, and the right-hand one is obtained for different sequences SN (Sample-Non-
Sample). The diagonal top-bottom line corresponds to the optimal path. The smaller
is the deviation of this line from the diagonal, the smaller is the difference between
the sequences.

Let us consider the problem of whether the minimal DTW path satisfies the definition
of metric. For this aim, let us check the fulfilment of the metric requirements:

— the axiom of identity d(z,y) = 0, the equality to zero corresponding to x = y. Since
the elements of the matrix of distances are calculated in an Euclidean space, it is
obvious that each element of the matrix will be positive and, therefore, the condition
is satisfied. When the sequences coincide, the distance along the principal diagonal
will equal 0, since the Euclidean metric, calculated for each element of the diagonal,
will be equal to zero;

— the axiom of symmetry d(x,y) = d(y, z). This condition is also obviously valid, since
the permutation of positions in the metric means the transposition of the matrix of
distances;

— the triangle inequality d(z, z) < d(z,y) + d(y, z). Automatically follows from 1 and
2 being presented as d(z,y) < d(z,2) + d(y, 2).

Thus, the use of the term “DTW metric” is fully justified.

Let us define the identification function, based on the DTW method, as

17 w < b
\ = { Pdt € (5)

Oa Pdtw 2 €.

where pgiy, is the DTW metric, and € is the classification tolerance (CT) for the considered
method.
Let us analyze some results of DTW metric calculations for realistic data. As an

example, consider the contour functions of aircraft silhouettes presented in Fig. 31.

ISuch objects were chosen on purpose, since the silhouettes of the planes do not differ strongly, so it
is interesting to classify such objects (i.e., to divide them into classes).
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T+
- - 4 A

Figure 3. Silhouettes of aircrafts’ (from top to bottom, from left to right)
Grumman TBF-1, Aero L-29, Arado Ar 234B, Curtiss P-40F, Dornier DO-335A,
Grumman F4F-3, Arado Ar 240, Avro 668, Bell-X1, Jet Commander 1121,
Mitchell-D-25C, Boeing B-47E (strongly reduce)

Table 1 presents the values of metrics calculated for all combinations of aircraft
silhouettes in Fig. 3. At the principal diagonal, the values of DTW metric calculated
for the aircrafts of the same name are located. For combinations of different planes
(SN) we get the mean value p = 0.639 and the variance o = 0.045, which allows the
conclusion that the mean value for sample-sample combinations is essentially smaller
than for sample-non-sample combinations. This is an evidence of DTW metric efficiency
in the object shape recognition.

One more issue of importance is the type of metric distribution under different distortions
of the contour function. The simulation has shown that the distribution of the DTW
metric value under the influence of noise occurs in accordance with the normal law. Thus,
e.g., Fig. 4 presents a histogram of the metric values and the distribution density function
calculated on its base for the Avro668 plane SS combinations. The metric value is different
from zero, since in the process of investigation a noise was added on the plane silhouette
that distorted the shape of the object and, finally, the contour function.

3001 T T T T T T .

I:l Histogramm distribution

250} = Fit Gaussian Law

200

150+

Density

100

501

0
I04186 0.188 0.19 0.192 0.194 0.196 0.198 0.2
Data

Figure 4. Histogram and metric distribution density function for the Avro668
plane SS combinations
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The verification of the hypothesis of normal distribution has shown high accuracy
of agreement with the parameters u = 0.192127; 0 = 0.001491. Multiple experiments
with other silhouettes also confirm the normal distribution law for the values of metrics
under the effect of noise.

4. Specific Features of DTW Metric Application

Under process identification real objects, their size and position with respect to the
sample are not known in advance. Therefore, it is necessary to use some algorithmic
method for correct matching of contour functions in the process of recognition.

Moreover, even for the rotation of a single object, the contour function shifts by a
certain number of points corresponding to the rotation angle. An example of such contour
functions with the cyclic shift by nearly 640 points for the silhouette of BoeingB47E
is shown in Fig. 5.

T T T T T

shift

1

1 1 1 1 1 1
0 200 400 600 800 1000 1200

Figure 5. BoeingB47E aircraft silhouettes (reduce) with different angle of rotation
and their contour functions with cyclic shift

Calculating the DTW metric for cyclically shifted contour functions from Fig. 6, we
get the value pgg,y, = 0.7174, which corresponds to the SN combination for the compared
contour functions. Since the orientation of the object silhouette, i.e., the shift of one
contour function with respect to another is not known a priory, some operations are
to be performed to resolve the problem. First, assume that the number of points of
the sample exceeds that of the object to be recognized, i.e., m > n. Otherwise, we
change the object for the sample and vice verse. Second, it is necessary to augment the
sample from the right by the number of points, corresponding to the object, i.e., C* =
€1,C2, ., Cm,C1,C2,...,Cpn. Third, it is needed to organize the sequential comparison of the
object with the fragment of the augmented sample. In other words, we calculate the DTW
as a function of the object position on the augmented function C? of the sample in the

form FDTW (Q,C?(i)) = min < ZkK_l wk/K>, where CP(i) = C*(¢i, Cit1y- -+ 3 Citn—1),

i = 1,n. Here CP at a certain i determines the value of shift of the window moved along
the sample, in which the values of the DT'W metric is calculated. The metric value will
be calculated as pgr, = min (FDTW(Q, CP(i))).

5. Noise Resistance

In the development of new methods for identification of the object shape one has to
take the influence of different factors into account [17]. One of them is the permanent
presence of noises in the real image, which finally distorts the contour function. Let us
estimate the influence of noises on the DTW metric value.
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Let the contour function be presented as @ = ¢1,42,--., 4, - - -, ¢y for the object and
as C' = q; +&;, 1 = 1,n for the sample, where &; is a certain value of the noise component
distributed according to the normal law and added to each value of the numerical sequence.
Let us substitute the values of C' into Eq. (2) and calculate the distance for each value of :

dgi —¢i) = (qi — (¢ — &), i—1,n. (6)

In fact, the result of the calculation means that under the influence of noises the value
of metric converges to the x? law [18]'. According to the central limit theorem, when
1 converges to infinity for a large number of degrees of freedom k, the distribution of
the random variable Y — y2(k) can be approximated by the normal distribution, with

parameters Y = N (k, 2k), with k — oo (more exactly, % — N(0,1)). Therefore, the

value of metric in the sum of Eq. (6) for a large number point of sequence must tend to
zero. Hence, the value of metric should not change under the addition of noises to the
contour function in a wide range of the values, determining the shape of objects.

Let us verify this statement by simulation using the Matlab software. We impose
random noise on the contour function (series), e.g., the one obtained from the silhouette
of the Aerol.29 aircraft, using the built-in function awgn that allows the addition of
noises to an array of points with the level expressed in dB2. Let us calculate the values of
metric using Eq. (4) with Eq. (6) taken into account, starting from the signal-to-noise
ratio 100 dB and gradually reducing it to 3 dB with the step of 1 dB. The simulation
results for three silhouettes of Aerol29, JetCommander1121, and MitchellD25C shown in
Fig. 6 demonstrate that the metric remains unchanged practically until the noise level
becomes comparable with the signal level.

0.18 T T T T T T T
016 - 1

i — DTW for AeroL29
.‘. = == DTW for JetCommander1121

0.1r DTW for MitchellD25C

Value of DTW

0 10 20 30 40 50 60 70 80 90 100
Signal/Noise (dB)

Figure 6. Metric values versus the noise level for AeroL29 (solid line),
JetCommander1121 (dashed line), and MitchellD25C (dash-dotted line)

Basing on the considerations presented above, we conclude that the DTW metric is
persistent against the noise in a wide range of values of noise.

1n this paper it is shown that the image noises always lead to the normal law of distribution for
metric.

2Due to the normal distribution of the noise component, the addition of noise to the contour function
is equivalent to the addition of noise to the image with its subsequent processing and generation of
contour function.
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6. Discussion and Conclusion

The DTW metric offers wide possibilities of object shape recognition. The disadvantage
of the algorithm include high computation complexity of calculating the metric O(mn)
and, as a consequence, essential increase of the computation time for sequences of high
dimensions.

High potentialities are related to the application of DTW metric to the recognition
of graphical objects shape. The capabilities of DTW allow the identification of objects,
for which the description is based on the nonlinear variation of the contour function step
that occurs in the case of object shape distortion. In these cases, the metrics of the
Lp type are inapplicable. The analysis of the DTW metrics demonstrates its resistance
against the noise, which significantly extends the area of its application. Besides the
identification of the object shapes, this metric is widely used in speech recognition, in
medicine, bioinformatics, and economics in the analysis of trends, where the parasitic
noise level can be very high, etc.
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B pabore nziioxkeHa ofHa U3 METOJMOJIOTHI M0 00pabOTKe N300parKeHU U PaCIO3HABaHUSA (POp-
MbI Tpadudeckux 06beKTOB. B Hell Ha mepBOM 3Talle TPOU3BOIUTCS peBapuTebHasT 00paboTKa
n300parkeHusI C IeJIbI0 BBIIEJIEHNS XapaKTEePHBIX IPU3HAKOB (POPMBI 00BEKTOB. B KadecTBe Ta-
KX TPU3HAKOB ObLIN MCIOJIB30BAHBI KOHTYPHI. st mpeobpasoBanust 2D KOHTYpOB 0OBLEKTOB B
OJIHOMEPHYIO KOHTYPHYIO (PYHKIMIO ObLT ucnosb3oBan Meron ArcHeight. st maentudukanun
KOHTYPHBIX DYHKINI paspaboTan ajroput™m Ha ocHoBe MeTpuku DTW. Breneno onpenenenuve
nIeHTUDUKAIIMOHHON (DYHKIINN, OCHOBAHHON Ha TOM MeToe. V3/10yKeHbl 0COOEHHOCTH TTPUMEHEe-
nust Merpuku DTW npu nnenrudukamun dopmbl 06beKTOB. IIpuBemeHsl MaTpuilbl PaCcCTOSHII
KOMOWHAIMH 9TAJIOH—ITATOH U STAJOH—HEITAJIOH. [IpoaHam3upoBaHbl pe3y/IbTaThl BHIYACICHUIT
merpuku DTW Ha 60JbIIOM KOMUYECTBE PEAJbHBIX JaHHBIX. [loKa3zaHo, ITO pa3spaboTaHHBIH
aJITOPUTM ITO3BOJIAET UJIEHTHUMOUINPOBATE POPMY 0OBLEKTOB HE3ABUCHMO OT UX ITOJIOYKEHUS U yT-
Jia TIOBOPOTa Ha m300pakeHuu. VccaeqoBaHo BIAUSHAE MITyMOB, HAJIOXKEHHBIX Ha N300pasKeHme
00beKTa, HA 3HAUEHNE METPUKH. [0y IeHbl TeOpeTHYIeCKIe U IPAKTUIECKUE PE3YIbTATHI TAKOM
3aBUCUMOCTH, KOTOPBIE MMOKA3BIBAIOT, YTO B MIMPOKOM JUAIIA30HE (JI0 OTHOIIEHUsT CurHas/Iirym 10
n1bB) 3HaveHMe METPUKHU NMPAKTHIECKU He m3MeHsieTcsl. OTMEYeHbI TOJ0KUTEIbHBIE CTOPOHBI U
HEJIOCTATKY IIPEJJIOYKEHHOI0 ajJropuTMa Ipu naeHTuduKanmnu GopMbl 00HEKTA.
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MAPLE program for modelling hydrogen-like atoms in quantum
mechanics with non-negative distribution function
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The program is proposed for a realization of the symbolic algorithm based on the quantum
mechanics with non-negative probability distribution function (QDF) and for calculations of
energy levels for hydrogen-like atoms. The program is written up in the language MAPLE.
In the framework of the algorithm an original Maple package for calculations of necessary
functions, such as hydrogen wave functions, Sturmian functions and their Fourier-transforms,
Clebsch—Gordan coefficients, etc. is proposed. Operators of observables are calculated on the
basis of the QDF quantization rule. According to the Ritz method, eigenvalues of Ritz matrices
represent spectral values of the quantity under investigation, i.e. energy. As an example, energy
levels of hydrogen-like atoms are calculated and compared with experimental data retrieved
from the NIST Atomic Spectra Database Levels Data. It turns out that this theory seems to be
equivalent to the traditional quantum mechanics in regard to predictions of experimental values.
However, the existence of a phase-space probabilistic quantum theory may be an important
advance towards the explanation and interpretation of quantum mechanics.

Key words and phrases: quantum mechanics, transition probability, computer algebra,
non-negative quantum distribution function

1. Introduction

In [1] several computational techniques for investigation of characteristics of atomic
structures were proposed. This method goes far beyond the techniques described in [2].
A deficiency of the single-configurational approximation was noted in [3]. D.Layzer [4]
suggested the use of multy-configurational approximation restricting to the case of
configurations belonging to the same complex (i.e. with the same parities and the
same principal quantum numbers). By contrast, Eissner and Nussbaumer [1] consider
interactions of configurations belonging to different complexes. Nussbaumer [5] introduced
some refinement of the technique for calculation of radial functions as compared with
variational approaches (for instance, Thomas—Fermi method). In particular, the procedure
includes an effective charge z (as compared with the real one Z):

J—-—Ni<z<Z

which had been introduced in [4]. Calculations of radial functions were used in calcula-
tions of oscillators strengths and transitional probabilities. It is worth noting that the
convergence of calculational results to experimental data while more and more complexes
are taken into account was strictly demonstrated in [5].

The electron correlation effects on the oscillator strengths for resonance transitions in
alkaline earth atoms have been studied by many authors. The conventional approach

Received 27t" October, 2018.
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consists in improving Hartree—Fock-like wavefunctions by introducing configuration in-
teraction (CI) while using the usual dipole operator for the oscillator strength. This
approach was used by Burke et al. [6] for Be, Zare [7] and Weis [8] for Mg, and Friedrich
and Trefftz [9] for Ca and Ba.

An alternative approach was adopted in [10], which uses an effective operator in
addition to the common dipole operator and in so doing keeps a rather simple structure
of corresponding wave functions. This method had been previously proposed by Hameed
[11,12] and it works well with alkaline metals and provides slightly worse results when
applied to alkaline earth elements. However, the modification of the method proposed
in [10], works very well for alkaline earths as well. Relativistic corrections introduced
in [13,14] were included in the extension [15] of the package [5].

It is worth noting that the whole cycle of the above-mentioned investigations has
been elaborated in detail by Russian authors as well. The books [16-18] present a good
introduction and an excellent review of the problem. Among other things they suggest
that radial one-particle functions obtained using semi-empirical potentials, are best suited
for calculations of transitional probabilities.

Quantum mechanics with non-negative distribution function (QDF) is an alternative
physical theory with a developed theoretical formalism [19-28]. However, the weak point
in this theory lays in the fact that until the present time no truly extensive investigations
of properties of real quantum systems have been conducted. This is due to the much
more complex structure of the QDF theory as compared with traditional quantum
mechanics. Generations of operators of observables include calculations of complex multi-
dimensional integrals. Furthermore, this leads to rather cumbersome expressions for
operators, resulting in the absence of analytical approaches to calculations of spectra.
For purposes of effective computer calculations, it is necessary to combine analytical and
numerical methods, i.e. creation of a package of programs mating with each other. The
evidence for the capacity of the QDF theory to obtain the same results as conventional
quantum mechanics would mean an important advance in the interpretation of quantum
mechanics as a statistical theory.

The present work solves the analytical part of the above-mentioned problem. The
MAPLE package is used to generate necessary functions, their Fourier-transforms, to
calculate integrals, operators and matrices according to formulae of QDF. Besides, nu-
merical potentialities of MAPLE are exploited as well in calculations of eigenvalues
of Ritz matrices. This program has been being developed for several years by us and
co-authors, starting with [27].

The computation time raises as the dimension of Ritz matrices does. On the other
hand, for small dimensions of matrices, the accuracy of the computations is insufficient.
The hardware (processor and memory, for example) available for the computation may
restrict either the degree of accuracy or the computation time. As a result of comparisons
and tests of various program variants, we came to the conclusion that the dimension of
the matrices 91 x 91 is optimal. Thus, this article sums up the many years of work on
the creation of a package of programs and poses challenges for future research.

2. Quantum Mechanics with Non-Negative Distribution
Function

Operators in quantum mechanics with non-negative QDF are defined up to an arbitrary
set of integrable functions of configuration space and time ¢(q,t), normalized by the

condition:
> [lona0Pag=1. 1)
k
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By virtue of square integrability the functions ¢, allow the Fourier transformation

O(A)U(q,t) = (2rh) ™~ / d(g— & p—n)er =P AE 0, OU(¢ 1) dEdndpdg’,  (2)

where h is an arbitrary action-dimensioned constant. In what follows it is convenient
to introduce a new function of phase space and time, constructed on the basic set (1)
in the following manner:

(g p.t) = (27h) ™% e D" 91 (q, 1) 5 (p, 1). (3)
k

Then the rule for construction of quantum-mechanical operators with non-negative QDF
may be formulated as follows: a classical function A(q, p,t) corresponds to a linear operator
O(A), which acts on a generic Fourier-transformable function u(g,t) in the following way:

O(A)U(q,t) = (2rh) ™ / d(q — &, p— et TDPAE n tyu(d, 1) dedndpdg’.  (4)

It follows that the formulae for calculation of means are in fact equivalent:

(A) = / (. )0(A)b(g, 1) dg (5)

and
(A)p = /A(q,p,t)Fp(q,p,t) dg dp, (6)
where the expression

2

Folap,t) = @n)~™" 3 ] / Gila — (¢, e HEP

defines the relation between wave functions and phase space probability densities.

In this work we use the so called sturmian functions as auxiliary functions 1. The
sturmian functions satisfy the equation [29]

< d? +l(l+1)

dr2 r2

+anV(r) — EO) Sni(r) =0, (8)

with the Coulomb potential V(r) = —2/r and with boundary conditions S,;(0) =
0, Sni(0) = 0. Here n =1,2,3,..;1=0,1,...,n—1; Ey < 0; an; = kn; k = v/—Ep.
The solution of the equation (8) may be expressed in terms of the associated Laguerre

polynomials:
Spi(r) = Npe™*r (Qk’r)l“Lilj:ll (2kr),

where k£ = /—FEy and the normalization constant are:

In our package SourceFunction we use sturmian functions devided by r and normalized
to 1. In the case of n = 1, [ = 0, sturmian and usual Coulomb wave functions coincide
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exactly, but as n grows, the amplitude and number of harmonics of sturmian functions
differ from the Coulomb ones.

In the course of calculations some formulae are very useful, such as products of
spherical harmonics

v (2l +1)(2ly + 1)

3/21m1 (Qaqb))/bmz(@?qb) 477(2L + 1)

CllolQOCllmllngYLM(e’ gb)’ (9)
LM

as well as the formula for the integral of the triple product of spherical functions

2T

/d¢/ day’h"h (rb)YlQmQ(H ) l3m3<0 ¢) =

0

20+ )2 +1) -
= \/ 1471'(2l3 +21) Clll(())IQOCllfmllngYLM(97¢) (10)

and the expansion:

[ee]

1 1 rt
M :47TZ 2[+1Tl+1 Z YVlm qad)q) ( sad)s) (11)
=

where r_ = min(|ql, |3]), 4 = max(|q), |31)-

The main goal of the program is a numerical calculation of the spectrum of hydrogen
and some alkali metals, using the Ritz method with 91 x 91 matrices. This corresponds
to the use of the basis of functions with the values of the principal quantum number
n=1,2,3,4,5,6. The obtained values are then compared with experimental data to find
the optimal parameters that provide the best fit for the data. In addition, an algorithm
was developed for the numerical calculation of transition probabilities for hydrogen-like
atoms and a procedure for comparing these data with those obtained experimentally.

According to the second theorem of Kato, if V(r) — 0 for || — oo, then the essential

spectrum of the operator H coincides with the essential spectrum of the operator H,,
namely, it is half-line Rt = [0, c0).

The essential spectrum of an operator consists of all points of the spectrum, with the
exception of isolated eigenvalues of finite multiplicity. Thus, the spectrum consists of two
disjoint sets: eigenvalues of finite multiplicity and the essential spectrum.

The Hamilton operator of a hydrogen-like atom in a quantum mechanics with non-
negative distribution function is H = Hy + ¢l + V(7). The function V() satisfies the
conditions of the second Kato theorem. Therefore, the discrete spectrum of finite multi-
plicity lies below the essential spectrum and belongs to the interval [c—1, ¢). Consequently,
for the Hamilton operator O(H ), we apply the minimax Rayleigh-Ritz method, and the
eigenvalues A7 for N-dimensional Ritz matrices converge to the eigenvalues A7° = A;
of this operator.

The Hamiltonian operator O(H) of a hydrogen-like atom in quantum mechanics with
nonnegative quantum distribution function is defined by the relations

Otpy(H) = H + Cg 31 + Vig,y (F)

for a set of valid functions {¢; € La(R?)}. The operator O(H) is self-adjoint and bounded
below by a constant (C'—1). The constant C' depends on the choice of auxiliary functions.
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In view of the nonorthogonality of the used system of coordinate functions, to find the
spectrum, it is necessary to solve a generalized eigenvalue problem

MZ = ABZ, (12)

where M is the Ritz matrix O(H), and B is the matrix of scalar products of coordinate
functions. The elements of the Ritz matrix are calculated by the formula:

M, = /w [ ( 2>+0 < Z‘fiez)}@u{%df. (13)

The result is a matrix that depends on the parameters Ey,b;,a; and Z.g. These
parameters were used to find the spectrum that best fits the experimental data. The
calculations were carried out using the Ritz matrices of dimensions 55 and 91, which
correspond to the first five or six principal quantum numbers n. Nevertheless, even for
such limited dimensions, it was possible to obtain a spectrum of hydrogen and some
alkali metals with high accuracy. To assess the quality of the model, we used the function
of the quadratic discrepancy

Fo=3 (O — BJP) / (BP7) (14)

keQ

As shown in our works [22,24,25,27,28], for a hydrogen atom, the first 30 spectral values
may be obtained with high accuracy. Moreover, the only sensitive parameter was the
value Ey. For parameters b; in the case of a hydrogen atom, the optimal value regardless
of the number of spectral values in the residual is the value b; = 0. As to the coefficients
aj, only a; = 1, and the remaining coefficients in the optimization turned to zero.

In contrast to the hydrogen atom, in the case of alkali metals it is impossible to build
a single effective potential capable of describing the energy levels for different quantum
numbers n,l. This occurs due to the interaction of the external electron with internal
electrons, and the nature of this interaction is fundamentally different for different values
of the orbital number .

To verify the quality of the model and the correctness of the choice of auxiliary
functions, transition probabilities may be calculated. In the described program, the
transition probabilities are calculated by the Galerkin method with the Sturm functions
of the hydrogen atom as coordinate functions, which allows us to reduce the calculations
to algebraic operations with matrix elements that are calculated analytically.

3. The Program

The program is written up in the language MAPLE according to the algorithm described
above. Figure 1 presents the general scheme of the program.

It consists of nine stages. The first stage represents the original package for calculations
of necessary functions. The second stage is devoted to calculations of potential energy
operators. The third stage is devoted to calculations of kinetic energy operators. The
fourth stage is devoted to calculations of Ritz matrices. The fifth stage is devoted to
generation of codes for Ritz matrices for later use in other programs. The sixth stage is
devoted to calculation of spectra of the Hamilton operator for an electron in hydrogen-like
atoms. The seventh stage is devoted to optimization of parameters of the model for
hydrogen. The final stage is devoted to optimization of parameters of the model for
alkaline metals. Finally, the ninth part is the calculation of transition probabilities for
model verification. The structures of the parts of the software package are shown in more
detail: for calculating auxiliary functions (Figure 2), for calculating matrices and energy
levels (Figure 3), and for calculating transition probabilities (Figure 4).
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Figure 4. The structure of the part of the program for calculating transition
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The subpackage “SourceFunctions” consists of the following parts. Calculation of
spherical harmonics according to well-known formulae. The Legendre polynomials are
generated using the Rodrigues formula. Calculations of sturmian functions, further
these functions are normalized. Then follow calculations of auxiliary QDF functions
(as products of sturmian functions and spherical harmonics) and calculations of fourier
transforms of auxiliary functions. Let us note that all integrals are calculated analitically.

Then follow calculation of Clebsh-Gordan SO(3) coefficients according to common well-
known formulae. We do not intend to carry out extensive calculations and investigations in
this field, since there exist excellent Racah and Bethe packages and their extensions [30-33].
Calculations of products of spherical harmonics according to (9) etc.

Matrix elements of Ritz matrices (13) are computed and written to external files.
According to the Ritz method, eigenvalues of Ritz matrices represent spectral values of
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the quantity under investigation, i.e. energy. As stated above, the algorithm consists
in solving the generalized eigenvalues problem M ¥ = AB X where M is a Ritz matrix
and B is the matrix of pair-to-pair scalar products of coordinate functions. The program
allows calculating of Ritz matrices of arbitrary dimension. However, there exist apparatus
restrictions due to the degree of the dimension. Currently, calculations with dimensions
55 and 91 are available.

The parameter Fy is adjustable. For example, Figure 5 shows the dependence of the
residual on Fy for the lithium atom and n + [ = 5.
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Figure 5. Graph of the quadratic discrepancy on the parameter Ej, in the case of
the group of atomic levels of the lithium atom with N + L = 5. The minimum is
equal to 0.088 and corresponds to Ey = —0.01414. Other options are
b1 = 3.33;b2 = 0.001 = b3 = bs = 0.001; Zegg = 1;me = 1

Residuals for smaller numbers of levels have similar deep minimax. But for alkali metal
atoms, unlike a hydrogen atom, it is impossible to construct a unique effective potential
capable of describing energy levels for different quantum numbers n,! [27]. One of the
ways for describing energy levels in atoms of alkali metals is the so-called quantum defect
model [16]. In this model, in a hydrogen-like spectrum, either the effective principal
quantum number or, which is equivalent, the effective nucleus charge Z.g (which differs
from the true charge because of the screening by the inner electrons) is used.

Figure 6 shows the dependence of the residual on the effective charge Z.g for the lithium
atom and NV + L = 5. It is also possible to vary the effective electron mass. Figure 7 shows
the dependence of the residual on the effective mass m, for the lithium atom and n+1 = 5.

0 20 40 60 80 100
iteraction number

Figure 6. Graph of the quadratic discrepancy on the parameter Z.g in the case of
the group of atomic levels of the lithium atom with N + L = 5. The minimum is
equal to 0.085 and corresponds to Zeg = —1.242. Other options are
b1 =3.33;b2 = 0.001 = b3 = by = 0.001; Ep = —0.1414;m. =1
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Figure 7. Graph of the quadratic discrepancy on the parameter m. in the case of
the group of atomic levels of the lithium atom with N + L =5. The minimum is
equal to 0.085 and corresponds to m. = 0.99. Other options are
b1 = 3.33;b2 = 0.001 = b3 = by = 0.001; Eg = —0.1414; Zeg = 1.242

4. Conclusion

Quantum mechanics with a non-negative distribution function ceases to be an exotic
theory and becomes a real design scheme that has its advantages. This happened after
formulating it as a theory of quantum measurements. The used fitting parameters have a
clear physical meaning and allow one to take into account and describe real phenomena,
for example, the screening of the nuclear field by internal electrons and the interaction of
an external electron with them. The proposed program allows one to effectively carry out
such calculations, and also permits generalization to other quantum systems.
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MAPLE nporpamma ajis MOAeJIMPOBAaHUS BOAOPOIONOJ00HBIX
aTOMOB B KBAaHTOBOII MeXaHUKe C HEOTpUIATeJIbHOI (pyHKInEe
pacnpeaejaeHus

A. B. 3opun*, H. II. Tperbsakon't

* Poccutickui ynusepcumem dpyoicovl 1apodos
ya. Muxayxo—Maxaan, 0. 6, Mockea, Poccus, 117198
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IIpennoxkena nporpaMma JJjis peajn3alii aJrOPUTMa aHAJIUTHIECKUX BBLIUNCIEHUN, OCHOBAH-
HOI'O HAa KBAHTOBOU MEXaHWKE C HEOTPHUIATEIbHON (hyHKIMENR pacipeaesieHusi BEPOATHOCTEN U
JIJIsT PACIETOB YPOBHE 9HEPTrUU ISl BOJOPOIOIOA00HBIX aTOMOB. IIporpaMma HammcaHa Ha SI3bI-
ke MAPLE. B paMkax ajropurMa OCYyIIECTBIISIIOTCSA BLIYUCIEHUST HEOOXOIUMBIX (DYHKIUI, TaKUX
KaK BOJTHOBBIE (DYHKIIMK ATOMa BOJOPO/IA, IMITYPMOBCKHE (DYHKIUHU U UX (ypbe-Ipeodpa3oBaHusI,
ko3 bunmenter Knebma-Topaana u 1. 1. OnepaTopsbl HAOIIOJAEMBIX BBIUUCIAIOTCS Ha OCHO-
Be IIpaBMJIa KBAHTOBAHUS KBAHTOBON MEXaHUKHU C HEOTPULATEIbHON (PyHKIHMEN paclpeiesIeHns.
Cormtacuo Metonay Putiia, cobcTBeHHBIE 3HAYEHUST MATPUIL PUTIIA TIPEACTABIISAIOT CODOM CIeK-
TpaJibHbIe 3HAYCHUS UCCIEAYEeMOM BeJIMUMHBI, T. €. S9HEPruu. B KatuecTBe IpuMepa BBIMUCIIAIOTCS
SHEPreTUYECKUE YPOBHU BOJIOPOJIOMOIOOHBIX ATOMOB M CPABHUBAIOTCS C IKCIIEPUMEHTATLHBIMU
3HAYEHUSMU, TTOJIYI€HHBIMA U3 JAHHBIX ypoBHeit 6a3nl manabx NIST Atomic Spectra. Vcmonn3y-
eMasi TeOpHsI, IIO-BUIMMOMY, SKBUBAJIEHTHA TPAAUIIMOHHON KBAHTOBOUW MEXAHHUKE B OTHOIICHUU
MIpeICKA3aHNN SKCIIEPUMEHTAIBHBIX 3HaUYeHul. OJHAKO CYIECTBOBAHNE BEPOSITHOCTHON KBaH-
TOBOM Teopur (Has30BOTO MPOCTPAHCTBA MOXKET OBbITh BayKHBIM ITArOM BIEPEN K 00bICHEHUIO
U WHTEPIIPETAINN KBAHTOBON MEXaHUKU.
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B mepcmekTuBHBIX MOOMIBHBIX CETSX IMISATOTO MOKOJIEHUS BCe 0OJiee aKTYAJTHHON CTAHOBUTCS
3a/1a7a MOBBINIEHHSI EMKOCTU CHUCTEMBI CBA3U, & TaKKe KadeCTBa II0JIb30BATEILCKOI'O COeTUHe-
uus. JIs 9Tux 1esmeil BO3MOYKHO TPUMEHSATEH HOBBIN CITOCOD MPSIMOTO COEIMHEHUS MOJIb30BaTe e,
[IOCTPOEHHBIH Ha B3auMoJIeficTBuu ycTpoiicTBo-ycrpoiicTBo (device-to-device, D2D). Takoe rere-
POreHHO€e B3aMMOJENCTBHUE IIO3BOJIFET BBIIDYZKaTh IIOTOKH JAHHBIX U3 COTOBOW CETU B CHUCTEMY
D2D, koropasi MoxKeT (DYHKIIMOHUPOBATH HA HEJIHUIEH3UPOBAHHBIX YacToTaX. OIHAKO IIPU 3TOM
BO3HUKAET PsIJ OCOOEHHOCTEH, CBSI3aHHBIX C YIETOM MHTEP@EPEHINN U PACIpeJeIeHIEM PeCyPCOB
paJimoKaHasa. B maHHOM cTaThbe pacCMaTPUBAETCS MOJIEIb CUCTEMBI IPAMBIX coennHeHnit D2D
C COTOBO# MONMIEPKKOM, 0OCITy?KMBAIOIIEH TIOTOKY MOJIB30BATENBCKAX JAHHBIX (CECCHNM), a TaK-
2Ke TIpeJjlaraeTcsd aJropuTM yIpaBJIeHUs! BBIIPY3KOU Tpaduka U3 COTOBON CETH HA COETUHEHUS
D2D. IlpuBonsarcs pe3ynabTraThl aHAJIATUYECKOTO U UMHUTAIIMOHHOI'O MOJIEIMPOBAHUS, ITO3BOJISIIO-
I[{Ie€ IPOBECTH KCCJIEIOBAHNE F€TEPOreHHOM CUCTEMBI CBA3U C BO3MOXKHOCTBIO B3aNMOIEHCTBUSI
YCTPOUCTBO—YCTPONCTBO.

Kutouessble cioBa: Ceru 1sTOro IIOKOJIEHHsI, IIPSIMOE COeIMHEHHeE oJb3oBareieil (device-
to-device, D2D), ¢Bsi3b yCTPOHCTBO—yCTPONWCTBO C COTOBOM TIOJIEPIKKOI, YIPABJIEHUE BBITPY3KOi
Tpaduka

1. Bsenenue

OxKutaercst, 9T0 MOOMIBHBIE CETU CJIEJIYIONIEr0 MOKOJIEHUsT TO3BOJISIT 3HAYUTEIBHO
YBEJINYUATH ITUKOBBIE CKOPOCTHU TIEPEIadn JAHHBIX, CIEKTPAJbHYIO U YHEPIeTUIECKYTO -
(dEKTUBHOCTD, & TaKKe 00EeCIeUnTh eIUHO0Opa3HOe OOCIYKUBAHUE B JIIOOOE BpeMsi, B
JIIO6OM MecTe U Jijist JIIObIX yeayr. OpueHTHPOBAHHBIE HA, CHCTEMBI CBSI3H MSITOIO TIOKOJIE-
nus (fifth generation, 5G) naydnble uccieoBanust TpPUOOPETH 0COOYI0 AKTYAJIBHOCTD B
HeJ[aBHEE BpeMsi, U IIPU 9TOM BO3HUKJIO IIOHUMAHUE TOTO, YTO HU OJ[HA U3 UMEIOIIMXCS TeX-
HOJIOTHH PauoI0CTyTIa He CMOXKET yIOBJIETBOPUTH BCE MHOTOOOpas3ne TpeOOBaHMI TaKUX
ceTeii, B TOM YHCJIE TI0 UX IPOU3BOAUTEILHOCTH, XapPAKTEPUCTUKAM KadecTBa OOCIIY KU~
BaHUs M Ka4eCTBa BOCHPHUATUs yeiyru [1]. B 9Toit ¢Bsi3u cBepXILIOTHBIE TeTepOreHHbIe
CETH CTAHOBSATCS OJIHMM U3 TUIIOBBIX PEIICHUI JJist 1eJIeBOr0 HOBBIIIEHNUsT éMKOCTH 2], HO
OHHU SIBJISIIOTCSI KpaifHe JOPOTOCTOSIIMMY B PA3BEPTHIBAHUU U, CJI€J0BATEIBHO, HE CMOI'YT
VJIOBJIETBOPUTH TpeboBaHusM 5G TOBCEMECTHO.

JeficTBUTEIBHO, TIPY YBEJUIEHUN TIJIOTHOCTH OECIIPOBOIHON CETH C POCTOM €€ IIpo-
IIYCKHO#M CIIOCOODHOCTH TaKKe ITOBBIMIAIOTCS PACXOJbl Ha CETEBYI0 HHQPACTPYKTYPY,
PAaCIIOIATAIONIYIOCH Teleph B HEIIOCPEICTBEHHON OJIM30CTH OT IMoJb3oBaTessd. 1lockoiib-
Ky IUIOTHOCTBH JTAHHON MHMPACTPYKTYPbI HE MOXKET BO3PACTaTh OE3rPAHUTHO, CPEIr
MHOKECTBa IPeJJIoXKeHnil jisi cucreM HG IOSBUIINCH U TaKWe, B KOTOPBIX JJTs Iejiei

Crarba mocTynuia B pegakiuio 9 ceHrsaopsa 2018 r.
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VILUIOTHEHUS CETH PacCMATPUBAJIACH HE COTOBAs apXUTEKTypa. B mepByio ouepesb, 3TO OT-
HOCHUTCsI K B3aUMOJIEHCTBHUIO ycTpoiicTBo—ycrpoiictBo (device-to-device, D2D), koropoe
CTAHOBUTCS OIHUM U3 HamOOJIee MEPCIEKTUBHBIX HAITPABJICHUN Pa3BUTHUs CeTeil CBI3U B
nocseaaue roasl. Vcnonb3oBanue npsaMeix coenunenuii D2D cranoBuTces, TakuMm 00pa3oM,
HOBBIM KOMITOHEHTOM B JIOTIOJTHEHUE K COTOBOI apxurekType. OCOOEHHO BaXKHBIM SIBJISIET-
cg 10, uro Texuosjorusg D2D mpenmosaraer B3anMomeiicTBre abDOHEHTOB COTOBOM ceTn 6e3
WCITOJIb30BAHUS IIEHTPAIN30BAHHON HHPPACTPYKTYPbI, CHU2KAasl HArpy3Ky Ha He€.

Teopermuecku cucrema D2D mpemocrasiisier [jist CBsi3u 0ojiee KOPOTKUE COETUHEHU,
MOBBIIIEHHY IO SHEPTETUIECKYI0 3(DDEKTUBHOCTH 1 60JIee €CTECTBEHHYIO OPIaHU3aIUIO 110~
TOKOB Tpaduka. Kak ciencrsue, 3a mporeaiime HecKOJIbKo jieT D2D-s3anmoieiicTBue
[IPUBJIEKJIO CYIIECTBEHHOE BHUMAHIE KaK IIPOU3BOJINTEIIEN TEJIeKOMMYHUKAIIMOHHOIO 000-
PY/IOBaHUs, TAK U UCCIIETOBATETbCKAX OPTraHU3aInil, KOTOpble HAIIPABUIN 3HAYUTETbHBIE
YCUJIAS Ha MTPAKTUIECKYIO peasn3aluio JanHoil kounenmun. Ha mpakTuke coenunerus D2D
UMEIOT IEJIBbIH Psil criennduIecKnX 0COOEHHOCTE!, CBI3aHHbIX [IPEZK/Ie BCETO C yIIPaBJIe-
HueM nHTepdEpeHIeil, U MOTEeHINAILHOE UCIOIH30BAHIE PECYPCOB HEIUIIEH3NPOBAHHOTO
CIIEKTPAa BBITVISIJIUT B JAHHOM KOHTEKCTe HamboJjiee puBeKaTe IbHbIM. Kak ObLI0 MHO-
rOKpaTHO TI0Ka3aHO B jiureparype [3], manHoe HanpasieHne passuTus Texuojgorun D2D
MPEICTAaB/IIeT cODO0I TPOCTON U HAMEKHBIN CIIOCOD MOBBIIEHNS MTPOITYCKHOM CIIOCOOHOCTU
[IEPCIIEKTUBHBIX COTOBBIX CHCTEM 6e3 HeOOXOIMMOCTH I1epepabOTKU UX CTPYKTYDHI.

B cocraBe apxurektypsl 5G ucnosp3oBanne cBst3u D2D B nepByro ovepesib HAIIPABIEHO
Ha yBeJImdeHne éMKocTh ceTu. lIpesmonraraercs, 9ro pasindnabsle Texuojsornn D2D cranyT
HEOT'bEMJIEMON YACTBHIO OYIYIIAX CETEBBIX CEPBUCOB, MPEIOCTABIAEMBIX OJH30BATEIO IO
ymomgarnto. C Touku 3peHus orepatopa, D2D-B3anmopeiicTBrue MOXKeT OBITH TPE/TIOKEHO
B Ka4IeCTBE HOBON (DYHKITHH 1151 OOIBITHHCTBA MOJIb30BATEIBCKIX TPUIOKEHUIA C TIEJIBIO
MTOBBITIIEHNST KAYECTBA OOCIY>KUBAHUS U KAYeCTBA BOCHPUATUS YCIYTH, 8 TaKXKe IPH epe-
Jnade KoHTeKCcTHON nHpopMarmu. Ces3b D2D MOXKHO HCITOIB30BATE JIJIs ONEPATUBHOI
OpPraHU3AIUH PSIMBIX COSIUHEHNN ¢ HI3KOW 33/IePXKKOI UM BBICOKOCKOPOCTHBIX COE/IMHE-
HUI B MPUIOXKEHUAX, KOTOPbIE HYKJIAIOTCH B JIOTIOJHUATETHLHOMN MPOITYCKHON CIIOCOOHOCTH,
B TO BpeMs KaK OOBIYHBIE YCJIYTU MOTYT HO-IIPEXKHEMY IIPEIOCTABIISITHCA COTOBOH CETHIO.

Iorenmumansubie mpuiokenust rexuojorun D2D B coToBhIX ceTsix 5G aKTUBHO 00CY K-
JIAIOTCS BILUIOTH JI0 HACTosIero BpeMenn [4]. PaccmarpuBatorest Kak yeayru 10 Hepejadie
MyJIbTHMe A (BUICO3BOHKI MEXKJLy COCETHUME aOOHEHTaMM), TAK U IPOYHe CEPBUCHI JIIsi
OIM3KO PACIOJIOYKEHHBIX II0JIb30BaTENIEN, HAIPUMED, TOUCK KOHTEHTA, MHOTOIIOIb30Ba-
TeJILCKUE UT'PBI, YIIPABJICHNE IIPOMBIILIEHHBIMI CUCTEMAMU U ObecriedeHnne OOIeCTBEHHON
6e3omacuoctu [5]. Takum 06pa3oM, 10/ TEPMUHOM yCTPORCTBO TIOMUMO TPAIUIIMOHHBIX
MOOMJILHBIX TeJIe(POHOB U IJIAHIIIETOB MOXKHO O0Jiee MIMPOKO IOAPa3yMeBaTh BCEBO3MOXK-
HOEe aBTOHOMHOe obopymoBanue. B Oyaymem ¢Bs3b D2D ¢ ceTeBoit MOAIepKKOM CMOKET
WCIIOJI30BAThCA KaK JIJIs MIPUJIOXKEHNH, OpPHEHTHPOBAHHBIX HA YEJIOBEKA, TaK U JIJIA pa3-
JIMYHBIX MAIIUHHO-OPHEHTUPOBAHHBIX yciyT [6].

Tlopnepaxkka npsambix coenuuennit D2D BeposiTHeEe BCEro cTaHEeT YaCThIO MEPCIEKTUBHOIO
Habopa yciIyr omepaTopoB 5G, JIOMOJHSST TEM CAMBIM CBEPXILIOTHBIE T€TEPOTEeHHBIE CETH,
TEXHOJIOTUY MEKMAITUHHOTO B3aUMOJIEHCTBAST U MHOYKECTBO JIDYTUX CEPBUCOB, KOTOPHIE
[peJInoiaraoTes K npegocrasiennio B cetax 5G. CeroiHst HEPOCTO OIPee/nThb, OyaeT
Jii ipakTudeckas cucrema D2D BLIMIsieTh B TOYHOCTH KaK B MMEIONIEHCs NCCIIe0BATENb-
CKOIl JINTepaType: HECMOTPs Ha CJIOXKHOCTh YIIPAaBJICHUS WHTEPGEPEHITHEHl, TEXHOJIOI U
D2D moxkeT MUTPUPOBATH B JIMIIEH3UPOBAHHBIE TTOJIOCHI YACTOT, a TAK¥Ke HUCIOJIb30BATD
CBsI3b Ha KpaiiHe BBLICOKHX dacToTax. Jlasiee paccMaTpuBaeTcss COBpEMEHHAsi HHTePIIPe-
TaIllsd CUCTEMBI MPSAMBIX COEJWHEHU C COTOBOM MOJIEPYXKKOI, B KOTOpoil cBsa3p D2D
IpeHa3HadeHa JIjIsi OOCTY2KUBAHUS TI0Ib30BATEILCKAX CECCUM, a TaKKe MPeJIaraeTcs
COOTBETCTBYIOIIAs MOJEIb CUCTEMBI U AJITOPUTM YIIPABJICHUS HOTOKAMU JIAHHDIX.

2. Metoa ynpaBiieHus TOTOKAMU JAHHBIX B CETU PaJIMO/I0CTyNa

s 3ama ontuMusaiuu padoter cereit D2D akTyasbHBIM SBJISETCS IOIYYeHUe aHAJIH-
THUIECKOTO PENIeHNd ¢ YIETOM KaK IMPOCTPAHCTBEHHOTO PACIOJIOKEHUS IOJIH30BATEIEH,
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TaK U XapaKTEPUCTUK BO3HUKAIOMINX Y HUX IMOTOKOB JaHHBIX. CJie10BaTe/IbHO, BayKHO
chOpMYyIUPOBATH AHAJTUTHIECKYIO MOEb, O0BEINHSIIONIYIO0 STH CBOMCTBA B €IMHYIO CH-
creMy mgomytnennit. Huske mpejuraraercst oOIHit MOIX0 T, KOTOPBIHM MO3BOJISIET CTPOUTH
AHAJUTUIECKUE MOJIEJN JJIsi COBMEIEHHBIX COTOBBIX 1 D2D-crucreM, 00CTyKUBAOIIIX CEC-
CUU TIO TIepesiade TpaduKa OT OIHOTO MOJIb30BaTeNsd K Apyromy. IIpetoxKeHHbIH TOIXO0T,
SIBJISIETCST JOCTATOYHO TMOKUM JIJIT OTIMCAHUS PA3JIUIHBIX CIIeHAPUEB BBITPY3KHU TpaduKa
u3 cotoBoit cetn Ha D2D-coemubenust, a Tak»Ke aJbTePHATUBHBIX TEXHOJOTUNH PaNoI0-
cryma. CoOTBETCTBYIONINI aHAJIN3 OPUEHTUPOBaH, B OCHOBHOM, Ha, pac4yér OJIOKHPOBOK,
BO3HUKAIOIINX, KOIJIA MOTOK JIAHHBIX (CeCcHsi) He MOXKET MOJIY4IUTh JOMycK K cetn D2D,
COTOBO# CeTH WU K HUM ODEUM.

2.1. OcobenHOCTU BBITPY3KHU Tpaduka HA COeANHEHUS
YCTPOCTBO—YyCTPOIICTBO

OnwmireM f1ajiee OCHOBHBIE JIOIMYIIEHUS JJIsl IIPOBEICHNS aHATUTIIECKOTO MOJIEINPOBa-
Husl. Byjiem paccMaTpuBaTh MOJIb30BaTE e, pABHOMEPHO PACHPEIEIEHHBIX B HEKOTOPOI
obsiactu. dra 06JIaCTh MOXKET OBITH IIPEJACTaB/IeHa KaK OTIEIbLHON COTOM, TaK U CEeThIO B
mesioM. Bee mosib3oBaTeim MOTyT HHUIMUPOBATE JAPYT € IPYTOM CECCHU, KOTOPBIE SBIISTIOT-
cd IMMOTOKAMU TIePeIadn JAHHLIX. [Ipr 9TOM BasKHO 3HATH HE TOJHKO HHMOPMAIIIO O TOM,
KOTJIa CeCCUsl HAUMHAETCs, HO U KaKue U3 [I0JIb30BaTelell BOBJIeUYeHbI. 10r1a eCTeCTBeH-
HBIM WHCTPYMEHTOM J[JIsi OMUACAHUS TTOJO0HBIX TOCTPOCHUI CTAHOBUTCI CTOXACTHIECKAS
reomeTpusi. PaccMoTpuM MOJie/ib, B KOTOPOIl CECCUU WHUITUUPYIOTCA B COOTBETCTBUU C
nyacconosckum moveurovim npoyeccom (Poisson point process, PPP). IIpocreitimum mpaxk-
TUIECKUM TIPUMEPOM SBJISIETCS MPUMEHEHNE MOJIb30BATEISIMA CBOUX TEPMUHAJIOB IIPHU
3ampoce CIyvIaiiHOrO KOHTEHTA B CIYYAalHOM MeCTe U B CJIYyYalHBIII MOMEHT BpPEMEHU.

Takue mpoIecCh MHUPOKO UCHOJIB3OBAIUCH I MOJEIMPOBAHNISA COBMECTHOTO (DYHKITHO-
HUPOBAHUsI COTOBBIX 1 MOOMJIbHBIX ad-hoc cereii [7], s anammu3a nporecca oGHAPY KeHHst
yerpoiicrs B Texnosiorun FlashLinQ (8|, mis onenku a¢bdekTHBHOCTH MHOTOYPOBHEBbBIX
reTePOreHHBIX COTOBBIX cucTeM [9], a TakKe IpU yIPABIEHUN MOITHOCTBIO [IE€PEIavdn U
snadenueM SINR B cersix D2D [10]. IIpumenenne croxacTudeckoit reomerpun objerdaer
MOJIEJINPOBAHNE TTPOCTPAHCTBEHHON CJIyIaflHOCTH NMPU BO3HUKHOBEHWU MOJIH30BATE b
CKUX CECCHUIl C yI6TOM 3aBUCHUMBIX OT PACCTOSHUs MmapameTpos, Takux kKak SINR. Ilpu
9TOM B HACTOsilllee BpeMsi OOJIbINasi JacTh M3BECTHBIX PabOT IO aHAJIU3Y OECIIPOBOJI-
HBIX CceTeil He 3aTparuBaer B3anMOJIEHiCTBUE HECKOJbKUX ceTell (Halpumep, COTOBOI U
D2D), crpemsmuxcst 00CIyzKUTh 06Iee MHOYKECTBO aKTHUBHBIX HOJIB30BATEElH, 9TO sIB-
JITETCS OCHOBHON OCOOEHHOCTBIO AHAJUTUYIECKUX MOesell, pa3spaboTaHHBIX B PaMKax
[IP€/IIaraeMoro IOJIXO/IA.

JaJsiee paccMoTpuM OIHY COTY ceTHu JocTyia, riae R — eé paauyc. [losmb3oBaTenbekuit
TpaduK MpeCTaB/IeH CECCUIME ¢ IIOCTOSHHON CKOPOCTBIO mepeiadn . [lpu sToM mpesmo-
JIATAeTCs, UTO MPOJIOJIKATENLHOCTD CECCUE PACIIPEIENIEHA 0 SKCIOHEHIHAILHOMY 3aKOHY
CO CPeJTHIM i Juist Kaxk70ii ceccun 4 OyjieM pas/indarTh UCTOUYHUK JaHHBbIX T; (Tepenaio-

mumit repmunas, TX) u noayyaresb qaHabix R; (npuauMarormumii repmunan, Rx). Ceccun
10 mepejiade JaHHbIX B JABYX ceTsax (coroBoii u D2D) He BIULAIOT APYT Ha Jpyra n3-3a Hele-
PEKPBIBAIONIXCS YACTOTHBIX JIUATIA30HOB. Jlajiee MpeImooKuM, 9TO KarK/Iblii TepMUHAJT
noJb30BaTesist T; MOXKET OTIPABJISITh CBOU JaHHbIE K R; depe3 coToByIlO ceTh (uHbpa-
CTPYKTYPHBII KaHas) win depe3 cerb D2D (mpsimMoit kaHas1), Kak 9TO MOKa3aHo Ha puc. 1.
s yIpoIeHus: OmyCTUM JII00bIe COOOIIEHNS, KOTOPhIe He HAIIPABJICHLI Ha KOHKPETHOI'O
mapraepa D2D, a Ttakke curnajbHbI Tpaduk.

Jljist TOro, 9TO6BI YYECTh paclpeeseHne Moab30BaTeNeil, OyIeM paccMaTpuBaTh TPEX-
MEPHOE IIPOCTPAHCTBO, BKJIIOUAIONIEe B ceOsI BpEMEHHYIO OCh U JBYMEPHOE MECTOIIOJIOKEHIE
TEPMUHAJIOB Ha IIOCKOCTH. VIHTEHCHBHOCTH TAKOTO MPOIECCa TPUHUMAETCS PABHON Hy-
JIIO BHE TEJIEBOI 00J1aCcTH MOJAEIUpoBaHusa. MecTOmoIoKeHne KazKJI0ro IOIb30BaTEes
3a1a6T aCCOIMUPOBAHHYIO ¢ HUM COTy B paccMarpuBaeMoil obiactu. Ilpm aToM moTok
ceccuii Ha OCh BPEMEHU SABJAETCS IMyaCCOHOBCKUM ¢ MHTEHCHMBHOCTHIO A. JIJist Kaxk10ro
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ITepeTaoIIero TePMUHAJIA OJJTHOBPEMEHHO OIIPEJIENISIETCS COOTBETCTBYIONMIMIT eMy TTPUHIMAa-
FOIMUH TEPMUHAJ, 8 er0 MECTOIIOJIOXKEHNE BhIONPAeTCs paBHOMEPHO B IIpesesax o0acTu
MOJIeTUPOBAHMUS.

—— Cssasb D2D
———-—--> CoToBas CBsi3b

BasoBas
cTaHuusa SN
/

/@
7/

Puc. 1. Beirpyska coToBoro Tpaduka Ha IpsSIMble COEANHEHUS

2.2. OcobeHHOCTU MOJIEJIMPOBAHUA COTOBOI ceTH

PacemorpuM nzommpoBaHHYI0 COTY GECIIPOBOIHON CeTH, KOTOpask He IMOBEPyKeHa BJIHsI-
HUIO Me>KCOTOBOI nuTepdepennuu. Ha mpaxTuke 3T0 JOMYIIEHNE OKA3BIBAETCS JIOCTATOTHO
OJIM3KO K CETsIM C TMTOBTOPHBIM UCIIOJIB30BAHUEM CIEKTPA WU ¢ KOOPIUHAINEH MeXKCOTO-
BoiT mHTepepeniun. Takas HGOpMyINpPOBKa MO3BOJIsIET N30eKATh 3aBUCUMOCTH MEYKIY
OTJIETTBHBIMU CECCUSIMU TI0JIb30BaTe el B coceTHUX coTax. Mojiesb KaHaa BEIOMPAETCs B
COOTBETCTBHUU ¢ pekoMmeHgarmsaMu Mex yrapoaaoro Corosa DIeKTPOCBA3N U TIPeIoiara-
eTCsl, YTO JIJIS CeCCUU | OTHOINEHNe CUTHAJ/TIIYM Ha €JMHUILY MOIIHOCTH 7Y; OIPEeJIsieTCst

KaK: Gk;
= Ev (1)

rje d; — paccTosiHue MezK 1y 0a30BOl CTaHIME!l U IEepeJAIoNIUM TepMUHAIOM, 1;, a k u
G — napaMeTrpbl 3aTyXaHUs CUTHAJIA. Y UUTHIBAs GHUCJIO CXEM MOMIYJSIUU U KOJUPOBa-
HUS, JOCTYITHBIX COTOBBIM CETSIM, AlllIPOKCUMUPYEM J1aJiee CKOPOCTh II€PeIavun JIAHHBIX
kak menpepoBayio dyukmuio SINR. [Ipu sToM cooTHOIIEHNE MOITHOCTE—CKOPOCTH OIIpe-
nensiercs u3BectHoit dpopmysoit K. [lennona. B pe3ysnbrare MOIIHOCTDL Iepematdu p;
[IOJIB30BATEJIS { U COOTBETCTBYIOIIAs CKOPOCTD MIE€PEIAtH 1°; OMPEIEIIAIOTCS il CBOOOTHBIX
oT nHTeP(dEPEHINN YCIOBHI CIIEAYIOMUM 00Pa3oM:

Vi

ri = wlog (1 + vip;), (2)

rJIe P; — BBIXOJHAST MOIIHOCTh TEPMUHAJIA, Y; — OTHOIIEHUE CUTHAJ /IIIYyM Ha eJIUHUILY MOII-
Hoctu B (1), a w — addexruBHast M00CA TIPOITyCKaHus. JJaHHAsT MOJIEIIb TPEJICTABIISIETCSI
pa3yMHBIM TPUOIMKEHNEM K CYIIEeCTBYIONINM OeCIIpoBOIHBIM ceTsiM. Jlaee pacecMoTpuMm
HECKOJIBKO JIOIIOJIHUTEbHBIX OrPAHUYEHU, HAJIaraeMbIX ITPAKTUICCKUMHU CXEMaMU MO-
JYJIAIINA U KOJIUPOBaHUs. B 9acTHOCTH, TIpU TIepesade MOJb30BATEs HE JOIMYCKAETCS
IIPEBBINIATL HEKOTOPYIO MAKCUMAJIbHO JIOIYCTUMYIO CKOPOCTD TIE€PEJIavN JIAHHBIX Tiax,
9TO PeaJM3yeTCsl BBEIECHUEM OTPAHWYECHUS Ha MAKCHMAJILHOE HAOJIOIaeMOe 3HATEHUE
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SNR Ha npuHHMAIOIIEH CTOpPOHE:

Tmax = wlog (1 + SNRyax) - (3)

CrnenoBarebHO, y; 1 7y; j He MOTYT BO3pacTaTh O6e3rpanndno npu d; — 0, TJIe Ymax =
L (o™ 1),

Pmax

CoroBast 6a30Basi CTAHIUST YIIPABJISIET CEThIO, IIPUMEHsIsI PA3JIMIHBIE NOAUMUKY Nepe-
davu. Kaxkmast Takast OJIMTHUKA OIPEIENIAeT AOCTYII MOJb30BaTEe el B CETh, MOIIHOCTH
VX Tepefadn U IJIaHIPOBaHUE PecypcoB KaHasa. Korga TepMuHA JIOIyCKaeTCs B CETh,
OH 3aHNMaeT YaCTh PECYPCOB Pa/IMOKaHaJa U yCTaHABJIUBAET CBOIO MOIIHOCTH B COOTBET-
cTBUM ¢ TpeboBaHUAMY 0A30BOI CTAHIINN JJTs TOCTUXKEHU TPeOyeMoii CKOPOCTH TIepeatdn
nmaHHbIX (2). BazoBas cTaHIus Ipu 95TOM TPUHUMAET HOBOE PEIIEHUE O PACIPEJICICHITH
pecypcoB U Ha3HaYeHUH MOIITHOCTHU IlepeJladl JJjIsl BCeX aKTHUBHBIX TePMUHAJIOB IIPU KaXK-
JIOM HOBOM ITOCTYIIJIEHUU TI0JIH30BaTE ST WK IO 3aBepIiennn 00CTyKUBaHUS HEKOTOPO
ceccuu, KOrjia IMOJIb30BaTesb IIOKUJIAeT CUCTEMY.

IIpu pabore mpocreiimmeit MOJIUTUKY ITepeIadn CUCTEMa IPUHIMAET BHOBb IOCTYITAIOIITIE
CECCHH JIO TEX II0P, TIOKA UMEIOTCs CBODOTHBIE PECYPCHI JIJIsi UX 00C/IyKuBaHus. Ipyrumu
CJIOBAMH, KaK/[asl HOBAsl CECCUS § 3aHUMAET B TOYHOCTH JOJIIO /1> IPOIO/IKUTEIbHOCTH
BPEMEHHOI'0 KaJIpa, IIO3TOMY JJI BCEX CECCHUll JAHHOE YCJIOBHUE BBITJISIAT CJIEJIYIOMIUM

obpazoM:
r
> <rmaX> <1 (4)

all sessions g

ITpu tpuMeHeHHH MOJUTHKU MakcuMmaiabHoil ckopoctu (MR), momyckaromeii Hau-
GOJIBIITYI0 BO3MOXKHYIO CKOPOCTH Tepeatin, BpeMs pabOThl CHCTEMBI UCIIOJIbL3YeTCs HE
IIOJTHOCTHIO B TOM CMBICJIE, UTO BCET/Ia CYIIECTBYET HYaCTh pPeCypca BPEMEHHOTO KaJpa,
KOTOpast He BOCTPeOOBaHa aKTUBHBIMU cecCusiMu. [IpOTUBOIIOIOXKHAS € TT0 CMBICTY TTOJIH-
Tuka noaHoro ucnob3osanus (FU) obecnieunBaer Takoe (DyHKIIMOHUPOBAHUE CHCTEMBI,
IIPU KOTOPOM €€ BpeMsl BCEr/ia UCIOJIL3YEeTCs TeJTMKOM. bojiee TOUHO, KaX 10 IPUHATOMN
ceccUm Ha3HadaeTcs paBHAd JI0JId IPOJOJIKUTEIbHOCTH KaJipa, T.e., r% = %, U TePMUHAJIBI
HACTPAMBAIOT CBOIO MEPEIAdy TaK, 9TOOBI COOTBETCTBOBATEH TPeOyeMOil 1e/IeBOi CKOPOCTH.
OueBUIHO, UTO B CIIydae N aKTUBHBIX CECCHI MMEETCS CJIEIYIOIee:

—=—, rp=rn, Yi=1n. (5)

ITosToMmy, 9TOGHI IPUHATE Ha, 00CIY>KUBAHHE HOBYIO CECCHIO, 6a30Basd CTAHIUS JOJIZKHA,
YBEJIMYIUTDL MOIIHOCTD IePeIadn y2Ke 00CIy?KMBAEMBIX €10 TePMIHAJIOB, 9TO0LI OHI 3aTpebo-
BaJIM MeHbIIe pecypcoB. Ec/in 370 HEBO3MOKHO XOTs ObI JIjIsl OJIHON aKTUBHOI ceccun (uim
7K€ HOBOII CECCHM), ITO ONUCHIBAETCs BhIpazkeHueM "% = wlog (1 4+ vipmax) < (n + 1)r,
TO CHCTEMa HE MOXKET IPUHATH 3Ty HOBYIO CECCHIO. B IIDOTHBHOM CJlydae CHCTEMHOE Bpe-
MsI IIepepPacCIpeIesIsIeTCs B TOM YHCJEe Ha CECCHIO N + 1, a HOoJIL30BATEN IPUMEHSIOT

npyrue (6ojiee BBICOKHE) YPOBHU MOIIHOCTU II€PEIAIN:

i = ’i (e<n+1>r/w _ 1) . (6)

B zaxmouenne ormernm, uro mosmrukun MR n FU npencrasisaior coboit BEIOOp MeXKITY
60JIBITIell EMKOCTBIO CHCTEMBI U Oosiee 3(pDEeKTUBHBIM NCIOIB30BAHUEM CETEBBIX PECYPCOB.
PaccmaTpuBasi 3Tu MOUTUKYN KaK aJbTePHATUBHBIE, MOKHO MTOKA3aTh, UTO YUUTHIBAIOTCS
pa3IuYHbIe PEKUMBI PAOOTHI IIAHUPOBIUKA OA30BOI CTAHITNN.
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2.3. OcobGeHHOCTU MOEJINPOBAHUS CBSI3U YCTPOMCTBO—YCTPOMCTBO

ITockombky cers D2D dyHKmpoHupyer B HEIUIIEH3UPOBAHHOM [IUAIA30HE YACTOT, Pa3-
JIMYHBIE CeCCUU MOTYT MHTepdepupoBaTh Apyr ¢ npyroM. Ilosromy cers D2D mo coeit
CyTHU SIBJISIETCS CUCTEMOI, paboTa KOTOPOil OrpaHnYIuBaeTcsa nHTepdepenIyeil, u mocae-
Hsisl JTOJIKHA 00513aTE/IbHO YINTLIBATHCSA DU ITPOBEIECHUN aHAIn3a. B oTindue ot Momen
COTOBOII CeTH 37IeCh COOTHOIIIEHNE MOITHOCTH—CKOPOCTD JIOJIZKHO TaK»Ke BKJIIOYATh B cebs
ypOBeHb UHTEPMEPEHIINN, HAIIPUMED, CJIEIYIONIUM 00pPa30M:

B N DPii,i
r; = wlog (1 + SINR;) = wlog <1 + 7]\70 n I) , (7)

rje p; — BBIXOJHAS MOIIHOCTE TEPMUHAJIA, Y;; — XaPaKTEePUCTHKA KaHasa MeXKJy Iie-
pPelaTINKOM U IPUEMHHUKOM JJIsi CECCUH ¢, W — I0jioca npomyckanus, Ny — ypoBeHb
IyMa B KaHaje u | — KyMyJIATUBHBIN yPOBEHb NHTEPMEPEHIINNA OT BCEX AKTUBHBIX CEC-
cuit. Ilpu mnanuposanun coequuenuit D2D B ujieabHBIX YCJIOBUAX YPOBEHDb MOITHOCTU
JIIsT KaXKJI0M Tepeiatin MOXKHO OBLITO Obl BRIOPATH WHAWBU/LYAJIBHO, IYTOOBI TTOBBICUTD,
HAIpUMeED, OOIIYI0 IPOIIYCKHYIO cItocoOHOCTh cetn. OmHako (haKTUIeCKU TaKOe ILIAHIPO-
BaHUE HEIIPUMEHUMO B TPAKTUYECKON CETU M3-3a 3HAYUTEbHBIX HAKJIAIHBIX PACXOJIOB
Ha TepeIady CJIyKeOHoM mHMOPMAaIINH.

ITockonbky Texmosorus WiFi me cuermudunupyer HOJATHKY yIPABICHUS MOITHOCTHIO
repeiavu, MOCJAETHIOI MOXKHO CUATATH (DUKCUPOBAHHON ¢ MAKCHUMAJJIbLHBIM 3HAYEHUEM
Pmax- g mporokona WiFi ciieqyer mOMOJMHUTETBHO 3aMETUTDh, UTO YPOBEHDb IIyMa U
rHTEep(EPEHINT He MOXKET MPeBbIMaTh HeKOTOPLIi mopor Ny + I < KNy s cetu B
I[eJIOM, KOTODBII OyieT mosicHéH Huke. JleficTBUTeNbHO, KaXKIblil pa3, KOIJla 9TO YCJIOBUE
HE BBIMIOJTHSIETCS HA JIIOOOM KOHIIE COSIMHEHUS WJIN HE TO/JIEPKUBACTCI HA OJTHOM U3
COCETHUX TPUEMHUKOB, TEPMUHAJIBI OTKA3BIBAIOTCS OT MEePEJAIN U UX CECCUU TOKHUJIAIOT
cucrtemy D2D. /lannas nporeaypa COOTBETCTBYET MEXaHU3MY IIPOCJIYIINBAHUS HECYIIel,
XapakTepHOMY JJid ceMeiicTBa crangapTos IEEE 802.11.

Takoe ycyioBue rapanTHpyeT, UTO HHTepdepeHIHs Ha JI000M U3 NIPUEMHIKOB, BEI3BAHHAS
KOHKPETHOH mepeadeil, HUKOraa He Oy/IeT MpeBbIaTh 3aanuoro nopora. OmHako 3o
HE TApaHTHUPYET, YTO CyMMa 3HAYEHUI MHTEpMEPEHIINT OT BCEX aKTUBHBIX Iepeaad He
MPEBLICUT JAHHOTO ropora. s yuéra KyMmyasaTUBHON nHTepdEePEeHIInT BBOJUTCS PE3EPB
K, oTpaxKkarommil JJOIOJHUATEIBHBIN pecypc KaHaJia cBasu. PakTtmyeckoe 3HaveHne K
MOXKHO BBIPDA3UTh 4€pe3 MAKCUMAJIbHOE KOJUIECTBO MTOTEHIINAILHO HHTEP(EPUPYIOIIIX
cocesiell B HEITOCPEJACTBEHHOM byin3ocTu oT npuéMHuKa. Jlajee ero npemaraercs BoIOUpaTh
kak K = 6, 9TO COOTBETCTBYET IMECCUMUCTUYIECCKON OICHKE KyMYJIATUBHON (HOHOBOIT
nHTEePEPEHITNN.

OCHOBBIBasICh Ha BBIIIEU3JI0KEHHOM, 3/I€Ch PACCMATPUBAETCSI MOJIEJIb, B KOTOPOU CeTh
D2D ¢ n — 1 akTUBHBIMI TEPMUHAJAMHE JIOIYCKAET HOBYIO CECCHIO M, €CJIH JIJIsT MHOYXKECTBA
{T; }?:1 MIepeIATINKOB Ha, KaXKJIOM U3 TPUEMHUKOB IR;, ¢ = 1, n, BBITOJTHSIIOTCS CJIEIYIOIITNE
YCJIOBUS:

Pmax 0,0 T .. .
PN 2 0 by < Noy Vi (8)

DT ycJI0BUs 03HAYAIOT, 9TO TpebyeMasi CKOPOCTb IEPEJAYn ' MOXKET ObITH JOCTUIHYTA,
JIJIsT KayKJI0M Ceccuu i, M TPHU 9TOM WHTepdepeHnsa Ha R;, BOSHUKAIONIAsT CO CTOPOHBI
T}, He NIpeBLICUT 33JaHHOro nopora Ny.

2.4. AnaropuTMm ymnpaBJieHUsI BbITPY3KOi#l Tpaduka

Korma B paccMarpuBaeMyio cucTeMy HOCTYIIAET HOBasi CECCHsl JIAHHBIX, [IPEIIIOJIaraeTcs
BBITIOJTHEHUE CJIEJIYIONIEr0 aJrOPUTMa YIIPABJIEHUs BBITPY3KOIL.

ITar 1. CoroBasi ceTb IBITAETCs BHI'PY3UTh BHOBL IPHUOBIBIINYIO ceccrio B cerb D2D ¢
UCIIOJIb30BAHMEM COOTBETCTBYIOINIEH MPOIEIyPhI JIOyCKa B CeThb (8).

ITar 2. B caydgae, ecau ceccust mpuHsTa, OHa 00CTyKUBaeTcs cerbio D2D 6e3 mpepbiBa-
HUIl JI0 T€X TI0p, OKa COOTBETCTBYIONIHI [I0JIb30BATE/Ib He TIOKUHET CHCTEMY (TIOCKOJIBKY
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B [IPEJIJIOZKEHHON 3/1eCh MOJIEJIM CUCTeMa KOHTPOJIUPYETCd B MOMEHT IOCTYIJICHUSA JaHHBIX
U He 0TOPACHIBAET JIOIYIIEHHBIE CECCHH).

ITar 3. B npoTtuBHOM CiIy4dae COTOBas CETb IMBITAETCS O0CTYKHUTb 3Ty CECCUIO C YIETOM
TeKyIneil TMOJUTUKHA IIepeadvn.

IITar 4. Eciin ceccust He MOXKeT OBITH IPUHSITA JaXKe COTOBOI CEThIO, TO OHA CUNTALTCS
3a0JIOKUPOBAHHON W TOKUIAET CUCTEMY.

Cucrtema D2D CotoBas cuctema
A > Apa N v A(l'PbIock) =
Ceccust noctynuna Ceccus
obcnyxeHa
P, Pbiock
Ceccusa
3abnokupoBaHa

Puc. 2. Ananu3z QyHKIIMOHUPOBAHUS CUCTEMBbI

DyHKIIMOHNPOBAHNE OMUCAHHOIO AJTCOPUTMA YIIPABJIEHUsT BBITPY3KOM Tpaduka Imo-
KazaHo Ha puc. 2. [Ipm 3TOM OCHOBHBIE TPUHITUIILI ITPEJJIOKEHHON MOJIENH SBJIAIOTCS
JIOCTATOYHO OOIMUMHU W MOTYT OBITh PACIIHPEHBI Ha CIydail PyHKIIMOHNPOBAHUS ceTeit
D2D ma auneH3npoBaHHBIX YacTOTaX. bBojree moapobHoe aHaIN3 JAHHON CHCTEMBI IIPO-
BesiéH B pabore [11].

3. Amnanu3 4ymcisa ceccuii 1 BePOATHOCTH OJOKMPOBKHU IIPU
BBIT'PY3Ke

Hasee paccMOTPUM THUITOBO CIleHAPUil, KOTOPBIA MPENOoIaraeT BbITPY3KY MOJTb30Ba-
TEJILCKUX Ceccuii u3 coToBoit cetn B cetb WiFi Direct ¢ mommepxkkoit co croponst 3GPP
LTE. B nanHoMm crieHapuu mpejcTaBjsieT WHTepec olpeie/iéHHas 00/1acTh MOJIEIMPOBa-
HUsl, BHyTPU KOTOPOi PACIIOJIOXKEHBI COTOBas ceTh u ceTb D2D (Hampumep, TOpro.elit 3au,
6usHec-1ieHTp U T.71.). [Ipu 9TOM MoIB30BaTE M OOMEHUBAIOTCS HEOOIBIIMMU MYJIBTAME-
ITUHHBIMEA (pparMeHTaMH ¢ BeCbMa CTPOIUMH TPEOOBAHUSIMU IO KAYECTBY OOC/IYKUBaHIUSI.
Taxoit crienapuii BEIOpaH B IEPBYIO OY€PEIb IOTOMY, YTO OH MOXKET OBITH KaK OIHMCAH
AHAJIMTUIECKU, TAK ¥ PACCINTAH UMUTAITMOHHBIM MOJIEIMPOBAHUEM C OJHUMH U TEMU Ke
mapamerpamu. B kagectBe mpumepa B cetu LTE ucnons3yerca nosmruka mepemadn MR,
KOTJIa BCE MTOJIb30BATE N IIEPEIAIOT CBOU JIAHHBIE HA MAKCHUMAJIHLHOM YPOBHE MOIITHOCTH.
OcraJibHble TapaMeTpbl IPUBE/IEHBI B TabJmre 1.

Cremyst onucanuio (pyHKIMOHUPOBAHUS CUCTEMbI, UCIIOJIH3YETCs METOINKA UMUTAIA-
OHHOT'O MOJIeJIUpOBaHus U3 paborsl [12| u anamusa usz paborsl [11]. B wacraocTH, GbL1a
pazpaboTrana MOJIEIh CUCTEMBI, TIPE/ICTABICHHAS Ha PUC. 2, 8 TaKyKe IPOBEIECHO CPABHEHUE
3¢ dekTuBHOCTH PAbOTHI TAKOW ceTu ¢ 0A30BOI COTOBOM CEThIO 0€3 MOAIEPIKKU COeINHE-
uuit D2D. AHajnurudyeckue pe3yabTaThl U PEe3yJIbTATHl KMUTAIMOHHOIO MOIEIUPOBAHMUS
[IPUBEIEHBI faJiee Jjisl OJTHOTO W TOTO 2Ke Habopa mapaMeTposB.

OfHUM U3 OCHOBHBIX IIOKa3aTesell, MMPeJICTaB/IsIONNX UHTEPEC IJIsi HCCJIeI0BAHMIS
paccMaTpPUBAEMON CUCTEMBI, SIBJISETCS UCJIO CECCHUil, KOTOPBIE MOTYT OOC/IYKUBATHCS
omuoBpeMenHo. Ha puc. 3 mpemioxeno cpasHenne 6azosoii cetu 3GPP LTE ¢ cernio,
ucronb3ytorieit Texuoaoruio D2D. IloaTBeprk1eHbI CyIIIECTBEHHbBIE TTPENMYIIECTBA, 00ec-
neunBaembie 3a caér D2D-coemuuenuit. HerrpepbIBHbIE TUHUY WLIIOCTPUPYIOT JTAHHBIE
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mozesiupoBanus (1), a CHMBOJIBI COOTBETCTBYIOT aHATUTHIeCcKUM 3HadeHusiM (A). Odesu-
HO, YTO 00II[asi TEHICHIHS — YBEIMICHIE 0XKI/IAeMOr0 KOJIMIeCTBA 0OC/Ty KIBAEMBIX CECCHIT
BILIOTH JI0 TOYKHU HACBHIIEHUsI, KOTOPasi 3aBUCUT OT ApaMeTPOB CETH, €€ NIaHUPOBAHMSI
U METOJIOB YIIPABJIECHUS €IO.

Tabauna 1
ITapamMeTpbl UMUTAIIMOHHOTO MOAEJIMPOBAHUSA

O6oznauenue | Coropas cerb | Cern D2D
R, m 100 100
r, M6ur/c 4.8 4.8
p e 3 3
k 5 6.5
G 197.43 2.4
w, MI' 10 20
n 0.5 0.5
Ny, nb -60 -70
Tmax, Mout/c | 60 56
5

n
o
T
L

-o-0-¢ "¢
9_9—0'-0"0

0. - 9-
00 |

-
o
T

Yucno: LTE (umutau,., ) 14
o Yucno: LTE (aHanus, A)

o  Yucno: LTE + D2D (aHanus, A)
Yucno: LTE + D2D (umuTau, M)
OHeprusi: LTE + D2D (aHanus, A)

X BHeprusi: LTE (aHanms, A)

Yuncno obcnyxmBaeMbix Nofib3oBaTenemn
MoTpebneHune aHepruun, x/ceccus

! !

!

!

!

!

!

!

2 4

6

8

10

12

14

16

18

20

MHTEeHCMBHOCTbL NOCTYNNeHus, ceccus/c

Puc. 3. IIpousBoauTeIbHOCTL CUCTEMBI (B YHCIIE cecchil) u morpebiieHue
MOIIIHOCTY TepPMUHAJIAMU

Tak>ke MOXKHO U3YyYUTH HOTPEOIEHNE MOIIHOCTY TEPMHUHAJIAME II0JIHL30BATEIEN B CO-
tosoit (LTE) n unrerpuposannoii (LTE + D2D) cersix, uro nmokazano ma puc. 3. Kak
BHUJIHO, IIPU OTHOCUTEJIHbHO HU3KUX WHTEHCUBHOCTSX ITOCTYILIEHWS CECCUI COeIMHEHUS
D2D oka3bIBatoT OYE€Hb CHUJIBHOE BIUSHNE HA YHEPreTUIECKyio 3(pHEKTUBHOCTL CUCTe-
Mbl. OHAKO, KOTJA CHCTEMa CUJIBLHO 3arpykena, cBa3b D2D me moxkeT mpuHaTh Ha cebs
CYIIIECTBEHHYIO JIOJII0 TpaduKa, 1 SKOHOMUS SHEPIUU CTAHOBUTCSA MEHEe CYIIeCTBEHHOM.
Pazymeercsi, norpebsienne MOITHOCTU B 3HAYUTEIHLHON CTEIIEHN 3aBUCUT OT KOHKDPETHBIX
apaMeTpoOB TEPMUHAJIA.
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Puc. 4. BepositTHOCTH OJIOKUPOBKHU CECCUU U OTKA3a

B TecHoit cBsi3M ¢ MPOIYCKHONM CIOCOOHOCTHIO HAXOAWTCS BEPOSITHOCTH OJIOKUPOBKH
(cM. puc. 4), BeIpazkaolas JI0JII0 3aIPOCOB Ha 00C/IyKUBaHUE, KOTOPbIE HE MOTYT ObIThH
HIPUHATHI CETHbI0. MO02KHO HAOIIONATD, 9TO BEPOATHOCTH OJIOKUPOBKU B CUCTEME B IEJIOM,
BEpOATHOCTH 010KMpoBKU B cetu D2D u BepoaTHocTs 6siokuposku B cetu LTE pactyT ¢
yBeJIndeHneM Harpysku Ha ceTb. OmHako 310T 3hdeKT NIPUHIUNNAIBHO Pa3/IndeH JJIs
JABYX mcciieyembix cucreMm. CoroBast ceccusi OJIOKUPYETCs, €CJIA I Heé HeT MecTa B
pacIucaHuy Ha MOMEHT IMOCTYILIEHWs, TOrJa Kak B cetu D2D mmeercs mBe mpuamHBI
1t OJIOKUPOBKY CeCCHil:

1. BBICOKas MHTEPQEPEHINs CO CTOPOHBI CYIIECTBYIONINX COEINHEHNH,

2. ape3MepHAas JJINHA COSIUHEHUS JJIs MOAAepKAHUS TPeOyeMoil CKOPOCTH IepeIadn

(mpenosiarast, YT0 OrpaHUYEHUe 110 UHTEPMEPEHIIUHE OTCYTCTBYET).

BaxxHo MmOHATH CTPYKTYypPy HIPOIECCOB OJIOKMPOBKH B 0bouX ciydasX. B cucreme
D2D upu orHOCHTE/NIFHO HU3KHX HATPY3Kax OJIOKHPOBKA, B OCHOBHOM, BBI3BAHA JIJTHU-
HOIl COeMHeHNsI, TOTIa KAK IPU YBEJIUICHUN HAPY3KHU BEPOITHOCTH OJIOKMPOBKH H3-3a
nHTEPMEPEHIINN IPEBATIUPYET.

B cucreme 3GPP LTE 6sokupoBka He nMmeeT KECTKOM OTCEUKH, KAK MOYKHO OBLIO
OBl OXKMJIATH OT MEHTPAJA30BAHO ILJIAHUPYEMOil cucreMmbl. PDaKTUIECKHA COTOBAs CETh HE
npocruraer 100%-it 61okupoBKH. DTOT (PaKT 06bACHAETCA TEM, YTO BMECTO OTKa3a BCEM
COETMHEHNSIM TPUHUMAIOTCS T€ CECCHH, KOTOPBIE BCE €IM¢ MTOMEINAIOTC B PACIUCAHUE.
Tem caMbIM C POCTOM HAIPY3KHU OTIHAETCSA IPUOPUTET COEIUHEHUSM C OOJIBINEH CKOPOCTHIO
nepenadu (CM. puc. b).

B kadecrBe mosicienus crouT 0OpaTUTh BHUMAHUE HA XapPAKTEPUCTUKY COCIMHEHU B
uccieryeMoii cucreme. Koryia cotoBas cucreMa He 3arpyKeHa, OHa MOYKeT IO3BOJIUTE cebe
JIOILYCK BCEX CECCHil, He3aBUCUMO OT KadecTBa coenuneHuil. B rakux yciioBusx xapakrepu-
CTUKY TOCTYIAIOMINX U MPUHITHIX TOTOKOB CXOXKU, 8 OTKA3bl MPAKTUIECKU OTCYTCTBYIOT
(cm. puc. 6, ciesa). OnHAKO KOT/la COTOBAsl CUCTEMa CUIBHO 3arpy’KeHa, OHa JIOIyCKa-
€T TOJIbKO CECCHU C OTHOCUTEIbHO KOPOTKUMU COEIMHEHUAMU (MEeXK Ly OJIM3JIesKaIuMu
HOJIb30BATEJISIME ), TIOCKOJIbKY OHU UMEIOT 3HAYUTEHHO 00Jiee BBICOKYIO BEPOSTHOCTH
YMECTUThCS B MMeloIieecst paciucanue (cMm. puc. 6, ciipasa).
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Puc. 5. Pacupepnesienne unciaa coeaunenuii 8 ceru LTE (ciesa) u D2D (copasa)
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Puc. 6. KauecTBo coenuHeHuii (cjieBa) u pacupeejieHne UX JJIMHbI (cpaBsa)

B menarpyxkennoit cucreme D2D curyanus obcTouT mHatve: KauecTBO COEIUHEHUI B Iie-
JIOM TOpa3Jio HIKe. MOXKHO 3aMETUTD, YTO HE3ABUCUMO OT MHTEHCUBHOCTH IOCTYILIEHUS
ceccuit cucrema D2D sBistercst BecbMa m30UpaTeIbHON IO OTHOIIEHUIO K MIPUHATHIM CO-
€JIMHEHUSIM C TOYKU 3PEHUS UX JIMHBI. DTO BBIPAXKAETCS B MPAKTUICCKU UJIEHTHIHOM
pacrpeeseHnn KaK JIJIS MaJIO 3arPYKEHHON CUCTEMBI, TaK U JJIA YCJIOBHI MEepPerpy3KH.
IIpuumnna Takoro moBejeHus: 3aK/II09aETCI B TOM, 9TO cylecTBoBaHne D2D-coennennii
IIPU BBICOKUX HAIPy3KaxX M3HAYAJIbHO OIIpejelisieTcs ypoBHeM nHTepdepennuu. lelicTBu-
TeJIbHO, 00Jiee KOPOTKHE COeJIMHEHHsI ObIBAIOT 3a0/I0KNPOBAHBI PEXKe, HO B COYETAHUH
C JIPyTUMU TPaKTHIECKUMU P deKTaMu 3TO MAJIO OTPAXKAETCS HA UTOrOBOM IPOU3BO-
JUTEJILHOCTH.

4. BpIiBoabl

OcCHOBBIBasICh HA MOJYIEHHBIX CBEICHUSIX, MOXKHO 3aKJIIOUUTH, 9TO cucTteMbl D2D ¢
IIOJIIEP2KKOM CO CTOPOHBI COTOBBIX CeTell BO3MOXKHO MOJIEJINPOBATh AHAJIUTUYECKHU, TIOJIY-
qasi TIPUA 3TOM PE3YJIbTATHI, OJIM3KUE [0 TOYHOCTA K UMUTAIHOHHBIM. C JIpyTOil CTOPOHBI,
COOTBETCTBYIOINI aHAJIN3 UMEET HEKOTOPBbIe OTPAHNYCHUS ¢ TOYKU 3PEHUs COTOBOH ce-
THU, CBA3aHHBIE C PACCMOTPEHUEM B PaMKaxX MOJIEJIN TOJBKO OJHOI coThl. Kpome Toro,
npu ucciaenoBanuu cetu D2D crenanbl BecbMa CTPOrHue OIPAHUYUBAIOININE [IPEJIIIOIOZKE-
HUsT OTHOCUTEJHHO WHTEP(MEPEHIINYT U TTPOTOKOJIA, YIIPABJICHUS TPAMBIMU COEIMHEHISIMU.
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OpHako JaHHbIE UMUTAIIMOHHOTO MOJIETNPOBAHUS ITO3BOJISIIOT JIONOJHUTH OIIOPHBIE aHa-
JIITUIECKUE UCCTAETOBAHUs, YIUIyOIsisi TOHUMAaHUe TPUHITUIIOB paboThl TexHooruit D2D
C CEeTeBOU NOAIEPZKKOM.

O6beauHsist pe3yJIbTAThl AHAJUTHIECKOTO U UMHUTAIIMOHHOTO MOJIEINPOBAHUS, MOYKHO
¢JIeJIaTh UTOTOBBIN BBIBOZ, O TOM, 4TO BIrpy3Ka Tpaduka 3GPP LTE na D2D-coegunenus
WiFi Direct moxkeT CyIecTBeHHO CHU3UTH BEPOATHOCTDL OJIOKUPOBKHU CECCHU, & TAKIKE
ITOBBICUTH SHEPTETUIECKYIO IPDHEKTUBHOCTHL O€CIIPOBOIHBIX TepMuHaIoB. Ha mpakTuke
YHCJIO TI0JIb30BaTe e, 3aNHTEPECOBAHNDBIX B UCIOJb30Bannu cBa3u D2D, moxker Bapbu-
pOBaThCH, ITO Oy/IET COOTBETCTBYIOIINM OOPA30M BJIUATH HA BEJIUYUHY TOCTUKUMOTO
BBIUTPHIIIa. Hampumep, mpu KoomeparuBHOM OOMEHe MAHHBIMU CJIEIYEeT OKUIATH 3HAUU-
TeIbHOTO 3(hdeKTa OT BHIIPY3KN Tpaduka. B To ke BpeMsi, B caydae pabOThI COUATBLHBIX
cereit, oyt D2D-Tpaduka cymecTBeHHO 3aBUCUAT OT TUIA KOHTEHTA, ITO MOXKET MOTPe-
60OBaTh JIOIOJTHUTEIBHBIX UCCIIETOBAHUN.
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In the emerging fifth-generation mobile networks, the challenge of system capacity and user
connection quality boosting becomes increasingly important. To this aim, it is possible to apply
a novel direct communication technique that is built upon device-to-device (D2D) connectivity.
Such heterogeneous interactions allow to offload data flows from a cellular network into the D2D
system, which may operate in unlicensed frequencies. However, there emerge several problems
with interference coordination and radio resource allocation. This work considers a model of
the direct communication system with cellular assistance, which serves user-initiated data flows
(sessions), as well as proposes an algorithm to control traffic offloading from a cellular network
onto the D2D connections. Analytical and simulation results are offered to investigate this
heterogeneous system with D2D communication capabilities.
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(D2D) communication with cellular assistance, traffic offloading control

References

1. J. G. Andrews, S. Buzzi, W. Choi, S. V. Hanly, A. Lozano, A. C. K. Soong, J. C.
Zhang, What Will 5G Be?, IEEE Journal on Selected Areas in Communications 32 (6)
(2014) 1065-1082. doi:10.1109/JSAC.2014.2328098.

2. F. Boccardi, R. W. Heath, A. Lozano, T. L. Marzetta, P. Popovski, Five Disruptive
Technology Directions for 5G, IEEE Communications Magazine 52 (2) (2014) 74-80.
doi:10.1109/MCOM.2014.6736746.

3. A. Asadi, Q. Wang, V. Mancuso, A Survey on Device-to-Device Communication
in Cellular Networks, IEEE Communications Surveys & Tutorials 16 (4) (2014)
1801-1819. doi:10.1109/COMST.2014.2319555.

4. M. Haus, M. Waqas, A. Y. Ding, Y. Li, S. Tarkoma, J. Ott, Security and Privacy in
Device-to-Device (D2D) Communication: a Review, IEEE Communications Surveys
& Tutorials 19 (2) (2017) 1054-1079. doi:10.1109/COMST.2017.2649687.



Angpees C. 1., Camyitnos K. E., Topiukos A.M. YupasiieHue HOTOKaMi B . . . 369

ot

S. Andreev, J. Hosek, T. Olsson, K. Johnsson, A. Pyattaev, A. Ometov,

E. Olshannikova, M. Gerasimenko, P. Masek, Y. Koucheryavy, T. Mikkonen,

A Unifying Perspective on Proximity-Based Cellular-Assisted Mobile Social

Networking, IEEE Communications Magazine 54 (4) (2016) 108-116.

doi:10.1109/MCOM.2016.7452274.

6. A. Orsino, A. Ometov, G. Fodor, D. Moltchanov, L. Militano, S. Andreev,
O. N. C. Yilmaz, T. Tirronen, J. Torsner, G. Araniti, A. Iera, M. Dohler,
Y. Koucheryavy, Effects of Heterogeneous Mobility on D2D - and Drone-Assisted
Mission-Critical MTC in 5G, IEEE Communications Magazine 55 (2) (2017) 79-87.
d0i:10.1109/MCOM.2017.1600443CM.

7. K. Huang, V. K. N. Lau, Y. Chen, Spectrum Sharing between Cellular and Mobile
Ad Hoc Networks: Transmission-Capacity Trade-Off, IEEE Journal on Selected Areas
in Communications 27 (7) (2009) 1256-1267. doi:10.1109/JSAC.2009.090921.

8. F. Baccelli, N. Khude, R. Laroia, J. Li, T. Richardson, S. Shakkottai, S. Tavildar,
X. Wu, On the Design of Device-to-Device Autonomous Discovery, in: 2012 Fourth
International Conference on Communication Systems and Networks (COMSNETS
2012), 2012, pp. 1-9. doi:10.1109/COMSNETS.2012.6151335.

9. H. S. Dhillon, R. K. Ganti, F. Baccelli, J. G. Andrews, Modeling and Analysis of
K-Tier Downlink Heterogeneous Cellular Networks, IEEE Journal on Selected Areas
in Communications 30 (3) (2012) 550-560. doi:10.1109/JSAC.2012.120405.

10. M. C. Erturk, S. Mukherjee, H. Ishii, H. Arslan, Distributions of Transmit Power and
SINR in Device-to-Device Networks, IEEE Communications Letters 17 (2) (2013)
273-276. doi:10.1109/LCOMM.2012.122012.121632.

11. S. Andreev, O. Galinina, A. Pyattaev, K. Johnsson, Y. Koucheryavy, Analyzing
Assisted Offloading of Cellular User Sessions onto D2D Links in Unlicensed
Bands, IEEE Journal on Selected Areas in Communications 33 (1) (2015) 67-80.
doi:10.1109/JSAC.2014.2369616.

12. S. Andreev, A. Pyattaev, K. Johnsson, O. Galinina, Y. Koucheryavy, Cellular

Traffic Offloading onto Network-Assisted Device-to-Device Connections, IEEE

Communications Magazine 52 (4) (2014) 20-31. doi:10.1109/MCOM.2014.6807943.

©) Angpees C. 1., Camyitnos K. E., Tropaukos A. M., 2018

This work is licensed under a Creative Commons Attribution 4.0 International License

g murupoBaHUs:

Andpees  C.JI., Camytnros K.E., Twparuxos A.M. YupasjieHue MTOTOKAMU B
ETEPOreHHBbIX MOOUJIBHBIX CETSIX PAIUOIOCTYIIA C COEJIUMHEHUSIMU YCTPOWCTBO — YCTPOii-
crBo // Becruuk Poccuiickoro ynusepcurera apy»k0er HapooB. Cepust: Maremaruka.
Nudopmaruka. Pusuka. — 2018. — T. 26, Ne 4. — C. 357-370. — DOI: 10.22363/2312-
9735-2018-26-4-357-370.

For citation:

Andreev S.D., Samouylov K.E., Tyurlikov A.M. Session-level control in heterogeneous
mobile radio networks with device-to-device connections, RUDN Journal of Mathematics,
Information Sciences and Physics 26 (4) (2018) 357-370. DOI: 10.22363/2312-9735-2018-
26-4-357-370. In Russian.

CBenienusi 06 aBTOpax:

AnppeeB Cepreii JIMutpueBUd — JIONEHT, KAHIAIAT TEXHUYIECKUX HAYK, JIU-
PEeKTOp HAyYHOTO IIeHTpa MoJeaupoBanus OecnpoBoanbix cereit HG  Mmcturyra
OPUKJIAIHON MareMaTuku u TeslekommyHuKanuit PY/IH (e-mail: andreev-sd@rudn. ru,
rest.: +7 (921) 6314077)



370 Becruuk PYIH. Cepust MU ®. T. 26, Ned, 2018. C. 357-370

CawmyitsioB Koncrantun EBrenbeBud — mnpodeccop, JOKTOP TEXHHUIECKUX Ha-
VK, mpodeccop Kadeaphbl MTPUKIATHON WHMOPMATUKN U TEOPUU BEPOATHOCTEM
(e-mail: samuylov-ke@rudn.ru, tes.: +7 (903) 7402982)

TropaukoB Auapeit MuxaitsoBud — 1npodeccop, J0KTOP TEXHUYIECKUX HAyK, MIPO-
deccop kadenpbl MHGOKOMMYHHUKAIMOHHBIX cucTeM (e-mail: turlikov@vu.spb.ru,
res.: +7 (911) 9164071)

Information about the authors:

Andreev Sergey D. — Candidate of Technical Sciences, Director, Scientific Cen-
ter for Modeling Wireless Networks 5@G, Institute of Applied Mathematics and
Telecommunications, Peoples’ Friendship University of Russia (RUDN University)
(e-mail: andreev-sd@rudn.ru, phone: +7 (921) 6314077)

Samouylov Konstantin E. — Professor, Doctor of Technical Sciences, Professor of
Department of Applied Probability and Informatics of Peoples’ Friendship University of
Russia (RUDN University) (e-mail: samuylov-ke@rudn.ru, phone: +7 (903) 7402982)
Tyurlikov Andrey M. — Professor, Doctor of Technical Sciences, Professor of Depart-
ment of Infocommunication Systems of Saint-Petersburg State University of Aerospace
Instrumentation (e-mail: turlikov@vu.spb.ru, phone: +7 (911) 9164071)



e RUDN Journal of MIPh 2018 Vol. 26 No. 4 371-382

ul) e .
W Becruux PYJIH. Cepusi MU® http://journals.rudn.ru/miph

YK 004.021:519.6
DOI: 10.22363/2312-9735-2018-26-4-371-382
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c ynpasJjienueMm Ha Modelica
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IIpu MomempoBaHUM CETEBLIX IIPOTOKOJIOB SBJISIETCS IIPOOJIEMOl BBIOOD MOJEIBHOIO IIOJXO0-
JIa M CPEeJICTBA MporpaMMHuoOil peamm3anuu. Crernuduka TaHHON TPEIMETHON 00JIACTH COCTOUT
B TOM, UTO JJIsi OIUCAHUS IIPOTOKOJIOB OOBIMHO MCIOJIB3YIOT JUCKPETHO-COOBITUHHDBIN ITOIXO/T.
OHAKO JUCKPETHBIN MOJIE/ILHBIN MOIX0 UMeeT Psi HeaoCcTaTKOB. OH MJI0OX0 MacCIITabupyeM,
HEJIOCTATOTHO XOPOITIO TOAXOMNT JIJIsi OMMMCAHUS IUHAMUYIECKUX CHCTEM. KaK aJbTepHATHUBY MHC-
KPETHOMY IIOJIXO/Ly OOBITHO PACCMATPUBAIOT HENPEPBIBHBIN monxon. Ho mpu MmomenupoBanuu
JIMCKPETHBIX COOBITUI HEMTPEPBIBHOE ONMMCAHUE CTAHOBUTCS W3JIUIIHE CJIOXKHBIM U TSIKETOBECHBIM.
CobbITust TIPUHUMAIOT (POPMY HEKOTOPBIX OT'PAHUYIEHUIM HA HENPEPBIBHYIO CUCTEMY, KOTOPBIE
3a49aCTyI0 He BXOJSAT SIBHO B HEIPEPBIBHYIO MOJEJb, & UMEIOT (POPMY JIOIOTHUTEILHBIX CEMaHTH-
YeCKUX ONMMCAHUM. ABTOPBI TPEJJIATalOT UCIOIb30BAThH IPU MOJIEJIMPOBAHUY TTOJOOHBIX CUCTEM
ruGpuAHbIH (HENPEPBIBHO-IMCKPETHBIN) TIOAX0/A. B paMkax THOPHIHOTO MOIX0/Ia JUCKPETHAS
CHCTeMa 3aIUCHIBAETCS B HEIPEPBIBHOM BHJIE, & COOBITHS IIPUHUMAIOT BUJI IPUCYIINX ITOJXO-
JIy TUCKPETHBIX TepexoioB. Kpome Toro, ecim 6paTh 3a OCHOBY WMEHHO ONMMUCAHUE COOBITHIH, HA
OCHOBE€ THOPHIHOTO MOAXOAa MOYKHO TOJIYIUTh U UMHUTAIMOHHYIO MOMEb.

B pabore emoHCTpUpYETCS IpUMEHEHNEe I'HOPUIHOIO IIOIX0A JIJIsl OIIMCAHUS CUCTEMBI C yIIPaB-
JleHWeM Ha mpuMepe B3aumojeiictsus mporokosia TCP u anropurma RED. lemonctpupyercs
[IPOCTOTA CO3/IaHUS KAK BBIUHMCIUTEIHHON, TAK U UMUTAIMOHHLIX MOJe/el cucTeMbl. B kKadecTse
SI3bIKA peaju3alnu ucroJb3yercs a3bik Modelica.

KiroueBble cjioBa: aKTHBHOE yIIpaBjcHHe TpadHUKOM, HMHTAIMOHHOE MOJCIUPOBAHUE,
rubpuHoe mogenuposanue, Modelica, Random Early Detection (RED)

1. Bsaenenne

IIpu momenmpoBaHWM CIOXKHBIX CHCTEM BO3HHKAET MPODOIeMa BBIOOPA MOJIEIHHOTO
nonxojia. IlpuBeném cireryromnuii npumep.

[Iycts mMeeTcst cucreMa yIpaBiieHUs [TOCPEICTBOM AJITOPUTMA CJIYIAlHOTO PAHHEr0
obuapyxenusi (Random Early Detection, RED) [1] morokom Tpaduka, nepegiaBaemMoro mo
nporokoy TCP (Transmission Control Protocol). B rakoii cucreme MOXKHO BBIJIEIUTH
CJIETYIONEe OCOOEHHOCTH.

Bo-niepBrix, Mojieb nepegadn JaHHBIX 110 MpOoToKoIy TCP MOXHO onuchBaTh Kak B
JIICKPETHO-COOBITHIHOI Tapajurme (Kak 9TO Peajn30BaHO B 9TAJOHHOM CPEJICTBE UMHUTa~
IIMOHHOT'O MOJIEJTMPOBAHUST CETEBBIX IIPOTOKOJIOB Ns-2 [2,3|, HO B 9TOM ciiydae BO3HUKAET
pobJieMa MacIITabrpPyeMOCTH CUCTEMBI ), TaK U € UCIIOIb30BAHIEM HEIIPEPBIBHOIO MOJIXO/IA
(upejicTaBIeHne TIOTOKA JIAHHBIX KAK IIOTOKA YKUJIKOCTH [4,5], B 9TOM CiIydae yCI0KHSAETC s
MaTeMaTHIecKasi MOJIEJIb CHCTEMBI).

Bo-BTopnIx, Moesb Mo/yist akTuBHOrO yrpasiaenus 1TCP-momobusiv Tpadukom mMo-
2KeT ObITh IIpejcTaBiena ocoboro Buaa GyHKIuel, 3apucsdiieit or tuna RED-aaropurma

Crarba noctynuia B pefgaknuio 17 nHosaopsa 2018 r.



372 Becruuk PYIH. Cepust MU ®. T. 26, Ned,2018. C. 371-382

(byHKIUST MOXKET OBITH KYCOUHO HENPEPBIBHOI ¢ pa3pbIBAMU MEPBOTO POJIA, UMETh Pas3-
JINYHBIE TIapaMeTpbl, BIAUAONMe Ha e€ Buj u T.1.) [1,6-8|, T.e. Toxke BCTaér BOIPOC O
BBIOOpE CcII0CO0a MOAEIMPOBAHISI.

B-Tpersux, momenb B3anmoneiicrsust Bxomsiiero TCP-moroka m MapmrpyTusaropa,
06pabaThIBAIONIEro MOTOK 1o ajaroputMmy tuna RED, MoxkeT uMeThb psi/i OrpaHUYeHnid,
3aTPYIHSIONIX €€ MCCIe0BaHNe B PAMKaX TOJHKO OJHOTO MOJXOJa — HEIPEPBIBHOTO
WJIN JTUCKPETHOTO.

Taxum obpaszom, BcTaér mpobaema MojeanpoBanns kak nporokosa TCP u ynpasmisa-
IOIIEro MOJYJIs IO OTIEJLHOCTH, TaK U UX B3amMmoseiictBus. Kpome Toro, Heo6xommnmo
BBIOPATh aJeKBATHYIO METOJIUKY MojenpoBanus [9-11].

st pemrenust mpobJIeMbl JUCKPETHOIO U HENPEPBIBHOIO MOIXOJI0B IIPU MOJIEIHPO-
BAHUM CJIOZKHBIX CHCTEM IPEJJIAraeTcs UCIOJIb30BaTh TuOpUAHbIA 1moaxoy [12-17]. B
KadeCcTBe MPOrPAMMHOIO CPEJICTBA MOJIEIMPOBAHNS IPEJJIATaeTCs UCIIOJIb30BATE A3BIK
Modelica [18,19], a koukperno ero peasusamuio OpenModelica. f3bik Modelica [18, 19|
paspaboTtan HeKOMMepueckoit oprann3arueit Modelica. Takxke sTa acconmmarnust pa3paba-
THIBAET CBOOOIHYIO CTAHIAPTHYIO OMbIMOTEKyY st 3Toro s3bika. Modelica momaep:xuBaer
HEIIPEPBIBHYIO U TUOPUIHYIO (HENPEPBIBHO-IUCKPETHYIO) IapajaurmMbl. Bripodem, qucto
JUCKPETHBIE 3JIEMEHTHI B SI3bIKE TOXKE MTPUCYTCTBYIOT.

CrpykTypa paboThl cieiyiomas. B pasjese 2 NpUBOAATCS apryMeHTBI B [TOJIb3Y IIPH-
MeHEeHUsT TUOPUIHOTO MOIX0A K MOJIETUPOBAHUIO CJIOXKHBIX CHCTEM. 3aTeM B pasjesie 3
paccMaTpPUBAETCS UJIECOJOTUS [IOCTPOSHUS UMHUTAIMOHHON MO (PYHKITHOHTPOBAHUS
nporokosia TCP na sizpike Modelica. ITokazano, 94To O ONUCAHUIO B COOTBETCTBUU CO
CTAHIAPTOM MOXKHO TOJIYIUTH UMUATAIMOHHYIO MOJETh (PYHKIIMOHUPOBAHUS JTAHHOTO TTPO-
TokoJia Ha a3bike Modelica. B cienyiomnem pasyene 4 mpoJIeMOHCTPUPOBAHBI BO3MOXKHOCTH
sa3bika Modelica /i YncIeHHOr0 MOJIEIMPOBAHUS THOPHUIHON IO CTPYKTYPE CHCTEMBI B3a-
nmopeiicteust Bxomsmero TCP-moroka n mapmpyTuzaropa, 06pabaThIBAIOIIETO TTOTOK IO
anroputmy Tuita RED. B 3akiiodenun fesraercst BBIBOJ O IIPUMEHUMOCTH THOPUITHOTO
[IO/IX0/1a K 3aJ[a4aM MOJEIUPOBAHUs CETEBBIX IIPOTOKOJIOB.

2. T'mbpumaHbIi MOAXO0 K MOJAEJINPOBAHUIO

CubpuHblil 101X0/] K MOjeMpoBanuio cucreM [12-16] mossossier yuectb Kak Herpe-
PBIBHBIN, TaK M AUCKPETHBIN aCIeKTHI MMOBEIEHUST MOJIEIUPYEMOTO O0OBEKTA.

[M'ubpuaHOCTH TIOBEIEHUST MOJAETUPYEMOI CHCTEMBI MOYKET MPOSIBJISATHCS TI0 PA3HOMY:

— B3anMO/IeiicTBIEe OOBEKTA, OMMMCHIBAEMOTO HEIIPEPBIBHON MOIEIbI0, ¢ OOBEKTOM, OIH-
CBIBAEMBIM JIMCKPETHOI MOJIEIbIo (IPUMEP — CHCTeMa aBTOMATUIECKOTO YIIPABJIEHNUS,
B KOTOPO#l MOJIe/Tb O0beKTa YIIPABJICHUS sIBJISETCs HEIPEPBIBHON, & MOJIEJNb YCTPOii-
CTBa YIPABJIEHUs] — JUCKPETHOIH);

— U3MEHEeHHe COCTaBa MOJIETUPYEMOli CHCTeMBbI (IIPUMEDP — CHUCTEMBI C II€PEMEHHBIM
YHCIOM KOMIIOHEHTOB);

— CKaYKoOOpa3HbIe KAUeCTBEHHBIE N3MEHEHNSI COCTOSTHIN HEITPEPBIBHOM MOJETN 00 BEeKTa
(B Ka4ecTBe JUCKPETHBIX COOBITHUIT BBICTYHIAIOT MOMEHTBI KAYECTBEHHOI'O N3MEHEHMSI
HOBE/ICHUs HEIIPEPBIBHON MOJIEIN).

IIpu rubpuaHOM MOAXOME K MOJAETHPOBAHNIO AKIIEHT MOYKHO JI€/1aTh WM Ha JUCKPETHO-
CTH UCXOHOM CHCTEMBI M YINTHIBATE JJIUTEIbHOCTH BXOIHBIX W BBIXOIHBIX JEHCTBU, Min
Ha HEITPEPBIBHOCTHU UCXOIHON CUCTEMBI C JOMYIIEHUEM HAJAIUsT MTHOBEHHBIX COOBITHUH
HapsiIy C JJIUTEIbHBIMHU 110 BPEMEHH.

Paccmorpum BTOpOit coy4aait u OyeM J100aBISATH K CYIIECTBYIOMIEH JTUHAMUYIECKON
MOJIEJTH JUCKPETHBIE JIEMEHTHI. B KatdecTBe TaKUX 3JIEMEHTOB MOT'YT BBICTYIIATH:

— HavaJbHBIE YCIOBUSI MINM CKAYKOOOpa3HOE M3MEHEHNe TapaMeTPOB CUCTEMBI B IIPaBOii

qactu auddepeHnnaabHOr0 ypaBHEHNUST;

— YHCJIO YPAaBHEHWH, ONMUCHIBAIONINX MTOBEICHIE TMHAMUIECKON CUCTEMBT;

— ¢dopma mpaBbIx dacTeit qudpepeHnraIbHbIX YPaBHEHMIA.

B pamkax rubpuHOM MOJEIN €CTeCTBEHHBIM 00Pa30M MOXKHO MPE/ICTABUTh KaK WH/IN-
KaTopHbIe (DYHKINN, TaK U AuddepeHIna bHbe BKIIOYEHNsI, TAK KAK CKAIKOOOpa3Hoe
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U3MEHEHUE TapaMeTPOB MOXKHO IIPEJCTABUTH KaK M3MEHEeHNe HAYaJIbHBIX YCJIOBUN B MO-
JuduImpoBaHHoil cucreMe audHepeHnnalbHbIX YPaBHEHNH. DTOT IPUEM IIO3BOJISET
3aMEHUTD CUCTEMY C U3MEHSIOIIENC IPAaBOi 9acTbIO Ha CUCTEMY C IOCTOAHHOI IIpaBoil
9aCThIO, HO U3MEHSIOIMMUCS HAYAJIHHBIMEA YCJIOBUSIMU.

Hampumep, cucrema

dz '77[]17 HARS xl)
= €Z, ta T, T= 1
dt ut ) {7#2, T € Xa, @
B KOTOPOI T — KyCOYHO-ITOCTOSIHHBIIN ITapaMeTp, MOXKET ObITh IMPEACTABICHA B BUJIE
dz
di = f(l'a t) 7T))
! (2)
dr 0
dt

C HaYaJIbHBIMU YCJIOBUAMU
W(O)Zwl, 286%17 (3)
ﬂ'(O):l/}g, x € Xo.

Takoii mpuém BO3MOXKHO IIPUMEHHUTH IIPUA MOJIEJIMPOBAHUY TOBeieHust poTokosia TCP
n MexaHn3Ma RED B pa3HBIX COCTOSHUAX.

3. HNmwuranuonHoe MozempoBaHue PyHKIIMOHUPOBAHUSA
npotrokoJjia TCP na sa3pike Modelica

O6b19HO DYHKITMOHNPOBAHIE CETEBBIX IIPOTOKOJIOB (DOPMYyIApPyeTCs B (hOpMe JTUCKPETHO-
COOLITHIHOTO onucanus. PaccCMOTPUM HIEOJIOTUIO IIOCTPOEHUSI IMUTAIMOHHON MOIEIn
dyukmonuposanus nporokosa TCP ma s3pike Modelica.

Ects meckonpko crammapros nporokosia TCP, ormaatoniuxes peansanueit MexaHn3Ma,
CKOJIB3SIIEr0 OKHA, IIPUMEHSIEMOI'0 I YIIPABJIECHUS IIEPErPy3KaMU B CETIX IE€PEIaTn
naHHbIX. B ganuoit pabore 6ynem mozesmposath nporokosr TCP Reno [20,21], mockonbky
UMEHHO Ha HEM 6a3mpoBasach OPUTHHAJBbHAST MOJIENb [22-25], ucmosb3yemasi B HAIIIMX
WCCJIEIOBAHUAX B KadecTBe 0OA30BOil.

Ocobennoctpio mpoTokoga TCP Reno siBasiercst 3aBUCHMOCTH U3MEHEHUSI Pa3Mepa
okna neperpysku (Congestion Window, CWND) ot Toit wim unoii dasbl MexaHuzMa
yIpasJieHus meperpy3kamu. Beero takux ¢a3 geTwipe: MeIJIEHHBII CTAPT, IPEIOTBPAIIEHIE
meperpy3okK, ObICTpOe BOCCTaHOBJIEHME, TaiiM-ayT. Pabora ajaropurMa npegoTBpalieHns
neperpysok B TCP omuceiBaercs B RFC 5681 [21].

B daze mezgennoro crapra okHO meperpy3ku pactér jguaelino cwnd = cwnd—+1 B ciayuae
IPHUXOJia HA UCTOYHUK COODIIEHNSs, YTO ONpaB/eHHbli naker jgocrasien (Acknowledge,
ACK). IlepsonauasibHbil pazmep okHa meperpy3kn (Minimum Segment Size, MSS) moxer
npuHuMaTh 3HadeHne 1, 2 man 10 cermenToB. COOOINEHUS O JOCTABKE OTIIPABJISIOTCS
NPUEMHUKOM JJTsT KaXKJI0r0o makera. i yrupoIeHus MOXKHO IIPEIIIOJIOXKUTD, UTO IO
ucredeHnn Bpemenu JiBoiitnoro obopora (Round-Trip Time, RTT) ucrounuk mosydaer
cpa3y BCe MOATBEPXKIEHUs O JOCTABKE OTIPABJIEHHBIX ITAKETOB. B 3TOM cirydae MOXKHO
CYNTATh, YTO II0 NUCTEUYEHUN BPEMEHH JIBOWHOIO 000pOTA IMIPOUCXOIUT yJIBOEHUE Pa3Mepa
OKHA TEPErpy3KH.

Ilepexon B pazy mpenorsparienus neperpy3Kn IPOUCXOIUT MIPU JTOCTHKEHUN PA3MEPOM
okna TCP omnpenenénnoro pasmepa. Mensercs u cxemMa n3MeHEHUsI pa3Mepa OKHA — JIJIst
kaxkoro noarsepkeanst ACK okHO meperpyskn yBesmdmuBaercs Ha Beqmduny 1/cwnd.
DTO0 KBUBAJEHTHO yBEJIUICHUIO OKHA HA OIUH MAKET 33 BpeMs JBOHHOTrO 000poTa.
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Ilepexon B pa3y OBICTPOro BOCCTAHOBJIEHUS TPOUCXOIUT IIPU MOJIYIEHUU COOOIEHUS
Tuna TpoitHoro xybaupoBanust moarsepxkenus (Triple Duplicate ACK, TD ACK). B
9T0i1 pase pasmep OKHa yMeHbINaeTcs B 2 pasza cwnd — cwnd/2.

daza taitm-ayr (Timeout, TO) Bo3HUKAaeT, KOI/Ia KCTOYHUK HE MOJIYUYALT HOITBEPIKIE-
HHUS O JIOCTaBKe ITaKeTa B TedeHUe 3aJJaHHOrO BpeMeHU. B 3ToM cirydyae pa3mep OKHA
Ieperpy3Kn yCTAHABINBAECTCS B HAYaJbHOE 3HAUEHHME W MPOTOKOJI MEePexXoanT B (asy
MeJIJIEHHOTO CTapTa.

Baxnyio posb B pabore nporokosia TCP urpaer matimep nosmophoti nepedayu
(Retransmission timer). 3HadeHne 3TOro TaiiMepa WHUIMAJIU3UPYETCS [PH OTIPABKE
cermeHTa JaHHbIX. [loaTBep:Kenre 0 J0CTaBKe OTIPABJIEHHOIO CETMEHTa JOJIZKHO ObITh
ITOJTyYeHO JI0 cpabaThiBaHus Taiimepa. lHadue oTIpaBKa CErMEHTa JaHHBIX JTOJI2KHA OBITH
noBTopena. [Ipu aToMm 3HAYEHME TaliMepa OCTAETCS MOCTOSTHHBIM B (Da3ax MeJJIEHHOTO
crapra 1 m30eXKaHUs Meperpys3okK, a B (paszax OBICTPOrO BOCCTAHOBJICHUsS M TailM-ayTa
Talimep OyaeT JUHEHHO YMEHBINATHCA ¢ TEIEHUEM BPEMEHH.

Omumem mepexonbl Mexkay cocrossaustMu TCP.

Ilepemennasi ssth ucmoib3yeTcs s MepPexolia OT MEPBOHAYAIBLHON (ha3bl MEJJIEHHOIO
crapra nporokosia TCP k dase npemorspaiienust neperpy3ku. Mnnnuanusanus 3Toit
[IepEMEHHOM TPOUCXOINUT IPU OTKPBITHN coeauuenns nporokoiga TCP myrém 3amanmsa
MaKCHMAaJIbHO BO3MOXKHOI'O pa3Mmepa okHa nepegadu. CoOCTBEHHO mepexoj oT ¢a3bl
MEJJIEHHOTO CTapTa K (ha3e MpeoTBPaIle s TePerpy30K MPOUCXOIUT TP JTOCTHKEHIH
cwnd 3a7aHHOrO pasmepa ssth.

[Tpu morepe maxeToB IMPOUCXOIUT ITEPEXOJL JJUOO B COCTOSTHUE GBICTPOr0 BOCCTAHOBJIE-
HUsl, TUOO B COCTOsIHME TaiiM-ayTa. J[aHHBII mepexo Mbl MOJIEIUPYEM SMIIMPUIECKU B
3aBHCHMOCTH OT HIOPOTOBOIO pa3Mepa OKHa (timeout_th) [26].

AnasiornaHo u3 cocTosiHus n3beKAHWS TIEPETPY3KHA MOYXKHO MEpeiTH OO B COCTOSTHUE
OBICTPOrO BOCCTAHOBJIEHUS, JIMOO B COCTOSIHUE TaliM-ayTa.

[To ncreyennn BpeMeHH IOBTOPHON I€peIadu U3 COCTOSIHUS OBICTPOrO BOCCTAHOBJIE-
HUS MBI [IEPEXOJINM B COCTOSIHUE U30EXKaHUs IIEPErPy30K, a U3 COCTOSHUS TaiiM-ayTa B
COCTOsTHVE MEJJIEHHOI'O CTapTa.

Ha ocHose onmcanus nepexoioB Mexky dazamu mnporokosa TCP MOXKHO 1TOoCTpouThH
UML-muarpammy (puc. 1).

Slow start

do/cwnd + 1

[cwnd >= ssth]

Congestion Avoidance

drop [cwnd >= timeout_th] drop [cwnd < timeout_th] |[retr_timer < 0]

do/cwnd + 1/cwnd

[retr_timer < 0] drop [cwnd >= timeout_th] drop [cwnd < timeout_th]

Timeout

( Fast Recovery )
@o/ssth=cwnd/2, cwnd=ssth J bo/cwndﬂ, ssth=cwnd/2 J

Puc. 1. Iuarpamma cocrosinuit TCP
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Ilonyuennyio auarpaMmy MOXKHO ITpeoOpa30BaTh B IporpamMMy Ha sa3bike Modelica.
ITpuseném dbparment jaucrunra (JTUCTHHT 1), TOJHOCTHIO COOTBETCTBY O OMICAHUIO
B CTaHIApPTE IMepexomoB Mexmay dgazamu mporokosa TCP.

JIuctuur 1: Aaroputm mepexojia cocTosiHuii AJjisi mporokosga TCP

algorithm

state := TCPState.slowStart;

when edge(drop_delay) and w >= timeout_th and (state ==
TCPState.slowStart or state == TCPState.congestAvoid)
then
state := TCPState.fastRecov;

elsewhen w >= ssth and state == TCPState.slowStart then
state := TCPState.congestAvoid;

elsewhen edge(drop_delay) and w < timeout_th and (state
== TCPState.slowStart or state ==
TCPState.congestAvoid) then

state := TCPState.timeOut;

elsewhen retr_timer < 0 and state == TCPState.fastRecov
then
state := TCPState.congestAvoid;

elsewhen retr_timer < 0 and state == TCPState.timelOut
then
state := TCPState.slowStart;

end when;

Tak:ke Ha si3pike Modelica 3ammiieM ypaBHeHUsI U3MEHEHHUS pasMepa OKHa Iepea-
qu uporokojia TCP (Takzke B COOTBETCTBUM C OIMCAHUEM, IIPUBEJEHHOM B CTAHJIAPTE)
(smerunr 2).

JIuctuur 2: IameHenue okHa B nporokojie TCP

// Fast Recovery

when (pre(state) == TCPState.slowStart or pre(state) ==
TCPState.congestAvoid) and state == TCPState.fastRecov
then

reinit(retr_timer, o.RTT);
reinit(ssth, w / 2);
reinit(w, w / 2);
end when;
// Timeout
when (pre(state) == TCPState.slowStart or pre(state) ==
TCPState.congestAvoid) and state == TCPState.timeOut
then
reinit (retr_timer, RTO);
reinit(ssth, w / 2);
reinit(w, 1);
end when;

Takum 06pazom, MbI IPOIEMOHCTPUPOBAIN BO3MOXKHOCTH s13biKa Modelica mo mome-
JIMPOBAHUIO JUCKPETHBIX Mojesieil. PakTUIecKu, JMOCTOBHO CJIEIys TEKCTY CTAHIAPTa
omuchIBaoIero GpyHKnuoHupopanne npotokosa TCP, Mbl TOSyYmyin UMHATAITHOHHY O
MOJIeJIb IIPOTOKOJIA.
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4. YwucieHHOe MOAEJUPOBAHUE CUCTEMBI C yIPaBJIE€HUEM
cpeacTBamu sa3biKa Modelica

B paborax [23,24] B hopmaimsme croxacTuueckux auddepeHImaibHbIX ypaBHEHH ¢
ITyaCcCOHOBCKUM ITPOIIECCOM MTOCTPOEHA MOJIENb B3anMoaeiicTBust Bxoasiero TCP-oroka n
MapIIpyTH3aTOpa, 06pabaThIBAIOIIEro TOTOK 1o ajaropurmy tuna RED. Mogens nmeer By,
CHUCTEeMBbI OOBIKHOBEHHBIX (D depeHInaIbHbIX ypaBuennit. DakTuvueckn Ha 9Ty CUCTEMY
HaKJIAIbIBAETCS P, OTPAHMYIEHU, KOTOPhIe 3aTPYIHSIOT NCCIeIOBaHNE TaHHON MoIen
B paMKaXxX HEMPEPBIBHOTO ITOIX0/Ia, OTHAKO STU OI'PAHUYEHUs BIOJIHE YKJIAIHIBAIOTCI B
TUOPUIHBIN TTOTXO]T

MaTemMaTnIecKu CHCTEMY MIPOIiecca meperadn TpaduKa ¢ peryJInpyeMoil aJITOPUTMOM TH-
na RED nuramMudeckoit ”HTEHCHBHOCTBIO TIOTOKA MOYKHO MPEJICTABUTH B BUJIE CJIETYIONINAX
TPEX ypaBHEHUII:

Wi(t) = th)ﬁ(Wmax -W) - WZ(t> VT[/((tt_g((f))))p(t —T(t)),
N(t)W(t)

o - @ C, Q(t) >0, @
max (N(,?(I:;(t) - C, O), Q(t) =0,

Q(t) = quQ(t) + wCQ(Y).

B sroit cucreme W (t) obosnauaer cpejnee 3naderne pasmepa TCP okua (u3mepsiercs: B
nakerax), depe3 (Q(t) o603HAUEHO cpejiHee 3HAUEHHE JINHBL Ouepeu (TakKe U3MepsieTcst
B nakerax), gepes Q(t) — SKCIOHCHIMAILHO B3BEIICHHOE CKOB3SIEE CPEIHEE SHATCHHE
JUTHHBL odepenn. Kpome Toro, BBeIeHBI mapaMeTphl cucreMbl: C' — HWHTEHCUBHOCTL 06pa-
60TKHN 1akeToB B ouepeu Mapipyrusaropa, N (t) — auciao TCP-ceccnit, T'(t) — Bpemst
asoiiroro obopora (Round Trip Time, cex). Daement ¥(Wax — W) siBasiercst dbynknueit
XsBucaiizia 1 OrpaHUYMBaET POCT OKHA (CM. JIMCTHHT 3).

JIuctuur 3: OrpannyeHre pocTa OKHa

function wAdd

input Real wln;

input Real wmax;

input Real T;

output Real wOut;
algorithm

wOut := if noEvent(wIn > wmax) then 0 else 1 / T;
end wAdd;

Torja ypaBHeHue JJisi U3MEHEHHsI OKHA 3aIMINEeTCs B CJEIYIONEeM Buje (JIUCTUHD 4).

JIuctuHr 4: YpaBHeHUe AJIsi N3MEHEHUsI OKHAa

equation
der(w) = wAdd(w,wmax,T) - w * delay(w,T) / (2 * delay(T,T
)) * delay(p,T);

Omnepatop der 3a7aéT TPOM3BOMHYIO IO BpemeHH, a omeparop delay 3amaér 3a-
mazapiBaHre. llpwm 3TOM 3aMeTwM, UTO MOJEIUPOBAHNE 3ala3IbIBAHUST (oco6eHHO
(byHKHHOHaﬂbHOFO)]IpHﬁHereF&ﬂBHONIHOﬂXOﬂe OpeacTaBdeT KpaiHne HeTPUBUAJILHY IO
3a0a9y.
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AJIFOpI/ITM nU3MeHeHNsI MI'HOBEHHOM JJIMHBI O4Yepeau IIpeJCTaBJICH B JIUCTUHIC 5.

JIuctuur 5: AJ'II‘OpI/ITM N3MEeHEeHUsI MI'HOBEHHOM AJINHBbI ovYepeau

algorithm
ql = N x w / T - C;
qO0ut := if noEvent(q + ql1 > 0) then ql else -q;

Torpa auddepenipanbHoe ypaBHEHNe JJIsi MIHOBEHHOMN JUIMHBI OYepe i NMeeT KpaiiHe
upocroit Bux (auctunr 6).

JIuctuur 6: YpaBHeHUe OJsI U3MEHEHNsI MI'HOBEHHON JINHBI oYyepeau

equation
der(q) = qAdd(pre(q),w,T,C,N);

Hemnocpecrsenno 3a yupassenne 1o anropurmy RED [1] oreuaer dyukims copoca
nakeTa p, 3HAYE€HUs] KOTOPOii jiexkar B uarepsase [0, 1]:

0, 0 < Q < Qminy

Q B Qmin A
Pmax; Qmin < Q < Qmaxa (5)
Qmax - Qmin

1, Q > Quax-

Kaxk mer Bummm, dyukms cOpoca — KycodHas U pa3pbiBHasg. Bcé 910 TakKe 3aTpyaHsIeT
MCIOJIb30BaHNe HEIIPEPHIBHOTO MMoxona. B rubpuanomM nonxone GyHKIUS cOpoca 3a/1a6Tcs
€JIMHCTBEHHBIM ATOMAaPHBIM OIIEPATOPOM (CM. JIMCTUHT 7).

p:

JIncruur 7: @yuknus copoca RED

p = if ( q_avg < thmin*R ) then 0.0 elseif ( g_avg > thmaxx
R ) then 1.0 else (gq_avg - thmin*R) * pmax / (thmax*R -
thmin*R) ;

3neco gepe3 R obo3znaten pasmep 6ydepa, MOCKOJIbKY 3HAUEHUs TIOPOTOB HOPMUPOBAHBI
Ha, eIUHUILY.

Iomyuusimasics mporpaMMa KOMIIAKTHA U UMeEET KpaitHe mpocrtoif Bux. B gmcro mempe-
PBIBHOM TIOJIXOJE PE3YJIBTUPYIOIIAs ITPOrpaMMa ObLIa W3JIUIITHE IPOMO3JIKOM.

PesynbraTsr Beraucaennit MOXKHO MpeICTaBUTh B Buje rpaduros. Kaxk nmpumep, mpu-
BesIéM TpaduK MOBEJIeHNs] MIHOBEHHO! JITIMHBI ouepe i (pUC. 2) U COOTBETCTBYIONIMIA
dazosbrit noprper (B KoopjuHaTax w u q) (puc. 3)

T 300 = 8
< 250 © Z
3 200 8 ¢
@ 150 =
> 2
€ 100 3 3
e
C 50 c2
0 =1
! 0
0 20 40 60 80 100 0 50 100 _ 150 200 250 300
Time [s] Queue [packet]
Puc. 2. I'padbuk MrHoBeHHOI AJIMHBI Puc. 3. ®az3oBblil mopTper

o4depean mbox



378 Becruuk PYIH. Cepust MU ®. T. 26, Ned,2018. C. 371-382

5. 3akJirodyeHue

ABTOpBI TIpecsieIoBaM CBOEH TEJIbI0 TTPOJIEMOHCTPUPOBATH TPUMEHUMOCTD THOPUTHOTO
TOIXO/A TS 33189 MOJIETUPOBAHUS CETEBBIX MPOTOKOJI0B. CeTeBble MPOTOKOIBI OOBIY-
HO OIMCBHIBAIOTCS HA OCHOBE JIUCKPETHO-COOBITHITHOTO Toax0/1a. OMHAKO UCIIOJIH30BaHUE
JAUCKPETHOr'O II0AX04a IIPU MOAEIUPOBAHUU 3a4aCTyIO0 IIPUBOAUAT K HEAOCTATOYHON Mac-
MTabUPYeMOCTH MOJiesid. B TO 2Ke BpeMs MpUMeHeHNe HEePEPLIBHOTO MOAX0/a TPUBOIAT
K U3JIUIITHEMY yCJIOKHeHHIO Mozenu. [Ipuyuém Oosbioe KOJIMYeCcTBO OIPAHUYEHUN IIPU
HEIIPePBbIBHOM IIOAXO/Ie He BXOAAT HEIIOCPEACTBEHHO B MaTeMaTUYeCKOe OIMCaHue MOJeN,
a IIPUCYTCTBYET B BHIE JOIOJHUTEJIbHOI'O CEMAaHTUYCCKOI'O MaTepuaJsia.

Kpome Toro, rubpuanblil moaxo; MOXKeT IPUMEHSTHCS KaK [IPU aHAJIUTHIECKOM, TaK U
[IpU UMUTAIIMOHHOM MOJI€JIMPOBAHUU. BripotueM, KaK MOXKHO BUJIETb U3 JIUCTUHTOB, JTUC-
KPETHBIH MOIX0M B PAMKAX M'MOPUIHOTO TIOAX0a HOCUT BCE-TAKU MOMIMHEHHBIN XapakTep.
[Tosromy 1 KOJI JiJisi IMUTAIIMOHHON MoJie/n (Tjie IpeBaJupyeT JUCKPETHOEe OIIUCAHNE) Bbl-
DJISIZIAT GOJIee TPOMOBJIKUM, 9€M KOJI JIJIsi BBIYUCIUTEbHONW Mojesn (TJe IpeBaJupyer
HENPEPBIBHBII TOIXOJ, & JUCKPETHBIH MOIX0 HOCUT BCIOMOTaTeIbHBIN XapakTep).

Takum 00pa3oM, PaACCMOTPEHHBIN B CTaThbe TMOPUIHBINA (HEIPEPbIBHO-IUCKPETHBI)
MIOJTXOJT, K MOJIEIMPOBAHUIO IIPEICTABJIIETCT HAM Ha JJAHHOM 3dTalle Hanbosee a/IeKBaTHBIM
JLTSI PEITeHusT 33/1a1 MOJIEJTMPOBAHNS CETEBBIX IPOTOKOJIOB. K cOoXKaIEHUIO, TAHHBIN TOIXO0/I
HEeJOCTATOYHO aKTUBHO IIPUMEHACTCA UCC/ICN0BATE/IAMA, XOTd U PEeAJIU30BaH B PAIe CUCTEM
KOMIIBIOTCPDHOI'O MOJEJIUPOBAHMUSL.

BaaromapuocTtu

IIy6mmkarnus moarorosiena npu mnogzgepkke [Iporpamybr PYIH «5-100» u npu dbu-
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When modeling network protocols, the choice of a model approach and a software implementa-
tion tool is a problem. The specificity of this subject area is that for the description of protocols
usually the discrete-event approach is used. However, the discrete model approach has several
disadvantages. It is poorly scalable, not well suited for describing dynamic systems. As an
alternative to the discrete approach, a continuous approach is usually considered. But when
modeling discrete events, continuous description becomes unnecessarily complicated and heavy.
Events take the form of some restrictions on the continuous system, which are often not explicitly
included in the continuous model, but have the form of additional semantic descriptions. The au-
thors propose to use a hybrid (continuous-discrete) approach when modeling such systems. In the
framework of the hybrid approach, the discrete system is recorded in a continuous form, and the
events take the form of discrete transitions inherent in the approach. In addition, if it is based on
the description of events, a simulation model can be obtained on the basis of a hybrid approach.

This paper demonstrates the use of a hybrid approach to describe systems with control by
the example of the interaction of the TCP protocol and the RED algorithm. The simplicity
of creating both computational and simulation models of the system is demonstrated. The
Modelica language is used as the implementation language.

Key words and phrases: active queue management, simulation, hybrid modeling, Modelica,
Random Early Detection (RED)
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Semantics of Big Data in Corporate Management Systems
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The modern development of engineering, telecommunications, information and computer
technologies allows for collecting, processing and storing huge volumes of data today. Among the
first applications of Big Data there was the creation of corporate repositories that use gathered
information for analysis and strategic decision-making. However, an unsystematic collection of
information leads to the storage and processing of a large amount of non-essential data, while
important information falls out of the analysts’ view. An important point is the analysis of
the semantics and purpose of data collection, which define both the collection technology and
infrastructure and the direction of subsequent processing and use of Big Data with the help of
metrics that reduce data volume, leaving only essential information to process. As a first step
towards this goal, we present a formalization approach of corporate Big Data using a partially
observable Markov decision process (POMDP), and we show that it naturally aligns itself with
the corporate governance system.

Key words and phrases: big data, corporate management systems, control object, control
task, entropy, ontology, semantic object, semantic context, POMDP

1. Background

The term Big Data is used today in reference to large volumes and a wide variety
of structured and unstructured data. One of the first applications of Big Data was
the creation of corporate repositories that use the collected information for analysis
and strategic decision-making in Business Intelligence class systems. Today, there are
technological opportunities not only to store, process and analyze huge amounts of data,
but also to generate and transmit them with the help of technical and telecommunication
tools. Various technical devices are sources of data that are used in projects such as
the creation of digital cities, digital governments and smart homes. On the other hand,
Industry 4.0 is a single concept of industrial production based on product life-cycle
management [1] and smart production strategy, which involves the use of the Internet of
Things, cloud computing and cybernetic systems. Its creation, as well as the development
of technical means of data generation and transmission, expand the use of Big Data in
activities of artificially created objects [2], primarily in the creation of new mechanisms
that improve the governance system of corporations.

However, the increasing amount of information raises the problem of choosing essential,
reliable and consistent information. Today, Big Data can not only reduce entropy and
improve the quality of the control system, but also contribute to increase the entropy
of a system if the system does not have the mechanisms to combat noise that distorts
information. When working with information, it is necessary to understand for what
purpose Big Data is collected and processed, what is the source of Big Data, how to weed
out information that is not essential for a given subject area or a given class of tasks. It
is obvious that when working with Big Data, one cannot limit oneself to the statistical
theory of information proposed by Shannon. The actual problem is the identification of
the semantics of information for purposeful and systematic data collecting and processing,
as well as the creation of a particular infrastructure and set of metrics for Big Data. This
task is of particular practical importance in the creation and operation of cybernetic
systems to which a corporation belongs.

Received 8tP October, 2018.
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2. Contextual semantics of Big Data

Semantics, broadly speaking, is the relationship between language expressions and the
world, real or imagined. Semantics is connected with pragmatics, and in some cases the
semantics of the concept is identical to its pragmatics. Today, it is necessary to give a
more precise definition of the concept of “semantics”, replacing units of language with
units of information and considering different types of information: colors, sounds, images,
linguistic and numerical symbols, and even emotional (tonal) signs, since any information
type of the above can be compared to a digital analog. In particular, there already exist
such fields of knowledge as phonosemantics — direction in linguistics, suggesting that
vocal sounds (phonemes) can carry meaning in themselves, — psychology (semantics) of
color, personal semantics, semantics of the artistic image, among others.

Another important clarification in the definition of semantics is the presence of the
context, without which the semantics of a concept cannot be determined accurately.
Montague [3]| postulates that there are no words whose identification would be possible
and correct in the absence of an environment or context.

When defining semantics, it is necessary to determine the semantic object (a symbol,
a number, a set of letters, a sentence ... ), its source (corporate business processes and
systems, corporate mail and websites, media, social networks ... ), its atoms (elementary
semantic objects with uniquely determined semantics), its context (semantic fragment
necessary for determining the meaning of individual atoms) and other characteristics
that establish relationships between semantic objects and contexts (classification signs,
movement of resources, internal and external state of objects ... ).

A semantic object has no semantics, is not a semantic atom, or is not a set of semantic
atoms, if in a given context there is not an interpretation that has a true meaning. The
exact meaning of the semantic object cannot be determined if: a) the context or its
meaningful parts are missing, b) the semantic object is not a semantic atom, or c¢) there
is no semantic characteristic given.

3. Enterprise management system as an area of context
formation

What can be the context for Big Data in a corporate management system (CMS)?
First of all, the context is the subject area itself (the type of activity of the company),
together with entities such as objects, relationships, properties, activities, object states,
and complex entities representing clusters such as situations in enterprise and environment
management. Depending on the context, Big Data represents characteristics of the listed
entities, as well as the presence or absence of these entities and their properties. However,
there is a universal semantic context specific to corporate governance as a type of activity,
which can be applied on management in any subject area.

Considering the CMS as a field of formation of Big Data context, a corporation
is a complex dynamic system destined to achieve long-term profit with sustainable
development. Management of such a system involves the presence of different contours,
goals and objectives of management which can be granular in essence [3]. The objectives
of managing a dynamic system such as a corporation are shown in Fig. 1.

The corresponding management systems underpinning the achievement of these goals
are shown in Table 1.

It is important to understand that, in addition to the development of a corporate system
(product line development, new activities and markets, technologies and resources), it
is necessary to improve the management system itself. Therefore, Quality management
systems (QMS), whose goal is TQM (Total quality management, which includes not only
the quality of products and services, technologies and resources, but also the quality
of the integrated management system), occupies an important place in an integrated
corporate management system (ICMS) (see Fig. 2).
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Table 1

Management purposes in the control system

Control system (control cycle)

Purpose of management

Operational (regular) management sys-
tem

System of strategic management
System of crisis management

System of situational management

Stable operation of the system

System development

Adaptation and prevention of nega-
tive impacts and crisis states

Exit from crisis situations

System of
strategic
management

Operational
(regular)
management
system

Quality
management
system

System of
crisis and
situational
management

Figure 2. Integrated corporate management system

In addition to the control cycle, other indicators guide the splitting of ICMS into
subsystems or control objects. Subsystems can be selected according to their associated
type of control object in the strategic management system, and are distinguished in
the operational management system: human resources management system, customer
relationship management system, production management system, equipment maintenance

and repair management system, etc.
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In addition to the type of production activity, the control cycle and the control object,
the context of Big Data semantics is determined by the task that arises in the management
process. Many tasks are defined by a management cycle, but the tasks that make up the
Deming cycle (Plan-Do-Check-Analyze-Act) are solved in each cycle: planning, accounting,
control, analysis and decision-making [4]. Tasks like prediction, modeling goal-setting
are also solved in the strategic management cycle. Other tasks are added in the contour
of crisis management: diagnostics of the control object state, and recognition of objects,
characteristics and situations. The QMS, on the other hand, solves tasks regarding
the development of corrective and preventive actions, and is associated to subsystems
such as the investment planning system, analysis and forecasting subsystems, and check
and monitoring systems.

Requirements to the solution of control problems are becoming more strict, and force a
continual change in the management’s priorities for defining objectives. Therefore, the first
task is to adapt to internal and external changes in the environment [5] that affect both
the properties of the system itself, including the control system, and the product range
along with its properties, production technologies, business types and their integration [6],
etc. Under these conditions, the need for Big Data analysis and processing is seen not
only in the strategic management area, but also in the operational and crisis management
areas, especially since the processing of Big Data nowadays can take place in real time [7].

4. Ontological approach to semantics of Big Data

Beer compares isomorphism between corporations to a biological (living) system as
the human being [8]. Living organisms in the process of life continually increase their
entropy and thus approach the dangerous state of maximum entropy representing death.
They remain alive by constantly extracting negative entropy from their environment,
which is otherwise called negentropy [9]: negative entropy, what the body feeds on. The
means by which the organism maintains itself constantly at a sufficiently high level of
order (equal to a sufficiently low level of entropy), in fact, consists in the continuous
extraction of order from its environment. By analogy with a living organism, with the
growing uncertainty of the external and internal environment, the system expands the
size of the information search space, increasing entropy and the probability of making
wrong decisions. Big Data can both increase and decrease entropy in the system. On
the one hand, it is an increasing information flow of structured and unstructured data,
which has non-factors that need to be processed and analyzed in decision-making. On
the other hand, the solution of such tasks as classification and clustering on the basis
of identifying the semantics of the data, is the means by which the organism maintains
itself permanently at a fairly high level of order.

So, the complexity of the environment and the control object generates entropy, which
can be reduced by means of Big Data processing tools. What is the condition, in which
Big Data processing reduces entropy in the system, increases the growth of negentropy,
contributing to order increase? The most important factor is a meaningful, ordered
collection of Big Data, based on its semantics and in accordance with the selected
context [10].

Big Data can also indicate the presence of [11]:

— relationships, characteristics, states, situations that develop between the object and
in the environment, the appearance of objects with new properties, of new elements
and systems states, as well as the emergence of new laws and standards,

— change and emergence of new trends in the field of sales, technologies and management,
the presence of elements whose properties and purposes contradict the goals and
properties of the corporate system,

— identification of preferences of users and consumers of products, as well as the
compliance or non-compliance of consumer properties of products with declared
properties,
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— violation of the laws of management and operation, mismatch of the degree of
diversity between the control system and the control object and the accumulation of
facts contradicting the legislative basis of both corporate and branch level.

The list is not complete, but it shows how diverse Big Data semantics can be. At the
same time, the uncertainty space is reduced when Big Data is projected onto contours,
objects, and control tasks. On the other hand, domain ontology and ontology of the
ICMS are situated in the core of the definition of Big Data semantics. Ontology combines
data into a single system, which in turn completes, verifies, and updates the system [12].
Contextual semantics based, on the ontology of the ICMS and the corresponding subject
area, is a method of reducing the diversity of data and the resulting entropy. Ontology
gives form to the context, which is the basis for determining the semantics of Big Data,
and is also the key to its sorting and transformation (saturation, updating) at the stages
of preprocessing and standardization in architecture collection (see Fig. 3).

BIG DATA

type of production
activity

management
cycle

control object

management
task

Figure 3. Moving from Big Data to Clear Data

A set of threshold values can be established around collected information in ontologies,
by means of features such as materiality (significance), context, which is defined by
metadata (type of production activity, business task, management cycle, goal, object
and task of management), and completeness and sufficiency (necessary to minimize
redundancy and duplication of information). Concrete examples of ontology applications
can be seen in the artificial intelligence approach to education, where ontologies can
serve as mindtools for tutoring systems [13]. On the other hand, fuzzy ontologies can
be used to tackle complicated and heterogeneous control tasks with granular properties,
and can also function as a linguistic basis to enable effective communication between
cognitive agents [14].

5. Characterization of Big Data in a corporation

Laney [15] described the kind of information that we now refer to as Big Data as
consisting of three main characteristics: the 3 v’s, or volume (large numbers of records),
velocity (the frequency of generation and/or the frequency of handling, recording, and
publishing), and variety (structured, semi-structured and unstructured data types). Since
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then, authors have added factors such as veracity (the level to which the data contains
noise, uncertainty and error), value (the level to which insights can be extracted and the
data can be repurposed), and several other characteristics gathered in [16].

Concretely, measures have been added concerning exhaustivity (the possibility of a
system to capture the entire population within its data generation, rather than a sample);
resolution (presentation of the minimal elements instead of aggregates), which can be
coarse or fine-grained; indexicality (accompanying metadata that uniquely identifies the
device, site and time/date of generation, along with other characteristics); relationality (the
possibility to link data that share some common fields and to identify relationships between
datasets); extensionality (adaptability, flexibility of data generation), and scalability (the
extent to which a system can cope with varying data flow).

6. A POMDP quality model for Big Data environments

We proceed to apply a formalization of the quality management system considering
the Big Data characterizations present in the literature. In order to correctly portray
the various sources of uncertainty in real-world corporations, we model the system using
an appropriate probabilistic framework, namely a partially observable Markov decision
process (POMDP) [17]. We therefore incorporate the Big Data characteristics as possible
sources of uncertainty regarding the obtainment of ideal information from a set of states.

Let F be defined as a set of fields and T as a set of data types. Thus, tp : F' — T
corresponds to a function assigning a data type to each field. On the other hand, we
define H as a set of headers, and h € FIF| as a header. Representing I as a set of indexes
and R as a set of logs or records, a database — our main information destination — can
be obtained by applying the relation d : I x H — RIIXIH| which corresponds to the
association between headers, indexes and records. In this regard, D = {do,d1,...,dx}
represents a set of databases.

Roughly speaking, a POMDP consists in a normal Markov Decision Process regarding
an agent in the presence of certain states, whose actions result in a probabilistic state
transition and a corresponding reward. However, it presupposes an impossibility to directly
read a true state of the system; rather, the POMDP generates an observation with an
associated probability distribution over a set of states, which is known as a belief state.
In the present study, we associate the generation of such belief states in a corporation
with the level in which Big Data characteristics are present in its databases. For this
purpose, we assigned a symbol to each Big Data characteristic studied: ¢, for volume, £,
for velocity, a,, for variety, ay for veracity, a. for exhaustivity, ¢, for resolution, 6; for
indexicality, a; for relationality, &, for value, . for extensionality, and s for scalability.

Defining S as a (finite) set of states, we consider an individual state to be derived
from database records. This gives rise to an association between database logs and
states in the form of the function ss : DIPl x Il — S. From the point of view of
an agent with incomplete knowledge, such a set S can be ordered to display perceived
similarities between states, so that agents’ observations result in sets of similar states.
We consider that such a similarity depends on the contingent configuration of the Big
Data factors. Thus, we define a partial order of the states in a state space S as the
result of a function ord : [0,1]* — SI81) which takes as inputs the values o, o, e and
«; as characteristics directly concerning the way data is structured in a certain domain.
Following this definition, we present some helper functions; namely, iz : S x SI°l - N, a
function returning the index of a state in a state space; off : [0, 1] — Z, an observation
offset from a real state in a state space poset, depending on 6;; and ng : [0,1]* — N;, a
state neighborhood radius depending on ¢, and ¢,. This gives rise to a major equation
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in the Big Data POMDP.

k+off(6;)
obsx = (Dx, [x) = U sj, k=1ix(ss(Dx,Ix),S%), (1)
j:kfoﬁ"(ei)

where s; € Sx and S* = ord(ow, a, o, 7). Equation 1 corresponds to a function
returning an observation or belief state, i.e. a set of states believed to contain the true
state, and is further detailed by a function po : SISl — [0, 1]1%], returning a probability
distribution over a set of states.

Having formalized the basic functioning of the Big Data POMDP, it follows to define a
set A of actions, which give rise to a set of conditional transition probabilities between
states with the function pc: S x A x S — [0,1]. Considering the corporation (concretely,
the QMS) as an agent, it is subject to a reward function rw : S x A x [0,1]* — R; which
depends on the current state, the action taken, and the coefficients 3, 8., SpandfBs. The
latter are closely related to the capabilities of the corporation’s information systems to
promptly react to the significant flow of information in Big Data environments. Finally,
we introduce § € [0,1]: the discount factor. Its functioning is portrayed in the main
equation (Eq. 2) of the Big Data POMDP.

P wt] , (2)
t=0

where wywt = rw(fs(t), a, By, Be, P, Bs), a € A is the reward at time step ¢, and fs: N —
S is a function associating a time step to its corresponding state. Equation 2 corresponds
to the expected future discounted reward (X): the goal of the system is to perform
actions at each time step in order to maximize X. When the discount factor (d) is close
to zero, the system focuses only on immediate rewards; on the other hand, when its value
approaches one, the system dedicates its actions to increase future rewards.

In the QMS, the discount factor represents the balance between the strategic and crisis
management system, on the one hand, and the operational and situational management
system on the other hand: a value of would mean an equivalent ratio of operational
decisions over strategic ones. The difference between strategic and crisis management,
and equivalently between operational and situational management, radicates on the set A
of actions: the set can be partitioned beforehand according to each system.

X=F

7. Conclusion

The development of means for formation and transmission of Big Data expands the scope
of its use in the activities of corporations, especially in the creation of new mechanisms
that improve the corporate governance system. However, if we approach the collection
and processing of Big Data without analyzing its semantics, believing that we can solve
the variety of problems arising in the management process by identifying structured data
and knowledge from the information chaos, we will get an increasing entropy due to
non-factors: incompleteness, unreliability, inconsistency. There is a need for a systematic
approach to the collection and processing of Big Data, and we consider it to be a new
generation of sensors based on data semantics. Semantics, in turn, is determined by the
context in which the data is generated and used.

In this regard, we performed the first step to the formalization of Big Data in ICMS as
an architecture of data collection and a processing procedure. Based on the literature, we
described several characteristics that Big Data needs to fulfill, and we constructed a deci-
sion model based on them. Concretely, we proposed a partially observable Markov decision
process (POMDP) to translate uncertainty in the data to probabilistic observations of
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states. With the corporation as an agent, we defined a method of parameterization of the
model into strategic (crisis) management or operational (situational) management, and a
method of differentiation between the actions corresponding to each of those systems.
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CemMmaHTuKa 0OJIBIIINX JaHHBbIX B KOPIIOPATUBHBIX CUCTeMaxX
YupasBJsieHUusd
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CoBpeMeHHOe pa3BUTHE TEXHUKH, TEIEKOMMYHUKAIIMOHHBIX, THMOPMAIIMOHHBIX U KOMITHIOTED-
HBIX TE€XHOJIOI'Hil II03BOJISIET CEroHs cOOUpaTh, 06padaThIBATH U XPAHUTH OIPOMHBIE 0OBEMBI
nanbix. OZHUM U3 NepBBIX NpuMeHeHuit Gosbmmx Aaubix ( Big Data) craso cosmanue Kop-
MTOPATUBHBIX XPAHUJIAIIL, UCIIOJIB3YIONNX COOPAHHYI0 MHMOPMAIIAIO I AHAIN3a W TPUHITHUS
crparerndeckux pertennii. Oguako GeccucreMHbI c60p MHMOPMAIMY IPUBOINUT K XPAHEHUIO
u 06paboTke OOJIBIITOrO0 06bEMa HECYIIECTBEHHBIX JTAHHBIX, B TO BpeMs KakK BaxXHas MHMOpPMa-
II1sI BBIIAAET U3 TOJIS 3PEHUs AHAJUTUKOB. Ba)KHBIM MOMEHTOM SIBJISIETCSI AHAJIU3 CEMAHTHUKY U
e cbopa TaHHBIX, KOTOPBIE OIIPEIEIISIIOT KaK HHPPACTPYKTYPY U TEXHOJIOTHIO cO0pa, Tak U
HAIPaBJIEHUE TTOCJIEIYIONel 00pabOTKN M UCIOIb30BaHMs HOOIBIMIX JAHHBIX C TOMOIIBIO METPUK,
COKPAIIAIONINX 00beM JAHHBIX, OCTABJIsA JJIsi 0OPAOOTKN TOJHKO HEOOXOMUMYIO0 MHMOOPMAITHIO.
B crarhe paccMarpuBaeTcs HCIOJIb30BAHHE OHTOJIOIMH KOPIOPATHBHOIO MEHE?KMEHTA JIJIsi
OTIpE/IeJIeHUsT KOHTEKCTHON CEMAHTUKHU OOJIBINX JAHHBIX M YMEHBITEHUS PA3HOOOPA3Us JIaH-
HBIX U UTOrOBOI HTPONMY B CACTEME YIIPABJIEHMS, & TaKKe OIMCAHO IPUMEHEHNe YaCTUIHO
HabomaemMoro Mapkosckoro nponecca npunsatusi pemtenuii( POMDP) nnsa dopmanusanum
GYHKIMOHUPOBAHUST KOPIOPATUBHON CUCTEMBI YIIPABJIEHUS B cpejie OObINX JaHHBIX.
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Kocmogsornvueckue moaenu tuna VIII mo Besuku ¢ >kKuIKoCThIO,
OIIMCBHIBAEMOII ypaBHEHUEM COCTOSHUS ra3a darsbirmHa

. M. AduunnieBckuii

Kagedpa svicwueti mamemamuru
Iepmcruti 20cydapemeentvili HaUUOHaALHYIG uccaedosamenverul ynusepcumem (IITHUAY)
ya. Byxupesa, 9. 15, e. Ilepmv, Poccus, 614990

B pamkax obieit TeOpuu OTHOCHTETBHOCTH MTOCTPOEHBI COOTBETCTBYIOIIE KOCMOJIOIUTIECKUE
MOJIEJIM C paciiupeHueM u BpainerHueM ¢ Merpukoi tuna VIII mo Besanku. M3BecTHOo, 9TO TéMHAas
SHEPIUsi MOXKET MOJEJIMPOBATHCS PA3JIUYHBIMUA BUIAMUA TEH30Pa IHEPTUU-UMITYJIBCA, TTOITOMY
B JIAHHOM paboTe MCTOYHUKAMU I'PABUTAIIUNA SBJISIIOTCS B IIEPBOM CJIy4Yae aHU30TPOITHAS KU/l
KOCTb, OJTHA U3 KOMITOHEHT JIABJIEHUsI KOTOPOU MMeeT ypaBHEHHUE COCTOSHUS ra3a JallIbIruHa, U
njeaJibHas JKUIKOCTh, & BO BTOPOM CJIy4ae — aHU30TPOIHASI YKUJIKOCTh, ra3 JaljIbIriHa U KOC-
MoJiorudeckuit wieH. [lokazaHo, 9T0 MOIE/b, IIPU PACCMOTPEHUH PACIIMPEHUST OT IJIAHKOBCKUX
MacIITaboB JI0 COBPEMEHHOro pa3Mepa HabJioiaemoit BeesteHHoit, 1aéT ya0BIE€TBOPUTEIBHYIO
BEJIMYMHY TOPSIIIKA YIJIOBOM CKOPOCTH €€ Bpalenus. [lorydyeHHble peleHnst MOTyT ObITH TpU-
MEHEHBI K U3y4eHusM 3(PHEeKTOB, UMEIINX MECTO B COBPEMEHHYIO 3IIOXY, & TaKyKe BO BPEMs
UHQJISIIUOHHON CTa IUu.

KarogeBbie ciioBa: KOCMOJIOTHYECKOE pacliupenue, ra3 Jamasiruia, anusorponus Bee-
JIEHHOM, ycKopeHHOe pacmupenue, merpuka VIII tuna Besauku

1. Bsaenenne

ObpaiieHre K aHH30TPOIIHON KOCMOJIOIUH 00YCIOBJICHO HabII0aTe bHbIMU hbakTaMu |1—
3], IeMOHCTPHUPYOMUME BO3MOXKHOCTH KPYITHOMACIITAOHBIX OTKJIOHEHHUI OT M30TPONUH
B HabOsomaemoit BeemenHoit, mpu 3ToM TyI00ajbHAsT aHU30TPONUsT BceaeHHOH MOXKeT
OBITH CBSI3aHHA B TOM YHCJIE W ¢ KOCMoJiormdecknuM BparmeraueM. C apyroit CTOPOHBI, B
HBIHEITHIOO 310Xy BcesleHHast pacIimpsieTcs ¢ yCKOPEHUEM, IPUIUHON KOTOPOIO siBJISI€TCH,
[O-BUIUMOMY, TéMHasi SHeprusi. B paborax [4,5] aBropamu GbLIN HOJIYYEHBI PE3YJIbTATHI
JIJISE METPUKH PACCMATPUBAEMOIO THIIA, HO C JIPYTUMUA MaTEPHUAJbHBIMIA UCTOUYHUKAMU. B
JIaHHOI paboTe B paMKax OOIell TeOPpUN OTHOCUTEILHOCTH ITOCTPOEHA, KOCMOJIOTHIECKAsT
MOJIeJIb C paciiupeHreM W BpailienueMm ¢ mMerpukoit Tura VIII o Bearku Bumaa

ds? = 1,070, (1)

TJI€ 7)q3 — JIEMEHTHI JIOpeHIeBoit maTpunsl, «, 5 = {0, 1,2, 3}, 6% — opronopMupoBaHHbIe
1-popmbl, BbIpaXkalomuecs: epe3 MacmTabHbIi hakTop R ciemyromnuM oOpa3om:

0° = dt — Rvae?, 64 =dt — RK 4e?,

upu 3trom v4 = {0,0,1}, K4 = {a,a,b}, A = {1,2,3}.
1-bopMbI e MMeIoT CIIeay oIt BII:

e =chycoszdx —sinzdy, e?=chysinzdr +coszdy, e =shydsr+dz. (2

Ncrounnkamu TpaBUTAIlA B HepBOfI MOJIEJIN ABJIAIOTCA aHU30TPOITHAA KUJIKOCTH, KOTO-
Ppas OIINCBhIBACT BPallalOIlyIOCs TéMHyIO QHEPIUIo, U naecaJsibHad KUJIKOCTb, OIINChIBarOIiasd

Crarba mocTynuia B pefakinuio 27 okrsaopsa 2018 r.
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GapuoHHyI0 MaTepuio. Bo BTOpo#l Mojen — aHU30TPOMHAS KUJKOCTb U KOCMOJIOTAYe-
CKasl MIOCTOSTHHASI, OIICHIBAIOIINE BPAIIAIONLYIOCS TEMHYIO SHEPTHIO, U ra3 JallIbIruHa,
OTMCHIBAIONTNI HEKYIO 9K30THYECKYIO MaTepuio. llocTpoerHble KOCMOIOrTYecKrne MOJIEH
OTJINYHBI OT paHee HAllJIEHHBIX KOCMOJIOTMYECKUX perernii jijist Merpuku (1) ¢ 6a3ucHbMu
1-dbopmamu (2). Pacuérel, cBA3aHHBbIE C PEIIEHUEM YpaBHEHHUil DiHINTelHA, TTpOoBejie-
HBI C HUCIIOJIL30BAHUEM TEeTPAIHOTrO (hOpMAIUN3Ma B €CTECTBEHHO BO3HHUKAIONEM 6a3uce
JIOPEHLIEBOA TeTPalbl.

2. Kocmostiorngeckasi MOieJIb C aHU30TPOITHOMN >KUJIKOCTHIO U
NbLJIEBUJHON MaTepueit

Bynem uckars st merpuku (1) KOCMOJIOTHYECKOe pellieHne ypaBHeHuil DifHITeiiHa

1

Raﬁ - inaﬁR = Ta,B- (3)

b2(3 — b2 — 4a?) + 4a* (302 — 12)R? — 8a*RRR
4ab2 R?

(1 —b?)(b* + 4a*(R? + 2RR))

G = 10 D2 R2 =D, (4)

b? (402 + 3b* — 1) + 4a*(3 — b?)R? — 8a*b*RR
4a1b? R2

b + 4a*(R* — RR) .
Goz = Salb 2 = pvsy/1+v3.

V Hac HCIIOJIbL3YyeTCs TaKas CHCTEMa €IMHUIl, YTO CKOPOCTb CBETa U I'DABUTAIIMOHHAS
IIOCTOSTHHASI, YMHOYKEHHAS Ha 87, PaBHBI eJuHUIE. 1Ipn 9TOM TE€H30p SHEPTrUH-IMITYIHCA
AHU30TPOITHON KHUIKOCTUA B TETPAJHOM IIPEJICTABJICHUN UMeeT BU]

Goo = =pu(l+v3) +p,

G33: :7T+:UU§7

T = (p+ p) tatis + (T — P)XaX, — Pllas, (5)

rJie p, T — JlaBJIeHNsI aHU3O0TPOITHOM KMIKOCTH B TPEX HaHpaBJIeHI/IﬂX olnpeaeIaeMbIX
TETPaJOoN, p — MJIOTHOCTb SHEPIUU WJICATHHON YKUJTKOCTH, U' = 50 — BEKTOp 4-CKOpoCTH
COIIy TCTBYIONIEH aHU30TPOIHO KUJKOCTH B IIPOEKITNN Ha T€TPa/Ly, — BEKTOD aHU30TPOIINHI

B IIPOEKIMK Ha TeTpajy. B koopaunaTHoMm upezcrasiaennn ¥ = {0,0,0,1} — Bekrop
AHU30TPOINU B IIPOEKIINH HA TETPa/Ly. B KOOPIAUHATHOM IIPEJICTABICHUN

3
Xi = el(»a)xa = el(» )Xg = {0,bRsh(y),0,bR} .
TeH30p SHEPrUU-MMITYJIbCA UIEATBHON TIBIIEBUHON YKUJIKOCTH UMEET BUJI:
Ti(]f) = UV, (6)

e v = {vg,0,0,v3}, 44 — JIOTHOCTH YKUJIKOCTH.
B urore cymMapHBIit TEH30D SHEPTUU-UMITYJIHCA UMEET BUJT

1 2
Ty, = ( ) + T( ) = = (p+ p) wiug + (T — P)XiXrk — Pk + [V V. (7)
IIycrs maBienue p yinoBJIeTBOPs€T YPABHEHUIO COCTOSHUS ra3a JallIbIrHHA,

p=—a/p. (8)
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Boipaxkast u3 (4) ¢ yuérom (8) mapamerpbl MaTepuu, UMeeM IJIOTHOCTh SHEPIUH aHW-
30TPOMHONA KUJIKOCTU

_ 4a*b’R*« (9)
P72~ 1)(1? 1 4t (R? 1 2RER))’
eé JIaBJICHUS
1-0?)(b® — 4a*(R? + 2RR
) QLB (0 — a2 4 2Ri) o

4a4b?2 R2 ’

b?(4a% 4 3b* — 1) 4 4a*(3 — b*)R? — 8a*b?>RR
™= —

4a*b?R?
V2440 (R2—RE)\ 2 [ (1=b%) (b2 +4a* (R2+2RE))
2a%bR? 4a4b2 R? 11
N (b2(37b274a2)+4a4(3b2712)R278a4RR> ((17b2)(62+4a4(R2+2RR))) , (11)
1a7b2R2 1aTbZR2 ta

IJIOTHOCTDb U30TPOITHON IIBLJICBUIHON KUJIKOCTH

<b2(3—b2_4a2)+4a4(3b2_12)R2_8a4RR> ((1—b2)(b2+4a4(R2+2RR))> Ta
1aTb? R? 1aTb2 R?
= ((1—b2)(b2+4a4(R2+QRR))> -
4a1b2 R?
(b2+4a4(R2—RR)>2 ((1—52)(b2+4a4(R2+zRR))>
B 2a4bR? 4a4b2 R? 12)
(1—b2)(b24+4a4(R24+2RR)) b2(3—b%2—4a?)+4a*(3b2—12)R2—8a*RR >
1a7b2R2 1aTb2R2 o
7 KBaJpaT €€ CKOpPOCTH
3 N2 ) . 2
b? + 4a*(R? — RR) (1—06?)(b? + 4a*(R* + 2RR))
2a*bR? 4a*b? R?
vs = . (13)

. . 2 . . 2
b% + 4a*(R? — RR) (1 —062)(b? + 4a*(R* + 2RR))
(f+a) - ( 2albR? ) ( 107 R?

HOCKOJIbe 9HCJIO ypaBHeHI/IfI IIPEBLIMIaCT INCJJIO HEM3BECTHDBIX, HAJOXKUM JOIIOJTHU-

TeJIbHOE yCJIOBI/Ie
_ ﬁ + L 1-p? (14)
P=\\R) "R 2 )

KOTOPOE BJICYET 3a COOOU ypaBHEHME, OIPEIEIISIONee MAaCTabHbIN (haKkTop:

R*—RR=1L, (15)

r7ie BBeIeHO oboznadenne L = [ — b? /4a4. Ero obmiee pemrenne maércss KoMOMHAIUEH
9KCIIOHEHT, BHIOOPOM MOCTOSTHHBIX WHTETPUPOBAHUS, BCETIA TIPUBOIAIINXCA K OTHOMY
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U3 CJISIYIONINX BBbIPDa’KeHUM:

R = (VL/H)sh(Ht), L>0, (16)
R=(V=L/H)ch(Ht), L<O0, (17)
R = Rpe', L=0. (18)

JaHHBIMUI 3aBUCUMOCTSIMHU MOXKHO MOJIEJIUPOBATH KAaK COBPEMEHHYIO CTaJIHIO0 yCKO-
PEHHOIO paciiupeHusi, Tak u obe craguu wH A, KuHemarndeckue IrapamMeTpbl
BPAaIIaIoONIeca aHN30TPONHON KUJIKOCTA UMEIOT CJCIYIOIUNA BUT:

— IapaMeTp paciiipenus: © = 3R/ R,
— yckopenne: A = R/bR,

— mapamerp BpareHus:: w = 1/ 20°R,
— CIBUI' OTCYTCTBYET.

3. Kocmomorngyeckasi MoJieJib C aHU30TPOITHOMN >KUJIKOCTHIO,
razoM YarmuibirmHa u A-4djieHom

Paccmorpum cutyanmio, Korma nCTOYHUKAMEI TPABUTAIMY SIBJISIOTCS COITY TCTBYIOITAST
AHU30TPOIHAS YKHUJIKOCTD, WJI€ATbHAS KUJIKOCTb C YPABHEHHEM COCTOSHUS Ta3a Jalibiru-
Ha 1 JgaMmOia-wieH. Beens obo3HAUEHUs: p — IIOTHOCTH COIIyTCTBYIONIEH aHU30TPOITHOMN
KUIKOCTH, T, 0 — €€ MaBJIeHNsd, € — IJIOTHOCTH Ta3a JalabruHa, p — €ro IaBJIeHue, U
yuaTs A-diteH, MOIy9uM CJeAYIOMNi TEH30D SHEPIHU-UMILYIbCA:

Tik = (p+ ) usur, — ™k + (€ + p)vivr — PNk + Anikc. (19)
ITpumenm v; = {1,0,0,0}, a Tak»Ke 3anuIeM ypaBHEHHsI COCTOSTHUS NJI€AJIBHON KUJIKOCTH
m = Bp, p = —a/e. Torna ypasHenus: Ditaureiina (3) IPUMYT CJI€LyIONHI BHI:

b2(3 — b — 4a?) + 4a*(3b> — 1)R? — 8a*RR

Goo = RTEy D =pt+etA, (20)
(1= 0?) (b +4a*(R? + 2RR))
G11 = 1aA2 R2 =p+7 A, (21)
b? (40> + 30> — 1) 4 4a*(3 — b?)R? — 8a*b*RR
G33 4a4b2R2 p + g J ( )
b2 + 4a*(R? — RR)

03 Sty 2 (23)

Pemtenne ypasnennit (20)—(23) maér macmrabustit dhaxTop
R = (b/2a*H) ch(Ht), (24)

U, ¢ y4€TOM ypaBHeHUii cocrosinus, € = (s + V<2 — 4a)/2, tae

_ BY2(3— b — 4a?) + b2 (b2 — 1) + 4a’(B(3b> — 1) + b% — 1)1432+
°= 4a4b2R?
8a*(b> — 1 — B)RR

4a4b2 R? - A(ﬁ + 1)‘ (25)
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IInorHOCTE SHEPruM BCETrJa IIOJIO2KUTEJIbHA IIPU YCJIOBUAX

1 2H3(b% — 1) + b?
b> /145, a2<1(3—b2), B < 223+A)b2 . (26)

OrmMeTnM, YTO KHHEMATUIECKHE TTapAMeTPhI ITOM MO/ aHAJIOTUIHbLI BEJTHINHAM, Pac-
CMOTPEHHBIM B TIpebIayIeM ciy4dae. [Ipu sToMm BpaleHue 3aTyxaeT, HO aHU30TPOITHAS
KUJKOCTDb, B OTJIMYINE OT CUTYaIluu, MMEIOIIeil MeCTO B OTCYTCTBHE Ta3a Jamibpruna, He
uzorponusupyercs. KadecTBeHHoe pacCMOTpeHHUE TePBOil cTauu WHMJISIUN IPU PACIIT-
perun BeeJsieHHOI OT INIAHKOBCKOrO MacIITada 10 COBPEMEHHOI'O pa3Mepa HabJIIomaeMoil
Beenennoit 1028 cm, qaét mopsiok yriosoit ckopocetn sparmenns 1071 pas/Tog.
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Caplygin Gas Equation of State Fluid Sources
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Within the general theory of relativity the Bianchi type VIII cosmological models with rotation
and expansion have been built. It’s known that dark energy can be simulated by different kinds
of energy-stress tensor, therefore the sources of gravitation in present article are an anisotropic
fluid, with a pressure component satisfying to Chaplygin gas equation of state and a perfect
fluid in the first case and an anisotropic fluid, Chaplygin gas and cosmological constant in the
second case. It has been proved that the model, when expanding from Plank scale to the modern
size gives satisfactory value of the angular velocity value. The found solutions can be used for
effects taking place nowadays and at the inflationary stage.
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ITpaBuna opopmiaenns crareii

Penxomnerus xypuana «Becruuk Poccuiickoro yHusepcureTa Ipy2K0bl HAPOIOB», CEpUs
«Maremaruka. Tudopmarnka. Pusnkas MpOCUT aBTOPOB MPUIEPKUBATHLCS CJIEIYIONINX
[IpaBUJI [IPU MPEJICTABICHUNA CTATHU B XKYDPHAJ.

1. Crarpu npeACTaBIISIIOTCS HA PYCCKOM WJIN aHTJIMHCKOM SI3BIKE.

2. Ob6béMm cTaTbu He AOJKeH mpeBbimaTh 0,75 aBT. med. J.

3. ABTOp mpejcTaB/IgeT B PEJAKIIUIO JEKTPOHHYIO BEPCUIO PYKOIWCH, HAOPAHHYIO
B cucreme KTEX(ucnosb3yercs Bepcust BWTEX 2, s wHabopa GopMys1 BCHOIB3yeTCst
makponaker ANS-IMTEX). K ssilekrpoHHOMY BapuaHTy IpHJIAraercs OTIeYaTaHHbIH Ha
O6ymare sk3emiuiap win daitn B popmare Postscript mmm PDF. na kaxkmoit cratbu
ykasbiBatorcs kogpl YK u MSC (PACS).

4. HazBanwue, anHoranus, KJII0UeBble CJI0Ba, (PaMUINN U MHUIIMAIb ABTOPOB, HA3BAHME
OpraHu3aIuu, rae paboTaloT aBTOPBI, IPEIOCTABIISIIOTCS HA PYCCKOM M AHTJIHIICKOM SI3BIKAX.

5. Amnoranus (or 150 1o 250 ¢JI0B) JI0JI2KHA OMHUCHIBATH OCHOBHBIE TIEJIU UCCJIEI0BAHMS;
00bACHATD, KaK OBLJIO IIPOBEIIEHO HCCIe0BaHNe, 0e3 METOIOJOTUIECKIX JAeTaseil; CyMMu-
poBaTh HambOJIEE BayKHDBIE PE3YJILTATHI U UX 3HAYUEHUE, ObITh HAIINCAHA KATECTBEHHBIM
PYCCKUM / aHTJIMHCKUM A3BIKOM. B aHHOTAIIMY HE JIOMYCKAIOTCS CCBLIKU HA IUTHPOBAHHYIO
JIUTEPATYPy, aO0peBUATYPLI U IPOMO3/IKIE (POPMYJILL.

6. Tekcr craTbu MOYKeH BKJIIOYATDH BBEIEHUE, 3aK/II0UEHNe, CIINCOK MCIIOTHh30BAHHBIX
ucTouHUKOB (He MeHee 5). [ybuHa pa3buBKM TEKCTa He JOJIKHA IPEBBIIIATh TPEX yPOBHEH
(pasiesbl, MYHKTHI U TIOIIYHKTHI ).

7. Pucynku nmpunumaroTcs B 3eKTpOHHOM Buje. KaxKIpIil pUCYHOK HOJI2KeH OBbITh
HOMEINEH B oTesbHbIN (daitn. [Ipuaumaembie dpopmarst daitnos: 1) sekropubsie: PDF,
EPS, TEX; 2) pacrposbie: PNG, TIFF, GIF (Bosmoxkua nakancysimus 8 EPS).

8. Pa3mep pucyHka BMecTe ¢ MOANNCHIO HE JIOKeH IpeBbmaTh 14x19 cm. Pazpemenne
pPacTpOBOrO PUCYHKA JOJKHO HaXOIuThes B mpemenrax 300—600 dpi.

9. Pucynku J10/2KHBL OBITH 4€pHO-0eJible. BO3MOXKHOCTD MCIOJIL30BAHUS IOy TOHOBBIX
u dororpaduiaeckux n300pakeHnit MOXKET ObITH paccMOTpeHa OTaeabH0. POHBI JOIZKHBI
OBITH TOJBKO IMTpuxoBaHHbIe. CeTouHble (DOHBI U MOJYTOHA HE JIOMYCKAIOTCH.

10. Cnmcok nmureparypsl moarorasiubaercs B cucreme BIBTEX u ipeicraBiisiercs B IByX
ornesbHBIX daitnax — no TpeboBarusim [OCT 7.1-84 (cMermaHHBINi CHUCOK UCTOYHUKOB
Ha PYCCKOM U JIDYTHX $I3bIKax) u 10 crapgapTy Harvard (mosiHOCTBIO Ha HHOCTPAHHOM
si3bIKe (AHJIT., PPAHIL., HEM., UCIL.); JJIs HCTOYHUKOB Ha PYCCKOM sI3bIKE TPeOyeTCsl IIepeBo/y
Ha aHrIAiicKui 13bIK ). CChLIKYM Ha HeOmyOJIMKOBAHHbIE PAOOTHI HE JIOIYCKAIOTCS.

11. Pyxkommuch momKHa OBITH TIIATEIbHO BhIBepeHa. Heobxommmo yKa3aTh TOUHBIE CBEIe-
Hus 06 aBTopax: PaMUJIHUIO, UM, OTIECTBO MOJHOCTHIO, YIEHYIO CTENEHb, YICHOe 3BAHUE,
JOJKHOCTB € YKa3aHHEM II0JIpa3JleJIeHNsl U OPTaHU3aIuN, ITOYTOBBI U JIEKTPOHHBIN
ajpec Mecta paboThl aBTOpoB u Teaedonsl. [locie moaroroBku penaxmnueii Kk Habopy pas-
MEUYEHHBIN ¥ UCIIPABJIECHHBIA aBTOPOM TEKCT CTATHU U UCIPABJICHHAS IJEKTPOHHAS BEPCUsI
BO3BpAIAIOTCd B pefakimio. KoppekTypa Jijist mpocMOTpa BBICBLIaeTCs 1o e-mail.

12. BozBpamienne ctaTbu aBTOpPy Ha JOPAOOTKY HE O3HAYAET, YTO OHA IPUHATA K
onybsmmkoBanuio. JlopaboTaHHbBI BADUAHT CTATBU PEIKOJLIETUsT PACCMATPUBAET BHOBbD.
B ciydae oTKIOHEHUSI CTATBU PEJIKOJIJIET M OCTABJISAET 3a COOOI IIPaBO HE BO3BPAIIaTh
aBTOPY OJIUH €€ IKIEeMILIIAD.

13. Bce crarbu, nianupyemble K MyOJUKAIME B XKypPHAJIE, ITPOXOIAT 00A3aTETHHYIO
MIPOIIEYPY PEIEeH3UPOBAHUS IBYMs PEIeH3€HTaMU, SBJISIONIMMIUCS IKCIIePTaMU B JTAHHOMN
obsactu. OJMH U3 PEIEH3eHTOB MOXKeT ObITh BBIOPAH U3 COCTaBa PEJIKOJIIErUN (BHYTDEH-
Hee pelleH3upoBanne). B obsi3aTe IbHOM MOPSIJIKE CTaThsl HAIIPABJISETCS HE3ABUCHMOMY
sKcrepTy (Ha BHemHee perensuposanue). IIporeypa peren3upoBanus siBIsieTCst aHO-
HUMHO# 1ijis1 aBTOPOB. 110 pe3ysibraTtaM pereH3npoBanus CTaThs MOXKET ObITh OTKJIOHEHA,
HaIllpaBJieHa aBTOPY Ha JOPabOTKY WM IPUHATA K nevaru. 1 peboBaHUSA K PEIEH3UIM:
OIIEHKa CyIIecTBa pabOThl U BO3MOXKHOCTH €€ ITyOJIMKAIUY B YKypHAJIe; KOHKPETHOE IIepe-
quCcJIeHre OMUOOK B METOOJIONMH W MHCTPYMEHTAPUH (€CJIM OHU €CTh); IIPEJJIOKEHHsI IO
JJopabOTKe TEKCTa.
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14. Ilpu nosydeHUn MOJIOXKUTETBHOTO 3aK/IIOUYEHUS PEIeH3eHTa MaTepUaJsIbl TOMeIa-
OTCsT B «IOPTQeaby PEeJaKIU sl JajbHeInero onybankoBanus. [lpu momydenun
OTPUIATETHHOTO 3aKJIIOUEHNS OJTHOTO M3 PEIEH3EHTOB CTaThsl PACCMaTPUBAETCS HA 3ace-
JAHUU PEJIAKITNOHHON KOJIJIETUH, KOTOpas IMPUHUMAET peleHne 00 OTKJIOHEHUU CTATbU
WM O HEOOXOMMMOCTH IOy YeHUsT JOTIOJTHUTETHHON PereH3un He3aBUCUMOTI0 IKCIIEPTA.

KonTakTHBIN ajipec /i pellieHns TEXHUIEeCKUX BOIIPOCOB 110 IIPEIOCTABJISIEMbBIM
marepuasiaMm B KypHas Bectauk PYIH. Cepus <«Maremarura. Wudop-

maruka. Pusmkay: Poccuss, Mocksa, yi. Opmxonukuiaze, n.3, KomH. 313;
e-mail: vestnik-miph@sci.pfu.edu.ru.

Apec aist mepernmcku: 117198, Poccust, Mocksa, yin. Mukiayxo-Makiast, 1.6, daxyiib-
TeT (PU3UKO-MATEMATHIECKUX U €CTECTBEHHBIX HAyK, mpodeccopy CepacrbsinoBy JI. A.
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ABOHEMEHT ma xypnan 18235
B ECTHM K Pyn,H (MHIEKC W3IATHA)
Cepua «MaTtemaTtuka. Komauecrso

KOMIUIEKTOE!

UndopmaTtuka. Pusuka»
Ha 20__ roj mo Mecsauam

1 21 3 4 | 5 6 71819 1011 12

Kyaa
(MOYTOEBIH HH/ICKE) (ampec)
Komy
(PAMHIIHNA, HHHITHAIBL)
JOCTABOYHASN KAPTOYKA
wa xypra 18235
I1B |mecTo|iurep {MHJIEKC H3TAHHA)
BECTHUK PYOH

Cepusa «MatemaTtuka. MHpopmaTuka. Pusukar»
Cron-|  DOANHCKH pyd.  xon.|KommecTtso
MOCTE | epeanpecosku pyd. ko, | KOMILIEKTORB.

Ha 20 roj 1o Mecsiam
1 2 3 4 5 6 7 8 9 10| 11| 12

Kyna

(MOMTOREIH HHEKC) (agpec)

Komy

(haMiImA, HHAILHATEL)




