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PazpenmmocTs auHeitHOIT oOpaTHOI 3aJa49u JIJIsT 9BOJIIOIIMOHHOTO
YPaABHEHUSA C CyNIEpPyCTOMYMUBOI IOJIyTIPYNIIOi

. B. Tuxonos*, By Hryen ITIon Tysur'
* Kagpedpa mamemamumeckoti puduru
MT'Y umenu M. B. Jlomonocosa
Jlenuwnckue 2opw, I'CII-1, Mocksa, Poccus, 119991
! Kagpedpa mamemamuueckozo anarusa
Mocxosckuti nedazozuneckutl 20cydapcmeentvill YHUBEPCUMEM,
ya. Kpacrnonpyonas, 0. 14, Mocksea, Poccus, 107140

151 9BOTIOIIMOHHOTO YPaBHEHHSI B OAHAXOBOM ITPOCTPAHCTBE M3YUaeTCs JIMHeHas oOpaTHast
3a/1a49a O HAXOXK/IEHUN «MCTOYHUKAy. Tpebyercs BOCCTAHOBUTH HEM3BECTHOE HEOIHOPOJIHOE Cliara-
€MO€ TIPU TOMOIIH JOTIOJTHUTETLHOTO HEJIOKAJIBHOTO YCJIOBUS, BEIPAXKEHHOTO B BUJE WHTErPAJIA
Pumana—Cruibrbeca. OCHOBHOE TIPEITOIOKEHNIE CBI3aHO C CYNEPyCTONIMBOCTBIO (KBA3SHMHUIIb-
[IOTEHTHOCTBHIO) JBOJIIOIMOHHON HOMyrpynnbl. TodHee, MpeAosaraeTcsi, YTO IBOJIOIUOHHAS
MOJTyTPYIITIa, aCCOMMUPOBAHHA ¢ aAOCTPAKTHBIM AuddepeHnaTbHbBIM yPABHEHUEM, IMEET Oec-
KOHEUYHBI OTPHUIATEIbHBIA SKCIIOHEHIMAJIBbHBIA THI. Be3 Ipyrux orpaHnyYeHuil yCTaHOBJIEHA
TeopeMa 00 OJHO3HAYHOI paspemmnmMocTy 0bpaTHOil 3ama4un. [loka3aHo, 9T0 peleHne mpescTaBu-
Mo cxomgarumcs psimom Hefimana. [IpeabsaBiieHbl TOUHbBIE YCIOBHUS, IPH KOTOPBIX OECKOHEYTHBIH
Pt 0OpaIaeTcss B KOHEYHYIO CyMMY. 3/eCh aJrOPUTM BbIYHMCJIEHHS PEIIEHUs CTAHOBUTCA (DUHUT-
HeIM. Pa3obpanbl MOEIbHBIE TPUMEDPHI, B TOM YHC/I€ — BayKHBII TpUMep OOpPATHON 3aa4u C
duHaIBHBIM HIEpeonpesesienneM. [lepednciieHable pe3yJibTaThbl MOI'YT HAWTH [IPUMEHEHNE B CIIe-
[UAJIBHBIX pa3zesax MaTeMaTHIeCKON (DU3NKHU, CBI3aHHBIX C T€OPHel yIpPyTroCTH U 3aadaMu
JInHEHHOrO nepeHoca. Kak IpUHSATO, HAllle UCC/IEI0BAHNE IIPOXOJUT «B CIIydae ODIIEro IOJIoZKe-
HUsi» — [PHU BBIOOPE KOMILIEKCHOIO II0JIsI CKAJISIPOB, HO OCHOBHBIE (DAKTBI CIIPABE/JINBBI TAKXKE U
B BelecTBeHHOM citydae. Co3JaHHas TEOPHs JOIMYCKAET IIEPEHOC Ha HEJIOKAJIbHBIE 3a/[a9H JIJIs 9BO-
JIIOTTMOHHBIX YPABHEHUH, KOT/Ia JIJIs HAXOXKICHUST PEIIeHUs] BMECTO TPAJUITMOHHOTO HAYATIBHOTO
YCJIOBUSI MCHOJIB3YIOT CIIE[AAJIbHBIE YCDEIHEHHs 110 BPEMEHU.

KurroueBbie cj10Ba: 3BOJIIONMOHHOE ypaBHEHME, OOpaTHAs 3a/a9a, CYIepPyCTONINBAsT Oy~
rpyIia, onepaTopHoe ypaBHeHue, psj HelimaHa, TeopeMa CyIeCTBOBAHUS U €JIUHCTBEHHOCTH
pelieHus

1. Bsenenune

B 6anaxoBom mpoctpancTBe F mpu dbukcupoBaHHOM 3HadeHnu 1 > 0 paccMOTpUM
abcTpakTHYIO 3aay Ko 1j1st 9BOTIOMUOHHOTO YPaBHEHHST CIIEINATLHOTO BHUIA!

u'(t) = Au(t) + ¢(t)g, 0<t<T,

1
u(0) = wo. M)
[Tpeamosaraem, 9o A — JUHEHHBINH 3aMKHYTBII onepaTop B E ¢ mioTHON 061acThIO
onpezenennst D(A) C E, npuuém A nopoxaaer B E nosyrpynmy U (t) knacca Cy (moapo6-
mee cM. [1-5]). Duement up 3aman B D(A). Cranspuas dyuxius ¢(t) # 0 HenpepbBHA
ua orpeske [0, 7. Cunraem Takxke, 910 (t) MMeer orpannuennyio sapuauio Ha [0, 7],

Tr.e. ¢ € BVI[0,T].

Crarbs nocrynuia B pegaknuio 12 susapst 2018 1.
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Torna npu 060M BbIOOPE djieMenTa g € F cranmaprTHas dopMmyia

t

u(t) = U(tyug +/U(t ~ $)(s)gds, 0<t<T, )

naéT Kaaccmaeckoe pemenne 3agaqn (1), Takoe, aro u € CH([0,T); E) n u(t) € D(A) npn
Beex t € [0,T] (cm. [6]). Popmysna (2) 0JHO3HAYHO BOCCTAHABIMBAET HYKHOE DEIIEeHE:
uHbIe perrennst, orandnbie or (2), B 3agade Kommu (1) orcyrersyior (em. [4, ¢. 105-106]).

Homnyctum Terepb, 9To 3jemMeHT g € F nensBecten. s ero HaxoXKieHus: 106aBUM
K (1) creruasnbHOe HeaokaavHoe ycaosue (IepeolpesiesieHne) BUuia

/ ult) dpu(t) = . 3)
0

Suement w; 3a1an B D(A). Uarerpan B yciaosuu (3) ecTb CTanJapTHBI BEKTOPHBII
unrerpasn Pumana—Crunbreeca (cm. [1, wr III]). Cranspuas dyuxius p € BV]0,T]
IIPEJIIOJIAraeTCsl HEIPEPBIBHOI crpaBa B j11060it Touke ¢ € [0,7') n OTIMIHON OT TOXK1e-
crBernoii koncrauTs! Ha [0,7]. B gacrnocrn, Bcerga

p(0) = p(0+) = Jim p(t). (4)

OrcyrcrBue ckauka y ¢ynknuu £(t) upu ¢ = 0 He ecTb OrpaHHYeHHE OOITHOCTH, 0
CKOJIbKY TaKOi (BO3MOKHBIi) CKQIOK MOXKHO JIEKO yOpaTh u3 (3) ¢ HOMOIIBIO 33 aHHOTO
HavyaabHoro ycyaosust u(0) = ug.

Urak, Tpebyercs nogobpars sseMent g € E, npu koropoMm BeKTOpHast hyHKIws u(t)
u3 dbopmyiisl (2) yroBiaeTBopsieT JonojaHuTesbHOMY yestosuio (3). Ilocrasiennas 3ama-
qa (1), (3) mis maxoxaenust mapsl (u(t), g) HasbIBaeTCA AUHEUHOT 06pammnol 3adaveds
(¢ mestokasbHbIM yesoBueM). O6ras Teopust TOJO00HBIX OOPATHBIX 3384 Oblla pa3pa-
Gorana B [6,7] B pamkax nzBecTHOro nampasienus [8|. Hamre nacrosimee uccienoBanne
(KpaTKO M3JI0KEHHOE B 3aMeTKe [9]) MPOXOAUT [IPU JOHOTHATEIHHOM IPEIOTIOKEHIN, 9TO
nosyrpynma U(t), mopoxkaénnas onepatopoM A, sIBIsSeTcsl KBA3UHMILIOTEHTHON WIIH CY-
HEePYCTOHYINBOIL. DTOT BLIPOXKIEHHBIH KJIACC CIEIHAIBHBIX TOIyTPYIII IPUBIEK BHUMAHNE
CHIEIUAJINCTOB B Iocjeanune jgecaruierus [10-15].

2. KBa3uHnjIbIIoTeHTHBIE ornepaTopsbl 1 IMOJIYI'DYIIIbIL

HamomuuM Hy>KHBIE CBeJIeHUs U3 CIIeKTpaJsbHON Teopun [1,2]. Vexoquyo HOpMY B mpo-
crpancre E obosnaduMm [epes || - ||, a equrnunbiii oneparop — 4epes I. Kaxk ussectHo,
JIMHEWHBIN OrpaHuYeHHbIH oneparop B: F — F Ha3bIBAIOT K6a3UHUABNOTEHMHDIM U
BONDMEPPOBHILM, E€CTTA €T0 CIEKTPATBHBIN PAINyC paBeH HYJIO:

r(B)= lim {184 =0 (5)

Cootrnormmenue (5) sxBuBajgenTHo ToMmy, 4T0 0(B) = {0}, T. €. ceKTp KBa3WHUIILIOTEHT-
Horo omeparopa B cocrout smimb n3 Hysst. [Ipu 9ToM pe3osibBeHTHBIH st

IR N
M-B)'=>" o B (6)
n=0
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CXOZMTCH 110 oneparopHoii HopMe Bcioxy na muoxkectse A € C\ {0}. Hcnonab3osamnue
pasiiokenuii Tuna (6) 6e3 BesKUX orpaHudeHnii Ha 3nadenne A # 0 cocraBisieT ryIaBHOE
IIPEUMYIIECTBO KBA3UHHU/IBIIOTEHTHBIX OIIEPATOPOB.

ITpn npoBepke KBa3HHUJIBIIOTEHTHOCTH HEIIOCPEACTBEHHOE obparienue K dopmyite (5)
9acTO OBIBAET 3aTPY/IHUTEIBHBIM U3-3a CJIOKHOI CTPYKTYPbI H3ydaeMoro omneparopa B.
3/1ech MOXKET PUrOAUTLCsT Takoil kpurepuit (cp. ¢ [16, c. 14-16]).

Jdemma 1. Ilycmo B: E — E — aunetnod oepanusennoit onepamop. Caedyrougue
Yymeeporcoenua IKEUBAACHMHDL

1) onepamop B xeasunuavnomenmen;
2) dns Ve >0 cywecmesyem sxeusanermmasn nopma || - ||y 6 E, maxaa, wmo

[Blle) <e. (7)

Hoka3zaresberBo. [lycrs B kBasunuibnorented, T.e. 7(B) = 0. IIpu sobom dbukcn-
poBaHHOM BBIOOpPE £ > () mMeeM

lim {/|le7*Bk|| = lim e ' {/|B*|=¢"'r(B)=0.
k——+o0 k——+o00

B wactroctn, mocienosarensocts ||e K B¥|| Gymer saBemomo orpamraenmoit, n maitgéTes
qucio M > 0, Takoe, uto ||[e ¥ B¥|| < M mpn Bcex k € NU {0}. Ionoxxmm Tenepn

Il = sup e *B*fll, feE. (8)
keNU{0}

CaoiicTBa HOPMBI J1JIst (8) MPOBEPSIIOTCS HEMOCPEACTBEHHO. [10CKOIbKY

A= 1le™*B* | oo < Iflle) < sup [le™*BIIfI < M|l f€E,
keNu{0}

To HopMa (8) sKBUBaseHTHA ncxoAHoil Hopwme || - ||. IIpu sTom
IBflcy= sup e "B* f|= sup ele”HVBMf| =
keNu{0} keNU{0}
=esup le"™B"f[| <e sup |eT"B"f|=¢llfle), feE,
meN meNU{0}

T.e. 1711 HopMbl (8) Beimosnena Tpebyemast onenka (7). Urax, u3 1) cienyer 2).
O6paTHast IMIUIIKAIUS TOYTH 04eBHHA. JleficTBUTE/IbHO, IIyCTh BhITOIHEHO 2). B ity
onenku (7) cuexrp o(B) npunanexnt muoxkectBy D, = {\ € C: |\ < e}. ITockosbky
sHadenne £ > 0 gBisiercs npousBosbHbIM, TO 0(B) = {0}. Tem cambim oneparop B
KBa3HHUJIBIIOTEHTEH. B pesyiprare 1) n 2) sksusasentHsl. Jlemma gokazana. O

Bosee Tonkue o6CTOATENBCTBA, CBA3AHHBIE C KBA3UHUJILIIOTEHTHBIMA OIIEPATOPAMH,
JUIsL HAC cefiaac HeCyIecTBeHHbI. JIJIst MOJIHOTHI KApTUHBI OTMETHUM JIBA CPABHUTEIHLHO
HeJIaBHUX WCcjeoBanust 110 teMe [17,18|, a makxke psm pabor [19-21|, rae ykasaHb
ClleTaIbHbIe YCJIOBHUsI, TIPU KOTOPBIX OOOOIIEHHbIE HHTErPAJIbHbIE OIIEPATOPHI SIBJIAIOTCSI
KBa3UHUJIBIIOTEHTHBIMHU.

[Mepeiigém k mosyrpynnam. HamoMuum, 910 9KCROHEHUUAABHBLM MUNOM OTIEPATOPHOL
nosryrpymnbl U(t) kmacca Cy HA3BIBAETCS] BEJTMUUHA

wo = lim L HU(t)H
t—+oo t
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YKazaHHBI IPeJIes1 3aBeIOMO CYIIECTBYET CO 3HAYEHUEM B IPOMEKYTKE [—00, +00).

B cayuae, korjga wy = —oo, nosiyrpynna U(t) HasbBaeTcs K6a3UHUALNOMENMHOT
win emé cynepycmotinusoti. Mbl 6yzeM HCIOIB30BaTh B OCHOBHOM BTOPOI TEPMUH,
TOBOPSI UMEHHO TIPO «CYIEePYCTONIMBOCTEH» MOJYTPYIIHI IO aHAJOTUH C AHTJIHHCKUIM
“superstability”, npunsaTBIM B cOBpeMeHHOIT 3ana/noil mureparype (eMm. [10-15]). Hannoe
Ha3BaHWE BIIOJIHE OMPABIAHO, TIOCKOJBKY TpeOOBaHME wy = —00 IKBUBAJEHTHO TOMY, ITO
mpu J1I060M BBIOOpE umcsa « > 0 Haiimércs koncranTta M = M, > 1, ajast KOTOpOi

U@ < Me™*, t>0. 9)
Ouerka (9) JI0IyCKaeT JIOMOTHUTEIHHYI0 KOPPEKIIUIO [IPU TIOXO/ISIIEM U3MEHEHUN HOPMBL.

Jdemma 2. Iyemv U(t) — cynepycmotivusan noayepynna kaacca Co. Toeda npu
a06om ewibope wucaa o > 0 natioémes sxsusarenmuan nopma || - [|o 6 npocmpancmese E,
maKas, 4mo

U0 < e, t>0. (10)

HokaszaresnbcTBo. Bocnomnb3yemest u3sectHbiM npuémoM |1, ¢. 376]. 3adukcupyem
qucyio « > 0 u 3anumem orenky (9) ¢ coorBercrByomieit koncranroit M = M, > 1.

Iomoxxum
[ flla = sup le*"U(T)fll, f€E. (11)

YunrsBasg (9), nonygaeM, aro || f|| < || flla < M| f|| ars moboro f € E. CsoiictBa
HOPMBI s || - || ipoBepsitorest HenocpeacTserno. Urax, dopmysa (11) mefictBurensao
KOPPEKTHO OIIpeJieisieT 3KBUBaJeHTHyIo HopMy B E. Kpome Toro, ecim ¢ > 0, To

IU®#) flla =sup e U(r +t) f|| = sup e~ |e* T U (7 + ) f|| =

720 720

= e sup [ U(s) /]| < e sup [ U () fl| = I fllas ] € E.
s>t 520

OTKysia U ciejyer HyxkHast onenka (10). Jlemma nokasana. 0O

Cyuepycroiiunsas nosiyrpynna U(t) HasblBaeTcsl TakyKe KBa3UHUJIBIOTEHTHOM, I10-
CKOJIbKY Bce eé oreparopbl U (t), B3sarbie npu ¢ > 0, SBJISIOTCI KBA3UHUJIBIIOTEHTHBIMI
B npocrpancree F. Ilpu stom crexrp o(A) mopoxgaromiero oneparopa A OymeT mycTbiM,
a pe30JIbBEHTHOE MHOXKECTBO p(A) 3amo/HUT BCIO KOMILIEKCHYIO IJIOCKOCTh. B dacTHOCTH,
3aBEJIOMO CyIIECTBYeT OrpaHMYeHHbIH obpaTHEIl onepatop A~!': E — E, 94T0 HECKOIBKO
ynporaer pOpMyJIbl IpU U3ydeHnu mocTaBieHnoit 3agaqu (1), (3) (em. [6]).

OcobbIM IPUMEPOM CyTIEPYCTONUNBON (KBa3UHUIBIIOTEHTHOI ) nosryrpynmst U (t) ciry-
KUT HUABROMEHMHAA NOAY2PYNNG, KOTIA

U(t)=0, Vt=ty>0, (12)
C HEKOTOPBHIM (DUKCUPOBAHHBIM 3HaUYeHUeM tg > 0. HuabnoTeHTHBIE TOTYTPYIIIBI €ecTe-

CTBEHHO BO3HHUKAIOT IIPH PACCMOTPEHUH IIPOIECCOB IIPOCTOTO [EPEHOCA B TOH UM MHON
orpanndennoit obmactu (cMm. |1, c¢. 552| wm |5, c. 363-364]).

3. ®@opMyIMpoOBKAa OCHOBHBIX Pe3yJIbTATOB

Bepuémest k pacemorpenuo obparnoii 3agaan (1), (3). VI3 teopun, passuroii B (6],
cremyer Takoe yrBepxkienue (cm. [6, c. 112]).
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Teopema 1. Ilycmov aunetinoil 3amkHymuit onepamop A nopootcdaem cynepycmoti-
wusyro noayepynny U(t) xaacca Cy. Iyemo ¢ € C[0,T) N BVI[0,T] u p € BV[0,T]
¢ svmoarernnvm yeaosuem (4). ITyemv makorce

T
BE/@ ) du(t) # 0. (13)

Tozda obpammasn 3adaya (1), (3) umeem u npumom eduncmeennoe pewenue (u(t),g) npu
11060M 6vibope anemenmos ug, u; € D(A).

Meros oKa3aTeIbCTBa TEOPEMbI 1, IPeJIJIOXKEHHBIH B 6], HOCHJI HEKOHCTPYKTUBHbII
xXapaxTep u O6asumpoBaJicsad Ha Teopuu lebdaHaa KOMMYyTATUBHBIX 0aHAXOBBIX aJredp,
TOUYHee, Ha CIIEIUAJLHOI BepCcun Toit Teopun, pa3spaboTanHoil B TpakTare 1] asist omu-
CaHUs CIEKTPOB MHTErPaJIOB OT MOJYrpyil. JIOMOTHUTEIbHBIN aHAIN3 TTOKA3BIBAET, UTO
MOYXKHO u306e2KaTh OOpaIleHns K TAKAM CJIOYKHBIM KOHIENIUAM U MOJYyIUTh TeopeMmy 1
3JIEMEHTAPHBIM KOHCTPYKTHUBHBIM METOIOM.

B npeamonoxkenusx Teopembl 1 pacCMOTPUM OIEPATOPHOE YpaBHEHUE Ha, HEM3BECTHBIN
snement g € E. Corsacuo cxeme [6] ypaBHeHHe JIOIycKaeT 3alich

Bg—Bg=f (14)
co 3uadenueM [ # 0 uz dbopmysbl (13), TUHEHHBIM OrPAHMYEHHBIM OIIEPATOPOM

T

Bz/(p(O) t) du(t) +/Tdu /tU t —s)de(s) (15)

0
U 3aJIaHHBIM 3jiemenToM f € E Buia

T

F=A / U (o dp(t) — uy | (16)

0

31ech U B JasbHEIeM Bce OlepaTopHble HHTErpasbl Tuna (15) noHuMaroTes B CHIIbHOI
OIEPATOPHON TOIOJIOTHMH — CO CXOAMMOCTBIO Ha IPOM3BOJBLHOM 3jemente h € E. Uc-
[OJIB3Ysl CTPYKTYPY Bbipazkenus (15) u skcroHeHnuaabHyo onenky (10) ¢ moaxosmmm
BBIGOpOM 3HaUeHUs v > (), MOXKHO OIEHUTH Oreparop B B 3kBuBasieHTHON HOpMe (11)
7 TIOKA3aTh €r0 KBa3WHMJIBIIOTEHTHOCTh. Hara 1mesib — yCTaHOBUTDH MPSAMBIM METOJIOM
CJIETYIOMUI TPUHIUIUAIBHBIA (DaKT.

Teopema 2. Ilycmv svinoamnenvs npednososicerus meopemv, 1. Tozda onepamop B
ug gopmyave (15) asasemes keazurusonomenmuum 6 npocmpancmee E. Ipu smom
peweHue 00HO3HAYHO PA3PEWUMO20 onepamoprozo ypasherus (14) co snaveruem [ # 0
npedcmasumo padom Hetimana

9=>_ 5k+1 B*f, (17)
k=0

crodawgumes no nopme npocmpancmea E. Ecau snemenm f € E e3am 6 eude (16),
a Komnaerxcroe wucao £ 0 — 6 sude (13), mo anemenm g us gopmyave (17) daém
emopoti Komnonwenm pewenus (u(t),g) nocmasaennot obpammnot sadaywu (1), (3). Ipu
amom nepevill komnorwenm pewenus — Pyrryus u(t) — evipastcaemesn gopmyaot (2).
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Teopema 2 ecTh IyiaBHBINA pe3yabrar Hameil paboTbl. OHa 00OCHOBBIBAET UTEPAIH-
OHHBIII aJIrOPUTM JIJIsi IOUCKa perteHust obparHoit 3amaqu (1), (3) npu nomormu psiga
Heitmana (17). Anropursm npuobperaeT 3aKOHYEHHBI BUJI B CHEIUAJBLHOM CJIydae HUJIb-
norenTHOi nosyrpynnst U(t). Torga, npu HEKOTOPBIX JOIOJIHUTEIBHBIX OIPAHMYEHUSIX
Ha dyskuun ¢(t), u(t), MOXKHO J10Ka3aTh TAKOE YTBEPIKICHIUE.

Teopema 3. I[Tycmo evinoarenv npednoaoscenus meopemv, 1. Ilyemsv, donoarumens-
no, noayepynna U(t) asasemces nuavnomenmnot, yoosaemeopsan coomuowenuro (12)
¢ purcuposarmnvim snavenuem to > 0. IIpednonrooicum maxoice, wmo dynryus pu(t) aAca-
emcs nocmosnHol Ha Hexomopom npomescymsze [0,a] C [0,T), a Pyrxyus p(t) seasemes
nocmoannotl ma nexkomopom npomestcymee [T — b, T) C (0, T], npuwém

a+b>T. (18)

Tozda onepamop B u3 gopmyav, (15) asasemes HusbNOMENMHOIM U

t
B¥=0, keN, k> 0

Z —. 19
a+b-—-T (19)

Coomeemcemeenno, pewenue onepamoprozo ypasruenus (14) npedemasumo 6 sude Koneu-
HOU CYMMDL

N,
o= Loy =[] (20)
= gl ’ a+b-T ’

samewarouseli beckoneunoli pad Hetdmana (17).

Buech gepes [c| obosnauen nomoaokx ducia ¢ € R, 1. e. HanuMeHblIIee 1eJI0e 9ucso, 6ob-
1ree wim pasuoe ¢ (eM. [22, c. 88]). Teopembl 2 1 3 pasIMUIHbI 10 XaPAKTEPY, U JOKA3BIBATH
UX YI0OHO Pa3IebHO.

4. Jloka3aTeJbCTBO OCHOBHOII TeOpeMbl 2

ITo noBomy Teopun unrerpasia Crusbrbeca cM. [1,23]. Be3 BesaKuX MOsCHEHNUI HCIONIB3yeM
CTaHJIApTHBIE OIEHKU TUIIA

/ o(6)du(t)|| < s [o(0)] - Var (0},

BepHble mpu j06oM Beibope v € C([0,T], E) u p € BV[0,T]. Ocobo ormernM ciie tyommuii
MTOJIE3HBIN (DAKT.

Jemma 3. Iyemv ¢ € C[0,T) N BVI]0,T]. Toeda dasn w6020 3adanrozo wucaa § > 0
MOHCHO nodobpamsv makoe 3navenue T = T(p,0) > 0, wmo npu ecex t1,ty € [0,T],
ydosaemsopsrouux ycaosuto 0 < to —t1 < T, 6uINOAHACTNCA COOMHOULEHUE

"<l (21)

Var{¢(s)} . S3

N

HokazareabcTBo. OnpenenuM GyHKIIAIO

t
, 0
0

N
N
~

P(t) = Var{e(s)}
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MoHOoTOHHO Bozpactaromtyio Ha [0, 7. Ilockonbky 1o ycaosuio ¢ € C[0,7] N BV[0,T],
To takxke u ¢ € C[0,7] N BV[0,T] (cm. [23, c. 210]). ITo Teopeme Kanropa dbyuxus
¥ (t) Gyner paBHoMepHO HempepbiBHOI Ha [0, T, T.e. a1 jo6oro § > 0 Haiimérces: Takoe
suavenne 7 > 0, uro npu Beex t1,to € [0, 7], yaoBrerBopsitomux ycuoputo 0 < to —t1 < 7,
BBITIOJIHEHO COOTHOIICHHE

t2

1(ta) — Y(t1)| = Y(t2) — Y(t1) = Var{p(s)} LSy

Ho st0 u yrBepxknaercs B (21). Jlemma gokazana. o

OuennM Tenepb OT/IEIbHBIE CllaraeMble B OCHOBHOM oreparope B u3 dopmyist (15).
Bce npejnosioxkenust TeopeMsl 1, a, 3HAYHUT, ¥ TEOPEMbI 2, OTHOCHTEILHO IIOJIYIPYIIIIbI
U(t) nu dyuxmmit ¢(t), p(t) cantaem BbimosaHeHHbIME. HaoMHEM, 9TO olepaTopHbIE
HHTErpaJibl pacCMaTPUBAIOTCS (M OIEHUBAIOTCS) B CUIBHOI OIIEPATOPHOI TOIOJIOTUH —
Ha [IPOM3BOJILHOM 3dJIeMeHTe h € E, KOTOPBIii 1Jist KPATKOCTH MCKJII0OYaeM U3 3aIiceil.

Jdemma 4. Ilycmv onepamop By onpedeaén popmynot

T

By = / U(t) dpu(t). (22)

0

Tozda das mobozo 6 > 0 natidémes maxoe ap > 0, 4mo npu 6Cexr o > (p GEPHA OUEHKQ
|B1|a < 6. (23)
3deco || - ||la — oKBUBANEHMHAA HOPMA, 3adanHas 6 npocmpancmee E no gopmyae (11).

Hoka3zarenbcrBo. 3adukcupyeM npoussosbhoe § > 0. B cuty npeamnonoxenus (4)
Haiijgércs rakoe v € (0,7, uaro

Var{u(t)}‘;: < g (24)

ITpu sTom, ecoim v = T', To orenka (23) BBIIOIHSIETCs IPHU JIIOOOM 3HadYeHuu « > (0, Tak
Kak, cornacuo (10), nmeem

T ¥ )
[e% < —ot, } - ‘ - .
1Billa < max ™ - Var{u(t)}| == Var{u(t)}| <5 <90

Xt

Urak, mpu v = T 3uadenne o > 0 MOXKHO BBIOMPATH ITPOU3BOJIHHO.
Ecmn ke v € (0,T), 3anuiem oneparop By B Buje

By = O/ Ut) du(t) + Z U(t) du(t) = O/ U(t)du(t) + U(7) ! Ut —7)du(t).  (25)

Onenusas (25) ¢ yaérom (10) u (24), moxyvaem

vy T
< —at ‘ —ay —a(t—) ‘ =
1Bulla < max ™" - Var{u(t)}| +e™7 - max e Var{u(t)} §

_ Var{u(t)}‘z 4 e Var{u(t)} j < g Fe -Var{,u(t)}’OT. (26)
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Bribepem Terepn vy > 0 Tak, 9TOOBI IPH BCEX (v > (1 JEHCTBOBAJIO COOTHOIIECHUE

T 4§
e~ Var{u(t)}| < 7 (27)
0
Kombunupyst (26) u (27), noaydaem HyKHy10 oreHKy (23). Jlemma jokazana. O

st oneHKM BTOpOrO cjiaraeMoro B omeparope (15) tpebyercst ciemyromuii mpejBa-
PUTENbHBINA pe3yJIbTaT.

Jemma 5. ITycmv onepamopras dynkyus F(t) onpedeaena dopmy.aot

t

Ft) = /U(t— $)dy(s), 0<t<T. (28)
0

Tozda das a0bo20 6 > 0 natidémes maxoe ag > 0, wmo npu 6cexr o > g BEPHA OUEHKQ
IF(0)la <6, 0<t<T (29)
3dect || - ||o — ox6UBANENMNAR HOPpMA, 3adannan 6 npocmpancmee E no gopmyae (11).

HokazareabcTBo. 3adukcupyeM mpoussojibHoe 0 > 0. Boibepem 3unadyenue 7 > 0 Kak
B jleMMe 3, 4T06ObI cooTHOmenne (21) BBIIOMHIOCH P Beex t1,ty € [0,7], yaoBiaerso-

pstrorux yeaoBuio 0 < to — ¢y < 7. [lpmw o« > 0 m 0 < ¢ < 7, ucnosw3ys (10) u (21),
ITOJLy I8eM

t t
< 7Oé(t78) . — < _ .
IF@lla < max e Varfp(s)}| = Varfe(s)}| <5 <9

Tem cambiM onenka (29) Beirossena npu jaobom o > 0 u 0 < ¢ < 7. BosmoxHO,
KOHeYHO, 4T0 7 = ', 1 Torja Bce JOKA3aHO C IPOU3BOJIBHBIM BEIOODOM 3HAUeHUs (g > 0.
IMIpu 0 <7 < T u 7 <t<T neperntem F(t) B BUIE

t—1 t

Plt) = /U(t—s)dap(s)—f—/U(t—s)dap(s), r<t<T (30)

0 t—T
ITycrs cHoBa o > 0. Onenusas (30) ¢ yaérom (10) u (21), mosyaaem

t—
IF®)]la < max e 7). Var{p(s)}
0

0<s<t—1

T t
+ max e 79 Var{p(s)}

t—T<s<t

t—T1

= e Va4 Varle)| <o Varlp(e)] + 5. (3D

2

Bribepem Temeph aig > 0 Tax, 9TOOBI IPU BCEX (v > (ip JEHCTBOBAJIO COOTHOIIIEHNE

e 7 -Var{go(s)}‘OT < g (32)

Kombunupys (31) u (32), moayaaem orenky (29) npu 7 < ¢ < 1. B urore ¢ ykazanubM

BbIGOpOM T > 0 1 vy > 0 HyKHBIIT pesyabrar obocHoBaH Ha BceM orpeske [0, T]. Jlemma
JOKA3aHa. O
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Ormerum, uto, eciu ¢ € C1[0,T], To moKa3aTEIBLCTBO JIEMMBI 5 CUJILHO YIPOINAETCS.

HeiicrBuresnbuo, obosnauns K = Jmax | (s)], aust bysKIm (28) nMeeM OIEHKY
SRR

t t
K
[F(t)|la < /ea(ts) |©'(s)]ds < K/eo‘(ts) ds< — <6, 0<t<T,
a
0 0

BEPHYIO IIpU @ > g = K/§ ¢ npousBosibHBIM buUKCHpOBaHHBIM § > (.

ITpuctynum K J0oKa3aTebeTBy caMoii TeopeMbl 2. OueHuM OCHOBHOI onepatop B u3
dopmyner (15). Bamerum, uro B = ¢(0) By + Bs, rie oneparop By onpejenén dhopmy-
Joit (22), a oneparop By mmeer BuUJ

B = 0/ () 0/ Ut — ) de(s) = 0/ F(t) dpt) (33)

¢ dbyukrumeit F(t) u3z dopmyisr (28).

Boszbmém kakoe-to 3uadenue § > 0. [I[puanmast Bo BHUMaHME TPEIbIIYIIAE JEMMBI 4
u 5 ¢ ux BBIOGOPOM G W (2, TOJIOKUM «p = max(ag,aq). Torma mpu Becex a > g
B 9KBUBAJEHTHOI HOPME || - ||, 3a1anb0i 110 bopmyste (11), mosrydum, 9To

IBlla < @(0)] -5 +4- Var{u(t)}\oT = (Iso(())l + Var{mt)}\:) 0.

Badukcupyem npousBosbHoe € > 0. ZlcHo, 4To HpHU JOCTATOYHO MaJIbIX 0 > 0 uMeeM
oleHKY || B||o < €, BepHYIO IIpH BCEX (v > (yg ¢ COOTBETCTBYIONMM 3HaueHueM «g > 0. ITo
JeMMe 1 9T0 rapaHTUPYeT KBa3WHWIBIIOTEHTHOCTDH oneparopa B. Ho Torma omeparopHoe
ypasrenue (14) upu mo6om Bbibope yucaa 5 # 0 OyJeT 0HO3HAYHO PA3PEIINMbIM, U €r0
pemenue g € E nupeacrasumo psijom Heiimana (17).

To, uro ypasuenue (14) ¢ oneparopom (15) u 3amannbIM 351eMeHTOM (16) SKBUBAIEHTHO
ucxo/iHoM obparHoii 3amade (1), (3), caemyer u3 npexxkuux pesyiabraros [6]. Teopema 2
MOJTHOCTBIO JIOKA3aHA.

5. JlokazaTeJbCTBO TeOpeMbI 3

[Tycrs dyrkmun p(t), pu(t) yaoBIETBOPSIOT YCIOBUIM T€OPEMBI 3, BKIIIOYAsT CIEIUATb-

Hoe rpebosanue (18). Torma mist oneparopos By, Bs u3 dopmyn (22), (33) BO3MOXKHBI
IIPEICTABIICHAS

B = /U(t) du(t) = U(a+b—T)U(T — b) / U(t — a) du(t),

T T—b T b
By = a/d,u(t) 0/ U(t — s)de(s) = Ula+b—T) a/du(t) O/ Ut —a+T—b—s)de(s).

CuteoBaresibHO, OCHOBHOIT oneparop B u3 dhopmysbst (15) BelpazkaeTcs: B BHE

B=¢(0)By+By=Ula+b-T)Q, (34)
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rJe
b

Q = p(O)U(T — b) / Ut — a)du(t) + / du(?) / Ult—a+T—b—s)de(s).  (35)

Omneparop U(a + b — T') kommyTupyer ¢ oneparopom Q. ITo npemosioxkenuo reope-
Mbl 3 mostyrpynma U (t) siBiisieTcsi HUJIBIIOTEHTHOI B IpocTpancTBe F U yJI0BJIETBOPSIET
coorHomenuio (12) ¢ dukcupoBanubiM 3uadenuneM ty > 0. ITosromy

BF =U(k(a+b-T))Q¥ =0, keN, kla+b—T)=to,

aro u gaér dopmysty (19). Urak, HuibnorenTHocTh oneparopa B ycranosiena. B cury (19)
psai Heiimana (17) nepexoaut B Koneunyio cymmy (20). Teopema jrokazana.

Kak BugmmM, KI1049€BYIO POJIb B JIOKA3aTEIBCTBE TEOPEMBI 3 CHIIPAJIO CHEIHAJIBHOE PA3JIO-
xkenue (34) ¢ oneparopom @ u3 dopmysibt (35). KoppeKTHOCTH KOHCTPYKIMH 00YCJIOB/IeHA
rpeboBanreM (18). OTMeTrM IpUMEpPBI, KOIJIa TaKask KOHCTPYKIUS CUJIBHO YIIPOIIAETCS.

6. MojenbHble NpUMepPbI

Bcerony B 1aHHOM myHKTE cumTaeM, 4ro mnosyrpynna U(t) siBiiseTcss HUIbIIOTEHTHON B
npocrpancree E, ynosierBopsist yciaosuio (12) ¢ dpukcupoBanubiM 3HadeHueM to > 0.

ITycrs ¢(t) = 1 ma [0,T]. Dror 0cobbIil cirydail YacTo BO3HHKAeT Ha mnpakTuke. [lo-
CKOJIbKY (DyHKIWs p(t) sBJIsieTcsi HOCTOsIHHOI Ha JiroboMm mpomexxytke [T — b, T C (0,77,
TO JIJIsi IPUMEHEHUsI TEOPEMBI 3 JIOCTATOYHO TPeGOBaTh, YT00bI (hyHKIMs f4(t) Oblia mo-
crostHHOl Ha mpoMexyTke [0,a] C [0,7") ¢ HekuM (x0Th KakuM-TO) 3HadenueM a € (0,7).
B orBer MmoxkHO Beerma nomobpars takoe b € (0,7"), aro Tpebosamnue (18) oKayKeTCst BbI-
[OJIHEHHBIM. Bripouem, 371eCh HeT CMbICIa IpuberaTh K Teopeme 3, MOCKOIbKY IPIMOe
UCC/IeIOBAaHIE TOPA3/I0 HATJIsIJIHEe.

HeiicrBurensho, 3adukcupyem snadenue ¢ € (0,7) u paccMOTpuM 06paTHYIO 3a1a<y
w(t)=Au(t)+g, 0<t<T,

’ (36)
u(0) = ug, /u(t) du(t) = uy.

a

Cranmapraoe TpeboBanue (13) mepexoaur B ycjIoBHe

8= u(T) - pla) £ 0. (37)
Omneparop (15) npuobperaer Bu

T T

B / U(t) du(t) = Ula) / Ut — a) du(t). (38)
[Mockomsky U(ka) = 0 npu k > to/a, ro B¥ = 0 npu mo6om marypamsaom k > to/a, T.e.

omneparop (38) rapaHTUPOBAHHO SIBJIETCS HUIbIOTeHTHBIM. Popmysta (17) st Hem3BecT-
HOTO 3jieMeHTa g € E cBomuTcst K KOHEYHOM CymMme
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AN N Tt
=Y g B M= || (30)
k=0
¢ KoHcTaHToi 3 # 0 u3 dopmyssl (37), oneparopom B u3 dopmyssl (38), u 31eMEeHTOM
T
Fy w@/b@—@wﬂmw—m . (40)

a

B ciayuae, korna a > ty (a Takoe BHoIHE BO3MOXKHO), (popmysist (38)—(40) pagukaibHO
YIPOLIAIOTCS, U 9JIEMEHT ¢ BBIPAYKAETCSI OJHUM CJIAraeMbIM

g= - Auy. (41)

JIrobomnerrHo, uro Takoit orser (41) 3aBucuT He OT BHIOOPA TOI MM MHON KOHKPETHOI
dysxmun p(t), a aume or 3uavenus [ = pu(T) — p(a) # 0.

[Tonseném uror: nmenno coorHomenus (37)—(41) u HAIO UCHIOIB30BATE JIJI HAXOK/IE-
HUA pereHnst oopaTHoii 3a1aun (36) ¢ omeparopoM A, HOPOKIAIOMNM HUIBIOTEHTHYIO
nostyrpymy U (t).

Criera/ibHBI MHTEPEC MPEJICTABIISIeT YaCTHBIH cirydail obpaTHoit 3ama4du (36), Ko-
ria pu(t) ecth GYHKIMS CKAYKOB, JJOKAIM30BAaHHBIX B poMexyTke [a, T] C (0,T]. Ob6mee
HEJIOKAJIBHOE yCJIOBHE (3) 3aMEHSIETCS MHO20MOYEYHbLM YCAOBUEM, T OOPATHAS 3a1a9a
NPUHUMAET BUJ

w(t) =Au(t)+g, 0<t<T,

U(O) = Uo, Z Oéku(’]'k) = Uj. (42)
k

3aech {7y} — KOHEUHbI HWIH CIETHDINH HAOODP PA3JIMIHLIX TOYEK U3 [a, T'], 3aHyMepOBaHHBIX
HATYDPAJIbHBIM HHJIEKCOM k. Bee umciioBbie KO9hMUIMEHTDI (), CIUTAIOTCS OTIINIHBIME OT
HyJIsL ¥ TAKUMH, 970 » | |ag| < co. Tpebosanue (13) mepexomur B ycjoBue

,BEZak;éO. (43)
k

Dnement g € E B obparHoii 3aaue (42) BbIpazkaeTcs IpexkHell KoHeuHOi cymmoii (39),
rie

B = ZakU(m), f=A (ZakU(Tk>UO - Ul) ) (44)
k k

a 3HadeHue [ Beraucisercs depes (43). Oxomvarensnoe ymnpomenne dopmyi (43), (44)
IIPOUCXOUT B CJIydae 0OpATHOI 3a1adu ¢ (PUHAIBHBIM IEPEOIPEIEIEHIEM.

HeiictBurenbHo, myctb ¢(t) = 1 wa [0,7], a pu(t) ectb DyHKIMS €IUHAIHOTO CKAYKA,
B dunanpHoit Touke t = T'. Torna ucxomnas obparnas 3azada (1), (3) mpuHEMaeT BuL

{NMZAMQ+% OstsT (45)

u(0) =up, u(T) = wu.
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D10 U ecTh Modeavras obpamnas 3a0axa ¢ Purarvhvim nepeonpedeaenuem (cMm. [8]).
Beumy ocoboit BaxkaocTu npumepa (45) pasbepém ero 6osiee moapoGHO.
Caenyst obmum dopmysam (13), (15), (16), noxygaem

=1, B=UT), f=AUT)ug—uq). (46)

Hockomeky B¥ = U(kT) = 0 nipu jmo6om maTypaasaom k > to /T, To 06Imas paspermaionmast

dbopmyita (17) BHOBb CBOJUTCS K KOHEYHOI CyMMe, UMEIOIIEeH B JIAHHOM CJIy4dae 0COOEHHO
IIPOCTONA BUJ,

No

9= UKD)f,  No

k=0

Hﬂ 1, (47)

¢ suementoM f u3 (46). Boamoxkuo, koneuno, uro 1" > tg, u Torga Ny = [to/T] — 1 = 0.
ITpu sTom Takxke U(T) =0 u f = —Au;. B pesynbrare obmuit mabnon (47) gaér orser

g=—Au;.

C mpyroit cTOpOHBI, BO3MOXKHO, 4TO 1’ < tg. Torma, mpuHuMasi BO BHUMAHUE TIPEICTaB-
serne (46) jist s7eMerTa f U POBOJISI dJIEMEHTApHBIE TIPEOOPA30BAHMSI, UMEEM

No
g=> UKD =f+UT)f+UQRD)f+...+UNT)f =
k=0

No
t
=—Au; + A ; U(KT) (ug —uy), No= {;j—‘ —1.

Caaraemoe U ((Ng + 1) T') ug npomagaer, u6o (No +1)T > tou U ((Ng+1)T) = 0.
B urore dhopmyiy (47) 1yt BTOpOro KOMIOHEHTa ¢ pelleHusi 00paTHoil 3amadu (45)
MOXKHO 3alliCaTh B BUJIE

—Auy, 0<ty<T,
_ No
g= (48)
—Auy + AN U(KT) (ug —w1),  to>T >0,
k=1

e Nog = [to/T] — 1. Beipaxenue (48) ym1o6HO Ha npakTuke. st OCTEAYIONUX IPU-
MeHEHUH JJAHHOrO pe3y/bTaTa 3a(UKCUPYeM TOUYHOE YTBEPIKICHUE.

Teopema 4. Iycmo aunetinvil 3amxnymoili onepamop A nopooicdaem HusbnomeHm-
nyro noayepynny U(t) xaacca Cy, ydosaemsopsowyro ycaosuro (12) ¢ durcuposarmvim
anauenuem to > 0. Toeda npu aobom evibope ug,uy € D(A) anemenm g € E, paspewaro-
wul obpammyro 3adavwy (45), naxodumes no gopmyae (48).

IIpu srom dyukius u(t) BoccTanaBauBaeTcst o (opMmyie

u(t) = U(t)uy +/U(s)g ds, 0<t<T, (49)
0



Tuxonos U.B., By Hryen lllon Tyur Pa3spemumocTsb jiuHeiHOM 06paTHOM! . . . 115

HEIIOCPEJICTBEHHO cJieytonieil u3 (2) B caydae, Korya ¢(t) = 1. @opmysna (49) ucmosisb-
3yercst TakyKe B 00parTHbIX 3ajadax (36) u (42).

7. 3akiroudyeHue

Urak, Teopust muHeitHOI obpaTHOit 3aa4n (1), (3) ¢ omeparopom A, OPOXK IAIOITIM
CYNIEPYCTONYUBYIO TIOJIYT'PYIIIY, OKa3bIBA€TCsI B OCHOBHOM 3aBepInénHoit. [losyuenubie
Pe3YyJIbTAaThI IIPEACTABJIAIOT MHTEPEC JIJId HEKOTOPBIX CIENUAJIbHBIX Pa3/1e/IOB MaTeMa-
TUYECKON (DUBMKM, CBA3AHHBIX C T€OPHUEH YIPYrOCTH U 3aJadaMy JUHEHHOTo mepeHoca.
Hampumep, Ha ocHOBe (DOPMYJI, YCTAHOBIEHHBIX HAMHU B 1. 6, MOYKHO pa3paboTaTh KOH-
KPETHbIE aJITOPUTMbI PEIleHns] 0OpaTHBIX 3a/1a4 Tuia (36) /st MHOrOMEPHOI'O ypaBHEHHsI
TepeHoca, B3ITOr0 B cpejie 6e3 CTOIKHOBEHNUH, HO ¢ BO3MOXKHBIM TOTJIONEHNEM TACTHII.
ODTOT MaTepHuaJj MOJE3HO OMYyOJINKOBATH OTIEIbHO.
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For the evolution equation in a Banach space, the linear inverse source problem is studied. It
is required to recover an unknown nonhomogeneous term by means of an additional nonlocal
condition written in the form of a Riemann—Stieltjes integral. The main assumption is related to
the superstability (quasinilpotency) of the evolution semigroup. More precisely, it is assumed
that the evolutionary semigroup associated with the abstract differential equation has an infinite
negative exponential type. Without other restrictions, a theorem on the solvability of the inverse
problem is obtained. It is shown that the solution can be represented by a convergent Neumann
series. Exact conditions under which an infinite series becomes a finite sum are found. Here, the
algorithm for calculating the solution becomes finite. Model examples are considered, including
an important example of the inverse problem with final overdetermination. The above results
can be applicated in special parts of mathematical physics related to the theory of elasticity
and the linear transport theory. As is customary, our research takes place in the general case
with a choice of the complex scalar field, but the main facts are also true in the real case. The
created theory allows transfer to nonlocal problems for evolution equations, when instead of the
traditional initial condition special time averaging is used to find the solution.
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operator equation, Neumann series, existence and uniqueness theorem of the solution
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ya. Muxayxo-Maxaan, 0. 6, Mocksa, Poccus, 117198

Ilonmy4dennbr TOYHBIE MUCIIEPCUOHHBIE YPABHEHUS JJIS IJIOCKOTO CUMMETPUYHOIO JIMIJIEKTPH-
YECKOI'0 aHU3OTPOIIHOI'O BOJIHOBOJIA, B KOTOPOM HM30TPOIIHBIM fABJIIETCHA BOJIHOBELYIIUN CJIOMH,
a 0OpaMJISTIONIHE CpeJbl MPENOIATal0OTCd aHU30TPOIHBIMUA OJITHOOCHBIMHU CpeJlaMu. TeH30pbI
JIAJIEKTPUIECKON MPOHUIIAEMOCTH OOPaMJIAIONINX CPEJ IIPU 9TOM HE IPEeNoJIaraloTCsa JIUaro-
HaJIbHBIMU, & UMEHHO — y OJIHOM M3 HHUX STOT TEH30p 00pa30oBaH IyTEM IOBOPOTA JIMATOHAJIBHOTO
TEH30pa Ha HEKOTOPBIA yroJl MexK/Iy OITHYECKOU OChbI0O aHU30TPOIIHON Cpelbl U HallpaBJIeHUeM
pacupocTpaHeHusl 3JIEKTPOMATHUTHOM BOJIHBI. T€H30p JMIJIEKTPUYIECKON MPOHUITAEMOCTH JIPY-
o aHU3OTPOITHOM CPebl TOBEPHYT HA TAKOM K€ yroJi, HO B IIPOTUBOIIOJIOXKHOM HAIIPABJICHUH,
IIPY 9TOM OIITHYECKHE OCH 00ernX OOpaMJISIONIUX CPell JIEXKAT B IJIOCKOCTH, ITapaJijIeIbHON Ipa-
HUIIAM BOJIHOBEJYIIEH CTPYKTYpbl. TakuMm oOpa3oM, B 0OpaMJISIIOIINX CPeIaxX MOJIePKUBAETCS
CyLIeCTBOBaHME MIECTUKOMIIOHEHTHBIX 3JIEKTPOMATrHUTHBIX BOJIH.

B mucniepcronHBIX CBOICTBAaX TAKOI0O BOJIHOBO/IA HADJIIOIAIOTCS HEKOTOPbIE OCOOEHHOCTH, IO
CPaBHEHUIO CO CJIyYaeM, KOrja OOPaMJISIONINE CPEIbl IIPEIIIOIaratoTCs N30TPOITHBIMU.

O6Hapy>KeHO, YTO MepBas CUMMETPUYHAsT MOJIA TAKOrO BOJHOBOJA UMeeT KOHEIHOE 3aMe]l-
JICHUE IIPU HYJIEBOU TOJIIMHE U30TPOIIHOT'O CJIOA, YTO I'OBOPUT O BO3MOXKHOCTUA BO3HUKHOBECHUSA
HOBEPXHOCTHBIX 3JIEKTPOMArHUTHBIX BOJIH (TaK HA3BIBAEMBIX BOJIH JIbSIKOHOBA) HA TPAHMIIAX
TOT0 U30TPOIHOTO 0. OTMEYEHO, UTO TMEPEXO] AHTUCUMMETPUIHON MOJBI B /IbIKOHOBCKYIO
BOJIHY TIPOUCXOIUT MPU KOHEYHOH TOJIIMHE BOJIHOBEJIYIEro cJjos. llpuBemeHbl 3aBUCUMOCTH
BEJIMYUHBI 3aMEJICHUA JJIEeMEeHTAPHOU (CHMMeTquHOﬁ) MOZBI OT yIJla TOBOPOTa ONTHUYECKOMN
OCH aHU3O0TPONHBIX CpeJ, OTHOCUTEJbHO HAIIPaBJIeHUs PAaCIPOCTPaHEHUsl HAllpaBJIsieMOil BOJIHBI
BOJIHOBOJHO# CTPYKTYDBI.

Kpome pucriepcrnoHHBIX CBOMCTB TAKOTO BOJIHOBO/IA, UCCJIEIOBAHBI IIONIEPETHBIE PACIIPEICICHUT
oJieil HaIlpaBJIsIEMON 3JIEKTPOMATHUTHOUN BOJIHBI, IIPUBEAEHBI TOUYHbIE AHAJATUYECKIE BbIPa KEeHUS
JJI aMILIUTY/L, II0JIe 3TOU BOJIHBI.

KuroueBrle cJioBa: IOBEPXHOCTHAs 3JI€KTPOMArHUTHAS BOJIHA, aHU30TPOIHAS CPEJa,
TEeH30P AUSJIEKTPUYECKON IPOHUIIAeMOCTH, BOJHOBOJHBIE MOJBI, IOIIepevYHOe paclpeeseHue
AMILJIUTYJ, HallpaBJIgeMbl€ BOJIHBI

1. Bsenenue

WNutepec uccitenoBareneit Kk cpoficrBaM BOJH JIbIKOHOBA SABJIIETCS TNOCTOSHHBIM HA
MPOTSI2KEHNN HECKOJIBKUX JIECATKOB JIET. 3a 9TO BPEMs U3yYeHbI MHOTHE OCOOEHHOCTH
TaKWX BOJIH, BO3HUKAIOMNX Ha I'PAHUIAX AHU30TPOIHBIX CPEJI B PA3JIMYHBIX I'€OMETPHUIX.
Haunbosiee BazkHOI 0COOEHHOCTBIO BOJIH [IbSIKOHOBA SIBJIsIeTCsl (B OTJIMYKE OT MJIA3MOHOB)
OTCYTCTBHE MOTEPH SHEPTUU IO MEPE UX PACHPOCTPAHEHUS BIIOJb T'PAHUIILI AHU3O0TPOITHO
CpeJibl.

OcHoBHBIE PE3YILTATHI UCCIEIOBAHISA CBOWCTB TAKUX BOJIH JOCTATOYHO MOJAPOOHO U3JI0-
’KeHbl B 0030pax [1,2]. Ciexyer orMeTuThb, 9TO 3a CTOJIb JOJITHUIl IIEPUOJL UCCIIeI0BAHNUS

Crarbs nocrynuia B pefaknuio 9 suasaps 2018 r.

IIy6aukanus noarorossiena npu nojuepxkke IIporpamver PYJIH «5-100» u npu 9acTUYHON HOIJEPIKKE
rpauta PODU 18-07-00567.
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BOJIH JIbSIKOHOBA 9KCIIEPUMEHTAJIBHBIX PABOT IIPOBEIEHO 0Y€Hb MaJIo [3], uro 0byciioBiieHo,
MOKET OBITh, CIEUMUICCKUMI YCTOBUSIMH CYIIECTBOBAHUS STUX BOJIH.

MHorue aBTOPBI CIUTAIOT, UTO /I UX HAOJIOIEHNS MOYXKHO HCIIOIb30BATH CBOMCTBA
TOHKOIIEHOUHBIX ONTUYECKUX BOJTHOBOOB, BOJHOBEIYIIHUI CJIONl KOTOPBIX JINOO SIBIISIETCST
AHM30TPOIHBIM, JINOO OKPYZKAIOIIE CPeJIbl ABIIA0TCs ann3orponabivu. [Tokazano [4, 5],
9TO IPU HEKOTOPBIX YCJIOBUSX YVAAETCS BBIIEINUTH CIydail, KOrJla NEPEHOC SHEPTUU 10
BOJTHOBEIYIIEHl CTPYKTYPE OCYIIECTBISIETCSA TOABKO 33 CIéT BOH JIbsiKOHOBA.

Hacrosmast padota ctaBUT CBOEil 1ebI0 BHIOOP TaKOH aHU30TPOIHON BOJIHOBOJIHOM
CTPYKTYPBI, KOTOpasi OBbI JOMyCKaIa pacipocTpaHeHne B Hell BOH /IbSKOHOBA M, C IPYTOi
CTOPOHBI, TTO3BOJISIA ObI MPOBECTHU IKCIIEPUMEHTAIBLHYIO TPOBEPKY MOy IEHHBIX PE3YJIb-
TaTOB.

2. Bnibop BosiHOBeayIIEl CTPYKTYPbBI

B kagecTBe Marepuasia i BOJHOBELYIIETO CI0S BO3BMEM M30TPOIHYIO CPEIy, TUIJIEeK-
TpUIeCcKas IMPOHUIIAEMOCTb KOTOPO# paBHA £, & 0OPAMJIAIONIAE CPebl OY/IeM CUUTATD
aHU30TPOIHBIMH C AWJEKTPUIECKON IIPOHHIAEMOCTBIO &1 2. Mcmonpayemas: cucrema
KOOpAWHAT mpuBeneHa Ha puc. 1. [Ipeamososkmm, 9T0 3/IeKTPOMArHUTHBIE BOJHBI Pac-
MIPOCTPAHAIOTCA BJIOJIb Och 7Z, a 10 ocu Y CTPYKTypa He orpaHudeHa. Bce Tpu cpejib
SBJIAIOTCS HEMATHUTHBIMU W HEITOTJIOIIAOTIIH M.

X A
d/2 €

-d/2 N
Y &,

Puc. 1. Cucrema KOOpANHAT U HUCCJEAyeMasi BOJITHOBOJAHAsI CTPYKTypa

Ter30pb! AUITEKTPUIECKON MPOHUIIAEMOCTH OOPAMJISIIONINX CPEJ] OIPEIE/ISIIOTC CIey-
oM 006pa3oM. VICXOaHBIM TEH30p B JTUATOHAJILHOM BUJE BBITVISIAT KaK:

o 0 O
e=10 e O
0 0 e

Onrudeckast ock Harpasjena BioJb OZ. [Ipu moBopore 1o 9acoBoil cTpesike Ha yroJ
¢ BokpyT ocu OX KOMIIOHEHTHI T€H30pa MPEoOPA3yIOTCI B COOTBETCTBAM C MATPUIIAME
nosopora. C:1(9) n Ca(6) [6

1 0 0

Ci(¢) = |0 cos¢ —sing|, Cz(¢)=Ci(—9).
0 sing cos¢

Pesyabrupytorine TeH30phI JUITEKTPUICCKON TPOHUIIAEMOCTH €1 U £2 OOPAMJISTIOIITIX
CPeJT BBITUCISIIOTCA 110 (POPMYyIaM
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o 0 0
e1=C1eC] = | 0 e22(d) e23(9)|, e2(0) =e1(—9).
0 e23(¢) e33(0)

Takum 06paszom, jist cpesbl npu X > d/2 3jeMeHThl TeH30pa BBIUUCJISIIOTCs 110 (Hop-
MyJIaM
£92(0) = €0 co8? ¢ + o8in ¢,  £33(P) = £, sin” ¢ + £, cos® ¢,

£23(¢) = €32(¢) = —sinpcos p(ec — &),

a jyist cpesbl tpu X < —d/2 1o dhopmysiaM ¢ yIETOM M3MEHEHWsT 3HAKa YIJIa TOBOPOTA
Ha OOpaTHBIN

£922(d) = &, cos? ¢ + £o sin” ¢, e33(d) = &, sin? ¢ + €. cos? ¢,

€23(4) = €32(¢) = sin g cos p(ee — €o).

B cdhopmupoBaHHO TaKuM 06pa30M aHU30TPOIHON CTPYKTYpe Oy/eM HCKATH pelle-
Hue ypaBHeHuii MakcBesuia il HAIIPaBJIseMbIX (BOJHOBOJIHBIX) 3JIEKTPOMATHUTHBIX
BOJIH, pacrnpocTpassiomuxcs Baosab ocu OZ, Koropasi sIBIAeTCs OGHCCEKTPUCOIl yriia
MEXK/y OUTHYIECKMMH OCSMH BEepPXHEHl M HUXKHeHl aHM30TPONHBIX cpes. llycrh 3a-
BUCHMOCTb 10JI€fl 3JIeKTPOMAIHUTHBIX BOJH OT BPEMEHHM U KOODJMHAT HMMEeT BHJL
exp {—i [wt — (kyx + kyy + k.2)]}, tne k = (ky, ky, k.)” — BosHoBO# BekTOD.

Jlist KaxKI0i U3 9TUX BOJIH JIOJIZKHO BBINOJIHSITHCS BOJIHOBOE ypaBHEHHE (B rayccoBOit
cucreme), MOJIyUeHHOE U3 ypasHeHHl MakcBesuia B BEKTOPHOIT (opme:

[Exﬁ}:—koﬁ, [Exﬁ}:koﬁ, (E-ﬁ):o, (E-E);éo.

“ D=e(¢)-E.

He tepsist ob1mpOCTH, MOXKHO IIPEIIOIOKUTD, YTO PEIIIEHHEM 3TOT'0 BOJIHOBOI'O yPaBHEHUSI
SABJIsIETCsI HAOOP IJIOCKUX BOJIH ¢ (pa30oBbiMu (ppoHTaMu mnapasieabusivu ocu OY, wan
0/0y =0,acuum u k, = 0.

DT0 ypaBHEHUE UMEET BU/I: [E X [E X EH + k(z] D= 6, rae kg =

3. /JlucmiepcuoHHBbIE ypaBHEHUS JJIsi HAIIPABJJISIEMbIX MO,
Vmest B BUIy 5TH IpeaBapuTeIbHbBIE 3aMEUAHNUsI, TPEICTABAM II0OJIsSI B BOJHOBEIYIIEM
cioe (e5) B Buge cyneprnosunun TE- u TM- BoH, HOCKOIBKY B 00PAMJISIIOININX AHU30-

TPOIHBIX CPeJaX MPEIIoIaraeTcsl HAJINIe MeCTUKOMIIOHEHTHBIX BOIH. 1lycts TE-BomHa

C IOJIOYKUTEJILHBIM IOIEPEYHBIM BOJTHOBBIM YUCIOM Kk, uMeeT amiiuryay A, B — amiim-

tyma TM-Bosabl ¢ mogoxkuTebHbIM k. g TE- u TM-Boin, nMeromux oTpuIiaTebHbIi

k., oboznaunMm aMmriuTyasl depe3 C' u D coorBeTcTBeHHO. TOrma cyMMapHBIE OJIS B

W30TPOITHOM CJIOE€ MOXKHO 3aIlMCaTh CJEIYIONIUM 0OPa30M:

_ Y . B.¢gtker 1 Y . g—thex
B - =T 4 T D . e e
ikgx _ 1 | L p—ikgx

A - ethe T C-e e
B. eikz:c + D . e*ikzw

Aezkﬁr_'_lce—zkrm

ko

8

v
LetrE . efzwt
x

1
k

(1)

gmﬁp

. B . eik-’vx + f .
A- eikma: + C 3 e—ikmm

etz

—iwt
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31ech BBEJEHBI CJIEAYIONIME ODO3HAYEHUs: 7y — IIPOJOJBHOE BOJIHOBOE YHCJIO, HOP-
MHUpOBaHHOEe Ha kg, k, — IOIEpETHOE BOJIHOBOE YHCJO BOJIHOBEIYIIETO CJIOS, TaKXKe
HopMmupoBanHoe Ha ko. A, B, C u D — Heu3BeCTHbIE AMILINTY/IbI, X — IIOIEPEYHAs
KOOp/IMHATA, 2 — IPOJOJIbHAsA KoopauHaTa. MuoxuTens e~ ! B nanbmeitmem GymeM mos-
pa3yMeBaTh, HE YKa3blBas B IBHOM BUJIE.

Jutst 3anucu aMIuIATYy T, HAOPSKEHHOCTEH 1MoJeit B OKPY2KAIONNX CPeIax HeoOXOIMMO
peIuTh 3a/1a9y Ha COOCTBEHHBIE 3HAYEHUsI M COOCTBEHHBIE BOJIHBI BBIBEIEHHOI'O B IIPEIbI-

JLyIIeM pasjieie BOJIHOBOIO ypaBHEHMUsI, U4TO IIOAPOOHO cienaHo B paborax |7,8|. 3mech
2Ke TIPUBEJIEM OKOHYATEJIbHBIE BHIPDAXKEHUSI.

B Bepxwneii cpejie (cM. puc. 1) 9T 10JIst COCTOAT U3 JIMHEHHONW KOMOMHAIIMNA OOBIKHO-
BEHHOI M HEOOBIKHOBEHHOI BOJIH ¢ pasaudHbiMu amiuarygamu (F u E):

[ET2€ To(o- )+F ~To(v—4)
Ey(z) = eo%()gsoEe o(z—4) _ 1 Fe* To(a-4)| . ¢i7%
Ee~Te(e—%) —|—Fe (9”*%)
v [2ggepe T (78) 4 e T (o) 2)
H(x) = i€o - {%Ee‘n(“‘é) + A Fe” o(l’—%)] 7

i (Lo pe 68 L 7, pe )]

ObozuaueHust 351echb cieyfornue: 1, — MHAMAasi 9aCTh [TOTIEPETHOTO BOJTHOBOIO UHC-
Jia OOBIKHOBEHHOW BOJIHBI, HOpMUpOBaHHasd Ha ko, T, = V2 —&o; To — MHUMASA
YaCTh MOMEPEYHOTO BOJTHOBOTO YHCJIa HEOOBIKHOBEHHOW BOJIHBI (HOPMHUPOBAHO Ha ko),

T, = \/ 2 (1 + ?—: cos? <p> — €6, AE = € — €0, (P— YIOJI MOBOPOTA OCEil CHMMETPHUH

BepXHell aHM30TPONHON CPeJibl (TOJIOKUTENbHBIN); E u F — HensBeCTHbIE aMILIATY/IbI
HEOOBIKHOBEHHOM U OOBIKHOBEHHO! BOJIH B BEpXHEH aHU3OTPOITHOH cpe/ie.

B HmkmHelt aHM30TpPOIHOI cpele MO 3alUChIBAIOTCS AHAJOTHYIHBIM 00pa3oM, HO
[IOIIEPEYIHBIE BOJIHOBBIE YHCJIA JIOJIKHBI OBITh OTPUIATEIBLHBIMU (9TO HPHUBEIET K IKC-

HOHEHIIUATLHOMY YOBIBAHUIO BCEX AMILIUTYJ[ TIPU Y/AJEHUU OT BOJHOBOJIHOIO CJIOSI),
OTPUIATEILHBIM JOJI2KEH OBITH U YTOJI IIOBOPOTA (.

iy [G%en(ﬁg) —i—HTiOeTO(”%)}

Ed(x) = S%E#GeTe(x"‘%) + @HeTD(wJF%) . ei’YZ,
GeTe(e+8) 4 feTo(e+5)
3
_7'|:€Otg¢G€ (m+2)+ 1 He o(z+4) (3)
ﬁd(x) = —igg - [TEGG e( 5) + TOHB 0( 5):| _ei'yz’

. rad ord
. [Tcsoi%soGeTe( +2)+TO$H6TO( +2)}

G v H — aMmmuTyibl HEOOBIKHOBEHHOIN 1 OOBIKHOBEHHOW BOJIH B HIXKHEH aHU30TPOITHOM
cpejie.

CiiBast TaHreHIMAIbHBIE KOMIIOHEHTHI 110J1efi Ha TPAHUIIAX BOJIHOBEYIIEro cj1ost +d /2,
MOJIyYUM ypaBHEHUE BHJIA:

M(A,B,...,.H)T =0, (4)
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rie Mle,, €e, £d/2, +¢] — kBagpaTnas marpuna pasmepom 8 X 8 a (A, B,..., H)T —
BEKTOD HEU3BECTHBIX aMILIUTY.IL.

Tpebyst paBeHCTBa, HYJIIO OIpeIenTe s MaTPUIbLl M, OIydnM IUCIepCHOHHBIE yPaB-
Henust. IoCKOJIbKY HcciepyeMas BOJIHOBEILYINAs CTPYKTypa CHMMeTPHUYHA, TO, KaK W
CJIe/I0BAJIO OXKUJIATh, JUCIEePCUOHHBIX yPaBHEHUIT OyIeT JiBa, OJHO U3 HUX JJIs CUMMeT-
PHYHBIX MOJI CTPYKTYPBI, Apyroe — JJisd aHTHCHMMeTPUYHbIX. Kazk1ioe 13 aTux ypaBHeHuit
ABJIAETCS KBAJIPATHBLIM, II09TOMY Ja6T JBa KOpHs. VTaK, JlJIsl CUMMETPUYHBIX MO/

M(Toes + Teeo) F /M2(Toes + Teeo)? — 4N LT 255,
2k, Ne, ’ (5)

tgr2 =

rJe JJIsI KPATKOCTH BBEJIEHBI O0O3HAYTEHUSI:

M

Te
(T02 —&o tgcp2), N = (TeTo —&otg @2)7 L= <To2 — &0 tg 902> .

it aHTUCUMMETPUIHBIX MO/

M(Toes + Teeo) F /M2(Toes + Teeo)? — 4N Lese, k.d

2k, Ne,  ¥=7 (0

ctgz 4 = —

Fpa(bmquKH 3aBUCHUMOCTH SaMeﬂHeHHﬁ 9TUX MOJ OT TOJIIUHBI U30TPOITHOT'O CJIOA
BBITJIA AT CJIELYOITUM 06pa30M:

45 T T T

SaMeIgnIeHHe, OTH. £f.

d Tonumua clod, oTH. e

Puc. 2. 3aBucumocrtn 3aMeJieHnus OT TOJIIIUHBI N30TPOITHOI'O CJIOA:
Y1,2 — CAMMeTpHUYHbI€ MOAbI, V3,4 — @HTUCUMMETPUIHbIE

VPoBeHb Ymin = v/€e/ (1 + (Ac/e,) cos p?) momydaerca us ycnosus T, = 0, upu
¥ < Ymin UCCIEIyeMas CTPYKTypPa IEPEXOJIUT B PEXKUM M3JIyUEeHHUs B OKDYKAIOIIUE
AHM30TPOIHBIE CPEJIBI, TAK KaK T, CTAHOBUTCSI MHUMOI BEJTMYUHOI.

OTMeTHM OJIHY MHTEPECHYIO OCOOEHHOCTb HA PUC. 2, & UMEHHO — IPOCTeiias cuMMer-
pHYHAsT MOJ[A BOJIHOBOJIHOM CTPYKTYPBI Y1 IIPU HYJIEBOI TOJIIIUHE U30TPOITHOIO CJIOSi UMeeT
3aMe/JIeHne, PEeBBIIIAIONIEE Ymin. Kak ObL10 moKa3aHo B [8—10], B1osb rpanHuis pas/ierna
AHM30TPOITHBIX CPEJI B 9TOM CJIydae MOXKET PACIHPOCTPAHATHCS OBepxXHOCTHAs! ([IbAKOHOB-
ckag [11]) sslekTpoMarauTHas BOJIHA, 3aMe/[JIeHIe KOTOPOii 3aBUCHT OT yTIJyia MOBOPOTA ©.
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Ho u B mccaemyeMoit HaMU BOJIHOBOJIHOM CTPYKTYPE IPOCTEUIIas MOJA 7y; MOXKET
TpaHCHOPMUPOBATHCS TIPU OIMPEIETIEHHBIX YCIOBASAX B MOBEPXHOCTHYIO, /IbIKOHOBCKYIO,
momy. Jtst 9Toro HeoOX0aAUMO JIUITE TTOA00paTh COOTBETCTBYIOIINI YTOI IIOBOPOTA, ITO
WJTIOCTPUPYET puc. 3.

" ¢=ﬁ go=4 &gs=16 ge=730
] SR -
- N
L]
o
[ -
o
o
Al
o z
L]
=] —_
T —
—

: Y
o - ~jatdan

b A ]

L L 1
0 2 4 6 &8
d Tonmuna cnoed, oTH. &

Puc. 3. COBOKyIHOCTb MOBEPXHOCTHBIX (YD1, YD3) U BOJHOBOIHBIX MOJ, (Y2, V3, V1)
HnccaeayeMol CTPYKTYpbI

EcrecrBeHHO, 9TO IPH BBIYUCIIEHNN Yp1,3 IO AUCIEPCHOHHBIM ypaBHeHusM (5) u (6)

UCIIOJIb30BAHA, MOJCTAHOBKA ky; = i\/72 — o = iK,, 1 =iV, ¥ = K,d/2, no3Bossitomast
BBIMHUCIATD JIbsIKOHOBCKHIE MOJIbI. Kak BUIHO U3 puC. 3, B TOBEPXHOCTHBIE MOJIBI IIEPEXOJIST
nepBasi CHMMETPUYHAsI U TIePBasl aHTUCUMMETPUIHAS BOJHOBOJHBIE MOJbl. OTMETHM, ITO
JINATIA30H YTJIOB TIOBOPOTA, IIPU KOTOPBIX CYMIECTBYIOT MOBEPXHOCTHBIE MOJIBI JIOBOJBLHO
Y3KHuil, B 9éM MOXKHO yOeJUThCs, TOCTPOUB 3aBucuMocTu 3amesienuii no (5) u (6) ot yruia
noBopoTa pu (bUKCUPOBAHHON TOJIIUHE U30TPOIHOTO cJiog d (puc. 4).

Samednenie

%.5 - 1 1.5

t Veon nosopoma, pad.

Puc. 4. 3aBucumocTh 3aMejIeHusI OT yIJIa MOBOPOTA AJIS MPOCTEUIITNX
CUMMETPUYHOM M aHTHCUMMeTpuYIHOM Mon. Ilepexo/] B IOBEPXHOCTHBIE MOJbI
IIPOUCXOJUT, KOrJia 3aMe/JieHre IpeBbIIaeT /c;. IlyakTupnasa juHus
COOTBETCTBYeET ycjioBuio 1, =0
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4. CobGcTBeHHBIE OIS HANPAaBJISIEMBIX MO/

BbBIACHMB B OCHOBHOM JIUCIIEPCHOHHBIE CBOMCTBA MCCIELYEMOil CTPYKTYPBI, epeiaém
Tenepb K BBIYUCICHUIO AMILUIATYI IIOJIeHl COOCTBEHHBIX 3JIeKTPOMATHATHBLIX BOJIH IJI KAK-
JOif M3 9eTBIPEX MO, ommchiBaeMbix BekTopoM A, B, ..., H)T. IlockoibKy y¥Ke W3BeCTHBI
BCce cobcTBeHHbIe uncsa st Marpuibl Mle,, g0, +d/2, +¢] B (4), T0o He cocraBisier TpyIa
BBIYHCJUTh ¥ HEM3BECTHBIE aMILIUTY/ bl u3 ypaBHeHus (4). B pesynbrare nmeem:

st cummerpuanbix Mo, (5):

A, = T2escos L — Tokye, siny M B e, sinwﬁ |
TOQk‘x tg 2] TO
Es = 2 Sin’lZJTOEs cos wk_ kx{—:o Sil’l'[f} , Fs — _2 Sin ngEs COsS w;gckxgo Sind] ’ (7>

Cs:AS7 Ds:_B87 Gs:_E57 Hs = —F;.

Jist aaTrcuMMeTpudHbIX Mo (6):

.Tfes sinyyL + Tok,e, cosyy M T. — T,
Ags =1 T2k, tg 0 , Bgas = —¢&,cos ’(/}T ,
B, —2 COSl/}TOES sin + kye, cos R =2 COST/)TO2€S sin + Tokyeo cOS Y 7 (8)
ky Tok,

Cas = Aas ) Das = Bas; Gas = Ligs ths = Las -

3nech, HaroMHuM, 1) = k,d/2.

Teneps, Bocnob3oBaBImch Bbipaxkerusmu (1), (2) u (3), MOKHO BBIYHUCIUTH KOMIIOHEH-
TBI BCEX MOJIel /115t JTI0001 M3 BOJIHOBOJHBIX MOJI pACCMAaTPUBAEMOIl CTPYKTYphL. B KadecTse
npuMepa Ha PUC. 5 TMPUBEJIEHBI TPAMUKH TIOTIEPEIHOT0 PACIIPEIEIEHUsT KOMIIOHEHT Ha-
MPSAYKEHHOCTH 3JIEKTPHYECKOTO TOJISt MPOCTENRIEH CUMMETPUIHOM MOJIBI TP CJIE LY TOITIX
rmapamMeTpax BOJIHOBeyIe cTpyKTypbl: ¢ = 0,203 pamx, €5 = 16, £, = 36, ¢, = 4.

a0 T

d 4
2 2

[ —

[l o

R TR | | =5
SRR [N =]
S ——— ] =

_Exlx) Ey(x) 40 . _Ea(x) oo s
20

20r

Puc. 5. ITonepeuHnbie pacrpeaejeHnsi KOMIOHEHT 3JIEKTPUYECKOTO MOJISI AJIsI
mpocTeinieii cuMMeTpPUYIHO# Moabl. Bce BesiMunHBI BhIpa>keHbl B OTHOCUTEJIbHBIX
eOUHNIAX, d — TOJIIMHA U30TPOIHOIO CJios (B €UHULAX AJIUHBI BOJIHBI)

AHaJIOruYHBIE 3aBUCUMOCTHU JjIsd peKuMa JIbIKOHOBCKUX MOJ MOXKHO IOJIYYHUTH C
YIETOM yKa3aHHON BBIIE 3aMEHBL Kk, = 11/Y2 — &0 = 1K, ¥ = iV, DTu 3aBUCUMOCTHI
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KOJIMYECTBEHHO OYJIyT MOJO00HBI YKa3aHHBIM Ha PUC. 5, C TOH JIUIIL pa3HUIEH, 9TO BCe
TPUTOHOMETPUYIECKHEe (DYHKIINA CTAHYT TUIEPOOTUIECKUMHU.

5. 3akJroueHue

Taxkum obpazoM, HAM yJIAJIOCH TOKA3aTh, YTO B MCCJIEIYEeMON BOJHOBEAYIIEH CTPYKTYpe
BO3MOYKHA PEAIU3AINS JIByX TUIOB PACIIPOCTPAHEHUS HAIPABJISIEMBIX BOJH — OOBITHOE
BOJIHOBOJTHOE PACIIPOCTPAHEHME U CMEITAHHBIN TUIl, KOT/Ia HAPSILY ¢ OOBITHBIMUA BOJTHO-
BOJIHBIMH IIPUCYTCTBYIOT U IOBEPXHOCTHBIE BOJIHBI JIbsakonoBckoro tuma. [lepekiiouenne
MEXK/Ty YKA3aHHBIMU PEKUMAMU MOXKHO O0ECIIEUIHUTD IIyTEM IMOAOOPA yIyia MEXKIy OITH-
9EeCKUMU OCAMHU OOPaMIIAIONINX CPeJl U HaIlpaBaIeHneM (ha30BOil CKOPOCTH BOJIHOBOIHOI
BoJiHbL. Hapsity ¢ 9TuM mosrydeHbl TOYHbIE aHAJUTUYIECKNE BhIpazKeHUs KaK s (ha3o-
BBIX CKOPOCTEil, TaK M /JijIsI KOMIIOHEHT HAIIPsKEHHOCTEeH I10Jieil HallpaB/sieMbIX BOJIH
pasiugHbX TUIOB. OTMEYeHO, 9TO HarkKe IpU HYJIEBOil TOJIIIMHE M30TPOITHOTO CJIOS CTPYK-
Typa COXpaHseT CIIOCOOHOCTDH IOJJAEPXKUBATH HAIIPABJISIEMYIO BOJIHY, KOTOPas B 3TOM
CJIydae SBJISETCH MOBEPXHOCTHON BOJHON. PaccMOTpeHHAsT KOHCTPYKITUS 9TOW CTPYKTY-
PBbI, 10 MHEHUIO aBTOPOB, MOXKET ObITh PEAJIM30BAHA B YKCIIEPUMEHTE, TPUIEM B KAIECTBE
M30TPOITHOIO CJI0SI MOXKHO MCIOJIL30BATh YKUJAKOCTb C COOTBETCTBYIOIIEH AU3JICKTPUIe-
cKOi1 mpoHuIaeMocTbhio. Ilocienee MO3BOIUT NJIABHO MEHATDH YIVIBI (0 ONITUYECKUX OCel
AHU30TPOIHBIX cpen oTHOcuTebHO ocu OZ.
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Eigen Waves of a Plane Symmetric Anisotropic Waveguide
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Precise dispersion equations for a plane symmetric dielectric anisotropic waveguide are obtained,
in which the waveguide layer is isotropic, and the framing media are assumed to be anisotropic
uniaxial media. The tensors of the dielectric permittivity of the framing media are not assumed
to be diagonal, namely, in one of them this tensor is formed by rotating the diagonal tensor by
some angle between the optical axis of the anisotropic medium and the direction of propagation
of the electromagnetic wave. The tensor of dielectric permittivity of another anisotropic medium
is rotated by the same angle, but in the opposite direction, with the optical axes of both framing
media lying in a plane parallel to the boundaries of the waveguiding structure. Thus, in framing
media, the existence of six-component electromagnetic waves is maintained.

In the dispersion properties of such a waveguide, certain features are observed in comparison
with the case when the framing media are assumed to be isotropic.

It is found that the first symmetric mode of such a waveguide has a finite deceleration with
zero thickness of the isotropic layer, which indicates the possibility of the appearance of surface
electromagnetic waves (the so-called Dyakonov waves) at the boundaries of this isotropic layer.
It is noted that the transition of the antisymmetric mode to the Dyakonov wave occurs with a
finite thickness of the waveguiding layer. Dependencies of the deceleration of the elementary
(symmetric) mode on the angle of rotation of the optical axis of anisotropic media relative to the
direction of propagation of the guided wave of the waveguide structure are given.

Key words and phrases: surface electromagnetic wave, anisotropic medium, permittivity
tensor, waveguide modes, transverse amplitude distribution, guided waves
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O BbIYUKCJIEHUH AJIIEKTPOMArodmTHBIX oJieii B 3aKPbIThIX
BOJIHOBO/JIaX C HEOJHOPO/JAHBbIM 3allOJIHEHUEM

A. A. ToTrroHHUK

Kagedpa npursadnoti ungopmamuru u meopuu eepoammocmet
Poccutickutl ynusepcumem dpyoicbvt 1apodos
ya. Muxayxo-Maxaan, 0. 6, Mocksa, Poccus, 117198

B craTbe mccnenyioTcss BOJTHOBOMBI ITIOCTOSTHHOT'O CEUEHUS C MEAJIHHO TPOBOJISIIUMU CTEHKA~
MU U IIPOU3BOJILHBIM 3aroJsiHenueM. [loctaBiena n qucKpeTusnpoBaHa 3a/1a4ua 00 OTBICKAHUU
HOPMAaJIbHBIX MOJI BOJIHOBO/IA B IIOJTHOM BEKTOPHOM IOCTAHOBKE. B paMKax YHCJIEHHBIX SKCIIEPH-
MEHTOB JIJIsI HECKOJIPKUX BAPHUAHTOB 3AIIOJIHEHUI BBIYHCJIEHBI HallpaBJigeMble U dBaHECIIEHTHBIE
MOJIbI BOJTHOBO1a. [locTaBiieHa u MUCKpeTU3npoBaHa 3a/1a4a JuPaKIUi HOPMAJIHLHON BOJTHOBO/I-
HOI MOJBI, IIOJAIOIIEH Ha CTBIK JABYX BOJHOBOJOB, CEYCHUSA KOTOPBIX COBIIQJAIOT, & 3allOJIHCHUE
Ha CTBIKE MEHseTCs CKadKOM, IIPUBEAEHBI PEe3yJIbTAaThl YUCJIEHHBIX dKCIEPUMEHTOB /I KOH-
KPETHBIX KOH(UTrypaIuil BOJTHOBOIHBIX CTBIKOB U BBIYUCJIEHBI KOI(MDMUITUEHTHI TPOXOXK ICHUS
U OTPaKeHMWsI HAIIPABJIFIEMBIX MOJI.

B ocHoBy pemntenusi cucrembr ypaBaeHuit Makcpesiia moJioyKeHa JIEKOMITO3UIINAS TTOJI€H TIPH T10-
MOIIU YeThIPEX MOTEHIINAJIOB, U B paMKaX HACTOAIIEN pabOThI ITIPEJJIOKEH CUMBOJILHO-YUCIEHHBIHN
METO/JI, peajin3yIoNnii 3TOT Moaxo . IIpencraBienuble B paboTe YNC/IEHHbIE SKCIIEPUMEHTHI TTOKa~
3BIBAIOT, YTO MPEJJIOXKEHHBIN TIOJIX0 U METOJ], Ha €r0 OCHOBE MO3BOJISIOT 3PMOEKTUBHO BBIYUC/IATD
pa3/IMIHbIE XaPAKTEPUCTUKHU BOJHOBEAymuX cucreM. OO aIeKBATHOCTH MCIOJIB3yEMOrO MOIX0A
CBU/IETEJILCTBYET TaKXKe PEe3yJIbTaT CPABHEHWS IOJIyIYEeHHBIX PE3yJIbTaTOB ¢ pe3yibraTtamu B.B.
leBuenko myst 3a/a4un AUMPAKIAA HA CTHIKE JIBYX OTKPBITHIX BOJTHOBOJIOB.

CuMBOJIBHO-IHUCIEHHBI METOJ, MCIOJIb3yEMBbIl B paboTe, peajn30BaH B CHUCTEME KOMITHIO-
TepHO#l ayirebpsl Maple, B 4acTHOCTH pacdEéThl MATPUYHBIX JEMEHTOB B PaMKaX HEIOJHOTI'O
MeTojia ['ayIépkuHa IIPpOBEJIEHbI B CUMBOJILHOM BHJIE JIJIsi YCKOPEHUsI JAJbHEUIINX PACYETOB C
HMCIOJIL30BAHUEM YHCJICHHBIX METOIOB.

KurodeBbie cjioBa: BOJIHOBOJ, ypaBHeHUsI MakcBeslia, HOpMaJIbHbIE MO/IbI, TTAPIUAJIbHBIE
yCJIOBUSI M3JIyUeHusi, HenmoHbIi MeTon ['anépkuna, meron Kanroposutua, Maple, Sage, Sagemath

1. Bsenenue

Pacnpocrpanenne 37€KTPOMArHUTHLIX BOJH B IOJIBIX BOJIHOBOJAX OBLIO OIMCAHO B
CHMBOJILHOM BHJIE B CTaBIIEll yKe Kjaccu4aeckoil padbore [1]|. MccemoBanne 3aKpbITHIX
BOJITHOBO/IOB CO CJIOYKHBIM 3aII0JIHEHHEM € U [t TpeOyeT NpUMeHEHUs YNCIEHHBIX MEeTO-
108 [2|. B pa6orax [3,4] GbLI IIpeIoyKEeH METOJL, UCC/IEI0BAHUS 38291 BOJTHOBOIHOIO
pacrpocTpaHeHust U3y IeHIsI, OCHOBAHHBII Ha JEKOMITO3UIIAN HOJIEH TI0 YeThIPEM [TOTEHIIN-
aJlaM. ITOT MOAXO MOXKET ObITh TPUMEHEH U K MCCIEIOBAHUIO OTKPBITHIX BOJTHOBEILY X
CHCTEM IIyTEM BBEJCHUsS BHPTYAJIbHBIX CTEHOK |5, 6.

B nacroseit pabore mpeIozKeHHbII T0X01 IPUMEHSIeTCsT K 1) pacuéry HOpMAaJsbHBIX
MOJI, JIJIsl MOJIETBHBIX 3a/a49 U 2) pacyéry Koa(hOUIMEeHTOB OTpayKeHUsT 1 ITIPOXOXK IEHUsI
BOJIHOBOJIHBIX MOJT Ha CTBIKE JIBYX BOJHOBOIOB. Pe3ysibTaThl INCIEHHBIX SKCIIEPUMEHTOB
BepUMUIINPOBAIINCH B PabOTe IIyTEM CpPaBHEHUs Pe3YJIbTATOB PACUETa MOJIEIBHBIX IIPUMe-
POB B paMKax JBYX HE3aBUCHUMBIX DeaJIM3aIliil METOIa JIETHIPEX ITOTEHITUAJIOB, IepBast
peanuzarus pa3zpaboTana B CHCTeMe KOMIILIOTEPHOH aarebpsr Sage, BTopas — B Maple.
JlanHble, TOJIyYeHHbIE B pAMKAX YHCICHHBIX SKCIIEPUMEHTOB 110 PACUETY MTPOXOXKICHUST U3-
JIy9deHHs Uepe3 CTHIK BOJHOBOJIOB, CPABHUBAJINICH C PE3yJIbTaTAMU PACUETOB AHAJIOTUIHON
KOH(MDUTYPAI METOJIOM TIONEPEeTHbIX CeueHnil, morydeHHbix B pabore Illesuenko [7].

Crarbs nocrynuia B pefgaknuio 2 mapra 2018 r.

Agrop 6marogapen CeactbsanoBy JI. A. u Massix M. /1. 3a nosiesubie obcy»knenust, a takxke Jusaxkosy /1. B.
3a KOHCTPYKTHUBHBIE COBETHI 110 PEAJIM3AINN CUMBOJIBHO-YUCIEHHOIO METOA.

[Iy6nukanus nogrorosiena npu noggepxkke [Iporpammbr PYJIH «5-100s.



130 Becruuk PYIH. Cepust MU ®. T. 26, Ne2,2018. C. 129-139

Boramcirenust mpoBominch B cUCTEMAaX KOMIIbIOTEPHOI arebpel Maple, Sage: maTpuy-
Hble KO3 DUITHUEHTHI 3871a41 Ha COOCTBEHHDBIE 3HAYEHNS BBIYUC/ISINCH CUMBOJIBHO, 33144,
Ha COOCTBEHHBIE 3HAUEHUSI PEIaIach IMCIEHHO C MCIOIb30BAHINEM BCTPOEHHBIX B CHCTEMY
KOMITHIOTEPHO# aJireOphbl YUCTEHHBIX METOJIOB.

2. Omnmcanue moJisi B BOJTHOBOJE MPU IIOMOIIUA YE€ThIPEX
NOTEHII1AJIOB

PacceMmorpuM BOJTHOBOL ITOCTOSTHHOT'O OJTHOCBSI3HOT'O CEYeHMsT S ¢ UIeaIbHO TPOBOISAIIINMI
CTE€HKaMM; OTHOCHUTEJIbHO 3allOJIHEHUA &, i KOTOPOTO HE 6y;1;eM JeJiaTh ITOKa HUKaKHX
TIpe O IOZKeHITif. Ocb Oz mampaBuM 10 OCH IUITHPA, HOPMAJIb K S 6yznem obo3navaTH
KaK n KacaTeJabHbII BEKTOD, HepHeH,Z[I/IKyJIﬂprH/I K 62 KaK T HOJ’[O}KHIVI

V= (0:0,)", V' =(-0,,0.)7"

Hexommnosurmst Teabmrosbiia [4, TeopeMbl 1 1 2| HO3BOJISET UCKATH PEIIEHUE CUCTEMBI
ypaBuenuit MakcBesuia B BUJE

E, =Vu, + V., H| =V, + YVu,. (1)

Beenénnnie 37ech deTnipe ckaisgpHble (OYHKIUUA OyJieM HA3bIBATHb MOTEHITUAJIAMU U
BcerJia IpejosaraTb, YTO OHU Y/IOBJIETBOPAIOT I'PAHUYHBIM YCJIOBUSAM

Ue =Up =n-Ve =n-Voplyg =0 (2)

Ha TpaHuIle BOJHOBOIA. IIpH 3TOM aBTOMATHYIECKH BLIIOJIHAIOTCA IPAHNYHBIC YCIOBHUS
nJeaJbHOI IIPOBOIMMOCTH, a caMH ypaBHeHHsa MaKcBeslia MOXKHO 3allCaTh B CJIELYOIIEM
Buje [3, 4]

\v4 <8 vy — Ave> + ikeV'v, — VO, up, + ikeVu, = 0,

1 Q

! <8Zue + ‘k;gAuh> — ikuV'uy, — VO, v, — ikuVuy, = 0.
1

Ecnu € m p aBagroTcs TOCTOSHHEBIMHA, 3Ta CUCTEMa PaclaaeTcd Ha Napy ypaBHEHUN
TestbMrosiblia, JaHHbBI T0X01 ObLI peaozkeH B padorax [3,4|. Mbl BoCHOIb3yeMesi HEKO-
TOPBIMU TEOPETUUECKUMU PE3YIbTATAME U3 9TUX PAOOT, YTOOBI B JAHHON CTaThe MIPUBECTH
Pe3yJIbTaThl KOMITBIOTEPHBIX SKCIIEPUMEHTOB, COJEPIKAINX CUMBOJIbHBIE U YHCJEHHBIE
pacYéThl B CHCTEMe KOMIbIOTepHOI aJyirebpb Maple.

3. Juckperusanus ypaBHeHuit Makcsesia

Paccmorpum BHagasie OJHOPOJHBIA BIOJIb OCH Z BOJIHOBOJI KBaJIPATHOTO CEYEHUsI
S = {z € [0;1],y € [0;1]}. ITycTb HA HeKOTOpPOM OTpe3Ke a < z < b 3amOJIHEHUEe
€, |4 He MEeHsIeTCS BIOJIb och. JIMCKpeTn3aIuio mo mpocTpancTBy Oy1eM IPOBOJIUTE, UCIIOIb-
3ysi craHIapTHLIH 6asuc merona Lanépkuna [8,9]. PackiaapiBarh NpubIMzKeHHOE PellleHne
OyzmeM 10 KOHETHOMY 9nCTy (PYHKITH, YA0BIETBOPSIONINX IPAHNIHBIM yCIOBUAM. B Kade-

o y4N2%2-2 .
cTBe 6a3mca B JAHHOM CIydae IMOAXOINT Ha3mc {goj }j:1 , COCTaBJICHHDIN 13 COOCTBEHHBIX
dyuxkuit oreparopa Jlamnaca ¢ yciosusimu Hupuxie n yciosusmu Helimana, a nMeHHO:

{gﬁj};\zl—l = (cos (mnz) cos (1my),0,0,0)", m,n=0,....,N—1,m+n>0, (4)
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{@}21\72_2 1, = (0, cos (mnzx) cos (mmy) ,O,O)T, m,n=0,...,N—1,m+n>0, (5)

j=N2—
{4,5]}3522];372 = (0,0,sin (7na) sin (mmy) ,0)", m,n=1,...,N, (6)
{(,5}}?53215272 = (0,0,0,sin (mna)sin (rmy))’, m,n=1,...,N. (7)

ITpubnmkennoe perenne cucreMsl (3) OyaeM CTPOUTH IO AHAJIOIMH C HEITOJHBIM Me-
rogom lanépkuna [2,9] B Buje passioxkenust

(nvertierun)” = 3 w3 ()5 (2,9). (s)

Jj=1

ITocste moacTaHOBKY TPUOIMKEHHOTO PEIEHNs B YPABHEHUS CUCTEMBI U IPUMEHEHHU ST
IIPOEKITMOHHON CXeMbl MeTo/[a ['aJépKUHA IOJIyYUM CHCTEMY OOBIKHOBEHHBLIX Tudde-
PEeHIINAIbHBIX YPABHEHUN OTHOCUTEIBHO BEKTOPA UCKOMBIX K03bduineHTHbIX QyHKIHi

W= (wy, Way...,WyN2_2)
dw 1 o
BYY \ikAG + —COF =
P + ik Aw + ika 0, 9)

e A, B u C' — KBaJIpaTHbIE MATPHUIIBI, 3JIEMEHTHI KOTOPBIX [TPEJICTABIISIIOT COOOM JTBOIHBIE
WHTErpaJjbl IO CEYEHUIO BOJHOBOIA S':

ajj = //5 (V'gjo + Vj3) - (V'ein — V) dedy+
S

* //M (V'oja+ Vi) - (V'piz — Viiz) dady, (10)
S

bij = // (Vi1 - Vo + V'gjz - V'gis + Vjo - Voia + Vja - Via) dady,  (11)
S

ApioAp; ApisAp;
Cij _//< Pj20Pi1 N Pj2 @z3>dxdy7 (12)
m €
S
rae Qjn, n = 1,...,4 — n-g KOMIOHEHTa j-iI BEKTOP-PYHKIHN §;.

4. BoJsiHOBOJ € IPSAMOYTOJIbHOII BCTAaBKO

ITTupoxwmit KJIACC BOJHOBOIOB — 3TO BOJHOBOBI ¢ KYCOUHO-TIOCTOSHHBIM 3aII0JIHEHUEM
e u p. B arom cayuae unrerpanst (10)—(12), ompesessiiomue MaTpuYHbIe 3JIEMEHTHI,
MOKHO BBIYHC/IUTH B CUMBOJIBHOM Bujie. Ecim € mosmHoM, To BeraucauTh uarerpas (12)
B CHMBOJIBHOM BHJIE HEBO3MOXKHO B CHJIy Teopembl JImysumuist [10].

Pacemorpum crpykrypy marpur, A, B u C, MOJydYeHHBIX CUMBOJILHO METOIOM YETHIPEX
MOTEHIAAJIOB JJI KBAIPATHOTO BOJHOBOA C IIPOM3BOJIBLHON PAMOYTOJBHON BCTABKOIA.

Ha npusenénnom puc. 1 9€pHbIMU KBaJpaTaMu 0003HAYEHBI CUMBOJIbHBIE BHIPAYKEHUS,
TOXKJIECTBEHHO HE PABHBIE HYJIIO, OEJIBIMU KBaJIPATAMUA — CUMBOJIbHBIE HyJu. CTPyKTypa
MaTpuipl A pasperkeHHas, TPUIEM HEHYJIEBbIE CHMBOJIBHBIE 9JIEMEHTBI MATPHUIIHI Pac-
[IOJIOXKEHBI B BJIOYHO-IITaXMATHOM TIopsijike. Matpuiia C' 06/1a1aeT Tak:Ke pa3sperkKeHHo
CTPYKTYPOii ¢ BJI0YHO-TITIAXMATHBIM PACIOJIOKEHNEM HEHYJIEBLIX jeMeHToB. Marpuna B
obstasaer H60s1e€ TPOCTOM — MMArOHAJIBHON CTPYKTYPOil B paMKaxX BHIOPAHHOTO Oa3uca.
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Matrix A [ 62 x 62 ] structure Matrix B [ 62 x 62 ] structure Matrix C [ 62 x 62 ] structure
10 20 30 40 50 60 10 20 30 40 50 60 10 20 30 40 50 60
10+ 10+ 10+

20/ 20/ 20/ &&
301 30 30 E&

40+ 40+ 40+

501 :ﬁwﬁ 501 501
60/ &:g g:# 60/ 60/

(a) Crpykrypa marpuns: A (b) Crpykrypa marpuust B (¢) Crpykrypa marpuust C
opu N =4 opu N =4 npu N =4

Puc. 1. Crpykrypa marpui A, B, C

Brrauciienne MaTpuUUIHBIX 9JI€MEHTOB OCYIIECTBIISIIOCH CUMBOJIbHO B Maple ¢ momorisio
BCTPOEHHON (byHKIUK int.

Jlastee moJry YeHHBIE BBIPAXKEHUST NCIIOIb30BAJIUCH JIJIsl YUCICHHBIX PACIETOB. JTOT IPUEM
[TO3BOJIAJT N30€eKaTh MHOIOKPATHOIO IOBTOPEHUs TPYI0EMKOI IIPOTIELyPhl YHCIEHHOTO
WHTETPUPOBAHUSI.

5. HopmanbHbIe MOIbI

OxnoposHasi cucreMa OOBIKHOBEHHBIX JuddepeHnuaibabix ypasaenuii (9) momycka-

€T pelIeHud, KOTOPbIEC 3aBUCAT OT 2 KaK elkﬁz, TaKHe penieHnsd Ha3bIBalOT HOPMaJIbHBIMU

MosTaMu BOJTHOBOJIA. [losicTaBisas Bus pemenus @ (2) = e B (9) u coxpammas nemy.te-
Bble MHOYKHUTEJIH, IIOJIyYNM 3a/iady Ha COOCTBEHHBIE 3HAUEHUsI I COOCTBEHHbIE BEKTODBI
KBaJIpaTHON MaTpuibl K

KJ: 577;7

rae marpuria K Beipakaercst gyepe3 matpuiibl A, B u C' ciepyromumM o6pasom:

1
-1

Bemmuuna 3, BxoJisIiasi B CTelleHb SKCIIOHEHTHI, Ha3bIBaeTCst KoaddunueHnToMm hazo-
BOI'0 3aMEJJICHUSI MOJbI, OH OIPEIE/IsieT XapaKTep paciopocTpaHeHust MoAbl. Mol ¢
BerecTBeHHBIM 3 > 0 mpecTaBagior coboil BOJIHBI, HeryIiue BIOIbL OCA BOJHOBOIA B
[TOJIOYKUTEJIBHOM HAIpaBJIeHUU, MOIbI ¢ f < 0 — B OTPUIIATEILHOM HAIPABJICHUH, UX
Ha3BIBAIOT PACIPOCTPAHAIOIIUMUCS. MOoIbI ¢ MHUMBIM (3 9KCIIOHEHITHAJIHLHO YOBIBAIOT B
OHOM W3 HAIPABJIEHUI, MX HA3BIBAIOT IBAHECIIEHTHIMIU.

Boranciienne cobcTBeHHBIX MO, TpeOyeT pelenns 3a1a91 Ha COOCTBEHHBbIE 3HAYCHUS U
cobcTBeHHBbIe BeKTOpHI Marpunbl K. Biaronaps nuaronaabHOM CTPpYKType MaTpunbl B B
BBIOpaHHOM 0aszuce Marpuily K TakxKe MOXKHO BBIMUCIUTL CUMBOJIbHO. Bu paspekenHoit
BBIYUC/IEHHON CUMBOJILHO MaTpuiibl K amajorwden Bumy marpun, A u C u npuBeaén
Ha puc. 2.

[IpuBeném fajiee pe3yabTaThl YUCIEHHBIX PACIETOB K03dbduinenToB Gpa3oBoro 3ame/e-
HUs I KBAJIPATHOI'O BOJIHOBOJIA U3 MATEpUasa C €1 = 1 €IUHUYHON IMIUPUHBI U BBICOTDHI
C KBaJPaTHOI BCTaBKOU p, = p, = p U3 MaTepHaJa C €3 = 2 (cMm. puc. 3).



Trorionauk A.A. O BBIYUCIIEHUHU 3JIEKTPOMArHUTHBIX I10JI€ B 3aKPBITHIX . . . 133

Matrix K [ 62 x 62 ] structure
10 20 30 40 50 60

5
10

20 :&:ﬁ
301 :Rll::

40

0 RS
B W

Puc. 2. Crpykrypa marpunbr K
npu N =4

Puc. 3. KBagpaTHbIii BOJTHOBO/ C
KBaJApaTHOI BCTABKOI HMIMPUHBI P

C yBeJIMIeHUEM TOJIIMNUHBI NJIN U3MEHECHUEM ﬂHSHeKTqueCKOﬁ IPOHUITAEMOCTH BCTaB-
K MHUMBIE COOCTBEHHBbIE 3HAYEHUsI TPAHChOPMUPYIOTCs B JeiicrBurenbabe (cM. [3]),
YTO COOTBETCTBYET IOSIBJIEHUIO HOBOI pacnpocTrpaHsiomnieiics Moasl. [IpormiumocTpupyem
OIIMCaHHO€ ITIOBEJICHMNE COOCTBEHHBIX 3HAYCHUN IIpy USMEHEHUHN TOJIIIWHBI JUSJICKTPpHUYIe-
ckoit BctaBku ¢ p = 0,668 1m0 p = 0,670, Koropsre npusemens: Ha puc. 4. Och abermuce
COOTBETCTBYET JIeHCTBUTEIBHON JaCTH COOCTBEHHBIX 3HAYEHU, OCh OPJIMHAT — MHUMOII.
CobcTBeHHbIE 3HAYEHUS Bj, JIeYKaIe Ha OCU abCIIICC COOTBETCTBYIOT HAITPABJISIEMBIM
MOJIaM, TIPUIEM MOJIBI, OEryIie B MOJOKUTETHHOM HAITPABICHUN OCH 2, UMEIOT ,3]- > 0,
a Oeryrime B OTPUIATETHHOM HAIPABJICHUH — Bj < 0. Ha MHUMO OCH PaCIOJIOKEHBI
Bj, OTBEYAIIINEe 3BAHECIIEHTHBIM MOJIAM.

IIpu Tosmuue p = 0,668 (yesbiii rpaduk Ha puc. 4) B BOJTHOBOJE UMEETCsl TPU Ha-
IpaBJIsgeMble MOJBI, OeryInye B IOJOXKUTEILHOM HAIIPABJIEHUN 2, U TPU — OeryIue B
orpuniareabaoMm. KBagparukom na puc. 4 0603HATEHO MHUMOE COOCTBEHHOE 3HAYEHUE,
KoTopoe tipu Tosmmae p = 0,668 npubmmkaercs K Hyao u npu Toamuae p = 0,670
(npaBbrit rpacduk Ha puc. 4) OHO MEPEXOIUT HA JIEACTBUTENBHYIO OCh, YTO COOTBETCTBYET
TOABJICHUIO HOBOII HAIIPABJIACMONM MOJBI BOJIHOBOJA.

0.6 0.6
0.4 0.4
S(B) 3(B)
0.2] 0.21
p=0.0412 T B=0.0426
1 0.5 ® o.5 1 1 0.5 O 0.5 1
0.2 R(B) 0.2 R(B)
0.4 0.4
0.6 0.6
(a) p= 0,668 (b) p= 0,670

Puc. 4. Cob6¢cTBeHHbIE 3HAYEHUA
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Cay4daio p = 0 COOTBETCTBYET IOJIbIII BOJTHOBOJ, COOCTBEHHbIE 3HAYUEHUS JIJIsI KOTO-
pOro M3BECTHBHI AHAJUTHIECCKHU. B pe3ysbrare cpaBHEHUs ¢ YUCACHHBIMU PE3YJIbTATaAMU,
TIOJTyI€HHBIMU OTMCAHHBIM METOIOM, OTHOCHUTEbHAS IIOTPENTHOCTh P BBIYUCICHUN
COOCTBEHHBIX 3HAaYEHMI B 9TOM ciydae cocrasmia § < 2 - 10710,

Yucennstit pacaéT cOOCTBEHHBIX 3HAYEHUN TPOU3BOJIUTCH CPEACTBAMU CHCTEMBI KOM-
nbioTepuoit agaredpot Maple. C momorrpio dyaknun ImportMatrix mpon3BOIUTCS 3arpy3Ka
Marpuibl K, MpeaBapuTebHO BBITUCACHHON CUMBOJIBLHO. UTOOBI MOy INTh INCTEHHDIE
3HAYEHUs JIEMEHTOB MATPHIILI, HEOOXOIMMO B 9TOM CJIydae B CHMBOJIbHBIE BBIDaKEeHMUSI,
3aBHUCIIIE OT IAPAMETPOB BCTABKHU, IOJCTABUTH YHCJIEHHBbIE 3HAUCHUS STUX APAMETPOB,
nucnosb3ys Gyaknuo subs. Jlng moxydennoit MmaTpuibl K MOYXKHO Jajiee BRIYUCIATE COD-
CTBEHHbIe 3HAYEHUsI, MCIOJb3Ysl BCTPOeHHYI0 MyHKIMIO Eigenvalues. s maTpunst K
uHTepecyoIeil Hac pazmepHocTr 194 X 194 BhIIuC/I€HNS COOCTBEHHBIX 3HAYEHUN U COO-
CTBEHHBIX BEKTOPOB HA COBPEMEHHOM KOoMIbioTepe ¢ Koudurypanueii Intel (R) Core(TM)
i7-6500U 2.50 I'Tm, 8.00 T'B 03V 3anummaior MeHee uyeM (0.5 cek.

OmnmcaHHBI 110/IX0/T TIO3BOJISIET BCECTOPOHHE UCCJIEIOBATH CIEKTPAJIbHBIE XaPAKTEPUCTH-
KU BOJIHOBEYIIIUX CUCTEM C KYCOTHO-IIOCTOSTHHBIM 3AII0OJTHEHUEM 33 ITPUEMJIEMOE BPEMSI.

6. 3a,;1a11a paccedHud Ha CTbIKe JBYX BOJIHOBO/JIOB

IIpennoxkeHHBINT TOAXO K MIPEJICTABIEHUIO ypaBHeHN! MakcBessa depe3 BCIIOMOTa-
TeJIbHbIE TTIOTEHITNAJbI C MOCJIeAYIONEeNl TUCKPeTU3aINell TO3BOJISIET JOCTATOTHO ITPOCTO B
KOHCTPYKTHUBHOM BHUjie c(HOPMYTUPOBATH 3a/1a9y BOJTHOBO/IHON audpakiuu. B kadecTse
IpUIMepa PACCMOTPHUM IIPOCTEHIIYIO B PaMKaX HAIEro IOJX0/a 3334y U3 3TOTO KJacca —
33,129y O JUPAKIINU BOJIHBI HA, CTBIKE JIBYX BOJIHOBOIOB.

IIycTh mMeroTCst 1B, BOJTHOBO/IA, UMEIOIINAE OJIMHAKOBBIE CEUEHUsI, HO PASJIMIHOE 3AIT0JI-
HEHWE, U MyCTh OHU CTBHIKytoTCs npu z = (. abiMu cjioBamu, mMycTh

61(%,3/), z <0, _ m(x,y), z <0,
52($,y)7 z > 07 "= MQ(xay)u z>0.

Bynem pacemarpuBaTh ciydait udpakiiuu BOJTHOBOIHON MOJIBI, HAJIETAIONIEH U3 JIEBOTO
(z < 0) BomHOBOZA Ha npasbiil (z > 0). ITosie B JleBOM 1 MPABOM BOJIHOBOJIAX MOYKET
OBITH TIPEJICTABJICHO B BUJIE CYNEPIO3UIIAA HOPMAJIBHBIX MOJI, ITPUOJIMKEHHOE BBHIYUCIEHUE
KOTOPBIX OCYIITECTBJISIETCA METOJIOM YeThIPEX ToTeHmaaoB. [Ipu 2z < 0 3a7a1a OTBICKAHUS
HOPMAJIBHBIX MOJI PEAYIIUpPYeTcsa K 3ajade Ha COOCTBEHHBIE 3HAYEHNE W COOCTBEHHBIE

BexTOpbl Marpurp K (P
KWy ® =0y, (13)
a upu z > 0 — K 3aja4e

K@5@ = g@5@) (14)

. 1
Ilosre B 1€BOM BOJTHOBOJIE COCTOUT M3 IIAIAIOMIEH Ha CTHIK MOJBI C Re(ﬁ§ )) > (0 u am-
.. 1
IUTATYIHBIM K03 duimenToM A U OTparKEHHBIX MOJL C Re(,B](- )) < 0 ¥ aMIUTUTYIHBIMA
Koapdurmenramu orpakenus R, j = 1,...,2N 2 1. Tosie B IPaBOM BOJIHOBOJIE COCTOUT
2
U3 TPOIIEIIINX MO C Re(ﬁj(- )) > 0, XapaKTepU3yIOIINXCs AMILIATYIHBIME KO3 hUITu-

entamu npoxoxyenus 1, j = 1,...,2N? — 1.
Bamaua qudpaKInyE TAKOH BOJIHLI HA CTHIKE COCTOUT B OTLICKAHHHI HOJIHA, PABHOTO

i3 ()
W:Aw(l)(x’y)ezkﬂl z 4 Z ij§1)(x’y)ezkﬁj z
Re{ﬁ;”}<o
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npu z < 0 u

A (2)
0= Y TuP e
Re 8% >0

0 (2) .
upu 2 > 0, rie w; (2, y) n w;” (r,y) oupezensaeT HonepedHOe pacipe/esenue j-i Hop

MaJIbHOM MO/IBI JIEBOI'O W IIPaBOI'0 BOJITHOBO/IOB COOTBETCTBEHHO. Oun OIIpeIeJICHbI KaK

4AN2—-2 AN2-2
1 1) - 2 2) -
wi (2,9) = 3 WG (2,y), WP (@y) = > UG (2,y), (15)
m=1 m=1

rje 1/15,2 u %33 — 9TO M- KOMIIOHEHTa j—I0 COOGCTBEHHOrO BeKTOpa 3aaun (13) u (14)

cooTBeTCTBeHHO. Ha rpaHuiie J0KHO BBIIOJHSITBCS YCJIOBUE HEIPEPBIBHOCTH TaHTEH-
MUAJTBHBIX COCTABJISIIONIAX TTOJIEH:

[EL]=0, [Hi]=0.

B cuity exmHCTBEHHOCTH (C TOYHOCTBIO JI0 8 IMTUBHOM KOHCTAHTBI) IIPE/ICTABICHUS
HoJieit Yepes HOTeHIHANbI [3,4], 9T0 yC/I0BHe BBIIOIHAETCSI, €CJIU HOTEHIUAIBI HEIPEPBIBHABL.
Takum 06pazoM, ycJIOBHE CONPsKEHUs T0JIeil BeAET K JIETKO BBIIIUCHIBAEMOMY YCJIOBUIO
na koadbunuenter R;, T}

AV @y+ Y RuMey = Y TuP ey (16)
Re{B;}M <0 Re{8;}®>0
(1) (2)

Hockombky u w; (2,y) 1 w;” (z,y) cornacno (15) pack/ajblBaloTCst IO CHCTeMe

d L ;o (4N?-2 16 db i b _
yakuuit {F},7, 7 as semosnenns (16) xkosddunmentsr mpn kaxoi Gynkmmm &,
j=1,...,4N? — 2, nomKHBI GBITH PaBHLI MexKIy coboil. [IpupasHnBas Koa(pduUIIEeH-
THI IpK KazKjoit @5, j = 1,...,4N 2 — 2, B KOTOpBIE BXOIAT JIMHEHbIe KOMOUHAIIIH R;,
T}, momyuum cucremy us 4N 2 _ 2 JmHeHHBIX anrebpamdecKuX ypaBHEHUH OTHOCHTEb-
HO NCKOMBIX KO3 durmentos orpazkenns R;, j = 1,...,2N 2 — 1 ¥ IPOXOKICHHS T},
j=1,...,2N? — 1. Yncao HeH3BECTHBIX R;,T; B TouHOCTH pAaBHO YHCJIY ypaBHEHHIA,
[I09TOMY IIOJIy'€HHAas CUCTEMa MMeeT U IIPUTOM €IMHCTBEHHOE PeIlleHue.

Onmcannast poIeypa MOJTyIeHns CUCTEMbI JJUHEHHBIX aJredpandecKuX ypaBHEHUIT
pean30BbIBAJIACh B CHCTEMaxX KOMIIbIOTepHOU ajirebpbl Maple u Sage Jjisi cpaBHEHUsI
PE3YIIbTATOB PACYETOB MOJETBHOIO CTHIKA, PEYh O KOTOPOM ITOMIIET HUKE.

7. UYwmcaenHoe penieHne 3ajia9u AU PAKIIUN Ha CTHIKE
3aKPbITBIX BOJIHOBO/IOB

PaccMOTpUM CTBIK TI0JI0r0 BOJHOBOJA €1 = 1, fi3 = 1 ¢ BOJIHOBOJIOM T'D&JIMEHTHBIM,
KOTOPOMY COOTBETCTBYeT €5 = 1 + dzy(l — z)(1 — y), pe = 1. 3nauenue GeapaszmMmepHOro
napaMeTpa o OIpeJIeJIseT, HACKOJIbKO CUJIbHO PA3JIMYalOTCS MATEPUATIBI JIEBOIO U IIPABOIO
BOJTHOBOJIOB. PaceMoTpuM cirydail, KOria u3 moJioro BOJHOBOJIA Ha BOJTHOBOJ I'PAMEHTHBII
HaJleTaeT oJHa Hampasisgemas Moua ¢ 8 =~ 0,778 u exunnynoii ammmarynoit A = 1. Byuem
YHCIEHHO ONEeHmBATh eé KOdMUIHeHT oTpaykeHnsa oT cThika |Ry(6)|? mma & € [1;26]
mpu N = 2.
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0.25
|
0.20 /

50.15
| 7‘ 0.10
0.05
0

5 10 15 20 25

Puc. 5. KosddunmenT orparkeHusi mepBoil Moibl OT cThika nipu N = 2, (a)
pe3yJsibTaThl, nosiydeHHble B pabore B.B. IlleBuenko, (6) pe3ysbrarsl, HOJLyYeHHbIE
B JaHHOI pabore.

OTpakenue pyu MaJIbIX 3HAYEHUAX apaMerpa 0 He3HAUUTEbLHO. Y BeJIMUeHne mapa-
MeTpa § BIeYET OOJIbINIee OTPArKEHNE BOJHOBOIHONW MOJBI OT CTBIKA, 9TO (DU3MIECKU
COOTBETCTBYET MOBEICHUIO MOJbI HA CTHIKE BOJIHOBOJIOB U3 PA3JINIHBIX MATEPUAJIOB.

CpaBHenue peaju3arnuii CHMBOJIBLHO-IUCJIEHHOTO METO/Ia PAcIéra KO3(DPUINEHTOB 0Tpa-
JKeHus u npoxoxkaerus B Maple u Sage /i paccMaTpuBaeMoro Cirydas MOKa3bIBAeT, 9To

Mapl S
|R7P(1) — RY™°(1)| < 0,002. ToqHOCTD COBNAJIeHNsT OOYCIOBIEHA PA3INIHBIMA DEAJIH-
3aIUsIMU CUMBOJIBHO-YUCJIEHHOI'O METOJIA, a8 TaKyKe PA3JIMIHON TOYHOCTHIO YUCIEHHOTO
pacuéra uaTErpajoB B cucreMax Maple u Sage.

8. YwuciieHHOoe pellleHMne 3a4a49M JU(PPAKIIUA HA CTBIKE
OTKPBITHIX IJIAHAPHBIX BOJIHOBO/IOB

PaccmorpuMm Terrepb BTOpO#i puMep, cjiesiaB IpeaBapuTeibaoe 3amedanne. OIHUM U3
MIEPBBIX METOJIOB MCCJIEIOBAHNS 3aKPBITHIX HEPETYSPHBIX BOJHOBOIOB OBLI pa3paboTan
B. 3. Kanenenenbaymom [11] — meros nonepednsix cedeHuil, KOTOPbIii ObLT 0600IIEH Ha
orkpbIThie BosiHOBOABI B. B. IleBuenko [12]. IlonsITku 060CHOBATH METOJ MOMEPEYHBIX Ce-
YeHUi SIS OTKPBITHIX BOJTHOBOJIOB IIPUBEJIN K CEPBE3SHBIM TEOPETHIECKUM TPYIHOCTSIM,
CBSI3aHHBIM C HAJIMYUEM HEIPEPBIBHOTO CIIEKTPA 3a/a49M, OIMUCHIBAIONIETO M3JIyYaTe b
HbIE MOJIBI OTKPBITOIO BOJTHOBO/Ia. BOTHOBOIHAST 3a/1a4a, JJIsT 3aKPBITOTO HEPETYJISIPHOTO
BOJIHOBOJIa, TEM BPEMEHEM MMeeT KOPPEKTHYIO ITOCTAHOBKY.

B pab6ore [5] 6b110 OKa3aHO, 9TO PACYET OTKPBITOTO BOJTHOBOJA MOXKHO IPOBOJUTH B
paMKax MOIIEN TaK Ha3bIBaeMoro «smmka upuxies. [IpesaorkerHass MoIeIb COMEPsKAT
MIPEJITOJIOKEHNE O BO3MOYKHOCTU TTOMECTUTH OTKPBITHIN BOJTHOBO/I B OOLEMJTIONITNN TTOJIBIH
3aKPBITHIN BOJTHOBOJI, TPAHUIIBI KOTOPOTO YIAJEHBI OT PeaJbHBIX T'PAHUIT BOJTHOBOIHOTO
CJIOSI U TIOCTABUTH KOPPEKTHYIO MaTeMaTHIECKyIo 3a1ady. B 9ToM cilydae moBeeHne Ha-
MPABJISIEMBIX U U3/Iy9aTeIbHBIX MO OTKPBITOTO BOJTHOBOA OYIET aJIEKBATHO OIUCHIBATHCS
B paMKax MPeJIOKEHHON TPUOINKEHHON MOIEIN, UITO TMOATBEPKIAETCS IUCTEHHBIMI
9KCIepUMEeHTaMU, IPUBEJIEHHBIMU B [5| n HacTosmei pabore.

B pamrax momenn «simuka Jupuxies OyaeM IpOBOINTEH PACUET CTHIKA OTKPBITHIX ILIa-
HAPHBIX BOJHOBOJIOB, KOTOPBIN 110pO6HO nccenoBasics B pabore B. B. Illesuenko [7].
PaccmoTpuM aHAIOTHYIHYIO CTPYKTYPY, TIOMEIIEHHYIO B SIIUK, ¥ IPUMEHUM JIJIsT PAcIéTa
[IpeJIJIOYKEHHbBIN B HacTosIeil pabore meroxa. B pabore [7] paccmarpuBaercst CThIK BOJI-
HOBOJIOB OJMHAKOBOM TOJIIIIUHBI ¢ PA3INIHBIMY JUIJIEKTPUYIECKIMI TPOHUIIAEMOCTSIMU:
M3 JIEBOTO ILJIAHAPHOT'O BOJTHOBOMA C €9 = 2, 49 = 1 TOJIIUHBI d MaJIA€T TepBas HaIpaB-
JigeMas MOJIa Ha MPaBBIN IIAHAPHBIN BOJTHOBOJL £1 = § - £g, (41 = 1 TaKOIl »Ke TOJIIIHBI,
OpUIEM JJIMHA BOJHBI CBA3aHA ¢ TOJMIMUHON coorHomenneMm d/\ = 0, 4. IlokposHas cpeja
J71s1 000X BOJTHOBOJIOB — Bo3nyX € = 1, u = 1. B pamkax momenu «sammka Jupuxies eau-
HUYHON IMUPUHBI U BBICOTHI TOJIIINHA BOJHOBOIHOTO cJyiost ObL1a puaaTa d = 0,01, 9T00BI
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BBICOTa <«AIMUKa» ObLIa MHOIO GOJIBIIE TOJIIMHBI BOJHOBOAHOTO cjosd. Hrrke npuseacn
rpaduk 3aBECHMOCTH KO3 PUIMEHTa, TTPOXOXKICHUS HAITPABJISEMONl MOJIBI B 3aBUCHMOCTH
ot Ge3pasmepHOro napamerpa s = €1/eg upu N = 7 (puc. 6 (b)).

1.00-
0.98 0.98
(A())20.96 20961
(Al)z T1
A )20.94 0.94
2
0.92 0.92
0.90 : : : : :
090 0.8 10 2 0.8 0.9 1.0 1.1 1.2

el/e? 7%

(a) (b)

Puc. 6. KoasddbunmeHT npoxo>KgeHusl epBoii Moabl Yepe3 CThIK npu N =7

[Tpusenénnast Ha rpaduKe 3aBUCAMOCTD JIEMOHCTPUPYET KAYECTBEHHYIO COIVIACOBAH-
HOCTBH ¢ pedynbraramu paborsl B. B. Illesuenko [7] (puc. 6 (a)). Yuciaenusle 3HaueHus
TaKKe UMEIOT OJJMHAKOBBIi HOPSIIOK, YTO TOBOPUT 00 a/IeKBATHOCTU IPE/JIOXKEHHOIO Me-
TOZIA, B TOM YHCJIE JIJIsl UCCII€J0OBAHNS OTKPBITBIX BOJIHOBOJIOB, IIOMENEHHBIX B <«SIIUK
Hupuxies.

9. 3akJjrouyenue

PaCCMOTpeHHbIe YHCJICHHBbIC IIPUMEPDI IIOKa3bIBAIOT, YTO IIPEIJIOZKCHHaA B HepBOfI qacTn
CTaATbU CXeMa CBEJIEHUsI CUCTEMbI ypaBHenuit MakcBesa B BOJTHOBOJIE K CUCTEME JBYX
CBSI3aHHBIX ypaBHEHU ['€IbMIroJibIia, 3aMnCaHHbIX B «FAMIJIBTOHOBOM (hOpMe», TPUBOIUT
B paMKax HEIOJTHOro MeToa ['anépkuHa K 04eHb YA00HO! I YNCTIEHHO-AHAJIUTHIECKOTO
aHaJIM3a cucTeMe OOBIKHOBEHHBIX MuddepeHnna bHbIX YPaBHEHU. 38 paMKaMU CTaTbU
0CTaJI0Ch 0DCY2KJICHIE BO3MOXKHOCTEH, KOTOPBIE OTKPBIBACT YKA3AHHBIN B CTATHE TIPOU3BOJI
B BbIOOpE U ymopsiodennn 6azuca. MoxKHO mosaraThb, 9TO 3TOT IOAXOJ TO3BOJUT CO3/IaTh
IIPOCTBIC B UCIIOJIB30BaHUM JIJId ITPUKJIaIHBIX I/ICC.HG,ILOBaHI/Iﬁ KOMIIJICKCHI ITPpOI'paMM JIJIsA
HCCJIEJIOBAHUS BOJTHOBOJTHOTO PACIPOCTPAHEHUS SJIEKTPOMATHUTHBIX BOJIH.
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On the Calculation of Electromagnetic Fields in Closed
Waveguides with Inhomogeneous Filling
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The paper investigates waveguides of constant cross-section with ideally conducting walls
and arbitrary filling. The problem of finding the normal modes of a waveguide in a full vector
formulation has been set and discretized. In the framework of numerical experiments, the guiding
and evanescent modes of the waveguide are calculated for several variants of the fillings. The
problem of diffraction of the normal waveguide mode incident on the joint of two waveguides,
the cross-sections of which coincide, and the filling at the junction varies abruptly, is set and
discretized. The results of numerical experiments for specific configurations of waveguide joints
are presented, and the transmission and reflection coefficients of the guided modes are calculated.

The solution of the Maxwell equations system is based on the decomposition of fields with the
help of four potentials, and in the present work a symbolic-numerical method is realized that
uses this approach. The numerical experiments presented in this paper show that the proposed
approach and the method on its basis allow the effective calculation of various characteristics
of waveguide systems. The adequacy of the approach used is also evidenced by comparing
the results obtained with the results of V.V. Shevchenko for the diffraction problem at the
junction of two open waveguides

The symbolic-numerical method used in the work is implemented in the computer algebra
system Maple, in particular, the calculations of matrix elements in the framework of the
incomplete Galerkin method are carried out in symbolic form to accelerate further calculations
using numerical methods.

Key words and phrases: waveguide, Maxwell’s equations, normal modes, partial radiation
conditions, incomplete Galerkin method, Kantorovich method, Sage, Sagemath
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HeBsizkuit anajsior 3agaum Ilyazeitns
A. B. Koniten

Kagedpa mamemamuru
Hremumym sodnozo mparcnopma
Tocydapcmeernvitl YHUBEPCUMEM, MOPCKO20 U PEYHO20 PAOMA
umeru admupana C. O. Maxaposa
ya. Heunckasn, 0. 5/7, 2. Cankm-Ilemepbype, Poccus, 198035

PaccmoTpena mmockast 3a1ata 006 YyCTAHOBUBIIEMCST [BUYKEHIH U/ICATHHON HECXKUMAEMOM YKU/I-
KOCTHU B KaHaJle MeK/1y IByMd ITapaJlyIebHbIMA IIJIOCKOCTAMU IO, AeficTBUEeM 3aJaHHOTO IIeperaia
JABJIEHUS. 33198 PACCMATPUBAECTCI B JIEKAPTOBBIX KOODIMHATAX.

ITocranoBka anajornyna u3BecTHO# 3aa4e lyazeitns ¢ Toit b pa3HUIEil, 9YT0 BMECTO BI3KOM
2KUJKOCTU PACCMaTPUBaeTCA HjeanbHadA. B KadecTBe IPaHUTHBIX YCIOBUM Ha CTEHKaX KaHAJIA
3a/1a€TCA yCJIOBHE HENPOTEKaHMs, TAK YTO BEKTOP CKOPOCTH MapaJijieieH OrPaHUMYINBAIONIIM
noBepxHOCTAM. llepera i naBiieHus 3a/1a€TCs, KAK HEKOTOPas MOJIOXKUTEIbHAs BEJININHA.

111 pelieHust 3a/1a4u IIPEIJIOXKEH II0IX0J, OCHOBAHHBIN Ha MCIIOJIH30BAHUU IIEPBOI'O MHTErpa-
Jla ypaBHEHUI Ditslepa IPU COXPAHEHNN HeJTMHENHBIX 4eHoB. s ciaydas 2D ycranoBuBIierocs
JBU2KEHNST HEC2KIMAEMOM »KUIKOCTH MIPE/ICTABJICH BBIBOJ, OIPEEISIONINX COOTHOIIeHn. Perre-
HUS yPaBHEHHUU JJI OCHOBHBIX I'MJIPOJMHAMUYECKUX XapPaKTEPUCTUK HalJeHbl aHAJIUTHUIECKH B
BHJIE PA3JIOYKEHMs IO CTEIEHAM JeKapPTOBBIX KoopauHart. s onpenenenust Koo PUIMEHTOB pas3-
JIOZKEeHUs NIPU HEKOTOPBIX 3HAUEHHUAX OIpeIesIAoNX IapaMeTPOB HCIOJIb30BaHbl CTaHIAPTHBIE
mporpaMmbl naketra Maple.

B pesynbprare nosydeHb! BhIpaXKeHHUS JJIsi OCHOBHBIX I'MJIPOJNHAMUYECKUX XaPAKTEPUCTUK U
HICCJIEIOBAHBI UX OCOOEHHOCTHU. B "acTHOCTH, BBIABIIEHBI 30HBI BO3BPATHBIX JIBUZKEHUHM U 30HBI
MHTEHCUBHOI'O BUXPEBOT'O JIBUXKCHUS.

KirodeBbie cjioBa: yCTaHOBUBIIEECS JIBUKEHUE, WJIeabHAsT HECXKUMaeMasl >KUJIKOCTb,
nepenas JaBICHUsS, YPABHEHUSA Diljiepa, MHTErpaJj, Pa3j0KEeHNE 1O CTEIeHIM

1. Bsenenue

Bajiaua 0 JIBUKEHNN XKUJIKOCTU B KaHAJIE SIBJISETCS OJIHON N3 BasKHBIX 337189 TEOPeTH-
YeCKO! I'MAPOMEXaHUKH. JTa 3a/ada NMEeeT He TOILKO TEOPETUIECKOe, HO U IPHKJIAJIHOE
3HAUEHNE, TaK KaK B OCHOBE JIEKUT BaXKHBIIl IPAKTHYECKUI BOIPOC — KAKOB 3aKOH JIBH-
JKeHUsl YKUJIKOCTH B KaHAJIe IPH 33aHHBIX YCJIOBUAX Ha rpanunax [1-3]. B npukiaaHoii
IUJIPOMEXAHUKE JIBHKEHHsI TAKOIO TUIIA HOJLY NI HA3BAHUs HAIOPHBIX TedeHnii. Heob-
XOJIMMOCTH PACCMOTPEHHsI TAKOTO THUIIA T€UEHUH BOSHUKAET NPU PACUETAX arperaTos u
MEXaHHU3MOB Ha TPYOOIPOBOIHOM TPAHCIOPTE, B MAIIMHOCTPOEHUH, SHEPreTUKe, I'HIPO-
rexHuke. Ha ceropHsImumii JeHb MHOIHE BOIPOCHI, CBsI3aHHBIE C 33/a9aMi TAKOIO THUIIA,
LPOSICHEHBI HE JI0 KOHIAa U TPeOYyIOT JONOTHATENHHOr0 n3ydenus. Hanpumep, He sicHO,
[0 KAKOMY 3aKOHY IIPOMCXOJUT IIaJIeHUe JIABJIeHHsI BIIOJb OCH KaHaJsa, KAaKOB XapaKTep
paccesiHUsl SHEPIUH [OTOKA, IPU KAKUX yCJIOBUSAX OJHOMEDHOE JIBIZKEHHE Pa3pylaeT-
Csl M 3aMeHsieTCsl Ha 6oJiee CJI0KHOE JIByMEPHOE ¢ HAJIMYMEM BBIPAYKEHHBIX BUXPEBBIX
30H, KAKOBbI 3aKOHOMEPHOCTH IIepexo/ia OT JIAMHUHAPHOIO PeKUMa, J[BUXKEeHHsI K TypOy-
jgeHTHOMY (4, 5].

IIpocreiimast MOCTAHOBKA LIPEJIIIOJIAracT PACCMOTPEHHUE IIIOCKON 3a/[a9i U OCHOBBIBA-
eTcsl Ha MOJISJIN MJIeaJIbHOI HECXKIMAEMOil YKUJIKOCTH, J[BHKEHIE KOTOPOIl OIMCHIBAETCS
ypaBHeHusmu dittepa. s ciaydas 2D yCcTaHOBUBIIErOCs JABUYKEHUsI M B IIPEJIIIOIOKEHIN
006 OTCYTCTBUH BHEIIHUX MACCOBBIX CHJI, ypaBHeHUs Diliepa umeor Buj [1-3|

ou ou 10p

Crarbs nocrynuia B pegakuuio 26 dpespass 2018 r.
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ou Ov
o 5y =" (3)

rae p, u, v 0603HAYAIOT OCHOBHBIE HEM3BECTHBIE — JIABJICHNE U KOMIOHEHTBI BEKTOPa CKO-
POCTH, COOTBETCTBEHHO IIPOJIOJILHOM U MOIEPEYHOM; p €CTh [IJIOTHOCTD YKHUJIKOCTU, KOTOPAast
B paMKaxX MOJEJIM HEeCXKHMaeMOW CPeJbl HEM3MEHHa U IPEJCTaBJIsieT 3aJIaHHbI 0JI0-
JKUTEeJIbHBIN napamerp. Karkias u3 BeJIMIHH p, U, v, SABJISETCA HEKOTOPOil HEM3BECTHOI
dbyukuueit koopaunar z, y. OCHOBHas 3a/1a4a COCTOUT B OLPE/ICJACHUN TUX HEM3BECTHBIX.

Baskueiimeit ocobennoctsio ypasuenuii (1)—(3) siBiiseTcss Hann4ane HeJIMHEHHBIX YICHOB,
KOTOpBIE IPHCYTCTBYIOT B JIEBLIX YACTAX MEPBBIX ABYX yPaBHEHHIl. DTH UICHBI yPaBHEHMUIT
CO3/IAIOT OCHOBHBIE CJIOKHOCTHU DY UCCJIEIOBAHUE U pereHnr. Ho NMEHHO 9TH 4jIeHbI
SIBJIAIOTCST HEOTHEMJIEMOI JacThIO ypaBHEHUN Dilepa U JIOJIKHBI OBITH YITEHDLI HIPH
PEIIeHnH 110 BO3MOXKHOCTH OOJIee CTPOTO.

Panee 6b110 06HApY2KEeHO, 9TO ypasHeHus (1)—(3) gomycKamT IPOCTOE OIHOMEPHOE
pertenne. JeficTBUTEIBHO, €CJIH TIPEJIIOIOKATE, 9TO TeUEHNE UMEET JIUIIh OJIHY HEeHYJIEBYIO
KOMITOHEHTY CKOpPOCTH BJ1oJib ocu OX | Torma

ou ap_o op

v =0,

B pesyabrare nosydaem p = const u u = ug(y). To ecTb jaBieHne He U3MEHsIETCS U
PO UIIb TPOJIOIBHON CKOPOCTH, KOTOPBIH OBLT BO BXOJHOM CEUYEHHUH KaHaJsa, Oym1erT coxpa-
HAThCs 6e3 KAaKUX-JM00 U3MEHEHWIT 1 IPU JIBUXKEHUN BJIOJIb BCero KanaJa. Pertenne (4),
KOTOPOE COOTBETCTBYET TAKOMY IIPOCTEHIIeMy JIBUXKEHUIO, MOXKHO HA3BATh TPUBUAJILHBIM.

OHAKO IKCIEPUMEHTABHBIE PE3YJIBTATHI U IPOCThIE BU3yabHbIe HAOJIIOIEHUST TOBOPAT
O TOM, 4YTO, KaK IPaBUJIO, CYIIECTBYIOT 30HLI TEYCHUs, IJe ABUYKEHUE 3aBEIOMO He
onaoMepHO U v # 0. Kpome Toro, B peasibHbIX T€UEHHSIX BCErIA CYIIECTBYET HEKOTOPBIi
HEHYJICBOU Ileperali JaBJIeHUs, KOTOPBI ABJISeTC OCHOBHOU IIPUYMHON JIBUKCHIUSI.

Bce sr0 3acraBisier BHOBL oOpamarbcsd K 3TOH M3BECTHON 3ajate TeOPEeTUIeCKOi
I'UJIPOMEXaHUKNA U COCPELOTOYUTHCS Ha IIOUCKE HETPUBUAJILHBIX PEILICHU, KOTOPbIe COOT-
BETCTBYIOT HAOJIOAeMbIM Ha ITPAKTUKE 33aBEJOMO HE OJTHOMEDPHBIM JIBUKEHUSIM.

2. IlocraHoBKa 3ajgadn

Bynem cuntarh, 9T0 ABUXKEHHUE YKUJIKOCTH ITPOUCXOIUT B KaHAJE MEXKIY JBYMS IapaJi-
JIEJIBHBIMU TIJTOCKOCTSIMHU, PACIIONIOKEHHBIMI Ha paccTosiaun 2H npyr ot gapyra. Beibepem
CHUCTEMY KOOPAWHAT Tak, 9T0 och OY mepreHanKyasipHa OrPAHMYINBAIONIAM [TOBEPXHO-
ctsaM, a och OX UM mapaJiesibHa U OTCTOUT OT KarKJIOW U3 IMOBEPXHOCTEH Ha PACCTOSHUE
H. Orpanunynmcs paccCMOTPEHUEM ILJIOCKOM 3a/1a4d, CUMTasl, YTO JIBUKEHUE OJJMHAKOBO BO
BCEX IJIOCKOCTSIX, MTEPIEHINKYISPHBIX OrPAHUYUBAIONIUM MTOBEPXHOCTIM U TapaJLJIeIbHBIX
ocu OX. Cunraem, 9T0 KaHAJ UMeEeT KOHEUHYIO MIPOTIKEHHOCTH BIoJib ocu OX. Ilycrs
Jyist TpocToThl —L < x < L, roe BenuunHy L 11ojiaraeM IMOJIOXKUTENBHON W M3HAYTAb-
HO 3aJIaHHOI. ByjeM canTaTh, 9TO Ha KOHIAX KaHaja npu x = £ co3/iaéTcs meperay
naByieHnst Ap, KOTOPBI U SIBJISETCS OCHOBHOI MPUYMHON JTBUYKEHUSI.

Takum 06pa3zoM, IOCTAHOBKA 33/1a9N aHAJOTUIHA W3BECTHOU 3amade llyaszeiina mys
JIBHZKEHUS BSI3KOM YKUJKOCTH B KaHaJie [1—4] ¢ Tem smmib pasimaneM, 9T0 BMECTO BSI3KOIA
JKUJKOCTU B HAIIEM CJyvYae pacCMaTpUBAETCHA HWIeasbHas W KaHAJ IIPEJICTABIIAET He
MUIHIAPUIECKYI0 TPyOy, KaK OOBITHO IIpejrnoJaraeTcs B 3amade llyaseiins, a nmeer
bostee pocTyio KoHuUryparuio. OCHOBHON BOIIPOC COCTOUT B TOM, UTOOBI OIPEIETUTH
TUAPOANHAMUYIECKUE XaPAKTEPUCTUKN MMOTOKA TPHU 3aJaHHOM Ieperaje JIaBIeHUs Ha
KOHIIAX KaHaJa.
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B namnoit pabore mpeiyiaraeTcst mojxo 1, OCHOBHASI U1es] KOTOPOTO COCTOUT B TOM, YTOOBI
CTPOUTH PeIlleHNe 33129l OCHOBBIBAasCh He Ha ypaBHeHusx Jitiepa (1)—(3) menocpen-
CTBEHHO, & Ha OCHOBE IIePBOr0O MHTErpaJja 3TuX ypasHeHuii. [lepBrIit nHTErpa ypaBHeHUH
(1)=(3) ectb crencrBue unrerpana ypasuenuii Habe — CToKcCa, IOIy9eHHOr0 aBTOPOM
Jist obtero ciydast 3D HEYCTAHOBUBIIIErOCsI JIBUKEHUST BI3KONW HECKUMAEMOI JKUTKO-

cru [6-8| npu coxpaHneHnn HesMHEHHBIX WieHOB. it paccMaTpuBaemMoro B JIaHHOI pabore

Oosiee mipocToro caydas 2D mBUKeHUs TpU é =0mn % = 0 BBIBOJI COOTHOIIIEHUI],

OPENCTABJISIONINX NEePBBII UHTErpaJl, CBOAUTCA K CJIEIYIONIEMY.

IIpeobpasyem nesuneitable wieHbl ypaBHeHuil (1)—(2) ¢ yuérom usBecTHBIX (HDOPMYII
nuddepeHIupoBaHnst IPOM3BEJIEHNs] U YPABHEHUsI Hepa3pbIiBHOCTH (3) Kak

ou  Ouv ov  Ouwv 0 u?
Uay: oy _“ay: Oy +8a:2’
ov B ouv ou B ouv 0 v?
u%_%_v%_%Jraiy?.

(5)

C yuéroM BbIpazKeHUil JJIst HEJMHEHHBIX WICHOB B Buje (5) KaxK/i0e U3 ypaBHEHHI
cucreMsl (1)—(3) mpeacraBisieTcss B IUBEPreHTHOM BHJIE

0P,  0Q;
Ox + oy

rme P; u (; ecTb HEKOTOpBhIE KOMOMHAITUN HEU3BECTHBIX.

Ypasrenne HepaspblBHOCTH (3) u3HaYaIbHO MMeeT Bu (6), a s ypasuenuii (1)—(2)
HYy?KHBIE IIPEJICTABJICHUS CJIEYIOIIHE:

0 (5 p Juv
o (u +p>+ oy =0,

Ouww 0 (5 p\ _
8x+8y<v —|—p>—.

(7)

U3BecTHO, UTO pellleHne ypaBHEeHUs] Hepa3pbIBHOCTHU (3) 3a/1aéTcst BhIpakeHusiMu [1-3]

0w, ow,

Tyy v= T oz’ (8)

riae Uy (x,y) upencraisier (DYHKIMIO TOKA, XOPOIIO U3BECTHYIO B TUAPOMEXAHUKE Be-
JIMIUHY.

AHajIOrnIHO MOXKHO TIOCTPOUTD DEIIeHre BCIKOro ypasHenus Buja (6). B wacraocrn,
periernsi ypaBHeHuil (7) MOYXKHO IPEJCTABATH B BHUJIE

’LL2 n 8 _ 8\111’2 wo — _8\111’2
p oy’ oxr ’ )

w = 5‘\111,3 U2 + B _ _8‘1’173

oy’ p or ’

rae Wy 2 n ¥y 3 IpeicTaBiIgd0T HEKOTOPble (DYHKINU IIePEMEHHBIX & H Y.

Ob6o3Hadyenns 3Tux (YHKIMNE COOTBETCTBYIOT HA3BAHUAM, KOTOPbIE OBLIN ITPEJJIOXKEHI
B [6-8|. B ykasanubix paborax 3Ty (DYHKIMU OBbLIM HA3BAHBI ICEBIOMYHKIUSIMU TOKA
IIEPBOTO MOPSIKA C HOMEpaM# 2 U 3 COOTBETCTBEHHO.
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U3 ypasHaenuii (9) cieiayior COOTHONIEHUSI

u?+v%) 1 /0T ov ov ov
p_ (@t < 1,2_1,3,)7 W2yt MW Vg

p 2 2\ Oy Ox oy ox ' (10)
8\1/173 n 3\11172 —0
Ay or

ITocnennee 3 ypasuennii (10) upecrasisier ypaBaenue Buja (6), u ero perieHue
MOXKHO IPEICTABUTL KaK

0¥s 1 Uy oo — 0¥s 1
1,3 = ——(x7_

Uy o= —F"
1,2 83/ b 3 6x )

(11)

rie Wy ecThb nceBIOdYHKIMS TOKA BTOPOro Hopsiika ¢ HomepoM 1. OHa mnpejcrasiisier
HEKOTOPYIO (DYHKIMIO IePeMeHHBbIX T U Y. BBojd 3Ty (DYHKIHUIO B KadecTBe HOBOI'O
aCCOIMUPOBAHHOIO HEU3BECTHOIO U HUCIOJL3Ys JJis Heeé GoJiee mpocToe obosHadenue oy,
u3 (9) mosydaeM oIpesesolye COOTHOIIEHNsI B BHJIE

_ 2
0’y 0?0
2_ .2 2 2
u® —w 07 a2 (13)
2
)\
w522, (14)

B ypasuenunsix (12)—(14) pg ectb ajyjmruBHas nocrosinuas jgasienus; U = vu? + v?
— MO/IyJIb BeKTOpa cKopocTH; Yo — HOBOE aCCOIMUPOBAHHOE HEU3BECTHOE, BOSHUKAIOIIEE
IpH MHTErpupoBaHuu; BeauuanHa d B npasoit dactu (12) ecTh npuBeIEHHAS IIOTHOCTD
BUXPEBOI SHEPruM, BbrYUC/IsieMas 1m0 (Gopmyste

1 (82\112 82\I/2>

d=_- (222
2\ 0z2 oy?

(15)

Ecin Bomosnaenst (12)—(14), To ncxoxusle ypasuenust Jitaepa (1)—(2) taxkxke OyayT
yaosisierBopensl. Coornomtennst (12)—(14) npeacTaBiisior epBblil HHTErpas ypaBHEHU
Ditepa Jyist caydas 2D yCcTaHOBUBIIETOCs JIBUKEHUS MJI€AIbHON HECKUMACMON CPE/IbI.
VYpasuenus (12)—(14) umeror Hy/IeBOil MOPSIOK IPOU3BOAHBIX OTHOCUTEIHHO OCHOBHBIX
HEM3BECTHBIX U, U, P ¥ 3HAYUT, PEIICHNE STHX YPABHEHUIT CBOIUTCS K Gojtee IPOCTOit MaTe-
MaTHIeckoit 3a1ade. Vmenno ypasuenus (12)-(14) Bmecre ¢ ypaBHeHneM Hepa3pbIBHOCTH
(3) BO3bMEM B KadeCTBE OCHOBHBIX JIsl JAJILHEHIIEr0 PEIIeHIs 33/ aqu.

Sagauay Oyzem paccMaTpuBaTh B Oe3pa3MEpPHBIX MEPEMEHHBIX IIPU CAEAYIOMEM BBIOODE
MacITaboB. B Hamem cirydae creruduka 3a/a91 M0/ICKA3bIBAET BBIOPATH IS KOOD/UHAT
T U Y pasHble MacmTabbl. B KatecTBe MaciTaba KOOpaAnHATHI § Bo3bMéM H, B KadecTBe
macirraba KOOPAWHATHL T — BeauauHy L, MacmraboM TPOJIOIbHON CKOPOCTH BhIOEpEM

Besimuauny Uy, a macmrrabom nomepetdnoit ckopoctu — Besmanny kUy, tie k = % B kagecrse
maciraba gasiaenus nonaraeM pUZ. Iljist Beex Ge3pa3MepHBIX BEJMYHH COXPAHUM Te JKe
0603HAYEHNSI, YTO U JJIs COOTBETCTBYIONINX UM PAa3MEPHBIM BeJIUINHAM.

C yuéroM yKa3aHHOTO BBIOOpa MacIITaboOB 00JIACTh TEUEHUsI B HAIIEM CJydae Oyjer
33/1aBaThCca HepaBeHcTBaMH —1 < z < 1m —1 <y < 1.
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Kpome Toro, HEKOTOpbIE U3 ONPEJIEIAIONUX YPAaBHEHUH HECKOJIBKO U3MEHST CBOI BUJIL.
Tak ¢ yuérom BbIOOpa MacuTaboB ypasuerus (12) u (13) Oyayr numers Bu

U2
p_p():_?_dv (16)
0°Wy 0%V,
212 2 2
u® — k*v° = 3y —k 922 (17)
ITo Toii ke mpuYKMHE BBIpasKeHUe I MO/t cKopoctn npuMeT Bug U = vu? + k202,
a ypasaeHue (15) J0/2KHO GBITH 3alMCAHO Kak
1 [ ,0%0, 90,
d=—= (k> ) 18
2 ( 0x? * 0y? > (18)

I'panuunblie ycaoBus 3a/1aI0M CJIEAYIOMIM oOpa3oM. Ha orpaHmYnBarommux moBepxXHO-
CTSIX CYUTAEeM BBITIOJTHEHHBIMU YCJIOBUS Herporekanus [2—4|. s Hariero ciydasi OHI
CBOJIITCS K PABEHCTBY HYJIIO MOMEPEYHON COCTABJISIONIEN CKOPOCTH BIOJIb I'DAHUI] KaHAJIA
upu y = 1. Takum obpazom, morpedyemM BBIIOJIHEHUsSI PABEHCTB

v(x,£1) =0. (19)
Byzaem cuurarb, 9TO Ha BXOJE B KaHAJ B CEYEHUH T = —1 CKOPOCTH MMeeT TOJIBKO
IIPOJIOJIBHYIO COCTABJIAIIONLYIO, TOIVIA KaK IIONEPEYHAasl COCTABIIAIONIAS PABHA HYJIIO:

CunraeM TakzKe, 9TO Ha KOHIAX KaHaJa IpH T = +1 mepemnaj AaBjaeHus 3agaH. IlycThb
B 6e3pasMepHbIX EPEMEHHBIX €ro 3HAYEHWE PABHO BeJuuuHe §, rje  mpeacTaBiser
3a/IAHHBII TIOJIOKATEbHBIH Tapametp, § = Ap/(pUZ). Torpa mannoe JaHHOe TDAHETHOE
YCJIOBUE 331a6TCS PABEHCTBOM

p(=1,y) —p(L,y) = 0. (21)

Taknm 06pa3oM, B paMKaxX PacCMaTPUBAEMOil OCTAHOBKH 33/1ada CBOAUTCH K PEIICHUIO
ypasrenuit (14), (16)—(17), (3) upu Tpéx rpannunsix ycnosusx (19)—(21). Besuauner k u
 IpesCTABIAIOT U3HAYAJIBHO 33 /[AHHBIE [OJIOXKUTEJbHBIE TADAMETPHI.

3. Penlenue onpenessommx ypaBHeHU

B ypasuenusx (14), (16)—(17) orcyTcTBYyIOT IPOM3BOJHBIE OCHOBHBIX HEM3BECTHBIX U, U,
p. To ecTb 0 OTHOIIEHNIO K TUM HEM3BECTHBLIX MMEEM UHCTO aJredpandecKue ypaBHEHHU.

ITpearaercss MOAXOJ K PENICHUIO, KOTOPLI OBLI HCIIOJB30BAH aBTOPOM B pabo-
rax [9, 10].

Ha nepBom srarme 3a1aum obuuii Bu Boipaxkeruii st u(x,y) u v(x,y) Tak, 9rodbl
3aBEJIOMO Y/JIOBJIETBOPUTL U YPABHEHUIO HEPA3PHIBHOCTHU (3), U IPAHUIHLIM YCJIOBUSIM
(19)—(20). Ha BrOpoM 3Tare yTOYHUM [IOJIyI€HHbIE BBHIPDAKEHUs, YTOOBI YO0BJIETBOPUTD
ypasuenusMm (14), (17). Ha nocienuux sramax cocraBuM BbIPaXKeHUe JJIsl P — Py B COOTBET-
crBuM ¢ paBeHcTBoM (16) u yjaoBiaerBopuM rpanngaomy yciaosuio (21). Takum ob6paszom,
BCE IIOCJIE/LYIONIEe PEIIEHIe MOXKHO [IPEJICTABUTD, KAK PEIICHIe OT/IeIbHBIX 60JIee IPOCTHIX
3.
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3.1. IlepsBsbrii 3Tan

Yro6bl M3HAYATBHO YIOBJIETBOPUTH YPABHEHUIO HEPA3PHIBHOCTH (3), BBEJEM (DYHKIIUIO
roka V. Toryma /st HEM3BECTHBIX U U U CIIPABEJJIMBBI COOTHOIIEHUS (8).

DOyHKIUIO TOKa 33JI3)ITUM B BUJIE€ PA3JI0XKEHUsS 110 cTereHsM x™y", Tie mokasaTesimn
crenieHeil orpannyenbl HepaBeHCTBOM 0 < n + m < N. TakuM 06pa3zom, IOJ0KIM

N N-n

\Ijl(xay) = Z Z anmxnymv (22)

n=0 m=0

TJI€ Uy TPEICTABISIIOT HEKOTOPHIE, TTOKA HE OIMPeIeIEHHbIE KOI(PPUITUEHTHI.

IIpenBapuTenbHBIN aHAIN3 ITOKA3bIBAET, UYTO HETPUBHAJIBHBIE DPEIIEHUS IOy JAIOTCS
y2Ke, HaunHas ¢ usgroro npudiamxkenns N > 5. B nanbueiimmem mosaraem N = 5 u Oyiem
uckarh HemsecTHOe W1 (z,y) B BAJe MHOTOWIEHA ISITON CTEIIEHU OTHOCUTENbHO Ty,

Be3 yuéra agmuTuBHON MOCTOAHHON a0, 3HAYEHNE KOTOPOIl MPOM3BOIBHO, HA JTAHHOM
srane umeeM 20 HeonpeaeaéHubIX Koadbdunuentos. [Ipu srom u(x,y) u v(x,y),, BbIUHC-
JIEHHBIE COTJIACHO (8), MpeJICTaBJISIIOT MHOIOYJIEHbl YeTBEPTOIl CTEIeHN OTHOCUTEIHHO
x2"™y", U OHU 3aBEJIOMO YJIOBJIETBOPSIIOT yPABHEHUIO HepaspbiBHOCTH (3).

3.2. BTopoii sTan

[TonGepém KodDOUIHUEHTBI Gy, TAK, 9TOOBI YIOBIETBOPUTH TPAHUYHOMY ycsoBuio (19).
PaccMoTpuM BbIpazkeHue Jjist TIOIePedHol CKOPOCTH, COMIACHO BTOPOMY u3 (8) 1 ¢ y4éTom
(22). Ilomy9gaeM BbIpakeHHe

v = —(a19 + 2a20r + a11y + 3a30x2 + 2a91xy + a12y2 + 4a40m3 + 3a31x2y+
2a202y” + a13y° + basor” + danz®y + 3azex’y® + 2as3zy’ + anay?). (23)

Yesosue (19) Tpebyer, uTobel ipu y = +1 nonepedHast CKOpOCThb v 06paTHIACH ObI B
HyJIb. A 3HaYUT, B paMKax PacCMaTPUBAEMOIO IPUOJIMKEHUS JOJIXKHO ObITh BBIIIOJHEHO

v=(1- y2)(7700 + Mox + Nory + 7720962 +nuizy + n02y2), (24)

rjie 1);; HEKOTOPhIe BCIOMOraTeIbHble KO3(h(hUINeHTEI.

CocraBisisi paBeHCTBa IpaBbIx dacreil (23) u (24), u npupasHuBas KO3(MOUIUEHTHI
[pU OJIMHAKOBBIX CTEeleHsX Y™, MMoJIydaeM BBIPAXKEHUS JIJI BCIIOMOIaTeIbHBIX KO-
durnmenTos 7;; Uepe3 OCHOBHBIC KO3(MDMHUIUCHTEL Uy,

Noo = —a10, 710 = —2a2, No1 = —ai1, N0 = —3a30,

M1 = —2az1, 7No2 = —a12 — A1o-

Kpome Toro, B pesynmbrare yKazaHHON IPOIEIYPHI MOJYYAIOTCA U JTOTOJTHUTETLHBIE
orpaHudeHust Ha KOIMPAUIIUEHTDI Gy

ayp =0, a3z1 =0, ax=—axy, a3=—ai1, a3 = —as,
aso =0, aq1 =0, az2=—az, a4 = —0ai2— aip- (25)

[Tocnenane paBeHCTBA TAPAHTUPYIOT BBIIOIHUMOCTD MPaHIIHOrO yesosus (19).

3.3. Tpetruii stamn

HaJtoxxum HOBBIE OrpaHUYEHUSI HA Upyp, ITOOBI YAOBJIETBOPUTH I'PAHUYHOMY YCJIOBHUIO
(20). D10 ycioBue Tpebyer, YTOOBI Ipu & = —1 MomepedHasi CKOPOCTh v ObLIa HyJIeBasl.
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O6paruMcst K Bbhipazkenuio (23) ¢ yuérom (25), u nojoxum x = —1. B pesynbrare
[OJTy YaeM

v = —((a10 — 2a20 + 3azo) + y(ar1 — 2a21) + y*(a12 + 2a20 — 3azo)+
y3(f113 + 2a91) — y4(a12 + ap)).

[IpaBas gacTh obpalaeTcs B HyJIb IIPHU YCJIOBUU, 9TO BCe KOI(PDUIMEHTHI TPU CTEIEHIX
y™ OynyT HyseBbIMU. PaccMaTpuBas MOJydYeHHbIE DABEHCTBA KAK CHCTEMY YDPaBHEHUI,
[IOJTy9aeM TPU HOBBIX OTPAHUYICHUS HA KOIDDUINEHTHI

1

1
azo = 5(2020 - a10), a1 = §a11, a12 = —aio- (26)

Takum obpazom, u3 ABaAIaTH KOI(DDUIIMEHTOB, KOTOPBIE TPUCYTCTBOBAJIN B BbIparKe-
HUAX U3HATAJIBHO, Y2KE OIPeeseHO IBEHAIIaTh. Ha TanHoM sTame nMeeM BhIPAYKEHUsT
JJIsI CKOPOCTell, KOTOPBIE YIOBJIETBOPSIOT U YPABHEHUIO HEPA3PBIBHOCTH, U T'PAHUIHBIM
yeaoBusaM (19)—(20). Dtu BbIpazkeHus: CJIeLyIomue

1
u = apr + a1T + 2ag2y + 5(111.%2 — 2ai0wy + 3&03y2 - 2a20m2y - 3a11xy2+

2 3
+ dagay® + g(am — 2a90) 2y — §a11x2y2 + 5agsy?, (27)

V= —aipo — 2&2033 — a1y + (CLlo — 2a20)x2 — a11xry + a10y2 + 2a201y2+

+ any® + (2a90 — ar0)z?y? + arizy®.  (28)

Baeném emé omgno npeanosnoxkenue. ByjeMm cauTaTh, 9TO B TPABOil YaCTU BBIPpAXKEHUS
(27) auist w mepBoe caaraeMoe PaBHO EJAMHHIIE, TO €CTh (g1 = 1. DTO MPE/IIOIOKEHIE COOT-
BETCTBYET TOMY, UTO B PA3MEPHBIX €IUHUIAX IIEPBOE CJIaraeMoe COBHAJAET C BEJTUIUHOMN
Uy, BoIOpaHHOI B Ka9ecTBe MACIITaba MPOI0JbHON CKOPOCTH.

3.4. YerBépTbIil 3TAIl

Ha sroMm sramne Hy»KHO 00€CIIeYUTh BBINOJHUMOCTH ypasHenwuii (14), (17), xoropsie
CBSIZBIBAIOT OCHOBHBIE HEM3BECTHBIE U, U W IIPOU3BOJIHBIE ACCONMUUPOBAHHOIO HEU3BECTHOTO
Uy. Acconmuposannoe HeussectHoe Wo(z,y), Tak ke Kak u (yHkiuio Toka Vi(z,y),
[PEJICTAB/ISIEM B BUJE PA3JIOXKEHUS 110 CTEIEHAM

N N-n

Uy (x,y) = Z Z bamaz™y™, (29)

n=0 m=0

rj1e by €CTh HEKOTODBIE, MTOKa He orpe/eénuble koaddunmentel. Cunraem, aro N =
D U OTpaHWYUBAEMCS PACCMOTPEHWEM B ITPABON YaCTHU (29) CTEIICHEA He BBINIE IIATON
0<n+m <5,

HewussectHoe Vo (x,y) MOTHOCTBIO ONPEIEIEHO, ecyin Bce KOIMMUIUEHTHI by, OyIyT
Haifijienpl. O6parnmes K ypaBaeHusiM (14), (17) u HailnéM pasorKeHHs! BCEX JICHOB
ypaBuennii o cremensam x™y"™. CpaBHuUBasg KOI(DOUITUEHTHI TIPU OJUHAKOBBIX CTETIEHSIX
2™y B JIEBBIX U IPABBIX YACTHAX, HOJYIAEM HEOJHOPOJHBIE CUCTEMbl yPABHEHUI OTHO-
CUTEIbHO HEU3BECTHBIX bypy. Ayt n+m = 2 u n + m = 3 uMeeM peIeHnst TOJIbKO IIPu
YCJIOBUU BBITTOJTHUMOCTH YCJOBUNT COBMECTHOCTH. DTHU YCIOBUS 33TAI0TCS CJIETYIOIUMU
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TpeMA ypaBHeHI/IHMI/I
6aosaio — 4k*aso + 2(1 + k*)aio + k*ar1a1o = 0,

6aozazo + 2as0 — (2 — k*)ar1aig — k*azpar; = 0, (30)
2

k
12a04a10 + 2(1 + k?)agza10 — 4k%azoaoe + 3agzair + a1 — 2k*azpaio + EG% =0.

Eciiu Boimosaenst coorromenust (30), 70 KO3 HOUITHEHTDI by, HAXOIATCS OJJHOZHATHO 38
HUCKJTIOYUEHNEM bog, KOTOPBINT MOXKeT ObITh BBIOpAH IMPOU3BOIHLHO. BBITUCIEHUsT TPUBOJIST
K CJAEIYIONINM BBIPAXKEHUSTM

1
boz = kbao + 3 (1-K%aiy), b= aio,

b L —1 —1 + 2 b + =
== apadlg — a a20a =a 5a1a
30 3\ 72 02010 = 57511 20010 | » 21 20 T 5411010,

1 1 ;2 ,
bi2 = ap2a10 + za11, bos = 5 | 2a02 — 5 @110 + k%az |,

2 3
) 2+1 1+2k22+1 1(2+ )
= —-a —a20010 — —Y 5 Q ——5a20002 — ——5 \a a
40 = 320 T 3420410 12k2 410 T gz 920902 7 5 n s (41 11)

1 1
b3 = g (20,20 + 2a99a11 — a1o + 2a11a10> ’

1 1
ba2 = 1 (4dazoao2 — 2a3y + a1 +ady), bis = - (2a11a02 — a10 + 3agzano)

2 2 ? 2 2 (31)
bos = ! ap3 + 2a22 + k*azoaoz + k*a% - kfafl + ]iall
2 37027 3 6 0 12 12 ’
b —ga2 —ﬂa a —l—ia a —La a —LaQ
50 = £ a20 TRz 220010 T 7575020002 = 5575002010 — 75 011
. 1 po 2 1 L
41 = 4a20a11 4a11a10, 32 = 3a20a02 30L02(110 20010 4a11,
1
baz = ap3azg — aiiaig + 3 (ap2a11 — ag) ,
. L3 1 1
14 = G04G10 4a03a11 2a02a10 40117
k2 1 k2
bos = 10 (apsazo + a11a10) + 5 (3apsaoz + 2a04) + 30 (ap2a11 — ago) -

Broipazkenust (31) nosHocThIO Onpesessitor HenszpectHoe Vo (X, y) B paccMaTpUBAeMOM
npubskennn. Ypasaenus (14), (17) takke y1oBJI€TBOPEHBI.

3.5. Ilarbiii sTan

Ocrajioch yJIOBJIETBOPUTH TPAHUYIHOMY yciaoBuio (21). PaccMorpuMm mpaByio 4acThb
ypasHenus (16). B mpaBoii 4acTu npucyTCTBYIOT BTOPbBIE IIPOU3BOJIHbIE Hen3BeCTHOrO Vo,
[IOCKOJIBKY Yepe3 HUX onpejessiercs: Beananta d cornacuo (18). B paccmarpuBaemom
npubsmkennn Hen3BecTHOE Vo ONMPEIETIAIOCH ¢ TOYHOCTHIO JIO MATHIX CTEIeHel, a 3HAYNT,
JJIsT HEU3BECTHOTO P JIOJIKHBI MTOJIYUYUTDH PA3JIOKEHUE C TOYHOCTBIO /IO TPETbUX CTEIeHEeN.
To ectnh mHemsBecTHOE p OyIIET OMPEIETEHO PABEHCTBOM:
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P = poo + P1oT + o1y + p20r® + p117yY + Po2y® + paox® + parziy+
+ p3ox® + praxy® + posy®, (32)

TJIe Poo SIBIISIETCSI IPOU3BOJIBHO BRIOMPAEMOIl I IUTUBHOI ITOCTOSIHHOM TaBJIEHNST, 8 OCTAIhb-
HbIe KOIMDDUITUEHTHI Pryy JOTKHBI OBITH OIIpe/ieeHbl. PaccMaTpuBast pa3ioXKeHus 10
CTeIeHsIM JIJIs BCeX YJIeHOB MpaBoil yacTu (16), mpuXoauM K CJIeyIONIM BbIPAXKEHUSIM

2 2
P1o = 2ap2010 — a11, Ppo1 = 2k“azg — k~ai1aio,

1
P20 = 2a20a02 — a3y — 3 (an + a%) ,

k2
p11 = 2k*az + aio <1 — k? + 3ap3 — 2a11> ;

1
Doz = 2 <a%0 + 2as0a92 + 5 (all - a%l)) ’

1, 2
P30 = —501 — 2az0a10 + 3002 (2a20 — a10) , (33)
k2 k2
P21 = G20 (1 + 3ag3 + 2a11) — (1 + 2> (11010,
3(111 2 2 ]. 2
P12 = —5 (1 + aos) + ao2a1o (1 — k%) + 6agaaro + k* | 2azpaoz + asoaio — 10 )

1 1
poz = 2k (Gnalo + apzazo + 302011 — 36120) .

Yenosue (21) B HamieM ciydae CBOJUTCSA K DABEHCTBY

0
P10 + P30 + P11y + pray’ = —5 (34)

910 PaBEHCTBO JOJIZKHO BBLITIOJITHATBHCA TO2KJIECTBECHHO IIPpU JI00BIX —1 < y < 1. ,Z[J'Iﬂ

9TOr0 HEOOXOIMMO M IOCTATOYHO

0
P10 + P30 = —5 Pu= 0, pi2=0. (35)

Broipaskerust (33) m03BOMISIIOT yTOYHUTD JieBble dacTu (35). B pesysbrare HecI0:KHBIX
BBIUUCJIEHUN IPUXOIUM K TPEM yPaBHEHUSIM

0
3 (ap2a10 + a20a02) — a11 — 2azpaio — 50%1 =
k‘2
3agzaip + 2k%as — 5 211010 + (1 — /€2) ao =0, (36)

3 1
6a04a10 + ap2a10 + ian (aog + 1) + k’2 (2(120(102 + a20a10 — Ap2a10 — 4@%1) = 0.
Ypasuenus (36) Bmecte ¢ ypapeHusiMu (30), OIpeIeJISTIONUMI YCJIOBUSI COBMECTHOCTH,

IpeJCTaBJIAIOT AOIIOJIHUTE/JIbHbIE OI'DaHUYEHUA Ha OCTaBIIUECHd KO3(1)(1)I/IH,I/IEHTIDI Qjj. Ecim

OHH BBIIIOJIHEHBI, TO BCE€ YPaBHCHHA U I'DPaHUYIHbBIE YCJIOBHA YJ/IOBJIECTBOPEHBI U 3a/a4a
IIOJTHOCTBIO DelIeHa.
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Ypasuenuns (30), (36) 06pa3yioT cucTeMy IMIECTH HEJUHEHHBIX YPABHEHUI C MIECTHIO
HEM3BECTHBIMU (10, 420, 11, G402, G403, A04- J1JIsI 3aBEPUICHAA PEINEHUS 3812491 OCTAJIOCH Pa3-
PEIIUTH 3Ty CUCTEMy U HAHTH yKazaHHbIe onpeessionue kodddunuentsl. Bee ocranibhbie
MHTEPECYOIe HAC BEeJIMIUHbI, BKJIIOYast 1 OCHOBHBIE THUIPOJINHAMUYECKHIE XapAKTEePUCTH-
ku u(x,y), v(z,y), p(z,y), MOTYT OBITH HANIEHBI Yepe3 OlpeIesaoIue KodhduimenTst
0 npuBeIEHHBIM Bbitie dopmymnam. st u(x,y), v(z,y) Takumu GopMyIaMu sIBIAIOTCS
(27), (28), a as p(x,y) 1o dopmyssl (32) ¢ yuérom (33).

Ananmurungeckoe pemterne cucremsl (30), (36) 3aTpyIHUTENBHO, TIO9TOMY PeIlleHne ObLIO
PEeaIn30BaHO YUCJIEHHO C MIOMOIIBIO IPOTPaMM CTaHAapTHOro nakera Maple.

4. PezsyabraThl

Pemrenne 6bu10 peasuzoano s caydas 0 = 0,1 u k = 0,5. BoiOpanuble 3HadeHust
IIapaMeTpPOB COOTBETCTBYIOT CJIYIAI0 CPABHUTEIBHO HEOOJIBIIOIO MEPEnaa JABICHNAST 1
OTHOCUTEILHO MaJIOi MPOTS>KEHHOCTH KaHaJa, Jjisg Koroporo L = 2H.

Yuc/ieHHOE pellleHne CUCTEMbI IIPUBOIUT K CJIEAYIONMM Pe3yIbTaTaM. SHAYEHUs] IIIeCTH
OIIPEAETSIONINX KO3(MDDUITUEHTOB MOy IMINCh KaK

asy = 4328,789,
aps = —0,333;

ajg = :|:4,113;
ap2 = F5,567;

aylp = —30,00;
apgqg = :|:2,144

Nmeem n1Ba HAOOpa KO3(DDUIMEHTOB, & 3HAYNAT, UMEEM [1Ba, PA3JIUIHBIX pernennsd. s
0boux perernit KO3(MGUIMEHTHI (11 U Qo3 COBIAIAIOT, & 3HATCHUS OCTAIHbHBIX OTIMIAIOTCS
3HAKOM.

Huxke npencraBiensl Tabaniibl 3HAYEHNUNH OCHOBHBIX T'HJIPOINHAMUYECKUX XapaKTe-
pUCTHK, KaK (PYHKIUA KOOPIUHAT T U Y, KOTOPBIE COOTBETCTBYIOT KAXKIOMY U3 ITHUX
pemernii. CtpykTypa Tabsm ciaeayomas. Kakas BepTuKaJbHAasT KOJTOHKA TaOIHITbI
COOTBETCTBYET OIPECJIEHHOMY 3HAYCHUIO KOOPANHATLI x, Hadunasd ¢ x = —0,8. T'opuzon-
TaJIbHBIE CTPOKU TADJIUI COOTBETCTBYIOT 3HadYeHuAM Yy, HaunHasd ¢ y = —0,9. IlepBoivu
IIpeJICTaBJIEHbl XaPAKTEPUCTUKY JJIs PeIleHus 1, JIJisi KOTOPOro BLIOMPAJINCh BEPXHUE 3HA-
K1 KoaPpunmenTos a;;. B obozHauennn xapakTepuCTHK JJId perntenus 1 u pemenus 2
100aBISIeTCS COOTBETCTBYIOMNI BEPXHUI HHIIEKC.

Tabaumna 1
Pemenue 1: IIpoduip mpoaosibHON CKOPOCTHA u(l)(x,y)

y\ —0,8 —0,4 0,0 0,4 0,8
—0,9 —36,77 | —18,65 | 3,96 16,85 5,81
—0,6 —9,11 ~1,22 5,47 1,49 —22.64
—0,3 7,82 8,07 4,02 —9,06 —35,91
0,0 15,40 10,60 1,00 13,40 | —32,60
0,3 15,03 7,77 —2,20 ~10,14 | —11,33
0,6 8,08 0,97 —4,19 2,10 29,30
0,9 —4,04 —8.,42 —3,58 24,71 90,66
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Tabauma 2
Pemenue 1: Ipoduas nonepeunoii ckopoctu vV (z, y)
y\x —-0,8 —-04 0,0 0,4 0,8
—-0,9 —3,06 —6,36 —5,91 —-1,71 6,24
—0,6 —-9,15 —17,97 —14,15 2,30 31,38
—-0,3 —11,37 —20,63 —11,93 14,73 59,36
0,0 —10,69 —17,28 —4,11 28,79 81,43
0,3 —8,09 —10,81 4,45 37,66 88,85
0,6 —4.54 —4.14 8,88 34,55 72,85
0,9 —-1,01 —0,20 4,35 12,65 24,71
Tabauma 3
Pemrenne 1: Tasaenne p'')(z,y) — po, Kak DpyHKIUS KOOPAMHAT
y\x -0,8 —-0,4 0,0 0,4 0,8
—0,9 —244.,63 —74,21 —22,96 —84,82 —253,76
—0,6 —190,41 —55,52 —16,11 —66,13 —199,54
—0,3 —134,06 —34,71 —7,15 —45,33 —143,20
0,0 —79,53 —15,72 0,00 —26,33 —88,67
0,3 —30,74 —2,46 1,41 —13,08 —39,88
0,6 8,37 1,12 —6,85 —9.49 —0,76
0,9 33,89 —8,90 —28,71 —19,51 24,76
Tabaumna 4

Pemenne 2: IIpoduas npomonsnoii ckopocru u'® (z,y)

y\ z —0,8 —0,4 0,0 0,4 0,8
—0,9 —4,04 —8,42 —3,58 24,71 90,66
—0,6 8,08 0,97 —4,19 2,10 29,30
—0,3 15,03 777 —2,20 10,14 | —11,33
0,0 15,40 10,60 1,00 ~13,40 | —32,60
0,3 7,82 8,07 4,02 —9,06 —35,91
0,6 —9,11 1,22 5,47 1,49 —22.64
0,9 —36,77 | —18,65 | 3,96 16,85 5,81
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Tabauua 5
Pemenne 2: Ipoduas nonepeunoii ckopoctu v (z, y)
y\x —0,8 —-0,4 0,0 0,4 0,8
—0,9 1,01 0,20 —4.,35 —12,65 —24,71
—0,6 4,54 4,14 —8,88 —34,55 —72,85
—-0,3 8,09 10,81 —4,45 —37,66 —88,85
0,0 10,69 17,28 4,11 —28,79 —81,43
0,3 11,37 20,63 11,93 —14,73 —59,36
0,6 9,15 17,97 14,15 —2,30 —31,38
0,9 3,06 6,36 5,91 1,71 —6,24
Tabauia 6
Pemrenne 2: Jasaenne p'? (z,y) — po, Kak pyHKIUS KOOPAMHAT
y\x —0,8 —0,4 0,0 0,4 0,8
—-0,9 33,89 —8,90 —28,71 —19,51 24,76
—0,6 8,37 1,12 —6,85 -9,49 —0,76
—-0,3 —30,74 —2,46 1,41 —13,08 —39,88
0,0 —79,53 —15,72 0,00 —26,33 —88,67
0,3 —134,06 —34,71 —7,15 —45,33 —143,20
0,6 —190,41 —55,52 —16,11 —66,13 —199,54
0,9 —244.,63 —74,21 —22,96 —84,82 —253,76

5. Amnann3 pe3yJabTaTOB

IIpeacrasmennble perennsi, Kak (PyHKIIUN IEPEMEHHBIX & U Y, 0OJIaIAI0T CUMMETPHEH.
IIpu mepexojie oT OJHOrO pemieHus K JAPYyroMy U IIPU OJHOBPEMEHHON 3aMeHe Yy Ha
—1, TPOI0IbHAS CKOPOCTH U JIABJIEHNE HEe M3MEHSITCS, TOT/Ia KaK IIollepevHas CKOPOCTh
U3MeHsIeT 3HAK Ha ITPOTUBOITOJIOXKHBII

v(l)(xa _y) = —’1}(2) (LC, y)

u(l)(xa_y) = 'LL(2)(.CL',y), p(l)(x) _y) :p(2)($,y),

Hanpumep, gnag x = —0,4 u y = £0,6 mo Taba. 1 HaxoamM 3HAYEHUE MTPOJIOJIHHOMN
cxopocrn gist epsoro permenns ul) (—0,4;0,6) = 0,97. Tlo Tab1. 4 17151 BTOPOro permenms
C TIPOTHBOIIOIOZKHBIM 3HAKOM KoOpauHaTh 3 ompesensem u?) (—0,4; —0,6) = 0,97. Mmeem
cosmagatorue spadenns u)(—0,4;0,6) = u(?(—0,4; —0,6). st momepeanoii cKOpocTn
JJIs TIEPBOrO perieHust mo TabJi. 2 HaxomuMm v(l)(—0,4; 0,6) = —4,14, Torma Kak st
BTOpOro pernenns 1o Tabs. 5 momyaaem v (—0,4; —0,6) = 4,14. YkazaHHbIe 3HAYCHHS
OTIIMYAIOTC 3HaKOM. JlJis aBjieHus B ciiydae IepBOrO pelleHusi u3 TabJl. 3 HAXOMUM
pM(—=0,4;0,6) — po = 1,12, Torga Kax It BTOPOTO pEIIeHHs i3 Tabul. 6 moIyIaeM Takoe
xe snagenne p2(—0,4; —0,6) — pyg = 1,12.
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Taxum obpazom, oba pernreHnsi B HEKOTOPOM CMbBICJIE CHMMETPUYHBI IO OTHOIIEHUIO JIPYT
K JIpYTY U JIJIsI BBISIBJIEHUS Ka9eCTBEHHBIX OCOOEHHOCTEHN TOCTATOYHO TPOAHATU3NPOBATD
OJHO M3 HUX, HAIIPUMeEP IIepBOe, KOTOpPOe MpecTaBieHo Tabm. 1, 2, 3.

PaccmoTpuM 3HaueHUsT TPOIOJIBHON CKOPOCTH u(l)(x;y) o tabs. 1. OCHOBHBIM Ha-
MIpaBJIEHUEM JIBUXKEHUsT ABJISIETCSI JIBUKEHHUE CJeBa HalpaBo. lIpu JIBU>KEHUM B 3TOM
HaIpaBJIEHUN TIPOIOJIbHAS CKOPOCTD TMOJIOXKUTEIbHA, & TP JIBUKEHUN B OOPATHOM — OT-
putnarenbHa. M3 Tabm. 1 coemyer, 9TO MOJIOKUTEILHOE HAITPABJIEHNE IBUXKEHUST NMEET
OCHOBHAas Macca YKUJIKOCTH, COCpeIoToYeHHOol B obactu —0,3 < y < 0,6. U s B 06J1a-
¢t BOJIM3M rpaHuit y + 1 mpoobHas CKOPOCTh OTPUIIATENbHA U JBUKEHUE ITPOUCXOTUT
B oOparHOM Hampasjaennu. OaHako mpu x > 0 HaIpaBJeHNe IBUXKEHUsT n3MeHsieTcs. B
obsacTu, mpuaeraorieil K neHTpajabHoi gunuu y = 0, JIBU2KEeHue IPOUCXOTUT B 0OpaT-
HOM HAIIPaBJEHUM, TOT/Ia KaK B 00JaCTH, TpUIETAoIIeil K rpanunaM y + 1, 1BukeHmne
IIPOUCXOJUT B OCHOBHOM HAIIPABJIEHUH IIPU TIOJIOXKUTEJIbHOMN IPOJI0JibHOM ckopocTu. [losy-
9aeTCs, YTO NPU JIBUKEHUU BJIOJIb BCero Kanajaa —1 < x < 1 cyIecTBYIOT 3HAYUTEbHbIE
obJracTy JBHXKeHHdA B 000ux HampapjaeHusx. OO6HapyKUBaIOTCs JOBOJIHBHO WHTEHCUBHBIE
BO3BpAaTHbBIE JIBUXKEHWSI, 1 OCHOBHOE HAIIPABJIEHUE JBUXKEHUS TEPIETCSI.

Paccmorpum 3radenus nomepeunoii ckopocru v(M (z;y) mo taba. 2. Ipu sTom He 3a-
Oyzem, uTO MaciTabbl MOMEPETHON U MPOJOJIBHON CKOpOCTel oTimyaioTcs B k pa3. B
HameM ciydae k = 0,5 u Jijist TOro, 9T00bI CpaBHEHHE MONEPETHON U IPOIOIBHON CKOPO-
cTeit ObUIO aJIEKBATHBIM, HY2KHO Bce 3HadeHus Tabi. 2 ymuoxkarh Ha 0,5. C yuérom sroro
3aKJII0YAEM, 9TO [0 MOJIYJII0 MOTIEpedIHAast CKOPOCTh MEHBIIe MPOJI0JIbHO, HO OHA HEeHYJie-
Bast. /IBurkeHne BO Bceil 00JIaCTH 3HAYUTEIHHO OTJIUYIAETCS OT OJHOMEPHOro. Pacuérsi
[TOKA3bIBAIOT, YTO OJJHOMEPHOE JBUKEHHE UMEJIO ObI MeCTO TONMBKO B ciydae 6 = 0. s
sroro ciydas cucrema (30), (36) mmesa Obl perenus ajg = azg = a11 = 0, 1 OCHOBHBIE
IHJIPOIMHAMUYECKHE XapAKTEPUCTUKY coBraaasn Obl ¢ (4). OmHaKo Jyist HAIIEro cJrydast
0 = 0,1, u maxke 3TO CPABHUTEIHLHO HEOOJIBIIOE OTINYNE TapaMeTpa f OT HyJsis UCKJII09a-
€T HaJINYINe OJITHOMEPHOTO JIBH2KEHHUs. TaK ITO B PAMKAaX PaCCMaTPUBAEMON TOCTAHOBKH
JaBmKenne nymepro. Kpome toro, uz tabut. 2 cieyer, 9TO CyIIeCTBYIOT 3HAUUTEIbHBIE
00J1aCTH, KAaK C MTOJIOYKUTEJIbHBIMU, TAK U C OTPUIATETbHBIMYI 3HAYEHUSIMU TIPOJIOJIBHOI
ckopoctr v(x; y). 3HAUUT, UMEIOTCS 30HbI ¢ MHTEHCUBHBIMY BUXPEBBIME JIBUKEHUSIMI.

SHaveHus, IPUBEJEHHBIE B TA0JI. 3, MOJATBEPXKIAOT OTMEUEHHBIE BBIIIE 3aKOHOMEDHOCTH.
W3 Tabna. 3 ciemyer, 9TO eciu TOBOPUTH 00 OOJIACTH TEYEHUsSI B IEJIOM, TO BEJTUUNHA
p(;y) — po U3MEHsieTCsI KaK 10 3HAKY, TaK U 3HAYUTEJHLHO U3MEHSIeTCs 110 abCOIIOTHOMN
BeJImdrHe. DTOT (DAKT COOTBETCTBYET HAJIMUNIO U WHTEHCUBHBIX BO3BPATHBIX TEUEHUI,
U UHTEHCUBHBIX BUXPEBBIX JIBUKEHMUI.
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An Inviscid Analogue of the Poiseuille Problem
A. V. Koptev

Mathematical Department
Institute of Water Way Transport
Admiral Makarov State University of maritime and inland shipping
5/7 Dvinskaya St., Saint-Petersburg, 198035, Russian Federation

We consider a plane problem of steady-state motion of an ideal incompressible fluid flow in a
channel between two parallel planes under the action of a given pressure drop. The problem
is considered in Cartesian coordinates.

The formulation is analogous to the well-known Poiseuille problem with the difference that an
ideal fluid is considered instead of a viscous one. The non-flow condition is set as the boundary
ones on the channel walls. So, that the velocity vector is parallel to the bounding surfaces over
the channel walls. The pressure drop is set as a given positive quantity.

An approach proposed based on the use of the first integral of the Euler equations while
preserving nonlinear terms. We represent the derivation of main relations for the case of 2D
steady-state motion of an incompressible fluid. The solution of equations for hydrodynamic
characteristics in the form of expansions in powers of the Cartesian coordinates was found out by
analytical way. The standard programs of Maple package are used to determine the coefficients
of decomposition for some values of defining parameters.

As a result expressions for hydrodynamic characteristics are obtained and their features
investigated. In particular, zones of recurrent motions and zones of intense vortex motion of
fluid were revealed.

Key words and phrases: steady-state motion, ideal incompressible fluid, pressure drop,
Euler equations, integral, expansion in powers
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Construction of the Mathematical Model of Pricing for
Telecommunication Services with Allowance for Congestion in
Networks

S. A. Vasilyev, Haroun Hassan Salih

Department of Applied Probability and Informatics
Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

This paper considers a model of dynamic pricing in the telecommunications market incomplete
competition and taking into account overloads in multiservice networks. The model consists in
the use of mathematical modeling methods, game theory and queueing theory. It is assumed that
telecommunication companies agree on the rules of incoming and outgoing traffic charging in
pairs, and this charging is built as a function of the tariffs that companies offer their subscribers
for service. Companies are limited the agreement on mutual rules of reciprocal proportional
charging for access traffic at first, which subsequently determine the tariffs for the multiservice
network users. The reciprocity of the rules means that companies are subject to the same
rules for the entire time interval during which the agreement is in force. Taking into account
imperfect competition in the telecommunications market and using profit optimization method
for each company the equilibrium tariffs and the volume of services are found with subject to
congestion in multi-service networks.

Key words and phrases: queueing theory, game theory, optimization methods, proba-
bility theory, industrial market theory, economic and mathematical modeling

Introduction

Methods of mathematical modeling in the economy of telecommunications are being ac-
tively developed [1-7]. Jean Tirole considers the impact of telecommunication technologies
on competition in services and goods markets [8-12]. In 2014 he was awarded the Nobel
Memorial Prize in Economic Sciences for his analysis of market power and regulation.

In paper [13], Se-Hak Chuna considered optimal access charges for the provision of
telecommunication network, mobile commerce, and cloud services. Using theoretical
analysis, Se-Hak Chuna investigated, when a regulator can set rational access pricing,
considering the characteristics of access demand. Se-Hak Chuna demonstrated that
optimal access prices depend on whether the final products or services are independent
strategies or substitute strategies. The results have applications for policy makers setting
optimal access charges that maximize social welfare.

In this article a mathematical model of pricing for telecommunications services with
overloads in networks is built. It generalizes the model that was built earlier [14,15].

It is assumed that telecommunications companies agree in pairs on the rules of charging
for access traffic to the network of the other company, and it is considered as a function
of the tariffs that companies offer their consumers (subscribers) for services. Thus, these
companies have contracts at the first stage by agreements on reciprocal proportional access
charge rules (RPACR), which subsequently allow them to determine the subscription
rates. The ambiguity of the rules means that companies are subject to the same rules
for the entire time interval during which the agreement is valid.

RPACR may be seen as analogous to the regulatory policy of the state of the telecom-
munications industry. If telecommunication services, provided by different companies,
are close substitutes, the use of RPACR by companies leads to competitive prices in

Received 24 March, 2018.
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industry. However, if it is assumed that competing companies follow the policy of ser-
vices differentiation, then intervention of the state is required to preclude the use by
companies of monopoly power.

It is also assumed that the utility function of subscribers consists of deterministic and
stochastic parts. The deterministic part allows to find a linear function of subscribers
demand for telecommunications services, which has a constant price elasticity. It allows
to avoid unlimited growth of consumption of telecommunication services by subscribers at
aspiration the corresponding tariffs to zero and ensures the existence of a saturation point,
i.e., for example, there are time limits that the subscriber uses for using telecommunication
services. The Weibull distribution is used for the stochastic component of the utility
function, which is convenient for further analysis. It is possible to find equilibrium tariffs
and equilibrium demand for telecommunication services. This equilibrium is equilibrium
in pure strategies and it always exists, and the subscription rates are calculated explicitly.

1. The Model of the Telecommunications Industry in the Case
of Multiservice Network

n
Let’s consider a network NW (NW = |J NW;) consisting of n equivalent multiservice
=1

1=

m
network (numbered in a certain order multiservice network SR = |J SR; ) belonging to
s=1
different telecommunication companies T; (i = 1,n), and it is assumed that in between
all the networking companies there are switching nodes.
Let t € {1,2,...,Timax} be time intervals (for example, the time period equals a week,
a month or a year) equal to the length of time periods during which companies T;
independently decide on pricing for their services, and .y is the maximum planning
horizon.

Sj
Let’s assume that the network NW consists of a set of nodes J* = |J J! and a set
=1

1=

of channels L! = '
In the time perizod t each network NW; of the company T; (i = 1,n) is represented

by the set of nodes Jf]- (j =1,...,s/) and channel set L;fj (j =1,...,sF), numbered

J L

in a certain way, where J! = ‘Sil Ji, Ly = kiijl Lt and NW,; = J!' U L, and the total

51
U L, and NW = Jt U
=1

<

-

number of nodes is S}{,W(t) =

for network NW.

Let Hj; be a capacity (bits/sec) of j-node (j = 1, J,s), and S}, a throughput (bits/sec)
k-link (k =1, L,) T; of network NW,; company T; in the time period ¢.

Two-point connections can be established to transmit information flows between the
network nodes of network NW. Each connection is characterized by a route, i.e. a set
of network links NW, through which connections are established.

Let s = {1,...,m} be a set of services that offer companies for potential consumers
(subscribers) during the period ¢ € {1,2,..., Tiax}- Let b (b€ (1,2,...,B")) be a set of
consumers, who want to use the telecommunications services in the market.

Let’s assume that the individual consumer demand function for the service s =
{1,...,m} has the form:

n
s/, and the total number of channels is S,/ (t) = > s&
i=1

=1

i t t
Tp, — P r 1
t t\ __ 'bs s _ t t t t bs t
Dbs(ps) - 94t = Qps — bbsp57 Aps = 24t bbs - 24t 7 (1)
bs bs bs
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D! (pt) is a linear function of the price p, and rf, > 0 and s}, > 0 is positive coefficients,
which are determined from the market research services SR in the period ¢.

A consumer b generates the traffic loading or the load using the service s in the period
t. Let Y}, be an individual traffic volume of a consumer b, and let Y}, = X! _h!_ be the
average value of Y)!, where the parameter 5\58 is the average intensity of the flow of
requests and the parameter h} is the average duration of service in the period t.

We assume that the average load is generated by the consumer b when using the service
s in the period ¢, linearly depends on the corresponding demand function for this service s

X/bts = S‘Zsh;;s = HSDIt)s(pZ) = 98 (alt)s - blt)spg) ) (2)
where 0, is the proportionality factor for the s service. It links the consumer demand

for telecommunication services and the amount of traffic generated by this consumer
in the network.

The total network traffic volume that is created by a consumer in the period ¢ during
using the service s, is the sum of consumers network traffic volumes

By
- Z vas Z 0 a’bs bbsps) = At Bsps’
b=1
= Ztesa'isv Bz = Ztesbis’
b=1 b=1

where a’, B! are parameters of the function Y.

(3)

The total consumers demand for the service s during the time ¢ is the sum of all
demand functions for the service s of all:

Bt

Dbs ps E‘D ps) - Z (ais - b;Jspg) ’
o (4)
Dbs(ps) = (CL _bsps ) a’z :Zaisﬂ bi :ZBthw
b=1 b=1

where the parameters a’ > 0 and b’ > 0 are determined from market research of services
in the period t.

We can get a link between the network traffic volume Y!(p%) and the demand function
Di (pt) of the service s during the period ¢:

YE(PL) = Qbs (D)0 Dy (p) = 0s (ag — beps) = AL — Bepg, (5)

where Y!(pl) is linear price functions and A% = 6al, BL = 6% are coefficients.

We can get the network traffic volume that is associated with the consumer b (b = 1, BY)
m m

=D Y= Z 0s (ab, — h,pt) < Ay — By
s=1 =

m m m (6)
AZ - ZHS ais? Bb Z bbs? pt = Zpga Blt;ﬁt < ZeSbispi
s=1 s=1 s=1
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where Al > 0, B! > 0 are parameters load functions Y}’ associated with the consumer b,
and a parameter pt is a tariff for services SR (service package) during the time period t.

A consumer’s b (b = 1, Bt) demand for SR-services in the considered time period
t has the form:

b= Diwl) =) (ap, — bpl) < (af —bip")
s=1 s=1

m (7)
= ZaZm bi = Z bs» t_t besps
s=1

Aggregating the network traffic volume Y!(p%) from (5) for all services s = {1,...,m},
we can get the total network traffic volume Y (¢) for the period ¢ in the form:

m m

Y(t) =) Y@ =) (as—bpi) =D 0s (as —bipi) = A' = B'p

s=1 s=1 . (8)

Ze at, B'pt > Za bipl, B'=)_6.bl,
s=1

where A* > 0 and B* > 0 are aggregated parameters of function Y (¢), and where function
of aggregated demand for services SR (service package) has the form:

m

Z (Z - bsps - btpta
. s=1 . (9)
=3 al B Y bsl B =30
s=1 s=1 s=1

where the parameters a’ > 0 and b* > 0 are aggregated parameters of the demand
function D(t).

We can assume that for each company T; (i = 1,n) there exists a function of consumer
demand for services SR (service package) during the time period t. Let Dg;; (i €
m

{1,...,n}) be a demand function of services SR = |J SRs provided by the company T;
s=1
using its NW; network resource only, and let D!.. (i,5 € {1,...,n}, i # j) be a demand

81j
function of services provided together with a network NW; of a company T; and a network
NW; of a company T (i,7 € {1,...,n}, i # j). Thus, there is a question of access of

one company to resources of a network of the other company.

We assume that the companies T; and T; (i,j € {1,...,n},i # j) agree on the
charges af; and al;, where af; is a charge, which company T pays the company T
(1,7 € {1,...,n}, i # j) for the use of its network resources in connection with the service
of s € {1,...,m} (traffic from the network NW; to the network NW or outgoing traffic
for the company 7; and incoming traffic for the company T;), and a a - is a corresponding
charge at which the company T} pays the company 7T; (4, € {1,. n} , # j) for the use
of network resources in connection with the provision of a similar service s € {1,...,m}
(traffic from the network NW; to the network NW; or outgoing traffic for the company
T; and incoming traffic for the company T;) during the time period t.
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Suppose that any two companies T; and Tj (i,j € {1,...,n}, i # j) charges a}; and
a%; depend on tariffs p} and p, and aj; = af(p}, p}) for any (Z,] e{l,...,n}, i # ]) and
s € {l,...,m} at any time ¢t € {1,2,..., Tax}-

We assume that there is the proportlonal dependence between a a - and p, then a aw

atpt, where the proportionality factor is 0 < a! < 1 for i € {1, ... ,n} and s € {1,...,m}.

2. Multiservice Demand Function

Suppose that each consumer can use telecommunication multiservice network of com-

panies T; (i € {1,...,n}) at any time period ¢ . Let’s assume that each consumer has
individual tastes and preferences in relation to these services SR. We assume that the con-
sumer b (b € {1,..., B'}), which is ready to choose one service from the set s € {1,...,m}

of the company T; (i € {1,...,n}), has the following utility function:
t t
Usps = Uitbsensews = Ulgs(QZs (pgs%pis)enseibsv (10)
Uzbs = [7‘25 - SZSQZS (pi)] Qlt)s (pg) - ptsQZs (pZ)v

where the random parameter elbs characterizes individual tastes and preferences of the
consumer. Let’s consider that e}, has a Weibull distribution. The value of 7 gives the
characteristic measures of the dispersion of tastes and preferences of the consumers, that
is, 15 allows us to estimate the substitutability telecommunication services s € {1,...,m}
that provide companies T; and T} (4,5 € {1,...,n}, i # j). The services s € {1,...,m}
of companies become total substitutes with 7, — 0, and it is total complementary with
Ns — 00.

Let’s assume that each consumer b (b € {1,..., B'}) chooses the company T; and
rejects the company T} (4,5 € {1,...,t}, i # j) at the period ¢ then there is inequality

t s€ibs t s€ibs
Uibsenl ibs 2 Ujbsenq 3b .

Thus, the probability P}, that the consumer b gives preference to the company T; and
rejects the company T; (4,5 € {1,...,n}, i # j) equals to

Pbs - P{Ufbsensews > U;bsensejbs}‘ (11)

K2

Since the values €;,; are independent and have a Weibull distribution we have that

1 t \T
|- - (Tbspzs) (12)
1+ ( ibs ) ns (Tbspzs) + (Tbs - pjs)

ibs —
_7b9

where 7, = 2/n,. Similarly for the company T; we have the same

t ot \T
P ¢ = 1 _ (Tbsp]s) ) (13)

! 1+ ( >nlg (rbsp]s) + (Tbs pfs);—

zbs

Thus, each consumer chooses one service s in the company 7T; with probability p;ps
and in the company 7T; with probability pjps.

We can generalize this approach for the case when the consumer chooses one company
T; from the set of companies {77,...,T,} to obtain the service s, and we can get the
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probability in case the consumer gives preference to the company 7;:

t _ ot T
Pitbs — n(rbs pzs)s ) (14)
> (rhs — Pj)3

The probability that the consumer chooses one company 7; from a set of companies
{Th,...,T,} to receive service package SR has the form:

3 (rf, — k)
Pitb = S_n : (15)
Z (Tbs - p]s)

Jj=1

it

The expected value of consumers b;(t) who chooses a company T; is determined by
the probability P »,» which can be considered as the market share m! of a company T,
and has the form

m " -
i ,rbb p'Z:S)s n

=L ;> mi=1. (16)
Z Z (7’28 _pzs): =1

s=1j=1

t __ t S
m; = Py, =

The demand of consumers for services s € {1,...,m} of the company 7; (i € {1,...,n})
has the form:
B'P! Bm!
ngs(pzz?s) = 25251) (rZs - pfs) = 25};3 (rbs pzs) . (17)

Demand function of the consumers D!,; who have plan to use the service SR of a

company T;, which may be implemented within network NW;, and demand function of
the consumer Df; who has plan to use the service SR implemented with resources of
the networks NW; and NWj}, have the form:

Btmt2 Btmtmt
Dén = + - (Tbs pzs) Df]s - # (TZS _pzs) ) (18)
28y, 25y,

where the aggregated s-service demand DY, has the form:

" Bimim!
S’Lz + ZDSZ] - (Tf)s _pfs) + Z 2372 I (Tis —pfs> s (19)
j=lizj s
and the total network traffic volume demand D! for company T; has the form:

m

" | Btm!? - im;
szz su+ZDszg :Z Ttl(rgs_pzs)_’_ Z 27 Tbs

t
—1 — s=1 bs j=13i#j bs
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where
Z Dszz’ Z Dszg’

and the total network traffic volume for a company T; has the form:

m m n
Bt mt2 Bt mtmt
}/it = QDf = E QSD;’ES = § :95 QSt : (rés _pgs) + § 28; : (’I"és - pfs) ) (20)
s=1 s=1 bs j=1; bs
i#£]

where 6 is an “average” linking parameter for function Y;' and D!.
Revenue function TR! of companies T; (i € {l,...,n}) at the period ¢t (t =
1,2,...,Tmax) has the form:

n
TR = 3 [BDL () + (5 - 045 Dy () + LA DL )] )
i,j=1;
]
where 5fj € [0, 1] is a parameter to be defined during negotiations between companies T;
and T);. We assume that the cost of an access service to the competitor’s network is a value
proportional to the cost of servicing by this company of its consumers. Profit function IT¢
of companies T; (i € {1,...,n}) at the period t (t = 1,2, ..., Tinax) has the form:

t t t t t t t
=TR; - TC (wv]ikaikvaikvcik’F ) )

L
Si Si (22)
Z wrg H + Z wricq | + FY,
k=1 k=1
where T'C? is a total costs function and F* is a fix cost.
3. Profit Company Control Problem and Overloads in
Networks
We can formulate an optimization problem for each company T; (i € {1,...,n}) at
any time t € {1,2,..., Tiax}:
OIIt /opt =0;
A (23
O°Ilt Jop* < 0.

The following theorem holds true.

Theorem 1. Provided that the parameters 6, > 0, a* > 0, b > 0, of; € 0,1], wyi; >0,
waj > 0, F' > 0, there is a unique solution of the problem (23) in the form of the

equilibrium value of the tariff for the use of services SR of company i € {1,...,n} during
the period t:

p§:m+26 aT.

J=1ii#g
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Proof. Let’s write out the profit function of ¢ company in the form of:

n

1= 3 [plm (@' — a'pl) + o (5~ 8,5%) (o' — 0'50) +
1,75
i#£j

S’i Si
t t t=t (=t 7t =t t t t t t
+ 0ymimip; (@' —b'p)] — § w i HY + E wrigCiy | — F,

We can calculate the derivatives of p! and equal them to zero, thus we obtain a system
of algebraic equations of the form:

mb (@ =2+ D0 [ (2"~ 285+ o) + ol (&'~ Bp)] =0
and the equilibrium value of the tariff has the form:
* t - A
o= mit Y om; o

=Ty

We can obtain for 911%/9pt?,

o°11! 7 b b
F= N [mfP26 - mimb2bt — 6Lmimibpt] < 0.

2
o i,j3i#]
The theorem is proved. O
We can formulate an optimization problem for each company T; (i € {1,...,n}) at

any time ¢t € {1,2,...,Thax} for the tariff value p; :

oL (5., 31;) /D5, = 0
OPI1L (57, 31;) /9512 < 0

which allows maximizing the profit of each company of T; using the parameter 6;‘?]».

After substituting the corresponding equilibrium tariffs p; in the profit function, we
obtain the following equation

" a?m} [mh 4+ m i

M= — m—i—Z(S A 1-05|ml+ Y atml | ] -
i.j; i=L
i#] o i

S Si
t t t t t
- E wypHi, + E wriCix | — F
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and differentiating by 5fj and equaling to zero, we have a system of algebraic equations,
by solving which, we obtain an equilibrium value of §; = 0.5.

The equilibrium tariff p; for the services of company 7;, taking into account the optimal
value 6 = 0.5 during the period ¢, has the form:

C_Lt

% t
= .+ 1 —,
pi = (mi+1) g
The equilibrium demand function for the company 7; (i € {1,...,n}) services SR at
any t can be represented as follows:

Dj, (p7) = miDy (p;) = 0.25 - mjay (3 —my),

and the total network traffic volume for a company T; with the equilibrium tariff has
the form:

Y} = 0D} = 0.25 - Omla, (3 — m!) .

The total equilibrium market demand function D} and the total equilibrium traffic
volume Y,* for services SR at any t has the form:

D; =a (3 - Zm’?) A <3 — Zm?)
=1 i=1

and we can show that with a uniform distribution of customers between all companies T;
(i € {1,...,n}) the total equilibrium traffic volume for services SR reaches maximum.

If the network bandwidth of companies is less than the traffic volume that subscribers
generate, then companies can manage the overload by creating such tariffs that reduce
the overload on the network.

Conclusions

In this paper a mathematical model of the telecommunications market is constructed
taking into account overloads in networks. The analysis of equilibrium tariffs for telecom-
munications services for this type of market is carried out.

The most important result of this paper is the following: when the companies follow the
reciprocal proportional access charge rules (PACR) then there always exist equilibrium
tariffs for services. The applied value of the model is that the use of PACR telecommuni-
cation companies does not require detailed information market telecommunications, as
the number of parameters of the model is minimized. This model proved to be effective
in analysing the dynamics of the telecommunications market, as it allows companies to re-
spond flexibly to external changes, which allows to change the strategy at every moment
of time. The proposed model can serve as a tool for analyzing the existence of collusion
between companies in the telecommunications industry market.
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ITocTpoenne maTremaTu4deckoii Mo/1eJii IEHOOOpa30BaHUS HA
TeJIEKOMMYHUKAITMOHHBIE YCJIIYTU C YUYETOM MEPErpPy30K B CETAX

C. A. BacunbeB, Xapyn Xacan CaJiex

Kagedpa npukaradnotl un@opmamury u meopuy, 6epoammocmet
Poccutickutl ynusepcumem dpyotcovr 1apodos
ya. Muxayxo-Maxaan, 0. 6, Mockea, Poccus, 117198

B pabore cTponTcs MOIEIb IMHAMUYECKOTO [IEHOOOPA30BaHNsT HA PBHIHKE TEJIEKOMMYHUKAIAI
IIPU YCJIOBUU OTPAHUYEHHON KOHKYPEHIIMH U C YIETOM MEPErpy30K B MYJIbTUCEPBUCHBIX CETSIX.
L1l IOCTpOeHUs ¥ UCCIIEIOBAHMS MOJIEIN ObIT IPUMEHEH KOMIIJIEKCHBIHN ITOIX0J, 3aK/II0OIaIONHii-
CsI B UCIIOJIb30BAHUN METOJI0B SKOHOMUKO-MATEMATHIECKOTO MOJETMPOBAHNS M TEOPUH MAaCCOBOTO
obcirykKuBaHUsl. B npesiaraemMoit MOJEIN MIPEJIIIOIaraeTcsi, 9T0 TETIEKOMMYHUKAIMOHHBIE KOMITa-
HUU MTONIAPHO JOTOBAPUBAIOTCS O MPABUIaX TapU(MUKAIMH BXOISIIETO U UCXOJSIIEr0 TpaduKa,
MpUIEM 3Ta TapUMOUKAIUS CTPOUTCH KaK (DYHKIIUS OT TapUQPOB, KOTOPHIE KOMITAHIY MPEIAral0T
cBoUM abOHEHTaM 33 obcyKuBaHue. TakuM 00pa30M, 3TH KOMIAHUYM OTPAHUYINBAIOTCS HA TEPBOM
mare JOrOBOPEHHOCTSIMU MO OGOIOTHBIM MTPABUJIAM MPOTIOPIIMOHAILHON TapudUKAIMK 38 JOCTYII
rpacduxa (OIIIITIAT), KoTopble BIOCIEACTBAN HO3BOJISIOT OIPEIEIATh TapudBbl JJIs HOIb30-
BaTeJedl yCIIyT MYJbTUCEPBUCHBIX CeTel, KOTOPBIMH BJiaiefoT KoMnaHuu. OOOIIHOCTD ITPaBUIT
O3HAYAET, YTO KOMITAHUY TIOIMHSIOTCS OJHUM W TEM K€ TTPaBUIaM Ha BCEM WHTEpBaJie BpEMEHH, B
TedeHne KOTOPOro JIeHCTBYeT JOrOBOPEHHOCTh. C yI€TOM HECOBEPINEHHOM KOHKYPEHITNN Ha PBIHKE
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TEJIEKOMMYHUKAIUN U IIPU YCJIOBUU MAKCAMUIAINY IPHOBLIN KazKJJ0W KOMIAHUEH, KOTOPas sSBJIA-
€TCsl TIOCTABIIIUKOM YCJIYT, B paMKaX IIOCTPOEHHOM MOe/n ObLIN HAlIeHbI PABHOBECHBIE TAPUMBI
Ha 3TU YCIYTH C yIETOM IEePEerpy30K B MYJIbLTHCEPBUCHBIX CETAX, & TaKKe O0DBEMBI THUX YCJIYT.
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Analysis of Queueing Systems with an Infinite Number
of Servers and a Small Parameter

S. A. Vasilyev, G. O. Tsareva

Department of Applied Probability and Informatics
Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

In this paper we consider the dynamics of large-scale queueing systems with an infinite number
of servers. We assume that there is a Poisson input flow of requests with intensity NA. We
suppose that each incoming request selects two any servers randomly and at the next step of an
algorithm is sending this request to the server with the shorter queue instantly. A share uy(t) of
the servers that have the queues lengths with not less than k can be described using a system of
ordinary differential equations of infinite order. We investigate this system of ordinary differential
equations of infinite order with a small real parameter. A small real parameter allows us to
describe the processes of rapid changes in large-scale queueing systems. We use the simulation
methods for this large-scale queueing systems analysis. The numerical simulation show that
the solution of the singularly perturbed systems of differential equations have an area of rapid
change of the solutions, which is usually located in the initial point of the problem. This area of
rapid function change is called the area of the mathematical boundary layer. The thickness of
the boundary layer depends on the value of a small parameter, and when the small parameter
decreases, the thickness of the boundary layer decreases. The paper presents the numerical
examples of the existence of steady state conditions for evolutions w;(t) and quasi-periodic
conditions with boundary layers for evolutions wu;(¢).

Key words and phrases: countable Markov chains, large-scale queueing systems, sin-
gular perturbed systems of differential equations, differential equations of infinite order, small
parameter

Introduction

The current study of service networks with complex sending discipline in [1-3] transport
networks [4-6] and the asymptotic behavior of Jackson networks [7] handled with the
problematic of verifying the global convergence of the solutions of certain infinite systems
of ordinary differential equations to a time-independent solution. In [8] the countable
systems of differential equations with bounded Jacobi operators are studied and the
necessary settings of global stability and global asymptotic stability was found. In [9] an
infinite-server queuing system with a doubly stochastic Poisson input flow is considered.
Assuming that the service time does not have expectation, limit theorems for the number
of occupied servers is proven. As a consequence, limit theorems for systems is obtained in
which the input flow intensity is a regenerative process. In [10] an infinite-server queueing
system where customers come by groups of random size at random i.d. intervals of time
is considered. Assuming that the number of requests in a group and intervals between
their arrivals can be dependent, service times have a regularly varying distribution with
infinite mean. Limit theorems for the number of customers in the system and prove limit
theorems under appropriate normalizations are considered. In papers [11-13] the authors
built various models of queueing systems and considered their dynamics.

In paper [14] we examined the singular perturbed structures of ordinary differential
equations of infinite order of Tikhonov-type

6i=F($(t,gz),y(t,gy),t), y:f(x(tvgr)7y(tagy)at)

Received 24 March, 2018.



168 RUDN Journal of MIPh. Vol. 26, No2,2018. Pp. 167-175

with the initial conditions x(to) = gz, y(to) = gy, where z, g, € X, X Cly and y, g, € Y,
Y € R, t € [to,t1] (to < t1), to, t1 € T, T € R, g, and g, are given vectors, € > 0
is a small real parameter.

In this paper we apply Dobrushin approaches from [1-3]. We consider the dynamics
of large-scale queueing systems that consist of infinite number of servers with a Poisson
input flow of requests of intensity NA. We can use an algorithm that selects two any
servers for each incoming request and sent it to one of the servers with the shorter queue
instantly. We suppose that service time has mean 1/u with exponential distribution. In
this case a share uy(t) of the servers that have the queues lengths with not less than &
can be described using a system of ordinary differential equations of infinite order. We
investigate this system of ordinary differential equations of infinite order with a small real
parameter. A small real parameter allows us to describe the processes of rapid changes
in large-scale queueing systems. Tikhonov type Cauchy problem for this system with
small parameter ¢ and initial conditions is investigated.

We investigate the truncation system of this ordinary differential equations of infinite
order with a small real parameter order N. Tikhonov type Cauchy problem for this
truncation system with small parameter € and initial conditions is used for the simulation
of behavior solutions and for analysis of large-scale queueing systems with taking into
account parameters A\, u, €.

1. Queueing Systems with Infinite Number of Servers

The basic model considered there is a queueing system Sy, with N identical infinite-
buffer FCFS (First-Come, First-Served) single-servers, with a Poisson arrival flow of rate
N and with i.i.d. exponential service times of mean 1/u, where 0 < A < u. Upon its
arrival each task chooses m servers at random (i.e., independently of the pre-history of
the queueing system (QS) and with probability 1/(N™)) and then selects, among the
chosen ones, the server with the lowest queue-size, i.e., the lowest number of tasks in the
buffer (including the task in service). If there happen to be more than one server with
lowest queue-size, the task selects one of them randomly.

One is interested in the “typical” behavior of a server in Sy, as N — oo. Formally, it
means that V¢t > 0 and k = 0, 1, .. ., we consider the fraction g (t) = My (t)/N where My(t)
is the (random) number of servers with the queue-size k at time ¢. Clearly, 0 < gx(t) < 1,
Y ork(t) =1; and Q(t) = (qx(t)), t > 0, forms a Markov process (MP). Technically, it is
more convenient to pass to the tail probabilities r(t) = > ik Qk(t); the state space of the
corresponding MP Un (t) = (fr(t)),t > 0, is the set Uy of non-increasing non-negative
sequences u = (ug, k= 0,1,...) with ug = 1, >, _; up < oo and with the u;’s multiple
of 1/N, which implies that u; = 0 for all k£ large enough. It is convenient to prolong
the sequences u € Uy to the negative k’s by the value 1.

The generator of {Uy(t)} is an operator A acting on functions f : Uy — C! and
given by

Anf@) =N 37 (s~ i) |f (w5~ fw)] +

k>0

FAN ST (1) — (ui)?) [f (u + % - f(u)ﬂ )

k>0

Here, e, stands for the sequence with the k-th entry 1 and all others 0, the addition of
the sequences is componentwise. Process {Un (t)} is positive-recurrent and thus possesses
a unique invariant distribution, my; given any initial distribution o, the distribution of
Un (t) approaches my as t — oo. The main result of [1] is that, as N — oo, the expected
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value E, 7 (t) converges to the value {ax}, where

A\ =1/ (m=1)
o = () k>0, (2)
7

Pictorially speaking, it means that, as N — oo, an “average” server in the QS will
have k or more tasks in the buffer with probability ag.

It is interesting to compare Sy with another queueing system L, where the arriving
task chooses the server completely randomly (i.e., independently of the pre-history and
with probability 1/N). Clearly, L is equivalent to an isolated M /M /oo queue with the
arrival and service rates A and u, respectively, which justifies omitting subscript N in
this notation. More precisely, the average server in L will have k or more tasks in the
buffer with the geometrical probability

A F
a0:<> , k=1, 3
o (3)

(independently of N), which is much larger than a.

In fact, as was shown in [1], the whole process {Un ()} is asymptotically deterministic
as N — oco. More precisely, let U denote the set of the non-increasing non-negative
sequences u = (uy, k € Z) with up = 1 for k < 0 and >, qur < co.Then, if the
distribution w of initial state Un(0) approaches a Dirac delta-measure concentrated
at a point g = {gr} € U, the distribution of {Un(t)} is concentrated in the limit at
the “trajectory” u(t) = {ug(t)}, t > 0, giving the solution to the following system of
differential equations

we(t) = p (unsr (1) = u(t) + A ((we-1(1))* = (ue(t)?) | (1)

up(t) = 0,ur(0) =9gx 20, k=1,2,..., t=0,
where g = {gx},—; is a numerical sequence (1 = g1, gx > gr+1, K =1,2,...) [1]. Point
a = (ag) (see (2)) is a (unique) fixed point for system (4) in U.

These results illustrate the essence of the mean-field approximation for QS Sy. Equa-
tions (4) describe a “self-compatible” evolution of vector u(t), or, equivalently, of the
probability distribution q(t) = {qx(t)} defined by qr(t) = ug(t) — ug+1(t), t > 0,
k=0,1,.... As before, u(t) is simply the sequence of the tail probabilities for q(t).

We can compare system (4) with the linear system

Uk(t) = 1 (k1 () — yr(t)) + A (yr—1(t) — yk(?)), (5)

(where k > 1) describing the evolution of the probability distribution q"(t) =
(@2(1), q¥(t) = yr(t) — yr+1(t)) in a standard M/M/1/oo queue with the arrival and
service rates A and p, respectively. The p-terms in (4) and (5) are the same; they corre-
spond with the departure of the tasks and ’push’ the probability mass in q(t) and q(®)(¢)
towards k = 0. On the other hand, the A-terms (different in both SQ) correspond with
the arrival of the tasks; these terms shift the probability mass to larger k’s. The A-term
in (4) is smaller than the one in (5) when u(t) is small; pictorially speaking, system (4)
provides (for the same values of A and p) more “protection”, for large k, against the shift
to the right, which may lead to an “explosion”, when the relation Zk>1 ug(t) < oo or
> ks1 Yk(t) < 0o may fail as t — oo. Because of this, the entries a of sequence a (see
(2)) giving the fixed point of (4) decrease “super-exponentially”, in contrast with the
exponential decay of the tail probabilities in the fixed point a® = (a?) of (5).
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2. Queueing Systems with Infinite Number of Servers
and a Small Parameter

Let’s consider a system that consists of N servers with a Poisson input flow of requests
of intensity INA. Each request arriving to the system randomly selects two servers and
is instantly sent to the one with the shorter queue. The service time is distributed
exponentially with mean ¢ = 1/u. Let ug(t) be a share servers that have the queues
lengths with not less than k. It is possible to investigate the asymptotic distribution of the
queue lengths as N — oo and A < 1 [1]. The considered system of the servers is described
by ergodic Markov chain. There is a stationary probability distribution for the states of
the system and if N — oo the evolution of the values ux(t) becomes deterministic and
the Markov chain asymptotically converges to a dynamic system the evolution of which
is described by system of ordinary differential equations of infinite order

A (t) = o (up1 () = un(t)) + A ((un-1(£)* = (un(t))?) - (6)

For this system of ordinary differential equations of infinite order we can formulate
Cauchy problem in the form

ap(t) = p (up41(t) = ug(t) + X ((up—1(1)* = (ur(t))?) ,
(t) = 0 - (7)
up(t) =0, wup(0)=gr >0, k=1,2,..., t=0,

where g = {gx} 4, is a numerical sequence (1 = g1, gk > gr+1, k = 1,2,...) [1].
We can investigate Cauchy problem for system of ordinary differential equations of
infinite order with small parameter such form

n(t) = p(up s (t) = ug(t) + A ((up—1(8)* = (ur(t)?), k=0,1,...,n—1,
Un(t) = 1 (Unt1(t) = un(t)) + A ((un—1(t))? (Un (t))?) (8)
eUr(t) = 1 (Up11(t) = Ug(1)) + A ((Ug— 1(t))2 Ui(t)?), k=n+1,...,

ug(0) =g =20, k=0,1,2,....n, Up(0)=gr =20, k=n+1,...,

where € > 0 is a small parameter that bring a singular perturbation to the system (7),
which allows us to describe the processes of rapid change of the systems.

3. Queueing Systems with Finite Number of Servers and a
Small Parameter

Using (8) we can rewrite system of differential equations of order N in the form

we(t) = p(uprr (8) — u(t)) + A ((ue—1(1))® = (u(®))?) ., k=0,1,...,n—1,
Un(t) = p1 (Upg1(t) = un(t)) + A ((un—1())* = (un(t))?) . (9)
Up(t) = p (Up1(t) = Uk(t)) + X (U1 (1) = (Uk(1))?), k=n+1,...,N.

For this truncation system of ordinary differential equations of order N we can formulate
Cauchy problem in the form

Wk (t) = p(uprr (8) = up(t)) + A ((ue—1(1))? = (u(t))?) ., k=0,1,...,n—1,
un(t) = N(Un+1(t) - Un(t)) +A ( Un— 1 t))Z (un(t)) )

eUk(t) = p (Upt1(t) — Ug(t)) + A (Ur—1 (1)) — (Uk(t)) ’), k=n+1,...,N,
() =g >0, k=0,1,2,....,n, Up(0)=gp>0, k=n-+1,...,N.
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The numerical analysis was carried out using the adaptive step Runge-Kutta integration
method, which is one of the most commonly used methods for the numerical solution
of the singularly perturbed system of differential equations.

The numerical example is presented in the figure (see Fig. 1, 2) where n = 7, N = 10,
A=05u=10,g0=1, g, =1-0.1k, k= 0,9 and a small parameter ¢ = 0.1 (Fig. 1),
e = 0.01 (Fig. 2), e = 0.001 (Fig. 3). In these numerical examples we can see the existence
of regularly perturbed solutions u;(t), i = 0,5 and singularly perturbed solutions u;(t),

i = 6,10 with boundary layers.

1.0

—Yr— — 4, (0)=1.0
----- w009
""" ug (0) =0.8
""""" uy (0) =0.7
—  u5(0)=0.6
--- ug(0)=0.5
..... u;(0)=0.4
------- ug(0) =0.3
—  ug(0)=0.2
- uy(0)=0.1
é 10

0.8 w7200

L (0)=10
——- 4y (0)=0.9
----- us (0) =0.8
-------- uy (0) =0.7
— 4y (0)=0.6
—-= ug(0)=0.5
| --- up(0) =0.4
-------- us(0) =0.3
—  uy(0)=0.2
—- uy(0)=0.1
8 10

Figure 2. Evolution analysis of u; (¢ = 0.01)
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1.0 . .
e o —  ———wur— — u;(0)=1.0
ogl T e wy | " u2(0)=0.9
----- u3 (0) =0.8
-------- uy (0) =0.7
—  u;(0)=0.6
-—- ug(0)=0.5
rrrrr u,(0) =0.4
-------- ug(0) =0.3
—  1y(0) =0.2
--= uy(0)=0.1
8 10

Figure 3. Evolution analysis of ux (e = 0.001)

The numerical simulation shows that the solution of the singularly perturbed systems
of differential equations have an area of rapid change of the function, which is usually
located in the initial point of the problem. This area of rapid function change is called the
area of the mathematical boundary layer. The thickness of the boundary layer depends
on the value of a small parameter, and when the small parameter decreases, the thickness
of the boundary layer decreases. The integration area is divided into external (outside the
boundary layer) and internal (inside the boundary layer). The solution of the singularly
perturbed equation is sought in the form of a solution suitable for the outer domain,
which is then refined in the vicinity of the boundary point where the boundary layer
is located. The numerical examples have shown the existence of regularly perturbed
solutions and singularly perturbed solutions with boundary layers for evolutions u;(t).

Conclusions

We investigate the dynamics of large-scale queueing systems that consists of infinite
number of servers with a Poisson input flow of requests of intensity NA. Each request
arriving to the system randomly selects two servers and this request is instantly sent
to the one with the shorter queue. We suppose that service time has mean 1/p with
exponential distribution. In this case a share uy(t) of the servers that have the queues
lengths with not less than & can be described using a system of differential equations
of infinite order. Tikhonov type Cauchy problem for this system with small parameter
€. Tikhonov type Cauchy problem for this system with small parameter ¢ and initial
conditions is investigated. We use the simulation methods for behavior solutions analysis
with taking into account parameters A, p, e. The numerical examples have shown the
existence of steady state conditions for queueing systems with an infinite number of
servers and singularly perturbed conditions with boundary layers for evolutions u;(t)
with a small parameter.
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WUccnenoBanme cucreM MacCOBOTO OOCIIy>KUBaHUS C OECKOHEYHBIM
91CJIOM NPUOOPOB U MaJIbIM ITapaMeTpPOM

C. A. Bacuaswes, I'. O. IlapeBa

Kagedpa npuksradnoti ungopmamury u meopuy, 6epoammocmet
Poccutickuti yrusepcumem Opystcovl Hapodos
ya. Muxayxo-Maxaas, 0. 6, Mockea, Poccus, 117198

B mammoit paboTe paccMaTpUBaeTCs JUHAMIKA KPYITHOMACITTAOHBIX CHUCTEM MaCCOBOTO OOCIIYy-
JKUBaHUsT ¢ OECKOHEYHBIM YUCJIOM OOCJIY>KHBaOIMX pubopos. [Ipeamnomaraercs, 9To numeercst
BXOJISAIIUI TTyaCCOHOBCKUI MOTOK 3asBOK C MHTEHCUBHOCTHIO N . Takrke mpeamoiaraeTcs, 9To
KaXK/asl 3adBKa, [IOMAB B CUCTEMY, BHIOMPAET IBa MPOU3BOJIBHBIX MPUOOpa CIIyIaHBIM 00pa30M
7 BBIOMPAET It OOCIIyKUBaHusi TpUbop ¢ 6osiee KOPOTKOi odepenpo. Jlomst uy () mpubopos ¢
JUINHOMN O4Yepe/ii He MeHee 9eM k MOYKHO OIHCATh C ITOMOIINBIO CHCTEMbI OOBIKHOBEHHBIX JAuddepeH-
MAJIBHBIX YpaBHEHUI OECKOHETHOTO mopsiaka. 1Ipeamomaraercs, 9To 9Ta cucTeMa OOBIKHOBEHHBIX
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nuddepeHInaIbHbIX YPABHEHNM OECKOHEYHOTO TOPSAIKA C MAJIBIM BEIECTBEHHBIM IIapaMeTPOM,
KOTODBIil TIO3BOJISIET OIMUCATH MPOIECCHI OBICTPBIX U3MEHEHUN B CHCTEMaX MaCCOBOTO OOCTyKUBA-
Husl. B 9T0it paboTe UCIIOIb3YIOTCS METO/bI NCIEHHOTO MO/ICJIMPOBAHUS JJIsI aHAJIN3a TAKOTO
KJIacCa CHCTEM MAaCCOBOIO OOC/IYKUBaHUS. UMCJIEHHBIN aHAJIM3 IT0KA3aJI, 9YTO PEIIeHNe PAaCcCMaT-
PUBAEMBIX CHHTYJISIPHO BO3MYIIEHHBIX CUCTEM auddEPEHITNATBHBIX YPABHEHUSI UMEIOT 001aCTh
OBICTPOrO M3MEHEHUsI PENIeHHl, KOTOpasl HAXOAHUTCS B HAYAJIbLHON 00JIACTH MHTETPHUPOBAHUSA
3a7a9u. DTa 30Ha OBICTPOTO M3MEHEHUsI PEIIeHUI HA3hIBAETCsT 0OJIACTHIO TIOTPAHUTHOTO CJIOST.
TosmuHa TOrpaHUYHOrO CJI0s1 3aBUCHUT OT BEJIMYMHBI MAJIOrO IIapaMeTpa, U KOI/ia MaJiblil mapa-
METP YMEHBIIIAeTCs, TO TOJIINUHA IOTPAHUYHOIO CJIOSI TaKKe yMeHbInaeTcda. B pabore npuseneHbI
YUCJIEHHBIE IPUMEDDI CYIIECTBOBAHMS CTAIMOHAPHBIX COCTOSIHUMN JIJIsI 9BOJIIOIMN perteHuit u; (t),
a TaKyKe PEeIIeHUs C IMOTPAHUIHBIMU CJIOSIMHU.

KuroueBbie ciioBa: CUYETHBIE MAPKOBCKUE IEIM, KPYITHOMACIITAOHBIE CUCTEMBI MaCCOBOTO
006C/Ty>KMBaHUsI, CHHTYJIsIDHbIE BO3MYIIIEHHBIE CUCTEeMbBI ud depeHInaabHbIX ypaBuennii, nudde-
peHIAIbHbIE YPABHEHMS OECKOHETHOIO MOPSIAKA, MAJBIN mapaMerp
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Device for Periodic Modulation of Laser Radiation
V. A. Komotskii, Yu. M. Sokolov, N. V. Suetin

Institute of Physical Researches and Technologies
Peoples’ Friendship University of Russia (RUDN university)
6, Miklukho-Maklaya str., Moscow, 117198, Russian Federation

In this paper we consider a new type of mechanical device for periodic modulation of laser
radiation. The modulating unit consists of two phase diffraction gratings with a rectangular
profile, one of which moves relative to the other. The output beam of radiation in this device
can be either a zero-order beam of diffraction, or one of the first orders of diffraction. The
results of numerical simulation of output waveforms are presented. In the first order, we obtain
a sinusoidal form of output power modulation with an efficiency of up to 40 percent. Optimal
parameters of the phase diffraction gratings are calculated. Modulation produced in the zero
order of diffraction has an impulse form with an efficiency of about 80-90 percent. The specific
shape of the pulses in the zero order of diffraction depends on the distance between the two
gratings. The results of numerical calculations and experimental studies are in good agreement.
A special advantage of this type of modulator is the possibility of increasing the frequency of
mechanical modulation of the laser beam to hundreds of kHz. The results of experimental studies
of the characteristics of the scheme under consideration are presented. The device makes it
possible to obtain modulation frequencies up to hundreds of kHz with a harmonic waveform in
the first orders of diffraction and periodic pulses in the zero order.

Key words and phrases: modulation of a laser beam, an optical modulator, diffraction
gratings, double diffraction on phase gratings

1. Introduction

Optical choppers are widely used during physical experiments. Optical chopper is
a rotating disk punctuated with holes or slits. Since this type of laser modulator is
mechanical in nature, the maximum frequency is limited to the several kHz. In addition,
when the laser beam intersects the borders of holes, diffraction effects occurs, which
distort a shape of the output beam. The other type of mechanical laser beam modulator
described in [1] allows obtaining up to 100% modulation of laser radiation power, but
the maximal frequency of modulation is also low.

In this report, we present results of investigations of the device where laser beam
modulation occurs as a result of sequential diffraction by two phase diffraction gratings,
one of which is being moved relatively to the other one in the direction across grating
lines. There are specific diffraction gratings which have a rectangular “meander” type
profile formed by a relief on a transparent substrate used in this device.

With applying of this device it is possible to increase the frequency of modulation of
the laser beam up to hundreds kHz. In the special case, when we use the first diffraction
order as output beam, it is possible to obtain its power modulation according to the
harmonic law. When we use the zero diffraction order as output beam, it is possible to
get the modulation of the output beam in the form of periodic pulses of a specific shape
with a peak power close to the radiation power at the input of the device.

Received 16'® March, 2018.
This research is made in Optoelectronics lab at the Institute of Physical Researches and Technologies in
RUDN University.
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2. Theoretical Analysis

The modulator scheme is shown in Fig. 1. The device includes a laser 7, a modulating
unit (14, 6) and a spatial filter 5. The modulating unit consists of two transparent
disks 1 and 3. There are two identical circular relief diffraction gratings (DG) 2 and 4
of the same period A, located on the periphery of disks surfaces at distances Rg from
the centres of these disks. Disks are located in parallel planes at a small distance from
each other. The distance [, between the DGs, which are located on the surfaces of the
disks, facing each other, must satisfy the condition: I, < A%/), where X\ is the laser
wavelength. One of the disks is rotated by the motor 6 relative to the second disk, making
n revolutions per second (rps).

Figure 1. Schematic diagram of the laser light modulator with modulating unit
containing two DGs

The relief has a specific form of the “meander” type, with the width of the protrusions
equal to the width of the grooves. The lines of the relief of the DG are located along the
radial directions to the center of the disk. The optimal depth of the relief of the DG, at
which the modulation in the zero and in the first orders has the maximum amplitude,
is calculated by the following formula:

A
4(ng — 1)’

where ng is the refractive index of the substance of which the relief is made. When the
depth of the relief is equal to hopr, the depth of optical wave front phase modulation
is equal to Ap = 7/2, and the amplitude of the optical wave spatial phase modulation
(SPM) is &y = Ap/2 = /4.

The interaction of optical wave with the system of two diffraction gratings, as shown
on the Fig. 2, was considered in [2]. This analysis shows that the radiation power in
diffraction orders depends on several parameters: the distance between the DGs, the
displacement of one grating relative to the other one in the Ox direction, as far as the
amplitude and shape of the SPM which obtained by the optical wave after propagating
through each of these phase type gratings.

As follows from theoretical analysis we can get the best results, when we use DG of the
special rectangular meander profile, since there are no even diffraction orders in the
diffraction spatial spectra of these DGs. Only in this special case periodical oscillation of
the output optical beam power of the first orders of diffraction as a result of one of the DGs
moving relative to the other occurs according to a harmonic law. Power oscillations of the
zero order will be periodical also. But these oscillations would not be purely sinusoidal.
When the optimal depth of the gratings, hopr is used, the highest modulation efficiency
is obtained. At a depth of each grating equal to hopr, and with a normal incidence of the
laser beam on the DGs, the dependence of the intensity coefficient in the first diffraction
orders on the displacement of the DG across the grating lines is expressed by formula [1]:

(1)

hopt =
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a, 1,

Figure 2. Diagram showing an optical wave propagates through
a system of two DGs

2 2 27
Iiqi(x) = 5T gcos <AxmL> , (2)
L= wplz — the distance parameter.

The intensity coefficient in the zero order of diffraction is described by a more com-
plicated formula which contains infinite series of harmonics [1]:

1 <X cos ((2k + 1)2L) 27
- ok +1) [ ZX
=3 7r2;) 2k 1 1)2 COS(“” )(Ax))+

XX cos( —k?*+k—FK)L) , 27

kZOkZO 2k: TR+ 12 <Q(k —H) (Ag:)) +
400 400 COS (2(k: +74+1) (Tm) +4(5%2 — K2+ 5 — k:)L)

EIDY @k + 1D2(2) + 1)2 kARG

k=0 5=0

Power of the beam radiated to the order of diffraction with the number n (n = 0,1, —1)
is related to the intensity coefficient and to the radiation power P,, measured at the
input of the device, by formula:

Here 7 is coefficient of effective use of power, taking into account radiation losses in
the optical scheme due to reflection and absorption. As follows from formula (2), the
output power in the first diffraction order varies according to a harmonic law from
zero to a maximum value which is equal to Pj pax = (4/ 7r2)77Pin. The intensity of the
zero diffraction order also varies with a period equal to A. The shape of the intensity
dependence on the displacement of DG is similar to pulse shape. The shapes of these
pulses are changed in a complex way with changing of the parameter L. Dependences
of power of different diffraction orders on the displacement of the DG, calculated by
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formulas (2) and (3) are presented in Fig. 3a. The amplitude of modulation of the zero
order beam power reaches the value Pypax = 0.9nP,, (provided parameter L = 0.05).

For the purpose of experimental investigation of these dependences the special setup
with use of two phase gratings of a rectangular profile of period equal to A = 200 pm
and with relief depth which was close to the optimum have been fabricated. One of the
gratings was stationary. The second one was installed parallel to the first grating on the
moving platform. The second grating was driven by a micrometric screw in the direction
across the grating lines. The displacement step was 10 pym. In addition, the design allowed
changing the distance between two DGs. A He-Ne laser with a wavelength A = 0.63 pym
was used as a source of coherent radiation. Diffraction orders intensities were measured by
a photodiode with use of reverse bias. Experimental dependencies of radiation intensities
in the diffraction orders on the displacement of the DG are presented in Fig. 3b.

1,04 a. 1,0
0,8 [\ L=0.05 /0,8 L=0.348
/N
0,6 \ /0,67 / \ /
04/ . 04k~ /| /
\\\\ \( /\\\,

0,21 X // N 02 ;

/N 7\ \ N .
0,0t oot s ,

0 100 200 300 0 100 200 30¢
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Figure 3. Calculated (a) and experimental (b) power dependences in the zero and
first orders of diffraction on the displacement for different values of the distance
parameter L

As can be seen from comparing Fig. 3a and 3b, the shapes of experimental curves are
in a good agreement with the calculated ones. When one grating is being moved in the
direction of the Oz axis at a constant speed, periodic modulation of the diffraction orders
power in dependence of time would be observed. In the first orders of diffraction, the
modulation shape will be harmonic. Also one can see that phases of the oscillations in
the first and minus first orders of diffraction depend on the distance between two gratings.
In the zero order of diffraction the shape of periodic modulation looks like pulses, which
amplitudes are about from 0.9nP,;, to 0.7nP,,.

3. Experimental Investigation of the Modulator Setup

Experimental setup was built according to the scheme shown in Fig. 1. Disk sectors
with gratings were manufactured using photolithography and chemical etching of glass.
The DG period, measured at a distance of 3 cm from the center of the disk, was 150 pm.
The amplitude of the SPM of DG was calculated from the measured ratio of the powers
of the zero and the first diffraction orders [3]. By measuring results the amplitude of
SPM was close to @y = 7/4, in practice @y = (42V - 43)°. The stationary grating was
fixed on the path of the laser beam. The movable grating was installed in the hole on
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the surface of the disk. The disc was driven by a DC motor. Gratings were installed
in parallel at a distance of about 1 mm. It was possible to tune the position of one
of the disks in order to ensure the parallelism of the grating lines. Photodiodes with
load resistors were installed in diffraction orders. Reverse bias voltage was connected
to photodiode. In this case, the voltage across the load resistor is proportional to the
power of the radiation incident on the photodiode. The shape of the output signal was
recorded using an oscilloscope with a signal recording function.

The experimental modulation characteristics are presented in Fig. 4. The dependence
was normalized to the voltage measured on the photodiode load resistor when a laser
beam was directed onto the photodiode, with correction of this value taking into account
reflection losses. The modulation curves are very close to the calculated ones.

1.0 Uo/Uin 1,01 U1/Uin
0,8 0,8-
0,6 0,6

0,4 0,41
0,2 0,2

: , ‘ ‘ . 0, , : ,
00 0,02 0,04 0,06 0,08 0,10 0,02 0,04 0,06 0,08 0,10

time (sec) time (sec)

Figure 4. Experimental dependencies of output beam intensities on time.
Rotation speed was equal to n = 0.15 rps, modulation frequency was F' = 190 Hz

When the disk rotates, the linear displacement speed of the moving grating relatively
to the stationary one is equal to v = 27Rn. The oscillation frequency is equal to
F =v/A =2nRn/A. For R = 3 cm, with n = 0.15 rps and A = 150 um we get calculated
value: F' = 188 Hz, which is very close to the experimental value of the modulation
frequency F' = 190 Hz. With increasing rotation speed of the disk to 100 rps, with the
same grating parameters, the modulation frequency will be increased up to F' = 125 kHz.

4. Conclusions

The method of laser beam modulation with use of the system of two diffraction gratings
is investigated theoretically and experimentally. Modulation frequencies of the hundred
of kHz domain with the use of mechanical type driver are possible. Harmonic type
shape of the output beam modulation can be obtained in the first order of diffraction.
Pulse type modulation can be obtained in the zero order of diffraction. Zero-order
modulation with amplitude Pypa.x = 0.751nF,, and harmonic modulation in the first
diffraction order with amplitude P; nax = 0.35nP,, at a depth of the gratings close to
the optimum was demonstrated.
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YcTpoiicTBO AJi TIEPUOUIECKON MO IYJIANNN JIA3€PHOTO
N3y YeHUSA

B. A. Komonkwnii, FO. M. CokoJsios, H. B. CyeTtun

Hremumym gusuveckux uccaedosaruti u mexronroeul
Poccutickuti yrusepcumem dpyorcbor 1apodos
ya. Muxayzo-Maxaan, 0. 6, Mocksa, Poccus, 117198

B macrosimeit pabore paccMaTpUBAETCsl HOBBIM TUI MEXaHUIECKOTO YCTPONUCTBA JIJIsi TIEPUO-
JUYECKON MOIYJIAINY JIA3ePHOTO n3JrydeHusi. Momaymupyromumit 6J10K COCTOUT U3 JIBYX (Da30BBIX
IUMPAKIIMOHHBIX PEIIETOK C MPSMOYTOJBHBIM TPOMUIEM, OHA U3 KOTOPBIX MEPEMENTAeTCsT OTHO-
CUTEJILHO JIPYToi. BBIXOMHBIM IIyYKOM H3/IYUE€HHS B 9TOM yCTPOMCTBE MOXKET OBITH JINOO IIyYOK
HYJIEBOTO TIOPsi/IKa MU PAKIIH, JTUO0 OJUH U3 MePBbIX NOPAIKOB mudpakiuu. [IpuBonsarcs pe3yiib-
TaTHl YMCJIEHHOTO MOJIEIUPOBAHUs (DOPM BBIXOIHBIX CUTHAJIOB. B MEPBOM MOPsIKE MBI MOJIY A€M
CHHYCOUIAJIBHYIO (DOPMY MOIYJISIMK BBIXOIHON MOIIHOCTH C 3DPeKTUBHOCTHIO 10 40 MPOIEHTOB.
Paccunranb! onTuMaibHbIE TTApAMETPBI (PA30BBIX AUMPAKIIMOHHBIX PEMIETOK. Moy isiums, mpons-
BOZMIMAasi B HYJIEBOM TOPsJIKE TUMPAKIHH, UMEET UMIYIbCHYIO GOpMY € 3PDEKTUBHOCTHIO OKOJIO
80-90 mponenros. Konkpernas ¢popMa HMIIYJILCOB B HYJIEBOM HOpsAnKe MuMPAKIUU 3aBUCAT
OT PACCTOSTHUS MEX/JIy JABYyMsI PelIéTKaMu. Pe3ybTaThl YMCIEHHBIX PACYETOB M SKCIEPUMEH-
TaJIbHBIX UCCJIEIOBAHNN HAXOIATCS B XoporreM coriacuu. OcobbIM IPENMyIIeCTBOM 9TOrO THIIA
MOJIYJISITOPA SABJISETCS BO3MOYKHOCTD YBEJIMYEHUs] YACTOTHI MEXaAHUYECKON MOJYJISIUN JIA3€PHOTO
sgy4a no coreH k['m. IIpuBonsaTcs pe3ybTaThl SKCIIEPUMEHTAJIBHBIX HUCCJIEJOBAHUN XapaKTePH-
CTUK PACCMATPUBAEMON CXEMbl. YCTPOHCTBO HO3BOJISIET IMOIYIaTh YACTOTHI MOIYJISIUMH 10 COTEH
KI'11 ¢ curHaJIoM rapMOHUYECKON (DOPMBI B IIEPBBIX MOPAIKAX JUMPAKIINT U TEPUOITIECKIMUA
UMITyJIbCAMU B HYJIEBOM IOPSIIKE.

KuroyeBble cjioBa: MOJYJISIIUS JIA3EPHOrO IydKa, ONTHIECKUH MOIYISITOP, UM PAKIIMOHHBIE
pemérku, aBoitHas audpakius Ha (Ha30BbIX PEIIETKAX
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Koppyius: MexaHu3Mbl pa3BUTHUsI, CIOCOObI MTPOPUIIaKTUKNI
(OI'ILIT KOMITBIOTEPHOI'O MOJZEJINPOBaHUA C IIpMMEHEeHnueM
YU CJIEHHDBbIX MeTO,Z[OB)

A. II. Cyxonosos, 1. A. Ky3suernosa

Kagedpa ungopmamuru u xubepremur
Batikanvcruti 20cydapcmseennvll yrHusepcumem
ya. Jdenuna, 0. 11, Hpxymcex, Poccus, 664003

IIpectymnnas J1eIT€IBHOCTD KOPPYMITMPOBAHHBIX PAOOTHUKOB POCCUICKUX TOCYIaPCTBEHHBIX
CTPYKTYP PA3JIMIHOTO YPOBHSI SIBJISIETCS OJTHOM M3 3HAUMMBIX MPUYIUH TPEOBIBAHUS CTPAHBI B CO-
crositnnm Kpusuca. [Ipouncxoaut ob6beIMHEHNE 3HAYUTEIHFHON YACTH YIIPABJISIIOIIEN OIOPOKPATUN
B €IMHYIO aHTUCONHMAJIbHYIO cucTeMy. Llesb Takoil cucTembl, B IIEPBYIO OYepelib, — JTOCTHUKE-
HIE BBICOYAMIIEro YpOBHSI CBOETO BJIATOCOCTOSHUS U OJIAr0COCTOSTHUST OJIM3KOTO OKpyKenus. C
JpPYyTroil CTOPOHBI, KOHIJIOMEPAT B3aUMOCBSI3aHHBIX YYACTHUKOB 9TOrO IPECTYITHOTO COODIIECTBA
BMECTO BBITIOJIHEHUSI B TIOJTHOM Mepe BO3JIOXKEHHBIX CJIY2KEOHBIX 00sI3aHHOCTEN peau3yeT IJIaHbI
JIECTPYKTUBHOI'O COIVIACOBAHHOT'O BO3/IEUCTBHUS Ha T'OCYJAPCTBEHHBIN COIMAJIbHO-9KOHOMUYECKUN
6a3uc, 3aBOEBBIBas W YKPEILIsisi CBOE CUJIOBOE BJIMSHUE B IOJIUTUYECKON, SKOHOMUIECKON U
coInaJIbHOM cdepax.

[Tess aBTOPOB HacTOsAIIEH PAOOTHI COCTOUT B KPATKOM M3JIOYKEHUHU UJ€U KOTHUTHUBHOT'O TOJIXO-
JIa B CUCTEMHOM aHaJu3e KOPPYIIIMOHHOrO mporecca. OH MpeacTaBieH UMUTAIMOHHON MOJIEIBIO
JIABUHOOOPA3HOTO BU1a 0COOOH CTPYKTYPHI JIJTsT IEMOHCTPAIIUN TBORCTBEHHOTO MEXAHI3Ma, yIIPAB-
JIEHUSI CONMAJIBHBIM B3PBIBOM, BBISBAHHBIM KOPPYIIIHEH.

Wnest npuMeHeHNs1 KOTHUTUBHOT'O MOJIEJIMPOBAHUS KOPPYIIIMOHHOTO IIPOIECcca OCHOBaHA Ha
JWAJIEKTUIECKOM KOHIIEIIUN: YIIPABICHIN BHY TPEHHUM IPOTUBOPEINEM. DTO MO3BOJISIET OTPA3UTD
JUHAMUKY COCTOSTHUSI CUCTEMbBI U TIPOJIEMOHCTPUPOBATD PE3Y/IBTAT HAKOILJIEHUsT KOJUIECTBEHHOTO
MIPU3HAKA C [IEPEXOJIOM B HOBOE KaveCTBO.

B o3HaveHHOM KOHType pa3BUTHE KOPPYNIIIMOHHON AeATeIbHOCTH TPUBOINT K B3PBIBY, HAPYIIIAs
[EJIOCTHOCTD COIUALHO-9KOHOMUYIECKOH cucTeMbl. KorHUTHBHOE MCcienoBanue (B CTPYKTYypPHOM
acCIleKTe) 6T BO3MOMKHOCTD BBISIBUTH MEXAHHU3M JEHCTBUA (DaKTOPOB, BIMSIONINX HA XOI «Pas-
MHOXKEHHsI» KOPPYMIIUPOBAHHON 37uThl. [Iprdyém oqum hpakTOphl CIIOCOOCTBYIOT TOPMOXKEHUIO,
Jpyrue, Ha00OpOT, YCKOPSIOT HACTYIJIEHUE HAIIMOHAJIBbHON KaTacTpodbl. OpraHu3aliioHHbIe 1
MPaBOBBIE MEPHI BO3JEHCTBUS HA MCTOYHUK JIETPAJAIIH TTO3BOJISIIOT BECTU HOPBHOY ¢ KOPPYTIIHEii.
Poccuiickast MeHTAIbHOCTD, HAIIMOHAJIBHBIE, KYJIbTYypPHBIE OCOOEHHOCTH, & TaKKe 3aKOHOIaTe b~
HBIIT 6a3UC HE TO3BOJISIOT B IOJHON Mepe MepeHsITh ONbIT DOPHOBI ¢ KOPPYIIUEH HEKOTOPHIX
crpas, Hanpumep, Kurasi, CIITA, Cunramnypa. [losaTomy ciremyer BBIpabaTBIBATE CBOU CIIOCOOBI.

B macTosiiux mcciieJoBaHUIX UCIIOJIB30BaHA KOMITBIOTEPHASI ITPOTPAMMa, UMUTHUPYIOIIAs Jia-
BHHOOOpA3HBIN Tporecc. B crarbe MpUBEIEHBI PE3YIbTATHI UMUTAIMOHHBIX SKCIEPUMEHTOB,
Peau3yINX MEXaHU3M JIBYyXCTOPOHHErO PEryJIUPOBAHUS COCTOSIHUSI M3y94aeMOoro peHOMEHA.
Mopmesib TpocTa U HAIJISITHA, COIEPXKUAT MAJIOE KOJUIECTBO IMapaMETPOB U MEPEMEHHBIX, MTO3BOJIS-
eT O0DbSICHUTH HEOTBPATUMOCTD COIMATBHO-IKOHOMUYIECKOTO KPU3NCA B YCJIOBUIX JIEHCTBYIONIETO
3aKOHOATEIbCTBA M OCJIA0JIEHHOTO MOPAJIbHO-3THYECKOT0 BO3EUCTBUS HA MIPECTYIIHYIO aHTH-
COIMAJIBHYIO KOAJIAIIUIO.

[TosokeHnsT M BBIBOIBI HACTOSIIIIETO MCCIEIOBAHNS JIOKA3BIBAIOT HEOTBPATUMOCTD KaTaCTPO-
dudecknx MoCjaeICTBUN B COIMAIBHO-9KOHOMUYIECKOM TPOCTPAHCTBE, HO TIPU 3TOM HX MOYKHO
OTTSHYTh HAa 3HAYUTETHHOE BPeMsi 38 CUET NMPUHSTHS OPraHU3AIMOHHBIX MED JUCIIUIIINHAPHOTO,
MIPABOBOTO, BOCIIMTATETHHOTO XapaKTepa.

KuroueBrbie cjioBa: KOPPYUIHs, COIUAILHO-9KOHOMIYIECKAsl CUCTEMA, KOTHUTUBHOE MOJIE-
JIMPOBAaHWE, UMUTAITMOHHAS MOJIEJb, JABUHOOOPA3HBIH MPOIIECC, yIpaBIeHne, TPOTUBOPEtINE

Crarbs nocrynuia B pegaknuio 15 suBapst 2018 1.
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1. Bsenenue

Koppymiust B coBpeMeHHOM 00ITIeCTBE HOCUT XapaKTep «BUPYCHON MHQEKIINN», aTaKe KO-
TOPO# TTOABEPIKEHBI €TI0 UJIEHBI, ECJTH BBITIOJHAIOTCS «OJIaroNMpUATHBIEY YCIOBHUSI AKTUBHOTO
neiicTBus HOocuTe st 910 nudekiuu. CyriecTByeT Ti1yboKast AaHAJIOTHST MEXKTY MEXaHU3MOM
KOPPYIIIAK B OOIIECTBE U Pa3PyIIUTENTHLHON BUPYCHON IeSITEIbHOCTHIO B OMOJIOTHIECKOH
HOMYJISIIAN, TO €CTh KOPPYIIIUST — TO COluasbHast snuaeMmus. Jlanubiii repmun (0T Ja-
THHCKOTO COrrumpere — «pacrieBaThy, COTTuptio — «mopuay, <IMOAKYI» ) O3HaYaeT (PopMy
pasyIoXkKeHusl (JIerpajanyun) rocyIapCTBEHHOTO MEXaHU3Ma. DTO SBJIEHHE CIIOCOOCTBYET
JTOCTUZKEHUIO TEJIN OMPEJIETIEHHBIX MOJUTUYECKNX U OJUTAPXUYIECKUX KPYTOB, TO €CThb
YHUYTOXKEHUIO CUCTEMbI YIIPABJCHUSA I'OCYIapPCTBOM U 3aBJIAJICHAIO €TI0 PECypPCaMM.

2. ColuaJibHO-TICUX0JIOTUYECKNE aCIeKTbl KOPPY N

MexaHu3M Jgerpajauu CACTEMBI JTI000H TPUPOIbI YHUBEpcaIeH. V3yueHnne criemuasim-
CTaMH €ro JeMCTBUSI B TAKUX cdepax eCTeCTBO3ZHAHNSI, KaK OMOJIOTHs, SN AEMIOJJIOTHSI,
siiepHas bU3MKa U 1p., J0 CUX HOP IPOJIOJIKAETCsI, JOCTUIHY Tl 3HAYUMBIE ycrexu [1].
PackpbiTne cyTn siBJeHus AerpaJaliil CACTEMBI U BHIPADOTKY CIIOCODOB yIIPABJIEHHS STUM
IIPOIIECCOM BEChMa II0JIE3HO OCMBICUTD, OOOOIIUTDL U IIPUMEHUTH B 00JIACTH COIUAIHHBIX
HayK (B mpaBoBOii cdepe) it U3ydeHus JaHHOrO (heHOMEHa U 1oucKa 3hMEKTUBHBIX
CIT0cOO0B TPOTUBOAEHCTBUST KOPPYIIIIH.

SameTnM, KaxKgas ColMaibHAasl CUCTEMa 0DJIaIaeT «MMMYHHON 3aIuToii», obecredn-
BaeMOIl KOMILJIEKCOM CPEJCTB, KOTOPBIE JIeJIATCS Ha

1) BHyTpeHHUEe IpaBuIIA:
(a) ycrosiBiIrecs: OOIIECTBEHHbIE HOPMBI TIOBE/IEHUST;
(b) KynbTYpHBIE TpaIUIAN;
(c) obrmedenoBedeckue IEHHOCTH;

2) BHEIIHUE PbIYATN:

(a) yrosioBHOE IpPaBo;

(b) ajMuUHECTPATUBHOE TIPABO;

(¢c) cynebHasi cucrema;

(d) obrecrBennbie, TpodeccHoHaIbHbIE 00S3aHHOCTH U IIP.

Wuawe rosopst, 11060My 00CTOATEIBCTBY B OOIIECTBEHHOM OPTaHU3Me, [IPUBOIAIIEMY
K OTKJIOHEHWIO OT HOPMBI COIIUAIBLHOTO OBITHS, TOJI?KHBI COOTBETCTBOBATH AKTUBHBIE U
3bdeKTUBHBIE CPEICTBA 3AIUTHl — CHeIHaJbHbIe CUCTEMbI IPOTUBO/IEHCTBHs (B GUOJIO-
Uy — aHTUTeNa). Keau aJMUHICTPATHBHO-IPABOBAsI CUCTEMa MOCYIAPCTBEHHON 3aIuThl
He CIIPABJISIETCS CO CBOMMU OOSI3aHHOCTSIMU B IIOJIHOIM Mepe, eCTh OCHOBAHUE I0JIaraTh O
nacrymieann T.H. «3ddekra CIINTa» [1]. Koppynus B JaHHOM PacCMOTPEHUH TIPE/I-
CTaBJIIET OJHY U3 IJVIABHBIX IPUYUH.

IIcuxostorust u cOIMOJIOTUsT OOBICHSIOT KOPPYIIIHIO KAK IIPOsIBJIEHNE CJIOXKHO IIeperLie-
TEHHOIO MHOYKECTBA IIPOTUBOPEUMIl HJIONEHHOIO M 9K30MeHHOro Xapakrepa [2]. Vmeer
MECTO COYeTaHUe JIMYHBIX IIeJIell C IEeJIsIMU CHCTEMBI, B KOTOPYIO BCTPOEH CyObEeKT, HO He
BCerJia Takoe covyeTaHne rapMoHUYHO. [ToaToMy KOppymInmoHHOE IeficTBHE — 3TO BO3HUK-
I IEPEKOC B CTOPOHY JIMYHOTO OJIArOIIOJIYYns OTBETCTBEHHOIO JIUIA 38 CHET 0TOOpa U
IIPUCBOEHUSI PECYPCOB CUCTEMBI B IIEJISX JITTHOM BBITOJbI, COOTBETCTBEHHO, B yIIepb eé
(YHKITMOHUPOBAHUS U PA3BUTUSI, UCIOJb30BAHNUA COOCTBEHHBIX BJIACTHBLIX ITOJTHOMOYNN U
JOBEPEHHBIX CyOBHEKTY MpaB, KOTOPhIE MPOTUBOPEYIAT 3aKOHOIATEILCTBY.

Teopust Koppymunuu craja OypHO pa3BUBATHLCA BO BTOpoil mosioBuHe XX B. Poysom u
Haiist [3]. OcHOBHOIT yIIOp NPUXOMJICS HA PACCMOTPEHHE [IPABOBOI CTOPOHbI BIMSIHUS 1
OJIUTHYecKOH mooriéku. Kpome Toro, HeMaioBaxKHasI POJIb OTBOIMIIACH SKOHOMIYIECKO
[IPUYIUHE PACIBETA M3IOUMCTBA U JIPYruX (GOPM MATEPUATILHOIO OOOTAINECHUS 38 CUET
rocy/1apCTBa.
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3. Mepsl npoTuBoO/ielicTBUSA

Jlanmoe conmabHOE sIBJIEHUE CYIIIECTBOBAJIO Beeraa. Fimé B Oubsieiickme BpeMeHa mepuo-
na XIT-VI BB. /10 H.3. ycTaHABJIMBAJICA 3alIPET YNHOBHUKAM Ha MPUHSATHE JIAPOB 110 CIIyKOe.
B npesuem Bapumone x cepemune Il Thic. /10 H.9. KOppyMIus ObLIa SBJICHHEM, HECYITAM
3HAYUTEIBHBII BPE TOCYIAPCTBY, TOITOMY Iaph XaMMYPAald W31/l AHTUKOPPYIIMOHHBIT
3aKOH, IPUMEHsIEMBI K cyabaM. [lognomenus napos Beabmokam Meconoramun, Basu-
JIoHa, XKperaMm Erunra, cyabsam, cenaropam PuMcKoit mMiepun 3a MPUHATHE PeIeHnit
B IIOJIb3Y TPOCUTEJIS 3aMETHO HAPYIIAJINA COMUAIBHBIN MOPSIOK BO BPEJ €r0 HACEJICHUIO
u rocyJapcrBy B 1enoM [3]. 3adbukcupoBanbl TakKe Caydan HOLydenus B3aTok B XIIT
Beke. Pycckue mapu Usan 111, Usam IV, I1érp [ u ap. Besm menpumupumyo 60pbdy
BBIMOTATE/IAMIA MATEPUAIHLHOIO BO3HATPAXKICHNUS, TOBOJS HAKA3aHWE 0 CMEPTHOI Ka3HU.

B mame Bpems jganHOEe aHTHOOIECTBEHHOE sIBJIEHUE IIPOIIBETAET IIOBCIOLY U HECET
OIYTUMYIO YTI'PO3y TOCYyIapCTBeHHOI Oe3ormacHocTu. MeTompr 60pbObI ¢ KOppYyIIHeit
pa3pabaTbIBaIOTCs, MPUMEHAIOTCA BO MHOTUX rocymapcTBax. Hakormien mooKuTe sbHbIiT
OIIBIT UCIIOJIb30BAHUS ITUX CIIOCODOB B OTJ/IEJIbHBIX CTpaHaX. Ero MOXKHO ObLIO OBl B3ATh
JJTsT BBIPADOTKHU KOMILJIEKCA MEp BBISBJIEHUS, IPEIOTBPAIEHNST U HAKA3aHUA B HAIIEH
crpane. Ho HeKOTOpPBIE UX HETOCTATKYE U OCOOEHHOCTH MEHTAJINTETa Ipakiaan Poccniickoit
Qeepanuy, HAIMOHAJIBHBIX TPAJIUINI, POCCUICKOIO 3aKOHOIATEHLCTBA 3aTPY/IHAIOT
BHeIpenue 31oro onbita [4-6]. Tak, B Besmkobpuranuu jyisi 1101aBJIeHIsT KOPPYIIMOHEPOB
y2KeCTOYIAIOT HaKa3aHue. SHAYUT, BO N30eKAHNE OTBETCTBEHHOCTH YCJIOKHSAETCA CXEMa
oty deHust B3aToK. B CuHramype KOppyImius [TOYTH UCTPebIeHa 38 CUET

1. mestrenpHOCTH C(OOPMEUPOBAHHOTO CIENUAIBHOIO AHTUKOPPYIIIMOHHOTO KomuTeTa mo
paccaeI0BAHUIO TIPECTYIJIEHNN KOPPYIIIMOHHOTO XapaKTepa,
2. yBeIWdeHusi 3apabOTHOMN TIATH YMHOBHUKAM, CYIbsIM U T.II.

Kuraiickuit onbIT 1a/1 MOI0KATEIbHBIE PE3Y/IBTATHI, HO IPU 9TOM IIPUMEHSIEMbIE TaM
Mepbl — CMEpPTHasl Ka3Hb B OCOOBIX CJIydasiX — He MOI'YT ObITh MCIIOJIb30BaHbl B Poccuu
13-3a MOPATOpHUs HA CMEPTHYIO Ka3Hb. KpoMe TOro, MeHTaauTeT KUTAfCKOro YMHOBHUKA,
3HAYUTEIBHO OTJIMIAETCS OT MEHTAJIUTETa poccuiickoro. Onpere/léHuble yCIeXu TOCTUT-
ayTbl B Uramuu, CIIIA. M. [enarun, aHaJu3upys CIocoObl aHTUKOPPYIITHOHHONH GOpHOBI,
[Ipe/IJIaraeT IePeHsiTh aMEPUKAHCKUI 1 UTAJbAHCKHUIA OIBIT, OCHOBAHHBIE HA TOTAJIHLHOM
KOHTPOJIE ¥ YKEeCTOYEeHUN Haka3aHus |7].

Inasa Harmonanbaoro antukoppymmmontnoro komurera (HAK) Poccun nmanupyer
JIOTIOJTHATEJIbHBIE TIPABOBbIE MEXAHU3MbI JIJIT OOPBHOBI ¢ KOppYHIUeil Hapsijly C TeMu,
KOTOpBIE IPOIUCAHBI B OTEUYECTBEHHOM 3aKoHozaTesbeTse [8,9]. Tax, mpaBuresbeTBo
P® yuacrBOoBajIO B CO3MAHMU METOMUKU U3yUEHUs] I'€HE3UCA KOPPYIIUU INHOBHHUKOB.
[IpumensieTcs 1aH MPOTUBOAEHCTBUST YHHOBHUIbEMY Tpou3Bosy. Ciiemyer OTMETUTh,
OPraHU3aIIOHHO-TIPABOBAas OCHOBA aHTUKOPPYIIINOHHON OOPBOBI NMEET PsiJT HETOCTATKOB,
cumxkamomux eé sddexrusaocts [10].

Koppyumnusa B Poccuu cucremna, cienoBaTesbHO, [ PACCMOTPEHUSs IIPOOJIEMbI HEOOXO-
JUM CUCTEMHBIN ITOJIX0J, YUUTBIBAIOIINN KJIOUeBbIe (DAKTOPBI, CIIOCOOCTBYIOININE KaK
Pa3BUTUIO JIAHHOI'O COIUAJILHOTO HeIyra, TaK M €ro CBEPTHIBAHUIO. JesioBedecKast
HaTypa, KaK OBIJIO OTMEYEHO, ABOWCTBEHHA, TO €CTb IPOTUBOPEYUBA, [MOITOMY WUTHO-
PUPOBATh KOPPYIIINIO KaK OOIECTBEHHOE sIBJIEHWE ITOJTHOCTHIO HEBO3MOXKHO: OHO BCe
0OoJIbIIIE TIPOSIBJISIETCS U CTAHOBUTCS CEPHE3HBIM IIPENATCTBUEM B I'aPMOHUYHOM DPAa3BU-
TUH conpmyMa. /s MHOrMX YHWHOBHUKOB HCIIOJIB30BAHUE JIOJ2KHOCTHBIX ITOJTHOMOYHUH B
KOPBICTHBIX IIEJIIX BCTPOUJIOCH B UX 00pa3 kusuu [4, 5, 10].

B pamkax macrosIeil ctaTbu MPEICTABIM ITPOIECC KOPPYIIIMOHHOTO PA3BUTHA KaK
KNOEPHETUYIeCKYIO MOJIENIb, PACKPBIBAIOINLYIO OPTAHU3AIINIO YIIPABJIAEMON JerPaIaiuu C
BKJIIOYEHUEM ITPOTUBOIIOJIOXKHO JAeHCTBYIOMUX pbidaroB. CyTb TAKOro MOax0oia ¢ 0Co0oit
CTPYKTYPOH, OTpakalomieil IIOJIAPHOCTD YIIPABIAIOIINX AeUCTBUN, OIIUpaeTCd Ha AUAJICK-
TuvecKyto KoHuenmuio [11,12]. Vcnosab30Bal OIBIT MMUTAIMOHHOIO MOJIEJUPOBAHUSL C
[IPUMEHEHUEM YHCJIEHHBIX MeTozoB [12-14].

B cucremnom anasmse npoTekaHue IpoIecca pacCMaTPUBACTC B JABYX pekuMax: OyHK-
[IMOHUPOBAHNUS U Pa3BuTHsA. PesknM (DyHKIIMOHNPOBAHUS OTPAXKAET OPTAHU3AINIO CHCTEMBI,
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ITO3BOJISIIONILYIO BBITIOJHSATL €€ OCHOBHBIE (DyHKIIMK. Kcau B cucremMe MpOUCXOauT KOJTUUe-
CTBEHHOE M3MEHEHUE XapaKTEePUCTUK — HaKOIJIeHNe, IPUBOIIIee K NU3MEHEHNIM CBOICTB,
TO TaKue IEJIOCTHOCTH IPOSABJISIIOTCA U B Ipoliecce pas3Butus. llpu B3ammojeiicTBun
¢ OKpyKaoleil cpesioil (BHelHee yrnpasieHne) MOTYT POM30HTH MapaMeTpudecKue,
CTPYKTYpHBIE U (DYHKIMOHAJIbHBIE U3MeHenus |15, 16].

YT006bI CHU3UTH CTEIIEHb HEOMPEIeEHHOCTA B MIOHUMAHUN TPUPOILI (DYHKITHOHHPOBA-
HUA U PA3BUTHUSA KOPPYHIIMOHHOI CHCTEMBI, CJEMYET, TPEYKIE BCETO, BHIIBAUTH OCHOBHBIE
PBIUATrH, OJIEPKUBAIOIINE U YIIPABJIAIONINE KOPPYIIIMOHHBIM Pa3BUTHEM B IeJ0M (ydacT-
HUKW TIporiecca PyHKIIMOHNPOBAHUS B3aNMOCBSI3aHbBI, (DOPMUPYSI CTPYKTYPHI Pa3HOTO
THIIA: JINHEHHYTO, CeTeBYI0, nepapxudeckyio). OUeBuIHO, COCTOSIHUE POIecca B KaiK-
JbI pacCMaTpPUBAEMbIil MOMEHT BpeMeHu pa3jndHo. [loaromy mojesmpoBanue CUCTEMBbI
B PA3BUTUU ITO3BOJISET BBISIBUTDH CIIOCOOBI yIIPABJIEHUS IIPOIECCOM, UCIIOJIB3Ys PhlYaru
BO3IEMCTBUSA CO CTOPOHBI CUCTEMBI YIIPABJIECHUS.

4. HWMMuraiimoHHasi MoO/iejib KOPPYHIIMOHHOTO MpoIliecca

B pasButum KOppyHIMOHHBIX TPOIECCOB IO MPWHITUITY TOJIOXKUTETHLHON 00paTHOM CBSI-
3u (pa3Mepbl TOOOPOB, «OTKATOB» M <«PACIMJIOB» HEYKOCHUTEJHHO BO3PACTAIOT) JIJIst
VKPEIUIEHUS] CUCTEMBI JITITHOTO 0DOTalleHnsi HeOOXOIMMO BOBJIEKATH B KOPPYIITMOHHBIH
«bu3HEC» JPYTHUX JIMII, CKJIOHHBIX K MOpajbHOU merpajganuu. OTcofa ciiejyer, 9To pa3Bu-
THE KOPPYIIIUOHHON JIABUHBI IPUHITUIINAILHO He OTJINIAETCS OT BOSHUKHOBEHUST CHEYKHOM
JIABUHBI, PA3BUTHS SIUJIEMUH, siJIEPHOTO B3PbIBA, PEBOJIOIUN, JIP. IPUPOIHBIX U COITU-
aJIbHBIX KaTacTPOd.

B [17, 18] npuMeHEH CHCTEMHBII IIO/IX0/] B MOJEJIUPOBAHUI JIABUHHBIX IIPOIECCOB C
HCIIOJIb30BAHIEM THUIIOBBIX 3BEHBEB TEOPUHU ABTOMATUYIECKOrO yIpaBjeHus. JlaBunnas
MOJIEJTb B 3TUX pabOTaX OTPAKAET JAUAJIEKTHIECCKYIO TPUPOAY (DYHKIIMOHUPOBAHUSA U
passutus. Koppyminonnas JlaBiHa aHAJOTUYHA JIABUHHBIM IIPOIECCAM JAPYTOro BHIA 11O
MIPUHITAITY OPTaHU3AIMH U MEXAHU3MaM yIIPaBJICHUS.

B cBoé Bpemst K. BepHap, 0CHOBOIIOJIOXKHUK YUIEHUST O TOMEOCTA3€e, OIPE/IEIIsI KU3Hb
CHCTEMBI KaK Pe3y/IbTaT KOHKYDPeHIH (KOHMJINKTA) MeXK/ly BHYTPDEHHUM COCTOSTHUEM
CHUCTEMBI U BJIMSTHUEM BHEITHE Cpelibl, IPOSBJIAIONIEiCa B ABYX IMPOIECCax: CUHTE3E U
pactiase. YmpaBieHrne KOpPYIIHeii OpraHm30BaHO IO TOMEOCTATUIECKOMY TPUHIIHAILY, T.€.
OCYIIIECTBJISETCS TeJICHAIIPABICHHOE PEryINPOBAHNE BHY TPEHHUM ITPOTUBOPEIHEM.

VIMUTAIIMOHHYIO MOJIEJIb KOPPyTuu (GopMaabHO (¢ MIPUMEHEHHEM TOMEOCTATUIECKIX
[IPUHIIUAIIOB) MOYKHO INPEJICTABUThH CHCTEMOIl, BKJIIOUAIONEl MHOKeCTBO N B3aMMOCBsI-
3aHHBIX CYOBEKTOB, CKJIOHHBIX K KOPPYIIIMOHHON JeSATETbHOCTA C BEPOSITHOCTHIO P U
BOBJIEUEHHIO B 9Ty cepy («3aparxKkeHnio») k cyObeKTOB U3 JIOMOJHSIONIEr0 MHOXKECTBA,
ocranbHbix wienoB N; (NUN = E). Koaddunuenr k — quciio «3aparaeMbix» — IPUHSIT
JJTsl YIIPOIEHUsT Mojiesin, Y — obIas Yuc/ieHHOCTh PACCMaTPUBAEMbBIX CYOHEKTOB.

MopaJibHO-TICHXO0I0TTYIecKast OOCTAHOBKA B COIyMe (DOPMUPYET HEraTUBHEBIN (POH, OKa-
3BIBAIOIIUI JIeMOpPAIU3YIOIiee JAeiicTBIe Ha JIUI, 00JIaIaI0MNX CKJIOHHOCTHIO PEaN30BATh
KopbicTHBIN nHTEpec. [To muenuto JI. Porn Xabbapa, «To, aro HamepeHue emé He felicTBue,
HU B KoOeil Mepe He ymaJisieT 3HadeHnst Hamepenusi» |18] Passurue Koppynimu yrioTHsi-
er popmupyemblit HeraTuBHbIN (HoH. OH, B CBOIO 0Yepeib, OKA3bIBAET IIPSMOE BJIUSHUE Ha
YBEJIMYEHHUE YUCJICHHOCTH CTSAXKATEJIEH, T.€. «3apaxKaiorcsa» CyObeKThl U3 MHOXKecTBa IV,
MTOTIOJTHSIS ADMUI0 YNHOBHUKOB-B3TOYHUKOB; YBEJIMIUBAIOTCS BEPOSITHOCTD P, KO3 duru-
eHT k. YucieHHOCTh KOPPYUIMOHEPOB PACTET: KaXKIbIil «3apazkaeT» k ciemyrommux. Ecan
He C/IEPKUBATH OPTaHU3AIMOHHBIMI MEPaMU TOT MPOIECC, TOCYTAPCTBO «ITOTHOHET .

[Tpomece yupasisiercst AByMst HaJacTpoiikaMu (puc. 1), ojlHa U3 KOTOPBIX CIIOCOOCTBYeT
YCKOPEHHUIO0 POCTa, YUC/Ia KOPPYIIIMOHEPOB — JI€30PraHu3yIolasi, Ipyras — OPraHu3yio-
asi — COKPAINAET WX YMCJIEHHOCTh 32 CIET «O370POBJICHUA» INHOBHUIHETO COODIECTBA,
[IpUMEeHsIsT PA3Hble MEPhI BO3EHCTBHUA. Y IIpaBjieHre HECET JIBOWHOI XapakTep JIeiCTBud,
IIPOTUBOIIOJIOXKHOTO TIO TIEJIsIM: C OJIHOM CTOPOHBI, THTEHCH(PUITIPYET MPOIecC KpUMUHA-
JIU3aliU 38 CUET yBeJudeHusi Koppynnuonepos (N + AN), yBeqndeHus: BepOSITHOCTH
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MopaJIbHOrO TaJjienus (p + Ap), dnucsia BoBIeKaeMbIX B npectynubiii crosop (k + Ak) u,
C JIPyTOil CTOPOHBI, 3aMe AT (COOTBETCTBEHHO, C KOPPEKTUPOBKOl napamerpos: N — AN,
p—Ap, k—Ak), T0 ecTb CBOJUT K BSJIOTEKYIIEMY Da3BUTHIO. Pe3yibraT 3aBUCUT OT COOTHO-
MIeHUA CUI BO3JIeHCTBHA yIPAB/ISIONUX HAJCTPOEK, TO €CTh OT BEJIMYNHBI IPOTHBOPEYHNSL.

CrabimH3amHs: JecTabHIHzaIMs:
- 38KOH; - GeCKOHTPOIBHOCTH;
- cynebHan cHCTeMa; - CeMelCTECHHOCTh,
- KOHTPOIb; - IPaBOBOH HHTHIH3M;
- BOCTIIHTAHHE; - Ge30TEETCTREHHOCTE;
- Oop. N - op.

|

3 &8 3 &4
IR IEI

Puc. 1. Cxema ymnpaBJjieHUsI KOpPYIIuei

[TpunnunmaibHas 6JI0K-CxeMa aaropuTMa yipaBjieHusi Koppyumeii (pa3suTueM uim
TOPMOKEHUEM Pa3BUTHUsl JIABUHHOTO IIPOIECCa) MPEJICTaBIeHa HA PHC. 3.

Bosnuxnosenue ynepaun
= dezpasauunt
L]
_@ Haxonaenue snepzuu
decpadanun
v
- Odpasosanie

HE2AMUEN0Z0 (Pona

J

ty - ¥
Pocm Mooasrenue
KOpPYNyuonHHoi H':g:muaapgl: KOppynuyuonHoi
cucmemst cucmemst
 — —"
Jampames: Jampamu Cosepuitencmeosan e Mopaisno- | [Cyoebnas
Ha TuNHOE Ha pazsumue FAKOHOOAIMETLCINEa IMUYECKOe | |npaKmuKa
nompedaenue A AN socnumanue
N N
o] Dg 8
% LRy AP,
Kayecmeo L @ -t
HEUTHU Ye
Akg _,@,._ Akg

Puc. 2. IIpuanunuanbHas O6JI0K-cxeMa yNpPaBJEHUS KOPPYIIIUOHHBIM IIPOIIECCOM

[TapamMeTpbl U NepeMeHHbIE MOJEIN MEPEeINCIeHbl HIZKe:

— Djer. — const, BbLIeIIsIEMasi SHEPTUs JerPaJIAIli, IIOHOJIHAIONAs HeraTHBHbLH (hOH;
— N(t) — YUCJIEHHOCTH YJIEHOB, CKJIOHHBIX K KOPPYIIIHH;

— Deyu. (t) — HAKOIJIEHHAST SHEPIHsI JA€TDaIALIIL;
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— p(t) — BEPOSATHOCTD JerpaJIaluig;

— Dper. (t) — obOmmit HeraTuBHBIH (HOH Jerpaganun;

— k(t) — xoadbduImeHT «3aparxKeHusI»;

— e, (t)— norepst sHeprun (Auccunanys);

— Thax.» Thuc., Tkop.s Topr. — HMOCTOSHHBIE BPEMEHH;

— xop. (t) — dHeprusi, ucoIb3yeMast [l Pa3BUTH JIABUHHOTO LIPOIeCCa,;

— T — BpeMs MOJIeJTUPOBAHHUS;

— Dopr. (t) — dHEprus, UCHOIb3yeMast JJIsl IOIABIEHNsT KOPPYIIHN;

— n, m, ny, My, Mg, M3, Mg— CONSt;

— «a(t), B(t), v(t) — usmensiembie KO3hDOUIMEHTHI, yIUTHIBAIONIIE HEJIMHEHHOCTH IPO-
necca;

— ropor.» Inopor. nac. — TPAHUIIBI 0OIACTH HACHIIIEHNs HETATUBHOIO (OHA;

- kmaxa kmina Bmina Bma)n Ymin, Ymax — OIPAHUIE€HUNA HOKa3aTeJIel.

MareMaTn4ecKas MOJENb JIABUHHOTO IIPOIECCa BKJIOYAET CJICIYIOIINE YPABHEHUS:

T
9cyM.(t) t)kt)pt)/g,aer dt 9;[14(: - /Oé cym. t)dt
HaK ,E(I/IC
0

9Her.d).(t) = 9cyM. (t) - Sgﬂc(t)v
mlgcyM‘(t)a 9cyM.(t) < 9Hopor.;
agnc.(t) - mQSCyM.(t> + 9Hopor.(Tnl - mg), 9cyM.(t) S (Snopor.a 9rlopor. Hac.) 5

my 9nopor. + (Snopor. Hac. — 9nopor.)7n27 9cyM.(t) = 9nopor. Hac.

mSHeF.dJ‘(t)7 9Her.cb.(t) < 91‘101)01’\;
p(t) = ,
1a 9Her.cb.(t) 2 9Hopor.a

k() = nSHer.d).(t) + kmin; SHer.dJ.(t) < SHOPOI‘.;
( ) N kmax; 9Her.cb.(t) 2 9r1op01w;
SHencb.(t) == Sopn (t) + Sxop.(t);
T T

/B(t)eﬂercb(t)dta 9opr.(t) - Tolpr. /V(t)eﬂer(b(t)dta

ncop. (1)

KOP.

Bmm +m 9KO (t)) KO (t) < 9Ha .HAC. )
) = { T e e
Bmax; nap. ( ) 9nap HAC.
.3

’y(t) — {’Ymin + m490p1“~ (t Opr. (t) < SOPF.HaC.;
'Vmax(t)a 9opr. (t) Z SOpF_HaC_.

Ha ocrose anropurMma cozmana mporpamma «Momenb hopMuapoBaHust JABUHHOTO IIPOIEC-
ca B €CTECTBEHHBIX U COIMAILHO-9KOHOMUUECKHX cucTeMax» [19], 1o3BosIsionas mpoBoIuTh
UMUTAIIMOHHBIE SKCIEPUMEHTHI JIJIsl U3yYeHUsl YCJIOBUIM YCKOPEHUs WJIM, Hao0OpOT, TOP-
MOYKEHUsT KOPPYIIIHOHHOTO «B3PbIBa>.

IIpu paspaboTke TporpaMMHOIO CpecTBa ucrnoab3oBana cpema Borland C++ Delphi
7.0 (s13bIK porpammupoBanus Baisic). B nepedens peanusyeMbix (byHKIHNA BXOIAT BBOJL
HaYaJbHBIX YCJIOBUI IEPEMEHHBIX U [TapAMETPOB, IIPEJCTABIEHUE CIIPABOYHBIX MATEPH-
aJIOB 110 MOJIEJIN, pacUéT, BBIBOJ rpaduKa JIABUHHOTO PA3BUTHSI IIPOIECCA, JTeTrPaIallii.
[IporpamMma HMCIOJIB3YeTCA B KadeCTBe TOCOOUsI JJIsi M3YUeHHUsI CTPYKTYPHBIX OCODEH-
HOCTeH PAa3BUBAOININXCS COIUATHLHO-9KOHOMUIECKUX CUCTEM CTY/AEHTaMU BaikajbcKoro
rOCY/IApCTBEHHOIO YHUBEPCUTETA.
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5. Ilpumepsl 3KCIEpUMEHTUPOBAHUS C MOJEJIBIO

Ha puc. 3-5 oTparkeHbl pe3ysibTaTbl UMUTAITMOHHBIX IKCIIEPUMEHTOB C MOJIEIbIO JIABUH-
HOT'O IIPOIIECCa, JIEMOHCTpUPYIolre (hOPpMUPOBAHNE KOPPYIIITUOHHOTO B3PHhIBa B PA3HbBIX
VCJIOBUSIX PA3BUTHUSI. YCJIOBUs 3aJAI0TCS MCXOMHBIMU MTapaMeTpaMy U IePEMEHHBIMU.

Puc. 3. MonenupoBanue pa3BuTusi KOPpPYHNIIMOHHOTO B3phIBa

Puc. 4. MonenupoBaHue KOPPYIIMIOHHOIO B3PbIBA B yCJOBUSIX yCUJIEHUS Psiga
Mep 60pbOBI

Tax, na rpaduke puc. 3 nokazan KOPPYIIIUOHHBIN B3PHIB B YCIOBUIX HEKOHTPOJIUPYE-
MOT'O UCIIOJIB30BaHUA I'OCYJapPCTBEHHBIX PECYPCOB B JIMIHBIX HEJIAX.

Bspeis Ha puc. 4 nmpoucxoaut mo3xke u HGOPMUPYETCS ¢ MEHbIIE MHTEHCUBHOCTBHIO, TaK
KaK HadaJIbHble YPOBHH 3HAYEHUI BEPOATHOCTH P U YUCJIA, «3aParKaeMbIX» k CHUKEHBI.

Puc. 5 memoncTpupyer BsjoTeKyllee (GOPMUPOBAHUE NETPAIAllN 338 CIET PE3KOro
ycuieHusd KOHTPOJIF YMHOBHUYIbETO allllapaTa WU IIoJaBJ/JICHNA KOPPYIIIIUN C IIDUMEHEHNEM
Cy1e6HO-ITPABOBBIX MHCTPYMEHTOB BO3/efCcTBHs (KpOMe yMeHbIIeHusl 3Hadenuii p u k, B
MOJIENI TIPELYCMOTPEHO U3MEHEHNEe PACIpPeIeIeHnsT SHEPT U HETaTUBHOTO (POHA B MOJB3Y
OpraHu3yoIIell HAJICTPONKN).
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Puc. 5. MonesnpoBaHue BAJIOTEKYIIETO IIPOIECCA B YCJIOBUAX Y2KECTOUEHUA
60pbO6BI ¢ KOppyniueit

6. 3akJjrodyeHue

CpeacrBaMy  MMUTAIMOHHOTO  MOJIE/IMPOBAHUSA  IIPOJEMOHCTPUPOBAH MEXaHU3M
JIaBUHOOOpa3HOro (popMUPOBAHUS KOPPYIIIIMOHHOI'O B3PbIBA, IPUBOISIIET0 K COIUAJILHO-
SKOHOMUYIECKOMY Kpaxy. [Ipu mpoBeieHn MMATAIMOHHBIX (KOMIIBIOTEPHBIX) SKCIEPUMEH-
TOB YCTAHOBJIEHO W TOKA3aHO, YTO COBEPIIEHCTBOBAHME M KOMILJIEKCHOE INPUMeHEHUe
IIPaBOBBIX, COIUAJBHO-3KOHOMUYECKUX, BOCHHUTATEJbHBIX, OPraHU3AIlMOHHBIX, IIOJIU-
TUYECKUX H JIPyIAX Mep JAa€T BO3MOXKHOCTH CHU3UTH TEMIIBI POCTa YHCJIEHHOCTH
KOPPYIIIMOHEPOB, O3JIOPOBUTH IICUXOJIOTUYECKUNA KJIUMAT B ODIIECTRBE.
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Corruption: Development Mechanisms, Ways of Prevention
(Experience of Computer Modeling with Application of
Numerical Methods)

A. P. Sukhodolov, I. A. Kuznetsova

Computer science and cybernetics Department
Baikal State University
11 Lenin St., Irkutsk, 664003, Russian Federation

Criminal activity of the corrupted employees of the Russian government institutions of various
levels is one of the significant reasons of stay of the country in a condition of crisis. There is an
association of considerable part of the operating bureaucracy in uniform antisocial system. A
main goal of such a system is achievement of the highest level of the welfare and welfare of friends
and relatives. On the other hand, the conglomerate of the interconnected participants of this
criminal community, instead of fully performing fully their official duties, realizes plans of the
destructive coordinated impact on the state social and economic basis, gaining and strengthening
the power influence in political, economic and social spheres.

The purpose of the authors of this work is a brief description of the idea of cognitive approach
to the system analysis of corruption process. It is presented by simulation model of the avalanche
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type of special structure for demonstration of the dual mechanism of management of the social
explosion caused by corruption.

The idea of applying cognitive modeling of corruption process is based on the dialectic concept:
control of an internal contradiction. It allows to reflect dynamics of a system condition and to
show result of accumulation of a quantitative property with transition to the new quality.

In the marked area development of corruption activity leads to explosion, breaking integrity of
social and economic system. Cognitive research (in structural aspect) gives us the chance to reveal
the mechanism of action of the factors influencing the course of “reproduction” of the corrupted
elite. However, some factors promote braking, others, on the contrary, accelerate approach of
national accident. Organizational and legal impacts on a source of degradation allow conducting
fight against corruption. The Russian mentality, national, cultural features, and legislative basis
do not allow adopting fully experience of fight against corruption of some countries, for example,
of China, the USA, Singapore, etc. Therefore, it is necessary to develop the ways.

In this study, the computer program of the avalanche process is used. Results of the com-
puter experiments realizing the mechanism of double regulation of a condition of the studied
phenomenon are given. The model is simple and evident, contains not many parameters and
variables, and allows explaining inevitability of social and economic crisis in conditions of the
current legislation and the weakened moral and ethical influence on the criminal antisocial union.

Provisions and conclusions of this study prove inevitability of catastrophic consequences in
social and economic space, but they can be delayed for considerable time due to disciplinary,
legal, educational influence.

Key words and phrases: Corruption, social and economic system, cognitive modeling,
computer model, the avalanche process, management, contradiction

References

1. Yu. M. Gorskii, A. M. Stepanov, A. G. Teslinov, Homeostatics: Harmony in a Play of
Contradictions, Reprotsentr A1 Publ., Irkutsk, 2008, in Russian.

2. A. N. Oleynik, Institutional Economy: Manual, INFRA-M Publ., Moscow, 2002, in
Russian.

3. V. G. Bespalko, The Religious and Moral Beginnings of Fight Against Corruption
in Moiseevy Criminal Law in Their Comparison with the Russian Legislation, in:
Interaction of public authorities at investigation of crimes of a corruption orientation:
problems and ways of their decision: materials of the International scientific and
practical conference devoted to the 100 anniversary since the birth of the outstanding
Russian scientist Nikolay Sergeyevich Alekseev (Moscow, on October 23, 2014),
Academy of Investigative committee of the Russian Federation, Moscow, 2014, p. 152,
in Russian.

4. N. A. Lyubkina, Corruption in Russia: Political Legal Principles and Directions of
Counteraction: Monograph, RUSAYNS Publ., Moscow, 2017, in Russian.

5. A. B. Artemyev, Corruption in the Mechanism of Functioning of the State (Teoretiko-
Legal Research within Evolutionary Approach). Moscow, Ph.D. thesis, Russian
Presidential Academy of National Economy and Public Administration, [The electronic
resource]. URL: http://www.ranepa.ru/docs/dissertation/202-text diss.pdf, in
Russian (2014).

6. O. Kurer, Clientelism, Corruption, and the Allocation of Resources, Public Choice (77)
(1993) 259-273.

7. M. G. Delyagin, Can help of Russia experiment of the western countries on fight
against corruption?, in Russian.

URL https://delyagin.ru/articles/191

8. The Head the NAC — about Why in 2016-2017 There was a Surge in Corruption
Affairs, in Russian.

URL https://www.irk.kp.ru/daily/26750/3780330/

9. The Federal Law of December 25, 2008 N 273-FZ “About corruption counteraction”.
System GUARANTOR [An electronic resource|., in Russian.

URL http://base.garant.ru/12164203/#ixzz51ez9G0kr



Cyxomonos A.Il., Kysuenosa U. A. Koppynuus: MexaHU3MbI pa3BUTH, CIIOCOOHI . . . 193

10. V. N. Andriyanov, Corruption: Concept and History of Development, Main Directions
and Forms of Counteraction: Manual, Publishing house of BGUEP, Irkutsk, 2010, in
Russian.

11. A. P. Sukhodolov, E. G. Popkova, I. M. Kuzlaeva, Internet Economy vs Classic
Economy: Struggle of Contradictions, Springer International Publishing, 2017.

12. A. P. Sukhodolov, A. A. Popov, V. A. Marenko, et al., Creation of Model of Crime
with Application of Cognitive Approach, Russian Journal of Criminology 11 (4) (2017)
649-655, in Russian.

13. G. W. Collins, II Fundamental Numerical Methods and Data Analysis (2003).

URL http://eek.diary.ru/p178707231 . htm#607551026

14. A. L. Amosov, Yu. L. Dubinsky, N. V. Kopchenova, Computing Methods for Engineers,
High School, Moscow, 1994, in Russian.

15. V. S. Anfilatov, The System Analysis in Management, Finance and Statistics Publ.,
Moscow, 2009, in Russian.

16. V. Barinov, The Theory of Systems and the System Analysis in Management of
the Organizations: Reference Book, Finance and Statistics Publ., Moscow, 2012, in
Russian.

17. Y. V. Gorsky, I. A. Kuznetsova, Simulation of “Avalanche” Process (One of the
Manifestation of the Law of the Unity and Conflict of Opposites), in: Modelling
and Simulation of Systems: Proceedings of the 31st Conference Zabreh n. M., Czech
Republic, April 25-30, 1997, pp. 61-66.

18. L. R. Hubbard, Dianetikcs: Modern Science of Sincere Health, New Hera Publ. group,
Moscow, 1993, in Russian.

19. 1. A. Kuznetsova, Model of Formation of Avalanche Process in Natural, and Social
and Economic Systems. Certificate on the state registration of the COMPUTER
program, No. 2014614802, 07.05.2014, in Russian.

©) Cyxonomos A.II., Kysuenosa I1.A., 2018

g nmurupoBaHUs:

Cyxodonos A.Il., Kysneuosa H.A. Koppyumus: MeXxaHU3Mbl Pa3BUTUA, CIOCOODLI
IPOMDUIAKTUKE (OIBIT KOMITBIOTEPHOTO MOJIEJIMPOBAHUS ¢ IIPUMEHEHUEM YUCJIEHHBIX Me-
1ro508B) // Becrauk Poccuiickoro yauBepcurera JapyK061 Haposos. Cepusi: Maremaruka.
Nudopmaruka. Pusuka. — 2018. — T. 26, Ne 2. — C. 183-193. — DOI: 10.22363/2312-
9735-2018-26-2-183-193.

For citation:

Sukhodolov A.P., Kuznetsova I.A. Corruption: Development Mechanisms, Ways of
Prevention (Experience of Computer Modeling with Application of Numerical Methods),
RUDN Journal of Mathematics, Information Sciences and Physics 26 (2) (2018) 183-193.
DOI: 10.22363/2312-9735-2018-26-2-183-193. In Russian.

CBenenusi 06 aBTopax:
CyxonosioB Agnekcanap IlerpoBuu — mpodeccop, AOKTOP SKOHOMUUECKUX Ha-
YK, pekTop Baiikaabckoro rocyjaapcrBeHHOro yHuepcurera (e-mail: rector@bgu.ru,
rest.: +7 (3952) 52-26-22)
Kysuenoba HWMpuna AnbdppemoBHa — joneHT Kadeapbl HHMOOPMATUKH U KH-
6epHernkn bBaiikaabckoro rocyjapcrsBeHHoro yHupepcurera (e-mail: iak_irk@bk.ru,

Tes: +7 (914)-882-53-82)

Information about the authors:

Suhkodolov A. P. — Professor, DSc. in Economics, Rector of Baikal State University
(e-mail: rector@bgu.ru, phone: +7 (3952) 52-26-22)

Kuznetsova I. A. — PhD in Engineering, Associate Professor of Computer Sci-
ence and Cybernetics Department of Baikal State University (e-mail: iak_irk@bk.ru,
phone: +7 (914)-882-53-82)



RUDN Journal of MIPh 2018 Vol. 26 No. 2 194-195

Bectuuk PYJTH. Cepust MU® http://journals.rudn.ru/miph

ITpaBuna opopmiienus crareii

Penxonnerns xypuana «Bectauk Poccniickoro yHuBepcuTeTa IpyKObI HAPOJIOB», CEpUs
«Maremaruka. Muadopmaruka. Pusnkas MPOCUT aBTOPOB MPUIEPKUBATHCS CJICLYIONNX
[IPABUJI IPU MPEJICTABIEHUN CTaThbU B YKyPHAJ.

1. Crarbpu IpeACTaBISIOTCS HA PYCCKOM WJIN AHTJIMHCKOM sI3BIKE.

2. O6béMm cTaTbu He mosKeH npesbimaTh 0,75 aBT. med. JI.

3. ABTOp TpeacTaB/geT B PEIAKIIUIO SJIEKTPOHHYIO BEPCUIO PYKOIUCH, HAOPAHHYIO
B cucreme KTEX(ucnonbsyercs sepcusi IWTEX 2¢, miis Habopa dbopMys ucmnosb3yercs
makponaker AAS-IATEX). K sinekTponHoMy BapuaHTy HPHJIATAeTCsl OTIIEIATAHHBINA HA
Oymare skzemiigp uiau daitn B dpopmare Postscript waun PDF. g kaxmoit crarsu
ykasbiBatorcest kojbl YK u MSC (PACS).

4. Ha3Bamue, aHHOTAIINS, K/IIOUEBbIE CJIOBA, (PaMUINN U MHUIIMAIBI ABTOPOB, HA3BAHLE
Opranu3aIuu, rjae paboTaioT aBTOPEI, MPEIOCTABIAIOTCS HA PYCCKOM U aHTJIHACKOM SI3bIKAX.

5. Annoramus (or 150 mo 250 ¢JI0B) JI0/2KHA OIMCHIBATH OCHOBHBIE TIEJIU UCCJIEI0BAHMS;
00bACHATD, KaK OBLJIO IIPOBE/IEHO UCCJIEOBAHNE, Oe3 METOI0JIOIMIEeCKUX JIeTAJIeH; CyMMU-
poBaTh HamboJIee BayKHBIE PE3YJILTATHI U UX 3HAYEHNE; ObITh HAINCAHA KAIeCTBEHHBIM
DYCCKUM /aHIJINHCKUM SI3BIKOM. B aHHOTAIINY He JIOMYCKAIOTCS CCHIIKU HA TUTUPOBAHHYTO
JATepaTypy, abOpeBnaTyphl U IPOMO3IKNE (DOPMYJIBI.

6. Tekcr craThu HOKEH BKJIIOYATH BBEJCHUE, 3aK/II0UCHUE, CIIMCOK MCITOJTb30BAHHBIX
ucTouHuKOB (He MeHee 5). [rybuHa pasbuBKu TEKCTa He JOJIPKHA PEBBIIIATH TPEX yPOBHE
(paszenbl, MyHKTHI ¥ TO/IYHKTHI).

7. Pucynku nmpuHumarioTcs B 9JeKTPOHHOM Buje. KasKmprii pUCYHOK JOJIZKEH OBITDH
OMEIEH B oTesbHbIN (aitin. [Ipuaumaembie dhopmarer daiiios: 1) Bekropuble: PDF,
EPS, TEX; 2) pacrposeie: PNG, TIFF, GIF (Bo3moxkna nakancysius 8 EPS).

8. Pasmep pucyHka BMeCTe C MOJIINUCHIO HE JOJKeH npeBbimaTh 14x19 cm. Pazpenenue
PacTpoBOro PUCYHKA JIOJIZKHO HAXOAUThcdA B mpeaenax 300-600 dpi.

9. Pucynku momKubl ObITH 4€pHO-0eible. BO3MOXKHOCTD UCIIOJIB30BAHUS [TOJIYTOHOBBIX
n doTorpauIecKux U300paskeHnit MOXKeT OBITH pacCMOTpeHa OTAebHO. DOHBI JOIXKHBI
OBITH TOJIBKO HITpuxoBanHnble. CeTounble (DOHBI U MOJYTOHA HE JIOIYCKAIOTCH.

10. Crumcok smreparypsl mojarorapanBaercs B cucreme BIBTEX u nipe/icraBisiercst B 1By X
oraenbHbIX daitrax — mo TpeboBarusm 'OCT 7.1-84 (cMermaHHbIl CIICOK HCTOTHIKOB
Ha& PYCCKOM U JIDYTUX s3bIKax) u 10 craHgapTy Harvard (IIOJHOCTBIO Ha HHOCTPAHHOM
si3bIKe (AHJIT., (DPAHIL., HEM., UCIL.); JIJI HCTOYHUKOB Ha PYCCKOM sI3bIKE TPeGYeTCsl IIepeBo/y
Ha aHMIMACKU 136K ). CCBIIKN Ha HEOIyOIMKOBAHHBIE PAOOTHI HE JIOIYCKAIOTCS.

11. Pyxonuch momkua ObITH TIIATEIHHO BhiBepeHa. Heobxommmo yKka3aTh TOUHbIE CBee-
Hust 06 aBTOpax: haMUINIO, UM, OTIECTBO MOJTHOCTHIO, YIEHYIO CTEleHb, YIEHOe 3BaHue,
JOJI2KHOCTD € YKa3aHHEM II0/IPA3/IeJIeHUs U OPraHU3aIuN, [TOYTOBBII U JIEKTPOHHLIN
azpec mecta paboTer aBTopoB u Tesjedonnl. [locie moaroToBku penaxnueit K Habopy pas-
MEUEHHBIA W UCIPABJIEHHBI aBTOPOM TEKCT CTATHU W UCIIPABICHHAS JIEKTPOHHAS BEPCUST
BO3BpAIIAIOTCS B penakimio. KoppekTypa Jjis IpocMOTpa BBIChLIAeTCA 10 e-mail.

12. Bozpamenne crarbu aBTOPY Ha HAOPabOTKY HE O3HAYAET, UTO OHA IPUHATA K
onybimkoBanuio. JIopaboTaHHBI BAPDUAHT CTATHYU PEIKOJLIETUsT PACCMATPUBAET BHOBb.
B ciydae oTKJIOHEHUS CTATbU PEJIKOJIJIETHs OCTaBJIAET 3a COOOI IPAaBO He BO3BPAIIATD
aBTOPY OJIH €€ 3KIEMILIIAP.

13. Bce crarbu, maanupyeMbie K IMyO/JIUKAINE B KypHAJIE, ITPOXOIIT 00s3aTEILHYIO
LIPOIIEIyPY PEIEeH3NPOBAHUS IBYMS PEIEH3€HTAMMU, SBJISIONIIMICS SKCIePTaMU B TAHHOMN
obsractu. OJIMH U3 PEIeH3eHTOB MOXKET ObITh BBIOPAH U3 COCTaBa PEJIKOJIIErnd (BHYTDEH-
Hee pereH3npoBanue). B 00s13aTeIbHOM MOPSIJIKE CTaThsl HAIPABJISETCS HE3ABUCHMOMY
sKcrepTy (Ha BHelIHee pereH3upoBanue). [Ipore/lypa pereH3supoBaHust siBJISIETCST aHO-
HUMHO# jiy1st aBTOPOB. [lo pesysnbraTram pereH3npoBanms CTAThS MOXKET OBITh OTKJIOHEHA,
HAITpaBJIEHA aBTOPY Ha JOPabOTKYy WJIM NPUHATA K medaTu. 1 peboBaHUs K PEIeH3UAM:
OIIEHKA CYIIeCTBa PabOTLI M BO3MOYKHOCTH €€ IyOJIMKAINK B KypHAaJie; KOHKPETHOe IIepe-
qHCIIeHre OMMMOOK B METOJIOJIOTMH M MHCTPYMEHTAPUH (€CJIM OHU €CTh); [IPEJJIOKEHHUsI IO
J0pabOTKe TEKCTA.
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14. Tlpu mosrydeHUN TOJOKUTETHHOTO 3aKJIIOUEHHS PEIEH3eHTa MaTepUaJsIbl TOMela-
OTCsT B «IOpTdEby peJakini sl JajbHefiiero onyoankoBanus. [Ipu mosydennn
OTPUIIATEJIBHOTO 3aKJI0YEHNA OJHOIO U3 PELHEH3EHTOB CTaThd PACCMAaTPUBAETCA Ha 3ace-
JAHUU PETAKITMOHHON KOJIJIETUH, KOTOPas MPUHUMAET pelieHne 06 OTKJIOHEHUH CTATbhU
WA O HEOOXOTUMOCTH IOy UYeHUsT JTOTIOJTHUTETHLHON PEIeH3NN He3aBUCUMOTO IKCIIEPTA.

KonTakTHBIN agpec /s pereHnsi TEXHUIeCKX BOIIPOCOB 10  IIPEIOCTABJIISIEMBIM
MarepuasiaM B KypHast Becrnnk PYJIH. Cepusa <«Maremaruka. Wudop-
Maruka. Pusumka»: Poccusi, Mocksa, yia. OpmKoHukuiaze, 1.3, KoMmH. 313;
e-mail: vestnik-miph@sci.pfu.edu.ru.

Anpec ns nepenucku: 117198, Poccusi, Mocksa, yi. Mukiyxo-Makiast, 1. 6, (paky/ib-
TeT (PU3UKO-MATEMATHIECKUX U €CTECTBEHHBIX HayK, mpodeccopy CepacrhsiHoBy JI. A.




d. ClII-1 PI'VII «IIOYTA POCCHI»

ABOHEMEHT wa xypuar 18235
B ECTH M K PynH {MHIEKC W3JAHAA)
Cepusa «<MaTtemaTuka. Komnsecrso
WUHdopmaTuka. Pusukay» L[ENIUEKTOR
Ha 20 roj mo Mecsiam
1 2 3 4 5 6 7 8 9 11011 ] 12
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