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MO,Z[e.TII/IpOBaHI/Ie BOJIHOBBIX ITPOIIECCOB B JIBYX COOCHBIX
000JI09KaX, 3alOJIHEHHBIX BA3KON >KMIKOCTHIO M OKPY2KEHHBIX
ynpyrou cpenoum
IO0. A. Bimukos*, E. B. Esnokumosa’, JI. 1. Morunesuu’, A. FO. Pe6puna’

* Capamosckutll HOUUOHAALHBLT UCCAE008AMENCKUT 20CYOAPCMEEHHBLT YHUBEDCUMEM UMEHU
H.I'. Yepnwiuesckozo
ya. Acmpazanckan, 0. 83, 2. Capamos, Poccus, 410012
T Capamosckuti zocydapemeermo mexnuveckul ynusepcumem umeru Iazapuna FO. A.
ya. Hoasumexnuveckasn, d. 77, e. Capamos, Poccus, 41005/

Ha 6a3ze cBsi3aHHBIX 3a/1a9 MHIPOYIPYTOCTH, OMUCHIBAEMBIX YPABHEHUSIMY JIMHAMUKHA 0D0JIOUEK
U BSI3KOU HECXKUMAEMOM KUJIKOCTU, U3BECTHBI MATEMATHIECKAE MOJIEJIN BOJIHOBBIX JBUKCHUIl B
OECKOHEYHO JJITMHHBIX T€OMETPUYIECKU HEJTMHEHHBIX 000/I09IKAX, COAEPIKAIINX BA3ZKYIO HECXKUMAE-
MYIO YKHJKOCTb, B BHjle 0000ImEHHbIX ypasHenuii Kopresera—ne Bpusa (KnB). Maremarndeckue
MO/IEJI BOJTHOBOT'O IIPOIecca B OECKOHEYHO JIJTMHHBIX N€OMETPUYECKN HEJIMHEHHBIX COOCHBIX IIH-
JIMHJIPUYECKUAX YIIPYTUX 0D0JIOUKAX C BSI3KON HECKMMAaEMOU YKUIKOCTBIO MEXKLYy 000JI0OYKAMH,
MIOJTyI€HHbIe TPUMEHEHUEM METO/Ia BO3MYIICHUH 0 MaJIOMy ITapaMeTpy 3aJadu, OIMUCHIBAIOTCS
B BHUJIe cucTeMbl 0000mEéHHbIX ypaBHennii KiuB. B mpejicraBienHoit crarbe IpOBEIEHO UCCIIE-
TOBaHWE MOJIEJI BOJIHOBBIX $SIBJIEHUI B JIBYX IE€OMETPUYECKU HEJIUHENHBIX YIPYTUX COOCHBIX
MWJTHHJIPUIECKUX 0D0JI0YKAX, COJIEPKAIINX BSI3KYI0 HECXKMMAEMYIO YKUJIKOCTh KaK MEXK Iy HUMH,
TaK U BHYTPHU, U OKPYKEHHBIX YIIPYTOil CpeJoil, AeficTBYIOIENl KaK B HOPMAJIHLHOM, TaK U B IIPO-
IOJTBHOM HAIpaBjieHnu. /[T pacCMOTPEHHBIX CUCTEM yPABHEHUN C yIETOM BJIUSHUSA XKUJIKOCTH C
IIOMOIIIBIO TIOCTpoeHusi ba3uca ['pébHepa mosTydeHbl pa3sHOCTHBIE cxeMbl THIa Kpanka—Hwukoscona.
st reHepanyy 3TUX Pa3HOCTHBIX CXEM MCIIOJIb30BaHbI 0A30BbIe MHTETrPAJIbHBIE PA3HOCTHBIE
COOTHOIIIEHUSI, KOTOPbIE ANITPOKCUMHUPYIOT UCXOIHYIO CUCTEMY yPaBHEHUIA.

KurroueBblie ciioBa: HeJIMHEWHBIE BOJIHBI, BSI3Kas HECXKUMaeMasi XKUJIKOCTh, IIMJIMHIPUYIe-
ckue ympyrue obosouku, 6asuc ['pébuepa

BBenenne

BzanmogeiicTBre yopyrux 3JIEeMEHTOB KOHCTPYKITUN C 2KUJKOCTHIO PACCMATPUBAJIOCH B
Pa3HBIX aclekTax. B yciioBusx BUOpaIuy B3aUMOJIENCTBIE BA3KON HECKIMAEMOH YKUIKO-
CTH ¢ ynpyrumMu 060JI0UKaMHI UCCIeI0BAIOCh B [1-3], a ¢ yuéroM BpalleHus KUJIKOCTH —
B [4].

B coBpemennoit BOJTHOBO# JIUHAMUKE OJHUM U3 BayKHBIX HAIIPABJICHUIT SIBJISIETCS U3YUe-
HU€e TOBEICHUS BOJIH JAedopManuii B yIpyrux TOHKOCTEHHBIX KOHCTPyKuax. [Ipobiema
paCIpOoCTpaHeHUs BOJIH B TA30BOI JUHAMHUKE W TEOPHUH yIPYTUX 000I09EK M3yIaeTCs [IPU
IIOMOIIY JINHEAPU30BAHHBIX ypaBHeHwuit. [Ipu 3ToM CKOpOCTH pacmpocTpaHeHus BO3MYIIe-
HUI CAUTAETCS MOCTOTHHON U PABHOI CKOPOCTHU PACIIPOCTPAHEHNS 3ByKa B HEBO3MYIIEHHOI
cpeqe. OmHAKO Pl ABJIEHUI, HECMOTPsT Ha MaJjble 3HAYEHUST 3aBUCUMBIX I€PEMEHHbIX,
LIEJIMKOM OIIpeJIe/IAeTCA 3aBUCUMOCTBIO CKOPOCTH PACIPOCTPAHECHUS BO3ZMYIIIECHUNR OT Be-
JIMYWHBI 3aBUCAMbBIX TIEPEMEHHDLIX U UCCJIEIYyeTCs Ha 0a3e HeJIMHEHHDbIX YpaBHEHUIT. DTu
HUCCJICIOBAHUA IIPOBOLATCA C IIOMOINBIO METOIOB BO3MYIIEHUI, TAKUX KaK METOZ Cpa-
IABAEMBIX ACUMITOTUYECKUX PA3JIOKEHUl, MeTos j1e(POPMUPYEMBIX KOOPIUHAT, METOJ
MHOTOMACIITAOHBIX PA3JIOYKEHUN.

Kpowme Toro, mpobieMbl pacipocTpaHeHUs BOJIH B YIPYTUX U BA3ZKOYIPYTHTX TOHKOCTEH-
HBIX KOHCTPYKIUSX, B TOM Yucje B 66CKOHEYHO JJINHHBIX ITUJIMHIPUIECKAX 000JIOYUKAX

Crarpa noctynuia B pegakmuio 16 mapra 2018 1.
PaGora Beinosinena npu dbunancosoit nogaep:kke PODU (npoekt Ne 16-01-00175-a).
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6e3 B3AMMOJICHCTBHUS C BA3KOM HECKUMAEMOIi YKUJIKOCTHIO, PACCMATPUBAIINCH B [5,6] ¢
IIO3UIIAA TEOPUU COJIMTOHOB.

U3BecTHBI MaTeMaTHYIECKNE MOJEIN, YINTHIBAIOIINE BJINSTHIE BA3KON HECKUMAEMOI
JKIJIKOCTH H& BOJIHOBBIE IIPOIIECCHI B OECKOHEYHO JTTMHHBIX T'€OMETPUYIECKN U (DU3NIECKU
HesimHeHbIX 060s0uKax [7,8]. Ilpu srom Haiimenbl 3bdeKTh BAUIHAST BA3KON HECIKU-
MaeMOil YKUJIKOCTH Ha IOBEeIeHWEe BOJHBI fedopMariuu B 0D0J0YKE B 3aBUCUMOCTHA OT
koadbunmenta [lyaccona marepuasia obosiouku. B yacTHOCTH, NTPU HAJIMIUU KUJKOCTH
B 060JI0YKE U3 HEOPraHMIECKUX MATEPUAJIOB (pas3jimdHble TPYOOIPOBOIBI B TEXHOJIOTU-
YECKHUX COOPYKEHHSIX) BBISIBJICH SKCIOHEHIMAIBHBI POCT aMILIUTY/ bl BOJIHBI. B cirydae
OPraHUYecKoro MarTepuasa (KPOBEHOCHBIE COCY/IbI) BOJIHA B YKHUJIKOCTH OBICTPO 3aTyXaer.

Pemmenne nocrasiennoit B pabore 3a1a49u /i TEOMETPUIECKU HEJIMHEHHBIX 000/I0TEK
[IPE/ICTABJIAETCSA AKTYAJbHBIM U CJIOXKHBIM, UMEeT BayKHOE 3HaYeHHe I aKyCTHIECKON
JIMArHOCTUKY U HEPA3PYINAIONIEro KOHTPOJIs MaTeprasos. Bo MHOroM unrepec K moJ00HBIM
3ajadaM WHUIIUTPOBAH HEOOXOIMMOCTHIO AHAJIN3a YIPYTUX U JTUHAMUIECKAX CBOICTB
HAHOOOBEKTOB, B YaCTHOCTH, KAPOOHOBBIX HAHOTPYOOK.

B macrosmieit pabore pa3BuBaeTCs METOJ BO3MYIIEHUN I MOJIETMPOBAHNS HEJINHEHHBIX
BOJTH epopMaIuii B yrpyroil THINHIPHIECKON 000I0UKe, 3aM0JHEHHON BI3KOH HECXKIMAE-
MO YKUJIKOCTBIO, OKPY2KEHHOM YIIPYTOi CPEJIoit 1 TPU KOHCTPYKIIMOHHOM JIEMII(DUPOBAHUH
B IIPOJIOJILHOM HAIpaBJieHnn. AHAJIOTMIHAS 33/1a9a 0e3 BIUSHUS YIIPYTOil cpeibl ObLIa
paccmorpena B pabore |9]. ITokazaHo BiausiHUe BSI3KOI HECKUMAEMOIi XKUJIKOCTH, 3AII0JIHSI-
1o1TIell 000JI0UKY, OKPY2KAIOIIell YIIPYyTroil Cpejbl U KOHCTPYKIMOHHOIO JeMII(PUPOBAHMs Ha
[IOBEJICHIE IIPOJIOJIBLHBIX BOJIH JieDOPMAIUU B YIPYTO# HMUIUHAPUIECKON 000I0UKe.

IIocranoBka 3amadm

Paccmorpum oKpy2KEHHBIE YIIPYTOi Cpeoii 1Be COOCHBIE OECKOHETHO JITUHHBIE VIIPYTHe
000s109KHM (cM. puc. 1), MeKy KOTOPBIMU HAXOJUTCs BSA3Kas HECXKUMAEMAasl YKUJIKOCTb.
3a30p Mex 1y 0060JI0YKaMU, 3aHIMAEMBbIN YKUJIKOCTBIO §, PAJIMYC CPEIMHHON MOBEPXHOCTH

obosoukn R; Ry = R — h(()l) /2 — BHyTpeHHWUiT pajauyc BHeIHell 06osoukn; Ry =
R® +h(()2) /2 — BHeIHWIT paJinyc BHYTpeHHei obomoukm; Ry = R(®) — h(()2) /2 — BHyTpeHHUit
pamyc BayTpenteii obosmouku, R, R?) — pamycsl cpeiHHbIX TTOBEPXHOCTE BHEIIHE! I

N 1 2 .. .
BHYTpeHHel 000JI09€eK; hé ), h(() ) ux TOMMUHBI. B magbHeieM, st BHEITHEH 000I09KH
Oy/leM HCIo/Ib30BaTh 0003HaueHne cBepxy uHjekcom (i) = (1), a st BHyTpeHHeil —
unyexcom (1) = (2).

0
h'3
5
h$

Puc. 1. BeckoHeyHo AJIMHHBIE COOCHbIE HUJINHAPUYECKNE 000JI0UKU

3amnucbiBasi YpaBHEHUsI IBUXKEHUs 3JIEMEHTa, [IUJIUHIPUIECKON 0D0JIOUKY B IIepeMerne-
HustX Jist mojesin Kupxroda—JlsiBa, paccMoTpuM MaTepuas ¢ JUHEHHON 3aBUCUMOCTHIO
MHTEHCUBHOCTHU HAIDSIXKEHUi 0; oT nuHTeHcuBHOCTH jiechopmanuii e; [10]: o; = Fe;, rue
FE — vomyns FOmnra.

VpaBHeHUs IBUKEHUST BI3KO HECXKUMAEMOI XKUJIKOCTH U yPaBHEHNE HEPAa3PbIBHOCTH B
IUAIAHIPUIECKON crCTeMe KOOPIUHAT 7', O, & 3alUChIBAIOTCS, B CIy4ae 0CECHMMETPHIHOIO
Tedenusi, B Buge [11,12]:
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oV, oV, 7 oV, 41 10p 9%V, 10V, 9%V, Ve
ot " or o | por or2 r Or ox2 r2|’
oV, oV, oV, 10p 0%V, 10V, 0%V, 1
ot +VT3T +Vm8m+p8x [87"2 +r87’+8x2]’ @
| e
or r or

Ha rpamure o6osodex n xuaxoctn na puc. (1) mpu r = R; — W) prmosmsiores
YCJIOBUsI NPUJIMIIAHUS KUIKoCTH [12]

U@ AV, LAV, oW (@) LAV, LAV,
_ i) Ve @»WVe _ @»OVr @ Ve
g = et U g WS or U WSS ()

3mech t — BpeMst; T, — IJIAHIPUYIECKHE KOOPAUHATHI; V., V. — Hpoekiun Ha ocu
HIJINHAPUYIECKONU CUCTEMBI KOODAUHAT BEKTOPA CKOPOCTU YKUIKOCTU; p — JaBJICHUE, p —

IIJIOTHOCTD, V — KHHeMaTndecKuii Koaddumment Bsskocrn xumkocri; U — mpomombHoe

pyroe mepeMelreHne o00JIOYKH 110 ocu T; W @) nporud 0OOJIOYKH, MOJIOKUATEIbHBII
’ )
K IOEHTPY KPUBU3HBI.

YpaBHeHUS AUHAMUKN OOOJOYKH 3alUCBIBAIOTCA B BHe [13,14]

(i)? (i)
@2 |y o2 Low2, o w2 W @)
ks R )ZPoh()CoU(z) oy pohy’ CoU() N o G i1
14 12R(1)2 ( Z)__qx _Qm(z_ )7
42
s h(l)
(3)
. . 1 2 1 . 2 h W(z)
(4) (0 L —g® —w® 0 (1 _
Wy U + 2U$ + 2Wx W, ) 70
1 @ L, gy o W e WO
_ U 7 - U K3 W K W K3 _
Poh( )3 (i) (9 () 7 (0) i1 e
+ k1 P 5 W2 —14) + pohy Wy' = (=1)" " gn + Gn(i — 1)
31ecn h(()i) — TOJIUHBI 000109€eK; Ly — Kodddurment [lyaccona, pg — IIOTHOCTB;
U@ W — nponosnbHoe mepeMerieHne u 1porud, MOJIOKUTETbHBIN K NEHTPY KPUBU3HBI,

T — TIPOJIOJbHAS KOOPJAUHATA; ¢ — BpeMs; ', ¢, — HAIPIKEHUs CO CTOPOHBI YKHJIKOCTH,
HaXoJsIIeiica MexK Ty 000JI0UYKAMHU; Gy, G, — HAIPIKEHUs] CO CTOPOHBI YKUIKOCTHU, 3aII0I-
HSIOIIEH BHYTPEHHIO 000JIOUKY; PeaKIus YIPYToil cpebl B HOPMAJILHOM U HPOIOILHOM
Haupassenusix |5, 6, 15-18]:

poho c? (1) RO Oho Co Poho <t (1)°
k1 2 W, ]{73Z74 —ky TRO? U
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= /E/(po (1 — p))~ ckopocTh pacipocTpaHeHns MPOIOILHEIX BOJIH B 060I0UKe.
HanpsizkeHust o CTOPOHBI CJIOsE YKUJIKOCTH OIPEIESIOTCs (hOPMyIaMu
ov, oV,

or  ox )’

oV,
Gn=—D+2pv——, @y =pv ( (4)

or
YpaBHEeHUsI AMHAMUKN 000JI0OUEK

[Tpunnmast 3a XapakTepHyIO JUuHy | — JUIMHY BOJIHBI, IepeiiiéM K Ge3pasMepHbIM
HepEMEHHBIM Il MCCIIeJ0BAaHUs ypaBHeHnit (3):

w = wmuéi), U =y ugz), t* = %t, =2 (5)

31ech Wiy, U, — XapakKTepHble 3HaueHus npornba W U IpoaoJbHOIO IepeMeIeHnst
U. Tlomaraem

h(()i) Wi

IIpumenum MeTOJT ACUMIITOTUYECKUX PA3JIOYKEHU, BBO/sI HE3aBUCUMbBIE TTEPEMEHHBIE
B BUJE

E=a" —ct", T=-ct" (7)

rje ¢ — OespasMepHas HeM3BECTHAsl CKOPOCThb BOJIHBI, T — OBICTPOE BpeMsl, a & — MaJIblil
mapamerp.

BanuceiBaem cucreMy ypaBHeHHi (3) B 6e3pasMepHBIX IEPEMEHHBIX € HCIIOJb30BAHIEM

— Um .

dopmyi (5)—(7) 1 pa3IoKuUM yIpyrue IepeMeIneHns 0 CTeHeHsAM £ = 4

(1) (1) (i ) (1) _ (1) (l)

Uy =upg FEU ] e, Uy =Ugg +EUS. F ... (8)

[ToncraBum pasznoxkenue (8) B MOJYYEHHbIE yDaBHEHUs U3 (3) U TI0CJIE HEKOTOPBIX

npeo0pa30BaHuil ITUX ypPABHEHWIT, AHAJJOTUIHBIX NTPUBEIEHHBIM B |8, 19|, npupaBHsem
HYJII0 KO3(bMUIMEHTH IPH €0, MOJIyYHM

Wl ;
10 U:(;o) zi Mougo)g; (1- M(QJ )Ugt))gg 0, 9)
m

OTKyJla olpejiesisieTcst Ge3pazMepHast CKOPOCTh BOJIHBI ¢ = 1 — p2.

U3 ciieytonero npubJImzKeHust 1o €, yautbiBas (9), HAXOUTCs ypaBHEHNE, sSBJISAIONIeeCs
COCTaBHBIM JIJId U10:

+“ﬂv '“0 4= (R(i)> 1—pg o)

1057 I 105 1055 ] 5 Upgeece T

2—i RO? RO” u2,
+ ——— (Mokl 22 U10¢e — ks——u10 + kg—re— RO’z ’U‘Cl))O =

24/1 — 12¢
1 12 R i 10qn,
== 2 (i)2<()_/1’0 ] (1) 18)' (10)
2¢/1 = p 5ump0h0 €y §

B npencrasiennsx (8) B34TO 1Ba MEPBBIX WICHA PA3JIOXKEHU IO € JJIs yuéTa HeJIHHeli-
HOCTH MCXOZHO CHCTeMBbI ypaBHeHHit (3), Kak ciemyer u3 cucreMsl (10).
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B ciay4ae orcyrcTBus KHJIKOCTH IIpaBast dacTh ypasuenuii (10) obpamaercs B HOJIb
U CHCTeMa PAclaJaeTcs Ha HE3aBUCHMbIE YPAaBHEHUSI, KazkK/[0€ U3 KOTOPBIX UMeET CBOE
TO4YHOE perreHne. [Ijis ompeesieHnst HAPSKEHUH, TeHCTBYIONNX CO CTOPOHBI YKUIKOCTH,
MOXKHO BOCIIOJIB30BaThCS Pe3ysbraTaMu paboTs! [9]:

1 Oqy pv / ( ) 1)
— = 124/1 — um BP0, — u,, RMy
pgh((f)c?J 3 53p0h(()2)00 [ 105}
. § 9q .
(1) — 2 FHn o qyi
R® 94, 1 RO\ oul?
= 240/1 — 1—(2 10
G — Ho ] 55 Rsco PCh /~Lo l (uo R3> o€

[Moxcrasss (11) B cucremy ypasuenne (10), OKOHIATETHHO HOJLY THM

ey +uﬂv — 15,10, (0 +1 R uovl—uo JU
1057‘ le 105 10&¢€ l 10&555
1 R(l)2 R®? n2 3
2y/1— 413 b1z oge — b T o + ko | +
3
pl._ v (R J )
62 = - [ } -0
+ Ho poho RCOE <5> |: * 2M R:| 105 ulO{
umx/l—uo 4@, +1 B uox/l—uo MO
10& Ie UppeUr0ee / Uypgeee
3 ~ ~
pl v R 0 2) (1) o Pl TV e
6412 )l 2 [ - ] —2(1-4 = 0.
+ Mopoho Reoe (5> { + Q,UOR] Ujpe — Uppe ( 15) soho Reoe Ujge =

(12)
31ech ¢ npunsATOlN TouHOCTHIO ho/R ~ O(€), §/ Ry = 9 < 1, obosnaueno R ~ R(?) = R,
IIPU 9TOM IIOJIOXKEHO hél) ~ h((f) ~ ho.

Jlerko BumeTh, 9TO 3aMeHA u%)g = 03¢(1 “go)ga n = c1&, t = coT, THE

I~

62 Pl (R 2 e 0] (! 2 2 B
Co = —_ _— CcC1 = C — —

2 Ho p0h0€ 1) 2,[1,0R (500, ! 2 R ,ugw /1 — /1*(2) ’

2102 12 k R2 1 k R?

- = Y O01= < /L% 2 03 = 772277 (13)

clum /1 — 2 0221/ l2e c12 24/1 — pd e
S S 02174% (5) ﬁu[ L0 }1
203 2, /1 — (2 R2 3ud R) pv 2uoR ’

[O3BOJIsIeT 3amucaThb cucreMmy ypasaenuii (12) B Buue

3
ot + 6061 + 600, + 016l — o / ¢<”dn+a4< ¢(1)dn> +o = =0, (14)

07 + 6620 + ¢, + 6 — o) — a6 =0. (15)



208 Becruuk PYIH. Cepus MU ®. T. 26, Ne3,2018. C.203-215

Cucrema ypasuenuii (14)—(15) npu oTCyTCTBUM KUJIKOCTH PACIAIAETCsI HA JIBa HE3a-
BuCHMBIX ypasnenus. s ¢l

3
o1 + 66060 + 6, + o100 — o / ody + o4 < / ¢(1)d77> =0

C TOYHBIM pelIeHueM

1
gb(l) -7 cosh ™2 { 73 [n - (03 + 204 + 01> t] } . (16)
20’4 2 g4 04
O ¢ ¢£2) + 6¢(2)¢7(72) + ¢£1277)77 = (0 ¢ TOYHBIM pelleHneM
@ _ 98 q2lL jos| o3, 1
¢ 20’4 o {2 g4 K g4 ’ ( 7)

rje 03/04 — TPOU3BOJIbHASI BEJNIMHA.

Kak ciesyer u3 (16) u (17), ckopocts commrona ¢(1) Gosbire, wem cKOPOCTh COMMTOHA
) 1pu ojuHAKOBBIX aMIIHTYIaX. 1IpH HAJTUYEE KIJIKOCTH BO BHYTPEHHeil 060/09Ke 1
OKPY2KAIOIIel yIpyroil cpeJibl /it BHEITHEH 000JOYKY YUCIEHHOE UCCTIETOBAHUE CUCTEMBI
ypasuennit (14)-(15) npu HaYaILHOM yCIOBUH

(1) _ 42 — 93 osh~2 1 Jos 1
0 (1.0 = 6% (,0) = 72 cosh~* { £, 70 (18)

IIO3BOJIUT OICHUTDHL UX BJAUAHNE Ha BOJJIHOBBLIC IIPOIECCHI B COOCHBIX 000JI0YKAaX.

YucnaenHoe MoaeJmpoBaHue

B crarbsx [20] moapo6HO pacCMOTPEH MPOIECC JIUCKPETU3AIMI KBa3UINHEHHBIX 1udde-
PEHINAIbLHBIX YPABHEHU IBOJIIOIIOHHOIO TUIIA Ha IIPUMeEPe KJIACCUIECKOr0 yPaBHEHUS
KnB, gncsiennbie MeTospl perniennst Koroporo pacemorpenst B [21]. Tlosyuennast ¢ momo-
I[BIO JJAHHOTO IIO/IX0a JUCKpeTn3anus ypasuenus KB nMeeT TOYHOCTb BTOPOTO MOPSIKA
KaK 10 MPOCTPAHCTBEHHOMY Iary h ceTku, Tak u mo BpeMeHHOMY 7. IlockombKy pasHOoCT-
Hasl CXeMa HesIBHAas, T.€. YCTONYHBa IIPpU JOCTATOYHO MAJIOM h, TO €€ COIVIACOBAHHOCTDH U
YCTOIYNBOCTD IPUBOJAT K €6 cxomaumoctu |22|. Takzke crporo mokasaHa KiiacCHdecKast
TeopeMa, SKBUBaJEHTHOCTH Jlakca [jIst HaYaJIbHOM 3a/1a4n ¢ OJHUM JIUHEHHBIM qudde-
PEHIMAJIbHBIM YpaBHEHUEM U 00OOINeHNsIMU Ha HeJMHeHRHbI corydaii [23].

CymecTByer O0JBIIIOE KOJUIECTBO METOJIOB IOCTPOEHUSI PA3HOCTHLIX CXEM JIJId
nuddepeHnualbibIX ypaBHeHuii. Mbl OyjieM HCIOJIB30BATH AJITOPUTM ITOCTPOEHUST
KOHEYHO-PA3HOCTHOI allPOKCUMAIK COIVIACHO [24].

Banmimem cucremy ypasuenuii (14)—(15) B Buje HHTErpaoB 10 KOHTYDPY

2
jf (—qbg%} — 37 — qub(l)) dt + ¢Wdn+

o
] (coat o) de + i (60 —o®)diag =0, (19)

j{ (_@(737) N 3¢(2>2) dt + 6@dn + / / (¢(2> I m@)) dtdp=0  (20)
Q
o0
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TSt / gb(l)dn =¥, moboit obaactu §2 u yoboro uaTepsBaia a > b. Ha pasHocTHOi ceTke

COIIOCTABUM u(Z = ¢ (tn,n)), Uj' = W(tn,n;) n BoiGepem B KadecTBe 6a30B0Or0 KOHTYD,
NOKA3AHHLIA Ha puc. 2.

n—+1 o<
n .
J j+1 J+2

Puc. 2. Basosoit koHTYp ajs1 ypaBHenwuii (19)—(20)

HobaBuMm mHTErpaJbHBIE COOTHOITEHMS

Mnj+1

u(i)nd'ﬂ =y (t,mj+1) — ul® (t,mj),

M35
Nji+2 MNj+2 (21)
u D, pdn = uD (6, nj40) — u@D (8, 5), / udn = U(t,nji2) — U(t,n;).
nj 5

[Ipumenssa myia auncirennoro marerpuposanus dopmyiabl Hoiorona—Koreca n mosraras
tnt1 —tn = T, Nj41 — 0; = h, nepermmmem coorromenus (19), (20), (21) B Buge

( ((1>“+ o <1)"+1)_

nmn j 7777] nn]+2 u7777j+2
on+1 on on+1 T n+1 n
3< (1)? +u(1> — M, =y +2>> S+ (u(l)j+1 _u(1>j+1) - 2h +
n (( O 47 ) _ (u< "+ u@ ) _

o3 (U + Up) +ou (U1 +U%),0) ) - hr =0,

( ((2) L@@ (2)"*1)_

nm j nm j m jr2 Y jyo
on on+1 2n on+1 T n+1 n
_3 <u<2> ARG L O M)) T () ) 2n
n+1 n n+1 n n+1 n
+((<> ! 1)_(<>]+1+u(>J+1>_U(<2> 1+u(2>j+1)>.h720,

W @™o

Un g1 T )5 T e T
D" op — @ _,@O"
unnj+1 2h = Up j+2 Up i’

n n h
(u(l)j+2 + 4u(1)j+1 + u(l)?) =U,"., - Un;‘.
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[MockonbKy ucxomnoe auddepentnuanbioe ypasuenne (14)—(15) menuneitno, To 3a
c4ér BbIOOpA JIOIYCTUMOTO YIOPsiJIOYeHUsl B JaHHOM ciaydae B Oasuce ['pébuepa [25]
JIIMPYIONIIEe MOHOMBI He OyIyT COCTOATL U3 HEJIUMHEHHBIX H4JICHOB.

B pesyabrare mosydnm pasHOCTHYO cxeMy st ypasHenus (14)—(15)

n+l n 2n+1 an+1 2n 2n
u(l)] — u(l) ( (1) — u(l) ,_1) J,- (u(l) j+1 — u(l) j—l) +
T 4h
n+1 n+1 n+1 n+1
+ (u(l)j+2 —_ 2u(1)]+1 + 2u(1)j71 —_ u(l)j72 ) +
4h3
+ (u(l);l+2 — 2u(1);l+1 _|_ 2u(1);,l_1 — u(l)?_2) +
4h3
@t _ @t " " ntl | pn
(e —ut i)+ (W —ul; ) U +Uj
to m B
g3ttt st o Lo @t @
J J J i J ji_
+ 04 5 5 5 0, (22)
n h
(a0 + 40T + 07 ) 2 = (U = Uyr) =0, (23)
n+1 n 2n+1 an+1 2n 2n
u(2)j _ u(2) ( (2) _ u(2) )+ (u(2) i1 — u® j—l) N
T 4h
n+1 n+1 n+1 n+1
+ (u(2)j+2 — 2u(2)]+1 + 2u(2)j71 —_ u(z)j72 ) +
4h3
+ (u(2)7+2 — 2u(2);l+1 _|_ 2u(2);,l_1 — u(2)?_2) _
4h3
@ntt @ ot mn @ntt @
ws +u s u s fu us Fu
+ J 5 J J 5 J o J 5 J =0. (24)

Pasnocraas cxema (22), (24) nmogobua cxeme Kpanka—Hukosicona mjist ypaBHEHUs
TEILIONPOBOIHOCTH.

Peanmzanust pasHocTHoit cxembl (22)—(24) 6buia IPOBE/EHA C UCHOIB30BAHUEM IIPO-
IPaMMHOrO 00ecIedeHnst ¢ OTKPLITHIM KojoM SciPy n SymPy, mocrpoernom st si3bIKa
porpammvupoBanus Python3.

[Tonyuenmble HesIBHbIE PA3HOCTHBIE CXEMBI HEJIMHEHHBI OTHOCHTEIBHO CJIEAYIOIIErO
BPEMEHHOTO CJIOs1, IIO9TOMY JJIsi MOCTPOCHUS PEIICHUsT UCIOIb30BAHa CJIE/LYIOMast JIH-
Heapu3alust

2 2 2 2 2 2
Vi1 = Viy1 — Vi + Vi = (Vkg1 — V) (k1 + Uk) + U R Vg1 - 208 — V.

Ha I'paHHIIaX BBLIYUCJIATEIbHON 00JIaCTA UCIIOIb30BaJIICh yciioBusA paBEHCTBa IIE€PBBIX

1 2 .
IPOM3BOIHBIX (b% ) = ¢,(7 ) =o. IMTockosibky cxema (22)—(24) umeer H-rouedHbIil MabI0H
10 OCH 7], TO HA IPAHMIAX UCIIOJb30BAJIOCH 110 JBA COOTHOIIEHUsI, HAIIPUMED JJIsl JIEBOI
IPAHUIBL:

df(zi) _ d3 n —5f(wi) + 9f (wiy2) — 4f(Tits3)
dx dac3 6h ’
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df(z:) _ 11h*d%f n —5f(wit1) + 8f(zit2) — 3f (its)

de = 6 dad

2h

Ha puc. 3 u 4 BusHO BiIMsHAE OKPYZKAIOIIEN YIIPpYTroil cpeapl Ha MOBEJIeHNE HEeJTMHENHOM
BOJIHBI JiechopMaliuu B cucreMe B 3aBucuMocTu ot Koaddunuenta Ilyaccona g B (13)
B BBIpaKe€HUH JIJIsI O.

08F

0.6 |-

— t=0.00

- t=156
----- t=234

== t=391

- - =078

— t=313]]

0.8

0.6

0.4

— =000
-- t=078]]

- t=156
----- t=234
— t=313]]
-- t=391

< -
0.0 B 0.0 | N
—0.2F - 02 E|
04k i k L i i B —04 k& k I i i i 4
—40 -20 0 20 10 60 80 —40 -20 0 20 10 60 80
n
Puc. 3. I'paduku uncienHoro pemenusi ypasaenui (14)—(15) npu o1 =1 ¢
HavaJIbHBIM ycaoBueM (18) ¢ o3 = 0,004, 04 = 0,1 u \/o3/04 = 0,2
0.08F 0.08 F T
0.06 |- 0.06
— 0.04F — 004}
) )
=Y <
0.02 | 0.02 -
0.00 |- 0.00
—40 —40 —20 0 20 10 60 80
n
Puc. 4. T'paduku unciensoro pemenusi ypasaenui (14)—(15) mpu 01 = —1 ¢

Ha4vaJIbHBIM ycjioBueMm (18) ¢ 03 =0,004, 04 =0,1 1 y/o3/04 = 0,2

B ciyuae pp < 1/2 (pucynok 3) zHabIroaeTCs BOJIHOOOPA30BAHIE U POCT aMILIATY/IbI
BOJTHBI OTHOCHUTEJIFHO BpeMeH! B 06enx 000/109Kax mpu 6oJtee ¢1aboM BO BHEITHEH 000JI09Ke
B CJIEJICTBUU BJIMSIHUS OKPYy»Kalomeil yupyroii cpeast. I naobopor, upu g > 1/2 (puc. 4)
Ha.6JIIO,I[aeTCH BO.HHOO6pa,30BaHI/Ie u ImaJeHne aMIIJIUTYIbl BOJTHBI OTHOCUTEJIbHO BpeMeHUu
B 0benx 060JI0UKax mpu Oojiee CUILHOM BO BHEITHEH 00OJI0YKe.

3akJirouenue

BrimosinenHbIe BRIYUCIUTEIbHBIE SKCIIEPUMEHTHI TIO3BOJIUJIN BIIEPBbIE OIEHUTH BJIUSHUE
OKPY2KaloIeil yIrpyroii cpeJibl /il BHENTHEH 000/IOUKN Ha MTOBEJIeHNEe HEJTUHEHHON BOJIHBI
nedopmarnu B cucteMe, KOT/Ia BHYTPEHHsIsT 000JI09KA 3aIMI0THEHA BA3KON HECXKUMAEMOit
KUJKOCTBIO.
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B pe3ybTare 1104 BJIUAHUEM BO3,H€I7'ICTBI/IH prerfI Cpebl Ha BHENIHIOIO O6OJIO‘{Ky u

HaJIMYIHs 2KUJIKOCTA BO BHYTpPEHHEH 000JI0UKe HAOJII0IaeTCsT B 3aBUCUMOCTH OT K03 hu-
nuenTa Ilyaccona MeHBIMIT POCT WM TaIeHNe aMILIATYIbI BOJHBI BO BHEITHEH 000I0UKe
10 CPABHEHUIO C BHyTpPEHHE.
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Wave Processes Modeling in Two Coaxial Shells Filled with
a Viscous Liquid and Surrounded by Elastic Medium

Y. A. Blinkov*, E. V. Evdokimova', L. I. Mogilevich, A. Y. Rebrina'

* Saratov State University
83, Astrahanskaya str., Saratov, 410012, Russian Federation
Y Yuri Gagarin State Technical University of Saratov
77, Politekhnicheskaya str., Saratov, 410054, Russian Federation

The investigation of deformation waves behavior in elastic shells is one of the important trends
in the contemporary wave dynamics. There exist mathematical models of wave motions in
infinitely long geometrically non-linear shells, containing viscous incompressible liquid based
on the related hydroelasticity problems, which are derived by the shells dynamics and viscous
incompressible liquid equations in the form of centralized Korteweg—de Vries (KdV) equations.
In addition, mathematical models or the wave process in infinitely long geometrically non-
linear coaxial cylindrical elastic shells are obtained by the perturbation method. These models
differ from the known ones by the consideration of incompressible liquid between the shells,
based on the related hydroelasticity problems. These problems are described by shell dynamics
and viscous incompressible liquid equations with corresponding edge conditions in the form of
generalized KdV equations system. The paper presents the investigation of wave occurrences in
two geometrically non-linear elastic coaxial cylindrical shells of Kirchhoff-Love type, containing
viscous incompressible liquid both in between and inside, and surrounded by an elastic medium,
acting in both normal and longitudinal directions. The difference schemes of Crank—Nicholson
type are obtained for the considered equations system by taking into account liquid impact and
with the help of Grobner basis construction. To generate these difference schemes, the basic
integral difference correlations, approximating initial equations system, were used.

Key words and phrases: nonlinear waves, viscous incompressible liquid, elastic cylindrical
shells, Grobner basis
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¥YBeaundenue npousdBoguresbHoctu DIIP ncrouynuka
OTPUIATEJbHBIX BOJOPOJIHBIX MOHOB C ITOMOIIbIO
JOTIOJTHUTEJIBHBIX SMHUTTEPOB HU3KOTEMIEPATYyPHBIX 3JIEKTPOHOB

B. 1. Oyrap-2Ka6onu*, B. 1. Kapskal, A. S1. Tepienxuii'
* Unoycmpuasonutd yrusepcumem Canmandepa
AA 678 Byxapamanea, Koaymbus
T Hnemumym dusuveckux uceaedosanutds u mexnonrozut
Poccutickuti ynusepcumem dpyotcbvl Hapodos
ya. Murxayzro-Maxaas, 0. 6, Mocksa, Poccus, 117198

Amnanu3 MexaHu3MOB 06pa30BaHUs OTPUIATE]BHBIX BOAOPOIAHBIX HOHOB B UCTOYHHUKE IIJIA3MBI,
paboTalolieM Ha 3JIEKTPOHHOM IUKJIOTPOHHOM PE30HAHCE, TO3BOJISET CAEIATH BBIBOJL O IIPUHIIM-
MMUAJBHO BaXKHOH POJIM, KOTOPYIO UTPAIOT B 3TOM IIPOIECCE HU3KOTEMIIEPATypPHBIE 3JIEKTPOHbI. B
UCTOYHUKAX TAKOT'O THUIIA MOJyYEeHUE OTPHUIATETbHBIX NOHOB IIPOUCXO/IUT CJIEIYIOIIUM 00Pa30oM.
BrauaJsie MmosieKysibl BOIOPO/a, CTAJIKUBAsChH B IJIa3Me C SHEPIUYHBIMU 3JIEKTPOHAMU, IIE€PEX0-
JSIT Ha BBICOKOBO30YKJIEHHBIE 3JIEKTPOHHBIE U KOJiebaTeIbHbIe YPOBHU. Jlajee, mpucoeuHsIst
JIEKTPOHBI HU3KUX dHEPrUil, BO30YKIAEHHBIE MOJIEKYJIBI TPUOOPETAIOT OTPUIIATETbHBIN 3apsi/I.
OrpurarenbHble ATOMAPHBIE HOHBI IOy YAIOTCS B PE3YJIBTATE JUCCOIUAIINY BO30Y K IEHHBIX OT-
pHUIATEIBHO 3aPsI>KEHHBIX MOJIEKYJ BOJIOpoa. HeobxoiuMbIe jist 9TOro IPOIecca 3JIEKTPOHBI
HU3KHUX SHEPIUil MOIYyYalOTCA B PE3yJIbTATe CTOJKHOBEHUI OBICTPBIX 9JIEKTPOHOB ILJIA3MBI C ILJ1a3-
MEHHBIMU 3JIEKTPOJIaMu. B mpescTaB/IeHHBIX 9KCIEPUMEHTAX JJIs JOIOJHHUTEIBHOTO YBEJINYEHU
9UCIIA 3JIEKTPOHOB HU3KUX SHEPIUHl MCIOJIb30BAJIACH TEPMOIJIEKTPOHHAST SMUCCUST U3 BOJIbGPa-
MOBBIX HarpeBaTesieil u kepamudecknx LaBg 371eKTPOIOB, pa3MeIEHHBIX B KAMEpPE UCTOYHUKA.
B skcnepumeHnTax yCcTaHOBJIEHO, 9YTO TEPMOIJIEKTPOHHAS IMUCCHUST SJIEKTPOHOB U3 BOJIB(MPAMO-
BBIX HarpeBarTeseil yydinaia CTaOUIbHOCTh Pa3psi/ia U PACIHINpPsiia JTUATA30H JIABJICHUN, TpU
KOTOPBIX CYIIECTBOBAJI Pa3psifl, CyIMIECTBEHHO He N3MEHsIsI BEJIMUNHY TOKAa OTPHUIATEIHHBIX NOHOB.
OMuccusa ke 1eKTpoHOB n3 LaBg 371€KTpooB yBean«uuBaga TOK OTPHUIATE]bHBIX MOHOB M3
UCTOYHUKA OoJjiee yeM B 3 pasa.

KuroueBble cjioBa: MCTOYHUK OTPUTIATETHHBIX MOHOB, SJIEKTPOHHBIN ITMKJIOTPOHHBIN PE30-
HAHC, 9JIEKTPOHHAs SMUCCHs, [IUCCOIMAINs, KojiebaTeabHOe BO30YXKIEHNE MOJIEKYJI, SJIEKTPOHHOE
BO30YK/IeHIE

1. Bsegenue

WNuTepec K UCTOYHUKAM OTPUIIATEIBHBIX BOJIOPOJHBIX MOHOB BBI3BAH MX ITUPOKUM HC-
IT0JIb30BAHUEM JIJIsl PA3JIMIHBIX HAYIHBIX, TEXHUIECKUX IeJIell 1 0COOEHHO UX ITPUMEHEHIEM
JUIsI TieJielt yIpaBisieMoro TepMostiiepaoro cunresa [1]. IIorok oTpunaresbHO 3apsizKeHHbIX
M30TOIOB BOJIOPO/A, YCKOPEHHBIX IO BBICOKUX SHEPTUil, MOXKeT OBITH MIPEeBPAIEH B Hell-
TpaJIbHbIE ATOMBI U HH2KEKTHPOBATHCA B MATHUTHBIE JIOBYIIIKY C TIEJIHIO PENTEHUsT TTPOOIEMBI
HarpeBa ILIa3Mbl JI0 TEPMOAIEPHBIX TeMitepaTyp. OTpUaTe IbHO 3aPAXKEHHBIE H30TOIbI
BOJIOPOJIA, YCKOPEHHBIE JIO BBICOKUX JHEPTHUiA, UCIIOJB3YIOTCI B YCKOPUTEJIX PA3JIMIHOTO
THIIA, B 9aCTHOCTH, JIJIs HOJIydeHns] paauon30TonoB. CyIecTBeHHBIM TPENMYIIECTBOM UC-
TOYHUKOB MOHOB, UCIOJIb3YIONNUX JJIsI CO3AAHUS IJa3Mbl 3JIeKTPOHHBII ITUKJIOTPOHHBI
pesonanc (DLIP), sBasieTcst orcyTCTBUE 3arps3HEHNIl TIa3Mbl MaTEPUATIOM KATO/IA M UX
J0aroBeIHOCTh. J1s1 DIIP ncToYHNKOB OTpUITATEILHBIX HOHOB BOIOPOIa MPUHIINIIHAIBHO
BarKHOU peakiueil gBageTcs IPUCOCIMHEHNE HU3KOIHEPTETUIHBIX JICKTPOHOB K MOJIEKY-
JIaM BOZIOPOJIa € TOC/IE YIOIIel JIUCcCoralueil OTPUIATEIbHO 3aPsZKEHHBIX MOJIEKYII [2].
OHaKO KOHCTAHTa, CKOPOCTH TAKOTO IIPOIECCa CJIUIITKOM MAaJia JJIsT TOTO, ITOOBI 9TOT MPO-
IIeCC UCIIOJIb30BATD I paKkTudeckux 1eeit. Ho ecim MoJieKyJibl BOJIOPO/Ia HAXOIATCA B

Crarps nocrynuia B pegakmuio 18 mas 2018 1.
[Iy6nukanus noarorosiena npu nongepkke [Iporpammbr PYJITH «5-100».
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CUJILHO BO30YKJIEHHOM 3JIEKTPOHHOM MJIA KOJIEOATEIHHOM COCTOSTHUN, TO KOHCTAHTA CKOPO-
CTH IIPOIIECCa BO3pacTaeT Ha MHOIO HOpsaKoB. B DIIP ucroyHukax oTpuIaTe/IbHBIX HOHOB
KoJIebaTeIbHOE U 9JIEKTPOHHOE BO30YKIECHNE MOJIEKYJI IPOUCXOIUT B PE3YJIHTATE CTOJIK-
HOBEHUS C SHEPTUYIHBIMU JIEKTPOHAMU ILJIA3MbI B AKTUBHOM 30He pa3psiyia. MoJIeKy/Ibl
BOJIOPO/Ia, M3 OCHOBHOT'O COCTOSTHESI MOTYT TIEPeHTH Ha BBICOKOBO30YKIEHHBIE KOJIEOATETh-
Hble cocTosiHus 110 MexaHu3aMy Ppanka—Konona [3,4| nnu Ha BBICOKOBO3OY K IEHHBIE
3J1eKTpOHHBIe ypoBHU |5, 6]. Belio ycranosieno, uro B uzydaemom DIIP ucrounuke [2]
OTpHIaTeIbHbIE BOIOPOIHBIE MOHBI ITOJIYyIal0OTCS B COOTBETCTBUU C BBINIEYKA3AHHBIMUI
peaknusaMu. MarauTHoe 110Jie UCTOYHUKA 3epKaJIbHOrO Tuia, riue DIIP nmosepxnocru, co-
OTBETCTBYIOIIE OCHOBHOI MUKDPOBOJTHOBOI YacToTe u €€ rapMoHukam B(7) = mew/ek,
UMeJI OJIHOJINCTOBYIO runepbosionayo dbopmy [2,7]. 3mech m u e —mMacca u 3apsi
9JIEKTPOHA, C — CKOPOCTDb CBETA, W — IUK/IMIeCKass MIKPOBOJHOBasd JacTora, k = 1 coor-
BETCTBYET OCHOBHOMY Pe30HAaHCY, k = 2, 3, 4 — pe30HaHCHbIE TADMOHUKH. B 3TUX yCJIOBASAX
dbopMupyroTcs masMeHHbIe KOJIbIIA BBICOKOHEPIMIHBIX 9JI€KTPOHOB |2, 7-10]. Yckopenue
9JIEKTPOHOB JI0 CBEPXBBICOKHUX YHEPTHUI CBA3AHO C sIBJCHUEM ITPOCTPAHCTBEHHOTO ITHK-
JoTpoHHOrO apropesonanca [11,12]. B [2] nokazano, B pesyiabraTe HpsiMOro KOHTAKTa
KOJIET] C 9JIEKTPOJAMH TIJIA3MBI IIPOUCXOAUT OOMOAPIUPOBKA JIEKTPOIOB SHEPTUIHBIMUI
JaCTUIAMU KOJIEIl U B PE3yJIbTaTe BOJU3U IJEKTPOIOB 00PA3YIOTCA CJIOM HU3KOIHEPTe-
TUYIHBIX JIEKTPOHOB. VIMEHHO B 3THUX CJI0sIX U 00pa3y0TCs OTPUIIATEIBHO 3apsyKEeHHbIE
noHbl. B npoBeiérnoii cepun sKciepumenToB DIIP ncrounuk, onucannbiii B |2, 8], 6611
MOJIN(DUITUPOBAH C TEJbIO TTOJIyUeHUsT 00Jiee BBICOKOM CTEIeHU TeHEePAITUN OTPHUIATE b~
HBIX MOHOB. B paspsiaHoit Kamepe ObLIN yCTAHOBJIEHBI IBE CUCTEMBI, KOTOPBIE 0DOTAIAIN
IUIA3My MCTOYHUKA JTOTMOJTHUTEILHBIMI HU3KOIHEPTETUIHBIMU JJIEKTPOHAMH.

2. DKcrepuMeHTaJIbHAsl yCTAaHOBKA

CxeMa 9KCIIEpUMEHTAIBHON YCTAHOBKHU IIPeJICTaB/IeHa Ha puc. 1.

Pa3zpsinas kamepa npejicraBisiaa coboil aJTlOMUHUEBBIH MUIUHAP AruaMeTpoM 13 cMm u
JUINHOM 8 ¢M, pasMeIIéHHbI MeXKly JABYMA OJuHAKOBbIMU SmCO5 MArHUTHBIMU JIMCKAMU
JauaMeTpoM 6 ¢M M TTOBEpXHOCTHBIM MarHuTHBIM mojieM 0,34 Tia. Ocn MarHUTHBIX JUCKOB
COBIIAJIAJIA C OCBIO pa3psiaHoil Kamepbl. [eomerpust DIP mosepxuocreit n ducao DIP ox-
HOJIUCTOBBIX TUIIEPOOJIONIOB OMPEIEISIUCh PACCTOSTHUEM MEXKy MATHUTHBIMU JUCKAMH,
KOTOPOE MOTJIO U3MeHAThCs OT 8,6 10 12 cm. Takum 06pa30M MOTIM MEHSATHCSI M PAJIAYCHI
m1a3MeHHbIX KoJiell. CedeHnsl Pe30HAHCHBIX TMIIEPOOJION IOB U ILIA3MEHHBIX KOJIEI HA PH-
CyHKe n300pazkeHbl Kak B.1—Be4 u k = 1,4 coorBercrBenHo. MomHocts Maruerpona (3)
Mmensiiachk B mpejieax H50-300 Bt wa wacrore 2,45 I'T'n. B kamepe ncrounuka Bo30y K-
gastach Moza TEi11. MuKpoBOIHOBAST MOIMHOCTH MTOCTYTIAJIa B KAMEPY UCTOYHHUKA Yepe3
BOJTHOBOJ, 1 Kepamuieckoe Al,O3 okuo. /laBienne pabouero rasa B KaMepe MOIEPKUABa-
JIOCH C TIOMOIIIBIO TTbE30JIEKTPUIECKOTO HAaTeKaTe . MarnuTHoe moJje, COOTBETCTBYIOIIEE
OCHOBHOMY pe30HaHCy, paBHsioch 0,0875 Tu.

st co3mannst ycaoBuif, CIIOCOOCTBYIONMMX TeHEPAITUN OTPUIATETHHBIX BOJTOPOTHBIX
HMOHOB, HCITOJIB30BAJINCEH JBa ycTpoiicTBa. [lepBoe ycTpoiicTBO, KOTOpOE TOCTABIIAIO B Pa3-
PsAJT HUBKOIHEPTETUIHBIE SJIEKTPOHBI, COCTOSJIO U3 YE€THIPEX BOJIBMPAMOBBIX ITPOBOJIOK
JUTAHO# 8 ¢M, 0603HavYeHHbIX (6) Ha puc. 1 U 2. DTH IPOBOJOKH YCTAHABINBAIMCH HOIIAD-
HO Ha OOKOBBIX ITOBEPXHOCTSX KaMepbl Ha paccToguuu 0,4 ¢M OT ITOBEPXHOCTU U OBLIN
OPUEHTUPOBAHBI TEPIEHINKY/ISIPHO CUJIOBBIM JIMHUSM MUKPOBOJIHOBOTO 3JIEKTPUIECKOTO
[IOJIs € TeJIBI0 MUHUMU3UPOBATh UX BJHAHUE. leMIepaTrypa IPOBOJIOK TO/IePKUBAIACH
na yposue He Bbilte 2000 K, Tak Kak OoJiee BbICOKasg TeMiepaTypa TpebdoBaJia ObI 10-
MTOJITHUTEJIBHBIX MEp IO OTBOJY TEILIa OT YCTAHOBKH.

Bropoe ycTpoiicTBo, mpeHa3HAMEHHOE IS IOy YeHIsT HU3KOIHEPTEeTUIHBIX JJIEKTPOHOB,
PEJICTABIISIIO U3 cebsl AMCKOBBI sMuTTep U3 rekcabopuia jganrana (LaBg) auamerpom
4 MM (7), YCTaHOBJIEHHOE Ha OOKOBO# CTEHKE KaMepbl, KaK MOKa3aHo Ha puc. 1 u 2. Beibop
rekcabopujia JIJAHTAHA B Ka4eCTBE SMUTTEPA JIEKTPOHOB CBA3aH ¢ HEOOJIBINON paboToi
BBIXO/[a JIEKTPOHOB (2,7 5B), ero Hed4yBCTBUTEIBHOCTH K HOHHON GOMOGAPIUPOBKE U OOJIb-
moMy CpokKy ciyzk0bl. TreimbHas cropona LaBg auckoB marpesasiach BOJIb(OPaMOBBIMEI
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Puc. 1. Ilpuanunuanpuas cxeMma DIIP ucrouynuka monoB: 1 — paspsgHas KaMepa;
2 — SmCo guckoBble MAarHUTHI; 3 — MarHeTpoH; 4 — BOJIHOBOZ; 5 — KepaMHuvecKoe
BOJIHOBOJHOE OKHO; 6 — BoJibdbpamMoBasi mpoBoJioka; 7 — LaB sMurrep 3/IeKTPOHOB;

8 — OBYX3JIEKTPOJHAs CHUCTEMA KCTPAKIUU; 9 — KOPPEKTUPYIOIIEe MarHuThl;
10 — MarHuThI, OTKJIOHSIOIINE 3JIEKTPOHBI; 11 — oaumHOYHAasA POKYCUPYIOHIAs
gua3a; 12 — muauaap Papagesi; 13 — mitacTuHa aMuUTTaHCca; 14 — moaBu>KHAS
IpoBOJIOKa; 15 — oTkauka; B.i—B.4 — m3o6pa>keHue cevueHUil pe30HAHCHBIX
runiep6osionoB; k = 1,4 — n3o6parkeHne cedeHUil PE30HAHCHBLIX KOJIElT
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IIPOBOJIOKAMU C TIOMOIIIHIO TTOCTOSTHHOTO TOKA, BEJIMYNHA KOTOPOTO OIIPeJIesIsiia TeMIepa-
Typy nosepxuoctu LaBg. Boabdpamosast mpoBoJioka moMeragach B BOJOOXIAKIAEMY 0
TpyOKy m3 HeprkaBeromieit ctaan quuaoit 1,2 cm u BayTpernanM auamerpom 0,7 cum.

Puc. 2. Honepeqﬂoe cedyeHrne KaMepbl NCTOYHUKA: 1 — GokoBas IIOBEPpXHOCTDb

KaMepbl; 2 — MarHuTHbIE OUCKHN; 3 — 3JIEKTPOAbI; 4 — 3JIeKTPOJbl SKCTPAKIINU;
5 — mIa3zMeHHOe KOJIBIIO; COOTBETCTBYIOIlee pe3oHaHCcy k = 3; 6 — BoJsibdbpamoBas
npoBoJioka; 7 — LaB sMmurrep 3/1eKTPOHOB

JInst 9KCTpaKIMM OTPUTIATENIHHO 3aPS?KEHHBIX YACTHUIL MCIOJIB30BAJIACH MO IBUKHAS
JIBYX3JIEKTPO/HAsT (IJIA3MEHHBIN 3JIEKTPOJL U 3JIEKTPOJI IKCTPAKTOP) cucrema (8), ycra-
HOBJIEHHas Ha OOKOBOI TIOBEPXHOCTH KAMEPBI CO CTOPOHBI, IIPOTUBOIIOJIOMKHON MOIBOLY
MUKPOBOJIHOBOIT MoIiHOCTH. B €é cocTaB BXOAMIN KOPPEKTUPYIoNe MaruuThl (9), mMar-
HuThl (10), OTKIIOHSIIOIIIE JIEKTPOHBI, (hoKycupytomnue jua3bl (11). DrerparupoBaHHbie
HOHBI COOUPAIIHICH ¢ romornisio i Ipa Papases (12). Kamepa u miasMeHHbI 371€KTPO/
OBLIN 3a3€MJIEHBI, 8 SKCTPATUPYIOIMUI 3JIEKTPOJ HAXOMUIICS IO MOTEHIAAIOM +8 KB.
DKCTparupyomiee OTBEPCTHE UMEJIO JUaMeTp 3 MM. DKCTPArupyonas CACTeMa MOIJIa
HOrpy’KaThCd B IIasMy Ha paccrognue 1,5 cm. Cucrema, npeaHasnadennas s (popMu-
pPOBaHUs U IKCTPAKIMU IIyUKa, JeTajlbHO onucana B |2].

3. O06cyxk/aeHue IMoJIy4eHHbIX pe3yJbTaTOB

Usmepenne 37eKTPOHHON TeMIIEPATYPhI U IJIOTHOCTH TLIA3MBI ITOKA3AJI0, ITO MEXKTY
rmapaMeTpaMy pa3psIHOil MIa3Mbl OTCYTCTBYIOT KadeCTBEHHbBIE PA3/INYINs B CIydae Ha-
IPeTBIX U He HAPETBHIX CIIMpaJiell SMUCCUOHHBIX 3J1eMeHTOB. Kak BUIHO U3 puc. 3, mpu
HATPEBE SMUCCUOHHBIX IJIEMEHTOB PACIIUPSIETCS AUANA30H JABJICHUN, TPU KOTOPHIX CyIIe-
CTBYET pa3psJ B KaMepe, YBeJININBAETCs TaKxKe IJIOTHOCTB IJ1a3Mbl. [Ipn MUKpPOBOSTHOBOI
momaOocTr B 200 BT nmanason maBiieHUit CyIEeCTBOBAHUST pa3psi/ia YBEJIUIUBAJICS OT
(2,0-3,3) 1o (1,2-5,4) Tla, a mIoTHOCTH TWIa3MbI BospacTana ot 1,0- 101 10 1,2- 10 em—3.
DT1oT 3(pPEKT CBA3aH ¢ BIUIHAEM TEPMO3JIEKTPOHOB. Pa3psi u nuana3oH JIaBJIeHUIT Cy-
IIIECTBOBAHUS PA3PsAIa SBJISIICA OYeHb CTAOUIbLHBIM, & CUCTEMA HAUDEBa He BJIMSJIA Ha
TEMIIEPATYPY JIEKTPOHOB, KOTOpasd paBHAIACH 5D + 7 3B.

Harpes LaBg sMuTTepoB mpeanasHadasics Jjisi o0oraienus oo/1acTi BOJIM3Y I11a3M€eH-
HBIX 9JIEKTPOIOB (3) J€KTPOHAMHU C HU3KUMU SHEPrusiMu. TepMOJIEKTPOHBI, MOJTy Y€HHBIE
u3 LaBg, pacripocrpansiich BAOIb MATHUTHBIX CUJIOBBIX JIMHUI, YTO MPEIOXPAHIIO UX OT
nuddysnn B 00bEM, 3aHNMaeMbIil T1a3MOi. [[1a3MennbIe 316K TPOIbl OBLITH TOTPY2KEHBI B
Ia3My Ha DIyouny 1,2 ¢M 1 HAXOJMJINCh B HEIIOCPEICTBEHHOM KOHTAKTE U C TEPMODJIEKTPO-
HaMU ¥ C IJIa3MEHHBIM KOJIBIIOM, COOTBETCTBYIOIINM TPETLEH IUKJIOTPOHHON TapMOHUKE
(k = 3 ma puc. 2). Takum 06pazom perrajgach TpobJeMa yBeJNIeHNs HU3KOIHEPIeTHIHBIX
9JIEKTPOHOB B HEIIOCPEJICTBEHHON OJIU30CTU OT SKCTPATUPYIONIEr0 OTBEPCTHSI.

Kak ormeuasoch B pabore [9], oTpunaresibHO 3apsizKeHHbIE BOJOPO/IHBIE MOHBI MOSIB-
JITIOTCA B JIBYX NPUHITUIIAAIBHO BAaXKHBIX PEAKIINAX.
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Plasma density (cm™)

0.1 1.I0 210 3?0 4.IO 510 6?0
Hydrogen gas pressure (10 Tor)

Puc. 3. 3aBucuMoOCTb IJIOTHOCTHU ILJIA3MBI OT AaBJIEHUsd BOOOPOJa B KaMepe: 1—
XOJIOAHBbIE HarpesaTeJIbHbIE 3JIEMEHTHI, 2 — Harperbie 3JI€EMEHTbI

Ha niepBoii crauu BeJieICTBUE 3JIEKTPOHHBIX YIAPOB B 00'bEME ILIa3Mbl IIPOUCXOIUT [3,4]
oOpa3oBaHme BLICOKOBO3OYKIEHHBIX KOIe0ATEIbHBIX COCTOSHIN MOJIEKYJT BOZOPOIa X 12;

ep+ Ho(v =0) = Hy (v >5)+e, (1)
U BBICOKOBO30Y?KIEHHBIX PHIOEPIOBCKUX 3JIEKTPOHHBIX COCTOSIHUM [5, 6]:
ep+H2(V:0)%H§IR+e;. (2)

Bech e, — 971eKTpoH 11a3Mel, HY — kosiebaresibHO BO30Y K IGHHAsT MOJIEKYJIa BOJOPOA,
Hy (v = 0) — Moutekyi1a B HeBO30Y K IEHHOM KoebarebaoM cocrosunu X 'S (v = 0), v —
KoJiebaTeIbHOe KBAHTOBOE 1nciio. OUTHMaIbHAasl TEMIEPATYPa SJEKTPOHOB JIjIsl 06enx
peakiuii okono 50-60 sB.

Ha BTOpOfI CTaI HU3KOHEPI'CTUYIECCKHE 3JICKTPOHDI ITPUCOCIMHAIOTCA K B036y}K,ILéH—
HBIM MOJICKYJIaM:

e+ HY — Hy (v) + hy, (3)
e+ HIE — HEE= (1) + ho. (4)

HOJIy‘{eHHbIe BO36y)K,HéHHbIe OTPpUIIATEJIbHO 3apPA?KEHHbIC MOJIEKYJIbI BOJIOPO/a HECTa-

OMJIBHBI ¥ JIMCCOIMUPYIOT Ha OTPHUIATEIbBHO 3apsi>KeHHBbIE aTOMbl Bomopoma H ™~ u
BO30YKAEHHbIE aTOMbI H*:

HY™ - H +H*, HI - H +H. (5)

MakcumMyM pacrupeeieHnsi BTOPUIHBIX JIEKTPOHOB, BOZHUKAIOIINX B pa3psije IIpu
CTOJIKHOBEHUSIX SHEPIUYHDLIX YACTHUIL IUIA3MBI C IIJIA3MEHHBIMH SJIEKTPOJIAMU, COCTABJISI
npumepso 20 3B, 9T0 3HAYNTENHLHO NPEBBINIAET ONTUMAJBHYIO SHEPIUIO JJIst peakiuii (3)
u (4). B cuty 9TUX OpUYMH B 9KCIEPUMEHTAX IIPE/IOIAraIOCh, U9TO JIOMOJHATETHHBIE
SMUTTEPHI HU3KOIHEPIETUIHBIX TEPMOIIEKTPOHOB OYIyT OCHOBHBIMU ITOCTABIIUKAMHU JIEK-
TPOHOB C ONITUMAJILHOM dHeprueil, Tak Kak TeMIepaTypa TePMOJIEKTPOHOB TaKasd Ke,
Kak 1 TeMieparypa smurrepa. Harpes BoabhpaMoBbIX TepMOIMUTTEPOB (6) IPUBOIIII K
VBEJIMYEHUIO SKCTPAKIINA OTPUIIATETHLHBIX HOHOB BOJIOPO/IA, HO OHO COCTABJISLIIO He OoJiee
5% [13]. Huskast 3 dexTuBHOCTD TEPMOIMUTTEPOB O0bSICHSIETCSI T€M, UTO OHH CO3/1aBa-
JI HU3KOYHEPTreTUIEeCKUe JIEKTPOHBI B IJIA3MEHHON 00JIaCTH, YIAJIEHHON OT 9JIEKTPOIOB
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SKCTPAKIIUU, Ky/I1a [0JIe JIEKTPOJIOB IIPAKTUIeCKH He mpoHnKaso. O6pa3oBaHHbIE OTPH-
IaTeJbHbIE NOHBI Pa3pPyITaaiCh TOPSINMU IJEKTPOHAMHK II0 TYTH K 3JeKkTporam. Jis
YJIydIleHnsl YCAOBUI OCyIecTBIeHns peaknuil (5) B 9KCIEpUMEHTaX MCIIOJIb30BaJINCh
JIEKTPOJIBI U3 TeKCabopuIia JIaHTAHA.

B skcnepumenTtax Temnepatypa LaBg pasasanack 1650 K, u cpeqnsas sueprus Tepmo-
9JIEKTPOHOB Oblita ipuMepHo pasha 0,13 3B [14]. Bo36yK1éHHbIE MOIEKYIIBI BOJIOPOIA
Mo 3 MEKTUBHO 3aXBATHIBATH 9TU JIEKTPOHBI, OCYIIECTB/IsI peakinuio (5).

[InoTHOCTDH TEPMO3/IEKTPOHOB, pPacCIUTaHHAs Jijid 00JjracTu, OGJIUM3KONH K DJIEKTPOLY
SKCTpakKnuy, coorsercrBoBasa b - 102 cm™3, uto B 5,5 pa3 6Gosblne, deM ILIOTHOCTD
BTOPHYHBIX 3JIEKTPOHOB OT KOJIEI] FOPSIIUX JIEKTPOHOB [2|. DKcrepuMeHTaIbHOE 3HAYECHIe
TOKa OTPUIATEIbHBIX MOHOB IIPU TUX yCJI0BUAX paBHsiaioch 10,2 MA, guro B 3,2 pasa
IIPEBBINIAIO0 3HAYEHNE TOKA IIPU HE HAarpeTOM IMUTTEPE.

OKCIEepUMEHTHI TIPYU BapUaIllMid MATHUTHOTO IIOJIsT B PE30HATOPE W M3MEHEHUN MOJIOZKe-
HUS JIEKTPOJIOB SKCTPAKIINH MOKA3AJIM, ITO HA IIPOIECC 0OPA30BaHUs OTPULIATETbHBIX
MOHOB BOJIOPO/IA TEPMOIJIEKTPOHBI IMUTTEPA OKA3bIBAJM OOJIee CHIILHOE BIUSIHUE, Y€M BTO-
PUIHBIE 3JIEKTPOHBI, OOPA3YIONINECsT TP CTOJKHOBEHUSIX OBICTPBIX 3JIEKTPOHOB ILIA3MBI
C 3JEKTPOJAMU.

CpaBHeHHe TI0JIy YeHHBIX PE3YJIbTATOB ¢ pabOTaMu JAPYrux aBTopos |15] ceugerenscrByer
0 BBICOKOM 3(hDEKTUBHOCTU UCCJIETOBAHHOTO UCTOYHUKA OTPUIATETHHBIX NOHOB KaK 110
BEJIMYIUHE TOKA IKCTPAKIINU, TAK U IO €ro SHEProddHEeKTUBHOCTH.

4. 3akJjrodyeHue

B pabote msyuasoch BausgHIE SMUTTUPOBAHHDLIX B IJIA3MY Pa3Psia HUZKOIHEPTETUIHBIX
SJIEKTPOHOB HA BEJUYUHY TOKA OTPUIATEIHHBIX BOIOPOAHBIX NOHOB n3 DIIP mcrouHumka.
Ilokazano, 1To ycranosiennbie H0KHBbIM 00pa3oMm LaBg smurrepnr dopmuposasu cion
HU3KOIHEPIEeTUIECKUX JIEKTPOHOB BOIU3U MOBEPXHOCTEH IJIA3MEHHBIX 9JIEKTPOIOB, UTO
IIPUBOIUJIO K 3HAYUTEILHOMY YBEJIUYIEHUIO ITPOU3BOJICTBA OTPUIIATEIBHO 3aPA>KEHHBIX
MOHOB BOJIOPO/ia. B sKcIepuMenTax mpoIeMOHCTPUPOBAHO, YTO BTOPUYIHBIE JIEKTPOHBI,
OJIy9aeMble B IJIA3MEHHBIX KOJIBIAX, 3HAYUTEILHO MeHee 3(DPEKTUBHBI 1)1 TOJIY I€HUST
OTPUIIATEJILHBIX HOHOB BCJIEJICTBHE UX CPABHUTEIHHO BbICOKUX 3Hepruil. [lomyuennsie pe-
3YJIBTATHI TTO3BOJISIOT CJEeJIaTh BBIBOJIBI JIJIsS YCOBEPIEHCTBOBaHUsI cyInecTByommux 1P
MCTOYHUKOB MOHOB. Mexanu3mbl paboThl 9TUX UCTOYHUKOB TPEOYIOT KAK HAJIMIUSA JJIEK-
TPOHOB BBICOKHX SHEPIHUil, HEOOXOINMBIX JIJIT NOHU3AINY IJIa3Mbl U KOJ1e6aTeIbHOTO U
9JIEKTPOHHOTO BO30Y2KJIEHIS MOJIEKYJI, TAK U HH3KOIHEPTeTUIHDBIX JIEKTPOHOB [IJIsSl IUCCO-
[IUATUBHOTO TIOJIYYEHUs OTPUIATEILHBIX HOHOB. BeecTBre 3Toro OOJIBIIYI0 POJIb UIPAeT
reoMeTpHsl Pa3psIHON CHCTEMBI, ITO3BOJIAIONIAs ONTUMU3UPOBATH TU Iporecchl. s
JMaJIbHEHINero yay deHns ITPOU3BOINTEIbHOCTH UCTOYHIKA CIEAYET CTPEMUTHCS K YBeJIU-
YEHUIO TIJIOTHOCTH HU3KOIHEPIeTUIECKUX DJIEKTPOHOB BOJIM3U MOBEPXHOCTH TLIA3MEHHBIX
3JIEKTPOJIOB. DTOI'0 MOYXKHO JIOOUTHCS KaK N3MEHEHHEM I'€OMETPUN UCTOYHHUKA C IEJIBIO
IpUOIU3UTL TEPMOIMUTTEPLI K O0JIACTU SKCTPAKINHU, TAK U HOI0OPOM OIITUMAJIHLHOTO
MaTepuaJja SMUTTEPOB.

Kaxk yxe orMe4dasioch, CyIeCTBEHHYIO POJIb B MPOIECCE OJIYICHUS OTPUIATEIHHBIX
MOHOB BOJOPOa UTPaeT KoJyiebaTeIbHoe BO3OYKICHUS MOJIEKYJI, KOTOPOE YBEJININBAET
KOHCTAHTY CKOPOCTHU IIPOIECCA IOJIYUIEHUsI OTPUNATEIHHBIX NOHOB HA MHOI'O ITOPSIIKOB.
Kpome cTOKHOBUTEIBHBIX MPOIECCOB B 00BEME IJIa3Mbl K KOJIEOATEIHLHOMY BO30Y K-
JEHUIO MOJIEKYJI BOIOPO/Ia MPUBOAAT TaKKe MOBEPXHOCTHBIE IIPOIECCHI HA, JIEKTPOIAX.
[Tpusenénnbie B [15] maHHbIe 0 CyNIECTBEHHOI 3aBUCHMOCTH HOHHOTO TOKA MCTOYHUKA OT
MaTepraJia IOBEPXHOCTH PA3PSIHON KaMepbl MOITBEPAKIAIOT BBIBOJ O TEPCIEKTHBHOCTU
WCCJIEIOBAHUI SIBJIEHUI Ha MIOBEPXHOCTU IJEKTPOIOB JIjid yBeJndeHus 3(OPEKTUBHOCTI
OULP MCTOYHUKOB ILJIA3MbI.

[TepcrieKTUBHBIM KAaHAJIOM KOJIEOATETHHOIO BO30YX)KIeHnus Mojiekys Ho sBsieTcs B3au-
MOJIEHCTBIE MEZKy BOJOPO/HBIME ATOMHBIME HJTH MOJIeKy/iapabivu nonavu Hi u Hi ma
METAJIJIMYECKON TOBEPXHOCTH TLIa3MeHHON Kamepsl [16,17]. B pesysibrare pekoMOuHAIMN
Ha OBEPXHOCTH aTOMOB ra30Boil (a3bl MOryT 00pa30BBIBATHLCS KOJIE0ATEIHLHO BO30Y K-
nénnele MosteKysibl Bogopona Hao(v”) [18,19]. Dxrcnepumentanbibe uccenoBanus [20]
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IIOATBEP2K/1aI0T CyH_LGCTBeHHbIIL/'I BKJIa/[ ITIOBEPXHOCTHBIX IIPOIIECCOB Ha IIPOU3BOAUTE/IIBHOCTD
HCTOYHUKaA OTPpHUIATCJIbHBIX MOHOB.
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The Increase of Negative Hydrogen Ions Production in ECR
Source by use of the Additional Low-Temperature Emitters of
Electrons
V. D. Dugar-Jabon*, V. I. Karyakaf, A. Ya. Terletsky’
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AA 678 Bucaramanga, Colombia
T Institute of Physical Research and Technologies
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6, Miklukho-Maklaya str., Moscow, 117198, Russian Federation

Analysis of the mechanisms of formation of negative hydrogen ions in the plasma source,
operating at the electron cyclotron resonance, leads to the conclusion about the fundamentally
important role played in this process by low-temperature electrons. In the source the negative
ion production is realized in two stages. First, hydrogen molecules colliding in a plasma with
energetic electrons, are exited to high-laying Rydberg electron states and to high vibration levels
in the plasma volume. Further, pulling the low-energy electrons, excited molecules acquire a
negative charge. Negative atomic ions result from dissociation of excited negatively charged
hydrogen molecules. Necessary for this process, the electrons of low energies are the result
of collisions of fast plasma electrons with plasma electrodes. In the presented experiments
to further increase the number of low-energy electrons were used electrons, emitted from the
heated tungsten filaments and ceramic electrodes LaBg placed in the chamber of the source. The
experiments found that emission of electrons from tungsten heaters have improved stability of
the discharge and expanded the range of pressure under which there was a discharge, without
changing substantially the magnitude of current of negative ions. The emission of electrons from
the LaBg electrodes increased the current of negative ions from a source more than 3 times.

Key words and phrases: source of negative ions, electron cyclotron resonance, electron
emission, dissociation, vibrational excitation of molecules, electronic excitation
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Finite Element Method of High-Order Accuracy for Solving
Two Dimensional Elliptic Boundary-Value Problems of Two
and Three Identical Atoms in a Line

A. A. Gusev

Laboratory of Information Technologies
Joint Institute for Nuclear Research
6, Joliot-Curie str., Dubna, Moscow region, Russia, 141980

We considered models of three identical atoms in a line with molecular pair interactions and
diatomic molecule scattered by an atom or tunneling through potential barriers. The models are
formulated as 2D elliptic boundary-value problems (BVPs) in the Jacobi and polar coordinates.
The BVP in Jacobi coordinates solved by finite element method of high-order accuracy for
discrete spectrums of models under consideration. To solve the scattering problems the BVP
in polar coordinates are reduced by means of Kantorovich method to a system of second-order
ordinary differential equations with respect to the radial variable using the expansion of the
desired solutions in the set of angular basis functions that depend on the radial variable as a
parameter. The efficiency of the elaborated method, algorithms and programs is demonstrated
by benchmark calculations of the resonance scattering, metastable and bound states of the
considered models and also by a comparison of results for bound states of the three atomic
system in the framework of direct solving the BVP by FEM and Kantorovich reduction.

Key words and phrases: Elliptic Boundary-Value Problems, scattering problem,
metastable and bound states, Kantorovich method

1. Introduction

With the development of modern computing power, there are more possibilities for
setting and numerically solving multidimensional boundary-value problems with high
accuracy. For this, new numerical methods of high accuracy order are being developed.
When reducing the boundary value problem to an algebraic one in the finite element
method (FEM) of order p, one of the problems is the calculation of integrals on a finite
element (we consider only simplicial finite elements) containing the products of two basis
functions of Lagrange or Hermite interpolation polynomials of order p by the coefficients
for the unknown functions [1-3]. The FEM schemes and algorithms for solving the
d-dimensional BVP are presented in [4-6]. The algorithms for constructing 2-dimensional
fully symmetric Gaussian quadratures are presented in [7] while d-dimensional ones will
be published elsewhere.

The aim of this paper is to demonstrate the efficiency of the elaborated algorithms
and program complexes KANTBP 4M, KANTBP 3, ODPEVP [8-10] by benchmark
calculations of the resonance scattering below the dissociation threshold, metastable and
bound states of the considered models and also by a comparison of results for bound
states of the three atomic system in the framework of direct solving BVP by 2D FEM [3,7]
and Kantorovich method (KM).

We elaborated also algorithms for calculating the asymptotic parametric angular
functions, the effective potentials and the fundamental solutions of the SODEs in the form
of expansions by inverse powers of radial variable [11] and apply them to the construction
of the asymptotic states of the triatomic scattering problem, because in three-atomic
systems at large values of the hyperradial variable the effective potentials of SODEs have

Received 27*" May, 2018.
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the form of expansions in inverse powers of hyperradius even for short-range potentials
of pair interactions.

The paper is organized as follows. In Section 2 we formulate the 2D BVP for the dimer
and trimer models. In Section 3 the 2D BVP in polar coordinates is reduced to the
SODEs. In Sections 4, 5 and 6 we demonstrate the efficiency of the elaborated technique
by test calculations of the resonance scattering of a diatomic molecule on an atom, the
metastable and bound states of three atomic system, and the resonance tunneling of a
diatomic molecule through a Gaussian barrier and the metastable states, respectively.
In Conclusion the results and perspectives are discussed.

2. Setting of the Problem

Consider a model of three identical particles (trimer) on a straight line with the masses
M; = M and the coordinates z; € R', i = 1, 2,3, of one-dimensional Euclidian space
R! coupled via the pair short-range potential V(|z; — z,|), i,j = 1,2,3. Performing
the change of variables corresponding to the cyclic permutation (a, 8,7) = (1,2,3) of
the permutation group S [12]:

L To+ T — 27, V2,
Ty = T(ap) = T — Ta, = Yah)y = ———F T g = ~=(F + Ty + T3),
vy (aB) B Yv = Y(ap)y \/g 0 \/g( 1 2 3)

we get three pairs (m(aﬁ),y(aﬁ)v)T of the scaled Jacobi variables. In the center-of-mass
reference frame of the configuration space X = (Z1, T2, Z3) € R?, i.e., on the hyperplane
Q = {X = (Z1,%2,%3) |T1 + T2 + T3 = 0} C R3 these Jacobi maps (z,y)T € Qy ~ R?
are connected by the relations:

x’Y — $(a5) e
= - T B
(yv> (y(a/iM) wv(#70) (ya>

[ coSpya SN,
Tay(Pra) = <_ Sin gy, COS @m) 7

(1)

where the angles ©yq = Yap = P8y = —Pay = —PBa = —Pyp = (2m)/3, i.e. COSPya =
COS Pap = COSPp, = —1/2, sinp,, = sing,s = sinpg, = V/3/2, are such that ., +
Pap + ©py = 2T, Yoy + a + ¢4 = —2m. With the variable parameter ¢ in Ty, ()
they and simply change the sign of pairs of Jacobi coordinates in Eq. (1),

“T(ap) | _ Z(B)
(‘y(aﬁ)v> = Toy (fre 27) <y(5”r)a) ‘ ?
In Fig. 1 (a) the hyperplane (z,y)T € Q, is separated by three axes Y(12)3, Y(31)2 and
Y(23)1 into six sectors that together with three orthogonal axes x12, w31, 223 describe six
channels of the scattering problem for three identical particles. Our choice is determined by
the parameterization of the pairs (y,z)T = (pcos ¢, psing)?, where the angle ¢ € [0, 27)
is counted counterclockwise from the axis y(12)3, for which ¢ = 0.
As a result, we arrive at the Schrodinger equation for the wave function W(y,x)
corresponding to the total energy E of the triatomic system in Jacobi coordinates
(@,9)7 = (29,57)" € Quy:

<82 0?2 M

S M - ) v = 3)
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Figure 1. (a) The profiles of 2D potential functions of Bes in Jacobi coordinates
(1) in the center-of-mass plane and the relative arrangement of particles in
accordance with the region of the center-of-mass plane. The numbers of sectors
are given in boxes. (b) The profiles of 2D potential functions of Be; with barrier
and the relative arrangement of particles and barrier. Here coordinates and
potential functions are given in A and A~2, respectively

In the case of a diatomic molecule (dimer) with identical nuclei coupled via the pair
potential, V(|Z; — #3|), moving in the external potential field V°(|z; — #3]), i = 2,1, of
the third atom having the infinite mass, the same equation (3) is valid for the variables

T=2x3=70T2 — X1, Y=Y3=7T1+ Ty,

with respect to the origin of the coordinate frame placed at the infinite-mass atom, z3 = 0.
Here the potential function for the trimer with the pair potentials (below this case

is referred to as Task 2, for example, see Fig. 1 (a)),
L

)

or the potential function for a dimer in the field of a barrier potential (below this case
is referred to as Task 3, see Fig. 1 (b))
T+y
5
) 6

V(z,y) = V(lal) + V" (‘%D + b (

is an even function with respect to the straight line 2 = 0 (i.e., Z; = Z2), which allows one
to consider the solutions of the problem in the half-plane x > 0. The use of the Dirichlet
or Neumann boundary condition at = 0 allows one to obtain the solutions, symmetric
and antisymmetric with respect to the permutation of two particles. If the pair potential
possesses a high peak at the pair collision point, then the solution of the problem in the
vicinity of = 0 is exponentially small and can be considered in the half-plane x > Zpyiy.
In this case the Neumann or Dirichlet boundary condition imposed at x,;, yields only
a minor contribution to the solution. The equation, describing the diatomic molecular
subsystem (dimer) (below this case is referred to as Task 1), has the form

ac—\/gy x+\/§y
2 2

7 (o) = 7 (lal) +V<

(~ 42 + 70l = 2)) o) 0. ©
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We assume the energy spectrum of the dimer to consist of the discrete part with a finite
number ng> 1 of bound states with the eigenfunctions ¢;(z), j = 1, ng and the eigenvalues
£; = —|&;|< 0, and the continuous part with the eigenvalues € > 0 and the corresponding
eigenfunctions ¢z(x). In certain cases the eigenfunctions of the continuous spectrum
are approximated by the eigenfunctions of pseudostates of the discrete spectrum &; > 0,
j =14 mng,... calculated in the sufficiently large but finite interval = € [Zmin, Tmax]-

The approach proposed below is illustrated by the example of Bes with the reduced
mass M/2 = 4.506 Da of the nuclei [13] and the molecular interaction approximated
by the Morse potential

V(z), V()= D{exp[—2(z — Zeq)a] — 2exp[—(z — Feg)a]}. (7)

Here a = 2.96812 A~! is the potential well width, Teq = 247 A is the aver-
age distance between the nuclei, and D = 1280 K, D = (M/h*)D = 236.51 A~
(1 K=0.184766 A—2, 1 A=2=5412262 K) is the potential well depth. This poten-
tial supports only five bound states corresponding to the covalent bounding of the
Bey dimer [14] having the energies ¢; = (M/hQ) €, 1 =1,....,n9 = 5. The pa-
rameter values are determined from the condition (£, — &1) / (2mhc) = 277.124 cm ™1,
1 K/(27h ¢)=0.69503476 cm~!. To solve the discrete spectrum problem we applied the
seventh-order FEM using the Hermitian interpolation polynomials with double nodes [8]:
e; = {—193.066, —119.392, —63.338, —24.904, —4.080YA=2, i = 1,...,n9 = 5. As an exam-
ple, following [13], we use below the Gaussian barrier potentials V°(z;) = Dexp (—2?/0)

with D = 236.51 A=2 and o = 0.0523 A2. The values of parameters of the repulsive
Gaussian barrier potential were estimated following the experimental observation of the
quantum diffusion of hydrogen atoms on the copper surface [15].

3. Boundary-Value Problems

Using the change of variables x = psing, y = pcos g, we rewrite Eq. (3) in polar
coordinates (p,®), Q,, = (p € (0,00),¢ € (0,2m))

(_18/)6 + p12A(907p) - E> \If((p,p) =0, A((p,p) - dd 2 —|—p2V(<,0,p) (8)

where for a trimer with pair potentials

Ve, p) = V(plsing|) + V(p|sin(e — 27/3)]) + V(p| sin(p — 4m/3)]), (9)
and for a dimer with pair potential in the external field of barrier potential:
V(p,p) = V(plsing|) + V°(p| sin(p — w/4)]) + V*(p|sin(p + 7/4)]). (10)

where V?(p|sin(p £ 7/4)|) = Dexp (—p*sin®(¢ £ 7/4)/0).
The solution of Eq. (8) is sought in the form of the Kantorovich expansion [16]

.]max
U, (0,0) = > 65(950)X5i, (0)- (11)
=1
Here x;,(p) are unknown matrix functions, j = 1,..., jmax = 2/N. The angular basis

functions ¢;(p; p) € F, ~ L2(Q) in the interval Q = ¢ € [0, 27), which is divided into syax
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subintervals s = ¢ € (27(5 — 1) /Smax; 278 /Smax): Qpsp = U723 Qs, are determined at
each value of the parameter p € (0,+00) as the eigenfunctions corresponding to the real
discrete eigenvalues €1(p) < €2(p) < ... < ¢ej(p) < ... of the Sturm-Liouville problem
for the equation

(A, p) —€5(p))9;(;p) = 0. (12)

The functions gbg»p) (5 p) = ¢;(; p) have the parity (—1)P, p = 0,1 with respect to the

inversion of Jacobi coordinates (2), i.e., ¢§-p)(g0; p) = (—1)p¢§-p)(g0 =+ m; p); here and below
p = 0. These functions satisfy the orthogonality and completeness conditions

S 278/ Smax
(dils) =) / degi(p; p)d; (05 ) = dij (13)
5=L o (s—1)/5max
Z|¢i><¢z’| ZZ@'(%P)%(%;P) = 0( — ¢o)- (14)

For the three problems under consideration the potential function V (¢, p) depending
on the parameter p can be defined as follows.

Task 1. The case of one pair potential in the intervals ¢ € (0,2¢,) (po = 7/6, 7/4
or m/2) V(g,p) = V(psine).

Task 2. The case of three pair potentials, Eq. (9), in the interval ¢ € (0,2¢, = 7/3);
the potential has the symmetry of the Dsj, dihedral point group [12].

Task 3. The case of one pair potential and two penetrable or almost impenetrable
barriers, Eq. (10), in the interval ¢ € (0, ¢, = 7/2) or in the intervals ¢ € (0, p, = 7/4—¢€)
and ¢ € (po, = 7/4—€,71/2), 0 < € < /4.

The solutions symmetric with respect to the permutation of two particles satisfy the
Neumann boundary condition at ¢ = 0 and ¢ = 2¢,, while the antisymmetric ones

satisfy the Dirichlet boundary condition at these points, i.e., at the aforementioned
points z = z,3 = 0. If the pair potential possesses a high peak in the vicinity of
the pair collision point, then the solution of the problem (8) will be considered in the
half-plane Q, , = (p € (Pmin, 20), ¥ € [@min(p), 200 — Ymin(p)]) with the Neumann or
Dirichlet boundary condition.

The potential function V (¢, p) of the boundary-value problem (12) is symmetric un-
der the reflection I,: ¢ — (4s — 2)po — ¢ with respect to the lines ¢ = (25 — 1), in
each sector of the cycle, numbered by s = 1,...,8max: 1oV (0,p) = V(g,p). There-
fore, the set of eigenfunctions ¢;(y;p) is separated into two subsets, namely, the
even and odd ¢7=""(¢; p) ones: Ia¢7(0:p) = 67 (45 — 2)pa — @i p) = £67~ " (3 p).
This fact allows separate calculation of gerade ¢%(p;p) = ¢F ((4s —2)pa — @;p) or
ungerade ¢%(p;p) = —¢4 ((48 —2)pa — ¢;p) eigenfunctions in the reduced interval
¢ € [Pmin(p), ¥a], subjecting them to Neumann or Dirichlet boundary condition at
the boundary point ¢ = ¢, of the interval, respectively. Below the parametric angular ba-
sis functions qﬁ?:il(go; p) with the numbers j = 1,...,ng are referred to as cluster states
with €;(p) < 0, and those with j > ng + 1 as pseudostates with €;(p) > 0, corresponding
to the discrete and continuous spectrum of BVP for Eq. (6) at large values of the param-
eter p, respectively. To reveal the above structurization property, we introduce the linear
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combinations of these functions ¢>;7”6 (¢; p) for the trimer and QSE_’_}(QD; p) for the dimer:

817 (01p) = (£67= (@1 p) + 677 (93 0)) /V2,

b - (15)
“(eip) = (2677 H@ip) + 077 (w3 p)) /V2.
The action of the parity operator fa on these functions
La¢](0ip) = 6 (0ip), 1ot (05p) = 0] (3 p), 16)

1,05 (050) = 057 (95p),  Lady (05p) = 65 (5 p),

consists in the permutation of states |y) <> |8) or | <) <> | —) with respect to the
lines ¢ = (25 — 1)¢,. Indeed, the parametric cluster functions at j = 1,...,n and at
large p have maximal in the vicinity of ¢ = (2s — 2)p, and ¢ = 2sp,, respectively, that
correspond to the eigenfunctions of cluster states of the BVP for Eq. (6). In the particular
case of sector 1, the dimer functions (b;-_’_)(go; p) have maximal in the vicinity of ¢ =0
and ¢ = 7, i.e. for y > 0, v =<, or for y < 0, v =— at large p, respectively while the
trimer functions gb}*”g(cp; p) have maximal in the vicinity of ¢ = 0 and ¢ = /3, i.e. for
T12/Ya2)z > 0, v = 7, or for x31/y31)2 < 0 v = B at large p, respectively.

Using the above pairs of the basis functions (15), we rewrite the expansion (11) in
the o-representation

Ui, (o, p ZZ¢ (; x5, (), (17)

where 0 = u, g or o = ~, 8 for the unknown functions X;io (p) and X]B'io (p) in the (v8)-
representation, related to the functions x%; (p) and x¥; (p) in the (gu)-representation as

Y u
Xji, () <x~ (p)) 1 ( 1 1)
. — ° — A Mt , A=— . 18
o) <x:%o <p>> o) A .
The averaging of Eq. (8) with the basis functions in o-representation (17) yields the

system of coupled ODEs with determined by the hyperspherical parameterization of the
two-dimensional configuration space

1d d | &lp) } T W (o
—— P + ’LZO + % X ’lo - 0 19
[ pdp”dp — p? Z i (19)

1d d

3(p) = Hiilp) + 2 320Qsi(p) + Qjilp) (20)
Here the potential curves (terms) 5] (p) are eigenvalues of the BVP (12) and the effective
potentials (EPs) Q;;(p) = —Qji(p), Hij (,0) = Hj;(p) are expressed as integrals calculated

in the reduced intervals ¢ € [0,2¢,] using the above g, u symmetry:
Qij(p) = _<¢i|ap¢j>7 Hij(p) = <8p¢i|8p¢j>- (21)

For Task 3 the effective potentials W;;(p) = Wi;(p) + Vi(p) are sums of Wy;(p),
calculated using the potential curves and the parametric basis functions of Task 1, and
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“(p) of the barrier potentials

Vii(p) = (@il VO (pl sin(e — w/4)]) + V*(p| sin(p + 7/4)])| ;). (22)

the matrix elements V

As an example, we calculated with the required accuracy the parametric basis functions
of BVP (12) and the effective potentials (21) for the models of Bey dimer and Bes trimer
in collinear configuration using the FEM implemented in the program ODPEVP [10]. The
results of calculation on the grid Q,[1.8/p, po] = {1.8/p(24)3/p(10)4/p(5)5/p(10)pq }
for oo = m/2 for Bey dimer and ¢, = 7/6 for Bes trimer. Using the obtained result in
the uncoupled (gu)-representation and the transformation matrix A from Eq. (18), we
can rewrite the system of ODEs in the coupled (af3)-representation with the effective

potentials.
() — Uivjv(p)  Uivjs(p) _ Usuju(p) 0 .
Visle) = (Uzﬂm(ﬂ) Uiﬂjﬂ(/’)) =4 < 0 Uigjg(p)> AT (23)

In Section 4 one can see that the (yf3)-representation provides the required compatibility
of the solutions of Eqgs. (19) with the asymptotic boundary conditions of the scattering
problem on the full axis and its half-axis.

4. Asymptotic Expressions of Scattering, Metastable
and Bound States

The general solution F; of the system of ODEs in the open channels i, = 1,..., N, is
determined by a linear combination of the fundamental solutions x;/ (pi,p) and X;";" (pi,p)
calculated using Eqgs. (19)—(21) following from [11] with the leading terms of the Hankel

functions of the first and the second kind [17] Hﬁ)g(piop) and H{})Q(piop) below the

dissociation threshold at ' < 0 in the form of incoming and outgoing waves

No
F(p) =) [x}i/o (Pi,p)a; + X5 (Pi,p)as; ] :

’
o
N p—
i, =1

at p;, = \/F —¢&{ > 0 in the open channels N, = max j < N. The scattering matrix

Z€;

7. (F) or qunig (p), where p = diag{p,—o}f\uf‘;l, is a diagonal matrix. In open channels

7,
iotl

it is defined as the matrix transforming the amplitudes of the incoming waves a;, into
those of the outgoing waves a;} [18]

"
%o

2

o

oL+t

S7 i (p)ag. . (24)

1o/ %0 o

i =1

o
|

The components of the radial asymptotic solutions F}3* (p) of the scattering problem
in the open channels i, = 1,..., N, have the form

2

o

F(0) = 3 |Gy (pi )i, + 355, (0,05, (0)] (25)
1

.
IS
Il
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while in the closed channel i, = N, 4+ 1,..., N the asymptotic solutions Fj; (p) are
determined by the fundamental solutions X;ri, (1p;p) with the leading term of Kelvin
functions [17] K4/2(gs,p) for the decaying waves

Fi(p) = ajh X5 (i, p)- (26)

These asymptotic solutions F(p) = {Fi,(p)}1 =1 = {{Fji,(p)} =1 }1 =, are used to have
the conventional asymptotic boundary conditions for the components of the numerical
solution Fj; (p) of the system of ODEs (19) at large p = pmax

d d

Fyi, (p) = F5i2 (p), dprjio(p) = dprﬁi (p)- (27)

The scattering problem (3)—(6) with the asymptotic boundary conditions (25) and (26)
is reduced to a boundary-value problem for the set of close-coupled equations (19) with
the boundary conditions at p = ppin and p = pPmax:

dF(p)
dp

F(pmin) =0, = R(pmax)F(pmax)z (28)

P=Pmax

where R(pmax) is a N x N symmetric matrix function of E, F(p) = {x;, (p)})_; =
{{x5i, ()}, 32y is the required N x N numerical matrix solution.

These matrices and the N, x N, matrices Sy, = {S’gfo(E)}N" sought for in the

i ,io=1
open channels N, = max j < N are calculated directly from (27) using the program
ZE€j5
KANTBP 4M [g].

For metastable states the even and odd eigenfunctions obey the boundary conditions
of the third kind (28), where the matrices R(pmax) = diag(R(pmax)) depend on the
complex energy eigenvalue £ = E,, = Re F,, +1Im F,,,, Im E,, < 0 sought for, and
are expressed as [19]

[ wm, Re By, > €7 B > B -
Rioin(,omax) = { WG, ReE,, < ezjf y Pm = B, — €iyr Am = N/&; — Em7 (29)

since the asymptotic solutions of this problem contain only outgoing waves in the open
channels i, = 1,..., N, and closed ones i, = N,+1,..., N. In this case the eigenfunctions
obey the orthogonality and normalization conditions

prnax
(Fm’Fm,) = (’me + me') / Fﬁ(ﬂ)Fm’ (p)dp — Omm/ | + Crmr = 0,

min

Cmm’ = _Fﬁ(pmaX)Fm' (pmax)~

(30)

For bound states the even (g) and odd (u) eigenfunctions obey the boundary conditions
(28), with the matrices R(pmax) = diag(R(pmax)) = 0. In this case the eigenfunctions
obey the orthogonality and normalization conditions

EnlE) = [ FLOF 0 (0)dp = S (31)

Pmin
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Taking the property (15) and (16) of the quasiangular parametric basis functions and the
effective potentials (23) into account, we express the S-matrix in the (v3) representation
on the full axis R' via the matrix S7 (24), (25) calculated on the half-axis RY. The
matrix S is a unitary and symmetric scattering matrix

S.. S
S= (o ”5> . STs=8st—T1 32
(Sﬁw Spp (32)

consisting of the matrices S,,, Sgg and S5 = S% of the dimension N, x N, determined
by the relations S, = Sgg = (Sy1+S1)/2, S;5 = S, = (S11 — S_1)/2, where
Si1 =S, and S_; =S, are the matrices from (25). Here I is the unit matrix with the
dimension 2N, x 2N,, S, and Sgg corresponds to the elastic scattering processes (in the
considered case of 1D scattering it means reflection) of the dimer (af)(or (ya)) on the
atom vy (or B): v+ (af) = v+ (af), or (ya) + 8 — (ya) + 5, and Sg., and the matrices
S, correspond to the inelastic rearrangement scattering processes (in the case of 1D
scattering it means transmission) v+ (af) — (ya) + 5 or (ya) + 5 — v+ (), for which
the conventional relations between inelastic and elastic scattering below breakup threshold
at E < 0 follow from (32) that provide conservation of the Wronskian, [Sg,|? = I—[S,,|?
and Sg, = S%, where I is the unit N, x N, matrix.

For the scattering of the dimer (yf3) by the potential barriers, considered on the full
axis, the matrix S is the 2N, x 2N, scattering matrix (32) read as similar to [19]

_ (B To g — §St —
s_<TF Ré), Sts =88t =1, (33)

where I is the unit matrix with the dimension 2N, x 2N,, consisting of the amplitudes of the
reflected and transmitted waves R, = R, (E) and T, = T,(FE), where v =<, — indicates
the direction of the incident wave propagation with respect to the y-axis, i.e., v =< and
v =— for y > 0 and y < 0, respectively, and the N, x N, matrices R, = R,(FE) and
T, = T,(E) are expressed as R, = R_, = (S41+S_1)/2, T =TL = (S;1 —S_1)/2.

For the scattering of the dimer («f) on potential barriers similar relations determine
the reflection R = S,, and R_, = Sgg, and transmission T._ = Sz, and T_, = S,
amplitudes. For the reflection coefficient |R,|> = R} R, and the transmission coefficient
|T,|? = T|T, the conventional relation below breakup threshold at E < 0 following from
(32) and constant Wronskian, |T,|? = I—|R,|? is valid, where I is the unit N, x N, matrix.

5. Bound, Metastable and Scattering States of the trimer

For the considered models, the eigenvalues and the hyperradial components of 2D
eigenfunctions of the BVP for the set of ODEs (19) with Dirichlet boundary conditions
were calculated with the predetermined accuracy using the FEM implemented in the
KANTBP 4M program [8].

The set of even (g) and odd (u) bound states of the trimer Bes (Task 2) were cal-
culated on the grid Q;, = {pmin = 4.24(1)4.33(10)6.13(1)6.33(23) pmax = 11.39}, where
in parentheses the number of fifth-order Hermitian elements [20] is indicated, for the
number of equations N = 15 in the system (19).

The comparison of sets of total and binding energies of g and u bound states of the
trimer Bes calculated by KM and 2D FEM is presented in Table 1 and the corresponding
eigenfunctions (11) are shown in Fig. 2. One can see that results obtained by KM and

2D FEM [3,7] are in agreement with an accuracy of the order 0.1A2.
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Table 1
The total E;(x) and binding energies —E? (x)=F;(*)—E"™" of g and u bound states of
the trimer Be; relative to the exact threshold E™*"= —193.06 (in A~?): E;(K) and
—E!(K) calculated by KM in polar coordinates using N=12 basis functions (g or
u); Ei(F) and —E?(F) calculated by the 2D FEM using fifth order interpolation
Lagrange polynomials on triangular finite elements in sector 1 of Jacobi
coordinates

i 1g 2g 3u 4g Su 6g

—E,(K) | 389.08 335.43 300.58 287.02 260.47 245.84
—EY(K) | 196.02 142.37 107.52 93.96 67.41  52.78
—E;(F) | 389.09 335.45 300.60 287.05 260.50 245.88
—EV(F) | 196.03 14239 107.54  93.99 67.44  52.82

1 Tu 8g 9u 10g 11u 12¢g

—EB(K) | 227.66 225.39 215.37 204.85 19821 193.86
~E'(K) | 3460 3233 2231 11.79  5.15  0.80
—E;(F) | 22770 22542 21541 204.89 198.24 193.91
—EV)(F) | 3464 3236 2235 1183 518 085

Figure 2. The density plots of the eigenfunctions ¥J“(p, p) displayed in sector 1 of
(y,z)-plane (in A) of the gerade (g) and ungerade (u) bound states with energies

EJ" of the Bes trimer presented in Table 1. The negative, positive and near-zero
values of the eigenfunctions are displayed by black, white and gray, respectively
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These solutions, i.e. the real eigenvalues and the corresponding eigenfunctions, were
used as an initial approximation in the continuous analogue of Newton’s method [21]
with additional condition (F,,|F,, ) = 0 to calculate the metastable states of the trimer
Bes on the same finite-element grid. The corresponding problem of the dimer scattering
on an atom was solved on the same grid and N = 15.

The calculated complex energies of the metastable states E% =FE,=ReFE,,+:ImFE,,
for the trimer are presented in Table 2.

Table 2
The sets of the first resonance energy values E at which the minimum of the
transmission coefficient |S,;|? is achieved, the number i of the threshold ¢;, the
real and imaginary part of the complex energy eigenvalues E, = Re B} +:Im EJ' in
A~? of the even g and odd u metastable states of Bez numbered by the index v
calculated with N = 15 equations (19)

E | i | |Swl? ReEM | Im EM vtype
—193.066 | 1 thr
—189.676 | 1 | 1-1077 | —188.94 | —4-102 1g
—164.654 | 1 | 4-1076 | —164.72 | —1-1072 1u
—156.882 | 1 | 3-1076 | —157.04 | —2-1072 2g
—140.545 | 1 | 1-107% | —140.57 | —=5-1073 2u
—132.485 | 1 | 1-1076 | —132.47 | —4-1073 3g
—124.256 | 1 | 1-1073 | —124.16 | —6-1073 | 3u
—120.638 | 1 | 1-107% | —120.75 | —8-1072 | 4g
—119.392 | 2 thr
—113.248 | 2 | 0.10 —113.24 | —2-1072 5g

—89.319 | 21 9-107% | —89.16 | —3-1072 6g
—77.271 | 2 | 0.77 —76.51 | —4-1076 | 4u
—70.309 | 2 | 0.35 -70.30 | —2-1073 Tg
—63.385 | 2 | 0.41 —65.14 | =3-10* | bu
—63.338 | 3 thr
—42.858 | 3 | 0.06 —42.87 | —6-1073 8g
—29.396 | 3 | 0.13 —29.19 | —4-1072 9g
—24.899 | 3 | 0.19 —25.82 | —1-1072 | 6u
—24.904 | 4 thr
—6.799 | 4 | 0.40 —-712 | —1-1073 | 1o0g
—4.089 | 5 thr
0 thr

These metastable states are responsible for resonance energies, corresponding to the
minimal probability of inelastic scattering of the dimer by the atom, i.e., to the resonance
quantum reflection from the potential well (Feshbach resonances, see Figs. 1 (a) and 3 (a).

As an example, in Fig. 4 we display the eigenfunctions of the scattering problem for
gerade and ungerade states corresponding to the minimum of the transmission coefficient
|S,5]> = [S5,]? = -1077 at E = —189.676, as well as the metastable state 1g from Table 2.

The isolines of the absolute values |¥7?(y, z)| of the linear combinations ¥7#(y, z) =
(U9(y, ) & U%(y,z))/+/2 demonstrates the effect of resonance reflection from the effective
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Figure 3. The effective diagonal potentials W;;(p) = ¢,(p)p 2 + H;;(p) for the Bes
trimer (a) and effective diagonal potentials W;;(p) = ¢;(p)p 2 + H;;(p) + V}(p) for
the tunneling problem of the dimer Be; through the Gaussian barrier (b)

: Y : Y

Figure 4. Upper panel: the isolines of the absolute values [¥9*(p, p)| of
corresponding gerade (left-hand panel) and ungerade (right-hand panel) solutions
in sector 1 of (y,z)-plane (in A) for the scattering of Be atom with the energy
—FE =189.676 A~? (relative to the three-body threshold) on the dimer Beg,
corresponding to the 1g metastable state from Table 2. Lower panel: isolines of
the absolute values |U7?(y, p)| of the linear combinations

VP (p, p) = (£ (p, p) + ¥ (0, p))/V2
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potential well. It can be seen from the figures that the shape of the wave functions of
the gerade scattering states (Fig. 4 (a)) and metastable states (Fig. 5) are similar and
they are localized in the vicinity of the potential well (Fig. 3 (a)). At the same time,
for the same energy value E = —189.6 A2, the wave function of ungerade scattering
states (Fig. 4 b) is a typical nonresonant wave function.

8 . §

9
A 31 4
0.8

0,0

4— =]
2 3 O& 0.4
| B> & & @& « i

5. ]

I'\' i i . i i - b = & = L ® [ & I = I & [ °© 0

5 6 7 8 9 10 11 4 5 6 7 8 9 10
o
p, A ¥y

Figure 5. The components y; and isolines of the absolute values |¥(y, p)| of the

solution ¥(yp, p) for the trimer Bes in 1g metastable state with the real part of

energy eigenvalues Re E = —188.94 A~2, localized near the minimal of the trimer
potential

6. Metastable and Scattering States of the Dimer Tunneling

The metastable states of the dimer Be, tunneling through Gaussian barriers of
Task 8 were calculated for BVP calculated with N = 15 equations in the sys-
tem (19) with matrix elements of potential barrier on the finite element grid 2, =
{pmin =1.81(12)4.21(15) pmax = 7.51} with the fifth-order Hermitian elements (p = 5).
The corresponding problem of a dimer tunneling through the barriers was solved on
the same grid.

The corresponding algebraic eigenvalue problem for metastable states was solved
using the above mentioned continuous analogue of Newton’s method. As the initial
approximation the real eigenvalues and the corresponding orthonormalized eigenfunctions
(31) were used. They were found as a result of solving the bound state problem with
R(y") = 0 on the grid Q, = {pmin =1.81(12)pmax = 4.21}. The complex values of energy

of the metastable states ETA,;[ = FE,, = ReFE,, +1Im FE,, for the dimer Be, tunneling
through the Gaussian barriers, are presented in Fig. 6.

These metastable states are responsible for the resonance values of energy, corresponding
to the maximal transmission coefficient, i.e., the quantum transparency of the potential
barriers (see Figs. 1 (b) and 3 (b)), i.e., the shape resonances. The position of peaks
presented in Fig. 6. is seen to be in quantitative agreement with the real part Re(F), and
the geometric halfwidth of the |T'|?, (E) peaks agrees by the order of magnitude with the
imaginary part I' = —2Im(FE) of the complex energy eigenvalues E = Re(E) + +Im(FE)
of the metastable states. The obtained complex energy values corresponding to the
resonance values of energy in the first open channel are in good agreement with the ones
calculated analytically in the model of a rigid diatomic molecule with Morse potential
tunneling trough the Gaussian barrier at the same values of parameters [13]. From Fig. 6
one can see that as the energy of the initial excited state increases, the transmission
peaks demonstrate a shift towards higher energies, the set of peak positions keeping
approximately the same as for the transitions from the ground state and the peaks just
replace each other. For example, the left epure shows that the positions of the 13th and
14th peaks for transitions from the first state coincide with the positions of the 1st and
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2nd peaks for the transitions from the second state, while the right epure shows that the
positions of the 25th and 26th peaks for transitions from the first state coincide with the
positions of the 13th and 14th peaks for transitions from the second state and with the
positions of the 1st and 2nd peaks for the transitions from the third state.
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Figure 6. The total probability |T|3(E) = Z;.V;’l T7;Tj: (lines) of penetration of the
dimer for the initial states i through the repulsive Gaussian potential barriers
versus the total energy E = Re E counted from the main threshold £ = 0. The

values of the threshold energies £ =¢;, i =1,...,5 corresponding to the energies of
ground and excited initial states are shown by arrows. The real Re F and
imaginary (—1)Im E part (with negative sign) of the metastable states energy
(circles)

7. Conclusion

The model for three atomic beryllium system in a straight line was formulated as a 2D
boundary-value problem for the Schrodinger equation in Jacobi and polar coordinates.
Using the Kantorovich expansions this problem has been reduced to the boundary-value
problem for a set of second-order ordinary differential equations.

The efficiency of the elaborated method, algorithms and programs has been demon-
strated by benchmark calculations of the resonance scattering, metastable and bound
states of the considered models and also by a comparison of results for bound states of the
three atomic system in the framework of direct solving BVP by FEM and Kantorovich
reduction.

The effects of resonant quantum transmission of diatomic molecule through the potential
barrier and reflection from the effective potential well of a three atomic system (see Figs.
3 (b) and 3 (a)), arising in the scattering process were revealed, that are generated by
metastable states of the composite system (cluster + barrier or well) with complex energy
eigenvalues below the dissociation threshold of dimer, corresponding to the shape and
Feshbach resonances, respectively.

The elaborated method, algorithms and programs [8-10] for solving the three-atomic
scattering problem as well as diatomic molecule tunneling through potential barrier can
be applied to the further analysis of quantum transparency and reflection effects [13],
quantum diffusion [22] and the resonance scattering in triatomic systems using modern
theoretical and experimental results [23, 24].
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MeTtoa KOHEYHBIX 3JIEMEHTOB BBICOKOTO MOPSAAKA TOYHOCTHU JIJIs
pellieHus JIByXMEPHBIX JIJIMIITUYECKUX KPaeBbIX 33Jia4 JIBYyX
1 TPEX TOXKJIECTBEHHBIX aTOMOB HA MPAMOIi

A. A. T'yces

Jlabopamopusa uHPBOPMAYUOHHBLT METHON02UT
065edunénroil urncmumym AIEPHLIL UCCALA08AHUL
ya. 2Koauo-Kiropu, 0. 6, 2. ybna, Mockosckoti 0ba., 141980, Poccus

PaccMmorpenbl Mojienin TpEX OJMHAKOBBIX ATOMOB Ha MPSMOI ¢ HAPHBIM MOJIEKYJISIDHBIM B3au-
MOJIEAICTBHEM U pacCessHue JIBYXaTOMHONW MOJIEKYJIbI Ha aTOME WJIM €€ TYHHEJMPOBAHUS Yepe3
moTeHna bHbIe 6apbepbl. Mojean chopMyIUPOBAHBI B BUJE JIBYMEPHBIX SJIITAIMITHIECKUX KPae-
Boix 3ana4 (K3) B koopaunarax fIkobu u nossipubix Koopaunarax. K3 B koopauHarax fkobu
pelIarTCcss METOAOM KOHEYHBIX 3JIEMEHTOB BBICOKOI'O MOPSIKA TOYHOCTHU JJIsT JTUCKPETHOIO CITEK-
Tpa paccMaTpuBaeMbIx Mojesieit. Jljist pemrenust 3a1a4 paccesiiusi K3 B MOJISIPHBIX KOODJIMHATAX C
TOMOIIBI0 MeTosia KaHTOpoBUYa CBOJIUTCA K CUCTEME OOBIKHOBEHHBIX AUMDEPEHIINATBHBIX yPaB-
HEHHUIl BTOPOro MOPsiJIKA 0 PaINaJIbHON EPEMEHHON C MCIOJIB30BAHUEM Pa3JIOXKEHUsT HCKOMBIX
perenuii Mo Habopy YTIOBLIX OA3UCHBIX (DYHKIUH, MapaMeTpPUIeCKN 3aBUCSIIUX OT PaIuabHOMN
rnepeMeHHO’. JPEGHEKTUBHOCTH pa3pabOTaAHHOIO METO/1a, aJrOPUTMOB U IIPOrPaMM JIEMOHCTPH-
pyeTcst IIyTéM 3TAJIOHHBIX PACYETOB PE3OHAHCHOTO PACCESTHUSI, METACTAOUIBHBIX U CBSI3aHHBIX
COCTOSTHU pacCMaTPUBAEMbBIX MOJIE/EH, a TaK»Ke IMyTEM CPpaBHEHUs PE3yJIbTATOB JIJIsl CBI3aH-
HBIX COCTOSTHUM TPEX aTOMHBIX CHCTEM B paMKaxX IMPsiMOro perenns K3 MeTOqoM KOHEYHBIX
3JIEMEHTOB U peaykiun KanTopoBmya.

KuirroueBbie ciioBa: sJLUIMITHYECKUE KpaeBbI€ 3a/Jla4vU, 3a/Ja9a pacCeAaAHnsd, MeTacTabOUIbHbIE
U CBA3aHHBIE COCTOAHUA, METOda KaHTOpOBI/I‘{a
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A series of theoretical and experimental works is known which investigated the magnetic
properties of graphene structures. This is due, among other things, to the prospects of using
graphene as a material for the needs of the future nanoelectronics and spintronics. In particular,
it is known about the presence of ferromagnetic properties at temperatures up to 200 C and above
in a single-layer graphene films that are free from impurities. Previously there was proposed a
quantum field theoretical model describing the possible mechanism of ferromagnetism in graphene
as a result of spontaneous breaking of spin symmetry of the surface density of valence electrons.
The possible spatial configurations of the localized spin density were described.

In this paper we investigate such spatially localized nonlinear spin configurations of the
valence electron density on the graphene surface such as kinks, and their interactions, as well as
quasibound metastable states of the interacting kinks and antikinks, that are breathers. The
spectrum of such breathers is investigated. It is shown that under certain conditions, this
spectrum has a discrete sector, which, in turn, allows us to speak about the possibility of coherent
quantum generation of spin waves in graphene structures, which is important in terms of practical
applications in nanoelectronics and spintronics.

Key words and phrases: graphene, solitons, kinks, breathers, nonlinear models

1. Prerequisites of Building a Model of the Graphene
Ferromagnetizm

Today the standard theoretical model of electronic structure of single-layer graphene
film, which had been proposed in [1] and was investigated in a number of works [2-4] is
well known. Within this model, not all experimentally observed properties of graphene
can be satisfactorily explained. In several works (for example, see [5]) a high-temperature
ferromagnetizm not caused by any of three possible reasons: impurities, defects, borders,
was described, and in [6] processes of spin-polarized current pulses in the graphene film
were experimentally observed. We offer and investigate the theoretical model describing
collective spin- electronic properties of the single-layered graphene structures forming
two-dimensional surfaces, connected with existence on these surfaces of nonzero function
of distribution of the spin density formed as a result of spontaneous violation of spin
symmetry of valency electrons of atoms of carbon on specified surfaces. As the spin density
is proportional to magnetization density, this model allows describing ferromagnetic
properties of the graphene structures.

Within the limits of offered model transition from consideration of the discrete two-
dimensional carbon lattice forming graphene film, to the continuous two-dimensional
surface tensed on this lattice is carried out. The specified two-dimensional surface is
configuration space of the model. Thus, we carry out transition to the continual field
model. Such approach seems to be natural as it is known that, in particular, in graphene
structures the fourth valence sp-electron of carbon is collective, and its wave function
isn’t localized on a lattice knot. Thus spin states of the wave function of valence electrons
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system of a graphene layer define some function of spin density on two-dimensional
configuration space of the model. We will consider this function, as some (classical)
nonlinear function of a field on a two-dimensional surface. In considered model function of
spin density is admissible trivial, identically equal to zero. Being based on the above-stated
experimental data, suppose, that this symmetric field configuration can spontaneously
be broken to some physically observed

As we noted earlier [7,8] and as recently it was confirmed in works [9,10], within classical
nonrelativistic field model the analog of the well-known Goldstone theorem, according
to which each broken generator of initial symmetry of a field system corresponds to the
massless scalar not charged boson (which in our case may be called spinon) takes place.

In this case spontaneous violation of spin symmetry within the offered model should
lead to existence on graphene surfaces of quasi-particles—spinons (magnons) being vector
bosons in the 3rd dimensional physical space and scalar bosons in two-dimensional
configuration space of model as a projection the quasi-particle spin on configuration space
of the model is always equal to zero.

From the physical point of view essentially that existence of collective effects in spinon
system, caused by influence of the total magnetic field created by all spinons on each
spinon and spontaneous violation of spin symmetry in such system means nonlinearity of
the corresponding field equations and, as a result, existence of the possibility on graphene
surfaces of the soliton configurations depending on a form and topology of a surface.

Besides, existence of the collective nonlinear interactions in spinon ensemble should
lead to emergence of effective spinon mass by Higgs’s mechanism that also should affect
observable physical consequences though owing to a small value of such interactions it
is hardly possible to expect great values of this mass.

So, it is visible that the equations for the required scalar field which has been set
on some two-dimensional surface, should be nonlinear and certain on this surface any,
generally speaking, forms and topology. The form and topology in this case define
boundary conditions for the field function. The specified function defines conditions
of existence, a configuration and dynamics of quasi-particles of this field on the set
two-dimensional surface.

In particular, field equations, describing massless nonlinear scalar quasi-particles, known
in the quantum theory, possess above specified properties.

Thus, for the description of spinon excitations on graphene surfaces we use one of
options of nonlinear field model that allows calculating eigen solutions, effective masses,
topological invariants, energy spectra, dynamics of various nonlinear spinon configurations,
and other characteristics of the spinon statistical ensemble.

Let’s make transition from a discrete set of knots of a 2D hexagonal lattice in which
not coupled electrons can be localized, both the corresponding electronic and spin density,
to the continual representation of the corresponding configuration space.

The classical field model describing spontaneously broken symmetry is nonlinear.
Among nonlinear models the elementary and the known A¢* model is rather well studied.
We believe [7,8] that as a first approximation we can describe with its help characteristics
of spin waves of interest to us, their spectra in graphene, ferromagnetic domain structure
and other characteristics important for the practical applications.

The model has kink and antikink exact solutions and their quasibounded states
(breathers), which we will obtain numerically. We will use the energy of the kink-
antikink interaction [7, 8] for the numerical solution of the Schrédinger equation for
modeling quantum dynamics of breathers, underlying the description of spin waves. In
model there are quasibounded kink-antikink states, having a discrete spectrum. It al-
lows to put, in particular, a problem of creation of inverse density of population and
implementation of quantum generation of spin waves.

Further we will discuss the obtained results and their consequences.
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2. Nonlinear Model

Let’s consider as an example the nonlinear model A¢* in order to show results of
qualitative and numerical research of spin waves in a single-layered graphene film. Let’s
consider nonlinear model of a scalar field on a two-dimensional surface with the Lagrangian:

1

y A 2
L{p} = 5 (Qvpd w)—z(wz—wﬁ) , v=0,1,2; p=p(z,y,t); po>0; A>0. (1)

Field function here is proportional to two-dimensional spin density.
The equations of a field and boundary conditions look like

[0,0” = Agg] @ = A® =05 Jp(a,y, 1) < o, Va,y,t. (2)
It is known that this nonlinear equation has a set of static vacuum solutions

Pvact = :t(PO (3)
And also kink-antikink solutions

2

v+ () = £y tanh < /\;Oox> . (4)

In the field of zero kink and antikink have the domain wall dividing areas with opposite
signs of magnetization. The elementary magnetic moment in our model is the full
magnetic moment of an elementary cell.

We investigate system of interacting kink and antikink, located at a distance a(t) one
from another. Let’s choose field function in a way

p(r,a) = [pyr(x+a) +¢_(r —a) —go]; a>0. (5)

We see that field function (5) at small values of a spatially is localized near x = 0
and has the following asymptotics:

o(z,+00) = —po;
o(+00,a) = —po;  p(—00,a) = —o;
@l (+00,a) = 0; ¢l (—00,a) = 0.

We also see that kink and antikink, divided on rather big (in comparison with “thickness”
of a kink) distance, nevertheless, keep the form.

Let’s consider the Hamilton function of the system:

“+oo

Hipa) = [ o { oot 0" p(e.a)] + § [otoa - )} 6)

— 0o

This function can be considered as a function of total energy of the kink-antikink system,
and we can formally investigate its dependence on a. Dependence of a Hamiltonian on
a corresponds to dependence of potential energy of the kink-antikink interaction on a
distance between them. If there are minima of this function, it is natural to expect
existence of discrete spectra of the bound states in the kink-antikink system near these
minima. It will be required breathers.
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For quantum mechanical stationary wave function of a breather it is possible to write
down the Schrodinger equation:

n? d?
5y da? + U{p,a}| ¥p(a) = EVy(a). (7)
Here my is an effective mass of a breather which is equal to the sum of masses of kink
and antikink, U{p,a} is a potential part of a total energy of the breather, depending
from a, F is an energy of a state. Movement of a breather on the generalized coordinate
a physically corresponds to a distance change between kink and antikink.
Let’s find the bound states of the kink-antikink system near a minimum of the potential
of interaction. This problem can be solved numerically.

3. Numerical Calculations for the Model of Nonlinear Spin
Waves in Graphene

Numerical modeling studies start with the approximate solution (5) of (2). To begin
with we calculate the dependence V (a) = H {¢,a} of (6). Calculations were performed
using an adaptive procedure, the integration of functions, based on the method of Newton—
Cotes with different numerical values of the parameters A and ¢g. As an illustration we
plot the graph of the function Vj ,, (a) at A = 0.2 and ¢ = 4.0 (see Fig. 1).

AV

o

4=

E, arb. unit

— Potential [Ma=53.97)

Figure 1. The graph of potential energy breather

As can be seen from the graph, the discrete spectrum of (7) is located in the inter-
val [0.0;53.96954]. With the numerically solved (grid) function V) ,,(a) we solve the
Schrédinger equation (7) by the Ritz method using Hermite functions as coordinate func-
tions. The Ritz method reduces the problem on the axis of the differential equation (7) into
eigenvalue and eigenvectors problem for the Ritz matrix, as calculated by the formulas:

h? d?
I S — V 8
< 2m{)\7¢0}d 2+ Am(@)‘%> ( )
where 1); are Hermite functions.

The eigenvectors are sought in the form

;i\ po; a EC {\ o} i, (9)

M;j{X, o} = <7;Z}i
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so that the problem on the eigenvalues and eigenvectors is formulated as
M AN 90} Ci A o} = Bj{\ 0} G5 {\, 9o} - (10)

Calculating matrix elements (8) and a solution of (10) were performed in a program.
As an illustration we give the five lowest calculated eigenvalues belonging to the discrete
spectrum of the operator (7), and the corresponding eigenvectors (grid function) given
by (9) for the numerical values of the parameters A = 0.2 and ¢y = 4.0 (see Fig. 2).

A i KA
o "0 \ -, B 3 PO - - = = 50,045
. i \ . - ’ Pt *
e [ 1 JyN e = = 53167
.
N
1

E, arb. unit

¥, Hm

24,444

e 25,204

40,626
46,445

E, arb. unit

51,156
52,759

53,645
53,559

Figure 2. The eigenvalues and eigenfunctions of the original problem

Even these examples indicate a non-trivial structure of the spectrum of eigenvalues of
the operator (7). Namely, the structure of the spectrum in Fig. 3. shows the fundamental
possibility of population inversion.

This, in turn, confirms our thesis (see [7,8]) about the possibility of generation of
spin waves.
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Figure 3. The relative position of the spectral values of the breather

4. Discussions and conclusions

Results of numerical calculations allow to make a number of practically important
conclusions. First of all, we see that within the offered nonlinear model existence of
metastable kink-antikink bound states for the function of spin density on a two-dimensional
graphene surface is possible. These states may form a discrete spectrum. Thus numerical
calculations show that interval change between the next levels generally decreases with
the energy growth, and since some value of energy the spectrum becomes continuous.
At the same time we see that the interval between the next levels, in some local cases,
isn’t monotonous function, and has local extrema. Existence of such extrema allows to
argue that it is possible to expect existence in a energy spectrum of spin-breathers in
graphene film of metastable states, which lifetime is more than lifetime of the states
being below on energy. In this case we can speak about possibility of creation of inverse
density of population in spectra of breathers, and, respectively, about quantum coherent
generation of spin waves.
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ITpocreiiiasg Mogeib HEJIMHENHBIX CIIMHOBBIX BOJIH B
rpadeHOBBIX CTPYKTYypax

. C. Kynaoos*', K. II. JloBeukuii*, Jle Aup Hpar*

* Kagpedpa npuxaadnoti un@opmamuru u meopuy 6Epoammocmer
Poccutickuti ynusepcumem dpyotcovl Hapodos
ya. Murayxo—Maxaan, 0. 6, Mockea, Poccusn, 117198
t Jla6opamopus undopmayuornvx mexrnorozut
063e0UHERHBIT UHCMUMYM A0EPHBIT UCCAEI08AHUT
ya. HKoauo-Kropu, 0. 6, 2. Jybna, Mockosckasn obaacmsv, Poccus, 141980

W3BecTeH psiji 9KCIIEPUMEHTATBLHBIX U TEOPETUIECKUX PAOOT, B KOTOPBIX UCCJIEIOBAJINCH Mar-
HUTHBIE CBOMCTBA TPadEHOBBIX CTPYKTYP. DTO BBI3BAHO MEPCIIEKTUBAMU UCIIOIH30BaHUS Ipadena
B KadecTBe MaTepuaJa JJisi Hy»KJ Oyaylieil HAHOSJIEKTPOHUKY U CIMHTPOHUKU. B yacTHOCTH,
U3BECTHO O HAJIMYMHU (DEPPOMATHATHBIX CBOACTB npu Temieparypax 10 200°C u Bblie B 0JHOCIOMN-
HBIX IJIEHKAaX rpadena, cBOOOMHBIX OT mpumMeceii. Paree 6bu1a mpemioKena MOIEIb KBAHTOBOTO
I10JIs1, ONKCBHIBAOIIAsT BO3MOXKHBIN MexaHu3M (peppoMartserusma B rpadeHe B pe3yJibraTe CIIOH-
TaHHOTO HAPYIIEHUsI CITUHOBOM CHUMMETPUH MOBEPXHOCTHOM MJIOTHOCTU BAJIEHTHBIX JIEKTPOHOB.
Ornrcanbl BO3MOXKHBIE TPOCTPAHCTBEHHDBIE KOH(MUTYPAINY JIOKAJN30BAHHON CIIMHOBOM MIJIOTHOCTH.

B sTo0it pabore mccienyoTcsi MpOCTPAHCTBEHHO JIOKAJIN3OBAHHBIE HEJNHEHHBIE CITMHOBBIE KOH-
durypanum WIOTHOCTH BaJEHTHBIX JIEKTPOHOB Ha IIOBEPXHOCTH IrpadeHa, Takne KaK KUHKH, UX
B3aMMO/IEIICTBIE, & TAKXKE METACTAOMIIbHBIE COCTOSTHUS B3aMMOIAEHCTBYIOMNX KUHKOB U aHTHUKIH-
KOB, sBJIstonuxcs 6pudepamu. Mcenemosan ciekrp 6pusepos. [lokazaHo, 4T0 IpU OMpPeIeTEHHBIX
YCJIOBUSIX 9TOT CIIEKTD MMeeT JIUCKPETHBIN CeKTOp, YTO, B CBOI OYepellb, IO3BOJISIET TOBOPUTDH O
BO3MOXKHOCTH KOT€PEHTHOI KBaHTOBOI T'€Hepallny CIIMHOBBIX BOJH B IPA(EHOBBIX CTPYKTYpax,
9TO BayKHO C TOYKM 3PEHUST MPAKTUIECKOTO MPUMEHEHNsI B HAHOIJIEKTPOHUKE U CIUHTPOHUKE.
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Intensity Measurements
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Light interacts with materials in a variety of ways; this article focuses on determination of
refraction and absorption characterized by a material’s refractive index. We discuss some of the
useful models for the frequency dependence of the refractive index, and practical approaches
to calculating refractive indices of thin films and thick substrates.

The efficiency of manufacturing of existing and successful creation of new devices of solid-state
micro- and nanoelectronics largely depends on the level of development of the technology for
manufacturing layers of various materials with a thickness of several nanometers to tens of
micrometers. A high degree of perfection of layered structures and particularly structures
based on dielectric and/or metallic films with nanometer thickness is needed for their successful
application in micro-, nano-, acousto-, microwave and optoelectronics. It is impossible to achieve
high degree of perfection without the use of high-precision methods of measuring electrophysical
parameters of dielectric and semiconductor materials and structures, metallic films.

We have developed the program “Multilayer”, which serves both to simulate the propagation
of light through multilayer thin-film layered media, and to determine the dielectric (permittivity
tensor of anisotropic films) and geometric (physical and optical thicknesses of the film) parameters
of various thin-film coatings. The base mathematical models applied for the description of the
light wave propagation through a homogeneous optical medium and for the determination of the
optical characteristics of thin layers of optical materials based on the results of light intensity
measurements are described. The main mathematical formalism employed in the program is
based on solving the Maxwell’s equations for propagation of light through anisotropic stratified
media. The algorithm uses the Berreman matrices of order 4 x 4.

Key words and phrases: transmittance, reflectance, refractive indices determination,
thin films

1. Introduction

Methods for the theoretical design of optical coatings, based on modeling the interaction
of light with thin-film structures, provide, among other things, reliable production
monitoring of thin-film multilayer structures with specified properties [1].

We describe some approaches to the solution of the main problems related to simulation
of the optics of multilayer stacks and optical characterization of the used materials. The
base mathematical models applied for the description of the light wave propagation through
a homogeneous optical medium and for the determination of the optical characteristics
of thin and thick layers of optical materials based on the results of light intensity
measurements are described. The main mathematical formalism employed in the software
is based on solving the Maxwell’s equations for propagation of light through anisotropic
stratified media. The algorithm uses the Berreman approach and his matrices formalism.

We will consider solutions of the two principal problems in optics. The first problem
consists in determining the properties of various optical systems for the given optical
parameters of components. The second problem, inverse to the first one, is to determine

Received 29*" June, 2018.
This research was supported by RFBR grant No. 18-07-00567. The publication has been prepared with
the support of the “RUDN University Program 5-100”.
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the optical parameters — refractive indices and absorption coefficients — from the
measured intensities of transmitted and reflected polarized light waves.

Practical mathematical models techniques for determining the optical parameters of
thin films are outlined.

— Direct problem consists in simulation of the optical properties of various multilayer
systems for preset characteristics of the whole stacks for a given configuration of the
light wave field.

— Inverse problem means evaluation of refractive indices of transparent homogeneous
layers (and their thicknesses) incorporated into multilayer stack using the results of
optical measurements.

The solutions of both problems have to be found in a certain spectral range, that
is, over a certain interval of wavelengths. The main elements of mathematical models
used for the formulation and solution of these problems are the wave theory of light,
Maxwell’s equations, and the properties of the permittivity tensor of a material. Solution
of the inverse problem is based on the main property of dielectric constant: its real and
imaginary parts are connected to each other by the Kramers—Kronig relation.

Let us discuss some available approaches of mathematical modeling of light interaction
with isotropic or anisotropic layered materials.

2. Muller Calculus

Mueller calculus is a matrix method for manipulating Stokes vectors, which represent the
polarization of incoherent light. It was developed in 1943 by Hans Mueller, then a professor
of physics at the Massachusetts Institute of Technology. Light which is unpolarized or
partially polarized must be treated using Mueller calculus, while fully polarized light can
be treated with either Mueller calculus or the simpler Jones calculus. Coherent light
generally must be treated with Jones calculus because the latter works with amplitude
rather than intensity of light. The effect of a particular optical element is represented by
a Mueller matrix; which is a 4 x 4 matrix and a generalization of the Jones matrix.

Any fully polarized, partially polarized, or unpolarized state of light can be represented
by a Stokes vector (S). Any optical element can be represented by a Mueller matrix (M).

If a beam of light is initially in the state S; and then passes through an optical element
M and comes out in a state Sy, then it is written Sy = M S;.

The Muller matrix is used for analytical description of the action of optical elements on
polarized light beams. This square matrix (linear operator) with real coefficients describes
a change in the Stokes vector upon the passage through a given optical element. In contrast
to the method employing the Jones matrix, which is applicable only to description of the
light transmission via nondepolarizing optical elements, the Muller method can be used
to describe the depolarizing systems as well. This is possible because the Muller matrix
establishes a relation between time-averages intensities of various polarization components
of the incident and transformed light beams, rather than between the amplitudes and
phases of oscillations.

The transmission of light via optical components leads to a change in the state of
the four-component Stokes vector:

before after
S — S

This change can be analytically described using the Muller matrix as

Sbefore
Moo M™o1 M2 M3 0

Mip M11 M12 M13
M2o Ma1 Moz Mag| | Shefore

Sbefore
Safter — Msbefore — 1

ms3g MM31 MM32 1M33 S:lg)efore
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In the case of an optical system comprising several elements, the Muller matrix of
the total system is a product of the matrices of individual components in the order
of light transmission. The matrices of elements successively passed by the light beam
are written left to right:

Saft’,er — MKMK—I o MQMlsbefore‘

The elements of the Muller matrix can be calculated using the results of measurements
of the Stokes vector components. The problem of reconstruction of the Muller matrix
(operator) proceeding from the Stokes vector components measured at the input and
output of an optical system belongs to the class of so-called ill-posed problems. For
correctly solving this problem it is necessary not only to perform thorough measurements,
but also to use numerical methods of solving ill-posed problems — a special mathematical
apparatus developed for the processing of such data [2].

3. Berreman Matrix Method and Calculation Techniques
for Thin Layers

There are several approaches to the description of light waves propagating through a
layered, in the general case anisotropic medium. These approaches are based on the use
of classical models [3,4], the classical method of Jones’ matrix [4,5], the extended Jones’
matrix method [5], and the Berreman’s matrix method [6]. The choice of a particular
method is determined by the conditions of application. The extended (4 x 4 matrix)
Jones method and the Berreman method are considered universal.

The main criteria for selecting a method to be used in our case are the possibility to
deal with arbitrary parameters (polarization, angle of incidence) of the input light wave
and to take into account multiple reflections at interfaces between layers of an optical
system. Both the extended (4 x 4 matrix) Jones method and the Berreman method meet
these conditions, but isotropic systems are more conveniently described in terms of the
classical methods [4], which is especially important in solving the inverse problems. For
these reasons, the mathematical apparatus and software program are formulated, where
possible, so as to use any of the three methods:

— the Berreman’s matrix method (below, merely the matrix method), which is applicable

to materials of any type and optical system of arbitrary configuration;

— the classical method, to be used in the case of isotropic materials and optical systems

with no more than two layers;

— a combined method, which is convenient for use in the case of two-layer structures

on thick isotropic substrates.

The main mathematical relationships for an arbitrary incident light wave in the classical
description taking into account multiple reflections in one- or two-layer system have been
presented above. Below we will concentrate on the matrix method.

It should be noted that calculations involved in solution of the direct problems related to
the simulation of multilayer structures and devices are more conveniently performed using
the matrix method even for simple isotropic materials. This is explained by the fact that
the matrix method allows a greater number of parameters of the transmitted and reflected
light to be calculated as compared to that involved in simple classical calculations.

4. Matrix Calculation Method

Let us consider the method of calculation of the transmitted and reflected light waves,
which is based on the matrix approach and developed in [6,7]. The main idea of this
algorithm, which is frequently called the Berreman 4 x 4 matrix method, consists in using
the exact transformations of Maxwell’s equations in the matrix form under the condition
that the optical medium (layer) is isotropic in the Z axis direction.
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Using the Berreman matrix, which is the matrix of transformation of a linear differential
equation, it is possible to take into account the interference effects accompanying multiple
reflections between layers in a system studied. Eventually, this matrix determines a linear
transformation converting tangential components of the electric and magnetic fields in
the light wave at the input of the given optical system into the corresponding components
of reflected and transmitted waves at the output.

The algorithm under consideration deals with the general case of a refractive index
ellipsoid (Fresnel ellipsoid) of arbitrary size and orientation. Let a light beam be incident
in the OXZ plane at an angle « relative to the Z axis.

Under these conditions, the tangential components of the electric and magnetic fields
of the light wave obey the following matrix relation [6,7]:

E, E,

0 H, W H

il =—ZA Y 1
—H, —H,

where E, H are the complex components of the electromagnetic wave, w is the wave
frequency, and c is the speed of light. The elements of matrix A are complex quantities
and can be expressed using well-known formulas [6] via components of the permittivity
tensor and parameters of the incident wave. If the elements of matrix A are independent
of z, a solution of this linear system can be written in terms of the matrix exponent as

K =exp (“24) (0 = Pl )

where x(z) = (E,, Hy, E, —H,)" and P(z) is the Berreman 4 x 4 matrix for the given
homogeneous optical medium.

As can be seen from equation (2), the Berreman matrix of this system has the form
of exponent of the matrix. In the general case, calculation of the matrix exponent is
a nontrivial task. Berreman suggested to use an approximate formula for the matrix
exponent, but this approach is not always convenient and requires great care in selecting
the discretization step. However, in the case under consideration, it is possible to develop
an effective algorithm for determining the Berreman matrix.

Determination of the matrix exponent is based on the calculation of eigenvalues and
eigenvectors of matrix A, which is achieved using a highly effective algorithm. If all
the eigenvalues of A are different, the matrix exponent can be constructed using the
Silvester formula

4 H(A—)\J)

P(h) = exp iwhdfe) = 3 | exp (iwhde/e) T —5y |

ik

(3)

where A\p are the eigenvalues of A.

If the eigenvalues of A coincide, formula (3) is inapplicable. However, in such cases, it
is possible to use the Jordan canonical form [8] that provides for a sufficiently effective
solution of the system of differential equations in that case and leads to a required result.

The reflection and transmission of light are described using the relations

xr = P(2)(x1 + Xr), (4)

where T
X1 = (Ez,rxEz, Ey,ryEy) (incident wave vector),
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Xr = (Ry, =712 Rq, Ry, —ryRy)T (reflected wave vector),

T
_ * * .
xr = (Tw, 7315, Ty, ryTy) (transmitted wave vector),
ny . x U»)
Ty =M1COSQq, Th= , T
COs (g

*_

Yy

Ty = , T9 COS (g,
cos aq

n1 and no are the refractive indices of homogeneous entrance and exit media, and a; and

ag are the beam angles in the entrance and exit media, respectively. The parameters

n; and «; obey Snell’s law

ni sin v = N9 sin as.

It should be noted that the above representation of vectors xjy, xr, Xr is valid only
for isotropic media, featuring single-valued relations between the components of electric
and magnetic fields. Here and in what follows, the entrance and exit media are assumed
to be homogeneous.

Solution of the system of equations (4) reduces to solution of a linear algebraic system
of two equations with two variables (unfortunately, this system can be degenerate). A
solution can be obtained using a regularized stable method, which effectively works for
any input parameters.

The obtained values of components T, T, R,, R, are used as a basis for calculations
of the main parameters of the reflected and transmitted light beams, including reflection
and transmission coefficients, Stokes vectors, and degrees of depolarization. In particular,
the reflection and transmission coefficients are given by the formulas

Mg cos oy T,/ cos as|” + |T,|? _|R./ cosa |’ + |Ry|?

~ nicosay |E,/ cosay | + |Ey|* |Ey/ cosan | + By *

5. Calculations for Thick Layers

Unfortunately, the above method encounters difficulties in application to thick layers.
Propagation of a wave in a thick layer is accompanied by multiple reflections that result
in a phase shift, which is greater than the phase shift corresponding to the coherency of
light. However, no such oscillations take place in real systems, where the interference
pattern is usually smeared. It is also possible to assume that the accuracy of a measuring
instrument (e.g., spectrophotometer) is lower than the period of these oscillations, which
results in their averaging in the course of measurements.

The transition matrix of a thick (or arbitrary) layer can be calculated using equation (4).
For a large layer thickness (relative to the light wavelength), the imaginary component of
the argument, exp (iwhAy/c) acquires large values, which leads to significant oscillations
in the calculated spectra of both reflection and transmission coefficients. In order to bring
the measured data into correspondence with the results of calculations using equation (4),
it is necessary to average the latter results. This averaging is performed on a random
lattice with respect to the wavelength interval A\, as determined by the light coherence
length Al determined for spectrophotometers using the relation

Al = N?/AN.

6. Combined Calculation Method

In solving the inverse problem for determining the parameters of an anisotropic layer
on a thick isotropic substrate, it is convenient to use a combined method, whereby the
transmission of the anisotropic layer is described using the matrix technique and the
substrate properties are calculated in terms of the classical method. It should be noted
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that this approach can be used only for the calculation of transmitted and reflected light
intensities. However, these very variables are measured by spectrophotometry and serve
as the input data for the inverse problem in the case under consideration.

Figure 1 illustrates the scheme of calculations according to the combined method.
Here, Tpo is the total energy of the primary wave transmitted from the entrance medium
(medium #0) to substrate (medium #2), Ry, is the total energy of the primary wave
reflected from the first (between layers #0 and #1) interface, Ty is the energy of the
wave reflected from the second (between layers #2 and #3) interface and transmitted
back to the entrance medium, and Ro; is the total energy of the wave reflected from the
2/1 interface, with allowance for the multiple reflection of light in the thin film layer.

> /77 R, /77en};nce medium (air) 71,
/\/\/ TCF
WA

+

E,

Q

T:)z 21
R.
thick substrate
N2=n2_ik2
T, exit medium (air) 71,

Figure 1. Propagation of an electromagnetic wave through a two-layer system

By using the proposed combined method, it is possible to significantly reduce the time
required for solving the inverse problem.

Methods described above serve a basis for calculations of the light transmission and
reflection in the direct and inverse optical problems.

7. Conclusion

The main input parameters of a light wave are the intensity, the polarization, and the
angle of incidence. The main optical characteristics of materials in both direct and inverse
problems are the permittivity tensor € and the thickness d of a given material.

The main output optical properties of a system in the direct (simulation of optical
behavior of multilayer stack) problem are the transmission and reflection of light intensity
for the light of different wave lengths and incident at various angles. In the inverse
problem, these characteristics are usually considered as the initial data. In the direct
problem, additional output characteristics (calculated from the values of transmission
and reflection) can be the Stokes vectors of the transmitted and reflected light, the
degree of polarization, phase shifts, contrast ratio, efficiency, color coordinates, color
rendering, and some others.

It should be noted that the process of determination of the material parameters from
measured data (inverse problem solution) involves multiply repeated solution of the
direct problem, which is necessary for selecting the unknown values of permittivities.
For this reason, effective solution of the direct problem plays a key role in the entire
mathematical formalism and software.
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Another important circumstance is that the thicknesses of films are frequently known
only approximately. However, even very small variations of the film thickness (within
2-10 nm) may lead to significant changes in the interference pattern for both transmission
and reflection of light. Therefore exact determination of the film thickness is very
important (and also is an unknown parameter) in solving the inverse problem.
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Onpe/:[eﬂeHI/Ie ONITUYECKNX CBOICTB MaTepuajJia TOHKHUX IJIEHOK
Ha OCHOBe I/IBMepeHI/Iﬁ NMHTEHCUBHOCTHN CBETa
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CBeT B3aMMOJIEMICTBYET C MATEpHAJIAMY PA3JIMIHBIMU CIIOCOOAMU; JTAHHAS CTATbsI MOCBSIIEHA,
OITpe/IeJIEHNIO ITPEJIOMJIEHUST U TIOTVIOIIEHWSI, XapaKTePU3yeMbIM II0Ka3aTeseM IIPEeJIOMJIEHUS
marepuasia. O6CyKIAIOTCS HEKOTOPBIE MOJE3HbIE MOJEIN JACTOTHOM 3aBUCHMOCTH TTOKA3ATE ST
MIPEJIOMJIEHHSI, & TaKXKe MPaKTUIECKUe CIIOCOOBbI pacydéTa IoKa3aTeseil MPeIOMJIEHUsST TOHKUX
MJIEHOK W TOJICTBIX ITOJIJIOXKEK.

DdPEKTUBHOCTD MTPOU3BOJICTBA CYIIECTBYIONIUX W YCIIENTHOE CO3/IAHNE HOBBIX TPUOOPOB TBEP-
JOTeIbHOT MUKPO- ¥ HAHOYJIEKTPOHUKN BO MHOTOM 3aBUCHUT OT YPOBHSI PA3BUTHUSA TEXHOJIOTUN
U3TOTOBJIEHUS CJIOEB PA3JIMYHBIX MaTEPHUAJIOB TOJIIUHON OT HECKOJILKHX HAHOMETPOB MO Je-
CSATKOB MHUKPOMeTPOB. /locTH>KeHne BBICOKOM CTEIIEHU COBEPIIEHCTBA CJIOUCTBHIX CTPYKTYD H, B
YACTHOCTH, CTPYKTYP HA OCHOBE HAHOMETPOBBIX JUJIEKTPUIECKUX ¥ /UM METAIMIeCKUX TLIE-
HOK, KOTOPO€e U OIIpefesisieT BO3MOYKHOCTb UX YCIIENTHOTO IPUMEHEHNsT B MUKPO-, HAHO-, aKyCTO-,
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CBY- 1 onTo371eKTPOHUKE, HEBO3MOXKHO G€3 MCIOIb30BaHUsI BHICOKOTOYHBIX METOJIOB U3Mepe-
HUH 9/71eKTPODUNIECKUX TAPAMETPOB JIMIJIEKTPUIECKAX U MOTYITPOBOIHUKOBBIX MATEPUATIOB
U CTPYKTYD, METAJIMYECKUX IIJIEHOK.

Paszpaborana nmporpamMma «MHOTOCTOMHOCTBY, KOTOpas CIAYXKHUT KaK JJIg MOJEJIMPOBAHUS
pacIpoCTpaHEHUsI CBETa Uepe3 MHOI'OCJIOHHBIE TOHKOIIJIEHOUYHBIE CJIOUCTBIE CPeAbl, TaK U JJIsI
OTIPEJIESIEHNST JIMITIEKTPUIECKUX (TEH30D JUJIEKTPAIECKOH IIPOHUIIAEMOCTH AHU30TPOITHBIX TIJT6-
HOK) M reoMeTpudecKux (busmdyeckas U ONTUYECKAs TOJINUHA IUIEHKA) [IapaMeTPOB PA3JINIHBIX
TOHKOIIJIEHOYHBIX IMOKPBITHi. /[aHO ommcanHne OCHOBHBIX MaTEMAaTHIECKUX MOJIesIell, TpUMeHsie-
MBIX [IJIsI OIIMCAHUsS PACIPOCTPAaHEHUsI CBETOBOM BOJIHBI B OJHOPOJHOM OIITUYIECKOI cpefie U JJIs
OIIpeJIeJIEHUS ONTHYECKUX XaPAKTEPUCTUK TOHKHMX CJIOEB ONTUYECKUX MAaTEPHAJIOB Ha OCHOBE pe-
3yJIbTATOB U3MEDPEHU MHTEHCUBHOCTHU CBeTa. Maremarndeckuil (popmMaansmM, UCIOIB3YEMbBIN B
IIporpaMme, OCHOBaH Ha PeIIeHuU ypaBHeHUH MakcBessia IIpu paclpOCTPAHEHUH CBETA YEPE3
aHU30TPOITHYIO CJIOUCTYIO Cpely. AJropuTM HCHOJb3yeT MaTpuiibl beppemana nopsigka 4 X 4.

KuaoueBsbie ciioBa: KO3MOUIMEHT MPOITYCKaHUs, KOIDMUIIMEHT OTpaKeHUsl, OIpe/ieJIeHue
roKazarejieil [peJIOMJIEHUs, TOHKUE I[LJIEHKH
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IIporieypa ycTaHOBJIEHUS COEIMHEHUS MO PaJIMOKAHAILY
CJIyYaifHOT'O /IOCTYyNa C BO3MOXKHOCThIO PETPAHCIIAIIAN

O. B. CemenoBa*, A. C. Baackuna*, E. I. Mensenesa™,
D. P. 3apunosa*, 1. A. I'ynkosa*!
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B cBs3mu ¢ 6BICTPO pacTyIuM 9uCIOM aOOHEHTCKUX YCTPOMUCTB, (DYHKITMOHUPYIONINX B CETH
6eciposogHOit MobubHOH cBszu LTE (Long-Term Evolution), BosHuMKIa HEOOXOAMMOCTH TIO-
HICKa METOJ/IOB CHUXKEHUSI II0JIb30BATEILCKON U OOCIy>KHBAIONIed CUIHAJIBHONU HArpysku. s
COKpAIIeHUsT OO bEMOB CETEBBIX PECYPCOB CO3AIOTCS MIPABUIIA, YIIPOIIAIOININE B3aNMOIEHCTBIE
YCTPOHCTB BHYTpHU ceTr. B manHoit cTaThbe MCCIeAyeTC sl IPOIeaypa YCTAHOBICHUS COEINHEHUS
MexK Iy ycrpoiicTBoM u 6a30B0it crannueit LTE. OaHo 13 BO3MOXKHBIX PEIIEHUH 3a/1a91 TepeIadn
MAaJIBIX JJAHHBIX, T€HEPUPYEMBIX IpH MekMalmuHHoM coeguuennn (M2M, Machine-to-Machine),
6bL10 TIpesCcTaBaeHo B Texandeckom oruére TR 37.868 xoncoprmyma 3GPP (3rd Generation
Partnership Project). JlanHoe npejjiozkenne mnojipadyMeBaeT UCIOIb30BAHNE PAJINOKAHAIA CIIy-
qaiinoro jgocryna RACH (Random Access Channel) juist coeiuHeHnst Mexxy ycrpoiicrBamMu.
DddberTrBHOE HUCTOMB30BAHUE TIPOIEAYPhl YCTAHOBIECHUST COSTUHEHNUS 110 PATINOKAHAIY CJIydaii-
HOT'O JIOCTYIIa OCHOBBIBAETCSI Ha aHAJIM3€ BEPOSTHOCTHO-BPEMEHHBIX XapaKTEPUCTUK, TAKUX KaK
BEPOSITHOCTD YCIIENTHOTO ¥ HEYCIENTHOTO YCTAHOBJIEHUS COCIMHEHUSI, CPEIHsS 3aePXKKa, YCIIeIll-
HOTO yCTAHOBJICHUS COeJIMHEHMsI. B MaHHOM cTaThe MCCIeq0BaHA 3aBUCUMOCTD IEPEINCTEHHBIX
XapPaKTEPUCTHK OT BEPOSTHOCTU KOJIJIU3HMH, BO3MOYKHOW IIPH Ilepejiatie NMpeaMOyJIbl, 1 IPAHUIHBIX
YCJIOBUM HA KOJUIECTBO BO3MOXKHBIX PETPAHCIIAINN COOOIEHNH, NCIIOIB3yEeMBIX B IIPOIIELype
YCTAHOBJICHUS COEUHEHUsA. TOYHOCTD U JJOCTOBEPHOCTH PACIETOB, MOJYIAEMBIX IIPU HCIOJIB30-
BaHHUU IIpeJJjIaracMoil aHAJIUTHIECKON MOJesH, ObljIa IIPOBEPEHA C IIOMOIIBIO UMHUTAIIOHHOTO
MOJEeJIMPOBaHUs Ha sa3bike R.

KumrodeBble ciIoBa: MeXXMAaIMHHOE COeAMHEHNe, KaHas ciydaiinoro pocryna (RACH),
KOJIJIU3HS, CPeJIHEe BPEMsl yCTAHOBJIEHUSI COEIUMHEHNUsI, BEPOSTHOCTD YCIIEITHOI'O YCTAHOBJIEHUS
CO€/IMHEHU S

1. Bsenenue

CoBpeMeHHbIE CeTH CBA3H IMATOro II0KojieHus HG IMUPOKO UCIOJIL3YIOT PaguoKaHAJ CILy-
yajinoro gocryna RACH 1j1s ycTaHOBJIeHHS COIUHEHUsI C LeJIbI0 lepeladd JAHHbIX 110
TEXHOJIOTUSIM MeXKMAIINHHOrO B3anMmojeiictsus [1]. Boicokonpuopurernas curHaibHast
KOHCTPYKIHMS B IIPOLEAYyPe yCTAHOBJICHUS COEIMHEHNUs sABJIIeTCs CUHXPOHHOI u Tpebyer
BBIIIOJIHEHUSI COOTBETCTBUIA 110 JAOIIyCTUMOIl 3ajep:KKe. BaXKHO aHAJIM3UPOBATH KJIIOUeBble
BEPOATHOCTHO-BPEMEHHbIE METPUKN (PyHKIMOHUPOBAHHUSA CETH, IIPEJICTABICHHBIC B PEJIN3e
11 crangapra TR 37.868 [2| koncoprmyma 3GPP, Takue kak Bpemsi pearuposanust (3a-
JIepKKa) JaTIYuKa OT MOMEHTA WHUIUAIMA COEIMHEHNUs 10 MOMEHTa HAYAJIA [ePeIadn
JIAHHBIX, BEPOSTHOCTD YCIIEIIHOIO YCTAHOBJIEHUS COeJIMHEHIs] I BePOATHOCTh HEYCIICIIHOI'O
YCTAHOBJICHUA COeJUHeHud. Ipoleaypa nepeiady CUrHAJILHBIX COODIIeHU 3aK/II0UaeTCs

Crarbsa nocrynuia B pegakuuio 6 anpessa 2018 r.

[Ty6mukanus noarorosiena npu nogaepxkke IIporpammbr PYIH «5-100» u npu hbuHAHCOBOI MO IEPIKKE
PODU B pamrax HayuHbix npoekToB Ne 16-07-00766 u Ne 18-07-00576.
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B IIE€pEChLIKe coo0mennii Mex 1y 6a30Boii cranmueii (eNB, eNodeB) u KoHeYHBIM yCTPOIi-
creoM (UE, User Equipment). CoejiuHenne ycraHaBJIUBAETCS IIPU YCIENTHOM TI€PECHLIKE
gerbIpéx coobmenmii (Msgl, Msg2, Msg3, Msg4). IIpu srom B GecnpoBoaabix cersix LTE
(Long-Term Evolution) ycrerniHoe BbIIOTHEHNE TPOIEYPBI MIOIPa3yMeBAeT KOPPEKTHYIO
nepeiady nocsennero coobmenns (Msgd).

PazpaboTuamkamu BegyTCsT UCCTEIOBAHUS IO ONTUMHU3AINNA AJTOPUTMOB B3aNMO/IEH-
CTBHUsI YCTPOMCTB, HaIlpaBJeHHbIe Ha 3P (EeKTUBHOE UCIOIb30BaHne paanokanasa RACH:
yBeJIMYeHUe MIPOITYCKHON CITOCOOHOCTU CEeTH, yCIeNHas epeaada IpeaMOy/T U CUTHATLHBIX
coobmenwit, 3 deKTHBHOE UCIIOJIB30BaHNe pecypcoB cetu. B [3] Obur mpeyioxken moaxos K
AHaJIM3y TPOIEIyPhl YCTAHOBJIEHUST COEIUHEHNsT MEXKy OOOpYIOBAHUEM I0/IH30BaTE I U
6asoBoii cranmuei, B [4] paspaborana aHAJIUTHYECKAsT MOJIEIb POIELYPbl YCTAHOBJICHUST
COeJIMHEHMSI C BO3MOYKHOCTBIO peTpaHcisiinu coobmennit Msgl u Msg3d. MmurarmorHoe
MO/IEJIPOBAHIE [POIEyPhbl YCTAHOBJIEHUS COeMHEHUs B [5] IIpejoCcTaBuIo BO3MOKHOCTD
amanTupoBarh mapamerpbl RACH 11 yBenndyeHns: BEpOSITHOCTH YCIIENTHOTO COEINHEHUST
U yMEHBIIIeHUsI CPEJTHEr0 BPEMEHH YCTaHOBJIEHUs coenuHenus. B pabore [6] Gblta mccie-
JIOBaHA 3aBUCUMOCTDb BEPOSITHOCTH KOJLTU3UHU OT KosimdecTBa M2M-ycTpoi#icTB B yCJIOBUSX
6eicTpo pacrymero M2M-rpaduka u 6osmbimoro xkomdectsa M2M-ycTpoiicTB, KOTOPBIM
HEeOOXOINMA, TTOJIEPKKA TMOJIKJIIOUEHUsT K €IMHON TOYKE JOCTYIIA.

Ilesbro Tekyimeit paboThl ABJsIeTCsT pa3pabOTKa aHAJIUTUIECKON MOJIEsN POy Phl
YCTaHOBJIEHUSI COEJIMHEHUSI 110 PaJinoKanary ciaydaiinoro gocryna RACH ¢ Bo3MOKHOCTBIO
perpancisiuu Tpéx coobmennii (Msgl, Msg3, Msgd) st BbIYuC/I€HUST BEPOSITHOCTHO-
BPEMEHHBIX II0Ka3areseil cucreMbl. B orTimdme OT M3BECTHBIX pe3yiabraroB |4, 5|, B
JAHHON paboTe WHCC/IeyeTCsl BO3MOXKHOCTH PETPAHCSIANA TIOCJIETHETO COOOIEHUsT
(Msg4,Connection Response), koropoe siBJIsieTCsl HOATBEPKICHHBIM OTBETOM Ha yCTa-
HOBJIeHUE coenunenne. [1o00HbIe OIX0/bI IIpeIaraiuch U paHnee, HanpuMmep, B [7,8], a
TakzKe B pabore [9], rye ObLI IIpe/IoXKeH aHAINTHIECKHI TIO/IXO0/ K PEIICHUIO B 3aMKHYTO
dbopme, TTPOTOIKEHHEM KOTOPOH SIBISIETCS JTaHHOE MCCJIEIOBAHUE.

CraTbs OpraHu30BaHa CJIELYIOMNUM 0bpa3oM. B paszese 2 onucanbl KJIIOYEBbIE aCIEKTHI
[IPOTIEIYPBl YCTAHOBJIEHUsI COEIMHEHNs TI0 paJuoKaHay ciaydaitaoro mocryma RACH,
oTIpeie/IeHbl HeOOXOMMbIE BpeMEHHbIE HHTEPBAJIBI IIPOIE/yPhI YCTAHOBIEHUS COETMHEHMS
7 U3MEHEHUsI 9TUX WHTEPBAJIOB B CJIyvae HEYCHeITHO mmepeaadn coobmennii. Pazmenr 3
OTMCBHIBAET MPOIEAYPY «IEeTHIPEX PYKOMOXKATHUIT» B BUE IOCJIEI0BATEILHON E€PeIadn
9eThIPEX COODIEHU, IPUBEIEHBI (DOPMYJIBI JJIsi pacdyéra noxkasareseil 3 deKTuBHOCTH
MIPOTIEYPhI C YIETOM TPEX coobrmennii. UnceHHbI aHAIN3 XapPaKTEPUCTUK U 381447
JAJTBHERIINX UCCIeIOBAHUN IPEICTABICHBI B pa3aeaax 4 m 5 cOOTBETCTBEHHO.

2. Ilponeaypa ycTraHOBJIEHUSI COEIUHEHUS

[Iporemypa ycraHOBJIEHUST COeIMHEHNUsI IO KaHaJTy ciydaitroro gocryma RACH cocrout
73 YETHIPEX IMAroB, IPEICTABJIEHHBIX Ha puc. 1, KOTOpble MOTYT OBITH pa3ieseHbl Ha
JBa drana: sran cuaxponnsanuu ceasu (Msgl, Msg2) u sran nepegaun o6C/IyKUBaHUS
(Msg3, Msg4).

Wanmuarms nporeiypbl YCTAHOBJIEHNST COGINHEHNS HAYMHAETCS C OTIIPABKH IIEPBOTO
coobmennst Msgl (Preamble Transmission) [10] or ycrpoiicrsa UE x 6a30Boii cranium
eNB, npu srom BeiOHpaerca ogHa u3 64 Bo3mMoxkHBIX IpeaMOys1 RACH. 3unadenus upe-
aMOyJT Pa3InvIaioT 3aIpoChl, MIOCTyIaoNe OT ycrpoitcTs. [Ipu mepemate oT HECKOIBKUAX
YCTPOMCTB B OJIHOM BPEMEHHOM CJIOTE€ OJIMHAKOBBLIX IIpeaMOyJl BO3HUKAET KOJIH3us. Fc-
au M2M-ycrpoiicrBo He nosydaer orsera Msg2 (RAR, Random Access Response) ot
6a30BOil CTAHINH, TO TOJb30BATEIHLCKOE YCTPOUCTBO YBEIMIMBAET MOIIHOCTb U CHOBA ITe-
penaéT nmpeaMOyILy mocjie OKOHYaHUsi (PUKCHPOBAHHOTO MHTEPBaJja BpeMeHn. B ciydae
yemerHoro ooMena coobmenussmMu Msgl u Msg2 3akaHINBAeTCsT 9TAll CUHXPOHUBAINN, 1
M2M-ycrpoiicTBo nepegaér ciemytomiee coobienue-3ampoc Msg3 (Connection Request).
Barem aBromarmyeckuii 3anpoc nopropa nepegadn HARQ ACK (Hybrid Automatic
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Repeat Request) mossoJisier 3auTuTh 1epeady CUrHAJIbHBIX coobiienuii. [Ipu yenern-
noit nmepenatde u obpaborke Msg3d 6a3oBast cTaHIs OTBEIAET COODIIEHUEM-PA3PEIICHUEM
Msg4 (Connection Response). Eciin ycrpoiicrBo He mosryunio coobienune Msgd ot 6a30-
BOIf CTAHITNH, TO IO UCTEIECHUIO 33 JAHHOTO BPEMEHHOI'0 HHTEpBaJa coobmenne Msgd Oymer
OTTPABJIEHO TIOBTOPHO. 3aAMETUM, UTO TPU JOCTUKEHUN TPAHUTHOTO 3HAUEHUS KOJIMIe-
cTBa peTpaHcsauil mpeaMOysr Msgl mporeaypa HHAIUAIT3AINN COSIUNHEHNsT CANTAETCSI
HEYCIIEITHOM, TIPU MPEBBINTEHNN TOPOTa KOJTMIECTBA PETPAHCSINI TTepeiadn COODIeHmi
Msg3/Msg4 neobxonuma HOBas nepejada npeamOysibl Msgl.

Pacuér upoo/zKuTeIbHOCTH IPOIIELyPhbl yCTAHOBJIEHUSI coeuHerus 110 kKanagy RACH
OIIEHUBAETCsI OT HAYAJIA MOMEHTa WHUIIMAIIMI JI0 HAdYasa [epejadn JaHHbIX [3] u MoxkeT
OBITH TIOJIYYEH CYMMUPOBAHUEM COOTBETCTBYIONINX BPEMEHHBIX MHTEPBAJIOB. B TeKyIeit
paboTe aBTOPHI [IPUJIEPKUBAIOTCS 0003HAUEHMIT, BBeIEHHBIX B [4,7]: A1 — Bpemsi cuH-
xpouunsarun 10 nepemadn Msgl; TrRar — Bpemsi 06paborku, Heobxomumoe eNB jyra
obuapyzkenusi npeamOysbl (Msgl); WraAr — BpeMeHHOI MHTEpBaJs, OTBEJCHHBIN st
orBeta Msg2; A1 + Trar + Wrar + A2 — BpeMeHHOIl MHTEpBaJI OT HadaJjia IIpoIle-
Jlypbl 710 oTupaBku coobmennst Msg3 (mpu ycuennoii nepecblike coobimenust Msgl);
A1 +Trar + WraAR + WBO — BpeMeHHOIT HHTEPBaAJI OT Ha4YaJia [IPOLELyPhl 10 IOBTOPHOIA
mepeadn npeaMOyIIbl (IIPU HeycCIemHoil nepechblike coobmennst Msgl); Tiarqg — BpeMeH-
HOIT nHTepBaJs, HeoOxomuMblit st mpuéma coobmenns HARQ ACK; Tap, — BpeMeHHOIT
MHTePBaJI Ilepe]t nepejadeit coobmenust Msgd; Thy, — BpeMEHHON MHTEPBAJI II€PE/] 10-
BTOpPHO#l nepeadeit coobinenns Msg3; Ths, — BpeMeHHOI MHTEPBaJ IIepPe/JI TIOBTOPHOM
repesadeit coodrmenns Msgd.

Ha puc. 1 npesacrasiieHa auarpaMma, MocJae0BaTeIbHOCTENR COODIEHN B TTIPOIIEIype
YCTAHOBJIEHUSI COCTUHEHNsT 663 PETPAHC/IAINUN C YKA3aHIEM BPEMEHHBIX WHTEPBAJIOB.

@ ®

eNB
HARQ
ACK
HARQ
ACK
UE ¢ @ Yy v
sk N3 N N3 N3 N3
™ ™ ™ ™ T~_
Al TRAR WRAR Az THARQ TAM,, THARQ v

Puc. 1. InarpamMmma nocJjieoBaTEJIbHOCTH COODIIeHMIT 6e3 KoJIIn3uii

3. Maremarudeckast MOJIeJIb IPONE/yPbl yCTAHOBJIEHUS
COeIMHEHU S

IIpu uccienoBanuym MPOIELyPhl YCTAHOBJIEHUsT coenHenust Mo pasguokanasy RACH 6bi-
JIO 3aMeYeHO, UTO HAJNYINEe PETPAHCIISAII YCIOXKHSIeT aHAJIN3 BEPOSTHOCTHO-BPEMEHHBIX
XapaKTEPUCTUK 13-3a OOJILIIOr0 KOJTMIECTBA BO3MOXKHBIX BAPHAHTOB, IPUBOJLIINX K yCTa-
HOBJIEHUIO coefauueHus. [ mpecTaBieHns paciéToB BBEIEM BEPOSTHOCTHBIE COOBITHA:

Ay = {Msgl nepeano ycnemmo},  A; = {Msgl 3abmokuposano} ,
Az = {Msg3 nepesano ycremuo}, Az = {Msg3 zabaokuposano}
Ay = {Msg4 nepeano ycremmuo} , Ay = {Msg4 3a610KupoBato} .
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Jlist IpotieTyphbl yCTAHOBJIEHUS COEJIMHEHMST HEOOXOIMMa, YCIIEITHAs epeIada JeThIPEx
coobmennit Msgl, Msg2, Msg3, Msgd ¢ KOTUIeCTBOM PETPAHC/IAIINI, He TTPEBOCXOISATIIAM
3apaHee 3a/laHHbIe TpaHnvHble 3HadeHus N1, N3, Ny amna coobmennit Msgl, Msg3, Msg4
coorBercTBeHHO. OOO3HAYNM BEPOATHOCTU BBEIEHHBIX COOBITHIA:

P(A)=1-pi=p1, P(4)=p,
P(A3) =1-p3=p3, P(43)=nps,
P(A4)=1-ps=pi, P(A)=ps

Ha puc. 2 nmokasaHa cxema BO3MOXKHBIX [IepexoIoB 110 cobbitusim A; u A;, ¢ € {1, 3, 4},
¢ yKa3aHHeM BPEMEHHBIX MHTEPBAJIOB, COOTBETCTBYIONUX 3TUM COOBLITHSIM.

P, P
A A
A1 +TRAR +WRAR + AZ A1 +TRAR +WRAR + WBO

33 Ps
A A

THARQ +TAM4 THARQ +TM3
D, o
A, A

THARQ THARQ +TM .

Puc. 2. Cxema nepexogoB

Beeném MapKOBCKYIO enb c JIICKPETHBIM BpeMeHeM
{&,i=0,...,(N1 +1) (N3 +1)(Ns+ 1)} u upocTpancTBOM COCTOSHHI

X={X, n;=0,N;; 0<my <ny, 0<m; <1, 0= {3;4},0 < ky; <my,
k1€ {0,1}, j={3;4}, kiztkia+ ki =mq, kia <lg < ks N3, },

rjie JUiss KPaTKOCTH ODO3HAYUEHO

ni,ma, k137 k147 kl
X = | n3,mas,l3
Ty, My

JL1st onmcaHWsT MApKOBCKOIT TN MCIOIb30BAHBI CIEAYIONe 0003HATEHNUsT: 11 — 00IIee
9HCJIO TepeJaHHbIX coobmennii Msgl; mq — 4YrC/I0 yCHenHo HepeJaHHbIX COOOIIeHIi
Msgl; k13 — umucio ycnemnno mepegaHHbIx coobrenunit Msgl, mocie KOTOPBIX COeIMHEHME
He YCTAHOBUJIOCH M3-3a, OJJOKUPOBKU coobOIIeHnst Msg3 mo mpudnHe JOCTUXKEHUsST TTOPOTa
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N3; k14 — YUCJIO yCHEITHO TepeTaHubIx coobienuit Msgl, mociie KOTOpbIX coeIMHEHNE
HE YCTAHOBUJIOCH W3-33 OJJOKUPOBKHU cooOIIeHust Msgd mo mpudunHe JTOCTUXKEHUsT TTOPOTra
Ny; k1 — WHIUKATOP, MOKA3BIBAIOIINIT TEKYIee COCTOSHUE IIOCJIEIHErO IepeaaHHOrO
coobmennsi Msgl (npu ycnentnoii mocseaeil nepegade pasuo 1, npu komumsun — 0);
ng — o0IIee IUCI0 TmepeIaHHbIX coobimenuit Msgd mpu moceHeM yCIenrHo nepeaanHoM
coobmernn Msgl; m3 — YHCIO YCIIENTHO HepeIaHHbIX Msg3d mpu mocaeIHeM YCIIEeITHO
nepeaHHOM coobmiennn Msgl; I3 — gucsio nepeganubix coobriennit Msg3 (ycuemnbix u
HEYCIIENTHbIX ), IOCJ/Ie KOTOPbIX 3a0J0KUPOBaHbI coobenus Msg4 110 mpudnHe JOCTUKEHMsT
ropora Ny; ny — 00IIee 9uCI0 TepegaHHbIX coobrmennit Msgd mpu mocjie HeM YCIeITHO
mepeagHOM coobmennn Msg3; my — UHCIO YCIeNTHO TepesaHHbIX coodmmennit Msgd mpu
IOCJIETHEM YCIIENTHO TIepeJaHHOM coobtennn Msg3.

[TockobKy BpeMsl YCTAHOBJIEHUSI COEIUHEHUS OIPEIEISeTCsT KaK MHTEPBAJ BpeMEeH!
OT MOMEHTa IIePBOU Iepesiadu mpeaMOysIbl 10 MOMEHTa, YCIIEITHO mnorydeHnnoro Msgd,
noJryanM Beipazkenue (1) st pacuéra BepositHocTH Px nonajianust B cocrosinne X n3

0,0,0,0,0
Ha4vYaJIbHOI'O cocTodHud | 0, 0,0 :
0,0

)

_ _ _ k _
Py = p;h ml(l _pl)mlpé\fskarls kia+n3 mg(l _pS) 14+m3pi\74k14+n4 ma
Ll3*k14J u(kra=1)
N3
my ~ki3+kia ki3 iy k1a—1
x (1 —p4) Cnl—l Ck13+k14 E (=1) Ck14Clg—iN3—1 (1)
i=0
" ) 0, k14 —1<0 <
rae u (kg — 1) = 1, ka—1>0 dyuknusa Xepucaiizga.
ITepsorit MuokmTETL pY' """ COOTBETCTBYET N1 — My KOJUIM3USM COOOIIECHUS
Msgl; muoskurens (1 —pp)™ — mq ycrnemmbiM Tiepesadam coobmmenuit Msgl; MHO-
KUTEJh pév shistla—hiatna=ms gy HEYCHEITHBIM mepefadaM Msg3; MHOXKUTEIb

k _
(1 —ps)**™™8 — peem ycmemmbiM mepesauam Msg3; MHOKHTED piv‘*kl””“ ma

BCeM HeyCHeIHbIM Trepejadam Msgd; muoxkuteas (1 —py)™* coorBercTBYeT Beem

. ki3+kia k13
ycnemHsM nepegadam Msgd; OGunommanbable kosddummenter C) 20", Ce, o on
Ll3*’€14J u(k14—1)
N3 . i 1
(—1)10,214@3%;]\73_1 OTPazkaloT YUCI0 BO3MOXKHBIX ITyTeil, IIPUBOJIA-
i=0

mux K cocroguuio X. [Ipu srom nocieanit 3 Ko3dOUIMEHTOB HEOOXOIUM TOJIHKO MPH
Ny > 3.
O603HAYNM IPOCTPAHCTBO COCTOAHUN yerexa Xgyccess = {X @ k1 =mg =my =1}, a
IPOCTPAHCTBO COCTOsIHMI Heymadn X,y = {X @ ny = Ny,ng = Ngymy =0}
BepograocTu ycrenmrHoro Pyyccess B HEYCIIEITHOTO Pr,j) CO€TUHEHUST BBIYUCIIAIOTCS 110

dbopmytam:
Psuccess - § PX7 Pfail = § PX- (2)
X € Xsuccess X €Xfai]

st rparnanbix yenosuit Ny = N3 = Ny = 2 dopmyiisl (2) MOryT OBITH IIOJIYIEHBI
B siBHOM Bujie (3) m (4).

Fouccess = (1 _pl)(l —pg)(l _pi) [2 - (1 _pl)(l —pg)(l _pi)] s (3)

Pran = [1— (1—p1)(1 = pH(1 = p2)]°. (4)
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3aMeTnM, UTO CyMMa BEPOSATHOCTEN Pgyccess U Prajl paBHa 1.
Bpems Dx ycraHoBiieHUsl COeIUHEHUs JIJIst COCTOAHUS X COOTBETCTBYET CyMMe Bpe-
MEHHBIX WHTEPBAJIOB, y9IaCTBYIOIIUX B IIPOIEILype, U IpeIcTaBaeHo GpopMyJtoi (5):

Dx = ki3 (A1 +Trar + WraR + A2) +
+ k13 (N3 (A1 + Trar + Wrar + WBo)) + k14 (A1 + Trar + Wrar + A2 + Tharq) +
+ kia (Tant, + Na (Taarg + Tary)) + (Is — k14) (Taarg + T ) +
+ k1 (Al + TRAR + WRAR + Az) + (n1 — ml) (Al + TRAR + WRAR + WBo) +
+m3 (Tuarq + Tan,) + (n3 — m3) (Taarq + Ths) + maTuarq+
+ (n4 —ma) (Taarq + Tar,) - (5)

CpejiHee BpeMst yCIIEIITHOTO yCTaHOBJIeHUs coeuuenust D onpeensiercs no dopmyiie (6):

S Px-Dy
D — XeXSL\CCeSS . (6)

Psucccss

4. YwnciieHHBI 3KCIIePUMEHT

s ananm3a BepOATHOCTHO-BPEMEHHBIX XapaKTEPUCTUK PACCMOTPHUM OJHY COTY Ce-
tn LTE, nognepkupatoryto obciayxkuanue M2M-ycTpoiicTB, 1 HCIOJIb3yeM IaHHbIE
tabi. 1 [2,4-7,9].

Tabauma 1

Ucxonubie mapamerpbl
ITapameTrpsbi O6o3uauenune | 3HadyeHHne
MaxkcumasibHOe 9HCIIO KOJLIU3UiT Ny 2/4/10
peamOyJIbI
MaxkcnmaabHOe IUCII0 PeTPAHCIAINI Ns 2/2/5
coobrenuit Msg3
MaxcumaJsibHOE YUCIIO PeTPaHC/IANuil Ny 2/2/5
coobrmmennit Msg4
BepositHocTh KosLmu3nu tipeamOysibl (Msgl) D1 [0;1]
BeposTHoCcTh HeycnenHoi nepegaan P3 0,1
coobmmenust Msg3 [7]
BepositHOoCTb HEyCIEITHON TIepeadn P4 0,1
coobmmenust Msgd [7]
Bpemsa cuaxponusarnuu 110 nepegadn Msgl Ay 5 MC
Bpewmsi obHapy:kenus npeamOyJint | 7] TrRAR 2 Mc
Bpewms orkimka (Backoff window) [3] Wgo 21 mc
Backoff unnukarop (Backoff Indicator, BI) 3] BI 20 mc
Bpewmennoii unrepsast st orsera Msg2 |7] WRAR 5 Mc
BpemeHHON MHTEPBAJI TTOC/IE YCIEITHO As 2 Mc
nepegaan Msg2 no ornpasku Msg3 [7]
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Tabauma 1

Ucxonnbie mapamMerpsl (MpooszKenne Tabinibl)
ITapameTrpbi O6o3HaueHne | 3HaueHue
Bpemennoit nHTEpBaJI, HEOOXOIUMBIH THARQ 4 mc
Jutst npuéma coobmenns HARQ ACK (7]
BpeMennoit nHTEpPBAJI TIEpe/T TTepeTadeit Tan, 1 mc
coobmmenust Msgd [7]
Bpemennoit mHTEpBaJI epe IIOBTOPHOI T, 1 mc
nepejadeii coodbmenus Msg3 (7]
Bpemennoit nHTEpBAJI TIEPE]T TOBTOPHOM T, 1 mc
nepezadeii coobuienust Msgd [7]

I'panutnble ycjaoBUs O KOJUYECTBY PETPAHCIISININN CYIIECTBEHHO BJIULAIOT HA IIapa-
MeTPBI TIPOCTPAHCTBA COCTOSTHUIT MapKOBCKOI mern {&; }. Jlist qucieHHOro sKcnepumeHTa
BBIODAHBI TPU YACTHBIX Ciydas (TabJr. 2), /i KOTOPBIX MOKA3aHO U3MEHEHHe pa3Mep-
HOCTU IIPOCTPAHCTB COCTOSAHUIA.

Tabauma 2
PaszMepHOCTH MPOCTPAHCTB COCTOSTHUMI

I'panuuHbIE yCIOBUSA |X] | Xsuccess| | | Xail

N1 =N3=N4=2 36 20 16
2| Ny=4, N3=Ny=2 220 140 80
3| Ny =10, N3 =Ny =5 | 60005 55000 5005

Ha puc. 3 mokazama 3aBUCHMOCTb BEPOSITHOCTH YCIIEIITHOTO W HEYCIIENTHOTO COEIMHEHUST
I TpaHndHbix yeaoBuit Ny = N3 = Ny = 2 or BepodTHOocTu Kosmusuu Msgl nipu
bukcnpoBaHHBIX BeposTHOCTSX perpancsimn Msg3 u Msg 4 (ps = py = 0, 1). 3amernm,
9TO [PU yBEJIMYEHUN TPAHUYHBIX YCJIOBHI JI0 PEKOMEH/IOBAHHBIX B cTaHapre [2| snavuennii
BEPOSITHOCTD YCITEITHOTO YCTAHOBJIEHUSI COEIMHEHNST YBEININBAETCI. DTOT (PaKT JErKo
00bsICHsIeTCsT (DPUBUIECKUM CMBIC/IOM IIPOIEIYPhI, TAK KaK IMPU KaXKIOH moc/ie yoreit
PETPAHCIAINT TPeaMOyJIbl MHUTIMAIU3UPYETCST HOBBIN CUETINK KOJTMIECTBA PETPAHCIATINIMN
coobrennit Msg3 nu Msgd, 4To yBeJMInBaeT BEPOATHOCTH YCIIEIIHOTO YCTAHOBJICHUS
COEIMHEHUSI.

Ha puc. 4 nokazana 3aBUCUMOCTH CPEIHEIO BPEMEHU YCTAHOBJICHUS COEIUHEHUS OT Be-
posTHOCTH KOJumm3uu Msgl isi pa3jiMdHbIX TPAHUYIHBIX ycJioBuil u 3Hadenusi Backoff
Indicator BI=20 mc [3]. C yBesnuenunem KomdecTBa HOBTOPHBIX Hepejad mpeamMOyJibl u
HARQ-coobiennii 3HaAUNTENIBHO PACTET IMPOIOJIKUTEILHOCTD CPEIHEr0 BPEMEHHN YCTaHOB-
JIEHUsT coeJInHeHns. Tak Ipu rpaHuvHBIX yciaoBusx N; = N3 = Ny = 2 MakcuMaJIbHOE
cpenHee BpeMst cocTapisieT 38,6 mc, a ipu N1 = 10, N3 = Ny = 5 Bo3pacTtaer B 6oJiee
geM 4 pa3a u gocruraer 172,3 Mmc.

5. 3akJjrodyeHue

OcHoBHBIE pe3yJIbTaThl, IIOJy9Y€HHbIC B PaMKaX JaHHOI'O UCCJACJOBaHNsA, B 9aCTHOCTU
AHAJIN3 BEPOATHOCTHU YyCHEITHOT'O M HEYCIICIITHOI'O yCTaHOBJICHUA COCIUHEHUA, MOy T OBbITH
IIPUMEHEHbI, HAIIpUMEP, B KOHIIECTITNAX CMapPT-IIAPKOBOK B IOpOJax-MeralloJnucax.
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Puc. 4. CpengHee BpeMs yCTAHOBJIEHUS CO€JUHEHUSI

Cpennee BpeMsT yCTAHOBJIEHHUST COEIMHEHUS JIJIsT TIePeIadn JaHHBIX OT JATYNKOB MMEET
BayKHOE 3HAYEHUE MPU BBITIOJIHEHUN TEXHUIECKUX YCJIOBUI: MHMOPMAIIAs O COCTOSHAN TTap-
KOBOYHBIX MECT JIOJI?KHA, OBITh MPEIOCTABIIEHa BOJUTENIO B PEXKIME PeabHOTO BPEMEHH.

OpHoM U3 33724 JAaJIbHENIINX UCCJIeJOBAHUI sIBJISETCS TOCTPOEHUE IIPOIEIyPhl yCTa-
HOBJICHUS COCAUHEHUN, OCHOBBIBAACH HA NPEACTABJICHHON MaTEMATUYICCKOU MOJEJIN, C
ucnosibzoBanueM 1poreaypbl I-RA (Improved Random Access) ¢ D2D-RA-ycrpoiicrBavn
(Device-to-Device), koropeie o6nbeunsoT na(OpMaIMIO 0T paconokenHblx somrsn M2M-
YCTPOWCTB C IeJIbIo €€ JlaJibHeileil mepejgadn Ha 6a30ByI0 crannuio. Ipyroi 3amaqeii
MOKHO Ha3BaTh [IPHUMEHEHHUE IPOIeayphl 3anpera KiaaccoB Bbi3oBoB ACB (Access Class
Baring), i1t KOTOpOit MOYKHO HCIIOJIB30BATH B KAYECTBE OCHOBBI M3y YEHHYIO B IIPE/ICTABJICH-
HOI1 CTaThe MPOIEAYPY YCTAHOBJIEHUSI COSIMHEHNUS 110 PAIUOKAHAY CJIYIAHHOTO MOCTYIIA.
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Due to the rapidly growing number of user’s equipments, operating in the LTE (Long-Term
Evolution) mobile radio network, it became necessary to find methods to reduce the user load
and signaling message’s traffic. New rules and procedures of devices communication are created
to downsize network resources. This article explores the procedure for establishing a connection
between mobile user’s equipment and the LTE base station. Such possible solution of transferring
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small data generated by machine-to-machine connections (M2M, Machine-to-Machine) was
presented in the technical report TR 37.868 of the 3GPP consortium (3rd Generation Partnership
Project). This approach implies the use of the random access channel (RACH) to interconnect
between devices. Effective usage of the procedure for establishing a connection through a random
access radio channel is based on the analysis of time-probability characteristics, such as the
access success probability and failed access probability, average access delay. In this article we
proposed analytical model in term of Markov chain to find these characteristics and present
numerical analysis, considering collisions of preamble message, retransmissions of signalling
messages and the boundary conditions on the number of possible retransmissions. The accuracy
of the proposed analytical model was verified using programming environment R.

Key words and phrases: LTE-advance, machine-type communications, random access
channel, collision, access success probability, average access delay
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IIapameTrpuyeckoe uccjiejoBaHue CUCTEMBI C MOJYJIEM aKTUBHOI'O
yIrpaBJjieHusi TpapuKoM
T. P. Besauena

Kagedpa npursradnoti ungopmamuru u meopul 8epoamHocmed
Poccutickuti ynusepcumem dpyotcov, 1apodos
ya. Murayxo-Maxaas, 0. 6, Mocksa, Poccus, 117198

ABTOKOIEOATETBHBIE PEXKUMBI B CUCTEMAX YIIPABJIEHUST B CETSX IEPEIadN TAHHBIX KpaiiHe
HEraTUBHO BJIUSIIOT HA XapaKTEPUCTUKU ITUX ceTeil. AKTyasIbHOM sIBJIsieTCsl 1pobjieMa HaXoxKe-
HUSI 30H BOBHUKHOBEHUSI aBTOKOJIEOAHUI, a TaKKe HCCJIEJOBAHIE IIapaMeTPOB aBTOKOJIEOaHUIA.
JlaHHBIE HCCIeNOBaHUSA KpaiiHe TPYJOEMKHU H3-3a CYIIECTBEHHOIN HEJNMHEHHOCTU MaTeMaThde-
ckoit mozesn. IlpescTaBisger HHTEpEC MOTyUeHNEe TaK HA3bIBAEMOI0 IapaMETPHIECKOr0 IOPTPeTa,
OIIMCHIBAIOIIETO 30HbI BOSHUKHOBEHUSI aBTOKOJIEOAHUI B 3aBUCUMOCTH OT 3HAYEHUS [1apaMeTPOB:
onHoro (aByMepHbIit rpaduk), aByx (Tpéxmepsblil rpaduk) u tak gasuee. [logoGHbIN mapamMerT-
PHUYECKHl TOPTPET IO3BOJIAET IIeJIEHAIIPABJIEHHO YIIPABJIATh XapaKTEPUCTUKAMU HUCCJIEyEMOM
CcHCTeMBI ¢ yupasieHueM. VccienoBanme paccMaTpUBaeMoOil CHCTEMBI HA OCHOBE OOLITHOM JINHEea-
pHU3anuU IIyTEM pa3JIozKeHus B psf Teilyiopa He IPeICTaBIISIeTCS BO3MOXKHBIM U3-32 UCU€3HOBEHUS
CODCTBEHHO aBTOKOJIE0ATEILHOrO pexkuMma. [losroMmy B paboTe OMUCHIBAETCS METOAUKA IIaPAMET-
PUYECKOr0 MCCIeIOBAHNs HA OCHOBE METO/Ia TApMOHUYIECKON nHeapusanuu. [isa Bepudukaimn
IIOJIY9eHHBIX TEOPETUUECKUX PE3YJIHTATOB MPEJJIaraeTcsl UCIOIb30BATh UMUTAIIMOHHOE MOJIEJIH-
poBanme. Kpome Toro, B pabore mpesiaraeTcsi UCIOIb30BATD JJIsT AHAJIUTUIECKUX PACIETOB
CHCTEMY KOMIIBIOTEpHOU anreOpsnl. st sToro 6nu1u copMyIHpOBaHbl KPUTEPHUHU 110 BLIOODY
mporpaMMHOTo obecnedenusi. Ha ocHOBe 3TUX KpuUTepueB OBLI MIPEJIOXKEH KOHKPETHBIN HabOp
IPOrPaMMHOTO ODECTICUEeHUsT JIJIsS AHAJTUTUIECKUX U UCJICHHBIX PACIETOB.

KurroueBrbie ciioBa: aKTUBHOE yIpaBjeHHe TPa(UKOM, NUMHUTAIMOHHOE MOJIEJIUPOBAHIE,
NS2, Julia, SymPy, aBrokomebaTebHBIN peKUM

1. Bseaenue

B KOMIBIOTEPHBIX CETSIX, B KOTOPBIX OCHOBHBIM TPAHCIOPTHBIM IIPOTOKOJIOM BBICTYIIAET
nporokosr TCP [1], Gosbioit nHTEpeC peCcTaBiIsAeT N3ydeHne XapaKTePUCTHK TEXHI-
YECKHUX CHCTEM YIPABJICHUS TPA(QUKOM, B IACTHOCTH, MAPIIPYTH3aTOPOB C MOJLYJIEM
AKTHUBHOI'O YIIPABJICHHs 0Y€PEIbIO MOCTYIIAIONIEro B HEro MOTOKA JaHHBIX. B KadecTse a-
rOpUTMa AKTHBHOIO YIIPABJIEHHs OY€PE/IbIO B TAKUX CHCTEMAX OOBIYHO BBICTYIIAET OJIUH
u3 anropurmos tuiia RED (Random Early Detection) (2, 3].

Asropurm RED [2] ucnosnb3yer 9KCHOHEHIMAIBHO B3BEIIEHHOE CKOJIB3SIIIEE CPEJHEee

3HAYEHUE JJINHBI ouepean () B KadecTBe (paKTOPa, OMPEIeIAoNero BepoaTHOCT 0TOpa-

coiBanus nakera p(Q):

07 0< Q g Qmirn

A~

V) — Q - Qmin ) A 1
p(Q) 4@111&)( 7 Qminpmaxa C?mm < Q < Qmaxa ( )

17 Q > Qmax'

31ech Qmin 1 Qmax — TOPOTOBBIE 3HAYMEHNUST CPETHEB3BEINEHHOTO 3HAYEHST IJTMHBI OU€PE/IH,
Pmax — MaKCHMAJBHBIN YPOBEHBL COpPOCA MAKETOB.

Crarbsa nocrynuia B pegakuuio 29 monsa 2018 r.
[Ty6mukanus noarorosiena npu nogaepxkke IIporpammbr PYIH «5-100» u npu hbuHAHCOBOI MO IEPIKKE
PODU B pamrax Hayunoro mnpoekra Ne 16-07-00556.
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ITo mepe pocra ) pacTér BeposiTHOCTH orOpachiBanus nakeroB p(Q) (em. (1)).

CoBOKyIHOCTB 0CODEHHOCTEH (DYHKIIMOHUPOBAHUS TPAHCIOPTHOTO mpoTokosaa TCP
¥ aJITOPUTMAa YIPABJIEHUS IPUBOIAT K BOSHUKHOBEHHMIO aBTOKOJIEHATEILHOIO PeXKIMa,
TaKUX [IapaMeTPOB CHUCTEMBbI, KaK CpelHuii padmep okHa mportokosa TCP wu cpemnmit
pa3Mep ouepein MAKeTOB B YIIPABJIAIONIEM MOJYJIE, ITO HETATUBHBIM 00Pa30M CKA3bIBAECTCS
Ha IIOKa3aTeJssIX KadecTBa obciykuBanus ceru [4-6|. Ilpuannoil nmepexoja cucreMsr B
aBTOKO0J/1e0aTeJIbHBINT PEKUM MOYXKET OBITh HEYAAduHbIH BHIOOD IapaMeTPOB aJITOPUTMA
yrpasiieanda. B gacTHOCTH, 7715 KIaccumdeckoro ajropurMma ynpasienns RED wa mannbrii
MOMEHT He IPEJJIOKEHO YETKUX KPUTEPUEB BHIOOPA MOPOTOBBIX 3HAYEHUH Qmin ¥ Qmax,
rapaHTUPYIOMINX OTCYTCTBHE IIEPEX0Ja CHCTEMbI B aBTOKoIebaTeabublil pexkuM. Ho moxkHO
MIOIBITATHCSA BBIABUTH 30HBI BOSHUKHOBEHUST aBTOKOJIE0ATEILHOTO PEYXKUMA CHUCTEMBI U
[IPOAHAJIM3UPOBATH ITapaMeTPhl aBTOKOJIeOAHUH.

B nannoit paboTe peIJIOKEHO OIMMCAHUE METOJIUKH ITapaMeTPUIECKOTO HCCJIETOBAHUS
MOJIeJI € yIIpaBjieHneM Ha ocHoBe Metona Kpsuiosa—Boroso6osa |7], u3BecTHOro Takxke
KaK MeTOJ| TapMOHUYECKOli JinHeapu3amn [8].

B xadecTBe MaTemaTniecKu (hOPMATH30BAHHON MOIEN CUCTEMBI C YIIPABJIEHUEM II0
agroputmy RED B mammoit pabore paccMOTpeHa HEIPEPLIBHAT MOJE/Tb, AHAJIOTHIHASL
[PEJIOKEHHBIM B paborax [9-14], ¢ ynpormaonmme mpe/noIoKeHUsME: MOJIEJIb 3alliCaHa
B MOMEHTAaX, IIPU 9TOM HCIIOJIHL30BAHA TOJILKO (daza m3berkanus meperpy30K IIpOTOKOJIA

TCP Reno n c6poc makeToB IMpH MOJYUIEHUN 3-X IOCIEI0BATETBHBIX MTOATBEPIKIACHII
ACK mporokosa TCP Reno:

1 WHW (- T(Q,1))

WO = 1o~ oo He~ T(Q.0)
Q) = g N0 - C: @)

Qt) = —w,CQ(t) + w, CQ().

31ech UCIIOIB30BAHBI ciiemyonue obo3nadenus: W — cpemnnit pa3mep OKHA MPOTOKO-
sma TCP; Q — cpenmee 3Havenne pa3Mepa OUepein; Q — 9KCIIOHEHITNAIHLHO-B3BEIIIEHHOE
ckosb3siee cpeanee (EWMA) cpeanero pasmepa ouepenn; C' — MHTEHCHUBHOCTH 06CIIy-
JKUBaHuA odepey; I’ — mosnoe BpeMd Jsoitroro obopora; 1" = T), + %, rae T, — BpeMsa
JIBOHOTO 000poTa cBOGOHOI ceTn (6e3 yuéra 3ajepKeK B 000PYy/I0BAHUN ); % — BpewMms
HaxoXKJeHus mnakera B ouepean; N — romudectBo ceccuii TCP; p — dyukius copoca
IIAKETOB, W, — BecoBoil koaddunuent, onpenensemsrii aaropurmom EWMA (0 < w, < 1).

Cxema uccaemoBaHuil TpeyiozKena Ha puc. 1.

Mpepensl NH-
TerpvpoBaHms

WcxopHas cu- MNapameTpunde- Kon ans yncnen-
ctema Oy CKne nopTpeTsl PewweHue HOro pelleHns

nporpaMmmonm
Ha a3blke Julia

/7””*/9 JInHeapu3npoBaH-
3
ﬁoff‘””? n,OM‘ Has cuctema OLlY | \_eHepa\_\mTHOM
Yy Sph xopa C Y42 BIX
Yop, ctaumorapH
wi
pewer

Puc. 1. Ilnan ucciaenoBanust
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B cooTBeTcTBUU CO cXeMOil MCCIeOBAHUI JIJIT HAXOXK/JIEHUS IIapaMeTPOB aBTOKOJIe0a-
HUIT cucTeMy OOBIKHOBEHHBIX b depeHIalbHbIX ypaBHeHuil (2) HeoOXoauMo cHavaIa
JIMHEAPU30BaTh. [Ipu 3TOM cJle/lyeT y4ecTb, UYTO IPU CTAHIAPTHOHN JTUHEAPU3AIINNA TePsI-
eTcsi KojebaTesibHas CTPYKTypa cucreMbl [4]. B kadecTBe ajibrepHATHBBI IIPEIaraeTcst
WCITOJIb30BaTh TaK HA3BIBAEMBINl METOJ rapMOHUYIECKON JINHEAPUIAINH, KPATKOE OIHICa-
HHe KOTOPOrO IPUBEIEHO B pasneie 2, a 6oJiee OAPOOHOE U B IPUMEHEHUU K CHCTEME
¢ ynpasisierreM 1o agropurmy RED— B paborax [15-17].

[Tpu mpoBeeHNE TApMOHUYECKOH JIMHEAPU3AITMH BO3SHUKAET IEJI0€ CeMENCTBO MOJIe e,
B uacrTHOCTH, TIOC/IE JIMHEAPHU3AINN UCXOHAs cucTeMa (2) pacrajaercst Ha HECKOJIbKO
gacreit (cMm. puc. 2).

Linear

Y

RED > Delay

Puc. 2. Cxema JinHeapun30BaHHOM CHUCTEMbI

B paznene 3 memoncTpupyercs TpuMeHEHHE METOIA TAPMOHUIECKON JIMHeAPU3AIIUN J1JTsT
MOJIeJTH ¢ yupaBjeHueM 1o ajroputmy RED c nesbio mosyuennsi KoapOUInEeHTOB rapMo-
HUYeCKON JIMHEAPU3AINH, UCIIOIb3yEeMbIX 3aT€M B CUCTEMe KOMIILIOTEPHON aJredpbl s
HOJIyYeHUsl ceMeiicTBa MoJiesieii ¢ omorbio makera SymPy (cm. pasuen 4). B nanbHeii-
IIIeM TaK2Ke C IIOMOIIBIO CHCTEMbI KOMIIBIOTEPHON aJIre0phl JJIs KazKI0i HOAMOJEeH ObLIN
oIy 4eHbl HaOopbl daitioB Ha s3bike Julia, UCIOIB3ysT KOTOPBIE U 3aaBasi PA3HbIE 3HA-
YEeHUsl TAPAMETPOB, MOYKHO HOJIYYUTh HapaMeTPUIECKUil IOPTPET aBTOKoJIe6aHuil (CM.
paszzen 5). Crelyer 3aMeTHTb, YTO BBIYUCIEHNs] HAJIO IPOU3BECTH JIJIsl BCEX TIOMO/IEIEN,
XOTsI pelleHne OyIeT CyIeCTBOBATH TOJIBKO I OTHOM IIO/IMOJIEII.

Ha 3akmi0unTeIbHOM 3Talle CIeayeT IPOBECTH BePU(UKAIINIO ITOJIYY€HHBIX PE3YIbTaTOB.
J1st 9TOro 1MpeJIIozKeHo UCII0JIB30BaTh CUCTEMY UMUTAIIMOHHOTO MojeanpoBanust NS2 [18]
(cm. paszmen 6).

2. Metoa rapMOHUYECKOI JIMHEeApU3aUN

Metoz rapmonndeckoit muneapusaruu 6611 mpetoxken H. H. Boromo6ossiv, H. M. Kpor-
noseiM |7 u I'. Haijiksucrom [8]. Comepzkanue 3T0Oro MeTona CBOJUTCH K OTJIETICHUIO
TaK HA3BIBAEMBIX «MEJJIEHHBIX» MePEMEHHBIX CUCTEMBI OT «OBICTPBIX». ['apMOHUYIECKU-
JINHEAPU30BaHHAS CUCTEMA 3aBUCUAT OT aMILIATY/ U YACTOT MePUOINIECKUX MTPOIECCOB.
DTO SBJSIETCS CYMIECTBEHHBIM OTJINYNEM MapMOHUYECKON JINHEAPU3AIUU OT OOBITHOTO
crrocoba JIMHeApU3aIuy, TPUBOISIINEro K TUCTO JUHEHHBIM BBIPAYKCHUIM, UTO TO3BOJISIET
HUCCJIeI0OBATh OCHOBHBIEC CBOICTBA HEJIMHEWHBIX CUCTEM.

Metoz rapMOHIYIECKOIT JIMHEAPU3AIUNH TPUMEHSIETCS [IJIsT CHCTEM OIPEIe/IEHHON CTPYKTY-
pet. Cucrema cocrout u3 jmuefinoro H; u Henmueitnoro H,,; 3BeHbEB, 38/ JaHHBIX (DYHKIIHEH
f(x). O6bYHO paccMaTPUBAIOT CTATUIECKUIT HEJIMHEHHBI 9JIeMEHT.

Ha Bxox HETMHEWHOTO 3JIeMEeHTa TTOAAI0TCSA CBOOOIHBIE TAPMOHNYECKNE KOJTEOAHNST:

x(t) = xo + T := z9 + Asin(wt). (3)

Ha BbIx0J1e HEMHENHHOTO d71eMenTa H,,; moJrydaeTcs NepuoIndecKuii CUrHAJ, KOTOPbIA
MOYKHO Da3JIoKUTh B psini Dypbe:

Qa = .
S S "
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e Kodddunuentsl psanga Pypbe UMEIOT CJAEIYIONUNA BUT:

ap = 7{_/f(a:o + Asin(wt))d(wt);

2m
ar = ;_/f(:vo + Asin(wt)) sin(kwt)d(wt), k=1, 00;

0
2T

by = 7f_/f(aco + Asin(wt)) cos(kwt)d(wt), k

0

—~
(@
~

8

L,

JIuHeHBIA 3JIEMEHT peJICTaBIIsSIeT CO00M (MUILTP HU3KUX YaCTOT, TO €CTh IIPU yBEJIN-
qeHun k JUHEHHBIE 9JIEMEHTHI MMOIAB/SIOT BBICIINE TAPMOHUKH.
st curHasIa moc/e HeJTMHEHHOTO JIeMEeHTa MOYKHO 3alliCaTh:

Y=o+ 7~ (A w,x) + [32(A,w,x0) + i (A, w, 20)]Z, (6)
rJie ) — MOCTOSIHHAS COCTABJIAIONIAsA, » U 3 — KO3(DQUINEHTH FADMOHUIECKOH JIH-
HeapU3aInum:

2
70(A, w, xp) / xo + Asin(wt))d(wt);
0
2
#(A,w,xp) = az / (zo + Asin(wt)) sin(wt)d(wt); (7)
0
27
i (A, w, x0) Zl = Al/ xo + Asin(wt)) cos(wt)d(wt).
0
B nononuenne k (6) sanucan
z=z20+2= (o +yHW), z=20+7=gWw) - (20+2), (8)

MO2KHO IIOJIy9IUTH ypaBHEHUE FapMOHI/I‘{eCKOfI JINMHeapu3alnum:

[xo + Hyw) %0<A,w,:co)] +

w=0

+ (14 Hi(5(A, w, 0) + 15 (A, w0, 20))]Z = g(w) := go(w) + G(w), (9)

KOTOpO€ MO2KHO Pa3Ae/INTh Ha IMOCTOAHHYIO M TapMOHUYIECKYIO COCTaBJIAIOIIIHEC:

20+ Hife) » (A1) | = o), o)

1+ Hy(5(A,w,xg) + i3 (4, w,20))]Z = g(w).

IMpu usydeHnn aBTOKOIEO6ATETHHOIO PEXKUMA TIPEJIITOIATAETCS, YTO BHEITHUN CUTHAI
orcyrcrByer (g = 0).
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3. TapmoHuYeckasi JIMHeapu3alis MO/IeJI C yIpaBJIEeHUEM
no anroputmy RED

B pa6orax [15-17] nposeseHa JuHeApU3AIHsT MOJIEJU C YIIPABJIECHUEM 110 AJTOPUTMY
RED wu monydeno cienytoree Boipaxkenue s yHKimn H:

C4Tj§wq
H(w) = — . (11)
IN(Cwy + iw) (iTpw + 1) (iCT;w — iNTjw + 2N)

JInreapuzoBannast pyHKIUs cOpoca Prgp MMeeT BUI, MPUBEIEHHBIN Ha pucC. 3.

f@)

Pmax
D O — Cr——
Qmax - Qmin

Qmin Qmax

Puc. 3. JIluneapuzoBanHasi dyHKIusa copoca PrEp

Boraucimm koadduimenTsl rapMoHIIecKoii jmHeapusamn (A, w, xg), #(A,w, o) n
7 (A, w,z0) (7) mis crarudeckoit HesmueitnocTn PRrep:

27

1
(A, w, o) = 7 /PRED(:EU + Asin(wt))d(wt);
0

2

#(A w, xp) = Aiﬂ' /PRED(:CO + Asin(wt)) sin(wt)d(wt); (12)

(e}

27

1
7 (A w, z0) = e /PRED(a:o + Asin(wt)) cos(wt)d(wt).
7
0

B s3aBucuMOCTH OT COOTHOIEHNH MEXKIY MOPOTaMU Qmin, Qmax, CABUTOM Tg W AMILIN-
TyA0it A BO3MOXKHO TIOJyIUTh pa3Hble IPUIEIbl HHTerpupoBanud. [IpuBeéM HECKOIBKO
IPUMEPOB TpadUIeCKOr0 MEeTO/1a HAXOXKICHUS IIPEJICJIOB NHTErpupoBanus (cM. puc. 4)
B 3aBUCUMOCTH OT COOTHOIIIEHU ME2KJ1y IIOCTOAHHBIM CIBUI'OM X, aMHHHTy,ILOfI A, 110~
poramMunu Qmin u Qmax-

JInst mpuMepa pacCMOTPUM crydait, Koraa Qmin < To < Qmax, o — A > Qumin, To+ A >
Qumax- Torma mosryamm:

Qmax 27
1 max
0 T—CQmax

1 pmax

=2 max ; 1
27 Qmax - Qmin [ “ * T(} ( 3)
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Omax 27
#(A, xg) = ;Tcmfnl‘lz?ml / sin(wt)d(wt) + / sin(wt)d(wt) | =
1 Pmax e "
= 0 O [(— cos(wt)) ) + (—cos(wt)) ﬂ_amaj; (14)
Amax 2
7 (A, zg) = Al7erzriaX62m1 / cos(wt)d(wt) + / cos(wt)d(wt) | =
1 pmax . GHmacx . 2
= A0 O {sm(wt) . + sin(wt) Wamaj. (15)

Haitném 3HaveHnsa OpeJieloB MHTETPUPOBAHU:

— _ 2
o + Asin Omax = Qma)u SIN pax = w; COS Omax = \/1 - @mj{%' (16)

Pmax

Qumin — Om.;o o Pmex Prmax
. Pmax
min Qmax Tmin-0 —— =
"0y Omox T [ Opy T O Ogur
Qmin
Qmax
T — Amax
T — Qmin T — ®max
m m
LT+ Apin T+ Qmax
21— Qpmin
21 — Amax
21 = Amin »
2

Puc. 4. I'paHuUIbl MHTErPUPOBAHUA

Takum obpazom, u3 (13)—(15) ¢ yaérom (16) mosry<amm:

s0(A, 20) = ) pmaj o) {2 asin (Qma’;l_ :c()) + 77];

2pmax \/1 _ (Qmax - 370)2_ (17)
Qmax - Qmin) A2 ,

%/(A, 1‘0) = 0.

%(A,:L'o) = _7TA(

HOJIy‘IeHHI:Ie KOS(b(bI/IHI/IeHTBI Fa.pMOHI/I‘{eCKOfI JIMHEapU3allul B ﬂaﬂbHeﬁH.IeM MO2KHO

HCIIOJIB30BaTh IJIgd I'eHepalliid KOJda IIPpOorpaMMBbI C IIOMOIIIBIO CUCTEMbI KOMHbIOTepHOfI
areOphl.
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4. O mporpaMMHO#I peaJjiu3al MOJIEJIN C yIIPaBJIE€HUEM
no anroputmy RED

[TporpamMmmuast peanusaliusi MOJIETH ¢ yiipaBiaerueM 1o aaroputmy RED nposoanmacs
B nBa dramna. Ha mepBom sTare Obl1a 3a1eiiCTBOBaHA CHCTEMa KOMITBIOTEPHON areOphl
¢ nmakeroM SymPy. C moMoInbio 3Toit CHCTEMBI ITPOBEJIEHA BCs TPYIOEMKasi 00paboTKa
[TOJIyIeHHBIX (POPMYJI. 3aTeM PE3YAbTUPYIONINEe BhIPAYKEHUsT OBLIN UCIOJb30BAHBI KAK
JJIsl TEHEePAIny IPOrPAMM YHUC/IEHHBIX PACIETOB, TaK U IIPU MEPEeHOce (POPMYJT B TEKCT
HayYIHBIX PabOT.

Hawuboutee moaxosimeit 1jist TOCTaBICHHBIX B 9TON paboTe 38729 CHCTEMON CUMBOJIBHBIX
Belanciaenuii sipsiercss SymPy [19]. SymPy nogxoaut HaMm 10 cireayrommm IpuanHaM:

— B Ka4eCTBe MHTEPAKTUBHON 000JI0YKHN YIOOHO MCIOJIB30BATh OJOKHOT Jupyter, siBiis-
fonuiicst KoMmonenToM cucreMbl iPython [20], peanmsyromeit uneosnoruio REPL;

— a3k Python dakTtuyecku ucnosb3yercs Kak COCIUHUTEIbHDBIN S3bIK, CBOETO POJIA
SI3BIK-KJIell, KOTOPBIi TO3BOJIsIET MHTErPUPOBATDL MEXK Iy COOOI pasHble MpOrpaMMHbIe
[POJLYKTHI; KpOMe TOro, B paMkax oubimoreku SciPy [21] nomaepxusaercst 6osbIioe
9HCJIO BBIXOJIHBIX (DOPMATOB;

— BBIXOJIHBIE JaHHbIE SymPy BO3MOYXKHO €CTeCTBEHHBIM 00Pa30M IE€pPeIATh s IUCIEH-
HBIX pacuéroB B 6ubamoreky NumPy [22] u pasHble s3bIKH IIPOrpAMMUPOBAHUSI.

B katvecrse s13bIKa Jis BbraucseHnit 6611 BeiOpan s3bIk Julia [23]. Dror 361k nMeeT psi
MHTEPECHBIX OCOOEHHOCTE, B IACTHOCTH OH TO3UITMOHUPYETCT KaK COBPEMEHHAsT PEUHKAP-
narua s3pika FORTRAN. On moiepKuBaer 0JJHOBPEMEHHO U 3TAIl ITPOTOTUIIAPOBAHMS,
U HAIIUCAHNE KOHEYHOI BEpPCHUU IPOTrPAMMBI.

@parmMeHTH pa3pabOTAHHOrO IPOrPAMMHOIO KOJa JJIsl PAcCUETa HeJIMHEWHOW Iepe/ia-
touno#t dyurnmMYu H,;, BbIIEIEHUS €€ NefiCTBUTEBHON U MHIMOM JacTell, mepexoia, moce
JIMHeApU3aIlnu UCXOMHONW Momen K Hj, a Takxke mepexoma K MPOrPaMMHOMY KOy Ha
si3pike Julia J1st TOC/Ie/Iy IOIMX YUCIEHHBIX PACYETOB IPUBEJICHBI B padore [24].

5. Ilapamerpuyeckoe MccJieJOBaHNE CUCTEMbI Ha
BO3HUKHOBEHNE aBTOKOJIeOaHui

B kagecTBe miLmOCTpaIK ONpe/IeIeHnsT 30HbI BOSHUKHOBEHUS ABTOKOJIEOAHMI TPUBEIEM
KOHKPETHBIH IpuMep. 3aJauM CJIeAYOIINe IapaMeTphbl JJisd MOJEIU C YIIPABICHHEM I10
anroputMy RED: xommaectso ceccnit TCP N = 60, Bpems nsoitnoro obopora 1), = 0,5 c,
3HAYEHUS TOPOroB Quin = 75 MaKeTOB U Qpax = 150 makeToB, MaKCUMAJIbHBIN YPOBEHb
cbpoca Pmax = 0, 1, Becropoit kosbdumuenr EWMA w, = 0,002. ITocrpous napamerputde-
ckuii moprper (cM. puc. 5), TOJIydnM, 9TO TOYKOIl Mepexo/ia B aBTOKOIe0aTeIbHbIA PesKIM
SIBJIIETCST 3HAUYEeHWe WHTeHCUBHOCTH obcmyx)uanus C, = 15 Mbps, T.e. ipu C > C,
crucremMa OyIeT HAXOIUTHCS B ABTOKOJIE0ATEIHHOM PEXKUME.

|
14 |
|

Puc. 5. ITapamerpudeckuii mopTper
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6. Bepudukarus pe3ysbTaToB

Ucnomp3oBanne HATYPHOTO 3KCIIEPUMEHTA COMPSIKEHO OIPEIETEHHBIMYI TPYTHOCTSIMU.
PeannHoe obopymoBaHne He Bcerma ObIBaeT B HaaIn4uu. Vcrmosb30BaHne BUPTYaATbHOTO
CTEeH/Ia CBI3aHO C BBICOKMME TPEeOOBAHUAMU K KOMIbIOTEpHOMY 060pyroBanuio [12]. Kpome
TOT'0, TTOCKOJIBKY MOJICJINPOBAHUE ITPOUCXO/IUT B PEAJHLHOM BPEMEHU, TO BECHh ITPOIIECC
ABJISETCS KpaiiHe JJIMTeJIbHBIM.

JJ1st SKOHOMUM PEeCypCcoB U BPEMEHU OOBIYHO UCIIOJIB3YIOT CPEJICTBA UMHUTAIIMOHHOTO
mozespoBanust. [laker ns2 [18,25] siBisiercst CpesCTBOM UMUTAIMOHHOTO MOJIECJIUPOBAHUS
CETEBBIX MTPOTOKOJIOB M CO3/IABAJICS KAaK ITAJIOHHOE CPEJICTBO MojeaupoBanusd. [loaTomy
€ro 3a9acTyI0 UCHOJIL3YIOT KaK aJbTePHATUBY HATYPHOMY SKCIEPUMEHTY.

s *MUTAIMOHHOTO SKCIIEPUMEHTa KCIIOJIb30BaHa TaK Ha3bIBaeMasl «TaHTEeIbLHAS»
tonosiorusi (cM. puc. 6), B KoTopoii gonosaauresnbhbe ceccun TCP amurupyrorcs myTém
J106aBJIEHNS] JIOTIOJIHUTEIbHBIX UCTOYHUKOB (CM. puc. 7).

TCP source

|

Router Router TCP Receiver

TCP source N

Puc. 6. TanTeabHass TOIOJIOTUS

Puc. 7. Buzyanusaius
MO/IeJIMPOBAHUS CUCTEMBI

ITporpamma juist ns2 nmmercs: Ha s3bike TCL [26,27]. @parMeHTH IPOrpaMMHOTO
KOJIa NS2 JIsi UCCJIeLyeMoil Mojienn, a Takke (pparMeHThl Koja Ha sa3bike Julia [23],
OTBEYAIOIIEr0 38 IIOCTPOEHHUE CIIEKTPAJIBLHOIO IIOPTPETa aBTOKOJIE6ATE/IHHOIO PEXKUMa,
Ha OCHOBE aJropuTMma ObicTporo mpeobpasoanuss Pypbe (28] ObLIM peCTABIEHBI B
pabore [29)].

Ha puc. 8 u 9 nokazaHno noselieHne CpejHeil JJIUHBI OYepeIrd TP UHTEHCUBHOCTHU
ob6cnyxkuanus C' = 5 MbBur/c u C' = 20 MBur/c. Bo BropoMm ciiydae siBHO BUIHO HAJTMIHE
aBTOKOJIEOATEILHOIO pesKuMa. TeopeTudecKn oIy YeHHbIEe XaPaKTEPUCTUKU ITOI0 PEXKIMA.
qacrora aBrokoJebanuii v = 0.6 I'n, ammuryna Konedbannit A = 150 makeTos.

g 200 T 180
S 180 |- . 5160 |- .
g 12r : g 1o |
5 - J > 120 -
g 120 ] & 100
= 100 - . 2 %0
2 80 R g
< 60 . < 60
= 40 N = 40
g 20 : 2 20
o 0 | | | | | | | | | o 0 | | | | | | |
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

t[s] t[s]

Puc. 8. IloBeageHue cpeaHeil OJIUHBI
oyepeau IIPU MHTEHCUBHOCTU
ob6ciyxkuBauus C =5 MBur/c

Puc. 9. IloBeaenue cpeaHeil QJIUHBI
oyepeau IIPU MHTEHCUBHOCTU
o6cmyxkuBanust C' = 20 MBur/c
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IIpu crieKTpaJibHOM HCCIIEJOBAHUY PE3YJIbTATOB NMHUTAIIMOHHOTO SKCIEPUMEHTA IIOJTY-
YeHBI CJIEIYIONINE XapaKTePUCTUKM: dacToTa aBTokosebanuit ¥ = 0.5 ', ammiuTyna
kosebanmnii A = 169 makeros (cm. puc. 10 u puc. 11). Kak BumHO, Teoperndeckue u
9KCIIEPUMEHTAJIbHbIE 3HAUYEHHUs BeChbMa OJIM3KHU.

175
300
':‘ 150
pry X
%250 &125
- e
5 200 ‘5,100
[e)] c
8 150 3 75
= [}
Q@ 100 I 3 50
z E
(]
8 50 o >
. it
0 —1600 —'}50 —§00 —2‘50 6 2‘50 560 75‘0 1600
0.0 2.5 5.0 715_I rrl|CéO [51]2.5 15.0 175 20.0 Frequencv [HZ]

.
“ Puc. 11. CuekTp aBTOKOJE0aHMIA
Puc. 10. IloBemenue MrHOBEHHOI o
MTHOBEHHOM IJIMHBbI OYepeau mpu
JJIMHBI OYepeau NPy MHTEHCUBHOCTH

= MHTEHCUBHOCTH OGCILy>KNBaHUS
obcay>xkuBanust C' = 20 MBwurt/c C = 20 MBur /c

Takum 06pa30oM, HAIl TPOrPAMMHBIN KOMILJIEKC MOYKET CJIYKUTH IeIsIM Bepuduka-
MU TEOPETUIECKUX UCCJIEIOBAHUN TT0 BOSHUKHOBEHUIO aBTOKOJIE0ATEIHHOTO PEXKUMA B
cCUCTEMaX C YIPaBJICHUEM.

7. 3akirouyeHue

B pmamnoit paboTe mpoBeIEeHO MapaMeTPUIECKOe UCCAEIOBAHUE CUCTEMBI C MOJLYJIEM
AKTUBHOTO ympaBjeHus Tpadukom mo aaropurmy tuna RED. Ipemroxkena meToanka ma-
pPaMEeTPUIECKOr0 UCCAeTOBAHUST MOJEIN C yIpaBjerueM. [ 1eMOHCTpAIuy TpUMeHEeHHST
METOJIVKH JIJIsT CUCTEM C 3aJaHHBIMU ITapaMeTpaMi aJlOPUTMa YIIPaBIeHUusT pa3paboTaH
[IPOrPAMMHBIN KOMILJIEKC I AHAJTUTUICCKUX U YHCJIEHHBIX BbhlunceHuil. Bepudukarms
TEOPETUIECKUX PE3YIHTATOB MPOBEIEHA B CHCTEME MMUTAIIMOHHOTO Moae npoBanns NS2.
ITokazana 6JIM30CTH TEOPETUUECKUX U IKCIEPUMEHTAJIHLHBIX 3HAYEHUIHA.
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Parametric Study of the System with Active Queue
Management Module
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Department of Applied Probability and Informatics
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6 Miklukho-Maklaya str., Moscow, 117198, Russian Federation

Self-oscillating modes in control systems of computer networks quite negatively affect the
characteristics of these networks. The problem of finding the areas of self-oscillations is actual
and important as the study of parameters of self-oscillations. These studies are extremely
labor-intensive because of the substantial non-linear nature of the mathematical model. It is
of interest to obtain a so-called parametric portrait describing the zones of occurrence of self-
oscillations depending on the value of the parameters: one parameter (two-dimensional graph),
two parameters (three-dimensional graph), and so on. Such a parametric portrait allows us to
purposefully manage the characteristics of the investigated control system. The investigation
of the system under consideration on the basis of ordinary linearization by Taylor expansion is
not possible because of the disappearance of the self-oscillatory regime. Therefore, the paper
describes a parametric study technique based on the method of harmonic linearization. To
verify the theoretical results obtained, simulation is used. In addition, it is proposed to use
the computer algebra system for analytical calculations. For this, the criteria for choosing
software were formulated. Based on these criteria, a set of software for analytical and numerical
calculations was proposed.

Key words and phrases: active queue management, simulation, NS2, Julia, SymPy, self-
oscillating
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Metoanka oThbICKaHUS aJireOpanmvdecKnX NHTETrPajioB
auddepeHITnaIbHBIX YPABHEHU IIEPBOTO TTOPSAIKA

M. A. Magbix, Hii Uu

Kagedpa npuksadnot unGopmamury u meopuy, 6epoamHocmet
Poccutickuti yrusepcumem opyoschv. Hapodos
ya. Muxayro-Maxaas, 0. 6, Mocksa, Poccus, 117198

CraTbsi OCBSIEHA OTHICKAHUIO aJIredpandecKux MHTErPAJIOB OOBIKHOBEHHBIX 1uddepeHnaib-
HBIX YPABHEHUN B CHCTEMAaX KOMITLIOTEPHOH ajarebphbl, OCHOBHOM aKIEHT CIEIAH Ha BHIPAOOTKY
IPAKTUYIECKUX YKa3aHUi 1o paboTe ¢ opuruHaabHbIM makeroM Lagutinski for Sage.

B nagane crarbu dopmynupyercs 3amada Jlebona: s 3amaHHoro guddepeHInaIbHOro
ypasHenus pdz + gdy = 0, rue p, ¢ — MHOrowIeHsl u3 Kojblia Q[z,y], BEISICHUTH, UMeET JIu
OHO PAIMOHAJBHBIN UHTErPAJ, U B CIydae YTBEPAUTEIHLHOTO OTBETA MPEIbIBUTH STOT WHTEIPAJT.
Obcyxmena mpobaeMa OTBICKAHUS BEPXHEH I'paHU s MOPAIKA MHTErpaa u €€ 3HadeHue s
pemtenns nuddepeHnuaIbHbIX YPaBHEHUH HA IIPaKTUKe, CDOPMYINPOBAHa OTPAHIYEHHAS 33a1a
Hebona. B ocHoBy pertenns 3agaau noJioxked merox M. H. Jlaryrunckoro u ero peanmu3aius B
cucTeMe KOMIBIOTEPHOH anrebpnl Sage. Teopust n e€ peanu3anus TPOTECTUPOBAHBI HA TPUMEPAX
n3 3agagnnka A. @. Ouiunmosa. [IpogesanHble YUCIEHHBIE S9KCIIEPUMEHTHI CBUIETEIbCTBYIOT,
9TO METOJIA MTO3BOJISIET Ha MPAKTHUKE 0e3 0COOBIX 3aTpaT PECyPCOB M BPEMEHU UICHTU(MDUIINPOBATE
HaJIMYMe PAIMOHAJIBLHOIO HHTErPAJIA, OHAKO SIBJISETCSA BECbMa 3aTPATHOM KaK METOJ | BLIUUCICHU
9TOr0 MHTErpasa. B 3aKI0YeHn JaHbl PEKOMEHIAIMH 110 OIMTUMAILHOMY UCIIOJIH30BAHUIO METOIA
M. H. Jlaryrunckoro.

Bce BbrunciieHus BBIIIOJHEHBI B CUCTEME KOMIBIOTEPHOI ajrebpbl Sage.

KumroueBsbie ciioBa: meron Jlaryrurckoro, 3aga4da Jlebona, nHTErpasibHbIE ajredpandecKue
KPUBbIE, aaredpanvdecKue WHTErPAJIbl, Sage

1. Bseaenue

[Ipu pemmennn cucreMbl audepeHnnalIbHbIX YPAaBHEHNH Ipe3BhIYaHO BaskKHO HANTH
Bce asirebpamyeckue naTerpaibl. Apropsl XIX Beka BUEIM B UX OTHICKAHWN HEPBLIN IIar
K TIOCTPOEHUIO PEeIleHnsT B KOHETHOM BHJIEe, OJHAKO JIayKe B TOM CJIyvae, KOTJIa CUCTEMA
He JIONYCKAET PeIleHNs B CUMBOJLHOM BHUJE U IIO3TOMY OYyIeT PeIaThCst MPUOINKEHHO
10 METOJIy KOHEYHBIX PA3HOCTEH, BCErJla CTPEMATCS CTPOUTH CXEMbl KOHCEPBATUBHBIE, TO
ecTb coxpaHsitoniue ajrebpandeckue narerpassl [1|. IlpumenurensHo K ypaBHeHHO 1-r0
MOPsIJIKa €€ MOXKHO C(OOPMYJIIPOBATD B CJIEAYIOIIEM BUJIE.

Bagaua 1 ([debon). dns 3amannoro quddepeHaabHoro ypaBHeHst

pdz +qdy =0, p,q€ Qlz,y] (1)
BbIZICHUTL, UMEET JIM OHO HMHTErpaJl BHIa

r(xz,y) = const, r € C(z,y),
n B CJIy49ae YTBEPAUTEJIbHOI'O OTBE€Ta MPEAbABUTHL 3TOT MHTErPaJI.
Crarbst mocTynwia B pefakiumo 18 mas 2018 r.
ITy6sukanusa noarorosnena npu nopuepxkke IIporpammver PY/IH «5-100», «Key Project of Science
Foundation of Kai Li University (Z1602)» u upu nonuep:kku PO®U, rpantsr NeNe 18-07-00567 u 18-51-

18005. ABrops! npusnaresbHbl Ipod. JI. A. CeBacThsIHOBY 3a MOCTOSTHHOE BHUMAHWE W I1JI0JIOTBOPHbIE
06Cy XK IeHUSI.
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Dra 3aJa4a, MyCTh U B JAPYIUX TePMHUHAX, Oblia npesoxkena lebornom (Florimond
de Beaune, 1601-1652) dekapry emé B 1640-x rogax [2|, ogHako oHa 70 cux mop B
TaKO IIOCTAHOBKE HE PEIeHa: II0JIb30BATE/ b JII0OOr0 MMaKeTa, UILYIINero paruoHabHbII
MHTErpaJl, JI0JIZKEeH 3a/[aBaTh BEPXHIOI MDAHMILY JIJIs TOPSIJIKA MCKOMOIO nHTerpaJa [3].
Bosnukaroriee TyT 3aTpyaHeHIe MOXKHO IPOMJLIIOCTPUPOBATH OYEHD IIPOCTHIM IIPHUMEPOM.

IIpumep 1. Ilycrs mano ypasuenne dy = ydx. Bemen 3a lekaprom 3amaaumMcest 6071b-
muM gucjaoM N u OyeM MCKaTh ero WHTerpas BUIa

110 METOJTy HEOIPeIeEHHBIX KO3 MUIMEeHToB. ¥ BeuunBas N, ckaxkeM, orT 2 10 10, MbI
IIOJIyIUM HECOBMECTHYIO CUCTEeMY JHJis KOIMMUIMEHTOB, OJHAKO U3 ITOrO HE CJIEIYET,
aro Tak Oymer mpoxoauTh mpu Bcex N. HecoBmecTrocTh cucrem mpu Becex N O3HATAET,
qT10 e’ He dABJIgeTcs anreOpamdeckoit pyuknueii. Mbl, B oTninaue ot lekapra, MoxkeM
JI0Ka3aTh OTCYTCTBHE aJredpaniecKoro MHTErpaJja OvueHb IIPOCTO, COCJIABIINChL HA TEO-
pemy Coxorkoro—Beitepiirpacca uiu Jio00il APyroil BapHaHT ONUCAHUS CYIIECTBEHHOM
ocobennocTu npu = 00. OJHAKO ITO JIOKA3ATETIHCTBO HE SABJISETCH aarebpamdecKum
U CYIIECTBEHHO HCIIOJIb3yeT TOT (hakT, uTo ypaBHuenue dy = ydx HOIIycKaeT pelleHue B
EJBIX (DYHKITHTX.

Anasmmrukn XIX Beka 0XKuJIa/M, 9TO aHAJIN3 OCOOEHHOCTEH JTOJKEH YKa3aTh Ha, CyIIe-
CTBOBAHNE WJIU HECYIECTBOBaHUE ajrebpandeckoro uaTerpaia. OIHAKO B CHIIY TEOPEMBI
ITensieBe BCe MOJBUKHBIE OCOOEHHOCTHU SABJISIIOTCs ajirebpandeckumu [4], u mosromy 1o
[TOBEJIEHUIO PEIIeHNUs] B MOJIBUXKHBIX OCOOBIX TOUKAX HEJIb3sl HUYErO CKA3aTh O CYIIECTBO-
BaHuu uHTErpasa. Vccaenopanme ke MOBEICHNS PEIIEHUs] B HEMTOMBUKHON 0CODOI TOUKe
IIpeJICTaBJIsIeT caMo 1o cebe Gosbiue TpyaHocTu. [lo 3Toit npuynae MbI 0OpaTUMCH K
0oJjiee IIPOCTOI 3aJade.

Bagaua 2. /lis 3agannoro auddepernnaibaoro ypapaenus (1) u amciaa N BbISICHUTD,
HUMeeT JIK OHO PAIMOHAJIBHBIN HHTErPaJI, IIOPsIIOK KOTOPOTO He TpeBocxoauT N, U B ciiydae
YTBEPAUTEILHOIO OTBETA IPEIbIBATH ITOT UHTETPAJI.

Dra 3aja9a MOYKET OBITH PEIIeHA METOIOM HEOIIPEIeJIEHHBIX KO3(hDMUINEHTOB, OTHAKO HA
[PAKTUKE TAKOE PelleHre MPUBOAUT K OOJIBIINM CHCTeMAM HeJIMHEIHBIX YPAaBHEHUIT Ha KO-
s> dunmenTsI, pererre KOTOpoil MPUBOANUT K OOJIBIIAM BBIYUCIUTEIHLHBIM 3aTPYTHEHUSIM.
Hakanyne Iepsoii Mmuposoii soitubr M. H. Jlaryrunckuii [5-7] paspaboras mMeTos perie-
HUs «OrpaHmdennoit» 3amadn Jeboma. Ero meros Obi1 HamMOITO 3a0BIT U OTKPBHIT BHOBD B
HeJlaBHUX paborax 1o KoMmibloTepHoil anrebpe [8]. CoBpemennoe usnoxkenue merona Jla-
IYTUHCKOIO IIPeJICTaBIeHo B paborax [3,8,9]. Merox JIaryTuHCKOTO XOPOIIO JIOXKUTCST Ha
SI3BIK TEOPUU KOJIETI. 3/I€Ch MBI XOTUM OOCY/IATH BOIIPOCHI IIPUMEHEHHS €0 PEATU3AIINH —
nakera Lagutinski s Sage [10] — k pemennio Han6osiee 9acTO BCTPEYAIONIIXCST 3a1a4.

Corutacao ocHOBHOIT Teopeme Jlarytunckoro muddepenimanboe ypasaenue (1) umeer
PAIMOHAJIBHBIN MHTErpaJ mopsiika N TOTJa U TOJIBKO TOTJIA, KOTJA Olpee/nTel b Jlary-
THHCKOT'O COOTBETCTBYIOIIETO MOPSIIKA PABEH HYJIIO, & CAM MHTErPAJI MOYKHO 3alNCaTh KaK
OTHOIIIEHUE MUHOPOB 9TOTO OIPEJIEJINTEIIs. DTa TEOPEMA CBOIAUT PEIeHNe OrPAHUYIEHHO
zajaan JleboHa K BBIYHUCIEHUIO OmpeeanTesieit JlaryTunackoro.

3ameuanune 1. Teopema JlaryTuHCKOro MO3BOJISIET MEHSTH UMCJIOBBIE TOJSI B MCXO/I-
Hoit 3agade. Ecau muddepennuanbhoe ypasaenue gomyckaer narerpad B noue C(z,y),
TO €r0 ONPEIEIUTeb JIaryTHHCKOrO TOCTATOYHO OOJIBITIOrO MOPSAIKA PABEH HYJIIO, a IO~
9TOMY 9TO ypaBHEHHE JIOIyCKAeT WHTErpPaJjl, KOTOPbIA MPeICTaB/IsIeT COO0l OTHOIIEHUE
MHUHOPOB Ha3BAHHOTO ompemennTesisa. [lo mpeamonoxxennio koaddurimenTs! auddepen-
[UAJTHFHOIO yPaBHEHUs — YHCJIA [eJIble, TOITOMY 9TH MUHODBI npuHasiexar Q(x,y), a
CJIeIOBATETHFHO, STOMY TIOJII0 IPUHAIJIEKAT UHTerpas. 1loaToMy Beerma MOXKHO OrpaHUIN-
BaTh paccMOTpenune uHTerpagamu u3 mojst Q(x,y). DTo 3aMevyanue yBs3bIBaeT PEIICHIEe
sajaqn Jlebona ¢ Bompocamu Teopum uncesn. Ecau guddepernmnaibioe ypaBHEHHE JT0-
IIyCKAEeT peleHne, KOTOPOoe TIPU TEJIOM I IPUHUMAET TPAHCIEHIEHTHOE 3HAYUEHNEe, TO OHO



Mauerx M. 1., FOit u Meromuka OoTbhICKaHMS aJreOpandecKux UHTErPAJIOB . . . 287

HE JIOIyCKaeT ajredpandecKux HHTerpasaos. Hampumep, u3 TpaHCIEHIEHTHOCTH YUCTA €
cpagy cieiyer, uro ypasuenue dy = ydx He momyckaer unrerpas B nose C(z,y).

Ha npaxkTtuke OOBITHO MMEIOT [eI0 ¢ OOJMBIUMEU BbhIOOpKaMu AuddepeHITnaTbHbIX
ypaBHeHUii, Oy/b TO 3a/[a9i M3 TOrO WX WHOTO 3aa9HUKA, WM BO3ZMOXKHBIE MOIEJIN
JIJIsl OJIHOTO M TOTO 2Ke siBjieHusi. 1 pedyeTcst BLISABUTH U3 HUX T€, KOTOPBIE JOIIYCKAIOT
panuoHa bHBI nHTErpas. ducio N, KOHETHO, HE TAHO, OTHAKO OYUEHb DOJIbIITNE 3HATCHUS
N He MHTEpEeCHBI, MMOCKOILKY ¢ nHTerpajoM 100-ro mopsijika e/iBa Jii paboTaTh Jierde, 4eMm
cO cTeneHHBbIME psfaMu. Boobime roBops, He sCHO, KaK IIPOBECTU ITY UEPTY, U BEPOSTHO,
OHA 3aBUCUT OT camoil 3amaqun. s muddepeHnuaabHbIX ypaBHEHNH, TPEIJIaraeMbIX
crygenTaM B Kypce «/luddepennnanbubix ypaBHeHuit», B crarbe [10] Oblaa npeiiokena
CJIe/IyIOIIas IPOIeIyPa OTHICKAHUS AJIre0PanvIecKuX UHTEIPAIBHBIX KPUBBIX:
1. Berunciuts Ass B cirydaitno BeiOpanHO# Touke. Eciau Ags # 0, TO HHTErpajbHbIE
KpuBble nMeIoT 10-#f mopsi/Iok u 6oJiee MiIM BOBCE SIBJISIIOTCS TPAHCIIEHIeHTHRIME. Keim
Ags = 0, TO MHTErpaJbHbIE KPUBBIE BEPOSITHO MMEIOT HMOPSJIOK, He IPEBbIamuii 9.

2. Ecim Ass = 0, Beraucauth Ajg Kak GyHKIMO ¢ 1 y. BEcim Ajg TOXIECTBEHHO
pPaBeH HYJII0, TO HHTErPAJIbHbIE KPUBbIE UMEIOT HMOPSIIOK, He MPEBLIIAIONINA 3, 1 OHU
HaXOMIATCs IO MeToy JlaryTuHckoro 6e3 CyIecTBEeHHBIX 3aTParT.

3. Eciim A1y He paBHO TOXKJIECTBEHHO HYJIIO, IBITATHCS BHIYUCIUTH Ay, TIOCTENEHHO

noBblmast N 10 TexX mop, [OKa He MOJIYUYUTC HYJIb WIN UCUEPIAIOTCS PECYPCHI.

[TockombKy BBIMHCIEHNE ONPEACTUTENA HH-TO MOPSIIKA MOXKET 3aHITh BECHMa MHOTO
BpeMEeHU, Ha IIEPBOM IIIare ero 3HaYEHWE BBIYUC/ISIETCS TOJBKO B OJHON Touke. Kcim
[IOJIyIaeTCsl HEHYJIeBOe 3HaYeHue, TO B CHJIy TeopeMbl JlaryTHHCKOro panuoHasbHOro
uHTerpaita 9-ro mopsaKa TOYHO He CyInecTByeT. ey ke mosydaeTcs HyJaeBoe 3HAUCHU,
HEJIb3sI OBITH BIIOJTHE YBEPEHHBIM B TOM, YTO OIPEJIEUTE/h PABEH HYJIIO U BO BCEX JIPYTHUX
TOYKAaX, OJHAKO BEPOSATHOCTH TOrO, UTO IIPU CIYyIAHHOM BLIOOpE TOUYKHU BEPOSTHOCTH
OTBICKAHUS HyJIsI MHOTOYJICHa BeChbMa Masia. [[o9ToMy B 9TOM cirytae BEpOATHO MMEETCsI
uHTErpaj 9-ro mopsisika.

Pazymeercsi, Ha epBoM 1mare tepsorca auddepeHInaIbHble YPaBHEHNs, HHTEIPAJIb-
Hble KpUBbIe KOTOPBIX nMeioT 10-if mopsinok u 6osee. Ha Tperbem mare MOTyT BOSHUKHYTH
TPYIHOCTH C BBIUHUCIEHUEM ompeaeantesd Jlaryrumckoro, ooeramno npu N > 10 pabora
C HUM CTaHOBUTBCS OYeHBb pecypcoéMkoil. IloaToMy mpesncraBiisieTcss Ba2KHBIM ITOHSATD,
paboTaeT Jiu MpeJIOyKEHHBI METO/, B HanboJIee IacTO BCTPEUAIONINXCS B YI€OHOM IIPO-
mecce muddepeHnuaabHbIX ypaBHenuii. B HacToseir pabore B KadecTBe cOOpaHUs TAKUX
yPpaBHEHUII UCIOJIB30BaH COOPHUK 3a/ad, IIpe/lylaraeMbIX CTyJIeHTaM B Kypce «/ludde-
peHInaIbHLIX ypaBueHuit». Huxke Oymer nam oTa€r 00 UCIOIB30BAHUE ITON IIPOIE/IY DB
JJIsT MHTErpUpoBanns nuddepeHnuaabHbIX ypaBHEeHU! 1-ro mMopsaKa B CHMBOJIBLHOM BHJIE
U TeCTHPOBAHUS HA3BAHHOI'O B €0 YeCThb IaKeTa Ha YPABHEHUSX, B3ATHIX U3 33/ IaTHIKA
A. ®. Omwmmnmosa [11].

2. Pesyabrarsl amrpobarium

Ha ocuose 3amaa NeNe 301-420 u3 3amaunuka A.@. Owmmnnosa [11] 6bur BbIeICH
crimcok n3 50 mudpdepeHnuaibHbIX YPABHEHUN BUIA

p(z,y)dr +q(z,y)dy =0, p,q € Qzx,yl,

20 u3 KOTOPBIX UMEIOT PaIlMOHAJIbHBIE MHTETPAJIBI, 8 OCTAJbHBIE HHTEIPUPYIOTCS B dJIe-
MEHTapPHBIX (PYHKITUSIX.

[Ipezk e Bcero, ciemyer 3aMeTUTh, YTO Bhraucjienne Ass B CIyJaiiHON TOYKE TO3BOJIIIIO
OBICTPO BBIIETUTH Bee 20 HOMEPOB, BEPOSTHO JTOMYCKAIONINX PAIMOHAIHHBIE HHTEIPAJIBI.
IIpu sTom 1ipo octapimecst 30 HOMEPOB MOXKHO C YBEPEHHOCTBIO CKA3aTh, UTO UX HHTE-
rpaJibHble KPUBBIE WJIN SIBJISIIOTCS TPAHCIEHIEHTHBIMY, UM UMEIOT TOPSIA0K, OOJIBINIA
9-ro.

Bo-BTopbix, BbluncieHre A, B CIy4aiiHONR TOYKE ITO3BOJIUJIO OBLICTPO 110100paTh 7 BO
BCEX HOMEpax.
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Broraucienue ompegennresis KaK MHOIOYIEHa OTHOCUTELHO X,y 3aHsI0 Oojee Jaca B
mByx mpumepax: NeNe 395 u 418. Beruncienne nHTErpaJsa 3aHsa0 Oojee daca B 3a1a9e
Ne 361 u 6b110 ocTaHOBIEHO. BO BCex ocTasbHBIX 17 Ciiydasx BBIYHCIEHNE WHTErPajia
OBLIO YCITENTHBIM BO BCEX CJIyYasX, OTBETHI COBIIAJIAIN C OTBETAMU U3 38JJa9HUKA, IIOCTIE
YIIPOIIICHUN.

PaccmorpuMm mpobiiemmbie HOMEpA.

IIpumep 2. Unrerpanbubie Kpusbie ypaBuenus Ne 395
(23 — 2zy?)dz + 32ydy = 2dy — ydx

obpazytoT cemeiictso Kpubbix x(y? + x2)3 — 2/5¢° — 4/32%y3 — 22*y + cx® = 0 6-ro
nopsi/ika. Buramciienne onpesenuTeneil B CIydaitHON TOUKe OJHOZHAYHO yKa3a/d Ha To,
410 BepoATHO Agzg = 0, OJHAKO BBHIMHUCINTH STOT ONPEIETNTEND 32 9ac He yIajloCh.

IIpumep 3. UnTerpanbubie KpuBbie ypaBHeHus Ne 418
(Bzy + z + y)yde + (doy + x + 2y)ady =0

obpasyior cemeiicTso Kpubbix 6x3y* + 223y% + 322y* = ¢ T-ro nopsaka. Borauciaenne
ompeAeanuTeIell B CAyYaiHON TOYKE OJHO3HAYHO yKA3AJIM Ha TO, YTO BepodTHO Az = 0,
OJTHAKO BBIYHUCJIUTDH 3TOT OIPEJEUTENb 33 YaC HE yIaJ10Ch.

IIpumep 4. Unrerpanbuble Kpubble ypapHeHus Ne 361
(22%y — 3y?)y’ = 62% — 22y + 1

obpasyior cemeiictso 223 — 2%y? + y2 + = ¢ 4-ro nopgaka. Mpbl BeraumcaHIH A3 =
0, A1s # 0, MOTOMY TOYHO CYIIECTBYET PaIMOHAJbHBLIN mHTEerpas mopsajgaka N = 13.
Boraucnuth ero He yaaioch.

[nsing B oTBETHI, IOy I€HHbBIE, PA3YMEETCH, APYTHMHI METOIAME, HETPYIHO [TOHATH, ITO
MIPEIOXKEHHBII ITOIXO, TIO3BOJIMI JIETKO U OBICTPO BBIIBUTDH BCE yPABHEHUS, JOILYCKAIOIINE
ajirebpanvyecKne NHTErPAJIbI, HO He JIJIS BCeX U3 HUX MO3BOJIMII HANTU STBHOE BBIDAXKEHUE
nyst waTerpasa. Haunbosee mpobiieMHBIM, TAKUM 00Pa30M, SIBJISETCS TPETHIl Iar.

3. 3akJjroyeHue

[Iponesramnbie YUCIEHHDBIE IKCIEPUMEHTBI CBAIETEIbCTBYIOT, ITO METOZ, JlaryTHHCKOTO
[TO3BOJIIET Ha MPaKTHKe OBICTPO 1 663 0COOBIX 3aTpPaT PeCypCOB M BPEMEHU UICHTUMUIU-
pOBaTh HAJIMYHE PAIIMOHAJIBHOIO MHTEI'PAJIa, OJHAKO SIBJIAETCS BEChbMa 3aTPATHBIM KaK
METOJI, BBIYUCAeHUS 3TOro naTerpaja. Ciemyer 3aMeTuTb, 9TO mpobieMa OTBICKAHUS I'Da-
HUIIBI JIJI TOPsIJIKa UHTErPaJia, BCErJa o0CyKIaeMasi B TEOPUH, Ha IIPAKTUKE OKa3aJ1ach
He BaKHOM, B 33/1aUHuKe HeT quddepeHnnaabHbIX YPaBHEeHN, HHTerpajJbHble KPUBbIE
KOTOPBIX nmesn Obr 10 mopsimok wau Oosiee.

Boraucnenue onpenenuTeseit B CaydaiiHbIX TOUKAX O3BOJIAET OBICTPO BBISICHUTH, KAKUE
MOHOMBI JIOJI?KHBI (PUT'yPUPOBATH B BBIPAXKEHUH [JIs HUHTErpaJia, [I03TOMY €CTeCTBEHHOE
HAIIPABJICHNE ONTUMHU3AINN — IIPEJIBAPUTEIbHBIH 110J100p 6a3uca M0 JAHHBIM B CJIyYailHbIX
Toukax. B gacTtHOCTH, HAnbo/Iee NHTEPECHBI T€ UHTErPaJIbl, KOTOPble MOYKHO 3aIliCaTh
KaK OTHOINEHNE MaJjowieHoB. B wacraocru, B makere Lagutinski [10] moxHO nesarh
1repebop 10 BCEBO3MOXKHBIM TPOMKaM, COCTaBJIEHHBIX U3 IEePBBIX N MOHOMOB KOJIBIIA
Q[z,y]. Ipurasicb B 95TOM HAIIPABJICHUH, MOYKHO IBITATHCS YBEJIMIUTDH YUC/IO JIEMEHTOB B
KOpTe2Ke, 3aMEHUB 3aTPATHOE BLIYUCJICHHUE OIIpeiesinTeseil JIaryTHHCKOro BhIMUCICHHEM
UX 3HAQYEHUA B CJIydalHOI TOYKe.
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Article is devoted to search of algebraic integrals of the ordinary differential equations in the
systems of computer algebra. The main attention is paid to development of practical instructions
for work with an original package for Sage called in honor of M. N. Lagutinski.

At the beginning of article Beaune’s problem is formulated: for a given differential equation,
we need to identify whether it is in the form of rational integral, and if the answer is true, we
need to quadrature it. The difficulties of finding the upper bound of the integral order and its
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value for solving differential equations practically are discussed, bounded Beaune’s problem is
formulated. Our work is based on the method of M. N. Lagutinski. The theory and its realization
are tested on the problems from Text-Book on Differential Equations by A.F. Filippov. The
numerical experiments, which were carried out, show that the method makes it possible to
identify the existence of the rational integral without taking much resources and time. However,
using the method to calculate integrals is very time-consuming. In conclusion, recommendations
on the optimal use of the method of Lagutinski are given. All calculations are executed in
the computer algebra system Sage.

Key words and phrases: Lagutinski method, problem of Florimond de Beaune, integrated
algebraic curves, algebraic integrals, Sage
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IIpaBuna opopmiaenns crareii

Penxosmerns xypuana «Bectauk Poceniickoro yaHuBepcuTeTa apyKObl HAPOIOB», CEPUS
«Maremaruka. Uadopmarnka. Pusnka» MpOCUT aBTOPOB MPUIEPKUBATHCS CJIETYIOMINX
[IPAaBUJI IIPHU MIPEJICTABIEHUN CTAThbU B Ky PHAJL.

1. Crarbu NpeCcTaBIISIIOTCS HA PYCCKOM WJIN aHTJIMHCKOM SI3BIKE.

2. Ob6béMm cTaTbu He HoJKeH npeBbimaTh 0,75 aBT. med. JI.

3. ABTop mpejcTaBisieT B PEJAKIUIO 9JEKTPOHHYIO BEPCUIO PYKOIWCH, HAOPAHHYIO
B cucreme KTEX (ucnosb3yercst Bepeust WITEX 22, st Habopa GoOpMysT HCHOIB3YeTCst
makponaker ANS-IATEX). K ssileKTpoHHOMY BapuaHTy Ipujaraercss OTIeYaTaHHbIH Ha
6ymare sxzeMiiap uian daitn B dpopmare Postscript mmum PDF. Jlna kaxxmoit craTtbu
ykasbiBatorcs koabl YK u MSC (PACS).

4. HazBanwue, anHoTanus, KJI0UeBble CI0Ba, (DaMUINN U UHUIIUAJIB aBTOPOB, HA3BAHIE
Opranu3aIuu, rjae paboTaloT aBTOPHI, MPEIOCTABIISIOTCS HA PYCCKOM M AHTIHICKOM SI3BIKAX.

5. Annoranus (or 150 10 250 cJI0B) J0/ZKHA ONHUCHIBATD OCHOBHbIE IEJIN HCCII0BAHMS;
00bACHATD, KaK OBLJIO IIPOBEJIEHO HCCIe0BaHNe, 0e3 METOIOJIOTUIECKUX JeTasIeil; CyMMuU-
poBaTh HambOJIEE BayKHBIE PE3YJILTATHI U UX 3HAYEHUE; ObITh HAIIMCAHA KAIeCTBEHHBIM
PYCCKUM /aHTJIMHACKUM A3BIKOM. B aHHOTAIIMYM HE JIOMYCKAIOTCSI CChLIKM HA MUTHPOBAHHYIO
JiaTeparypy, ab0peBuaTypbl U POMO3IKHE (DOPMYJILI.

6. TekcT craTbu HOJIKEH BKJIIOYATH BBEJCHUE, 3aK/II0YCHUE, CIIMCOK UCIIOIb30BAHHBIX
ucToIHNKOB (He Menee b). [rybuna pasObuBKM TeKCTa He JOJIKHA IIPEBLINIATH TPEX yPOBHEI
(paszenbl, MyHKTBI ¥ TOIIYHKTHI ).

7. Pucynku mpuHUMAIOTCS B 9JEKTPOHHOM Buie. KaKmplii pUCYHOK JIOI7KEH OBITDH
OMEINEH B OoT/esbHbIN (haitn. [Ipuaumaembie dpopmars! daitnos: 1) sekropubse: PDF,
EPS, TEX; 2) pacrposbie: PNG, TIFF, GIF (Bosmoxkna nakancyasnus 8 EPS).

8. Pa3mep pucyHka BMecTe ¢ MOAINCHIO He JIOMKEH NpeBbmaTh 14x19 cm. Pazpemenne
PacTpOBOr0 PUCYHKA JIOJI2KHO HAXOAUThCA B npeenax 300-600 dpi.

9. Pucynku nomKHubI ObITH 4€pHO-0esible. BO3MOXKHOCTD MCIOJIL30BAHUS IOJIYTOHOBBIX
n poTorpaduIecKux M300parkeHnit MOKET OBITH paccMOTpeHa OTae bHO. DOHBI TOIKHBI
OBITH TOJBKO IITpuxoBanuble. CeTodnble (DOHBI U MOJYTOHA HE JIOMYCKAIOTCH.

10. Crucok smreparypsl oarorasiubaercs B cucreme BIBTEX u ipejicrasiisiercs B IByX
ornesnbHbIX daitiax — mo TpedboBarusm ['OCT 7.1-84 (cMmermaHHBINi CHICOK UCTOYHUKOB
Ha PYCCKOM U JIDYTUX sI3bIKax) u 110 cragapTy Harvard (mosiHOCTBIO Ha HHOCTPAHHOM
si3bIKe (aHUIT., PpaHIL., HEM., UCIL.); /IS HCTOYHUKOB Ha PYCCKOM sI3bIKe TPeOyeTCst epeBo/|
Ha aHrIAiCKuH 73bIK). CChLIKE Ha HEeOmyOJIMKOBAHHbIE PAOOTHI HE JIOMYCKAIOTCS.

11. Pykomucnb momkua ObITH TIIATEIHHO BhiBepeHa. Heobxoammo yKa3aTh TOYUHBIE CBEIe-
Hus 06 aBTopax: (PaMUJINIO, UM, OTIECTBO MOJHOCTBIO, YIEHYIO CTENEHb, YIEHOe 3BaHUE,
JOJKHOCTD € YKa3aHHeM II0JIpa3JleJIeHUsl U OPraHMU3aIud, TOYTOBBI U JIEKTPOHHBIN
azipec Mecta paboTel aBTopoB u Tesedonnl. [locie moaroToBku penakmnueir Kk Habopy pas-
MEUYEHHBIN ¥ UCIIPABJIEHHBIH aBTOPOM TEKCT CTATHU W UCIPABICHHAS JEKTPOHHAS BEPCHUsI
BO3BpAIaloTCcs B pefakiuio. KoppekTypa jisi IpocMOTpa BbIChLIAETCs 10 e-mail.

12. BozBpamenne ctaTbu aBTOpPy Ha JOPAOOTKY HE O3HAYAET, YTO OHA MPUHATA K
onybsimkoBauuio. JlopaboTaHHBI BAPDHAHT CTATHU PEIKOJLIETHsT PACCMATPUBAET BHOBbD.
B cirydae OTKJIOHEHUSI CTATHU PEIKOJIIETHS OCTABJILAET 3a COOOI IPaBO He BO3BPAIIATD
aBTOPY OJINH €€ dKIEMILIISAP.

13. Bce craTtbu, nuianupyemble K IIyOJUKAIMN B XKYyPHAJIE, ITPOXOIAT 0038 TeTbHYIO
IIPOIIEIyPY PEIEH3UPOBAHUS IBYMS PEIeH3€HTaAMU, SBJISIONIMMICS JKCIePTaMH B JTAHHON
obsacru. OJIMH U3 PEIEH3eHTOB MOXKeT ObITh BBIOPAH U3 COCTaBa PEJIKOJIIErHN (BHYTDEH-
Hee perleH3npoBanne). B 00si3aTe IbHOM MOPSIJIKE CTaThsl HAIIPABIISAETCS HE3ABUCHMOMY
sKcrepTy (Ha BHerIHee perieHsuposanue). [Iporeypa pereH3upoBanus siBIsSeTCsl aHO-
HUMHO# i1st aBTOPOB. 110 pe3ysibraTraM pereH3npoBanus CTaATbI MOXKET ObITh OTKJIOHEHA,
HaIIpaBJIeHa aBTOPY Ha JOpabOTKYy WM MPUHATA K medaTu. 1TpeboBaHUs K PEleH3UsIM:
OIIEHKA CYIIECTBa PabOTLI U BO3MOYXKHOCTH €€ IIyOJINKAINY B YKypHAJIe; KOHKPETHOE Iiepe-
qHCJIeHre OMMUOOK B METOJIOJIONMH W MHCTPYMEHTAPUH (€CJIM OHU €CTh); MPeJTIOZKEHHsI [0
JI0pabOTKe TEKCTA.
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14. Ilpu nosydeHnn MOJIOXKUTETLHOTO 3aK/II0UEHUs PEIEH3EHTa MaTEePUAaJIbl TOMEIIa-
OTCsT B «IOPTdEby peJaKInu I JaJibHelero onydbankoBanus. [Ipu monydenun
OTPHUIATEJIBHOIO 3aKJ/II0YEeHU OJHOIO U3 PEIEH3EHTOB CTaThsl PACCMaTpPHABAETCA Ha 3ace-
JAHUU PEJIAKITMOHHON KOJIJIETUH, KOTOPas IMPUHUMAET pelleHne 00 OTKJIOHEHUU CTaTbU
WM O HEOOXOMMMOCTH Oy YEHHUsT JTOTIOJTHUTEIHHON PEeIeH3un He3aBUCUMOTO SKCIIEPTA.

KonTakTHbII agpec s pelieHns TEXHUIeCKX BOIIPOCOB 1O IPEIOCTABJIsIEMbBIM
MarepuajiaM B KypHas Becrnuk PYJIH. Cepusa <«Maremaruka. Wudop-
maruka. Pusmray: Poccuss, Mocksa, yi. Opmxonukuiaze, A.3, KomH. 313;
e-mail: vestnik-miph@sci.pfu.edu.ru.

Anpec nna nepenucku: 117198, Poccust, Mocksa, yi. Mukiyxo-Maxkiast, 1. 6, dakyib-
TeT (PU3UKO-MATEMATHIECKAX U €CTECTBEHHBIX HayK, nmpodeccopy CepacthbsHoBy JI. A.




. CI1-1 PIVII «IIOYTA POCCHH»

ABOHEMEHT wa xypnan 18235
B ECTH M K PynH (MAMEKC W3TanH )
Cepusa «MaTtemaTuka. Komuuecrso

KOMILIEKTOE!

WUHdopmaTtuka. Puzuka»
Ha 20 roj mo Mecsuam

1 21 3 4| 5 6 71 89 1011 12

Kyaa
(MOYTOEBI HHICKC) (agpec)
Komy
{PAMHIIHA, HHHIHALBL)
JOCTABOYHASA KAPTOYKA
wa xypra | 18235
I1B |mecro|murep (MHJIEKC M3TAHHA)
BECTHUK PYOH

Cepusa «<MartemaTtuka. UHpopmaTuka. Puzuvka»
Cron- IO AINHCKH pyd.  xon.|KommecTso
MOCTE | jepeapecosku py6. _ xom. | KOMILIEKTOB:

Ha 20 roj 1o Mecsam
1 2 3 4 5 6 7 8 9 10| 11| 12

Kyna

(MOUTORKIH HHAEKC) (agpec)

Komy

(thamuis, HHHIHAIEL)




