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uddepeniinaabibie cBolicTBa 0000MIEHHBIX ITOTEHIINAJIOB
tuna becceas n Tuna Pucca

H. X. Anpxanuniab, X. AJMoxaMMas,

Kagedpa neaunetinozo anaisuda u onmumMu3auu
Poccutickutl ynusepcumem dpyotcovl 1apodos
ya. Muxayxro-Maxnaas, 0. 6, Mockea, Poccus, 117198

B pa6ore nzyuarorcs auddepeHnnaabHble CBOWCTBA CBEPTOK (DYHKIINN C sIpaMu, 000OIIAI0NIN-
MU KJaccudeckue siipa Beccens—Maknonanbia Go(z), € R™, 0 < o < m. Teopust Kiraccudeckux
MIOTEeHIUAJIOB beccesist siBisieTcsi BayKHBIM pa3/ieIoM O0IIeil TeOpUun MPOCTPaHCTB JuddepeH-
MUPYeMBbIX (DYHKIHUA JPOOHONM TIAAKOCTH U €€ NMPUJIOXKEHU B Teopun AudPepeHIInaTbHBIX
ypaBHEHUII B 9aCTHBIX Mpou3BOAHbIX. CBOiCTBA KaaccuiecKux siep Beccensi—Makonasbaa mo-
ApobHo u3yuennl B kuurax Bennerra u [lapriu, C. M. Hukonsckoro, 1. M. Creiina, B. . Masbu.
JlokanbHoe noBeienne siep beccenss—MakoHaIbIa B OKPECTHOCTH HAYaJIa KOOP/JMHAT XapaKTe-
pu3syercst HajaudueM ocobeHHOCTH crenenHoro tuna |z|"~%. Ha 6eCKOHEYHOCTH OHU CTPEMSATCS
K HYJIIO C 9KCIIOHEHIIMAJIbHOHN ckopocThio. ccimenoBannio auddepeHnuaabHbIX CBORCTB 0006-
MEHHBIX MMOTEHIINAJIOB Beccensi—Pucca 6b11n nocesiiensl Hegapaue padorsr M. JI. Tonpamana,
A.B. Maubimesoit u 1. Xapocke.

B panmoit crarhe uzydarorcs audepeHIna bHble CBORCTBA MOTEHIINAJIOB, 00OOIIAIONINX
KJlaccuieckne moTeHnuna bl Beccens—Pucca. fdnpa moreHmaioB MOryT MMeTh HECTEIleHHbBIE
OCOOEHHOCTH B OKPECTHOCTH HadvaJjia KoopauHaT. VX 1moBejieHHe Ha OECKOHEYHOCTHU CBS3aHO
JINIITB C YCJIOBUEM MHTETPUPYEMOCTH, TAK YTO B PACCMOTPEHME BKJIIOYEHBI U S/Ipa ¢ KOMIAKTHBIM
HOCHTeseM, B CBsI31 ¢ 9TUM TOPOXKIEHHBIE MU TPOCTPAHCTBA 0OOOIIEHHBIX TOTEHITNAIOB becces
OTHOCSITCSI K TaK Ha3bIBAEMBIM ITPOCTPAHCTBAM ODOOIIEHHON IVIaIKOCTH. PAacCMOTpEH cityvail Koria
BBINIOJIHEH KPUTEPUI BJIOXKEHUSI ITOTEHIIUAJIOB B IIPOCTPAHCTBO HENPEPBHIBHBIX OrPAHUYEHHBIX
byuknuii. B atom ciaydae muddepeHimaabHble CBORCTBA TOTEHIIUAIOB BBIPAYKEHBI B TEPMUHAX
IIOBEJIEHUsT UX MOJyJiefl HENPEPBIBHOCTA B PABHOMEPHON MeTpHUKe. YCTAHOBJIEHBI KPUTEPUU
BJIOXKEHUSI TIOTEHINAJIOB B IpocTpancTBa KajabaepoHa U MOJIydeHbl siBHBIE ONUCAHUST MOJLYJIeMH
HEIPEPBIBHOCTHU MOTEHIINAJIOB W ONTHUMAJIBHBIX ITPOCTPAHCTB JIJISI TAKUX BJIOYKEHWI B CJIydvae,
KoT/1a 6a30BOE MPOCTPAHCTBO I MTOTEHIIMAJIOB €CTh BECOBOE MPOCTpaHCTBO Jlopewra. dtu
pPe3yJIbTaThl KOHKPETU3UPYIOT OOIIMe KOHCTPYKIIAH, YCTAHOBJIEHHBIE B MPEIBIIYIIAX paboTax.

KiroueBbie cioBa: morennmasbl beccens, mpocrpanctsa Jlopenra, npocrpanctsa Kasib-
JlepOoHa, MOJIyJIN HEIPEPBIBHOCTH, IIEPECTAHOBOYHO MHBAPUAHTHBIE ITPOCTPAHCTBA, ONTUMAJILHBIE
BJIO>KEHUS

1. Bsaenenue

B pabote usyuarorcs auddepeHimaibHble CBOCTBa CBEPTOK (DyHKINN ¢ ssapamu, 0000-
MAKIMUMEI KJjaccudeckue siapa beccensi-Maknonanbiaa Go(z), © € R™, 0 < o < n.
Teopust KaccumueckKnux MOTEHITNATIOB Beccesst siBsteTcst BayKHBIM pa3IesioM ObIIeit Teo-
pun mpocTpaHcTB auddepeHITupyeMbIx (DyHKIHH IPOOHOM TVIAIKOCTH U €€ TPUIOXKEHMH
B Teopun audGepeHITnaIbHbIX YPABHEHUN B YaCTHBIX MTPOU3BOIHBIX. CBOMCTBA Kiaccude-
ckux snep Beccens—Makionanbaa mo1pobHo n3ydensl B Kuurax Bennerra u [Mapmm [1],
C. M. Huxkousckoro [2], 1. M. Creiina [3], B.T. Masbu [4]. JlokanbHOoe n0BeIcHUE s171ED
Beccens—MaxmoHaIbIa B OKPECTHOCTH HaYaJIa KOOPANHAT XapaKTEPU3YeTCs HATTIHEM
ocoberHocTH crerneHHOro tuma 1/|z|["~*. B naxuOl crarhe Mbl m3yuaem auddepen-
MUAJbHBIE CBOMCTBA CBEPTOK (DYHKIUI C SapaMu, OOODIIAIOINME KJIACCUIECKUE SIPa
Beccens—Maxknonasibia. B oTyimdne oT Kj1acCH4eckoro cjaydasd B HUX JTOIYCKAIOTCS HeCTe-
[eHHbIe OCOOEHHOCTH sIJIEP B OKPECTHOCTH Hadvaja KoopiauHar (cMm. mojapobuee |5, 6]).

Crarbs octynwia B pefakiuio 15 urons 2017 r.



4 Becruuk PY/IH. Cepus MU ®. T.26, Ne1,2018. C.3-12

WHurerpanbHble cBoiicTBa 0000OIMIEHHBIX ITOoTeHIINAJIOB Beccens—Pucca ObLin paccMoTpe-
HBI B Haimeil pabore [7]. MbI onmpaemcsi B HAIIUX OIEHKAX Ha pe3yJibTarbl paborsl [8].
Huddepennuaabable CBOMCTBA ITOTEHIINAJIOB XapPaKTEePU3yIOTCs C IIOMOIIbI0 MOJIyJIeit
HEIIPEPBIBHOCTH JTFOOBIX MOPSIIKOB B PABHOMEpPHOI HOpMe. B manHoit paboTe yCTaHOBJIEHBI
TOYHBIE OTIEHKHW MOJIyJIel HEpepBIBHOCTH mopsiaka k € N. Ormernm, 910 OOIIHe TOYHBIE
10 TIOPSIAKY OIEHKHU JJIsT MOJYyJIeil HePepbIBHOCTH MTOTEHIINAIOB ObLIN IOIyYeHbl pabo-
tax M. JI. Tosmbamana, A. B. Masbinesoit, 1. Xapocke [9-11]. 31ech Mbl KOHKpeTH3UPYeM
9TH 00IIHe Pe3yIbTATHI B CIydae, KOrja 6a30Boe MPOCTPAHCTBO I OTEHITNAJIOB sIBJISET-
csl BECOBBIM IpocTpancTBoM JlopeHria ¢ obmumu BecoBbIMU QyHKIUAME. 1lorydennast
KOHKPETU3AIMA OOIINX IIOCTPOCHUIA TIO3BOJISIET JIaTh sIBHBIE BHIPAXKEHUS JIJIsi TOYHBIX Ma-
JKOPAHT MOJIyJIeil HEMMPEePHIBHOCTU TMOTEHITNAIOB M TPUMEHUTE 3TU OMEHKH JJIsI OIIHCAHST
npocTpancTB Tuna KaJbiepoHa, B KOTOPbIe BJIOYKEHBI ITPOCTPAHCTBA ITOTEHIINAJIOB.

2. BcnomoraresbHabie oripeaeJieHu:Ad

IIpocrpancTBo oTenmamos H g (R™) Ha n-MepHOM €BKJIMOBOM IIPOCTPAHCTBE OIPEJIe-
JisieM KaK MHOXKECTBO CBEPTOK $JIEP MOTEHINAJIOB ¢ (DYHKIUAMHI 13 6a30BOI0 IIPOCTPAHCTBA
(em. [7]) HE (R") =u=G * f: f € E(R"), tne E(R") — mepecTaHOBOYHO WHBADHAHT-
Hoe nipoctpancTBo (Kparko: IINII). IIpu sT0M ncmosmb3yercs akCHOMaTHKa, BBEIEHHAST
apropamu K. Bennerr u P. Ilaprum [1].

B wacrunocru, E' = E'(R™) — acconuuposanuoe ITUIL, T.e. ITUII ¢ HOopMmOii:

lgllzr = sup /Ifgldu: feR, |fls<t

Mg TIAIT E(R™), E'(R™) paccmorpum npocrpancrsa F = E(Ry), B/ = E'(Ry) —
nx mpejcraienus JliokcemOypra, T.e. IIUII, 151 KOTOPBIX BBITOJIHEHBI CJIEIYIONINAE
coornomenust || flle = [[f*lz, llgller = llg*llg, tne f* — yOvibaomas nepecranoska
dbyukImu f, T.e. HeoTpuUIlATEbHas yOBIBAIONIAs HEIpepbIBHAs CIIpaBa (DYHKIMS Ha
R, = (0,00), KOoTOpasi paBHOU3MEpUMA C f:

pofz €R™f(Y)l > yp = mft € Ry [[7(O] > v}, ye Ry

Beeném nonsitne makcuMmasbHOR dbyskmun (cMm. [7]):

t
f**(t):i/f*(T)dT, teR,.
0

Beeném knacc MoHOTOHHBIX dyHKImA Im, (R) ciaemyromum obpaszom: dyuxmus P :
(0,R) — R4 € Im,(R), ecin jiyisi ® BBIIOJIHEHB! CJIEJYIONIIE YCIIOBUSI::

1) ® — y6uiBatomas u HenpepbiBHas Ha (0, R) dbyHKIuUS;

2) cymiecTByeT mocTosinHas ¢ € Ry Takas, 4ro

T

/‘I>(,0)p”1 dp < c®(r)r”, 1€ (0,R).
0

Onpepenenne 1. Ilycrs @ € Im,,(c0). Canraem, urto G € Sr(P), ecmn G(x) = ®(|x]),
0<p=|z| <R, ReR,.
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Onpeznenenne 2. Ilycrs @ € Im,(00). Cunraem, uro G € Sp(®; X), rue X (R™) —
[UIL, ecin G(z) = GY(z) + Gh(x): Br = {xr €R™: |z| < R}, R € Ry, G%(z) =
G(z)xBr(2); GR(2) = G(2)XG,(7), GR(z) = &(|z]) npn |2 < R, G} € X(R").

Onpenesenue 3 (cm. [6]). [Torenmuamsr u € HE(R™) naspBaroTcs 0606TIEHHBIMIT
noreHnnasamu Beccess, econ

G e Sp(®: Ly N E), /de £0, ®cTmy(R),
]Rn

rne R e Ry.
Onpepesienne 4. Monysb HenpepbiBrocTr 11 u € C(R™) B paBHOMEPHOI HOpME:
wf(u;T) = sup {HAZUHC 2 b < 7'}, T €R,.

Onpepesienne 5. Ilpocrpancrsom Jlopenna A?(v)ul'd(v), rae § u v > 0 — uamepumble
byHKIMM, HA3BIBAIOTCS IPOCTPAHCTBA U3MEPUMBIX (DYHKIMIT ¢ KOHEUHOi HOpMOii (cM. [7]):

[riovoar) o 1<a<o
1fllasw) = 4

ess sup {f*()v(t)}, ¢=o0.
t€(0,00)

Onpepenenne 6. Ilycrs X = X (0,7) — uupeanbuoe npocrpanctso u k € N. Mer
BBOIIM npocTpancTso Kambaepona A (C; X):

A X) = {ue CRY : Wb (wth) € X(0,7)

k(o 4w
w,. (u,tn

[ullaxc;x) = llulle + ‘ )HX(O,T) '

3. BcmomoraresbHbIE TEOPEMBI

Bameuanue 1. Ilycrs p, ¢ € (0,00], nycrs v, §, w — Beca, u
S S

Y (s) = / S(ydt, V(s) = / u(t) dt.

0 0

Mg1 6ymeM nCob30BaTh Pe3yaIbTAT U3 PAOOTHI [8] A nMeHHO, Tpu 1 < p < ¢ < 00,
1/p+1/p =1
||fHF§(w) < C||f||/\p(,,) 54

o

A= 0/ (vererm) “oa | 07 (Y(ﬂg(m)y v ) (<
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Kpowme roro, namtymas nocroannag C' B onenke || f||pa,) < C||f|[ar(v) yAoBIeTBODZET
yeaosuio C' &~ Ag.

Teopema 1 (em. [10]). IIyemv G € Li(R™), G # 0, o(1) = G*(7), 7 € R4, u
Ppyrxuyus f @ R™ = Ry maxosa, wmo npu nexomopom T € R

T

/ (1) (7) dr < 0. (1)

0

1) Jlas ceépmru

/Gaz— y)dy, zeR" (2)
R’Vl
CNPasedAusa OUeEHKa
T o0 T -1
sup |u(z Co/<p dr, c¢=1+ /(p(T) dr /4,0(7) dr
reR™ ) A )
2) nyemo ewé G € GF(R™\{0}), k € N, das Gi(z) :== Y. |DG(z)], = € R", npu

lo|=k
c1 € Ry umeem mecmo ouyenxa

Gr(2)] < crpr(|z]), = €R", (3)

0 < (7)== Wy, ((;)) L ona Ry

U 8BMONHEHDBL COOMHOWEHUA
De(r) < T Hmp(r), 7 e (0,T]; /wk(r) dr < oo,

Tozda ceépmxa u, onpedeaénnan 6 (2), nenpepwena wa Ry, u npu t € (0,T] das modyan
HENPEPHIEHOCTU CNPAGEIAUBCH OUEHKG

k‘ *
ok (wit¥) < e / [ e ﬁ}@mf (7)dr @

3decwv cy = c1¢d, 20e
d=1+ / ,

c1 — nocmoannan us ycaosus (3), ¢ = é(k,n) € Ry.

E"

Bameuanue 2. [Ipu Boinosnnennn ycnosus ¢ € E'(0,T) nepaBencrso (1) BbIIOIHEHO
quist ioboit dyukun f € E(R™), 1. e. Teopema 1 nmpuMeHnMa, J1ijist JIIOOOTO TOTEHITUAJIA
u € HE(R™), mockombKy y1st Hero Bepra cdopmysia (2).
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,ZLaﬂee PaCcCMOTPEHBI HEKOTOPHLIE boJiee IIPOCTbIC OIICHKN MO,ZLy.J'IefI HEIIPEPbIBHOCTU IIPpU
JOIIOJTHUTEJIbHBIX OI'DaAHUYICHUAX Ha dAJdpa IIOTEHIIUAJIOB.

Jdemma 1. [lycmov svinoanero caedyrouiee ycaosue:

T

./r—ﬁwﬁﬂdrgzﬁﬁ‘ﬁwuh t e (0,7], )

t

2de By € Ry ne sasucum om t.
Kpome mozo, nycms svinoanenv, ycaosus meopemvs 1. Tozda

t

st (wt) <o [emrman te o, (6)

0

ede cg = (1 + Byp)ca, ca — nocmoannan us (4).

Jdemma 2. /lia xaaccudeckuxr nomenyuaros, ecau k > «, cnpagedausa oueHka

t
k 1 ~
w,. (u;tn) <c |7
0

2de ¢ = ¢(k,n,a,T) € Ry.

>R

“Lfr(r)ydr, te€(0,T],

4. OcHOBHadg 4YacCTb

Jdemma 3. [lycmo evinosnerv ycaosus semmol 1 u, xpome moz0,

1

A= / (e o) o / (s ) vige) <

2de

- w(®) _ _
w—q)o(t)q,q)o(t)—o/cp(ﬂdﬂ -+ —-=1

Toz0a ’ < ezl fllaaw)-

f (ust4)

HokazarenbcrBo (iemmbr 3). 13 jemmbr 1 coeyer, 9To

Lq(@)

t

ot (wt) <o [erman te @), (7)

0

MpsrI 6yieM UCIIOIB30BATD CJIELYIONINI BADUAHT «BTOPO [IEPECTAHOBKU» :

(o)l ™"

i (Jetrar
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t
O6oznaunm P (t) = / o(7) dr. HoncraBum 31u 0603HAYEHNsT B HepaBeHCTBO (7):
0

1
Do (1)

W (wt4) < eao(t) /cp(r)f*(r) dr, te(0,7).

Urax, wk (u; t%) < ca®o(t) f57(t), t € (0,T]. Us sroit omenkm ciiepyer, 9To
wi? (u;t%>
— 2 K
Do(2)
Torna momy«anm
To0) < 2| 57 Ly (w)-

Lg(w)

U3 ompenenenust HopMbl B Lg(w) cremyer

q q
= wf (u;t%)
/ Tooll) wt)dt | < el 3 lny )

o - w(t)
< CQ||f<p ||Lq(w)7 rae U}(t) = @O(t)q

TaK YTO ITOCJEIHSST OIEHKa, JIAET

Nraxk, wf (u; ﬁ) ‘
Lq (@)

Ho || £, = | fllre,_, 10 onpeaenernmo

o (ws2%)

Ilo zameuanuto 1 orcioga ciaeayer, 9To ‘

* ok
@

< el follee -

Lq(@)
wk (u;t%>’ < coc|| f||Aa () TPU yemoBUM
Lq(@)

As < o0. O

ITpuBeséM KpuTepHil BIIOXKEHNUST IIPOCTPAHCTBA IOTEHINAJIOB B IIPOCTpaHcTBo Kasib-
neporna A(C; X) (em. [11]).

Teopema 2. Ilycmov svinosrens, Yycaiosus aemmdv, 1, moada

HS(R™) C A(C; X) & )

1
wb ()| < eelfll5

Ipu E = A(u), X = Lyi) oamo ycaosue svinoareno npu Az < oo, % + % =1, 2de

Ao =sup 7 (qﬂ%)qw“)dt | 7 (%Ji(’iéou)f qu('?t) &

1

7
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dokazareibCcTBO (TeopeMbI 2). IIpu A3 < 0o cIIpaBeJINBO CJIEAYIONIEE BIOYKEHIE
ki, %
(ot

rie B = A1(v), X = Ly, w(t) = (I:E?)q’ Po(t) = /‘P(T) dr.

Lo () < ol fllaa@) = HE(R™) c A(C; X),

< ;
L) cac|| fllaaq), e

Tenepn nokazkem, aro HE(R") C A(C; X) = ‘

w(t)

Bo(1)7" Dy(t) = /gp(T) dr.

0
B pa6ore [11] yeramosmeno, uto HE(R") C A(C; X) & K — X, tne K — xonyc u3
dbyuxrwmit 3 (0,7):

E = A1), X = Lyay, i(t) =

K=1<¢h(t) = /Q(t,r)a(r) dr: o€ Ey(0,T)

T

pﬂm:mfnﬂmmw/ﬂﬁﬂdﬂw:h@
0

3=

)4.

Buecs Eo(0,T) ={oc € E(0,T): 0<ol}; Q1) =¢(r) <1 + (%)

[TosTomy MoxkHO 3anmcaTh dhopmynny st h(t) B Buje

o-[[

Tk _k
T n 4+t n
Ho N
k T n
O<T<t=rn>tn= = —7x =1
Tow 4 tTw
TlosTomy
t T
T n
h(t) g/go(T)J(T)dT—l—/ ——% | p(r)o(r)dr.
0 A nt

IIpu ycnoBun

:s\k

o(7)dr < Bot' " (t), te(0,T,

/T

rae By € R4 He 3aBuCHT OT ¢, nMeeM:

T k
T n

/ :

t

7'_% +1tn

p(r)o(r)dr < [ o(r)o(r)dr.
/
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Torna

12

(1) / o(Mo(r)dr; o By |lollz = pr(h),
0

Bnoxenne K — X osmavaer, uto K C X, u 3¢ € Ry; ||h|e < crpr(h), sT0 maér
OICHKY

t
[etmomar| <eiols o er..

0 X
Ipu E=A/v), X =L

(@), OUEHKa IIPUMeT BH/

t

[emo@ar| <ol
0 Ly ()

ITpu ycnosun (5) u npu o = f* > 0 | MOXKHO mcarhb, 4To

ot (o)

Ormernm, uto HE(R™) C A(C; X) = wa (U;t%) HX < e fll5

g d(v)-
Lo(@) cacl| flla (v)

pu E = Al(v), X = L) m ycnosun Az < 00 MOYKHO HCTIONIB30BAaTh KPUTEPHIL:

HE(R") € AC5X) & [k (wsth)|| < eacll -
Urax, mpu E = Al(v), X = L@y u ycnosun Az < 00 CIpaBeIMBO BJIOXKEHUE
HE(R™) C A(C; X). Bnecy @y — dbynxims, sepéunas B emmve 1. O

5. 3akJirodyeHue

B pabote mostyueHbl ciemyone OCHOBHbIE PE3YJIbTaThI:

1. paccmoTpens! 06IIne CBOMCTBA IOTEHIINAJIOB, IIOCTPOEHHBIX Ha 0a3e BECOBBLIX IIPO-
crpancTB Jlopenma ¢ obIME BeCaMu;

2. yCTaHOBJIEHBI TOYHBIEC 10 TOPSJIKY OIEHKNA DaBHOMEDHBIX MOJYJIEH HEIpepbhIBHO-
CTH IIOTEHIIUAJIOB B CJIyvdae BJIO2KE€HUA IMIPOCTPAHCTBA IOTEHIMAJIOB B IIPOCTPAaHCTBO
HEIPEPBIBHBIX OIPAHUIEHHBIX (DYHKITUI;

3. TOJIyYeHbl KPUTEPHUH BJIOYKEHUH IIPOCTPAHCTBA IOTEHINAJIOB B IIPOCTPAHCTBO Kaub-
JepoHa, IPUBEJIEHA KOHKPETU3AIMS dTUX BJIOYKEHUil B ciiydae 0a30BBIX BECOBBIX
npoctpancTs JlopeHra.
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Differential Properties of Generalized Potentials
of the Type Bessel and Riesz Type

N. Alkhalil, Kh. Almohammad

Department of Nonlinear Analysis and Optimization
Peoples’ Friendship University of Russia (RUDN University)
6, Miklukho-Maklaya St., Moscow, 117198, Russian Federation

In this paper we study differential properties of convolutions of functions with kernels that
generalize the classical Bessel-Macdonald kernels G (z), z € R", 0 < a < n. The theory of
classical Bessel potentials is an important section of the general theory of spaces of differentiable
functions of fractional smoothness and its applications in the theory of partial differential
equations. The properties of the classical Bessel-Macdonald kernels are studied in detail in the
books of Bennett and Sharpley, S. M. Nikolskii, I. M. Stein, V. G. Mazya. The local behavior of
the Bessel-Macdonald kernels in the neighborhood of the origin is characterized by the presence
of a power-type singularity |z|"~%. At infinity, they tend to zero at an exponential rate. The
recent work of M. L. Goldman, A.V. Malysheva, and D. Haroske was devoted to the investigation
of the differential properties of generalized Bessel-Riesz potentials.

In this paper we study the differential properties of potentials that generalize the classical
Bessel-Riesz potentials. Potential kernels can have nonpower singularities in the neighborhood
of the origin. Their behavior at infinity is related only to the integrability condition, so that
kernels with a compact support are included. In this connection, the spaces of generalized Bessel
potentials generated by them belong to the so-called spaces of generalized smoothness. The case
with the satisfied criterion for embedding potentials in the space of continuous bounded functions
is considered. In this case, the differential properties of the potentials are expressed in terms
of the behavior of their module of continuity in the uniform metric. Criteria for embedding of
potentials in Calderon spaces are established and explicit descriptions of the module of continuity
of potentials and optimal spaces for such embeddings are obtained in the case when the base
space for potentials is the Lorentz weight space. These results specify the general constructions
established in previous works.

Key words and phrases: Bessel potentials, Lorentz spaces, Calderon spaces, rearrangement-
invariant spaces, optimal embeddings
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O630p cucTeMm mnapaJjieJibHOI 06paboTku 3asiBok. Yacts 11
A. B. Top6ynosa*, 1. C. 3apanos*’, K. E. Camyiinos*

* Kagedpa npuxsadnoti ungopmamuku u meopuy 6epoammocmet
Poccutickuti ynusepcumem dpyorcbor 1apodos
ya. Muxayxro-Maxaas, 0. 6, Mockea, Poccus, 117198
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Dedepanvroili uccaedosamenvcrkuli yenmp «Hrngopmamura v ynpasaenues PAH
ya. Basunosa, 0. 44, xop. 2, Mockea, Poccus, 119333

Jannrass paboTa sIBJISIETCS TMPOIOIKEHHEM 00630pa METO/IOB MUCCJIEIOBAHUS CHCTEMBI MAaCCOBOTO
obcyxxuBanns Buga «fork-joiny (B 3amamHOl K1accuUKAIN) WM CHCTEMBI C PACIIEIIEHAEM
3arpocoB. VHTepec K paccMaTpuBaeMoii cucTeMe O0ObsICHIETCs IMUPOKUM CIIEKTPOM 3aJad, KOTO-
pble MOTYT OBITH PEIIEHBI C €€ MOMOIIBIO, ITOCKOJIbKY (DAKTUUECKH pedb UIET O MaPaJIe/bHON
00paboTKe JAHHBIX U UX MPUJIOKEHUsAX. K mpuMepy, 3TO MOXKET KacaTbCsl aHAJM3a pabOThl JIHC-
KOBBIX MaCCHUBOB, O6JIa‘{HbIX BI)ILII/IC.HGHI/II‘/'I7 BBICOKOIIPOU3BOAUTEJIBHBIX CEPBHUCOB M JlazKe IIPOIlecca
KOMILJTEKTAIINY 3aKa30B Ha cKJiajie. Ecim B mepBoil yacTu 0630pa ObLIN OMUCaHbl OCOOEHHOCTH
[IOCTPOEHHUSI JIAHHOM MOJIEJIM U POJICTBEHHBIX €il CHCTEM, a TaKXKe IPUBEJEHO OJIPOOHOE OIu-
CaHUE IIOAXOMa K IOJIYICHUIO TOTHOI'O BbIPpazK€HUA CPEIHETr0 BPEMEHU OTKJINKa B C/lIy4dae IBYX
mpuOOPOB U MPEJICTABICHO HECKOIBKO METO/IOB MPUOJIMAKEHHOTO aHAIN3a JAHHON XapaKTePUCTH-
KU B CJIy4dae, KOIJa YUCJI0 IPUOOPOB GOJIbINE ABYX, TO BO BTOPOI YacTy 0030pa MpeICTaBIeHO
OIMMCaHUEe APYTUX CYHIECTBYIOIMUX METOJ0B aIlllIPOKCHMAaIIUU CPEIHETO0 BpEMEHUN OTKJIUKA. B qacT-
HOCTH, K paCCMaTPUBAEMBbIM IIO0JAXOJIaM HpI/I6J'II/I)KeHHOFO aHaJIn3a BPEMEHU OTKJIMKAa OTHOCATCHA:
MaTPUYHO-T€OMETPUIECKHUI METO/I, AHAJIU3 C IOMOIIBIO IIOPSIKOBBIX CTATUCTUK JIJIsi PA3JIMIHBIX
THUIIOB pacCHpeaeICHUuA BPEMEHU Hpe6bIBaHI/Iﬂ II0A3aIIPOCOB.

KaroueBble cioBa: cucTeMa MacCOBOTO OOC/Iy>KUBaHUS, PACHICILUICHUE 3asBOK, IapaJ-
JieTbHOE OOCITyKUBaHUe, TMapaJliebHas 00paboTKa, BpeMs OTKJINKA, BPEMs CHHXPOHU3AIINM,
MaTPUYHO-TEOMETPUIECKUN METO/I, MOPSIJIKOBLIE CTATUCTUKA

1. Bsenenne

Hapﬂ,ﬂy C TaKUMHK METOAdaMM AIIIIPOKCHUMaIINM CpeJHero BpeMEHU OTKJIMKa CUCTEMbI
C pacIerieHrueM 3aIlpPoCoOB, KaK SMIMPUYECKUN TTOJIX0J U WHTEPIIOJISIINS C ITOMOIIBIO
IPEeJICJbHBIX 3HAYEHUI 3arpy3KH CHCTeMbI [1]|, OT/Ie/IbHOrO BHUMAHUS 3aCJLy?KUBAIOT
ManI/IqHO-FGOMeTpI/IquKI/Iﬁ METOA U aHaJIU3 C IIOMOIIBIO ITOPAIKOBLIX CTaTHUCTHUK, KO-
TOPOMY IIOCBAIIIECHA 60JII)HI&5[ JaCTb CTaTbH, IIOCKOJIBKY M3BECTHBIC PE3YyJ/IbTAaThbl TCOPHUN
MOPAAKOBBIX CTATUCTUK IIO3BOJIAIOT PACHIUPUTDL DA U3YyIaCMbIX paCHpeﬂeﬂeHI/H‘;I JJIsL
BXOIAMIECI0 IIOTOKa M BpEMEHU O6CJIy}KI/IBaHI/IH, a TaKzKe OICHUTH HE€ MeEHee BaKHbIE
XapaKTEePUCTUKN JIJId paCCManHBa@MOﬁ CHUCTEMBbI: MaTeMaTHU1ICCKOE OXKHMIaHNE 1 AMC-
IIEepCUI0 BpEMCHU CUHXPOHU3AIIUU. HO,I[ BpeMEHEM CUHXPOHHU3aIUN 31€Ch (baKTI/IquKI/I
TO/IPa3yMeBaeTCs €€ 3aepKKa, T.e. BpeMsI MKy OKOHYAHUEM OOCIYKUBAHUS TIEPBOTO
1 TOCJIEHETO MOJ3AIIPOCOB OJHOTO 3ampoca [2].

Crarbst OpraHu30BaHa CJIEAYOIIM 00pa30oM: B pa3/ese 2 OIUCHIBAIOTCS 0COOEHHOCTH
1 pe3yJjibTaTbl IPUMEHECHNA MATPUIHO-T€OMETPUIECCKOI'0 METO/la K aHaJInN3y CUCTEMBI C
PACIICIUICHIEM 3alIPOCOB, B pa3jeie 3 HPEeJICTABICH HOIXOJ K AHAJIU3Y CPEJHErO Bpe-
MEHI OTKJIMKA, OCHOBAHHBIl HA TE€OPHH IIOPSIKOBBIX CTATUCTHK, B 3aKJIIOYEHIH KPATKO
MMOJIBEIEHBI UTOTH PabOTHI.

CraTbs mocTynmiia B pefgakiumo 5 HostOps 2017 1.
Ily6nukanus nmogrorossiena npu noanep:xkke [Iporpammer PY/IH «5-100» u npu duHAHCOBOM MOAIEPIKKE
PODU B pamrax nHayunbix npoekroB Ne 18-07-00576, 16-07-00766.
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2. AHajqu3 ¢ MOMOIIbI0O MAaTPUYHO-TEOMETPUYIECKOTO MeTo/ia

Wnes wcnonb3oBanms MaTpUIHO-IEOMETPUIECKOrO IMOoAxoda mpu aHajuie fork-join
cucteM B GOJILIIMHCTBE paboOT CBOAUTCS K PACCMOTPEHHUIO MOJIEJIE, alllpOKCUMUPYIO-
IIAX UCXOMHYIO, HEIOCPEACTBEHHBIN aHaIN3 KOTOPBIX MO3BOJISET CJIEJIATh BBIBOJ, UTO
MU3yYIaeMblil IIPOIECC, ONMMUCBIBAIONIUI TOBEIEHNE CUCTEMBI, SIBJISIETCS KBa3UIIPOIIECCOM
«Pa3MHOYKEHUsT 1 TUGE» CO BCEMHU BBITEKAIOIUMHU u3 3Toro cieactsusamu [3-5]. To xe
Kacaercsd u fork-join cucTeMbl ¢ KOHEIHBIME OUepPEIIMU K CEPBEPaM B YCJIOBUSX ITyaCCOHOB-
CKOT'O BXOJISIIEro II0TOKA M IKCIIOHEHIINAJBLHBIX BpeMEH obcirykuBanust. Tax, B [6,7] 6bu1
MTPE/IJIOXKEH AJTOPUTM, TIO3BOJISIIOIIIN CBECTH MATPHUILY BEPOATHOCTEH MEPEXOIOB ISl Map-
KOBCKOTO IIPOIIECCa, OIMUCHIBAIOIIErO TOBEI€HNE CUCTEMBI, K OJIOYHO-INATOHATLHOMY BHUILY,
9TO 7a6éT BO3MOXKHOCTH KOMIIAKTHO 3alucarTh cucreMy ypasHenuii pasHosecusi (CYP)
U PEIIUTDb €€ OJHUM U3 U3BECTHBIX YHCJECHHBIX METOJOB U, KaK CJIEJICTBHE, BHIYUCIUTD
cpesiHee BpeMsl OTKJIUKA.

Marpudano-reoMmeTpudecKuil MOIXO0/, /IJTsT OIEHKN BpeMenn oTKjnka fork-join cucrembr
ucnosb3yercst B cepun crareii [8-10]. B nepsoii pa6ore (8] bl npeyiozKeHsl JBe MOJIeIn,
anmpokcuMupytomue ucxoanyio fork-join cucremy ¢ K serssimu M| M |1 u pasziaunaabivm
UHTEHCUBHOCTSIMU OOCJIY?KUBAHUs HA Pa3HbIX cepBepax (mpubopax):

1) mocrynaronuii 3apoc MPUHIMAETCS B CHCTEMY TOIJIA M TOJBKO TOTJA, KOTJA YHCIIO
[IOJI3AITPOCOB k-I'0 THITA, HAXOSIIMXCS B CHCTEME, MEHBIIIE HEKOTOPOro (pUKCHUPOBAH-
HOT'O IOJIOYKUTEJIbHOrO 1esoro uncaa Uy: ng < Uy, k = 2, K, B IpOTUBHOM CJIydae
OH TepsIeTCs;

2) oTKa3 B 00C/IyKUBAHUN HA j-M CepBEpPe IMPOUCXOJUT TOTJa U TOJIBKO TOTJA, KOTa
HapyIIaeTcd ycjaoBue: n; — nj # U, j JUIst HEKOTOPOro ¢ M Jijis (PUKCHPOBAHHBIX
HOJIOZKUTEJIbHBIX IesbiX uncen U j, Vi, j, ¢ # j, npudém cepsep j GJIOKHpyeTcs JI0
TeX 0P, IOKa MOA3AIIPOC He 3aKOHIUT OOC/IY>KUBATHCSA HA CEPBEPE .

Baech BeKTOp i = (nq,...,MNk,...,Ng) OTPAXKAET COCTOSIHUE CUCTEMBI, Nj — YUCJO
nmojzanpocos k-ro Ttuma B cucreme, k = 1, K.

B pesynbrare anaimsa 06enx CuCTEM € IOMOIIBIO MATPUIHO-TEOMETPUIECKOIO METOIa
YAETCsT ONIPEJIEINTD CTAIMOHAPHOE PACIIPE/ICTICHNE YUC/Ia TIO3aIPOCOB B cucreMax 7 (7).
Jlajiee moJryd4eHHOe pacipejiesieHue UCIIOIb3YeTCs IIPY aJlOPUTMUYIECKOM PEIICHUH 33,/ 1aH
HaXOXKIeHUs (DYHKIIUNA PACIpeIeIeHIsI BpEMEeH! OKJINKA:

Fivye (@) = Y _m(i)Fyp  (2), @ >0.

n

TakuMm 0bpa3oM, 3a/1a4a CBOAUTCS K TOUCKY YCJOBHOT'O PACIPEJIe/IEHUST BPEMEHU OT-
KJINKA FW;'; () mpum ycjoBuHM, 9TO CHCTEMa HAXOAUTCS B COCTOSTHUU 7i. Jjis mepBoit
, max

MOJIN(UIINPOBAHHON MOJEJN UCKOMO€E YCJIOBHOE PACIIpeesIeHue MOXKET OBITh BBIPAYKEHO C
TIOMOIIBIO PACIIPEIC/ICHUS DPJIAHTA, & BO BTOPOM CJIydae YCJIOBHOE PACIIPE/ICJICHUE 10~
JIy4aeTCs TP aHAJIM3€e ITPOIeCCa MOTJIONIEHU JIIS M0JI3aIIpocoB. Kpome Toro, aBTOphI
JI0Ka3aJIH, YTO PEIIeHNs, IOy YeHHbIe IPY aHAJIN3€e STUX JIBYX CUCTEM, SBJISIOTCA BEPXHEH
U HUKHEH TpaHUNAME /i PYHKIINNA PACIPEIETICHUS BPEMEHU OTKJIMKA COOTBETCTBEHHO.
B caemytomieii crarbe aBropos [9] uzydaercs fork-join cucrema ¢ myacCOHOBCKUM BXO-
JSIIIM IIOTOKOM, HO IIPU 9TOM BpPeMs OOC/IY?KUBAaHUSA Ha OJHOPOIHLIX CepBepax MMEET
pacopenenenne Kokca. OTMeTnm, 9TO JjIsi CTAIIMOHAPHBIX BEPOSATHOCTEH COCTOSHUI B
CMO M |C%|1 n3sectro Tounoe pemenne [11|. Kak u B npeapityimeii pabore paccMarpu-
BAIOTCS JIB€ AHAJIOTUYHbIE, AIIIPOKCHMUPYIOIINE UCXOIHYIO CUCTEMY MOJIEJIN:
1) mMozesb, B KOTOPOii BCe 0Uepein KpOMe OYepeIi K IEPBOMY CepBepy UMEIT KOHEUIHYIO
€MKOCTB;
2) MOJie/Ib, B KOTOPOIl BBOJIUTCS OrPAHUYEHHE HA TO, YTO PA3HUIA MEXKLY KaxKJI0i napoi
JJINH Oodepejiell K cepBepaM He JIOJI?KHA IIPEBBINIATD 33IaHHbII IIOPOT.
MaTpuaHO-reOMeTpUYEeCKil aHAJIN3 YKA3AHHBIX CUCTEM, IIPEeJJIOKeHHbI B [12], Gia-
roiapsi TOMY, YTO MATPUILI BEPOSITHOCTEN TTEPEXO/Ia CBOJATCH K OJIOYHO-TPEYTOTHLHOMY
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BUJLY, ITO3BOJISIET TOJIYYUTh CTAIMOHAPHBIE BEPOSTHOCTU, KOTOPbIE HCIOJB3YIOTCS IS
BBIBO/IA PACIIPEIETICHNsT BPEMEHN OTKJ/INKA, &, COOTBETCTBEHHO, I MOMEHTOB 3TOI'O Pac-
npenenenusi. [losrygeHnble BRIpayKeHUsT ABIAIOTCI BEPXHUMHI ¥ HUYKHUMU TDAHUIAMU JIJTsT
MOMEHTOB BpemeHn orkimka. Ciemyromast padora [10] npomoskaer HauaThle UCCIIEI0BaA-
HUsL. ABTODBI IPE/JIAra0T AJITOPUTMUICCKINA METOJL JIJIsi BBIYUCJICHUS BEPXHAX U HUKHUX
OIIEHOK IPOU3BO/IUTEJLHOCTU CUCTEMBI, KOTOPBIl, IT0 UX MHEHUIO, MOXKET OBITh PACIIUPEH
JJIS AHAJIN3a CUCTEM C OTJIMYHBIMU OT IIYaCCOHOBCKOTO BXOISAIIAM ITOTOKOM U OTJIMIHBIM
OT 9KCHOHEHIMAJIHLHOI'O BPEMEHeM OOC/Iy?KHUBaHUs Ha PA3HOPOIHBIX CepBEpax.

Ormernm, uro MaTpudHo-reomerpudeckuii Meros (MI'M) ucnosib3oBasics u Ipu aHa-
Jgm3e cucreM, poacTBeHHbIX fork-join. Tak, MI'M 6bL1 NpUMEHEH JIJIsT AHAJII38 MOIEIIU
HesapucuMbix cepsepos (ISM), B [13] ¢ nomompro MI'M anasmsupyercs split-merge cu-
creMa |I| ¢ nByMsi BeTBsIMU ¢ HAJIOKEHHEM OTDAHMYEHUs Ha EMKOCTh HAKOIMTES OJIHOM
u3 odepe/ieil. Bom mosrydeHsl BoIpaykeHus Jjis MaTeMATHIeCKOI0 OXKUIAHNS, JTUCIIEPCUI
7 PYHKIUU pacIpeeieHns BpeMeH! OTKINKA. Takke ObLT pa3pabOTaH MeTOJ, AlIPOKCH-
Malyu Jist cucreM ¢ Gostee deM ¢ AByMsi BeTBsiMu. B paborax |14, 15] takzke ucciemyercs
fork-join cucrema, HO y2Ke ¢ pacmpeseaeHneM (pa30BOro THUIIA, /i BXOISIIErO IIOTOKA U C
norepsimu. B crarbe [16] paccmarpuBaercst emé oHa Bapuanus Kiaccuaeckoii fork-join cu-
CTeMBI, JJIsI aHaJau3a KoTopoil ucnons3yercs MI'M: obeyKuBanne KaXKJI0ro MOJI3aIIpoca
ITPOMCXOTUT B HECKOJIBKO 3TAIOB, BKIOUasT a3y OXKUIAHUSA U a3y 00beImHEeHNST POJI-
CTBEHHBIX IIOJ[3AIIPOCOB; CYIIECTBYeT NMHAMUYIECKAs MMOJUTHKA ILIAHUPOBAHUS HATDY3KHU
CUCTEMBI JIJIs MO epKanust 3(PpHEKTUBHOIO UCIIOJIB30BAHUS CePBEpa.

3. AHam3 c MOMOIIBIO MOPSIKOBBIX CTATHUCTUK

TTockombKy Bpemst oTKanKa fork-join cmcTeMbl KJIACCHYIECKHU OMPEIENISIeTCsT KaK MaK-
CHMYM, & B HEKOTOPBIX CIy4YadX W KaK MUHUMYM u3 K CIIydailHbIX BEJIMIUH BPEMEH
1pebbIBaHMsI [IO3AIIPOCOB B cucreMe [17], To ecTecTBEHHO, UTO OMHUM U3 AJBTEPHATUBHBIX
CITIOCOOOB OTIEHKU CPETHEr0 BPEMEHM OTKJIMKA, SBJISIETCST UCIOJIB30BAHNE TEOPUN MOPSIKO-
Bbix craTucTk [18-20]. Ilo onpenenenuto [18-20|, ecau &1, . .., x — KOHeYHAs BBIOOPKA,
OlpeJIe/IEHHAasT Ha HEKOTOPOM BEPOSATHOCTHOM TpoctpancTse (2, F, P), u jiusa w €  :
7, =& (w),i=1,...,K, n nanee, ecim TlepeHyMepoBaTh MOC/IeI0BaTebHOCTL {7} | B
nops/ike HeyObIBaHUS TaKUM 00pasoM, YTO T(1) < T(2) < - .- < T(K—1) N T(K), TO TaKas
MIOCJIETOBATEILHOCTD OyIeT HA3BIBATHCSI BAPUAIMOHHBIM PSIIOM, 8 €r0 WJIEHBI — IOPSII-
KoBbIME craTuctukamu. Ciyuaiinas Bemmanna xe &y : ) (w) = 2 () Ha3bIBaeTCS A-it
IIOPSIIKOBOI CTATUCTUKON MCXOIHOH BBIOOpKH. 3 ompenmeseHus sICHO, ITO

§ay =min(&y, ... ¢x), k) = max(&r, ..., k). (1)

Taxum obpazom, Bpems OTKIMKA Wi max = §(x) W Wi min = §(1) B TepPMUHAX TeO-

pUU TOPSAIKOBBIX CTATUCTUK, T1e £, k = 1, K — mOJIOKUTEIbHDBIE CIIyIaliHbIe BEJTMINHBI
BpPeMEH MPeOhIBAHUS TIOA3AIIPOCOB B CUCTEME JIO IO IaHus B Oydep CUHXPOHU3AIINH.
Crie10BaTEeIbHO, MATEMATHIECKOE OXKMJIAHNE BPEMEHU OTKJIMKA MOXKHO BBIYHMCJIUTH, 3HAS
pacupeesieHns 9KCTPEeMaJIbHbIX 3HAYEeHUN 5(1) u f( K), IpUIéM dyHKINA pacipeie/eHns
BTOPOH CIIyIaifHON BeJINIMHBI (paKTUIECKH STBJISETCST COBMECTHOI (pyHKIIMEH pacipeie-
JIEHUs CIIyJaiHbIX BeauduH &1, ...,Ek:

Fe o () = P (max (§1,...,6x) <z) =P (& < 7)...,&k < 7T),

Fe () = P(min (§1,...,6k) <2)=1-P(§ >m,... ,§x > ).

O6o3naunm uepes Fi(x) — dyukmuio pacnpesenenusi, a depe3 fi(r) — MIOTHOCTD
pacrpeziesiennst caydaitnoit sennunnnt £, k = 1, K. Eciu ¢aenars gomnyiierne o ToM, 910
&1, ..., Kk — HE3ABUCHMBIE, 9YTO B HAINEM CJIydae, KaK yyKe TOBOPUJIOCH BBIIIIE, sIBJISIETCS
YIPOIIAIONIAM PEIIOJIOKEHUEM, TO:
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K
FE(K)(I):P(£1<'T7"'7§K<$ HFZ
=1

K
Fep)(@)=1-P(& >w,... ¢ > ) = [1— Fy(x)],
=1
a nN- MOMEHT CJ'[y‘IafIHOfI BeJIMYUHBI BpEMEHU OTKJIMKa MOXKHO OIIPEIE/INTH, BbIYUCJIUB
HHTerpaJl:

o0 o0

E Wit ] ~ B |€10)] = / P e (@)AT, B Wi ] = B €| = / 2" feg,) (0)da
0 0
e K K
F;
feoo@) = X ADT[ R, o (o ij HF,EQ-
=1 J =1 J

Jlasee, ecyu IIPEJIIONOKATD, 9TO CEPBEPDI ABJIAIOTCA OJTHOPOIHBIMHE, T.€. CJIyJIaiiHbIe
BeJINUUHBI &1, . . .,k HE TOJBKO HE3aBUCUMbI, HO U OJIMHAKOBO PACIPEJIEJIEHbI, a, CJIeI0Ba~
TeJIBHO, UX (DYHKIMU U IJIOTHOCTHU PaCIpe/ieieHusT paBHbI MexK 1y coboit: Fi(x) = F(z),

fr(z) = f(z), k = 1,K, 10
P(£1<$77€K<$):FK(:E)7 1_P(£1>$77£K>x):1_(1_F('T))K7

u, COOTBeTCTBeHHO,
E [fFK) K/ 2)FEX=Y(z)dz, E [ggg)] :K/:c”f(x)(l—F(x))K_ldx, 2)
0

Taxrke 3aMeTHM, UTO MATEMaTHIECKOe OKHIAHWE MAaKCHMyMa K H.0.D.C.B. MOYKHO
npejacTaBuTh B Buje [21]:

E [£x)] :/xdFK(x):/[l—FK(x)} dz. (3)

st TOro 94ToOBI MPOAHAM3UPOBATL BpPeMsl OTKJINKA, HEOOXOANMO BBIUUC/IUTD yYKa-
3aHHbIE UHTEIPAJIbl. B 3aBHCHMOCTH OT THUIIA PACIPEIeIeHUs JJIsl OIEHKNA UHTErPaJIOB
MOTYT OBITH IIPUMEHEHBI YUCJCHHBIE METOJIbI, OJHAKO JIJIsI TAKUX PACIPEICICHNM, KaK
SKCIIOHEHINAIHLHOE, TUIIEPIKCIIOHEHITNAIBHOE U PACIIPEIe/IeHe JPJIaHTa 2-T0 TTOPSIKA,
pacupejenenne Kokca, pesyibrar MOXKeT ObITh IIOJIyY€H B CUMBOJIbHOM BHje [21-23]. Bol-
YUCTUTEIbHBIE 3aTPAThl YBEJIMIUBAIOTCS ¢ POCTOM BeTBell (K ) 1 yBeJmdeHneM mopsijiKa
it pactpefesrenniit dpiranra nin Kokca. /st yMeHbIIeHNs] BBIYUCIATEIbHBIX 3aTPAT IPH
BBIYHCJICHIN MAKCUMYMa MOKeT ObIThb MCIIOJIb30BAH XapAKTePUCTUIECKUiT MakcuMyM [24].

3.1. DKcCIOoHEHIMAJIbHOE paclipeaeieHue

,HOHyCTI/IM7 9TO BpEeMeEHa Hp€6bIBa.HI/IH IIOA3aIIPpOCOB B IIOACUCTEMAaX ABJIAIOTCA HE3aBU-
CHUMBIMH 3KCIIOHECHIINAJIBHO pa,CHpe,Z[eJIéHHbIMI/I Cﬂy‘laﬁHbIl\/II/I BeJIM9uHaMM C INIOTHOCTAMM

pacrpesienenns fi(r) = Ape % x> 0, k = 1, K.
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[1st Toro, 9T00bI OIPE/EINTh MOMEHTBI BBICIIErO HOPsi/IKa MakcuMyMa K He3aBHCHMBIX
9KCIOHEHINAIBHBIX CJIyIailHbIX BeIndnH, 3P dEKTUBHEE ¢ BBIYUCIUTEILHON TOUKH 3PEHUS
MOKeT OBITh muddepeHImpoBaHe COOTBETCTBYIOIIEE YUCI0 Pa3 MpeobpasoBanust Jlammaca—
Crunrpeca (ILJIC) coBmectroil dbyHKIIE pacupe/eenns MaKCUMyMa g . (S) 10 s 1 B

TIOCJIEIYIONIEM TPUPABHUBAHIE § K HYJ0. B wactHOCTH, /g ciaydas K = 2 dyHKIns
pacipe/iesieHns, I0THOCTH pacupesaenenus: u I1JIC [25,26] pasubr:
Feo () = Fi(z)Fa(z) =1 — e M — 722 4 e~ (Mitrz)e,

2D _ f @) o) + o) i) =

= )\167)\”3 + Agei)g$ — ()\1 + )\2) 67(A1+/\2)$,

7T£<2) /fz Je *fdx = A Az A1t Ao
s

fﬁ(z) (CL’)

+ M\ S—|—/\2 8+/\1+/\2'

Torja MaTeMaTnyecKoe OXKujgaeMoe MakcumyMa pasto [21,23,25,26]:

dﬂ'g(S)
ds

1 1 1

B = — -
f@ 0 M T Mt

Oomee Boipaxkenne st [1JIC makcumyma K 9KCITIOHEHITHAIBHO PACIIPEIEIEHHBIX CJTY-
JaflHBIX BEJIMYMH MOXKET OBITH 3allMCaHO B CJEyIomeM Buje [27]:

K () 4 ;Nmmm
T () = D_(1)'T1 D0 D —= ,
i=1 j=1lm=1g 4 Z)‘(m-i-l—l)K

rae (m+ 1 — 1) g obosnauaer cioxenue 1o moxayiao K. Kpome toro, IIJIC makcumyma K
HE3aBUCHMBIX SKCIOHEHIHAJILHO PACIPEIeIEHHBIX CJIydaliHbIX BEJIMYUH C IIapaMeTPaMu
A = (A1,...,Ak) n moTHOCTBIO pactpenenenus fe . (A, z) ¢ IUIC m¢ (A, s) MoxKHO
[IPEJICTABUTH € MOMOIINBIO PEKyppeHTHOi dhopmysbr [28]:

k
S+ N | mep, (A s) = E:Anmleh,y 1<k<K,

e «/j» O3HaYaeT MCKIoUenue Aj, T.e. A/; = (A1,..., Aj_1,Aj11,...,Am) B (0, 8) = 1.
Torna MoMeHT n-TO TOpsIKa MakcuMyMa K He3aBUCUMBIX SKCIOHEHIINAILHO PacIpeie-
JIEHHBIX CJIyJalHBIX BEJIMYUH DaBeH:

-1
K K

Mrg(X,n)= | nMg(XAn—1)+ ZMK—l (Asj,m) ZA]‘ ) (4)
j=1 '

K >1, My(0,n) =0 gzt Bcex n > 1 u Mg (X,0) =1 g Beex K > 0.

Paccmorpum emé onfy BaXKHYI0 XapaKTepUCTUKY ITPOU3BOIUTEILHOCTH CUCTEMbBI 00JIatd-
HBIX BBIYUCJIEHUN — BpeMsl CUHXPOHHU3AIMU. BpeMs CHHXPOHUBAIUN OIPEJIEIIETCT KaK
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BPeMsI MeXK/Ty MOCTYIIJIEHIEM IIEPBOTO U IIOCJIEIHETO MIOI3aIIPOCOB OJIHOTO 3aIpoca B Oy-
dep CHHXPOHU3AINN, HHBIMU CJIOBAMH, 9TO PA3HOCTH MEXK/Yy MAKCHUMYyMOM U MIHHMYMOM
13 BpeMEH MpeObIBaHMS MTOA3AIIPOCOB B CUCTEME:

E [WK] =F [WK,max] - K [WK,min] .

B reopun mopsiiKOBBIX CTATUCTHUK JIAHHASI BeJIMYMHA HA3bIBaeTcsi pasmaxoMm |[18-20].
OJHM U3 TIePBBIX PE3YJIBTATOB AHAJIN3a ITOTO MOKA3aTeIs ObLIM IIPUBEIEHB B pabore [2],
a MMEHHO YHNCJIEHHOE peIlleHre ONTHMU3aIMOHHON 3a/1a9y 1T0 MUHUMH3AIUN CPeTHErO
BPEMEHH CUHXpOHu3anuu. B crarbe [25| 6bumn npejicTaBieHbl ONEHKH MaTeMaTHIeCKOrO
OXKUJIAHWSL B CJIyYae HEOJHOPOJHBIX IIPHOOPOB, & B CJIyvae OJHOPOJIHBIX NPUGOPOB (A =

Ak =1, K) nosiydeHa OlleHKa U JIJIsl JIUCIIEPCUNA BPEMEHU CHHXPOHU3AIUHU:

D[Wk] ~ /\QZZZ

Brrancante nucnepenio mccieayeMoil BEJIUYINHBI, 1JIsI OIPeIeJIeHUsT KOTOPO#l HeloCTa-
TOYHO 3HATh 3HAYEHUS JUCIepCuil cirydailHbIX BeIUINH Wk max 1 Wk min, MOXKHO H B
HEIKCIIOHEHITHAJIBLHOM CJIydae, JeHCTBYs aHAJOTUIHBIM 00pa30M, a UMEHHO HOJIb3YsICh U3~
BECTHBIMU B TEOPUU TOPSATKOBBIX CTATUCTUK (POPMYJIOH mjis DYyHKIIMN PACIPE/IeICHIS
pa3Maxa HOJIOXKATEJbHBIX H.O.P.C.B.:

K K
Fuve () & Fepy ey (1) = 3 / L) I Be+o-F@ld, 6

=17 j=1,j#i

b0 HenocpeICTBEHHO hOPMYJION JIJIsi BBIYMCJIEHNS] JUCIEPCUE pa3Maxa BHIOOPKH 00bEMa
K m.o.p.c.B. ¢ dyuknueit pacupeesnenus: F'(z) [18]:

D[Wk] = D [€x) — £y =

—2 [ (1= F¥() - [1 - P + [F(y) - F@I¥) dody - (EWx])?. (0)

— 00

3.2. Pacmnpenesnenune dpiaHra

Dopmyiia s ATPOKCUMAIIIT cpeaHero Bpemenn oTkimka fork-join cucremst ¢ pacnpede-
AeHuem Ipaaraa lp-ro mopsiaKa (5; k) KOTOPOE TIPEICTABIISIET CODOM CyMMY [, HE3aBUCUMBIX
CIIy9YARHBIX BEJIMIWH, PACIPEIEJIEHHBIX 110 OJITHOMY M TOMY 2K€ dKCIIOHEHIINAJIBHOMY 3a-
KOHY C IIapaMeTpoM A JJjis BpeMeHu npeObiBanus B k-l BerBu cuctemsbl, k = 1, K ¢
dYHKIMENR U IJIOTHOCTHIO PACIIPeIeICHUs:

F(.T) =1 @_Akfﬁ lkz_l (/\kx)l’ f( ) — Ak (/\kx) 6—>\kz

ol (U, — 1) ’

e A\, = 0; lx = 1,2,...; 2 > 0, a MaTeMaTHIeCKOe OXKUJIAHUE PABHO [ / Ak, TIpe/ICTaB/IeHa
B [29]:

7 at el ()\ x)
e k
E Wk max] & / 1-— H Ak Z dx
o k=1 ;
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Hnst cnygas K = 2:

2 l1—11l3—1
& +n AT
E[ 2,max] ~ E :)\ - z : < m > ()\1 + )\2)m+n+1 .

3.3. PacnpenenieHne sKCTpeMaJIbHBIX 3HAYEHU

Emé oqna Meton BIYMCIEHNS MAKCUMyMa H.0.p.C.B. — 9TO €r0 alllIPOKCUMAITHS PAC-
pejieJieHneM dKeTpeMasibbix 3Hadennii [30]. Pacnpeneenne skcrpemMasbHbIX 3HAYEHUI
npescTaByAeT coboil IpeiebHoe PacTpeieTeHne HanbobIIero &k (HanMeHbITero &(1)) u3
3HAYEHWI H.0.p. HEIIPEPBIBHBIX C.B. IPU OECKOHETHOM yBeandeHnn nx duciaa K — oo, T.e.,
rOBOPsI MHBIMU CJIOBAMH, 9TO [IPEJIEJIbHOE PACIIPe/ie/IeHIe HAaNOOIIbIIero (HauMeHbIIIEro)
BBIDOPOYHOTO 3HAYMEHUS [TPU OECKOHETIHOM YBeJIUIeHIN 00bEMa BEIOOPKHU U3 HEITPEPBIBHOTO
pacupegenennst [30], X0Ts1, KOHEYHO, HEIb3sI CKA3aTh, YTO PACIIPEJIEJIEHAE SKCTPEMAbHO-
ro 3HaYeHHsl — 3TO pachpejenenue § gy npu K — 00, HOCKOJIbKY (hakTuiecku oHo Gyer
BBIPOXKJIEHHBIM, [TO3TOMY, IYTOOBI TIOJIYIUTh HEBBIPOXKIEHHOE MPEIeTbHOE pacIpeeeHune,
paccMaTpUBalOT JinHeliHoe peobpasosanue §( k) ¢ Koadpuiuentamu, 3aBUCAIUMA OT
00bEéMa BRIOOPKH, ITO B JIEHCTBUTEILHOCTH AHAJIOIMIHO HOPMUPOBKE, HO IO OOJIBITIOMY
CYeTy He MCYEPIIBIBACTCS TOJIBKO II0CJIEI0BATEIbHOCTME JMHEHHBIX nIpeobpasoBanuii [30).

Cy1iecTByer Tpu THIIA CeMeHiCTB KCTpeMaJIbHBIX pacipesenenuii [30]:

1) tun I — pacupezenenne tuna ['ymbesisi, KOTOpoe eIé HHOTA HA3BIBAIOT JBAYKIbI

9KCIOHEHITUATBLHBIM:
FE(K) (z) = exp (_67T> ) (7)
2) tun II — pacupenenenune Tuna Ppere:
0, z < a,
F, T) = r—a\ "
E(K)( ) exp |— (9) Cr>a,

3) un III — pacnpenenenue tuna Beiibyuia:

exp {— (ac—a) ], r < a,
Fﬁ(x)($>: 0

0, xr 2z a,

rne o, > 0 u n > 0 — mapamerpnl. Pacnpenenenus tumna I u III npuBomgarca k
pacnpeiesiennio tuia 1 ¢ nomornpio npeodpasosannii (In(§) — «)) n (—In(éx) — a)),
COOTBETCTBEHHO, TIO9TOMY B OCHOBHOM AKIIEHT JIEJIAeTCA Ha pacipeaeaernn Tuma ['ymbess,
IUIOTHOCTDH PACIIPeesieHnsl KOTOPOI'o MMeeT BUI:

—«

fg(m(a:) — 0 le T exp (—e_%) ,

a MaTeMaTH4YeCKOe OKHJaHWe W JUCIIepCUud PaBHDBI:

ElSuo) =a+10, Dliu] = ——
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rje v =~ 0, 577721 — sTo nocrosiarast ditepa—Mackeponu. I[Ipu o = 0 u § = 1 nosryuaercs
cTaHgapTHas (popma pacrupeesenus: Tuna | — pacupemenenne ['ymbess:

Feo () = exp (=€), feio (2) = exp (mz —e™"). (8)

B [30] yromunaeTcst 06 ycTaHOBJIEHHON CBSI3U MEXK/Ly CBOWCTBAMU I€HEPAJIBLHOTO PAaCIpPe-
nenennst F'(x) m tunom npejiebHOrO pacupejesienusi. [TojrydeHnble ycaoBus, KOTOPbBIM,
BOOOIIE TOBODSI, YJIOBJIETBOPSIIOT JAJIEKO HE BCE PACIpeiesieHus (HAIPUMED, paciipe-
JIEJIEHUsI C «TSXKEJIBIMUA XBOCTAMU» ), SIBJISIOTCST HEOOXOMMMBIMU U JOCTATOYHBIMU JIJIsl
CXOJIUMOCTH K OJIHOMY U3 TPEX THUIIOB CEMEHCTB 9KCTPEMaJIbHBIX 3HAYEHUN U KacaroTCs
noBeJieansi F'(x) npu 6obIux (MaJiblX) 3HAYEHUSIX T, €CJIU Pedb UIAET O HAuOOJIbIINX
(HAMMEHBINNX) 3HAYEHUSX CJIyJailHbIX BeJuduH. [IpuaéMm mpu OJHOM M TOM Ke UCXO/I-
HOM pacIipejieJIeHIU HanbOoJIbIliee U HAUMEHbIIee 3HaYeHUsI MOT'YT UMETh IIpeJebHbIe
pacipeeseHus, OTHOCAIINECs K pa3HbIM TuilaM. K pacupejenenusiv, KOTOPbIE YI0BJIe-
TBOPSIOT YCJIOBUIO CXOAMMOCTHU K THUITY | MOYKHO OTHECTH HOPMAALHOE, IKCNOHEHUUANDHOE
u nozucmuveckoe, K tuiy 11 — pacnpedenenue Kowu, a x tuny 111 — pacnpenenenusi,
COCPEIOTOYECHHbIEe Ha OIPAaHUYeHHOI cBepxy wactu unciaosoii ocu [30]. Tax, B [20] 6610
MOKa3aHo, YTO Paclpe/ie/ieHle MAaKCUMAJIbHOTO 3HaUeHus {(f) B BHIOOPKE U3 CJIydaiiHbIX
BEJIMYUH C SKCIOHEHIMAILHBIM PACIIPEIe/IeHIeM ¢ apaMeTpoM A = 1 mpubsimkaercsa K
pacnpedeseruto I'ymbess B ero craniapTHol popMe ¢ pocToM 00béMa BLIOOPKH, T.€.

§xy~mK+¢, El{x) ~mK+y, D[k~ D[] ~n?/6,

rie ¢ — 9To coydaiiHast BeJIMUnHa ¢ pacipeaesenueM ['ymbers ¢ GyHKImeit pacipe/eseHnst
us (8), maTemarnueckum oxuganueM E[¢] = v u mucnepcueit D[(] = 72/6.

OTMeTnM, 9TO JJIst CIIydasi, KO KayK/1ast IIOPsKOBast CTATHCTHKA MMEET CTAHIaPTHOE
pacipe/iesieHre SKCTpeMaIbHbIX 3HadeHuii Tuma I u3 (8), MareMarndeckoe OXKUJIaHUE

MakKCHUMyMa Bbraucisercs mo dopmye [30]: E [g(K)] =a+v0+0nK.

3.4. IIpomsBosibHOE pacmpezejeHue

Paccmorpum 06001eHne BbIBOA B 28] [71sT AIIPOKCUMAIME MOMEHTOB MaKCUMYMa
CJIydaiiHBIX BEJIMYMH C IPOU3BOJIBHBIM pacipejesenneM [4]. Pacemorpum corydaiinyio
pesimanny & = max (§1,&2), e { — HeOTPHUIATEIbHbIE ¥ HE3aBUCHMBIE ¢ (DYHKIUAMU
pacupenenenuss Fi(x), a mi(s) — sro ILJIC srux dyukmmii pacupesenenus, k = 1,2.
Torma MaremaTmaeckoe oKuAaHNE £ MOXKHO BBIPA3UTH CJICIYIONIIM 0OPa30M:

Ef]=FE[G]+P (& >&) Ell -6l >6] =

=FE&]+ /Fl(:n)dFQ(x) CE& - &l > &)

IlycTs 1 n 01 — mepBbBIE JBA MOMEHTA CJIyIARHON BEJUYIUHEL {1, & 1o U 09 — CJIyJIailHON
BeMIUHBI 5. Torna, ecom £ — IKCIIOHEHITUAJbHAS, TO

g2
E& - &l > &) = —.
2p2
Jlasiee OKOHYATETHLHO MOIYYAEM CJIEJIYIONLYIO ATIPOKCAMAIITIO:

-1
E[T] = 1 + 702%12 (,u2 ) )
H2
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KOTOpasi (DAKTUIECKH SIBJISIETCS TOYHBIM DE3YJIBTATOM JIJIsI CJIydasi, KOrjia 0be ciydaifHble
BeJIMIUHEI &1 U 9 MMEIOT SKCIIOHEHITHAJIBHOE PacipeesacHne. Takum oopa3omM, B obIemM
cydae, KOrjaa pedb uaeT o K ciiydaflHbIX BeInYnHaX, HEOOXOANMO aIllPOKCUMUPOBATD
ITJIC dbyukuun pacupenenenus makcumyma (K — 1) cayqaitasix Besmaus. [Tosromy o-
[yCTUM, 9TO ypaBHeHHe (4) IPUMEHUMO HE TOJHKO K IKCIIOHEHIMAIbHBIM CJIydaiiHbIM

pesimauHaM. O6o3naunm M (K, A, o) cpejtee 3Hadenne MakcumyMa K cirydaiiHbIX BeJjd-
YHMH C MATEMATUIECKUMU OXKUJAHUAMA b = ({1, ..., [lK ), A = (,ul_l, e ,,u[_(l) 1 BTOPBIMU

MoMeHTaMu 0 = (07, ...,0k ). Torma M (K, A, 0) MOXKHO BbIPa3UTh PEKYPPEHTHO:

k
1 1
M(k,\ o) = - > M (k—1,X,0) + STy (Nis i) (9)

=1

rne k = 2,..,K u M(1,A\1,01) = 1/A\;. Eciin ke Bce ciaydaiiHble BEJMYUHBI UMEOT
OIMHAKOBBIE PACIIPEIeJIEHUsT CO CPetHUM \; = A n o; = o mid 1 < i < K, to

1 oA
M(k,A,a):XJr%(Hk—U.

PesysnbraTsl MOseMpoBaHus JIJIsi ONEHKH TOYHOCTH IPUOJINKEHHsI IPUBEJIEHBI B [28],
a takxke B [31] ¢ ncnonb3oBanuem ypasuenus u3 (2). Paccmarpusatorcst cieyronue
pacIpe/iesieHnsl: pacipeiesieHne DPJIaHra 2-ro, 3-1o u 4-ro nopsijIKoB (£2,€3,£4) U pac-
npenenenne [lapero ¢ dynknueit pacupenenenns suna Fy(r) =1 — oz +v)77, > 2,
st =4 u 8 =>5. YemoBue 5 > 2 HEOOXOIUMO JIJIT TOTO, ITOOBI ITEPBHIE IBA MOMEHTA
6B KoHeuHbMH, o =y mwy =B — 1, Tak urom =1u M =2+ 2/(8 — 2).

[TorpemntaocTs anmpokcuMaryu Bbipazkeruii (9) u (2) mMana u st €9, HO OBICTPO yBeJIU-
ynBaeTcs HadnHas ¢ K = 16, nua €3 u €4. VlaTepecno, 9o 0b6a ypaBHEHHS JAIOT TOYHBIE

pe3yJsIbTaThl Ui pacnpenenenns Ilapero, a nociegnee ypaBHeHue aéT 0ojiee TOTHBIE
Pe3yJIbTATBI B 000UX CJIydasX.

3.5. AmnmpokcuMmanusi HA OCHOBE I'DAHUI[ MOMEHTOB IMOPSAKOBBIX CTATUCTUK

Ecnu maremaTunyeckoe okumanme u JUCIEPCUAI0 TEHEPAIBLHOTO PacIpeie/iennsi 0003Ha-

YUTL (t U 02 COOTBETCTBEHHO, TO clipaBeuBo [18,19]:

K-1 K-1
E Sp+to—F—m—-, F iy
Crl <pto 5k — 1 Enlzpn—0 5k — 1

[Toaromy B [18,19] st makcumyma K H.0.p.C.B. (k) OblLIIa IIPe/IIOXKEeHa Al POKCUMAITH ST
CJICJIYIOIIErO BHUJIA:

E[¢x)] = p+0G(K), (10)
rjie
K-1
V2K =1
Bamernm, JijIsi IKCIIOHEHITMATBLHOTO pacipeienenust cnpasemso, uto G(K) = Hi — 1,

a Ji7Isl PABHOMEPHOTO pactpesenenns sumoyasercs: G(K) = v/3(K —1)/(K+1) [27]. Ecim
JKe MaTeMaTHIEeCKOe OXKIJIaHUe PABHO HYJIO, a CTAHIAPTHOE KBAJAPATHIECKOE OTK/IOHEHNE
paBHo eaunuIe, TO, ouesuano, E[{ k)| ~ G(K). 3nax pasencrsa B seipaxkenuu (11)

G(K) < (11)

nMeeT MeCTO JiJId H.O.P.C.B. (fk, k=1K ) ¢ yHKIMEH U IJIOTHOCTHIO PACIIPEIeICHUsT



22 Becrauk PYIH. Cepust MU ®. T. 26, Ne1,2018. C.13-27

CJIEIYIOIIETO BHJIA:

14 bz V/ED b (14 bz E-D?
o= (B) T e - g () ,

K\ K
e
oK — 1 K—1
Yl <VAR =1, b= —
K—1 % 9K — 1

st cummerpuanoro pacupesenenus: F(x) = 1 — F(—z) cupaBemso:

1(2a—1ﬂffﬁrp'

2

E max <
[€ K max] K — 1

Lt anmpokcuManyuy 0XKUIaeMOr0 3HAYEHNUST MAKCHMyMa H.0.P.C.B. C HOPMAADHHIM

pacnpedenenuem B padore [32] ucnonbsyercs G(K) = /21In(K) B dopmysne (10), re.:
E [§0)] = p+ o/2In(K).

Bousiee Tounast annpoxkcumanust jgaxa B [30]:

_ In(In(K)) — In(4m) — 2y

E [650) ~ p+ o | V2I(E) Nori

(12)

Crour orMeTuTh, 9T0 B ypaBHerun (12) cyriecTByerT HEKOTODPBIH CABUD (CMeIleHue),
KOTOPBIl KoppeKTupyercs wyTéM serantanus 0, 1727K ~02750 p3 pripaskenns B cKoOKax
B (12) [33|. Takum obpasom, uMeeM:

1,6449202
D [g(K)} ~ 21n(K)

Ha ocrose dopmyst (10) B [34] muist corydaiinoil BeMYuHbl BDEMEHN OTKJIMKA ObLIO
MIPEeJICTABIEHO TTPUOINKEHHE:

E [WK,max] ~F [Wl,rnax] + FKO—WLmax (P)QK(P)a (13)

riie E[W1 max) 4 0w, .. 0003HAYAIOT MATEMATHYECKOE OXKUJAHIE I CPE/Hee KBaIpaTide-
ckoe orkJoHenne spemenn orkinka CMO M|G|1 ¢ koadduimenToM 3arpy3Ku CHCTEMBI
p. Hamomuum, 4ro ecsin BpeMeHa OGC/IyKUBAHUS [IOA3AIIPOCOB PACIPEIEJICHBI [0 IIPO-
u3BosIbHOMY 3akoHy B(z) [4], To

A2

E max| — /1 N\
(R

e b = [2dB(z), b = [22dB(x), p = \b. Fx onpenenserca uz (13) mpu p = 0 un
0 0
ak(p) = 1 ciegyromuM BbIpasKeHUEM:

. bK,max -b

[ — Atmax 7 7
K /—b(2)—b27
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o0
rie bi max = / [1 — BK(JC)] dr — MaTemaTmdeckoe oXXKumaHue MakcuMyMa K H.0.p.C.B.

0
¢ dbynkumeit pactnpenenenns B(x). Jlerko nokasarb, 9To /st SKCIOHEHIIMATBLHOTO Pac-
npenenennsa Fx = Hyig — 1, a Ui pacupejieleHds SKCTpeMaJibHbIX 3HadeHUd Fx =
V61In(K) /7 [30]. CpaBHATEILHDIH aHAIA3 MOy HEHHOTO MPUOJIMKEHIS i PEe3y/IHTATOR
UMUTAIIMOHHOTO MOJIEJIUPOBAHKS IIPU 3a/IAHHOM PACIIPE/IeJICHUN BPEMEHN OTKJIMKA MOYKET
ObITH UCIIOJIB30BAH JJIs [OJyUeHusl BbIpaykeHus ok (p) [34]:

E[WK,maX} - E[Wl,max]

FK UWl ,max

ak(p) =

Taxk, nanpumep, s fork-join cucremsr ¢ aBymst Berssimu M| M |1 u3 Boipazkenus (6)
crenyer, 9to as(p) = 1 — p/4.

4. 3akJjrodyeHue

B crarpe paccmorpenbl moaxompl K HTPUOIMKEHHOMY AHAJIN3Y BPEMEHH OTKJINKA:
MaTPUIHO-TEOMETPUIECKUAN METOI, aHAJIN3 C IMOMOIIBIO MOPSIKOBBIX CTATUCTUK JIJIsI
PA3JINYHBIX TUIOB PACIIPEJICJIEHUsI BpEMEHH MTPeOhIBAHUs TIOA3AIIPOCOB B cucreMe. Tak-
2K€ TPUBOJSITCH PE3YJIbTATHI I MATEMATHICCKOrO OXKUJIAHWUS U JUCIEPCAN BPEMEHU
cuaxporuzanuu. CTOUT OTMETHUTD, 9TO CYIIECTBYIOT UCC/IEIOBAHNA, TOCBAIIEHHDIE AHA~
Jm3y paboThl ceTeil MacCcOBOrO OOCIIYy>KHUBAaHUSI, B Ka4eCTBE y3Ja WA y3JI0B KOTOPOil
BBICTYIIACT CHCTEMA C PACIIEIJICHHEM, HO 0030D MOI00HBIX PAOOT BLIXOIUT 33 PAMKH
IIOCTABJIEHHON IT€pPEeJ AaBTOPAMU 3aJA4M.
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This paper is a continuation of the survey of the “fork-join” queuing systems (in the western
classification) or the systems with splitting of queries. Interest in such systems is explained
by a wide range of problems that can be solved with their help, since in fact it is a matter of
parallel processing of data and their applications. For example, this may concern the analysis of
disk arrays, cloud computing, high-performance services and even the process of picking orders
in a warehouse. In the first part of the survey, the main features of the described model (and
related systems) and its construction were introduced. Also the detailed description of the
approach to obtaining an accurate expression of the average response time in the case of two
devices was presented as well as several methods of approximate analysis of this characteristic
(the case when the number of devices is more than two). This part of the survey is devoted
to the description of other existing methods for approximating the average response time. In
particular, the approaches of the approximate analysis of the response time are as follows: the
matrix-geometric method, the analysis with the help of order statistics for various types of
distribution of the service time of subqueries.
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Cucrema o0OCIIy>KMBAaHUSA C AeJI€EHUEM W CJAUsSTHUEM TpeOOoBaHWUIA,
B KOTOPOI1 TpeboBaHME 3aHUMAaET BCE CBOOO/IHBIE
obcy>KMBamonie mpuodopbl

O. A. Ocunos

Kagedpa cucmemrnozo aHaiu3a U G8MOMAMUYECKO20 YNPABAECHUS,
Capamosckuli HauuoHaAbHBIT UCCACI08aMEALCKUT 20CYIapCMBERHbIT YHUBEPCUMET
umenu H. I'. Yeprviwescrozo
ya. Acmpaxanckas, 0. 83, 2. Capamos, Poccus, 410012

B pabore paccmarpuBaeTcss MHOTONPUOOPHAsT CHCTEMa MaCCOBOTO OOCIIYKUBAHUS C OXKUTAHU-
eM, TpeboBaHUsI B KOTOPOH JeIATCS B MOMEHT Hadaja OOCTyKUBAHUsS HA (PPATMEHTHI TaK, UTO
OHU OJITHOBPEMEHHO 3aHUMAIOT BCe CBODOJHBIE 0OCyKUBarorue nmpudbopsl. [Ipeanonaraercs, 9ro
obcTy>KuBatoe NTpuboOpbl UMEIOT Pa3IuYHbIe HHTEHCUBHOCTH OOC/IyKuBanus. OparMeHTnl 06-
CJTyKUBAIOTCST HE3ABUCUMO JIPYT OT JIPYTra, MHTEHCUBHOCTD OOC/TYKUBaHUsT (PPATMEHTa, 3aBUCHUT
oT ero BequunHabl. OparMeHT, 3aBEPITUBINAN CBOE 0OCTYKUBAHUE, OCBOOOXKIAET OOCIIYKIBAIO-
muit ero mpubop. TpeboBanue O6yIeT CINTATHCS OOCIIYKEHHBIM TOJIBKO IIOCJIE TOTO, KaK Oy/1eT
3aBepIEeHO 0OCTYKUBAHUE BCEX €r0 (pparMeHTOB, CPa3y MOcie 4ero pparMeHThl TpeboBaHMs
00BEINHSAIOTCS, U TIOJYIeHHOE NCXOIHOE TPpeOOBAHUE MTOKUIACT CUCTEMY OOCIY KUBAHMUS.

B npeamnonoxkeHun 0 myacCOHOBCKOM BXOJISIIIEM ITOTOKE U IKCIOHEHIMAIbHBIX JIJTUTEILHOCTSIX
obctykuBaHusa (PPArMEHTOB Ha MPUOOPAX IS OMUCAHHON CUCTEMBI OOCTYKUBAHUS C MCIIOTb-
30BaHUEM MATPUYHO-IE€OMETPUUECKOI0 METOA MOJIyYE€Hbl TOUYHBIE BBHIPAXKEHUS JJII OCHOBHBIX
CTaIlMOHAPHBIX XapakTepucTtuk. Ocoboe BHUMaHUE YIEJIEHO JTUTETLHOCTH BPEMEHU MPEOhIBa-
HUs TpeOOBAHU B cucTeMe ObCIyKuBanus. [IpuBoanTCs YNCIEHHBIN TpUMep aHAIN3a CUCTEMBI
paccMaTpUBaEeMOTO THIA, 0OCYKIAIOTCA PE3yAbTaThl pabOThl U MEPCIIEKTUBbI JAJIbLHERIIINX UC-
CJIeTOBAHUN.

[IpencraBmennas B pabore cucrema OOCTYKUBAHUS MOYKET MPUMEHSATHCS B KAUECTBE MOIECTN
COBPEMEHHBIX MHOTOITPOIECCOPHBIX BBIYUCIUTEILHBIX CUCTEM, & TAK¥Ke JAPYTUX CUCTEM C ITapaJti-
JIEJTBHBIM ¥ PACIPEIETEHHBIM TPUHIUIOM (DYHKIIMOHUPOBAHUSI.

KurodeBbie cjioBa: CHCTEMBI MAaCCOBOTO OOC/IY>KMBAHUSI C JIEJIEHUEM U CJIUSTHUEM TpeboBa-
HU, HEOAHOPOIHBIE IPUOOPHI, MATPUIHO-TEOMETPUIECKUI METOJ, MHOTOIIPOIIECCOPHBIE CUCTEMBI,
pacIpeiei€éHHOe U MapaJlie/IbHOE BBIIIOJHEHNE

1. Bsenenue

PeasibHbIE cHCTEMBI, B KOTOPBIX MMeET MECTO IapaJuiejbHasi obpaborka [1] (MurOrompo-
neccopuble cucrembl, GRID-cucremsl, pacupesenénabie 6a3bl JAHHBIX ), IOJIYYAOT BCE
boJtbIliee pacrpocTpaHenre. B Takux crcTeMax MOCTYIIAOIIIE JJIsT 00pabOTKU 3a,1a4u
JHeadarcs Ha 6oJjiee MPOCThIe JJjIs BBIIOJTHEHUS 033,189 1, KOTOPbIE PaCIPeIesIsTIOTCs 110
cucreMe, 3aHUMas BbIJIEJEHHbIE JIJIs HUX pecypchbl. Ilocse 3aBepiienust CBOEro BBITOJIHE-
HUS TOA33a<1 OCBOOOXKIAIOT BBIJICJIEHHBIE UM PECYPCHI, OJJHAKO MCXOIHAS 3a/a49a OyIeT
CUYNATATHCS BBIMOJHEHHONW TOJIBKO TIOCJIE€ BBIIOJTHEHUsT BCeX €€ Mmo3aIad.

st aHaIM3a TPOU3BOJUTELHOCTH YKA3aHHBIX BBIIIE CHUCTEM MCIOJIb3YIOTCA MO-
JIEJTM TEOPUU MaCCOBOIO OOC/IYXKUBaHUsl, TaKue Kak [2|: ¢ [HeHTpaIbHBIM JeJIeHHeM
6e3 cunxponusupylomeii ouepeau (centralized splitting model without synchronization
queue, split-merge model), ¢ neHTPaJBHBIM JeJICHUEM U CHHXPOHU3UPYIOIIEH 09epe/IbIo
(centralized splitting model with synchronization queue), ¢ pacupezeaéHHbIM JleJIeHU-
eM ¥ cuHXpoHu3upyomeil ouepeapio (distributed splitting model with synchronization
queue), KOTOpPbIE OOBIYHO OTHOCST K KJIACCY CUCTEM MACCOBOIO OOCIIYKUBAHUSL C JIEJIEHUEM
u cimsinueM tpeboBanmii (fork-join queueing systems) [3-8|, a Takke Takue poJCTBEHHBIE

Crarbs octynwia B pefakiuio 20 uross 2017 r.
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MO/IeJIN KaK, HAIIPUMED, MOJIeJIb He3aBUCUMbIX pubopos (independent server model) [9,10],
MOJIeIb KOMaHIHOro obcirykuBanus (team service model) [11].

O61muM BO BCeX MEPEIMCTIEHHBIX MOJIEISIX sIBJISIETCS JIJIEHIe TOCTYIAIOMUX TpeOboBaHIi
Ha 9aCTU — (PparMeHThbl, KOTOPhIe OOC/IYKUBAIOTCS MaPAJIIeIbHO Ha MMPUOOPaxX CUCTe-
MBI, U TIOCIEIyIomee 00 beIuHEHNEe 00CIyKEHHBIX (DPArMEHTOB B MCXOIHBIE TPEOOBAHUSI.
Tpeboanue cunTaercst 0OCIY2KEHHBIM U TOKHUIAET CUCTEMY TOJIHKO IIOCTI€ OKOHYAHUS
obcsryKuBaHus Bcex ero dpparmMeHToB. Pacripenesenne (hparMeHTOB MTOCTYIAIOIINX TPe-
OoBaHmit IO TPUOOpPAM CHCTEMBI C JIJICHUEM U CJIMSHUEM TPEeOOBAHMIl, KAK W YIUCJIO
dbparMeHToB, MOJIyYaeMbIX TIPU JIEJIEHUUA OJTHOIO TPeOOBAHUsA, 33 Ia6TCH HEKOTOPOM Jie-
TEePMUHUPOBAHHOI miu BeposTHOCTHOI [12, 13| crparerneii. Tak, B paborax (3,4, 6-8|
TpeboBaHMsT KaXKIbII pa3 JIe/saTCs Ha OJUHAKOBOE IHCJIO (DPATMEHTOB, ITO OJHOMY (dpar-
MEHTY I KazKJI0ro obcryKuBatoriero npubopa cucrembl. C npyroit croposst, B [12]
paccMaTpuUBaJiach MOJEJb, B KOTOPOil KaxKjoe TpeboBaHMe MOXKET ObITh ITOJIEJIEHO HA
cayvaiinoe uucjio pparMeHTOB, KOTOPhIE MOCTYIIAIOT Ha OOC/IyKHUBAIOIIHE TPUOOPHI B
COOTBETCTBHUU C HEKOTOPBIM pacipejiesieHrneM BeposiTHocTeit. O630p BeeX OCHOBHBIX TeOpe-
THUYECKUX U TPUKJIAIHBIX PE3YIbTATOB CBSI3AHHBIX C MOJEJISIMUA JJAHHOTO KJIACCa MOXKHO
naiitu B [14, 15].

B craTthe paccmarpuBaercs MHOronmpubOOpHas CHCTEMa MACCOBOTO OOC/TYKUBAHUS C OUe-
peIbI0 OECKOHEYHO BMECTUMOCTU U IIYaCCOHOBCKUM BXOJANUM HOTOKOM. OCHOBHBIM
OTJIMYIHEM OT U3BECTHBIX PADOT SIBJISIETCS TO, UTO JieJieHHe TPEeOOBAHMS B MOMEHT HAUAJA
obciykKuBaHnus Ha (DPATMEHTHI TPOUCXOIUT TaK, IYTO OHU 3aHUMAIOT BCE CBODOIHBIE 00-
CJIy?KUBAIOIIHE IIPUOOPBI, TO €CTh YNUCI0 (BPATMEHTOB, MOJIyIaeMbIX [IPU JIEJIEHUN OJIHOTO
TpeOOBaHUsI, 3AaBUCUT OT COCTOSIHUSI CHCTEMBI OOCIIYKUBAHUSI, a JJINTEJILHOCTH O0CTY KU~
BaHUs (pparMeHTa 3aBUCUT OT €ro BeJnanHbl. PparMeHThl 00C/IyKUBAIOTCST HE3aBUCUMO
apyr ot gpyra. parment, o0CIyKHBaHIE KOTOPOI'O 3aBEPIIEHO, OCBODOKIAET 0OCITY K-
Batoruii ero npubop. TpeboBanne OyIeT CINTATHCS OOCTY>KEHHBIM TOJIBKO ITOCJIE TOTO,
Kak Oyzer 3aBepineHo oOCTyKMBAHNIE BCEX €ro (DPArMeHTOB, Cpaldy MOC/e Iero (pparMeH-
ThI TPeOOBaHUs OOBLEIUHAIOTCS, a [TOJIyY€HHOE HCXO/IHOE TPeDOBAHME IOKUIAET CUCTEMY
obcarykuBanus. Takyke ormerum, 9TO BO MHOrmx paborax [4, 7,12, 13| paccmarpusa-
eTCsl Caydail NAEHTUIHBIX 00C/TYKUBAIONUX IPUOOPOB, B IIPEJICTABICHHON XKe CHcTeMe
00CIyKUBaHUS TPUOOPHI UMEIOT PAa3JINIHbIe MHTEHCHBHOCTU OOCJIYKUBAHUS.

CraTbst oprann3oBana cjeayionuM obpa3oM. B pasnesne 2 moapoOHO OIMUCHIBAETCS U3Y-
JaeMasi CUCTeMa MacCOBOro obciyuBanust. CTAIMOHAPHOE paCIIpeie/IeHne COCTOSHMUIA
CHCTEMBI ODCITY2KMBAHUS, & TAKXKE BBIPAYKEHUS JJIsT OCHOBHBIX CTAIIMOHAPHBIX XapaKTe-
PUCTHUK IPUBOJATCA B pazyenax 3 U 4 cooTBeTCTBEHHO. Pazjiesr 5 cojepKuUT YucjieHHbIe
Pe3yJIbTAThl AHAJN3a CUCTEMbI OOCIIYKUBAHUSI.

2. Omnucanue cucTeMbl 0OCTYy>KMBAHUSA

PaccmarpuBaercs cucrema obcyKuBaHus, cocrosiasd u3 M obC/IyKUBAIOIUX IpudOo-
poB S;, i =1,..., M, nouepenu 6ECKOHETHON BMECTUMOCTH C JTUCIUATIINHON OOCTy XKUBaHUS
FCFS. B cucremy ob6cityKuBaHUs MOCTYAET IIyaCCOHOBCKUI MMOTOK TpeOOBaHU C WH-
TeHcuBHOCTBIO A. OGo3HaYMM vYepe3 w KJacc TpeOOBaHWS W IIOJIOXKHUM, UTO JIJIS BCEX
TpeboBaHUli, TOCTYIAIONUX U3 UCTOYHHKA, W = 1.

TpeboBanue, nocrymaroriee Ha 0OCTyKUBAHNE, JICJIUTCS Ha (DPArMEHTHI TaK, 9TO OHU
3aHIMAIOT BCE CBOOOJHBIE B JAHHLI MOMEHT BPEMEHH OOCIIyKUBAIOIINE MIPUOOPHI: €CJIN
nmeercd 1 < d < M cBOOOIHBIX TPUOOPOB, TO MOCTYIIaONee TPeOOBAHNE PA3IE/ITETCSI
Ha d UIEHTUIHBIX PparMeHToB ¢ KjaaccoM w = d. Kaxkaprit u3 ¢pparMeHTOB MITHOBEHHO
3aHNMAET CBOOOIHBIN MPUOOP M HAMUHAET OOCTYKUBATHCA. 10 ecThb mesenne TpeboBaHUsT
Ha d > 1 pparMeHToB MPOUCXOIUT B TOM CJIyUae, KOIJIa B MOMEHT IIOCTYILIEHHUS ITOIO
TpebOBaHUs OYepeIh CUCTEMbBI ObLIa IyCTa, IPU STOM UMEJIOCh Oojiee OTHOTO CBOOOIHOTO
npubopa. B apyrux caydasx TpeboBaHme He NEIUTCs, OIHAKO s yAoOcTBa Oymem
Ha3bIBATh W Takoe TpeboBaHWEe (PParMeHTOM.
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JmrenbHOCTD 0OC/Iy2KUBaHUs JIFOOOro (bparMeHTa ¢ KJiaccoM w Ha mupubdope S,
i = 1,...,M, ecTb SKCIIOHEHITMAJBLHO pACIpeIeIEHHAs CayvaiiHas BeJIMYNHA C Ta-
paMeTpoM Wii;, 3/€Ch ji;— UHTEHCUBHOCTb OOCIy:KuBaHus (parmenta (TpeboBaHus)
Kjacca w = 1

OparmenT, 06C/IyKUBaHIE KOTOPOTO 3aBEPIIIEHO, OCBOOOXK IaeT OOCIIYKUBAIOIIII ero
npubop. Tpebopanue OyJIeT CUNTATHCA OOCTYKEHHBIM TOJBKO IIOCTE TOrO, KaK Oy/aeT
3aBepIrneHo o0cIyKuBaHne Bcex ero dparmenToB. Cpasy mocie 3Toro gparMenTsl Tpebo-
BaHUA MTHOBEHHO OOBEAMHSIOTCS B MCXOIHOE TPeOOBAHUE, KOTOPOE MOKHUIAET CHUCTEMY
00C/Ty XKUBAHUS.

3. CTaHHOHapHoe paciipeeJsieHne CucremMbl OGCJ’Iy}KI/IBaHI/IH

Cocrosinure crucTeMbl 00CITyKUBAHKsI OIPEIEUM KaK BEKTOP 1 = (Ng, N1, ..., Nar), T
ng— 9uCJa0 TpebOBaHWIT B OUepesn,

0, ecau mpubop S; cBOOOIEH,
n; =
w;, ecyim mpubop S; obciryKuBaeT (pparMeHT Kaacca ws;

rne ¢ = 1,..., M.
OueBnno, uro (M + 1)-mepusiit npouecc {n(t),t > 0} ects nens Mapkosa ¢ zenpe-
PBIBHBIM BpPEMEHEM, OIIpe/Ie/IEHHAs] Ha [IPOCTPAHCTBE COCTOSHHN S,

S (0,n1,...,np) :n; €40,..., M}, U (no,n1,...,nar) i ng >0,
= i=1,....M nge{l,..., MY, i=1,...,M|"

O6o3naunM 4epe3 ¢(n,n’) UHTEHCUBHOCTb MEPEXOJa IeNu M3 COCTOsAHusd n € S B
cocrosaue n’' € S. Crnpasesmeo

1. ectun; >0,¢1=0,1,..., M,
q((no,nl,...,nM),(no—|—1,n1,...,nM)):A, (1)
q((no, e ,nj_l,nj,nj+1,. .. ,TLM), (no — 1,’)11,. .. ,TLj_l, 1,TL]'+1,. .. ,nM)) = ujnj, (2)

e j € {1,...,M};
2. eciun; >0,0=1,..., M,

Q((Oanla""nM)9(]—7nlv"'7nM)):A; (3)
3. ecmn; > 0,i=1,..., M, u cymecryer j € {1,..., M} Taxoe, aro n; =0,
Q((07n17”'7nM)7(07n/17"'7n3\/[)) :A7 (4)
TIe
, n;, n; > 0,
n. —

L=
d(n), n; =0;
d(n)— aucyio cBOOGOIHBIX NMPUOOPOB IPH HAXOMKICHUHM CHCTEMbI OOCJIY’KUBAHUS B
COCTOSTHUU M;
4. ecmun; 20,i=1,..., M,

q(((),nl,. .. ,nj_l,nj,nj+1,. .. ,nM), (O,TLl, . ,nj_l,O,njH,. .. ,TLM)) = ,u]'n]‘, (5)

e j € {1,...,M}.
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Vropsigoanm cocTostHus 1ernu MapkoBa B JieKcukorpaduiaeckoMm mnopsizike. [Tom makpo-
COCTOSTHIEM C HOMEpPOM %, Oy/IeM MOHNMATh MHOYKECTBO COCTOSTHUI S;, ompemersieMoe Kak

Si:{(no,nl,...,TLM)68:710:@'}’ @:O’l’

Mormnoctu MuOXKecTB So 1 S;, ¢ > 0, paBubl (M —|—1)M u MM coorBercTBeHHO. 3aMeTHM,
910 U3 (1) n (2) cremyer BO3MOXKHOCTD [IEPEXOIA U3 MAKPOCOCTOAHUA S;, i > 0, TOIBKO B
MaKpOCOCTOsTHUSL S;+1 U S;—1, MHTEHCUBHOCTH STHX II€PEXOJIOB HE 3aBHUCAT OT 1.

Iens Mapxkosa {n(t),t > 0} aBisiercss KBA3UIPOIECCOM pa3MHOXKeHUsT u rubesn [16],
a mHbUHUTE3NMAIBHBI onepaTtop Q = (¢(n,n')), n,n’ € S, nenu umeer Ga09HOU-
AroHAJIbHBINA BUJI:

BOO BOl 0 0 0

By A, A, 0 0
0 AO A1 A2 0

Q — 0 0 AO A1 A2

o o oo

0 0 0

Marpunsr Boo, Bo1, B1g nmeror pasmepnocts (M +1)M x (M +1)M | (M +1)M x MM,
MM x (M +1)M coorsercrsenno. Matpursr Ag, Ay, Ay cyTh KBaJIpaTHbIE MATPHITHT
nopsiika MM . Beipaskenns (2) HOTHOCTBIO OIpeNIEISTIOT 1eMeHThl MaTpul] Ag u Big.

OrMmeruMm, uro Ay = Al, rne I— enunuynas marpuna; Ai— JuaroHajbHas MaTPUIA,
A; = —diag(Apl + A1), rue diag(a) 3a1a€T AUaroHaJIbHYI0 MATPHILY ¢ BEKTOPOM @
Ha TJIaBHOI auaroHaJjn, 1 — eIMHUYIHBIIA BEKTOP-CTOJIOEIL.

Martpurer By, Bg1 onpeznensiorces Beipazkenusmu (3), (4), (5).

JIJ1s1 BBIYUCICHUS] CTAIMOHAPHOTO PACIpeIeIeH st T = (700, 71, . . .) BOCIIOJIB3YEMCs all-
[apaToM MaTPUYHO-aHAJUTUYECKUX penteHnii [17], a MMeHHO MATPUYHO-TeOMETPHIECKUM
MeTosoM. 3gech m;, 1 = 0,1,..., ecTb BEKTOP-CTPOKa, KarKJash KOMIIOHEHTa KOTOPO-
ro 3aJaéT BEPOATHOCTD HAXOXKICHU CUCTEMbI OOCIy?KIUBAHUS B HEKOTOPOM COCTOSIHIHI
13 MAKPOCOCTOSIHUSA S; B COOTBETCTBHUH C BBEIEHHBIM JIEKCUKOIPAUIECKIM IIOPSAIKOM. By-
JIEM HCIIOJIB30BAaTh cJieytomue obo3nadenus: w(n) = w(ng,ny,...,ny) — CTalOHADHAS
BEPOSITHOCTh HAXOXKJIEHUsI CUCTEMbI B COCTOSIHUY 1; 7r(S;)— cTalMoHapHasi BEPOSITHOCTD
HAXOXKJIEHUA CUCTEMbI B MAaKPOCOCTOAHMU S;,

w(S;) = Z w(n) = m;1.

nes;

Jltst cucreMbl OOC/TY>KUBAHUS CTAIIMOHAPHBINA PEYKUM OyIeT CyIeCTBOBATHL TOTIA U
TOJIBKO TOIJIa, KOIJIa BBINOJHEHO YCJIOBHUE

ot (6)
5 R 15V
re ¢ — Ko UIMEHT UCIIOIB30BAHUS CUCTEMbBI O0C/IYKUBAHUS.
Ussectro [16,17|, aro npu BbInONHEHNN ycaoBus (6) cTalMOHAPHOE PACIIPEJIeIeHIe
mveer Bug m; = TR, i =1,2,..., tne R ectb pemenne ypasnenusa Ay + RA; +
R2A) = 0, BeKTOPHI T U 70| HAXOAATCH KaK PEIleHue ypaBHEHIS

BOO BOl
(71'0, ﬂ-l) B10 A1 + RAO - (0’ O)’
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¢ yciosuem nopmuposku mol + (I — R)™!11 = 1.

4. BpruncjeHnmne cTanmoOHAPHBIX XapaKTEPUCTUK

_ Mcnonbsys cranuonaproe pacipe/iesieHne 7, OIpeIeInM MaTeMaTHIecKoe OXKIIaHue
B uwucia TpeboBaHUil B OvM€pean CUCTEMBbI 00C/IyKUBAHUS U MATEMATHICCKOE OXKUIAHUE
W njurenbHOCTH TIpeObIBaHUs TpeOOBAHUIT B OYepeu,

B=) in(S)=m Y iR '1=m(I-R)"1,
=1 i=1

W = B/A.

OpHOoit M3 OCHOBHBIX XapPaKTEPUCTHK, IIPEICTABIIAIONINX HHTEPEC B CUCTEMAX JIAHHOTO
KJIacca, siBJsIeTCs JIJINTeIbHOCTh BpeMeHU TnpebbiBanus Tpeboanus [4, 6, 7] B cucre-
Me 0OCIIy2KUBaHNs, KOTOPasl ONPEJIENIseTcs KaK JIJINTEJLHOCTh HHTEPBaa BPEMEHH OT
MOCTYILJIeHUsT TPeOOBAaHUSA B CHUCTEMY 10 BO3BpAaIleHus TpeboBanms B mcTOIHUK. [lom
JJTATEILHOCTBIO OOCTyKUBaHUSA TPeOOBaHUs B cUCTeMe OOCTyKUBAHUA OyIeM MOHUMATD
MaKCUMYM U3 JJINTEJILHOCTEHl MHTEPBAJIOB BPEMEHH, 3aTPAYEHHLIX HA OOCIIYKUBAHIE
npubopamu Bcex hparmMenToB 3Toro rpedoBanusd. Oboznadnm depe3 V' MaremaTnaeckoe
OXKUJIQHUE JIJINTEILHOCTU 0OCTyKUBAHUST TPEOOBAHMIA B cucTeMe 0OCIYKUBAHNUS, TOTIA Ma-
TeMaTH4YecKoe oxkujanue 1’ IIUTeIbHOCTH BpeMeHn NpeObIBaHus TpeOOBaHUil B CUCTEME
obciyxuBarusgs I = W + V.
Paccvorpum nBa cotydas jij1s MOCTYIAIOMIETO U3 UCTOYHUKA, TPEOOBAHUSI.
1. TpeboBanne 3acTaéT BCe TPUOOPHI CUCTEMBI OOCTYKUBAHUS 3aHATHIMU U BCTAET B
o1epesnb. Torma mmTeIbHOCTD 00C/TYKUBaHNS TPEOOBAHMUS €CTh CJIyIaiHAS BEJIUTNHA
C 9KCIIOHEHIINAJIBLHBIM PACIIPEIE/IEHUEM.

2. Tpebosanue 3acTaét B cucreme obciyzkuBanud d > () cBOOOTHBIX 0OCITYKUBAIOIITNX
npubopoB. B sTOM citydae JnTeIbHOCTh 00C/IyXKIUBAHNS TPEOOBAHUS €CTh MAKCUMYM
u3 d HE3ABUCHUMBIX CJIYyYANHBIX BEJIUIUH C SKCIIOHEHITUAJIHHBIMU PACIPEICICHIUIMU.

ITycTpb cucrema 06CIyKUBaHUST HAXOJIUTCS B COCTOSTHUU 1L = (Ng, Ny, ..., Nar), no > 0,
TOLJIa BEPOSATHOCTD (v; (N1, . . ., M)y ) 3aBEPIIEHHs 00CIyKUBaHUs (bparMenTa Ha npudope S;,
1 = 1,..., M, oupeneysiercs Kak

- il
ai(nl, e ,TLM) =

u1n1+...+,LLMnM’

M.0. ¥(Nq,...,Np) JJIATEIBHOCTH 0OCIIy?KUBAHUS JIJIsi TPeOOBAHNUSI, 3aHSIBIIEIO 0CBOGO-
JUBINAICSA TIPUOOP, OMPEIESISIeTCsT BhIPAYKEHNEM

M
B ai(ny,...,npr)
v(ny,...,np) = —_—
i=1 Hi
Bynem paccmarpupaTh cucTeMy OOCIIy?KUBAHUA IIPH YCJIOBHH, YTO B OYEPEJH €CTh
rpeboBanusi, Torga MHOKeCTBO S* = {(ny,...,np):n; €{1,...,. M}, i=1,...,M},
OIIpeIesIsieT MHOXKECTBO COCTOSIHHI OOC/Iy2KUBaloIux pubopos. IIpu gamHoM mpeaiosio-
JKEHUU BEPOSTHOCTD ;i (M1, ... i1, My Mit1, - -+, Mg SABJISIETCST BEPOSITHOCTBIO IIEPEXO0/IA
U3 COCTOSIHUS (N1, ..., Mi—1, iy Nit1,-.-,Npr) B cOCTOSHUE (N1, ... M1, 1, Nig1,. .., N0r),

00yCJIOBJIEHHOT'O 3aBEPIITEHNEM OOCIYKUBAHNUS HEKOTOPOTO (pparMenTa Ha mnpudope S;.
CorygaifHbIil TIPOIECC, BJIOYKEHHBIN II0 MOMEHTAM yXOia (DparMeHTOB, ABJISETCH IEIbIO
MapkoBa ¢ JMCKPETHBIM BPeMEHeM U MHOyKecTBOM coctostauit S*. Ilycrs cocrostaust B S*
YIIOPSIIOYEHBI B JIEKCHKOrpadpUIecKOM mopsiike, a P 3amaér MaTpuily mepexoiaoB isd
nern Mapkosa.
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[TpeamonozkuM, 9To TpebOBaHKE HOCTYNIAET B CUCTEMY, KOTJa B OU9ePen HaX0AuTes ¢ > 0
rTpeboBanuii. Paccmorpum sBosronuio e MapKoBa, ONECHIBAOIIEH EPEeXO/Ibl MK LY
cocrosiHusIME 1puGopos. B srom ciayuae (i, ny,...,ny)/7(S;) 3a18éT BEpOATHOCTD
HAXOXKJIeHWsI TPUOOPOB B COCTOSHUU (N1, . .., Ny ) UPU YCJIOBUU HAXOXKJIEHWS B OUEPEIN §
rpeboBanmii. Bekrop 7;/7(S;) Oyer sBASATHCS BEKTOPOM HAYAJIBLHOIO PACIPeJIeeHUst
JUUIsI PACCMaTpUBaeMoro mnporecca. Jdepes i 3aBeplienuii 00C/ Iy KMBaHUs OCTYIIABIIEe
B cucTeMy oO0ciyKuBanusi TpeboBaHue OylleT MEPBLIM B OYepeU HA OOC/IyKUBaHUE,
CJIeJIOBATENIbHO, MATEMATHYECKOe OXKUJIaHue V' ; INTeIbHOCTH 00C/Ty > KIUBaHUs TpeOOBAHNS,
3aCTaBIIero i TPeOOBAHUI B OYEPEIH, ONPEIENIeTcsl KakK

™

= i .
Vi—TP’U, 1—1,2,...,
7(Si)
[JIe ¥ eCTh BEKTOP-CTOJIOEI, COCTABJICHHBINH U3 9JIeMEeHTOB MHOXKecTBa {v(ny,...,nyr) :
(nl, Ce ,TlM) S S*} B COOTBETCTBUU C BBe,HéHHbIl\l JIeKCI/IKOFpa.(i)I/I‘IeCKI/IM IIOPAIKOM Ha

MHOXKecTBe S*.

Paccmorpum Teneps citydaii, Koria ocTynaollee B CUCTEMY 00C/IyKUBaHKUs TpeboBa-
HEe He 3aCTaéT B odepenu TpeboBanwuii. Ecin Bce obcirykuBanue mpubOpPbI 3aHATHI, TO
MaTeMaTUIeCKOe OXKUJIAHUE JIJTUTEJLHOCTA OOC/IYKUBAHUS OIPEIE/IAETCS AHATOITIHO
npeablIyIieMy ciydato. IlycTs TpeboBaHme 3aCTaéT HEKOTOPBIE 00C/IYKUBAIOIIIE TTPUOOPHI
cBOOOIHBIME; 0603HAYNM depe3 D (1) MHOXKECTBO HOMEPOB CBOOOJHBIX TIPUOOPOB JIJIsi CO-
crostaust n € S. Iosnoxkum Jy1s1 HEKoTOporo n, D(n) # &, Torjga TpeboBaHUe PA3IeIUTCS
Ha d(n) > 0 dparMeHToB, JUIMTEILHOCTD 00C/IYKIBAHIS 9TOr0 TpebGOBaHuUs Oy/IeT MaKCH-
MyMOM W3 HE3aBUCHMBIX SKCIIOHEHIIUAJIBLHO PACIPEIEJIEHHBIX CJIyYalHbIX BeJIMIUH. TakmM
obpazoM, 71t TpebOBaHM, KOTOPBIE 3aCTAIOT OY€PEIb CUCTEMbI IIYCTOM, MATEMATHIECKOE

oxkumanue V IIATETFHOCTH OOCIYKUBAHUST TPeOOBAHUS OIPEIEISIETCST KaK

_ 1
Vo= —— E w(0,n1,...,na0)v(N1, ..., nur) +
7(Sp) .
(n1,...,np)ES

E .
£ e | max e dm)] |
nes, d(n)>0

31ech E obo3HauaeT omepaTop MaTeMaTHIeCKOrO OXKUJIaHUs, exp(a) — ciydailHas BeJu-
YHHa C 9KCIIOHECHIIHMAJIbHBIM pacCIIpe/e/JIecHueM C IlapaMeTpoM a. O6cy}K,ﬂeHHe HaXO02KJeHM A
pacIpejiesieHs] MAKCUMYMa CJIy9ailHbIX BEJIMYUH MOXKHO HaiiTu, Hanpumep, B [16, 18].

Torma ny1s MaTeMaTUIeCKOro OXKUIAaHus V' IJINTebHOCTH OOCITyKNBaHUS TPeOOBaHMIt
CIIpaBEJIJINBO

V = Zﬂ(Sl)Vl = ﬂ(So)VO + Z TI'Z'Pi’lJ = 71'(80)70 —+ 7 Z RlPlP’U (7)

i=0 =1 1=0

0 . .
Paccmorpum nonpo6uee psiyg » , R'P?, o6o3nauus depe3 X ero cymmy,
i=0

> RP'=1+RI+RP+R°P’+.. )P=1+RXP=X,
=0

X =1+ RXP. (8)
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Marpuna X ecrtb perienne ypaBHeHUs (8), KOTOpPOE MOMKET ObITH IIEPEINCAHO B IIPH-
BBIYHOM /it ypasrenus Cunbsectpa [19,20] Buzge (9):

R'=R'X-XP. (9)

U3 (7) nocsie npeobpas3oBaHuii moJyIaeMm
V= W(So)Vo + m X Po.

MareMaTHuecKoe OKHJIaHIe uiciIa Tpebopanuii B cucreme N = AT.

5. Ilpumep

Ha ocnoBanum mosiydeHHBIX BBIPDAXKEHUIT PACCMOTPUM HU3MEHEHUE MaTEeMaTHIECKOTO
OXKUJAHUS JIATEILHOCTU TpeObIBaHUsT TPeOOBaHMI B cCTeMe OOC/TYKUBAHUS B 3aBUCH-
MOCTH OT 4YucJia obcryKuBatomux npubopos (M = 2,3,4) 1 MHTEHCUBHOCTH BXOIAIIETO
noroka. IIpemmonaraercs, 9to py = ... = gy = 1, K03DDUIMEHT UCIIOIH30BAHUS Me-
HsileTcst B ciemytommx rpanmmax: 0,1 < ¢ < 0,9.

I'pacduknu 3aBucuMOCTH TIpeAcTaBaeHbl Ha pruc. 1. OTMETHM, UTO HOJYIEHHBIE C UCIIOIb30-
BAHUEM BBIPAXKEHUI YMCJICHHBIE PE3YIbTATHI ObLIN MOATBEPKICHBI TAK2Ke Pe3y/IbTaTaMu
HUMUTAITMOHHOTO MOJIEJTMPOBAHUSI.

T T T 1 T T T T [ T T T T [ T T T T T T T T ™
5= M=2 -
B M =3 K ]
4}_M:4 " E
3 |
2 :
Y 5
O:\\\\\\\\\\\\\\\\\\\\\\\\:

Puc. 1. 3aBucuMoCcTh MaTeMaTHUYIECKOTO OXKUJAHUS AJINTEJIbHOCTH IIPEOLIBAHUS
TpeGoBaHUIT B cucTeMe O0C/Iy>KUBaHUSI

OrmMerM, 9TO KOra Ko3(hPUIMEHT UCIIOIb30BaAHIS TPUOINKAETCA K eIMHUIE, PACCMAT-
puBaeMasi cucTeMa BeJET cebst aHAJOTUIHO cucTeMe ¢ M 0OC/IyKUBAIOIUMA TPHOOPaMU
Oe3 siesienus TpeboBaHuil, TOra B CIydae, KOrJa Bce 00C/Iy?KUBAIONUe NPUOOPhI UMEIOT
OJIMHAKOBYIO MHTEHCUBHOCTD OOC/IYKUBAHUS (4, MATEMATHIeCKOe OKuaaHue 1 JjImTe IbHO-
CTU BpeMeHH MpeObIBaHns TPeOOBAHMI B CHUCTEME MOXKET OBITH TPHUOIMKEHHO HANIEHO KaK

1] MM-1gpM (MM R (My)
M!(1—¢)+Z i

Tr=|pp———+1 =
MpOM!(1—¢)2+ s Do

=0
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CpaBuenwue pe3yabTaToOB i ciaydas, Korga M = 4, yu = 1, npuseaeno B tabi. 1.

Tabauna 1
MaremaTuvueckoe OXKHJaHUE AJIUTEJIbHOCTU IIpebbIBaHUs TPeOGOBaHUI B cucreMme
OJISI ABYX Pa3JIMYHBIX MogeJieil

Y 0.1 0.3 0.5 0.7 0.8 0.9 0.95

¢ nenmennem Tpebo- | 0,5714 | 0,6821 | 0,8324 | 1,1540 | 1,5604 | 2,8001 | 5,2955
BaHUMN

6e3 menenust Tpe- | 1,0002 | 1,0132 | 1,0870 | 1,3572 | 1,7455 | 2,9694 | 5,4571

OoBaHUt

Bunno, uTo BO Beex ciyuasx cucrema 0e3 meseHuns TpeOoBaHU Ha (pparMeHTHI TMEET
6oJIbIIIee MaTEMATHIECKOE OKUAHNE JJINTEILHOCTH TpebbiBaHus TPeOOBaHUIl B CHCTEME,

TO €CThb MOXKET OBITH HCIIOJIHB30BaHA, IJIsi HAXOXKICHNUSI BepxXHeil rpaHuibl 1y 1.

6. 3akjgrouyeHUue

B crarpe paccmoTpena MHOrOIpubOpHAS CHCTEMa MACCOBOTO OOC/IY KUBAHUSA C OUepe-
JIbI0 OECKOHETHOH BMECTUMOCTH, B KOTOPOIl TpebOBaHUe NeJInTCs Ha (DPArMEHThI Tak,
9TO OHU 3AHUMAIOT BCE CBODOMHBIC OOCy)kmBaomme npubdbopol. C HCIOIb30BAHIEM
MaTPUIHO-TEOMETPUIECKOTO METOA IOJIyIEeHO CTAIMOHAPHOE PAaCIIPEIe/IEHIe BEPOsIT-
HOCTEIl COCTOSIHUII CHCTEMBI, 8 TAKXKe TOYHBIE BBIPAXKEHUS JIJIsi OCHOBHBIX CTAITMOHAPHBIX
XapaKTEePUCTUK CHCTEMbI (MATEMATHIECKOEe OXKUJIAHUE JIJTATEIbHOCTH IpeObIBaHMsT TPeOO-
BaHUII B CHCTEMe OOCTyKUBAHUSI, MATEMATHIECKOE OKUIAHUE JJINTETLHOCTH TPEObIBAHUS
TpebOBaHUIl B OYepenn U T..I.).

B kauecTBe HanpaB/ieHusa JATBHERIITIX UCCIEIOBAHII MOTYT OBITH PACCMOTPEHBI Pa3JInd-
HbIE JIUCIIUIJIMHBI Pa3JieieHus TpeOOBaHuil, HAIIPUMED, ¢ OTPAHUIEHHEM HA MaKCHMAJIbHOE
qncsio HParMeHToOB, MOPOXKIAEMBIX OIHUM TPEOOBAHUEM.

JImreparypa

1. Models for Parallel and Distributed Computation / Ed. by R. Corréa, I. Dutra,
M. Fiallos, F. Gomes. — Springer US, 2002.

2. Narahari Y., Sundarrajan P. Performability Analysis of Fork-join Queueing Systems //
Journal of the Operational Research Society. — 1995. — Vol. 46, No 10. — Pp. 1237-
1249.

3. Flatto L., Hahn S. Two Parallel Queues Created by Arrivals with Two Demands I //
STAM Journal on Applied Mathematics. — 1984. — Vol. 44, No 5. — Pp. 1041-1053.

4. Nelson R., Tantawi A. N. Approximate Analysis of Fork/Join Synchronization in
Parallel Queues // IEEE Transactions on Computers. — 1988. — Vol. 37, No 6. —
Pp. 739-743.

5. Ko S.-S., Serfozo R. F. Response Times in M|M|s Fork-Join Networks // Advances
in Applied Probability. — 2004. — Vol. 36, No 3. — Pp. 854-871.

6. Anmnpokcumarusi BpeMeHU OTKJIMKa CUCTeMbI 00adHbix Berauciaenuii / A. B. Top-
oynosa, . C. Bapsmgos, C. . Maromenko, K. E. Camyiinos, C. . Iloprun //
Nudopmaruka u eé npumeneruns. — 2015. — T. 9, Beir. 3. — C. 31-38.

7. Generalized Parallel-Server Fork-Join Queues with Dynamic Task Scheduling /
M. S. Squillante, Y. Zhang, A. Sivasubramaniam, N. Gautam // Annals of Op-
erations Research. — 2008. — Vol. 160, No 1. — Pp. 227-255.



36 Becrauk PYIH. Cepus MU ®. T.26, Ne1,2018. C.28-38

8. Buwuwencxuti C. B., I'pueopwves II. B., /lybenckasn FO. 0. Y neaibHblii CHHXPOHU3ATOP
MapKHUPOBAHHBIX I1ap B CETU pasBerBiieHne-o0beuaenne // O6o3peHne npuKJaHoOi
u npombinuiennoit maremaruku. — 2008. — T. 15, Ne 3. — C. 385-399.

9. Green L. A Queueing System in Which Customers Require a Random Number of
Servers // Operations Research. — 1980. — Vol. 28, No 6. — Pp. 1335-1346.

10. Rumyantsev A., Morozov E. Stability Criterion of a Multiserver Model with Simul-
taneous Service // Annals of Operations Research. — 2015. — Vol. 252, No 1. —
Pp. 29-39.

11. Omahen K., Schrage L. A Queueing Analysis of a Multiprocessor System with Shared
Memory // Proceedings of the Symposium on Computer Communication Networks
and Teletraffic. — 1972. — Pp. 77-88.

12. Kumar A., Shorey R. Performance Analysis and Scheduling of Stochastic Fork-Join
Jobs in a Multicomputer System // IEEE Transactions on Parallel and Distributed
Systems. — 1993. — Vol. 10, No 4. — Pp. 1147-1164.

13. Javidi T. Cooperative and Non-Cooperative Resource Sharing in Networks: A Delay
Perspective // IEEE Transactions on Automatic Control. — 2008. — Vol. 53, No 9. —
Pp. 2134-2142.

14. Thomasian A. Analysis of Fork/Join and Related Queueing Systems // ACM Com-
puting Surveys. — 2014. — Vol. 47, No 2. — Pp. 17:1-17:71.

15. O630p cucrem napaJsuiesbHoit 00paboTku 3asB0k / A. B. Topbynosa, 1. C. Bapsiios,
K. E. Camyitnos, 9. C. Conun // Bectauk PY/IH. Cepust: Maremaruka. Nudopma-
tuka. Ousuka. — 2017. — T. 25, Bomm. 4. — C. 350-362.

16. He @.-M. Fundamentals of Matrix-Analytic Methods. — New York: Springer, 2014.

17. Neuts M. F. Matrix-Geometric Solutions in Stochastic Models: An Algorithmic
Approach. — Baltimore: The Johns Hopkins University Press, 1981.

18. David H. A., Nagaraja H. N. Order Statistics. — John Wiley & Sons, Inc., 2003.

19. Gantmacher F. R. The Theory of Matrices. — Chelsea Publishing Company, 1959.

20. Jlanxacmep II. Teopusa matpurn. — M.: Hayka, 1973.

UDC 519.21;519.872
DOLI: 10.22363/2312-9735-2018-26-1-28-38

A Heterogeneous Fork-Join Queueing System in Which Each
Job Occupy All Free Servers

0. A. Osipov

Department of System Analysis and Automatic Control
Saratov State University (SSU)
83 Astrahanskaya St., Saratov, 410012, Russian Federation

In this paper, we consider a multiserver queueing system with heterogeneous servers in which
each job is split to be serviced into a number of tasks, one for each free server. The tasks are
serviced independently, but service time depends on weight of the tasks. A job is considered to
be complete only when all the tasks associated with the job have been executed to completion.

Applying a matrix-geometric approach, we obtain the exact expression for the stationary
distribution of the number of jobs in the system under exponential assumptions. Using the
distribution, we derive other important performance measures. Special attention is paid to the
sojourn time in the queueing system (the time to complete a job). Finally, some numerical
examples and a section of conclusions commenting the main research contributions of this
paper are presented.

The results can be used for the performance analysis of multiprocessor systems and other
modern distributed systems.

Key words and phrases: fork-join queueing systems, heterogeneous servers, matrix-
geometric method, multiprocessor systems, distributed computing systems
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O cBenmenuun ypaBHeHuii MakcBejljla B BOJIHOBOJAAaX K CHUCTEMeE
CBA3aHHBIX ypaBHeHuii ['esbMrosibsia
M. O. Mansix, A. JI. CeBactbsinoB, JI. A. CeBacTbsinoB, A. A. ToTIOHHUK
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WccnenoBanne 371eKTPOMArHUTHOT'O TIOJIS B PETYJISIPHOM BOJIHOBO/IE, 3AII0JIHEHHBIM OJHOPOTHBIM
BEIIECTBOM, CBOAUTCSH K HMCCJIEIOBAHUIO JIBYX HE3ABUCHUMBIX KPAEBBIX 3aJlad JIJI yPaBHEHUSI
TestbMrosibiia. B citydae BOsIHOBOA, 3aIIOJTHEHHOTO HEOHOPOIHBIM BEIIECTBOM, MEXK/IY MOJAMU
9TUX ABYX 33189 BOZHUKAET CBA3b, KOTOPYIO B YMCJIEHHBIX IKCIIEPUMEHTAX HE BCET/IA YAAETCA
y4ecTh B MOJIHOM Mepe. B HacTosiIell craThe MOKa3aHO, KaK MeperncaTh ypaBHEHUs | eJIbMIoIbIa
B BEKTOPHOI (HopMe, YTOObI BHIPA3UTh 3Ty CBA3b SIBHO.

B pabore paccmaTpuBaeTcs MUIAHIPAIECKUN BOJTHOBO/, C MICATBHO MPOBOAAIINMA CTEHKAMH,
3aI0/THEHHE KOTOPOTO MOXKET MEHSIThb B IOIEPEYHOM CEYEHUHU MTPOU3BOJIBHBIM 00pa3oMm. B ocHoOBe
HAIIEero MOoIX0/1a JeXKUT ABYMEPHBIM aHaJIOI T€OPEeMbI, U3BECTHON B TEOPUH YIIPYTHUX TeJs KakK
nekomriosuiusi ['esibmrosibiia. Ha eé ocHoBaHUM Oy/IyT BBEJIEHBI YETHIPE TIOTEHITUAIA BMECTO JIBYX,
OOBIYHO HCIOJIB3YEMBIX B TEOPHUU IOJIBIX BOJTHOBOJOB. JloKa3aHo, 4TO J1it0b0€e pellieHne ypaBHEHUIT
MakcBeia B BOJIHOBOJIE, YAOBJIETBOPSIOINIEE KPAEBBIM YCJIOBUSIM HUIEAJTBHONU IIPOBOIUMOCTH HA
CTEHKaX BOJIHOBOJA, MOYKHO ITPEJCTABUTH IIPU IMOMOIIU TUX MOTeHIma0B. CucreMa ypaBHEHUM
MaxkcBesia 3amnmucaHa OTHOCUTEIBHO TUX IMOTEHIIMAJIOB, U IIOKA3aHO, YTO 9Ta CUCTEMA MEPEXOIUT
B IIapy HECBA3AHHBIX ypaBHeHWil ['eIbMrosibiia B cilydae MOJ0TO BOJTHOBOA.

KiroueBbie cJsioBa: BOJIHOBOJI, ypaBHeHusi MakcBesuia, ypaBHeHue [ebMroJibiia, HOP-
MaJIbHbIE MOJIBI, Sagemath

BBenenune

IlepBbie 3amaun, onuCHIBAIOIINE PACIPOCTPAHEHNE U TU(PPAKIUIO BOJTHOBOIHBIX MO/,
OBLIM YCIENTHO PEIIEHbI eIME B CEPeJIMHE MPOIIIOr0 BEKa B CTABIINX YKe KJIACCUIECKUMU
paborax A.H. Tuxonosa u A. A. Camapckoro [1] u A.T. Cemnukosa [2-4]. 3a peaxkumu
UCKJTIOUEHUSIMU, PaccMOTpeHHbIME emmé B paborax A.H. Tuxonosa u A. A. Camapcko-
ro, 9TU 33/Ia4U He PEIIalOTCs B CHMBOJIBHOM BHJE U TPEOYIOT CO3/IAHUS PECYPCOEMKNX
KOMILJIEKCOB mTporpaMum [5-7]. @akrudeckn mo100HbIe KOMIIEKCHI CO3/IABAJIUCH IO KOH-
KpEeTHBIE 38491 U He ObLIN [TeTAJIHHO OIMUCAHBI U MEPEIaHbl B ODIIECTBEHHOE IO Ib30BAHNE,
yeMy CIIocoOCTBOBajIa 3aKPBITOCTh TeMaTuku B 1970-1980-x rogax. 13 omy0mkKoBaHHBIX
WCCJIEIOBAHUI CJIEIyeT YIOMSHYTh B IIEPBYIO OUYePe/ib UK pador, BeimosHeHHbIX B MY
M. M. B. JToMoHOCOBa, B TOM YHCJIE TI0 TIPOEKTUPOBAHUIO BOJIHOBOIHOTO mepexoja [8—11],
BBIYUCJICHUIO HOPMAJIBLHBIX MOJT BOJIHOBOJ/IA CO CJIOYKHBIM JIMJIEKTPUYIECKUM 3aIOJTHEHU-
em [12,13|, perenuto qudpakiuyu BOJH HA HEOJHOPOIHOCTH B BOJIHOBOJE [14-18].

TeopeTndecKkass CTOPOHA 3TUX BOIPOCOB XOPOIIO ITpopaboTana B 0o0Iell BEKTOPHOU TTO-
craHoBKe. J[j1s1 cieKTpaJibHOM 33/1a9i YCTAHOBJIEHA JTUCKPETHOCTh CIEKTPA U IIOJHOTA
CUCTEMBI HOPMAJIBbHBIX BOJTH, IPUYEM JIarKe JIJIS BOJTHOBOJOB C OUY€HDb CJIOXKHBIM 3aII0THEHH-
eM [19-22]. dns 3amaun audpakiyn ycraHoBsieHa GpearoMoBocts [23-26] u ¢ HekoTopbiMu
OroBOpKaMu OOOCHOBAHO MPUMEHEHNE HeoJIHOro MeTofa l'asmépkuna, B TOM ducie s
BOJIHOBO/Ia, CeYeHNe KOTOPOro uMeeT Bxojsrue pebpa [27-29]. OHako Ha OpakTHKe TPU
IPOBEJIEHNN YHCJIEHHBIX SKCIIEPUMEHTOB OYEHb YACTO OIPAHMYMUBAIOTCS TaK HA3bIBAEMBIM
CKaJIIPHBIM TpubiankenneMm. Ha caMoM jiete BEKTOPHBIN XapaKTep IOJsd B 3aIOJIHEeH-
HBIX BOJIHOBOAaX mpupomuT K rubpuausarnmu TE- 1 TM-moa. OmgHAKO MI0X0 HU3yUEHO,

Crarbs noctynwia B pefakiumo 4 mekabpst 2017 r.
Ily6nukanusa noarorosiena npu nognuepxkke Iporpammer PYIH «5-100» u npu 9acTUYHOM MO/IepKKe
rpanToB POOU Ne 16-07-00556, Ne 18-07-00567.
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HACKOJIbKO 3HAYUTEIBHO 3TOT 3PDEKT BIUSIET HA aIeKBATHOCTb UNCJIEHHBIX SKCIIEPUMEH-
TOB HATYPHBIM, & 3HAUYUT BEKTOPHBIM 33JIa7aM O PACIPOCTPAHEHNH BOJTHOBOIHBIX MO,
VIOMSHYTBIE BBINE TEOPETUIECKUE PE3YJIHTATHI OBLIN CHAYAJIA MOy YEHBI B CKAJIAPHOM
IpUOJINKEHNH, & 3aTeM TIepeHECeHbl Ha, BEKTOPHBIN Caydail MyTEéM BBEJIEHUS HECTAHIAPT-
HBIX (PYHKIMOHAJIBHBIX HOPM. lleperecenne 3TxX KOHCTPYKITHI Ha A3BIK METOIA KOHETHBIX
pa3HOCTEH WM MeTOa KOHEYHBIX 3JIEMEHTOB YacTO MPEICTABIAET TEXHUIECKU TPYIHYIO
3a/1a9y W MPUBOJUAT K BECbMa, I'POMO3IKAM (DOpPMYJIaM.

IIpoekTrpoBaHme COBPEMEHHBIX YCTPONCTB WHTEIPAJILHON U BOJIOKOHHOW ONTUKU IIPU-
BOJIUT K TEM K€ 33JladaM O PACIIPOCTPAHEHUU U JUMPAKIIUNA BOJHOBOIHBIX BOJIH C
TOI CyNIECTBEHHON NJIsi YHUCJIEHHBIX IKCIIEPUMEHTOB OIOBOPKOIl, YTO IlapaMeTpPbl BOJI-
HOBOJ[a, HAIIPUMED, JINHEHHbIE Pa3Mephl, PAHBINE OBIBINE IPUMEPHO PABHBIMU, MOTYT
OTJINYATHCS JIPYT OT JPyra Ha YeThIpe TOpsijikKa. Tak, HalpUMep, BBICOTA BOJIHOBOJI-
Hoit ymH3E! JItoHeGepra MeHbIme eé aumamerpa B 10* pas, 9T0 Hem36e:KHO TPUBOIHUT K
BBIUUCUTEILHBIM TPYIHOCTAM. B HacTOsIee BpeMs CO3IaHbI KOMILJIEKCHI TPOTPaMM
(Ansys, Comsol Multiphysics) u gaxke crenuaan3upoBaHHbIE SI3bIKH IPOIPAMMUPOBAHMS
(FreeFem+-+), no3Bosisiioniye pemarh CTaHapTHbIe KpaeBble U HAYAJIbHO KPAeBble 381
91U MATEeMaTUIECKONW (DU3UKU 110 METOY KOHETHBIX PA3HOCTEH B CAMBIX PA3HOOOPA3HBIX
ero mojudukauax u obobmenusx [30]. Ciemyer, oHAKO, 3aMEeTUTH, YTO 3aJa4a U~
dPpakIuu B BOJTHOBOJE CTAHOBUTCS KOPPEKTHONW MaTeMATUIECKON 3a/avueil TOMBbKO TOCIe
[IOCTAHOBKHU TIAPIUATBHBIX YCJIOBUI U3JIydenus |5, 6|, KOTopble He SIBISIOTCS JIOKATbHbBI-
MH B OTJIIYHE OT KJIACCUIECKUX KPAEBLIX YCJIOBHI, peain30BaHHBIX B OOIIEIOCTYITHBIX
KOMILJTEKCAX MTPOTPAMM TI0 yMOJTIAHHUIO. [109TOMY B HACTOAINI MOMEHT TPEJICTABIIACTCS
BEChbMa aKTyaJIbHOI pa3paboTKa COBPEMEHHOTO KOMILIEKCA ITPOrPaMM, B KOTOPOM OBLIO
OBl peain30BaHO BBIYUCJ/IEHIE HOPMAJIBHBIX MO/ BOJIHOBO/IA C IIPOU3BOJILHBIM 3aII0/THE-
HUEM U peleHune 3a/1a49u JudpakIiinid UMEHHO B TIOJTHOM 9JIEKTPOMArHUTHOMN MTOCTAHOBKE
7 C TAPIUAJTHHBIMU YCIOBUSMU W3JIY ICHUSI.

O0611e0CTYITHOCTD TAKOI'O KOMILJIEKCA HEe MOXKET OBITH JIOCTUTHYTa, €CJIU B HEM He OyIer
peayin30BaHa HATJISAIHAS U B TO K€ BpeMsi BecbMa, obImas cxema pemrerns. Ha namr B3rs,
KJII0YEBOI MOMEHT B BEKTOPHOI 3aJilade TauTCs B OTCYTCTBUU OTBETA HA OYEHb CTAPBIN BO-
poc. XOPOIIO U3BECTHO, UYTO B HEKOTOPBIX KPUBOJMHENHBIX KOOPANHATAX, B TOM UHCJIE
MMIAHIPUIECKUX, MOYKHO CBecTH ypaBHeHUs MakcBeiia K mape ypaBHenuii [ eibMroibIia.
[ToreHrma bl BBOAMINCH U TMEHOBAJIUCH IO PA3HOMY, HAIIpUMEp, Ha3bIBAJIUCH (DYHKITU-
simu Boprauca nim z-koopauHaToit BekTopos lepria [6,31]. Tlosromy BoHBI B 1IOJI0M
PeryasipHOM BOJTHOBOJIE OIUCHIBAIOTCSA JIByMsI HE3aBUCUMBIMU yPABHEHUSIMU | €JIbMTOJb-
1a, 9TO U JaéT mejeHne HOpMaTbHBIX MO Ha TE- m TM-moabr. OqHAKO B BOJTHOBOE CO
BCTABKAMU TaKasl JIEKOMITO3UIS OKA3bIBAETCA HEBO3MOXKHON XOTsI ObI TIOTOMY, UTO TaM
BO3HUKAIOT THOpUIHBIE MObI. Ha MHTYUTUBHOM YpPOBHE MOHSTHO, YTO B 9TOM CJIyYae I0-
Jie TOJI2KHO ONMCHIBATHCS TAPON ypaBHEHUN [ eIbMroIbIfa, «3aleIISIONnXCsa» HEKOTOPHIM
IEPEKPECTHBIM UJIEHOM, BEJIMIMHA KOTOPOIO XapaKTepU3yeT siBJeHNe THOPUTU3AIINN, a
3HAYUT OITUOKY B IMIPUMEHEHUHU CKAJISIPHOTO MpUOJMKeHnus. Bompoc Ke COCTOUT B TOM,
KaK fBHO BBIUCATH 3Ty Hapy ypasHeHuit Leabmrosnbia. [lepsoie paborsr mo maremaTn-
YeCKOW TeOpHHU BOJIHOBO/IA, BCETJIA MMEU B BUY 000OImenue merosia Oypbe, mosromy
BOIIPOC O CBEJICHUU CUCTEMbI ypaBHeHUM MakcBesa K JBYM CKAJSPHBIM YpPaBHEHUSIM
OKa3aJICs B TEHW TEOPEMBI O MOJHOTE CUCTEMbl HOPMAJIBHBIX MOJ. B 9T0l cTarhbe MBI 110-
KaXKeM, KaK BBIIIACATH 3Ty apy CBA3aHHLIX ypaBHeHuit ['eibMrosbiia, ecmu mnepeiitu K
raMHUJIBTOHOBOH MJIM, BBIPaXKasiChb TOUHEE, BEKTOPHOI hopmMe 3Tux ypaBHeHuit. B ocHoBe
HAIIIETO TIOX0/a |32] JIesKUT JBYMEDHBI AHAJIOT T€OPEMbI, M3BECTHOI B TEOPUH YIPYTUX
Tes1 Kak Jekomnosurus Leabmrosbia [33].

1. MHckiaodeHue IpoioJibHbIX KOMIIOHEHT U3 CHUCTEMbI
ypaBHeHuit MakcBeJsia

PaccMmorpuM BOJTHOBOJI, IIOCTOSTHHOT'O CeYeHUsT S € UAEAJTbHO MPOBOJISIIIUMU CTEHKAMM,
OTHOCHUTEJILHO 3ATIOJHEHUS €, 4 KOTOPOTO He OyIIeT /1eJIaTh IOKA HUKAKUX ITPEI0I0Ke-
Huit. Ock Oz HaIpaBUM MO OCH IIWINHIPA, HOPMAaJb K IMOBEPXHOCTU BOJHOBOJAA OyaeM
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0bo3HaYaTh KakK 71, KacaTeJbHbIil BEKTOP, IEPIEeHINKY/ISAPHbIA K €, Kak 7. B 910l cucreme
KOOPJUHAT BEKTOpHOE moJie F' MmoxkHo 3anucars Kak F' = F| + F,€,.
IIpu pemrenun 3a1a49 B BOJHOBOJAX B IIOJHON BEKTOPHON IMOCTAHOBKE MOXKHO BBIOH-

paTh B Ka4ecTBE OCHOBHBIX pa3/IMuHble HAOOPHI KoopauHAaT BekTopoB F u H. O630p
BO3MOYKHOCTEll Ha IPHUMepe CIHEeKTPAJIbHOI 3a/a4u j1aH B [12].

BosbMém ceituac 3a 0CHOBY cucTeMy ypabHenuii Makcpesuia, u3 KOTOPOii HCKIo9nM F,
u H,. 9robbl BbIIACATH 9Ty cuctemy, nonoxum V = (0,,0,)T, V' = (=08,,0,)T.

Kaxk usBectno, (rot A), = €&, x ,A; + VA, x é,. llosromy ypasuenuss Makcsesia
MOXKHO 3allICATb TaK

&, x O,H, +VH, x & +ikeE| =0,
(rot ﬁJ_)Z +ikeE, =0,
& x0.E, +VE, x &, —ikuH, =0,
(rot E ), — ikpH, = 0.

— —

Nckiovas orciofia mpogoabHble KOMIIOHEHTHI BeKTOpoB F u H, nmeem
N — 1 _ N I
€, Xx0,H +V—(otE,), xé,+ikeE, =0,
ik
N _ 1 — . . _,
€, x0,E, —V—(otH,), xé, —ikuH, =0.
tke
Ha rpanuriie BBITTOJIHSAIOTCS YCJIOBUS UI€AJIBHON IIPOBOIUMOCTHI

E xi=0, H -7=0, E,=0. (2)

2. Jlekommnosunusi I'etbMroJbiia

—

Teopema 1. Ilycmv S — odnoceasnan obaacms wa naockocmu. FEeau eexkmop A =
(Az, Ay)T ydosaemsopaem eparnunmnomy ycaosuro A-7 = 0 u umeem nepevie nenpepuleHbie

0
npoussodnvie 6 S, mo natidymesa maxue dynwyuu u € Wi(S) u v € W3(S), umo
A =YVu+ V'v; npu amom u — pewernue 3adauu

Au = 0, A; + 0yA,, ulos =0, (3)

a v — pewenue 3a0a4
Av = 0, A, — 0yA;, Vv-nlps =0. (4)
Vraszannoe npedcmasaerue eQUHCMEEHHO € MOYHOCMBI0 00 adOUMUBHBLT KOHCMAHM.

(0]
Hokazaresnbcrso. 3ajaun (3) u (4) umeror pemenne 8 W3(S) u W3 (S) [34], koropoe
BO BHYTPEHHUX TOYKAX 0OsacTu S SABJISETCS IBAXKIbI HEMPEPHIBHO AuddepeHnupyeMbiMu

B cuy semmer Beitst [35]. Bexrop B = Vu 4+ V/o — A ynosiersopsier B 0G06IEHHOM
CMBICJIE JIBYM YCJIOBHSIM

0By + 0yBy = A — 0, Ay —0,Ay =0 u 0,B, — 8,B, = Av— 9, A, + 0, A, = 0.
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Orcroa cremgyer, 9TO B= Vw, riae w rapMonndeckast pyuknusa. Ha rpamunme
B r=Vu-1+Viv-1—A-7=0,

TO €CTh W TPUHUMAET Ha IPAHUIE TIOCTOsTHHOE 3HavUeHne. B cuy mpuHIIAIIA MAKCHMyMa,
9TO O3HaYaeT, YTo w =const, a B = 0. O

—

Teopema 2. IIycmo S — odnoceasnasn obracms na naockocmu. Ecau eexmop A =
(Az, Ay)T ydosaemesopaem eparunromy ycaosuro A-it = 0 u umeem nepevie HenpepuLEHbIE

o
npoussodnvie 6 S, mo wnatidymca maxue dyrwyuu u € Wi(S) u v € Wi(S), umo
A =Vv+ V'u; npu amom v — pewenue 3adauu
Av = 0,A; +0,A,, Vv -nlps =0, (5)
au — pewenue 3a0a4u
Au = 0, A, — 0yA;, ulos = 0. (6)

IIpu smom nomenyuav, onpedeserv, ¢ MOUHOCBIO A0 AOUMUBHBIT KOHCTIGHIT.

0
JokazaTeabcTBo. 3agaqn (6) u (5) mveror pemenne 8 Wi(S) m W1 (S) [34], koTopoe
BO BHYTPEHHUX TOYKaX 06J1acTu S sIBJISETCs JBaKJIbl HEIPEPBIBHO juddepeHnupyeMbiMu

B cuty jemMbl Beis [35]. Bekrop B = Vo + V'u — A yiosiersopsier B 0G0BIIEHHOM
CMBICTIE ABYM YCJIOBUSIM:

0By + 0yBy = Av — 0, A, —0,A, =0 n 0,By — 0,8, = Au— 0, Ay + 0,A; = 0.
Orcroa ciiejyer, 94To B = Vw, riae w rapmonndeckast pyuknus. Ha rpanunme
Bn=Vuon+Vun—A-n=0,

To ectb Vw - n = 0. D10 03Hayaer, 4To w =const, a B = 0. 0O

3. VYpaBHenus MakcBeJjia, 3allMCaHHbIE OTHOCUTEJIBHO
MOTEHIAJIOB

Teopemsbl 1, 2 O3BOJISIOT B CIydyae BOJHOBOJOB C OTHOCBA3HBIM CEUYEHUEM, HE OI'DAHU-
quBasi OOIIHOCTH PACCMOTPEHUs, UCKATh pelieHne cucreMbl (1) B Buje

E| =Vue+V'v, H =V, +Vu,. (7)

Ecau cedenue sBJjIsieTcsl MHOT'OCBSI3HBIM, TO MCKATh PENICHHE B TAKOM BHUJE MOXKHO,
CO3HABAas, YTO TAK TEPSAIOTCA HEKOTOPBIE <«3JIEKTPOCTATHYICCKHE» PENICHUS.
Bsenénnble 3/1ech Ha OCHOBAHUU TeopeMbl 1 deThIpe cKassgpHble (DyHKINU Gy1eM Ha-
3LIBATH MTOTEHIUAJIAMEI U BCEria Ipeloyararb, 9TO OHU YIOBIETBOPSIOT IPAHMYIHLIM
YCJIOBHAM
Ue = Up =N - Ve =n - Vuy (8)

Ha IPaHUIe BOJIHOBOJA. IIpH 3TOM aBTOMATHYECKU BLIIOJIHSIOTCS JIBA U3 TPEX I'PAHUYHBIX
yenosuit (2): E| -T=Vue - T+ Vv -7=0, H, -7i=Vv, -1+ Vu, -1n=0.

Yro ke KacaeTcst TpeTbero ycsobust E,, To ero MOxKHO 3ammcarh Kak (rot H ), = 0 win

Auplas = 0. (9)
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B mpocteix cityuasix Ha (pU3NIECKOM YPOBHE CTPOTOCTUA TPEThE YCJOBHUE BBIBOIAT
U3 IEPBBIX JIBYX, U [IOTOMY PO HEr0 MOXKHO ObLIo ObI 3a0bITh. Ha camom meste, mpu
0OOBOIIEHHON (POPMYJIMPOBKE 3aaYUN ITO YCIOBHUE IOSIBJISIETCS BIIOJHE €CTECTBEHHBIM
0OpazoM.

Ioncrasnsst Buipaxkenusi (7) B ypaBaerus: Maxcsesuia (1), moaydanm
1

\v4 <8th - Ave> + ikeV'v, — VO, up, + ikeVu. = 0,
g (10)

1
\v4 <8Zue + z'k:sAuh> —ikuV'uy, — VO, v, — ikuVuy, = 0.

DTa cucreMa mpeacTaBIsieT coboit ypaBHennss Makcsesia, 3anncaHHble OTHOCUTETHHO
4-X TOTEHITUAJIOB.

Ecmm € m p 3aBucar or x,y, TO 3Ta CHCTEMa HE PACIAIAETCS Ha JIBE: OTAECIBHO JIJIs
U-TIOTEHIIUAJIOB, OTAEJIBHO JIJIsi U-TIOTEHIUAJIOB, B Ye€M, COOCTBEHHO I'OBOPsi, 1 COCTOUT
VIIOMSTHY TO€ BBIIIIE sIBJICHIE THOPUIN3AIMY MOJT. JacTHBIN cJIydail, KOrjia € U (1 He 3aBUCSIT
OT X U Y, UHTEPECEH Te€M, YTO OH II03BOJIIET PAa3IJIsiJIeTh B 3TOH cUCTeMe Mapy ypPaBHEHUIT
TesrbMmroanIia.

4. YacTHBIN cirydaii, KOrja cucTeMa pacra/iaeTcs Ha aBa
CKaJIIPHBIX ypaBHeHus l'ebMmrosibiia

Ilycts € u p me 3aBucar or z u y. He jesras nmoka HUKAKUX IPEIIOIOXKEHUH 00 UX
3aBUCUMOCTH OT Z, MOYXKeM Tepenucarh cucremy (10) caemyrommum o6pazom

b

V/ (azvh -
ik

Av, + iksve> — V (0,up —ikeu,) =0,
1
\v4 <82ue + %Auh — ik,uuh) — V (0,ve + ikpvy) = 0.

Besikoe perienne 3T0il CHCTEMBI, YI0BJIETBOPAIONIEE MPAHUYHBIM YCJIOBUIM Ue = AU =

bl € e
0, Vv, -n = VAv, -n = 0, B cuity TeopeM 1 u 2 yI0OBJIETBOPSIET CUCTEME M3 YETHLIPEX
YPaBHEHUIT, KOTOpasl pacuaj aeTcss Ha JIBE CHCTEMBI:

1 . 1
aZ - A e k e — O, L Ue R — —
s T Ve + tkev 0,Ue + ik‘EAuh tkpup = 0, (11)
0,ve + ikpvy, = 0, O,up, — ikeu, = 0.

Vckimodyas v, U Ue, HOJYYUM JBa yPABHEHUS
1 1
10, —0.ve + Ave + k?epv, = 0, sazgﬁzuh + Auyp, + k?epuy, = 0. (12)
1

B rom ciyuae, Korja € U 4 He 3aBUCAT U OT 2, ypaBHeHust (12) mepexoisar B ypaBHeHUe
TesrbMroanIia.

ITepexoz OT cECTEMBI ypaBHEHHIt IEPBOTO IOPsAAKA K SKBUBAJIECHTHOMY UM YDaBHEHHUIO
BTOPOTO HOPSIZKA XOPOIIO M3BECTEH B KJIACCHIECKOIl MEXaHUKe KaK IEPEXOl] OT ypas-
nenwii lammibrona K ypasuenusim Hororona. Corefyst 9roii anajorun, 6y/ieM Ha3bIBATD
cucreMmsl (11) ramunbronossiMu dopmamu ypasaenus: [espmrousia (12). Ogaako sTor
TEPMUH [I0/Ipa3yMeBaeT IIPOBE/ICHIE JOMOJHATEILHOTO HCCICJOBAHNST CUMIITIEK THIECKOI
CTPYKTYDBbI, CBSI3aHHOI ¢ 9TUMHU ypaBHeHUsIMU. 1109TOMY MBI Gy/IeM MOBOPUTH OCTOPOXK-
Hee, UTO 3allellJIeHue MeXK/y ypPaBHEHUSIME [ eJIbMrosibIia Mbl BLIPA3UIIN, IEPEINCAB CAMU
ypasuenusi 'ebMrosibiia B BeKTOpHOI dhopme.
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3akJiroueHue

BBG,HGHHG tIeTpréX INOTEHIINAJIOB BMECTO JIBYX IIO3BOJIMJIO CBECTHU CUCTEMY ypaBHeHI/Iﬁ

Maxkcgesuta B BostHOBOZIe K cucreMe (10), KOTOPYIO MOYKHO TPAKTOBATH KAK CHCTEMY
IBYX CBA3aHHBIX ypaBHeHuit ['eibMrosibiia, 3anucanubix B BeKTOpHOH (popme. 1o Beeit
BHIMMOCTH, 3Ta GpopMa OymeT odeHb yA00HA IJIsl IUCIEHHO-QHAJTUTUYECKOTO aHAJIM3A 110
HEmoJTHOMY MeToay lanépkuHa, OIHAKO CKa3aHHOe TpeOyeT JajIbHEHIIero nCCaeI0BaHNUs.

10.

11.

12.

13.

14.

15.

JIuteparypa

Camaperut A. A., Turonos A. H. O mupejcraBjieHun I0Jisi B BOJHOBOJIE B BHUJIE
cymmsbl nosteit TE u TM // 2Kypnan rexandeckoii dusukn. — 1948. — T. 18, Ne 7. —
C. 959-970.

Csewnruros A. I. K 060CHOBaHHIO MeTO/[a pacyeTa HeperyIsipHbIX BOJIHOBOJIOB // 2Kyp-
HaJI BBIYUCUTEIbHON MaTeEMATUKN U MaTeMaTu4decKoit pusukn. — 1963. — T. 3, Ne 1. —
C. 170-179.

Csewnuros A. I K 060CHOBaHUIO METO/1a PacieTa PACIPOCTPAHEHUS JJTEKTPOMAT-
HUTHBIX KOJIe6aHuil B HeperyasipHbIX BoaHOBOmax // 2KypHas BeraucuTesbHOM
MaTeMaTuKn U MaremMarudeckoit dusuku. — 1963. — T. 3, Ne 2. — C. 314-326.
Ceewmnuros A. I. Henomusiit meron Tamepkuna // JAH CCCP. — 1977. —
T. 236, Ne 5. — C. 1076-1079.

Uavunckut A. C., Kpasuos B. B., Ceewnurxos A. I. Maremarudeckue mMojen
asrekTpommHamMuku. — Mocksa: Beicimag mkoma, 1991. — 224 c.

Mozunesckuti U. E., Ceewnuros A. I. Matemarndaeckue 38129 TeOpun T PAKITIL. —
Mocxksa: Puzndeckuit baxyaprer MI'Y, 2010. — 197 c.

Chew W. C. Lectures on Theory of Microwave and Optical Waveguides. — 2012. —
http://wcchew.ece.illinois.edu/chew/course/tgwAl120121211.pdf.
Bozonobos A. H., Munaes /. B. Cunres III0CKOT0 BOJHOBOIHOTO epexoa // BecrHuk
Mockosckoro yausepcurera. Cepus 3: @usuka. Acrponomus. — 1993. — T. 34, Ne 2. —
C. 67-69.

Csewnuxos A. I'., Bozoarwbos A. H., Munaes /]. B. Pacdér coryacyroero BoJIHO-
BOJIHOT'O IIEPEXO0JIa MEXKJIy JIByMsl KOAKCHAJIBHBIME BOJIHOBOJAMHU OBaJIbHOI (hopmbl //
Bectauk MockoBckoro yausepcurera. Cepus 3: @Pusuka. Acrponomust. — 1997. —
Ne 4. — C. 51-54.

Bozonobos A. H., Bydxapes A. A. llpumenenve MeToj1a, KOHEUHBIX IJIEMEHTOB K
HCCJIEIOBAHUIO BOJTHOBOJHOIO Tmepexoia // Becrnuk MockoBckoro yHusepcurera.
Cepus 3: @usuka. Acrponomust. — 2003. — Ne 4. — C. 6-9.

Hearuvyvin A. JI. O TpuMeHEHHN MeTO/[a KOHEUHBIX 9JIEMEHTOB K 33/1a9€ COUJIEHEHUST
KOAKCHAJIbHOIO U PAJUa/bHBIX BOJHOBOJIOB // BectHuk MOCKOBCKOTO yHUBEPCHUTETA.
Cepust 3: @usuka, actporomusi. — 2016. — Ne 4. — C. 30-35.

Bozoarwbos A. H., Edaxuna T. B. IlpuMenenue BapraiioHHO-PA3ZHOCTHLIX METOJIOB
JIUIsT pacdeTa IUJIeKTPUIECKUX BOJHOBOIOB // BecTtHrk MOCKOBCKOTO yHHBEpCHTETA.
Cepust 3: @uzuka. Acrporomust. — 1991. — T. 32, Ne 2. — C. 6-14.

Bozomobos A. H., Edaxuna T. B. Pacuer nuaeKTpUIecKnx BOJTHOBOIOB CO CJIOZKHOIM
dopmoii orepedHoOro ceueHnst BApUAMOHHO-PA3HOCTBIHM MeTosioM // Bectruk Moc-
koBckoro yuuBepcurera. Cepust 3: @usuka. Acrponomust. — 1992, — T. 34, Ne 3. —
C. 72-74.

bozomobos A. H., Heauuyvn A. JI. Pacder nus/ieKTpUIECKUX BOJTHOBOJIOB METOLOM
KOHEUYHBIX 3JIEMEHTOB, UCKJIIOYAOIuii nosiBieHne Hedbusndeckux pemennii // Becrauk

Mockosckoro yuupepcurera. Cepust 3. @Pusuka. Acrponomusi. — 1996. — Ne 1. —
C. 9-13.

Jlaspenosa A. B. Pacdér HeOTHOPOTHOCTH BOHOBOA METOAOM KOHEIHBIX 9JIEMEHTOB //
Bectauk Mockoeckoro yausepcurera. Cepust 3: @usuka. Acrponomusi. — 2004. —

Ne 1. — C. 22-24.



Mausbix M. 1. u gp. O cBegennn ypasuenuit MakcBesiia B BOTHOBOZAX K CUCTEME . . . 45

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.

bozomobos A. H., Heauvywown A. JI., Jlaspenosa A. B. MeToj KOHEUHBIX 3JIEMEHTOB
B 3ajiade BOJHOBOJHOI Judpakiyu // DJIeKTPOMArHUTHBIE BOJHBI U 3JIEKTPOHHBIE
cucrembr. — 2004. — T. 9, Ne 8. — C. 22-25.

Bozomobos A. H., Heauuwvin A. JI., Jlaspenosa A. B. IlpuMenenne MeToa KOHEUHBIX
9JIEMEHTOB B BOJIHOBOJHBIX 3aja4ax qudpaknun // Pagnorexuuka. — 2004. — Ne 12, —
C. 20-26.

Bozomobos A. H., Jlaspernosa A. B. Maremarndeckoe MozenpoBanue Judpakiiug Ha
HEOJIHOPOJIHOCTHU B BOJIHOBOJIE C MCIIOJH30BAHIUEM CMENTAHHBIX KOHEYHBIX 3JIEMEHTOB //
Maremaruaeckoe mogeauposanne. — 2008. — T. 20, Ne 2. — C. 122-128.

Bozomobos A. H., Jleauuyvin A. JI., Ceewnuros A. I. O 10IHOTE KOPHEBBIX BEKTOPOB
pasmoBostHOBO I // okmaasr Akagemun Hayk. — 1999. — C. 458-460.

Bozoarwbos A. H., Jleauywn A. JI., Ceewnruros A. I. O moyiHOTE CUCTEMBI COD-
CTBEHHBIX M NPUCOEINHEHHBIX (DyHKIUA BoMHOBOMA // ZKypHAasa BBIYUCIATETHLHOMN
MaTeMaTUKN U MaremMarudeckoil pusumku. — 1999. — T. 38, Ne 11. — C. 1891-1899.
bozonwbos A. H., Heauuywn A. JI., Maavz M. /I. O KOpHEBBIX BEKTOpaX IIHHIPHU-
9eCKOro BOJIHOBOJA // 2K ypHaJI BBIYUCIUTENBHON MATeMATHKI U MAaTeMaTHIEeCKOM
dumsuku. — 2001. — T. 41, Ne 1. — C. 126-129.

Leauyvin A. JI. O mosiHOTE cuCTeMBbl COOCTBEHHBIX BEKTOPOB 3JIEKTPOMATHUTHBIX
BOJIHOBOJIOB // ZKypHaJI BBIYHC/INTEILHOM MATEMATHKI 1 MATEMATHIECKOH (DU3UKU. —
2011. — Ne 10. — C. 1883-1888.

Bozoarbos A. H., Jleauuwn A. JI., Ceewnuros A. I. O6 ycaoBusix pa3pernmMoCcTu
3ajiaun Bo30Oy XK IeHusi paauoBosiHoBoja // Hoknaaer Axamemun Hayk. — 2000, —
Ne 4, — C. 1-4.

Bozomobos A. H., Heauuywn A. JI., Ceewnuros A. I. O 3amade Bo30YKIEHUST BOJI-
HOBOJIa C HEOJ[HOPOJHBIM 3aro/iHeHneM // 2KypHas BBIYUCINTEbHON MAaTeMaTHKU 1
maremarudeckoit pusurm. — 1999. — T. 39, Ne 11. — C. 1869-1888.

Manvix M. /[. O criocobe IOBbBINIEHUSI HUYKHEH I'PAHUIIBI HEIIPEPBIBHOI'O CIIEKTPA
B 33J1a9aX CIEKTPAJbHON Teopuu BOJTHOBeayImux cucreM // Becrauk MockoBckoro
yuusepcurera. Cepus 3: @usnuka, acrponomus. — 2006. — Ne 4. — C. 3-5.

Heavuyvn A. JI. O mocTaHOBKe KPaeBbIX 3a7a4 JJIsi CUCTeMbl ypaBHeHuit Makcsesia
B muInHApe 1 ux paspemmmoctn // VzBectus: Poccniickoit akajgemun Hayk. Cepust
mareMmarudeckasi. — 2007. — T. 71, Ne 3. — C. 61-112.

Bozoarbos A. H., Eporun A. U., Mozunesckuii Y. E. BekropHasi MOJIe/Ib BOJIHOBOJIA
¢ Bxoasiumu pédbpamvu // 2KypHast pajro3IeKTPOHUKN (3JIEKTPOHHBIN YKyPHAT ). —
2012. — Ne 2.

bozoawbos A. H., Eporun A. U., Mozunescxut HU. E. MaremaTuueckoe MOIEINPOBa-
HIe HEePeryJsipHOrO BOJIHOBOJIA C BXOAsIMU pebpamu // ZKypHasr BBIYHCIUTETbHON
MaTeMaTUKN U MaTeMaTudeckoil duzumku. — 2012. — Ne 6. — C. 1058-1062.

Epoxun A. U. llpumeHeHre TPOEKIIMOHHBIX METOJIOB K PACUYETY BOJHOBEIYIIHUX W
PE30HAHCHBIX CTPYKTYD € 0COOEHHOCTSIME // BbrauciurebHbIe METOBI U IIPOIPAMMU-
poearme. — 2012. — Ne 1. — C. 192-196.

Kyrxoe M. FO., Ilupsesa E. B. Ncmonb3oBaHue makeTa KOHEYHBIX 3JIEMEHTOB
FreeFem++ mns 3aga4d rugponuHaMuku, jieKTpodopesa u ouosiornu. — PocTos-
ua-/lony: FOxubrit benepanpabiii yausepcurer, 2008. — 256 c.

Zhang K., Li D. Electromagnetic Theory for Microwaves and Optoelectronics. 2nd
ed. — Berlin: Springer, 2008. — 711 p.

On the Representation of Electromagnetic Fields in Closed Waveguides Using Four
Scalar Potentials / M. D. Malykh, L. A. Sevastianov, A. A. Tiutiunnik, N. E. Niko-
laev // Journal of Electromagnetic Waves and Applications. — 2017. — Pp. 1-13. —
DOI: 10.1080,/09205071.2017.1409137.

Jas Jowc. Teopus yupyroctu. — I'T'TU, 1939.

Hadvorcencras 0. A. Kpaesbie 3aaun maremarnyueckoit ¢usukun. — Mocksa: Hayka,
1973. — 407 c.

Hellwig G. Differential Operators of Mathematical Physics. — Reading, MA: Addison-
Wesley, 1967. — 304 p.



46 Becrauk PYIH. Cepust MU®. T.26, Ne1,2018. C.39-48

UDC 519.633.2
DOI: 10.22363/2312-9735-2018-26-1-39-48

On the Reduction of Maxwell’s Equations in Waveguides
to the System of Coupled Helmholtz Equations

M. D. Malykh, A. L. Sevastianov, L. A. Sevastianov, A. A. Tyutyunnik
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6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

The investigation of the electromagnetic field in a regular homogeneous waveguide reduces
to the investigation of two independent boundary value problems for the Helmholtz equation,
corresponding to TE- and TM-modes. In the case of an inhomogeneous waveguide TE- and
TM-modes are connected to each other, which in numerical experiments can not always be fully
taken into account. In this paper we show how to rewrite the Helmholtz equations in vector
form to express this relationship explicitly.

In the article the cylindrical waveguide with perfectly conducting walls is considered, but we
don’t make any assumptions about filling of waveguide. The introduced approach is based on
two-dimensional analogue of the theorem known in the theory of elastic bodies as the Helmholtz
decomposition. On its basis, we introduce four potentials, instead of two potentials, usually
used in the theory of hollow waveguides. It is proved that any solution of Maxwell’s equations
in a waveguide that satisfies the boundary conditions of ideal conductivity on the boundaries
of a waveguide can be represented with the help of these potentials. The system of Maxwell’s
equations is written with respect to these potentials and it is shown that this system has the
form of two independent Helmholtz equations in the case of a hollow waveguide.

Key words and phrases: waveguide, Maxwell’s equations, Helmholtz Equation, normal
modes, Sagemath
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06 OJHOM MeToJe nccJjieJoBaHMAd CaMOCOIJIACOBAHHOM
HeJIMHeITHOM KpaeBOf/i 3adaIl Ha cobOCTBEeHHbIE 3HAYEHU S
C paCTymimMm IIoTeHIIuaJJiaMmn
. B. Amupxanos, H. P. Capkap

Jlabopamopus urPopMayuorHoLT MexHoA02ul
068edUnEHHBIT UHCMUMYM, A0EPHBIT UCCAECOOBAHUT
ya. 2Koauvo-Kropu, 0.6, Aybra, Mockoscras obaacmyv, Poccus, 141980

OpuH U3 pacrpoCTPaHEHHBIX METOOB UCCJIEIOBAHNMS MHOIOYACTUYHBIX 33J[a9 B PAMKaX Ba-
PUAITMOHHOTO TOJXO/Ia — TEePeX0o[ K HEeJWHEWHOW OJHOYACTUYIHON 3aj/lade MyTEM BBEJIEHUSI
CaMOCOTJIACOBAHHOTO TIOJIsA, 3ABUCSIIET0 OT COCTOSAHUN 3TUX dJacTuil. B paboTe paccMarpuBa-
eTcsI HeJIMHeHHasl KpaeBasl 33/1a4a Ha COOCTBEHHBIE 3HAUYEHUs JUid ypaHenus IlIpénunrepa c
PaCTYIIIUM MOTEHITHAJIOM, BKJIIOYAIONNM 3aBUCAMOCTDH OT BOJIHOBOU (DYHKITUU U CTEIEHHYIO 3a-
BUCHMOCTBb OT KoopawuHaTbl 7', n = 1,2,3.... [lpu n = 2 kpaeBas 3amada njisi ypaBHEHUsI
[MIpénunurepa (nuHeliHas 3a/a49a) UMeeT TOYHOE pemteHne. [lisi 9E€THBIX CTENeHel N MoKa3aHo,
YTO PENIeHHs TaKo! 33/1a9i MOXKHO BBIPA3UTH Y€Pe3 PeIleHUs] COOTBETCTBYIOIIEH JIMHEWHON 3a/1a-
9M, IPUYEM IIPU N = 2 pellleHne yIaeTcs HOJIyIuTh B SBHOM BuJe. [losyuaemsrit s n = 2 nabop
pelreHnii XapakKTepu3yeTcst SKBUANCTAHTHOCTHIO PACCTOSTHUI MEXKIY COCETHUMH COOCTBEHHBIMU
3HadyeHusaMH. [lokazaHo, UTO pellleHne HeJMHEHHON 38841 OTIINYIAETCS OT PENIeHNs JIMHEHHON
CIBUTOM COOCTBEHHBIX 3Ha4YeHU. B ciaydae moreHImasia BhIllle KB3IPATUIHOTO, TOSBISAIOTCS HO-
BbI€ PACTYIIMEe MOTEHIINAIBI MEHbIIeH creneHu. s caydas HeUETHBIX 3HAUCHUN N 00CYK/IaeTCsT
IepexoJi OT UHTerpo-auddepeHnuaIbHoi GOPMYIHPOBKY 3a1a49U K cucTeMe JuddepeHImaIb-
HBIX YPaBHEHUMN, KOTOPas MOXKET OBITH PeIreHa YUCIeHHO HA OCHOBE METOJIA MOCIEI0BATEHHBIX
IpUOJIMKEHUN, TOATBEPAUBIINI CBOIO 39 (PEKTUBHOCTD IIPU UCCJIEIOBAHUY MOJIEJIH TIOJISPOHA.

KuroueBbie ciioBa: aBTOJIOKAIU3aIMsI, COOCTBEHHBIE 3HAYEHUS, TOJISTPOH, PACTYIIHE 10~
TEHIMAaJIbl, HeJIMHElHAs KpaeBasd 33aJa4da

1. Bsenenue

IIpu uccieoBanuu penieHnii MHOrOYaCTUYHBIX 33129 IPUMEHSIS BapUAIMOHHBIN TPUH-
IIUIT ¥ ITYTEM BBEJIEHUS CAMOCOTJIACOBAHHOIO ITOJISI, MOXKHO CBECTH UX K OJTHOYACTHUIHO
3agade. CaMOCOIJIACOBAHHbBIE II0JIsI CAMU 3aBUCIT OT COCTOSHUN STHX YaCTHUIl, U TEM
CaMbIM 33JIa49a CTAHOBUTHCHA HEJMHENHOIA.

B kagecTBe XxapaKTepHOro mpuMepa MOXKHO IIPUBECTUA KOHIIEIITUIO HOJISIPOHA, SIBJIsI-
IONLYIOCS OJIHON M3 KJIACCHUYECKUX MOJIeJeil KBaAHTOBOH TeOpuu II0Jd, KOTOpash UMeeT
MHOTOYHCIEHHBIE TTPUJIOKEHNST B (PU3NKE KOHIEHCUPOBAHHBIX cpesl. OTMeTHM, ITO mpobIie-
Ma, TIOJIIPOHA ObLIa MEPBOHAYAIBHO CPOPMYTUPOBAHA KaK 33/1a9a aBTOJOKATU30BAHHOTO
3JIEKTPOHA B MOHHOM KpHCTaJlIe. B HacTosIee BpeMsi NCCIEIOBAHNIO aBTOTOKATN30BAH-
HBIX COCTOSTHUIT B KOHJIEHCUPOBAHHBIX CPEJIaX MOCBSIIEHO MHOTO OPUTHHAJBHBIX PabOT,
0630poB u mMonorpadwmii [1-5].

DddekT aBTONOKAJU3AINN B XKUJIKOCTIX IPUBOJIUT K 0OPAa30BAHUIO B HUX COJIbBATHPO-
BAHHBIX JIEKTPOHOB, UI'PAIOININX BAyKHYIO POJIb BO MHOI'MX XMMUYECKUX mporeccax [6,7].
ITon neiicrBuem obstydenust Boja (MM WHAs CPEJIA) MEPEXOJUT B 0COD0E COCTOsIHUE, Xa-
pakTepu3yeMoe CIeluaJbHbBIMI (DPU3MIECKUMI U XUMUIECKUMHU cBOicTBaMu 8.

IlomoGHbIe 3aMa41M BOSHUKAIOT B paMKaX KBAHTOBO-MEXaHUIECKON 3aa49Ml JIBYX Te,
" €€ U3yUeHue SBJISIETCS aKTYAJbHOM MPo0JIeMOil cCOBpeMeHHON (PU3NKU JIEMEHTAPHBIX
qacrtuil. Hanmpumep, B HEPEJIIATUBUCTCKON TTOTEHITNAJIBHON MOJIEIN OIIUCAHUE CIIEKTPA TsI-
JKEJIbIX KBapKOHUEB [9] cBosmTest K pemennio ypasHenust IIpéaunrepa st 1ByX TeJ.

Crarbs nocrynuia B pefakmuio 9 susaps 2018 r.

Pa6ora Beinosnnena npu dunancosoit noggepxkke rpanta POPU, Nel17-01-00661-a.

AgTops!l Beipaxkator 6aarogapuocts 3emusinoit E.B., Hukycapy H.J u TyxnueBy 3.K. 3a monesnoe
06Cy2K/IeHIE U IIeHHbIE 3aMEeYaHUsI.
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PengruBucrckoe 06061menne 3ot momesn B pamkax KX /I, Heobxoaumoe Ijist e InHO00pas3-
HOT'O OTMCAHUS CIIEKTPOB JIETKUX M TAXKEJBIX KBAPKOHUEB, IPUBOINT K PEIATHBUCTCKUM
BapuanTaM ypasHenus: [lIpéaunrepa. B kadecTBe 3dp(HEKTUBHOIO MTOTEHITNAIA MEKKBAP-
KOBOT'O B3aWMO/JIEHCTBUS OOBIYHO UCIIOJIB3yEeTCsT COUYETAHNE PACTYIIEr0 U KYJIOHOBCKOTO
MTOTEHIINAJIOB. UMCIEHHbBIE NCCIEI0BAHNS 33189 Ha COOCTBEHHBIE 3HAUEHNS C KYJTOHOBCKUM
U JINHEHO PACTyIIUMU [TOTEeHIMAaIaMu IIpUBejieHbl B padorax [10,11].

Jpyroit mpuMep HCIIOIB30BaHUS CAMOCOTJIACOBAHHOIO TIOJISI — ypaBHEHHE XapTpu
IS ICCJIEeIOBAHUA 331249 B sII€PHON MJIM aTOMHON (DU3UKE, B TOM UHUCJIE JJIT CUCTEMBI
9JIEKTPOHOB [12].

h2 N .
—o At Vaa(r) + D0 E0i(ry) | Uy =gy, 1IN, (1)
i=1j#i

rJie MOTEHINAJBI ONpeessaoTcss u3 cucreMbl N ypasaenuii Ilyaccona
AD; = —4mplp;, 1<i <N, (2)

rae Vm(rj) — IIOTEHIUAJT B3aUMOJENCTBUS j TOTO JIEKTPOHA B KYJIOHOBCKOM IIOJIE SIJIPA.

[Tosyuennast TAaKIM CIIOCOOOM IOTEHINAIBHAS JHEPrUst (2) HA3BIBACTCS CAMOCOIIACOBAH-
HBIM TToJ1eM XapTpu. IIyTéMm BBe/leHUST CAMOCOT/IACOBAHHOTO TIOJIST (2) MHOTO3JIEKTPOHHAaA
3a/1a4a CBOJUTCS K OJHOIJIEKTPOHHOM, T.e. K perenuio ypasuenus [Ipéauarepa (1)7
COZEPKAIIET0 KOOPAUHATHI TOJIBKO OIHOIrO 3jeKTpoHa. CaMocoriiacoBaHHOe II0JIe, IIpa-
BUJIbHO YYHUTLIBAIONIEE CUMMETPUIO [I€PECTAHOBKU IACTUIL, Ob1I0 mosryiaerHo Pokom [12].
Cucrema HeMHEHHBIX HHTETPO-auddepeHnnaibHbX ypasueruit Poka OTIMIaeTcs: OT CU-
cTeMbl XapTpH C MPUCYTCTBUEM OOMEHHOT'O WHTErpaJia, O0yCIOBIECHHBIM CUMMETPU3AIIIEH
KOOPIUHATHBIX (DYHKITHI.

B mammoit pabore mpeioykeH MeTOJ, MCCAEIOBAHNS PeIeHnii HeJInHeHON KpaeBoi
331891 Ha COOCTBEHHBIE 3HAYEHUs /i ypaBHeHus [1Ipéauarepa ¢ pacTyImuM MOTEHITAATIOM,
BKJIIOYAIONINM 3aBUCUMOCTb OT BOJIHOBOH (DYHKITUU.

2. lIlocTaHoBKa 3aga4mu

M3ydenune crammoHapHBIX aBTOJOKAJIU30BAHHLIX COCTOSHUII B Cpejlie, KaK IIPABUJIO,
CBOJUTCA K HCCJICJOBAHUIO DEIICHUN HeJIMHEHHON KpaeBol 3a1a4u B PaMKaxX ypPaBHCHUS
HIpénuurepa, koTopoe B 6e3pa3MepPHBIX IIEPEMEHHBIX UMEET BU]L

[A+E—cq>(|¢|2)} b (F) =0, (3)
TIe

@—/dflvuf—mwm)ﬁ, (4)

2
[IpU yCJIOBUU COXPAHEHUsST HOPMUPOBKU / d7 |y (7)|” = 1, a TakKe rpaHUYHbIE YCJIOBHS
UMEIOT BUJL:

$(0) = const, ¥ (7) —— 0. (5)

r—00
IToreniman (4) sIBJAsIETCS CAMOCOIIACOBAHHBIM, T.€. TAK KAK 3aBHCAT OT CAMOTO PEIEeHHsI
ypasuenus (3).

XapakTep TakOil 3aBUCUMOCTH, a TaKKe popma PYHKINH V' OIPeIeIsTIoOTCs KOHKPETHON
Mojtesibio. Tak, mpu uccieoBanun cocrosiuuit mossipona V (|7 — 71|) = 1/|7 — 71|. Torna
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dbyukius ® ynosaerBopsieT auddepeHInaIbLHOMY yPaBHEHUIO
A® = —4r|]?. (6)

OTMeTnM, 9TO ¢ BHIYUCIUTEIHLHON TOYKHU 3peHUst OOBITHO 6ojiee yI00HO MCCIIeI0BATD
cucremy muddepernuagbabx ypapaenuii (3) u (6) ¢ rpanngabiMu ycaoBusmu (5), a
He cucreMmy uHTErpo-auddepenmanbabix ypasuenuit (3)—(5). B pabore npososurcst
uccjIeIoBaHne HeJMHEeHHON KpaeBoil 3aia4an (3)—(5), rue nmorennuan V umeer Bu

V(r—n)=F=nl", n=1234,... (M)

3. MeTOﬂbI nccijaeaoBaHusd U aHAJIN3 ITOJIYYE€HHDBIX PE3YJIbTaTOB

Uccnenosanue cpoiicts pemtennit 3agatin (3)—(5), (7) OymeM IPOBOAUTH OTAETIHHO IS
YETHBIX U HEYETHBIX 3HAYUCHUIL.

1. Paccmorpum ciyuait, korja n = 2,4,6,. ...

Cdepuieckn cummerpranoe perrenue (3) umeM B Buge ¢ (7) = (¢(r)/r)Yoo, ¢ rpannd-

ubMu yesoBuamu ¢(0) = p(o0o) = 0, tae Yoo = 1/v/4m. Torna (4) npumer ciremyionmit Buj

17 [T
¢ = 477/d7"1902(7“1)/d901/d91 sin 0y |7 — 71 [" . (8)
0 - 0

IIpu n = 2, mocjile UHTErPUPOBAHUSA IO YIJIAM TIOJIY YUM

O =Ar>+ Ay, rne A= /dT1<p2(7"1), 9)
0

o0
¢ yaéroM HOpMHPOBKH A1 = 1, Ay = /drﬂ“f(pz (r1).

0
Ypasuenue (3) st chepudecK CAMMETPUIHBIX PelleHnii B 6e3pa3MepHbIX IePEMEHHbIX
IIeperuIeM B BUJIE

d2
[dﬂwm—c@]wm(r):o m=0,1,2,..., (10)

€ TPAHUYHBIMHU YCJIOBHAME @, (0) = ¢, (00) = 0.

Pemas ypasuenne (10) ¢ 9TUMHI Ke IPAHNIHBIMA YCIOBHSAME, HAXOINM COOCTBEHHbIE
suavenus E,,. laiee OyneM cpaBHUBATH aHAJTUTHYECKOE perenus ypasaernus (10) ¢ moreH-
nuasiom & = r? (sumeitnast 3aj1a4a) ¢ peleHUAMI HeJUHeHHOH 3a1a4u ¢ noTenmuaiom (9).

Pemenna umem B BHIIE

©i = Nigi, (11)
rae N;(i = 0,1,2,...) — HOPMHPOBOYHBIE [OCTOSIHHBIE, KOTOPbIE UMEIOT BU/L

1
Ny=—="""\ i=0,1,2,...,

[ @idr
0
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_ —_Br2 _ _ B2 _ B2
Go=re P Gr=r(?—a))e P By =r(? —a)(r® —as)e P,
@3 = r(r? — ay)(r? — as)(r* — ag)e "
_ 3,2
@y =1r(r* — a7)(r? — ag)(1? — ag)(r? — ao)e™"".

IMoxcrasiss Beipakenust (11) mus pasmsix ¢ = 0,1,2,... B ypasuenne (10) ¢ mo-
rermuagomM ® = 72, mosyunM cucTeMy aarebpamdecKnxX ypaBHEHHH IS HAXOMKICHUS
cobcrBenHbIx 3Havenuii E,,(m = 0,1,2,3,4) u mapamerpos a; = 1,2,...,10. Pemas sry
CHCTEMY YPABHCHHIA, ITOJTYTHM

EO = 3\57 El = 7\ﬁa E2 = 11\57 E3 = 15\/6) E4 = 19\57

(5 —V10), (54+10), a4 = ——(14,0657980),

1
“= 2,/c
(20, 3648752),

1
3 = = —_——
), @ =5 /e

1
2\/c
(1,3326518), ag =

1
N

1 1
= ——(5,6015501 = —
5 2\/5( ’ ), ar 2/c

(4,3132752), aipg =

1
2\/c

1
= — (10,274 = 1,0470521 =
as 2\/E( 0,2747750), ao (1,0470521), J3

1 1 Ve
2y/c 2/c 2

oo
Jlnst HesmHeitHOM 3a/1a4u ¢ noreHmmaaoM ®,, = r2 + Aa,, Tae Ag, = / rr? gom ),
0

cobcrBennble 3Hadenus F, capuraiorca Ha cAgz,. Torma nmeem E, Ey + cAsg,
Ey = Ey + cAgi, By = Eg + cAz, B3 = E3 + cAgz, By = Ey + cAay.

Takum obpa3oM, pelteHre HeJTUHEHHOW KpaeBoit 3a/1a9u ¢ MTOTEHITHAIOM (9) CBeJIA K
pelenuio JmHel o 3a0a4n ¢ norenmuaitom ® = r2. JleitcreuTenbro, ecim noterrman (9)
nocraBuTh B ypasaerue (10), To mosrydaem JUHEHHYIO 3a/1a9y CO CBUHYTHIM COOCTBEHHBIM
3HauenneM E,, = E,, + cAan,.

Tax kak ypasaenue (10) ¢ morerruanom ® = r? uMeer aHATUTHYECKOE DETTEHHE, TO U

HeJIMHEHAs 3a/ada TakKe UMeeT aHaJUTHYecKoe perrenue (cM. Tabur. 1).

MuTerpansr
(o)

Ao = /drr2 2 (r)
0

¢ byukmusavu (11) BbMUCIAIOTCS aHAJIUTUYECKH. TaK KaK BBIYUCJIEHUSI WHTETPAJIOB
IPOMO3JIKIE, MBI X OIIyCKAeM, B TabJIUIIE IPUBEICHBI TOJbKO OKOHYATEILHBIE PE3YJILTATHL.
I3 mo/iy9eHHbIX Pe3YJILTATOB CJIEYeT, YTO PACCTOSHUS MEXKJLy COCETHUME COOCTBEHHBIMU
3HAYEHMSIMU HEJIMHEHHON 3a/1a91 9KBUIUCTAHTHBI (CM. TIOC/IeHIEe KOJIOHKH Tabm. 1). A
TakzKe [poBepeHo, uro pertenus (11) ¢, OpTOrOHAIBHEL, T.€.

/dr(plcpm =0, [#m.
0

IIpu n = 4 mocJie uHTErpUpoOBaHus 1O yriaaMm (8) Oy Ium

o0

10
= §A2r2 + Ayt + Az, toe Az = /drlr‘f(pQ (r1) . (12)
0
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Tabauna 1
Cob6cTBeHHbIE 3HAYEHUS JIMHEMHON 3agaun F, HeqnHelHON 3anaun F u 3HaYeHUs
uHTerpasa Az, npun=2, m=0,1,2,3,4

c m | 0.25 | 1.0 | 4.0
CobcTBeHHbIE 0 1.5 3 6
3HAYEHUST 1 3.5 7 14
JUHENHOM! 2 9.9 11 22
331291 3 7.5 15 30

E 4 9,5 19 38

0 3 1,5 | 0,75

3uadeHus 1 7 3,5 | 1,75

HHTETrpaJja 2 11 9,9 | 2,75

Ao 3 15 7,5 | 3,75

4 19 9,5 | 4,75
CobcTBeHHbIE 0 2,25 | 4,50 9
3HAYCHUS 1 5,25 | 10,5 | 21
HeJIMHETHOM 2 8,25 | 16,5 | 33
331891 3 | 11,25 | 22,5 | 45

E 4 1425285 | 57
Paccrosrue 3 6 12
MEXKJY COCEeTHUMU 3 6 12
COOCTBEHHBIMU 3 6 12
3HAYEHUSIMU 3 6 12

IIpu n = 6 momy4unm
¢ = 7A3T2 + 71427’4 + A1T6 + A4, rae A4 = /dTlT?(pQ (Tl) (13)

0

a T.JI.
B srom ciyuae kpome morennuanos ® = rt & = 1% ucxonnoit 3a1aun B HeMUHEIHOM
3aj1ate MOSBJIAIOTCS HOBBIE PACTYIIIE MOTEHNNAbI Menblieil crenenn (em. (12) u (13)).
OjiHako HaifiTH aHAJIMTUYECKHE PEIIEHUs HE Y/AJIOCh.
2. Tenepp paccMOTPHUM ciIydau, KOTJIa NI IPUHIMAET HeYETHBIE 3HaYeHus N = 1,3,5,. ..
IIycts n = 1. Torma

6

&, (7) :/dm 7 — 71 I,
0

Or1a dyHKIMS 006/1a7aeT CHASTYIONUMHA CBONCTBAMMU:

[ee]

@1(0):/dm1 [ (P, @ (F) — - (14)

7—00
0

HeitcrByst Ha dysakiuio @4 () omeparopom A, mosydnm

Ad, = 20, (15)
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rJe
oo

L1 L
@2 = /d.'r'1|,’:,_7_.‘1| ‘w (T1>|2.
0

HeiicrByst na dyukuuio ®o (7) oneparopom A, mosydum
ADy = —drlP?, (16)

rmae

TakuMm 06pa3oM, BMECTO CUCTeMbI HHTErpo-auddepeniantbabix ypasaenuii (3)—(5)
nostyqnsiu cucreMy Tpéx auddepennuanbabix ypasaenuii (3), (15), (16).

Cdepuueckue cummerpuunbie penienust cucreMbl (3), (15), (16) umem B Buje

— r V T - V r 1
w(T)ZQOEﬂ)Yoo,‘I’l(F): li)Yoo,%(T)Z Zi)Yoo, vae Yoo =4/

Ioxcrasiss B cucremy ypasuenuii (3), (15), (16), mosryanm

1%
\/1771%0:07 V=2V, Vy=-

2
QON—FE(,O— @

(18)
C 'PaHUYIHbBIMHU YCJIOBUAMN

2 /
©(0) =0, ¢(c0)=0, V1(0)=0, Vi(r) — V2(0) =0, V5(c0)=0. (19)
IIpu Hanucanuu rpaHuydHbIX yesosuii (19) yurenst csoiictsa (14) u (17).
st pemmenns 3ana4an (18), (19) MOXKHO HCIIOIB30BATH AJITOPUTM HA OCHOBE METOZA

LOCJIE/[OBATEJIbHBIX IIPUOJINKEHUH, YCIIEIHO AlPOOUPOBAHHBIIN JIJIsl PEIIEHHsI CHUCTEMbI

ypaBHeHHil Hojsipona B padore [13]:

1) pemaeM Tperbe ypaBHeHue cucTeMsl (18) npu 3aaHHOM (B HAYAILHOM IIPUOIIZKEHIN )
gpk u Haiigém Vo;

2) permaem BTOpOe ypaBHEHME JIJIsl HAXOXKIIeHUs V7;

3) pemas mepBoe ypaBHeHHe, Haifi/IéM B cieytomeM npubimzkenun oF L

4) 1OBTOpsIeM Bech aJTOPUTM JIO CaMocorvacoBanus, T.e. max |@F 1 (r) — oF(r)| <

0<r<oo

£, IJle € — 3aJlaHHAas MaJiasl [OJIO’KUTE/IbHAS BeJIMYIHHA, BJINSIONIAs Ha TOYHOCTD
II0JIy 9a€MOT0 IUCJICHHOI'O PEIIeHHUSI.

TouHOCTL OIpeesseTcsa IOPAIKOM AINMPOKCUMAIINNA U IIaroM JUCKPETHOH CeTKH.
N o0 1o | = - 13 =\ |2
ITycrs n = 3. Torga ®3(7) = fo dry |7 — 71" | (7)), e
o0

q>3(0):/dm§ WP, By (F) — 1. (20)

—00
0

HeiicrByst Ha dyukimo g (7) onmeparopom A HECKOJIBKO pa3, MMOJIyTHM

ADy =120, AD =20y, Ady = —4r|yh|? (21)
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Takum 00pa30oM, HOJYYMJIA CHCTEMY YeThIpEX nudepeHIuaJbHbIX ypaBHeHuil. Axaio-
TUIHO, IPU N = 5, TMOJYyYIUM CUCTEMY TIATH JudHepeHnua bHbIX ypaBHeHU 1 T.1. st
YHUCJIEHHOTO PEIeHus dTUX CUCTEeM HEeOOXOINMO OOOOIIUTE BBINTEOTNCAHHBIN aJITOPUTM
Ha CJy4daio OOJIBINEro Yucja ypaBHEHUI.

4. BrpiBoapl

U3 nosiy4eHHBIX PE3yJIbTATOB MOXKHO CJIeJIATh CJIELYIOIIe BbIBOIbL:

a) IIpn uccieroBannu obcyxaaeMoii HesHeRHo Kpaesoit 3aga4au (3)—(5), (7) B ciy-
Jae I6THBIX 3HAUEHUI n, 9Ta 3a/a4a CBeJIeHa K PEeIleHuio JuHeitHoil 3amaau. [Ipu n = 2
IIOJIy9€HO AHAJUTUYIECKOE PEICHIe HeJMHEHHOM 3a/1aun, XapaKTepU3yIoIeecs: SKBH/IH-
CTAHTHOCTBIO PACCTOSTHUIT MEXKJLy COCEHUME COOCTBEHHBIMU 3HAYEHUSIMU CIEKTDA.

6) s ciydas HEYETHBIX 3HAYEHUII HAa OCHOBE HCXOJHON CHCTEMBI HHTErPO-
muddepeHnuaiIbHbIX  ypaBHEHUI dopMmyupyercsa cucreMa auddepeHnnaabHbIX
yPABHEHUH, YMCJIEHHOE DellleHre KOTOPOil MOXKeT ObITh IIPOBEJIEHO HA OCHOBE MeTOZa
I0CJIe/JOBATE/IbHBIX IPUOJIMZKEHHI, YTO SIBJISIETCs IPEJIMETOM JajIbHeiiteil paboTsl.
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On a Method of Investigation of the Self-Consistent Nonlinear
Boundary-Value Problem for Eigen-Values
with Growing Potentials

I. V. Amirkhanov, N. R. Sarker

Laboratory of Information Technologies
Joint Institute for Nuclear Research
6 Joliot-Curie Str., Dubna, Moscow region, Russia, 141980

One of the most common methods for investigating multiparticle problems in the framework
of the variational approach is the transition to a nonlinear one-particle problem by introducing
a self-consistent field that depends on the states of these particles. The paper considers a
nonlinear boundary value eigenvalue problem for the Schrédinger equation with a growing
potential including a dependence on the wave function and a power dependence on the coordinate
V =7r" where n = 1,2,3.... For n = 2, the boundary value problem for the Schrédinger equation
(linear problem) has an exact solution. For even powers of n, it is shown that solutions of such
a problem can be expressed in terms of solutions corresponding to the linear problem, and for
n = 2 the solution can be obtained in explicit form. The set of solutions obtained for n = 2 is
characterized by equal distances between neighboring eigenvalues. It is shown that the solution
of the nonlinear problem differs from the solution of the linear problem by the shift of the
eigenvalues. In the case of a potential higher than the quadratic one, new growing potentials
of a lesser degree appear. For the case of odd values of n, the transition is discussed, from the
integro-differential formulation of the problem to a system of differential equations which can be
solved numerically on the basis of the method of successive approximations, which has proved
its effectiveness in the study of the polaron model.

Key words and phrases: self-localization, eigenvalues, polaron, growing potentials, non-
linear boundary value problem
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On a Method of Multivariate Density Estimate Based
on Nearest Neighbours Graphs

Gleb Beliakov
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A method of multivariate density estimation based on the reweighted nearest neighbours,
mimicking the natural neighbours techniques, is presented. Estimation of multivariate density
is important for machine learning, astronomy, biology, physics and econometrics. A 2-additive
fuzzy measure is constructed based on proxies for pairwise interaction indices. The neighbours
of a point lying in nearly the same direction are treated as redundant, and the contribution
of the farthest neighbour is transferred to the nearer neighbour. The calculation of the local
point density estimate is performed by the discrete Choquet integral, so that the contributions
of the neighbours all around that point are accounted for. This way an approximation to the
Sibson’s natural neighbours is computed. The method relieves the computational burden of the
Delaunay tessellation-based natural neighbours approach in higher dimensions, whose complexity
is exponential in the dimension of the data. This method is suitable for density estimates of
structured data (possibly lying on lower dimensional manifolds), as the nearest neighbours differ
significantly from the natural neighbours in this case.

Key words and phrases: density estimate, nearest neighbours, Choquet integral, fuzzy
measure, natural neighbours

1. Introduction and Problem Formulation

Multivariate density estimates from finite samples play an important role in data
analysis and clustering [1]. Among other applications, density estimates provide a way
to construct density based metrics [2], density based averages [3,4], perform density
based clustering, and also compute robustly the mode(s) of a distribution [5,6]. Practical
applications include data analysis and machine learning, anomaly detection, econometrics,
high energy physics, astronomy, flow cytometry, image analysis and computer vision to
name a few. For example, spatial distribution of cosmic matter at megaparsec scale was
analysed by using nonparametric density estimates in [7]. Density based metrics are often
used in unsupervised data analysis, e.g., in the DBSCAN algorithm [8].

Histograms are traditionally used as density estimates of single variable distributions.
Their use in the multivariate setting is problematic because of the rapidly growing number
of histogram bins, the majority of which remain empty. Kernel-based density estimates
due to the works by Parzen and Rosenblatt [1,5], often called Parzen-Rosenblatt windows,
is a popular multivariate approach, in which a point density estimate is constructed by
averaging the values of a kernel function of the distances between a fixed point and the
data. One problem with kernel density estimates is the bandwidth selection, which is
the smoothing parameter in this process. The values of the bandwidth parameter which
are too small result in spiky estimates, values that are too large result in oversmoothing.
There are approaches for automatic bandwidth selection based on cross-validation [9]
but they are computationally expensive.

Another family of density estimates is based on the notion of the Voronoi diagram [10].
A Voronoi cell is a set of points which are closer to one point from the sample than to any
other point in that sample. Intuitively, the volumes of Voronoi cells can serve as proxies

Received 5% October, 2017.
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for density estimation: small Voronoi cells imply high density. One can view Voronoi
cells as (polyhedral) bins in a histogram that contain a single datum. From the technical
viewpoint, Voronoi cells are not very convenient, as a) there are Voronoi cells of infinite
volume, and b) multiple calculation of Voronoi cell volumes is computationally expensive.
Instead the dual of the Voronoi diagram, the Delaunay tessellation, is used [11]. The
Delaunay tessellation is a partition of the convex hull of the data (and hence Delaunay
cells are finite), and since these cells are simplices, their volume is computed easily in
the multivariate setting. The method in [7] averages the reciprocals of the volumes of
the neighbouring Delaunay simplices to provide point density estimates at every point
in the sample. One important feature of Delaunay tessellation is that the neighbouring
simplices involve data located all around the point at which the density estimate is
computed. This feature led to the development of the method of “natural neighbours”
in scattered data interpolation [12].

The issue with Delaunay tessellation is its complexity: the number of Delaunay cells
grows exponentially with the dimension d of the space, more precisely as O (nfd/ 21),
where n is the sample size. This is a manifestation of the course of dimensionality.

Another approach to density estimation is based on the nearest neighbour type graphs,
including the k nearest neighbour graph (kNN), minimum spanning tree (MST) and
Gabriel graph [13,14]. The distance from a point to its nearest neighbour can give an
estimate of the density, as it provides the volume of an empty sphere near that point.
Compared to the Delaunay tessellation, there is no combinatorial explosion of complexity
with the increasing dimension, as no space partitioning is required (only n? pairwise
distances are needed to construct the MST or kNN graph). The MST and Gabriel
graphs are subgraphs of the Delaunay graph, which prompted their use as proxies for
the Delaunay tessellation. But on the other hand, the nearest neighbours are not always
located all around a query point, and the nearest neighbour relation is not reciprocal. The
kNN graphs may not be connected, which makes them not fully suitable for proximity
calculations [14]. Selecting a larger value of k also leads to oversmoothing.

In this paper we explore one method of density estimation based on the nearest
neighbours graph. In this method we take a sufficiently large value of k£ in the kNN
density estimate, but ensure that only the neighbours located all around a query point are
counted. That is, we attempt to marry the kNN with the natural neighbours approach,
but without performing expensive Delaunay tessellation. To this end we use the notion of
the discrete Choquet integral with respect to a specially constructed fuzzy measure. It
allows one to account for correlations between the inputs, and explicitly model the notions
of redundancy and positive reinforcement. In particular we account for contributions of
the neighbours situated in the same direction from a query point and downweight the
contribution of the furthest. This way only the contributions to the density estimate
from the neighbours all around a query point will count.

The problem is formulated as follows. Given a sample of (independent, identically
distributed) data of size n and dimension d,

D:{xf}izlmd_ j:L“n:{(:ﬁ{,...,xé)}, j=1,...,n,

find a density estimate approximating the probability density of the distribution the
data were drawn from.

s

The paper is structured as follows. Section 2 presents the background material needed
for the rest of the paper. Section 3 presents the proposed kNN reweighting method,
including the construction of a 2-additive fuzzy measure from the interaction indices and
computation of the threshold for the size of the cone of directions in the multivariate
setting, so that the proportion of data located in such a code remains constant in different
dimensions. Section 4 provides a numerical illustration and Section 5 concludes.
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2. Preliminaries
2.1. Point Density Estimation Problem

Let the data set D be generated by sampling from a distribution with probability
density p : R — [0,1]. The goal of density estimation is to recover an approximation
to p, denoted p. Non-parametric methods do not assume any specific form of p and
hence build p based only on the data.

Building a histogram is the traditional approach which usually works in one or two
dimensions, but is not suitable in the multivariate setting because of the rapidly growing
number of histogram bins where the data are allocated. There are several approaches to
density estimation mentioned in the Introduction. In particular, kernel density estimates
provide density p(x) at a point using that point as a centre of a neighbourhood of
selected radius, while Voronoi diagrams provide point density estimates using the nearest
neighbours of the point x located all around it. By selecting a kernel function K, with
bandwidth parameter a we have

px) = 3 Kol x),

The bandwidth a affects the roughness or smoothness of the estimate, and kernel based
methods are sensitive to the choice of a.

Voronoi diagram based methods like [7] use the data all around x and the neighbourhood
around x is thus obtained automatically.

2.2. K Nearest Neighbours and Natural Neighbours Estimators

The K nearest neighbours is a popular method in machine learning, see e.g. [15]. It is
based on calculating the distances between the reference data (it is often called training
data, although no actual training in the kNN method takes place) and the query point x,
at which either the value of a function or a class label is required.

Calculate the pairwise distances d; = ||x - X’H (in some norm), and sort the data set
in the order of increasing d;. There are many works dedicated to the choice of such a
norm, see, e.g. [15,16], which is a very hard and context dependent problem. In this

k .
study we assume it is the Euclidean norm. Then approximate f(x) by y = > w;f (x’),
i=1
where the weights w; are determined usually by some non-increasing function w; = h (d;),
see [16,17]. It was also proposed [18] to use the Induced Ordered Weighted Averaging
functions (Induced OWA) instead of the weighted mean to aggregate the values f (xl) and

to learn w from the data. The Choquet integral was used for the same purpose in [19].

Unlike in function approximation, in the case of density estimation the values f (xl)
are not given but need to be estimated from the data set itself. One measure of density
applicable to the kNN approach is the reciprocal of the pairwise distances, which we
present in Section 3.

Another popular method of multivariate approximation is the natural neighbour scheme
by Sibson [12,20,21]. The idea of this method is to build an interpolant whose value
at x would depend on a few data points close to x at the same time distributed all
around x, see Figure 1. It favorably contrasts with the nearest neighbour methods in
which only the distance from x matters.
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Figure 1. The nearest neighbours of a query point (left)
versus natural neighbours (right)

In the natural neighbour scheme, the interpolant is a weighted average of the neigh-
bouring data values

J
f(x) = ij (x) f (%),

where the weight w;(x) is proportional to the volume of the part of Voronoi cell
Vor(x;) = {z : ||[z—x|| < |[[z—x*||,k # j}, which is cut by the Voronoi cell
Vor(x) = {z: ||z — x|| < ||z — x"||}, when x is added to the Voronoi diagram as one of
the sites. Since Voronoi cell Vor(x) borders only a few neighbouring Voronoi cells, only a
few neighbouring data points around x participate in calculation of f(x) (so called nat-
ural neighbours). More recently variations of Sibson’s method were developed, based
on other rules for calculating weights w;(x) [21,22].

Sibson’s interpolant possesses many useful properties, but it is computationally ex-
pensive, as each x requires computation of a new Voronoi diagram having x as one of
the sites. There are methods that allow an update of the Voronoi diagram when x is
added to the list of sites in 2- and 3-variate cases, so that the whole Voronoi diagram
needs not be built for every x. Such methods are very competitive, but we are unaware
of any extension for more than three variables.

2.3. Fuzzy Measures and Discrete Choquet Integral

Aggregation of inputs into a representative output is the subject of aggregation func-
tions [23,24]. The weighted arithmetic mean (WAM) and the median are the two most
commonly employed aggregation functions, and the WAM is used in the traditional kNN
when averaging contributions of the K nearest neighbours. These functions are not suit-
able for our purpose as we want to account for input redundancies. The Choquet integral
is a tool for explicitly modelling such interactions.

While the weights of the inputs in the WAM are associated with relative importances
of each input, a discrete fuzzy measure allows one to assign importances to all possible
groups of inputs, and thus offers a much greater flexibility for modeling aggregation.

Definition 1. Let N' = {1,2,...,n}. A discrete fuzzy measure is a set function
v : 2V — [0,1] which is monotonic (i.e. v(A) < v(B) whenever A C B) and satisfies
v(0) =0 and v(N) = 1.

In Definition 1, a subset A C A can be considered as a coalition, so that v(.A) gives us
an idea about the importance or the weight of this coalition. The monotonicity condition
implies that adding new elements to a coalition does not decrease its weight.
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Definition 2. The discrete Choquet integral with respect to a fuzzy measure v is given

by
Cy(x) = qu) [v ({ilz; = z@}) —v ({ilzs = 26 })] (1)

where x » = (x(l),x(g), ces ,iE(n)) is a non-decreasing permutation of the input x, and
T(n41) = 00 by convention.

Definition 3. Let v be a fuzzy measure. The Mdbius transformation of v is a function
defined for every A C N as

M(A) =Y (-1)Ely(B).

BCA

The WAM and ordered weighted averaging (OWA) functions are special cases of
Choquet integrals with respect to additive and symmetric fuzzy measures respectively. In
this contribution we are specifically interested in K-additive fuzzy measures [25,26].

Definition 4. A fuzzy measure v is called K-additive (1 < K < n) if its Mobius
transformation verifies
M(A)=0

for any subset A with more than K elements, |A| > K, and there exists a subset B with
K elements such that M(B) # 0.

In this work we are interested in 2-additive fuzzy measures, therefore we assume all
M(A) = 0 for |A| > 2.

When dealing with multiple inputs, it is often the case that these are not independent,
and there is some interaction (positive or negative) among the inputs. To measure such
concepts as the importance of an input and interaction among the inputs we will use the
concepts of Shapley value, which measures the importance of an input ¢ in all possible
coalitions, and the interaction index, which measures the interaction of a pair of inputs
i,7 in all possible coalitions [25, 26].

Definition 5. Let v be a fuzzy measure. The Shapley index for every i € N is

oiy= 3 BT AEDIAN Gy) — ea)

|
ACN\ (i} "

The Shapley value is the vector ¢(v) = (¢(1),...,¢(n)). It satisfies > (i) = 1.
i=1

Definition 6. Let v be a fuzzy measure. The interaction index for every pair i,7 € N
is

= 3 PR AU D - oAU () - AU D) + o).
ACN\{i,j} '

The interaction indices verify I;; < 0 as soon as ¢, j are positively correlated (negative
synergy). Similarly I;; > 0 for negatively correlated inputs (positive synergy). I;; € [—1,1]
for any pair i, j.

A fundamental property of K-additive fuzzy measures, which justifies their use in
simplifying interactions between the criteria in multiple criteria decision making is the
following [26].
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Proposition 1. Let v be a K-additive fuzzy measure, 1 < K < n. Then
— I(A) =0 for every A C N such that |A| > K
— I(A) = M(A) for every A C N such that | 4| = K.

Thus K-additive measures acquire an interesting interpretation. These are fuzzy
measures that limit interaction among the criteria to groups of size at most K. For
instance, for 2-additive fuzzy measures, there are pairwise interactions among the criteria
but no interactions in groups of 3 or more.

The Choquet integral can also be expressed in terms of interaction indices. For
2-additive fuzzy measures we have [27]:

Cr(x) = Z min (z;, z;) Iij + Z max (z;, ;) |1;;| +

1;;>0 1;;<0

+ ; sﬁ(i)—%zuzﬂ ; (2)

i=1..K i#£j

subject to

o({ih) = ¢() = 5 3 IFl > 0

i#j
foralli =1,..., K.

3. Nearest Neighbour Reweighted Graph

As we mentioned in the introduction, this density estimate is based on the kNN graph.
Let us fix a value of K ( sufficiently large to include the natural neighbours, of the order
of tens to hundreds). Let us also fix a datum, x7 at which the density estimate will be
computed. Calculate the pairwise distances from x’ to all the other pints in the sample
and select the K nearest neighbours.

Let the density estimate at x7, p(x7) be given as a weighted sum of the values

1
PR T =1
which are (up to a constant factor) the reciprocals of the volumes of spheres whose
diameters are the segments between x? and x°.

If we were to use a kNN estimate without reweighting, a large value of K would result
in oversmoothing. Our goal is to select the weights in such a way that contributions of
the neighbours on the same side relative to x? are not double counted. This way only the
natural neighbours all around x? will contribute to the sum, and that would be equivalent
to using a Delaunay based estimate but without its high complexity when d is large. The
question is how to perform such weights redistribution.

Our main tool will be the discrete Choquet integral with respect to a fuzzy measure.

3.1. Construction of the Fuzzy Measure

We now construct such a fuzzy measure based on the proxies for interaction indices,
which we call the redundancy values. In our setting the contributions of two neighbours,
k and [, toward point density estimate are redundant if these neighbours lie on the
same side from the query point x?. The degree of redundancy Rj; can be expressed
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as a function of the cosine of the angle Hil = /xFxIx!, which is easily computed as
COS(Hil> = (xf —xF) - (x) —=x')/ (||xj —ka ||xj — xl||). In other metric spaces Ry,
can be computed without recurring to the scalar product, as a function of distances only.

Now, take the redundancy values Ry; = ¢ (COS (Gil)), where g : [-1,1] — [0, 1] is some
monotone function chosen as described below. Of course, the redundancy values cannot

be taken as the (negative) interaction indices directly, because the interaction indices
need to satisfy a number of constraints [25, p. 429], namely,

JEN\AU{i} leA

forall ACN\{i},i=1,..., K, where N = {1,..., K} and ¢(i) are the Shapley indices.
The constraints are satisfied if and only if v is a 2-additive fuzzy measure.

In addition, the Shapley values are also unknown. While it is possible to set up an
optimization problem to select the interaction indices close to the redundancy values, but
subject to the constraints (3), it would be extremely inefficient to solve such a problem

for every datum x7. Instead we proceed as follows.

Let C : [0,1]" — [0,1] be a triangular conorm [23], a monotone increasing sym-
metric associative function with neutral element 0. These functions are often used to
aggregate inputs so that the total contribution does not exceed 1. The Einstein sum
C(z,y) = x + y — zy and the maximum function are prototypical examples of triangular
conorms.

Let the initial contribution of all the K nearest neighbours of x/ be the same
wyp =1/K, k=1,..., K. Suppose that the neighbour x' is located further than the in-
puts ki, ks, ..., kn and in roughly the same direction, so that 0]k1l7 . 7%7,11 are smaller
than some threshold, like § = 7 /4, see Figure 2. We want to redistribute the contribution
from the input [ to ki, ...,k proportionally to the redundancy values.

data inside
the cone

Figure 2. The contribution of inputs inside the cone is downweighted

We take the new weight v, = w; (1 — C (Rgy1,...,Rg,1)). Note that u; > 0 and
becomes 0 only in case of at least one of the redundancy values Ry,; = 1. The weights
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of the inputs k; are incremented by the value

Ry C (Riyts - -+, Ri,1)
m
> R
=1

Wk, — Wk, + Wy

The weight w; is updated w; — ;.

By applying these formulas to every neighbour [ from the furthest to the nearest, we
downweight the contribution of the furthest and reallocate their weights to the nearer
neighbours as long as those lie in the same direction (in the same spherical cone centered
at x? of angle of 0).

K
We can now state that the resulting reweighted sum » wypy corresponds to the
k=1
Choquet integral with respect to a 2-additive fuzzy measure whose interaction indices
are negative and correspond to the redundancy values.

Theorem 1. Let the redundancy values 0 < Ry = Ry < 1, and let the weights be
computed as

1 R
wg = e + sz WeC>t (Rmt) ﬁ (1 —Cssie (Rsk)) ) (4)
g m>t

where C.(...) denotes the value of the triangular conorm applied to the arguments that
satisfy the condition expressed in its subindex, analogously to the > notation. Then

K

the weighted sum Y wipk s equal to the Choquet integral of py with respect to some
k=1

2-additive fuzzy measure whose interaction indices Iy are megative only when Ry > 0.

Proof. Since the values of p;, are inversely proportional to the distances from x7 to x*,
they are sorted in the order opposite to the order of x*. So we assume the neighbours
are sorted in the order of decreasing distance to x’, and hence p, are sorted in increasing
order.

Consider the sequential process of calculating the weights wy, k =1, ..., K. Before the
process starts all wy, = 1/K, which are positive and add to one. Take any iteration of
this reweighting process, k = ¢, and assume that at its start all w; > 0 and they add to
one. We show that after that iteration is completed, the updated weights still add to one
and are non-negative. We perform the following two steps

wg = Wq (1 = Crsq (Rigq)) s

and then for all ¢ > ¢:

Ryq

Wy — Wy + U)qu;>q (qu) -
2. By
Se

The value of > wy does not change, as
k
0, Oy (Big) = 3 04l (Rig) 2 = =,
t>q 2 Big

k>q
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and since the value of the triangular conorm C' is no greater than one, w, remains
non-negative. Hence after the above iteration all wy, are still non-negative and add to one.
By applying mathematical induction, these properties are maintained till the end of the
iterative reweighting process. The formula (4) expresses the end result of the described
reweighting process.

K
The weighted sum > wypy can be expressed as the Choquet integral
k=1

K K
Y wior =Y ok (0 {loy = pi}) — v {lps = praa})) = Culp) (5)
k=1 k=1

with respect to some fuzzy measure v [23]. There are of course many such possible fuzzy
measures, including additive and 2-additive measures, because we have only specified K
out of 2X fuzzy measure coefficients (in the form of wy). In particular for the two-additive
measure we have expression (2) [27].

In our case we discard the first sum as we only have to account for redundancies (all
I;; < 0) and hence our measure is submodular. We can therefore determine the values
of v({i}) and I;; by matching the coefficients in (2), (5) with wy, and setting I;; = 0
whenever R;; = 0. For this we obtain an underdetermined linear system of equations
which always has at least one positive (in terms of the values v({i})) solution. Furthermore
we can set up a linear programming problem to maximize the values v({i}) (in terms
of their sum or their minimum) subject to matching (2), (5) with wy, and the selected
I;; < 0 which always has a feasible solution (one of which is v({i}) = w; and all I;; = 0).

So for the purposes of averaging local density values over the natural neighbours of x7
we fix K, triangular conorm C' and a way of calculating the redundancy coefficients (from

the cosines of the angles Qil), and then apply the iterative reweighting process expressed

in (4) to calculate the density estimate p; as the Choquet integral with respect to some
submodular 2-additive fuzzy measure. In our experiments we used

Rj; = max (0, <2 cos (6i1>2 - 1))

for the threshold # = 7/4, and a modified version of this formula for other thresholds
as described in the next section.

Three features of the reweighting method can be highlighted. Firstly, this method is
equivariant to data translation, rotation and scaling (this property is expected from reliable
estimators of density, mode and location). The reason is that the pairwise distances and
angles used in calculations are not affected under these linear transformations. Secondly,
the computational complexity of the presented algorithm is O(dn? + dnK?), based on
the number of distance and angle calculations. Hence it will have performance gains over
other natural neighbours schemata for larger dimensions, notably for d > 8. Thirdly,
this method is fully parallelisable and also suitable for SIMD architectures like Graphics
Processing Units (GPUs). Therefore quadratic complexity in n seems not to be much
of an issue for n < 106.

3.2. Selection of the Threshold 6

We now discuss a method for choosing an appropriate value of the threshold 6 consistent
across different dimensions d. If we choose § = /2, then the cone in which the data is
assumed to be redundant becomes half-space in any dimension, so half of the nearest
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neighbours of the point x* are expected to be located in that half-space (assuming a
locally uniform distribution). That may look too broad a choice, and one may select the
redundant neighbours in a narrower cone, for example, choosing 6 = 7/4, see Figure 2.
In the case of two-dimensional data such a cone will contain roughly a quarter of the
nearest neighbours.

The difficulty is that when the dimension d increases, the probability that a near
neighbour of x* falls into such a cone of angle 6 decreases. This is due to the fact that in
higher dimensions the volume of a spherical cone of angle 6 < 7/2 decreases compared to
the volume of the ball. Therefore, in order for a spherical cone to contain approximately
the same proportion of the near neighbours of a point across different dimensions we need
to select the threshold 6(d) as a function of the dimension of the space.

Let us consider the ratio of the volume of the intersection of a spherical cone with the
ball of radius R to the volume of the ball Vol.(d)/Vols(d), the ratio we want to keep
constant. With no loss of generality we can set R = 1.

It is known that
Vol,(d) = C4R,

where the constant Cy = 7%2/T'(1 + d/2) depends only on the dimension d. T is the
standard gamma-function.

The spherical cone, which is the intersection of a cone C' with the ball centered at the
vertex of the cone can be represented as the union of two parts, the spherical cap (a
non-empty intersection of a ball with a half-plane) and the intersection of the cone with
the complement of the mentioned half-space, which we call the base cone B, see Figure 3.

) S

Figure 3. Three-dimensional spherical cone

It is also known that the volume of the spherical cap is given by [28]

d+1 1>

1
Voleap(d) = §CdeI(2Rh—h2)/R2 <2, 5

where I,(a,b) is the regularized incomplete beta function, and h < R is the height of
the cap.
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Further, the volume of the base cone of height H and base radius r is given by

Hri=1Cy_
VOlbase (d) = Ma
d
where H = R — h and r? = R? — H?. Therefore, assuming R = 1 and expressing
2h—h?*=(1-H)(2—-(1—H)) = (1 — H?), the volume of the spherical cone is

d—1
1 d+1 1 H(1-H? 2 C4_
Vol(d) = 5 Cala-n2) (2, 2) ( d) L

Now, let us fix the desired fraction of the volume of the ball ¢ = Vol.(d)/Vols(d), for

example t = %. Then we solve for H the equation

d=1
1 d+1 1\ Cq 1 H(1—-H?) "
71(1,H2) —_— Y = =1.
2 2 2 Cy d

From H = cos(6(d)) we find the desired threshold 6(d). The graph of cos(6(d))
is presented on Figure 4. As expected, the first two values are cos(§(2)) =1/v2 and

cos(6(3)) = 1/2 which correspond to §(2) = /4 and 6(3) = /3 respectively, but no closed
form expression for the other values was found, although some simplifications using the
relations between the gamma and beta functions can be made. Interestingly, the computed
values are very well approximated by the function g(d) = 1.2 — 0.839 tan~! (log(d)), and
this formula can be used for selecting a suitable value for the cosine of the threshold. The
coefficients in the formula for g were obtained by the standard least squares regression
with the approximation error RMSE= 0.004.

_0.8—
cos(0)

0.6

_——0

0.4

Figure 4. The graph of the values of the threshold as a function of the dimension
(d,cos(6(d))) and its approximating function g

4. Numerical Illustration

In order to show the advantages of the proposed method we will use highly structured
data in R? coming from a lower dimensional manifold. The reason is that if the data
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are sampled from some standard test distribution, like a mixture of multivariate normals
with nearly equal o, the nearest neighbours of a point are distributed all around that
point, and thus will overlap significantly with the set of natural neighbours we aim at
identifying. In this case the proposed method shows quite similar results as the standard
kNN and kernel estimates, provided that the value of K or the bandwidth are chosen
appropriately to avoid oversmoothing.

It is for structured data that we expect significant benefits, i.e., when the nearest
neighbours significantly differ from the natural neighbours. Furthermore, it turns out
that this method is not sensitive to the choice of K, as contributions from the neighbours
which are located beyond closer neighbours in the same direction are automatically
downweighted.

Compared to Delaunay tessellation based methods, we expect to obtain computational
advantages for higher dimensions. But for the purposes of illustration we limit ourselves
to two-dimensional pictures. A detailed computational benchmarking is a subject for
a followup paper.

Figure 5 presents a sample generated from a mixture (in equal proportions) of
three products of normal distributions with parameters (pz,py, 05, 0,) taken as
(0.13,0.4,0.08,0.001), (0.3,0.3,0.002,0.8) and (0.25,0.4,0.025,0.025). Notice that the
sample from the first distribution is practically located on a horizontal line, and because
of the second component of the mixture spread in the other direction, standardization of
the data does not alleviate this. The simulated mixture has three local modes at the cen-
tres of the above normal distributions, with the highest mode at (0.13,0.4) (notice small
values of o, 0, for this component). The colour intensity of the data points in Figure 5 re-
flects the computed density at that point. The main mode of this mixture is at (0.13,0.4)
and is significantly more pronounced than the two other modes. The sample size is 1000.

X 0.67  The mode is correctly identified
2 in thishigh density regionby

reweighed KNN method

0.5+

0.3

3
»

0.2+ Standard kNN and kernel estimates

found the mode in these regions
by overestimating the density

0.1
X1

0 T T T
0 0.1 0.2 03

Figure 5. For this structured data sample the reweighted kNN shows advantages
over other estimates which fail to identify the mode correctly

The reweighted kNN estimate (with K = 150, which is quite large) correctly identifies
the regions of high density and points correctly to the mode. In contrast, the standard kNN
with that value of K oversmoothens the estimate and incorrectly identifies the mode as
that of the second component of the mixture. Other (smaller) values of K in the standard
kNN incorrectly position the mode around (0.25,0.4). In fact, a careful manual adjustment
to the value of K between 10 and 15 yields a better estimate of the mode at (0.2,0.4),
but makes the estimate more “spiky” and overestimates the density at other places.
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5. Conclusion

We have presented a multivariate density estimation method which calculates the local
data density from the averaged distance to the natural neighbours of a point x, the
nearest neighbours distributed all around x. The natural neighbours offer advantages
over the standard kNN and kernel density estimates for structured data, for which the
nearest neighbours could be distributed from one side of x, thus introducing a bias
into the estimate. However, the methods based on Voronoi and Delaunay tessellations,
which compute the natural neighbours, suffer from high computational cost even for
moderate dimension d > 5.

To alleviate prohibitive computational cost for higher dimensions we proposed a
reweighting scheme, in which the contributions from a larger number of the nearest
neighbours are reweighted based on their redundancy values, measured through the
cosines of the angles these neighbours are visible from the point x. These redundancy
values serve as proxies for the interaction indices of a 2-additive fuzzy measure, with
respect to which the pairwise distances are averaged by using the discrete Choquet integral.
This way the contribution of the neighbours in the same direction as some of the nearer
neighbours are discounted, and eventually only the contributions from the neighbours
which all lie in distinct directions are accounted for. It is shown how redundancy values
should be computed from the cosines of the angles in the multivariate setting according to
the dimension d. The computational complexity of the proposed method is quadratic in
the number of data n (same as the complexity of the kNN and kernel density estimates),
and the method is fully parallelisable. Besides the kNN, the reweighting scheme can be
used in conjunction with the kernel density estimates, which will be studied in the future.

We foresee applications of the proposed technique in density based clustering, mode
estimation, image segmentation, anomaly detection and other areas of data analytics.
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O6 omHOM MeTo/ie OLIeHKI MHOT'OMEPHOM IIJIOTHOCTH HA OCHOBE
OJIMKalIInX coceleii

I'ne6 Benakos

Kagedpa sviuuciumesvHor mexHosoeul
Vnusepcumem Juxun
Bypeyod zatiset 221, Bypsyd 3125, Ascmparusn

IIpencraBien MeTOs OIlEHKM MHOTOMEDPHO# IJIOTHOCTH, OCHOBAHHBIM HAa B3BEIIEHHOM METO-
Jie OKafIux coceleil 1 UMUTHPYIONIUIA METOJI, eCTECTBEHHBIX coceeil. OIeHKa MHOrOMEpPHOM
IJIOTHOCTY BajKHA B MAIITUHHOM OOYYEHWH, aCTPOHOMHU, OUOJIOrnH, (PU3NKE U IKOHOMETPHUKE.
Crponrcs 2-aJIUTUBHASI HEYETKAsT MEpPa Ha OCHOBE AIIIIPOKCUMAIINA WHIAEKCOB HMAPHBIX B3aUMO-
neiicruii. Cocen, Jiexkaliye IPUMEPHO B OJTHOM HAIIPABJIEHUM, PACCMATPUBAIOTCS KaK U3JIUIITHAE,
¥ BKJIaJI TAJIBHETO cOCeia Tiepeaéres OymKkHeMy cocejty. Pacdyér JIOKaJIbHOHN OIEHKH IJIOTHOCTH
OCYIIIECTBJISIETCS C MOMOIIBIO JuCKpeTHOro narerpaja [Iloke TakuMm 06pa3oM, YTO yUUTHIBAETCS
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BKJIJ] COCeJiell, PACIOJIOKEHHBIX CO BCEX CTOPOH TOYKH, I/ TMPOU3BOIAATCA BblanciaeHus. Oi-
HaKO BKJIQJ] COCeJieil, PACIIOJIOKEHHBIX C OJHONM M TOU K€ CTOPOHBI, 3aHU2KAETCA C ITOMOIILIO
BBIOOPA TOJXOAINIEH HEIETKON Mepbl. TakuM 06pa30M BBIUHMCIISIETCS TPUOIMKEHNE K MHOXKECTBY
ecTecTBeHHBIX cocefieit CubcoHa. DTOT METOJ 3HAYUTEIHLHO CHUYKAET BBIYUCIUTETLHYIO HATPY3-
Ky MeTOJIOB Ha 0a3e eCTECTBEHHBIX COCe/ell, KOTOpbIE JIeYKaT Ha OCHOBe Teccenaruu Jlesome, B
BBICOKO#M Pa3MepHOCTH, JIJIsI KOTOPBIX BBIUYHUCJIATEIbHAS CJIOKHOCTh PACTET KaK SKCIIOHEHTA pPa3-
MepHOocTH. ONMUCAHHBIA METOJ TOIXOIUT JIJII ONEHKHU IIJIOTHOCTUA CTPYKTYPUPOBAHHBIX JTAHHBIX
(BO3MOXKHO, JIEXKAIMX Ha MHOroo6pasuu 6oJsiee HU3KOI PasMEPHOCTH), TaK KaK B 9TOM CJIydae
6J'IH}K&I>1HIPI€ cocea MOTYT 3HAQYUTEJIbHO OTJIUYIATBCA OT €CTECTBEHHbIX cocegefxi.

KuroueBbie ciioBa: OIeHKa IIOTHOCTH, METOJ Oymkaimux cocesieit, marerpas [1loke, neaér-
Kas Mepa, METOJ[ €CTECTBEHHBIX COCelei
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Present work is devoted to the study and development of space-time statistical structures of
extreme type modeling with the use of the max-stable processes. The theory of one-dimensional
extremal values and its extension to the two-dimensional case are considered and for that max-
stable processes are introduced and then the main parametric families of max-stable processes
(Schlather, Smith, Brown—Resnick, and Extremal-t) are presented. By modifying the maximum
likelihood method, namely using the paired likelihood function, parameter estimates were
obtained for each of the models whose efficiency was compared using the Takeuchi information
criterion (TIC).

Resulting models are coherent with classical extreme value theory and allow consistent
treatment of spatial dependence of rainfall. We illustrate the ideas through data, based on
daily cumulative rainfall totals recorded at 14 stations in central European part of Russia for
period 1966—2016 years. We compare fits of different statistical models appropriate for spatial
extremes and select the model that is the best for fitting our data. The method can be used in
other situations to produce simulations needed for hydrological models, and in particular for
the generation of spatially heterogeneous extreme rainfall fields over catchments. It is shown
that the most successful model for the data we studied is the model from the extremal-t family
with the Whittle-Matern correlation function.

Key words and phrases: spatial modeling, extreme rainfall, max-stable processes, ex-
treme value theory, spatial structures of statistical dependence, pairwise likelihood function

1. Introduction

The rapidly growing number of various natural and man-made disasters that previously
were considered extremely rare indicates that the global climate change of the Earth
is becoming obvious. Observable in various regions of the world and in particular in
Russia, hurricanes, rainfalls and other natural disasters bring human casualties and
substantial material damage to states and their economies. Therefore it is necessary
to develop new methods of resisting the impacts of different environmental disasters,
including comprehensive measures for forecasting, preventing and adapting the population
to extreme situations. The study of regional climate change peculiarities that take place
in connection with global warming is a priority area of modern international research
projects. Important place in this area is given to the study of changes in the frequency
and intensity of extreme weather events, including extreme precipitation, as it often leads
to serious economic, environmental and human losses.

According to recent studies significant increase in the frequency of extreme events
including rainfall is expected as a result of global and regional climate change. The
archives of long-term accumulated observations and numerical model calculations of
hydrometeorological parameters make it possible to study general patterns of spatio-
temporal variability of extreme precipitation in Russia, caused by both environmental
and anthropogenic factors over the historical observation period and to calculate the
projections of their possible future changes.

Received 15* December, 2017.
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Spatial modeling methods is a popular approach for studying extreme events in en-
vironmental applications. Numerous scientific publications (like [1-3]) on this subject
are engaging extreme value theory (EVT) and extreme processes to the analysis of
environmental problems.

Present work is devoted to the study and development of precipitation models in
European Russia for the period 1966—2016 with the aim of constructing a short-term
precipitation forecast in a given region exceeding the normative indices. The study of
regularities of long-term variability of extreme precipitation on the territory of Russia
is aimed at the development of long-term forecasts. At the same time, such studies are
important for the subsequent solution of many applied problems, including long-term
planning of regional economic development.

2. Extreme Value Theory

Extreme value theory is based on Fisher—Tippett—Gnedenko theorem [2] that states
the existence of normalized maxima’s marginal distribution for sequence of i.i.d. ran-
dom variables. If such distribution H(x) exists and is non-degenerate then it satisfies
requirements of max-stable distributions H"(a,x + (3,) = H(x) for n > 1 and «,, > 0
and 3, € R, z € R!. Such distributions can be written in alternative form

wo-of[ (=)}

where a4 = max(a,0), —00 < u < oo is location parameter, o > 0 is scale parameter
and —oo < & < oo is shape parameter. Last equation represents generalized extreme
value (GEV) distribution [1] because it includes Weibull distribution (§ < 0), Gumbel
distribution (¢ = 0) and Frechet distribution (¢ > 0). Case £ = 0 is interpreted as
limiting & — 0.

Another approach to order statistic modeling known as the threshold approach is
bound to previous one. Following Pickands theory [1] under suitable conditions and for
a sufficiently high threshold u, the upper tail distribution of a wide class of random
variables X can be well approximated by

G(m):l—Pr(X>x):1—§{1+§<f+_g;>}ja

where z > u, 7+ &u > 0, —00 < £ < oo and ((u) = Pr(X > wu). Here ((u) is the
probability that the threshold u is exceeded, and 7 and £ are respectively scale and
shape parameters determining the distribution of exceedances corresponding to those
of the limiting distribution of maxima. The parametrization of the generalized Pareto
distribution (GPD), whose survivor function appears in the braces on the right part of
equation is different from the usual one and has the advantage that the parameters 7
and £ do not depend on the choice of threshold w.

3. Max-Stable Processes

Using of max-stable processes [3] is an extension of extreme value theory applied to
spatio-temporal precipitation fields. Let Y7, Y5, ... be a sequence of non-negative indepen-
dent copies of stochastic process {Y (z) : z € x} with continuous sample paths. If there
are such continuous functions ¢, > 0 and d,, € R that marginal process {Z(z) : z € x}
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defined as

(), zex, n—o0 (1)

is non-degenerate, then {Z(z) : € x} is max-stable process. For the consistency of
this theorem with one-dimensional case it is considered that marginal distribution
{Z(z) : x € x} in its condition must be distributed according to GEV.

Their spectral representation [4] has the following form:

Z(x) = max GYi(x), xe€x,

=

where {¢; : i > 1} ... are points of the Poisson process at ... (0,00) and Y7,Y5,... is a
sequence of non-negative independent copies of stochastic process {Y (z) : € x} such
that E{Y (z)} = 1 for all = € x. Points {¢; : ¢ > 1} in the spectral characterization are
radii while the stochastic processes {Y;(z) : i > 1} are angles. Further, four main families
of max-stable processes will be considered:

1) Smith process [5]:

Z(z) = max Gy (z = Ui 0,%),  z€x; (2)
2) Schlather process [6]:

Z(z) =V2r max G max {0, Wi(z)}, € x; (3)
3) Brown-Resnick process [4]:

2(w) = max G exp{ (Wi(z) ~ 7)1}, w € x (4)
4) Extremal-t process [7]:

Z(z) = ¢, max ¢;max [0, W;(z)]”, =€ x. (5)

=

Here, the Brown—Resnick process is characterized by Gaussian stationary process W;(x)
with variogram ~(z).

It is possible to derive a formula for finite-dimensional distribution {Z(z) : = € x} from
spectral characterization. For each x = (x1,...,2%) € Xk, k>1and z = 2(z1,...,28) €
(0,00)* we obtain next formula:

Pr{Z(z) < z} = Pr [No observation ((,Y) € ®:(Y(z;) > Z; for j € 1,k|] =

= exp —/Pr {C> min —2 }C_ZdC =exp{—Vz(z1,...,2K) },
0

j=1k Y (z;)
where function V,(z1,...,2x) is
Y (2.
Valz1, ..o, 25) :E{max(mj)}.
j=Lk Zj

It fully describes the joint distribution Z(x) and is called exponential function.
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It is obvious from the formula above that

Valzy.2) = = g(z) = ]E{maxY(mj)} .

j=L1k

Function 6(x) is called k-dimensional extremal coefficient [8] and represents total
dependence measure between elements of random vector Z(z). Due to independence
of radial and angular components of the multidimensional extreme value the extremal

coefficient doesn’t depend on the radius, that is, from z in V. (z, ..., z) and shows relation
we are interested in.

‘We focus on the two-dimensional case and define the function of the extremal coeflicient:
0:h— E[max{Y(z),Y(x+h)}].

Extremal coefficient function takes values in the interval [1,2], where the smallest
value corresponds to complete dependence, and the largest corresponds to complete
independence. For these two cases we obtain

Pr{Z(x+h) < 2|Z(z) < 2} =Pr{Z(x + h) < 2}’ =
1 (complete dependence)
- | Pr{Z(z+h) <z} (complete independence)

It is important to note that the calculation of the exponential function for k£ > 2 can be
difficult [9], therefore the consideration of finite-dimensional distributions of max-stable
processes is mostly reduced to the two-dimensional case.

Example of spatial dependence measurement is shown in Fig. 1; here we plot pairwise
f-madogram and extremal coefficient to show how dependence changes with distance.

Vr(h)
010 012 014

0.08

0.06

Figure 1. Pairwise F-madogram (left panel) and extremal coefficient (right panel)
for the best fitting max-stable process for our data (that will be shown below).
Distance between stations can be calculated as Distance ~ h - 111 km
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4. Modeling of Extreme Precipitation Spatial Fields

In this study precipitation data of the All-Russian Research Institute of Hydrome-
teorological Information — the World Data Center of the Russian Federation is used,
which show monthly precipitation in 14 cities of the European part of Russia. The
data is freely available (on the website http://aisori.meteo.ru/ClimateR) and is rep-
resented by a set of tables (a separate table for each city); each table contains daily
rainfall value for the period 1966-2016 years. Thus, we face not only the problem of
analyzing the statistical properties of one-dimensional time series for each station, but
also the problem of model development that contains spatial structure of the statistical
relationships in various locations [10].

Preliminary analysis of empirical data distribution properties in observed locations
showed significant deviations of their statistical properties from the Gaussian distribution.
It is for this reason that the use of GEV is justified, yet we need to evaluate the quality
of fitting our data with GEV models. Diagnostic plots that are shown in Fig. 2 help
us with that.
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Figure 2. Diagnostic plots for GEV distribution in Ryazan
(density plot and quantile plot)

Then GEV parameters were found for each city, they are shown in Table 1.

Developing trend surfaces for GEV parameters is important next step in our research
because it might help us to estimate GEV parameters at any point of the field under
study. It is important to note that the form parameter £ should be constant since it is the
one that determines the model behaviour; position and scale parameters depend on the
spatial coordinates, therefore they include latitude, longitude and their joint contribution.
Thus, selection is made among models described as

11(8) = Buo + Builon(s) + Bualat(s) + (B3 - lon(s) - lat(s)],

0(s) = Bo,o + [Bolon(s) + By 2lat(s) + B3 - lon(s) - lat(s)],
£(s) = Beo-

Table 2 shows the results of calculations, the choice of the best model is made using
the Takeuchi information criterion (TIC) [11].
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Table 1

GEV parameters in observed locations (location y, scale o, shape &)

Station (City) w o 13

St. Petersburg 39.764 | 22.911 | 0.059
Pskov 40.072 | 22.882 | 0.077
Zheleznodorozhny | 40.891 | 24.541 | 0.037
Smolensk 42.843 | 25.261 | 0.09
Bryansk 40.268 | 24.644 | 0.028
Kostroma 36.57 | 22.254 | 0.073
Pereslavl-Zalessky | 36.252 | 21.984 | 0.092
Nizhny Novgorod | 39.389 | 23.786 | 0.034
Mozhaysk 38.547 | 23.755 | 0.097
Moscow VDNH 43.327 | 25.309 | 0.017
Kolomna 33.606 | 20.851 | 0.098
Ryazan 33.546 | 20.801 | 0.107
Tambov 30.413 | 20.217 | 0.08
Penza 32.414 | 21.085 | 0.048

Table 2

Comparison of 4 models of trend surfaces for GEV parameters. The best model is
chosen by the least value of TIC

GEV Trend Surface TIC
A( ) = 36.1540.001 - lat(s)
G(s) =24.94 —0.05 - lon(s) 96840.95
£(s) = 0.06803
f(s) = —124.67 4+ 2.89 - lon(s) + 3.07 - lat(s) — 0.06 - lon(s)lat(s)
5(s) = 22.7 96768.01
£(s) = 0.06956
f(s) = —123.67 4+ 2.87 - lon(s) + 3.09 - lat(s) — 0.06 - lon(s)lat(s)
G(s) =—12.42+0.63 - lon(s) + 0.73 - lat(s) — 0.01 - lon(s)lat(s) | 96741.95
£(s) = 0.06924
i(s) = 52.9160 — 0.2064 - lon(s) — 0.1261 - lat(s)
&(s) = 30.208 — 0.114 - lon(s) — 0.045 - lat(s) 96797.6
£(s) = 0.06768

Finally, we compare the various models of max-stable processes [12]. The Table 3 below
shows various families of processes and correlation functions are given in parentheses.
The best model corresponds to the smallest value of TIC. We don’t consider comparing
Smith model [13,14] with presented ones because, despite being easy to understand
and even easier to implement, it’s quite ineffective in terms of modeling and fitting
real environmental problems. 5 out of 7 models belong to Schlather family that can
be explained by its popularity in comparison with more complex Brown—Resnick and
Extremal-t processes yet last ones show better results [15]. Their modeling and fitting
are still very consuming, both in terms of time and in terms of computing resources.

The best model is an extremal-t process with the Whittle-Matern correlation function.
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Table 3
Results of max-stable processes’ parameters estimating

Model Parameters TIC

Brown—Resnick nugget = 0.4543 454911.7
range = 6.4889
smooth = 0.7099

Schlather nugget = 3.97 - 107° 455315.8
(Whittle-Matern) range = 7.569 - 10

smooth = 8.006 - 102
Schlather nugget = 0.4543 455151.4
(Cauchy) range = 6.4889

smooth = 0.7099
Schlather nugget = 0.4679 455170.3
(Power Exponential) | range = 9.6612 - 10

smooth = 2.0
Schlather nugget = 0.4655 455170.9
(Bessel) range = 0.4309

smooth = 120.2719
Schlather nugget = 0.4513 455155.1

(Generalized Cauchy) | range = 6.9826
smooth = 1.5525

smooth2 = 2.0
Extremal-t nugget = 0.2552 454108.9
(Whittle-Matern) range = 2.7715

smooth = 96.3061

df = 3.2056

5. Discussion

In this paper we propose using the extreme value theory methods for modeling daily
maximum precipitation fields in the European part of Russia. Our approach consists in
estimating parameters of one-dimensional extreme distributions (1) for each metering
station and developing models of statistical dependence spatial structures with the use
of max-stable processes for the entire measurement domain. Using the data of the
All-Russian Scientific Research Institute of Hydrometeorological Information — World
Data Center, the fields of precipitation of daily measurements converted into monthly
maximum precipitation were studied in 14 cities of the European part of Russia for the
period 1966—2016 years. Parameters of precipitation fields models were estimated using
the censored method of pairwise maximum likelihood [16] which further allows us to
simulate daily precipitation amount throughout the region. Various parametric families
of max-stable processes are developed and their estimates are obtained. The best model
is the t-extremal process with the parameters shown above (in Table 3).

Interpolation of precipitation values in unobservable regions adjacent to the observed
ones is usually solved by kriging [17] but despite the fact that this yields the optimal
result for Gaussian processes, it can give erroneous forecasts for extreme values due to
the unsuitability of the Gaussian model for the data. Approach that uses conditional
max-stable simulation [18] is more suitable for these purposes.
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Proposed approach can be used in other areas where spatial modeling of extreme
values and processes is required. The models of the max-stable processes used by us
are also suitable for time scales in which precipitation measurements are stationary
series. However the influence of estimation errors’ autocorrelation increases in case of
more frequent measurements and then it is necessary to develop models of space-time
dependence structures [19,20]. This is one of the directions for the further development
of this work.

References

1. V. A. Akimov, A. A. Bykov, E. Y. Shchetinin, Introduction to Extreme Value
Statistics and Its Applications, FGU “All-Russian research institute on problems of
civil defence and emergencies of Emergency Control Ministry of Russia”, Moscow,
2009, in Russian.

2. L. de Haan, A. Ferraria, Extreme Value Theory: an Introduction, Springer-Verlag,
New York, 2006.

3. R.-D. Reiss, M. Thomas, Statistical Analysis of Extreme Values with Applications to
Insurance, Finance, Hydrology and Other Fields, Birkhauser, Basel, 2007.

4. B. M. Brown, S. I. Resnick, Extreme Values of Independent Stohastic Processes,
Journal of Applied Probability 14 (1977) 732-739.

5. J. Smith, A. Karr, A Statistical Model of Extreme Storm Rainfall, Journal of Ge-
oghysical Research: Atmospheres 95 (1990) 2083-2092.

6. M. Schlather, Models for Stationary Max-Stable Random Fields, Extremes 5 (1)
(2002) 33-44.

7. T. Opitz, Extremal t Processes: Elliptical Domain of Attraction and a Spectral
Representation, Journal of Multivariate Analysis 122 (2013) 409-413.

8. A. Aghakouchak, N. Nasrollahi, Semi-parametric and Parametric Inference of Extreme
Value Models for Rainfall Data, Water Resources Management 24 (6) (2010) 1229-
1249.

9. A. C. Davison, S. A. Padoan, M. Ribatet, Statistical Modeling of Spatial Extremes,
Statistical Science 27 (2) (2012) 161-186.

10. S. Coles, An Introduction to Statistical Modeling of Extreme Values, Springer-Verlag,
London, 2001.

11. J. Galambos, Order Statistics of Samples from Multivariate Distributions, Journal of
the American Statistical Association 70 (351) (1975) 674-680.

12. R. Davis, C. Kluppelberg, C. Steinkohl, Max-Stable Processes for Modeling Extremes
Observed in Space and Time, Journal of the Korean Statistical Society 42 (3) (2013)
399-414.

13. P. Embrechts, F. Lindskog, A. McNeil, Modelling Dependence with Copulas and
Applications to Risk Management, Elseiver, 2001.

14. P. Diggle, P. J. Ribeiro, Model-Based Geostatistics, Springer-Verlag, New York, 2007.
15. Z. Kabluchko, M. Schlather, L. de Haan, Stationary Max-Stable Fields Associated to
Negative Definite Functions, The Annals of Probability 37 (5) (2009) 2042-2065.

16. S. Padoan, M. Ribatet, S. Sisson, Likelihood-Based Inference for Max-Stable Processes,
Journal of the American Statistical Association (Theory & Methods) 105 (489) (2010)
263-277.

17. J. Beirlant, Y. Goegebeur, J. Teugels, J. Segers, Statistics of Extremes: Theory and
Applications, Wiley, New York, 2004.

18. C. Dombry, F. Eyi-Minko, M. Ribatet, Conditional Simulation of Max-Stable Pro-
cesses, Biometrika 100 (1) (2013) 111-124.

19. G. Frahm, M. Junker, R. Schmidt, Estimating the Tail-Dependence Coefficient:
Properties and Pitfalls, Insurance: Mathematics and Economics 37 (1) (2005) 80-100.

20. R. Schmidt, U. Stadtmuller, Non-Parametric Estimation of Tail Dependence, Scandi-
navian Journal of Statistics 33 (2) (2006) 307-335.



82 RUDN Journal of MIPh. Vol. 26, No1,2018. Pp. 74-83

YK 519.246.5
DOLI: 10.22363/2312-9735-2018-26-1-74-83

MoeaupoBaHue NoJjieli SKCTPEMAJIbHBIX OCAJIKOB HA TE€PPUTOPUU
EBpomneiickoii vactu Poccun

E. 1O. Illerunun*, H. /1. Paccaxan’

* Beepoccudickudi HayuHO-UCCACI08ATNEALCKUT, UHCMUMYM,
no npobaemam 2paricoancroti 060porvL u upe3svinatinve cumyayut MYC Poccuu
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B macrosmeit pabore uccieioBana mpobaeMa MOAEIUPOBAHUS TPOCTPAHCTBEHHO-BPEMEHHBIX
CTATUCTUYECKHUX CTPYKTYP SKCTPEMAJIBHOI'O THUIIA C UCIOJIb30BAHUEM IIPOIECCOB YCTONYMBBIX
MaKCUMYMOB. PaccMoTpeHa TeopHusi OJJHOMEPHBIX SKCTPEMAJBHBIX BEJIUYNH U €€ pacIliupeHue 10
JIBYMEPHOTO CJIydasi, JJI 9ero BBOJATCS MPOIECCHl YCTONYUBBIX MaKCUMYMOB.

[IpemoxkeHa MaTeMaTUIeCKasi MOJEb MIPOIECCa YCTONIUBBIX MAKCUMYMOB U TIPEICTABIEHBI OC-
HOBHBIE TapameTputeckue cemeiicrBa — [Ilmarepa, Cmura, Bpayna—Pe3snuka, xcTpemaabHOe-t.
IIpu oMo MomudUKAIINT METO/Ia MAKCUMAJIBHOTO TPaBIOIOM00USI, 8 UMEHHO C UCIOJIb30-
BaHUEM HAPHON (PYHKIIUU TPABIONOA00MS, OBLIN MTOJIYYeHbl OIEHKH 1apaMeTPOB JIJIsi KaXK /10
u3 Mojeneit, 3pPEeKTUBHOCTh KOTOPBIX OBbLIA 3aTEM CpaBHEHA IPU ITOMOIIKM WH(MPOPMAIMOHHOIO
kpurepus Takeyuu (TIC).

TlosyaenHbIe MOJI€/IM COTVIACYIOTCS C KJIACCHYECKON TeOpUeil SKCTPEMAJIbHBIX 3HAYEHUN U 103-
BOJISIIOT pacCMaTPUBATh YCTOMIMBYIO IIPOCTPAHCTBEHHYIO 3aBUCUMOCTD OCAIKOB. DM (MEKTUBHOCTD
MPEJIIOXKEHHBIX MOJIEJIeN TTPOBEPsJIaCh HA €XKEeTHEBHBIX JAHHBIX IO CyMMAapHBIM OCaJIKaM, 3a-
pPErucTpUpOBaHHBIX Ha 14 cTaHIUAX B IEHTPAJbHON eBporeiickoit yactu Poccum Ha mepuojt
1966—2016 rr.: CpaBHUBAIOTCSI CTATUCTUIECKUE MOJIEIN U3 PA3IUIHBIX CEMEUCTB, MTOIXOIAIIINX
JIJIST IPOCTPAHCTBEHHBIX SKCTPEMYMOB, IIOCJIE YEr0 BBIOMPAIOTCST T€, KOTOPbIE HAWUIYYIINM 00-
pPa30M OMHUCHIBAIOT CYIIECTBYIONIME JAHHBIE. DTOT METOJ MOXKHO WCIOJB30BaTh U B JPYTUX
TMIPUJTOXKEHUSIX JIJIsT CO3TAHUST CUMYJIAIIN, HEOOXOIUMBIX JJIsI TUAPOJOTHIECKUX MOJETe U, B
YaCTHOCTH, JJIsT CO3/IaHUsI ITPOCTPAHCTBEHHO-HEOTHOPOIHBIX OCAJIKOB Ha/l Bojiocbopamu. BbLio
IIOKa3aHO, YTO HAWJIy4dllleil MOAEIIbIO OKa3aJICd dKCTPEMaJIbHbIN-t IIPOIEecC ¢ KOPPEeJIAIMOHHONR
dbyuknueit Yurrtia—MarepHa.

KurodeBrnie ciioBa: IPOCTPAHCTBEHHOE MOJIEIMPOBAHUE, SKCTPEMAaJIbHbIE OCAIKH, IIPOIECCHI
YCTOUYINBBIX MaKCUMYMOB, T€OPHUs IKCTPEMAJIbHBIX BEJIWYNH, IPOCTPAHCTBEHHBIE CTPYKTYPbI
CTATUCTUYECKON 3aBUCUMOCTH, NapHas (pYHKIUs TPaBIOTIOI00UT

JIuteparypa

1. Axumos B. A., Bwxos A. A., Illemunun E. FO. Beenenue B CTaTUCTUKY 3KCTPEMAJIb-
HBIX BeJIMYuH u ee npujoxkenusi. — M.: @TY BHUM I'OYC (PI1) MYC Poccun,
2009.

2. de Haan L., Ferraria A. Extreme Value Theory: an Introduction. — New York:
Springer-Verlag, 2006.

3. Reiss R.-D., Thomas M. Statistical Analysis of Extreme Values with Applications to
Insurance, Finance, Hydrology and Other Fields. — Basel: Birkhauser, 2007.

4. Brown B. M., Resnick S. I. Extreme Values of Independent Stohastic Processes //
Journal of Applied Probability. — 1977. — Vol. 14. — Pp. 732-739.

5. Smith J., Karr A. A Statistical Model of Extreme Storm Rainfall // Journal of
Geoghysical Research: Atmospheres. — 1990. — Vol. 95. — Pp. 2083-2092.

6. Schlather M. Models for Stationary Max-Stable Random Fields // Extremes. — 2002. —
Vol. 5, No 1. — Pp. 33-44.

7. Opitz T. Extremal t Processes: Elliptical Domain of Attraction and a Spectral Repre-
sentation // Journal of Multivariate Analysis. — 2013. — Vol. 122. — Pp. 409-413.

8. Aghakouchak A., Nasrollahi N. Semi-Parametric and Parametric Inference of Ex-
treme Value Models for Rainfall Data // Water Resources Management. — 2010. —
Vol. 24, No 6. — Pp. 1229-1249.



Shchetinin E. Yu., Rassakhan N.D. Modeling of Extreme Precipitation Fields. .. 83

9. Davison A. C., Padoan S. A., Ribatet M. Statistical Modeling of Spatial Extremes //
Statistical Science. — 2012. — Vol. 27, No 2. — Pp. 161-186.

10. Coles S. An Introduction to Statistical Modeling of Extreme Values. — London:
Springer-Verlag, 2001.

11. Galambos J. Order Statistics of Samples from Multivariate Distributions // Journal
of the American Statistical Association. — 1975. — Vol. 70, No 351. — Pp. 674—680.

12. Davis R., Kluppelberg C., Steinkohl C. Max-Stable Processes for Modeling Extremes
Observed in Space and Time // Journal of the Korean Statistical Society. — 2013. —
Vol. 42, No 3. — Pp. 399-414.

13. Embrechts P., Lindskog F., McNeil A. Modelling Dependence with Copulas and
Applications to Risk Management. — Elseiver, 2001.

14. Diggle P., Ribeiro P. J. Model-Based Geostatistics. — N.-Y.: Springer-Verlag, 2007.

15. Kabluchko Z., Schlather M., de Haan L. Stationary Max-Stable Fields Associated to
Negative Definite Functions // The Annals of Probability. — 2009. — Vol. 37, No 5. —
Pp. 2042-2065.

16. Padoan S., Ribatet M., Sisson S. Likelihood-Based Inference for Max-Stable Pro-
cesses // Journal of the American Statistical Association (Theory & Methods). —
2010. — Vol. 105, No 489. — Pp. 263-277.

17. Statistics of Extremes: Theory and Applications / J. Beirlant, Y. Goegebeur,
J. Teugels, J. Segers. — New York: Wiley, 2004.

18. Dombry C., Eyi-Minko F., Ribatet M. Conditional Simulation of Max-Stable Pro-
cesses // Biometrika. — 2013. — Vol. 100, No 1. — Pp. 111-124.

19. Frahm G., Junker M., Schmidt R. Estimating the Tail-Dependence Coefficient: Proper-
ties and Pitfalls // Insurance: Mathematics and Economics. — 2005. — Vol. 37, No 1. —
Pp. 80-100.

20. Schmidt R., Stadtmuller U. Non-Parametric Estimation of Tail Dependence // Scan-
dinavian Journal of Statistics. — 2006. — Vol. 33, No 2. — Pp. 307-335.

(©) Shchetinin E. Yu., Rassakhan N.D., 2018

g nmurupoBaHus:
Shchetinin E. Yu., Rassakhan N.D. Modeling of Extreme Precipitation Fields on the
Territory of the European Part of Russia // RUDN Journal of Mathematics, Information
Sciences and Physics. — 2018. — Vol. 26, No 1. — Pp. 74-83. — DOI: 10.22363/2312-
9735-2018-26-1-74-83.

For citation:

Shchetinin E. Yu., Rassakhan N.D. Modeling of Extreme Precipitation Fields on the
Territory of the European Part of Russia, RUDN Journal of Mathematics, Information
Sciences and Physics 26 (1) (2018) 74-83. DOI: 10.22363/2312-9735-2018-26-1-74-83.

CBenenusi o6 aBTOpax:

IMerunun EBrenunii FOpbeBuy — mpodeccop, HOKTOp PU3NKO-MATEMATHIECKAX Ha~
YK, Begymuit Hayunbtii corpyaank @TBY BHUU I'OYC (®II) (e-mail: riviera-molto®@
mail.ru, Tex.: +7 (917)539-06-98)

Paccaxan Hukura JIMutpueBuUY — MarucTpanT Kadeapbl IPUKIIAIHON MATEMATHKI
®I'BOY BO MI'TY «Crankun» (e-mail: rassahan@gmail.com, Ten.: +7 (906)095-02-87)

Information about the authors:

Shchetinin E. Yu. — professor, Doctor of Physical and Mathematical Sciences, Leading
Researcher of FGU “All-Russian research institute on problems of civil defence and emer-
gencies of Emergency Control Ministry of Russia” (e-mail: riviera-molto@mail.ru,
phone: +7 (917)539-06-98)

Rassakhan N. D. — Master of Science of the Applied Mathematics Department,
MSTU “Stankin” (e-mail: rassahan@gmail.com, phone: +7 (906)095-02-87)



i RUDN Journal of MIPh 2018 Vol. 26 No.1 84-92
»

wi) P -
' Becruux PYJTH. Cepust MU® http://journals.rudn.ru/miph

NudopmarnKa n BbIYNCANTEIbHASA TEXHUKA

UDC 621.39
DOLI: 10.22363/2312-9735-2018-26-1-84-92

Analysis of the File Distribution Time in Peer-to-Peer Network
E. V. Bobrikova, Yu. V. Gaidamaka
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Peer-to-peer (P2P) file sharing systems are responsible for a significant part of the Internet
traffic today. File sharing is perhaps the most popular application among P2P applications. In
comparison with traditional Client/Server file distribution, P2P file sharing has some advantages,
namely, scalability, bandwidth and others. In this paper we study the minimum distribution time
for getting the entire file by all of the users in the system, who need this file. This parameter is
closely associated with the mentioned bandwidth. The expression for the minimum distribution
time uses fluid-flow arguments and includes such terms as the file size, the upload rates of the
seeds and the upload and download rates of the leechers. Using numerical examples and the
expression for the minimum distribution time, we show the efficiency of P2P file sharing. We
consider the system behaviour, when there are two types of leechers in the system. These types
differ from each other by their upload bandwidths.

Key words and phrases: peer-to-peer network (P2P), file distribution, minimum distri-
bution time, leecher, seeder, peer, file sharing, fluid-flow arguments

1. Introduction

The classical methods of resource distribution are based on the paradigm Client/Server.
Here a set of servers distributes a file to receiving users. This file could be a software, a
content such as a movie or a TV show, etc. The servers and the servers’ bandwidth can
be bottlenecks in the process of the file distribution, when the file size and the number
of receiving nodes become large.

Peer-to-peer (P2P) file sharing is an alternative to the classical Client/Server file
distribution and allows to amplify the uploading capacity of the receiving users to aid in
the process of the file distribution [1]. We should notice, that a node, participating in P2P
file sharing, is usually called a peer. In particular, as soon as a peer has got any portion of
the file, it can redistribute that portion to any of the other receiving peers. There are lots
of examples of P2P networks today, for instance: Napster [2], Gnutella [3], Freenet [4], etc.
P2P file sharing systems, transferring files via the BitTorrent protocol [5], for instance,
Vuse [6], etc., are widespread. The intrinsic scalability of these protocols enables to
distribute the files of large sizes to several thousand participants. Here the usage of high
bandwidth at the distribution servers is not demanded. A user with an ordinary PC with
a regular connection can apply such a way to distribute large files to an audience, which
size is significantly higher than what is possible with the classical Client/Server approach.

Obviously, P2P file sharing systems have become well known in the Internet today.
But there are a lot of different questions, which demand answers. It is necessary to
explore: how good quantitatively P2P is in the file sharing process. Can P2P be essentially
better than Client/Server distribution? Can P2P scale well when the number of receiving
peers increases and becomes very large? How does the cooperation of the server upload
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bandwidth, the upload bandwidth of a receiving peer, and the download bandwidth of
a receiving peer influence the total distribution time?

Various considerable papers have been dedicated to mathematical models, measurements,
and simulation results for P2P networks, [7-12].

In this paper, we consider fundamental questions of P2P file sharing, which are in
a basis of P2P file sharing. We propose an expression for the minimum achievable file
distribution time. In the expression we use fluid arguments. In the expression we also
use terms of the basic parameters of a P2P file sharing system, precisely, the file size,
the number of servers, the number of receiving peers, and the upload and download
bandwidths of all the peers, who participate. The expression takes place for arbitrary
and heterogeneous upload and download bandwidths. The expression has a closed and
simple form. The problem statement was given in [13]. The mentioned result allows
to address many of the questions posed above.

The rest of the paper is organized as follows. In Section 2 we describe the main problem
and demonstrate the main result of the paper. We discuss the applicability of the result.
In Section 3 we present numerical results for the case of the receiving peers with different
upload bandwidths. In Section 4 there is a conclusion.

2. Main Problem Description

The fundamental problem in P2P file sharing is how to distribute a file to peers in
P2P network. In P2P a file is divided into parts or portions to distribute it. We consider
two sets of peers: seeds and leechers. Any seed has a whole copy of the file and stays
in the system to allow other peers to download from itself. Any leecher needs a copy of
the file. At first leechers have no portions of the file and have to download portions from
the seeds. But as soon as a leecher gets a portion, it begins to upload the portion to
other leechers. So leechers can get portions of the file from any of the seeds and from
other leechers that have portions. A leecher is allowed to leave the system after getting
the whole file. The problem is to minimize the distribution time, i.e. the time, which
is needed to obtain the file by all of the leechers.

We consider the following parameters: P — a set of all peers in P2P network, P = |P| —

a number of all peers; S — a set of seeds, S = |S| — a number of seeds; £L — a set
of leechers, L = |£| — a number of leechers, so we have P = SUL and P = S + L;
F — the size of a file; d; — a download bandwidth of a leecher i; u; — an upload

bandwidth of a peer i.

A peer ¢ can transfer bits at a maximum rate of u; and can download bits at a maximum
rate of d;. We take into account the condition d; > w;, that is usual in the Internet today,
but we can also consider arbitrary upload and download rates. Furthermore,

r;(t) — the rate, at which a leecher i downloads “new” content from seeds and other
leechers combined at time ¢, so R = {r;(t),t > 0,i € L} — a rate profile; T — a
distribution time for a rate profile R; Ty, = min7 — minimum distribution time
achievable over all possible rate profiles.

The rate profile {r;(t),t > 0,7 € L} can achieve Ty,;, for arbitrary values of F, u;, i € P,
and d;, i € L. So we aim to determine the corresponding minimum distribution time Ti,iy.

In fact the model, which is considered in the paper, is a fluid model [14]. Particularly,
we imply that a leecher can replicate and forward a bit as soon as it receives the
bit. This key assumption allows us to derive remarkably explicit expressions for the
minimum distribution time for general, heterogeneous models. This assumption is core
and important. Due to it clear expressions for the minimum distribution time for general,
heterogeneous models are obtained.

As we mentioned, BitTorrent is a very popular protocol for real P2P file sharing systems.
The idea of BitTorrent is to divide the file to be distributed into parts, named chunks.
The size of the chunks is typically 256 KB [8]. In BitTorrent a peer can only forward a
chunk as soon as it has fully got the chunk. So chunk-based models are more realistic than
fluid-based models. For the chunk-based model, closed form expressions for the minimum
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distribution time are only available for very simple cases of peers, who have homogeneous
bandwidths and infinite download bandwidths, and for the case of heterogeneous systems
it is difficult to obtain closed-form expressions for the minimum distribution time. The
explicit expressions for the minimum distribution time 7},;,, demonstrated in the paper
and obtained for the fluid-based model, are lower bounds for more realistic chunk-based
models. We can compare the minimum distribution time Ty, (f) for a fluid-based model
and the minimum distribution time T,y (c) for a chunk-based model. It is possible to
show that for homogeneous systems, the error is about

Tmin(c) - Tmin(f) _ 10g2 L
Tmin(f) N ’

where N is the number of chunks in the file. It turns out this error is negligibly small
for cases of practical interest, even when file sizes are medium. Thus although the
chunk-based model is more realistic than our fluid-based model, the last one leads to
a clear expression for the minimum distribution time for heterogeneous systems. This
expression is a good approximation of the minimum distribution time for the chunk-based
model for homogeneous systems.

We imply, that the bandwidth bottlenecks are in upload and download rates and not
in the basis of Internet. This postulate dominate in Internet today. Further, we do not
take into account the impacts of network congestion and TCP congestion control. Thus,
our expressions for the minimum distribution time 7},;, are really approximations for
real file distribution times. However, the expressions can be used to make useful, relevant
calculations. Further that can be a base for a file-distribution protocol for arbitrary
upload and download rates.

We also make an assumption that each peer in the system takes participation in the
file distribution up until the peer has gained the whole file. This enables to understand
the main aspect: how different system parameters affect the P2P file distribution process.

Further, the following parameters are also considered:

U(A) = Zuia dmin(A) = Izrégll Uq
i€A

for any subset A C P, dpin = dmin(L).

(1)

3. Minimum File Distribution Time

In this section we demonstrate the result for the minimum distribution time Ty, of a
file [13]. We consider all the leechers are equal, but their download and upload bandwidth
can differ. Thus, P2P system is heterogeneous.

Theorem 1. The minimum distribution time for the general heterogeneous P2P file
sharing system is
F
Tmin == N w(P) . (2)
min{dmin, =5, u(S)}

The expression (2) has a rather simple and explicit form. The theorem gives some
distribution scheme for any upload and download parameters and can be used as a
reference point for the distribution time for any P2P file distribution protocol.

We can notice, that we actually choose Ty, from three values. Each value has its
own sense. We have Tyin = F/dmin, because the leecher with the lowest download rate
cannot receive the file faster than F'/dyi,. We also have Ty, = F/u(S), because the
set of seeds cannot distribute fresh bits at a rate faster than u(S), a leecher cannot
obtain the file at a rate faster than u(S). Finally, we have Ty, > LF/u(P), because
the total upload bandwidth of the system is u(P) and because leechers need to obtain
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a total of LF bits. So we have the lower bound for P2P file distribution: T =
max{F/dmin, LF/u(P), F/u(S)}. The theorem finds that the right-hand side of this
inequality is not only a lower bound, but also the exact value of the minimum distribution
time Tiuin.

As we can see, four cases are possible here (the proof of the theorem is based on
these cases):

dpmin < min{u(P)/L,u(S)} and dpm < u(L)/(L —1);

Amin < min{u(P)/L,u(S)} and  duyin = u(L)/(L — 1);

w(P)/L < min{dmin, u(S)};  u(S) < min{dmin, u(P)/L}.
Let s;(t) be the rate at which the seeds send bits to leecher i at time ¢. In each case, a
rate profile has the same general structure, based on the following assumptions. As soon

as each leecher ¢ begins to obtain its bits from the seeds, it replicates the obtained bits to
each of the other L — 1 leechers at some rate less than or equal s;(¢) as shown in Figure 1.

Figure 1. The scheme of P2P file distribution

Thus, for each case, the distribution scheme consists of L application-level multicast
trees. Each tree has a root in the seed, passes through one of the leechers, and ends
at each of the L — 1 other leechers.

Now we consider three examples to show the significance and the usefulness of the
presented theorem. In each example, it is necessary to distribute a file of size F = 1.25
GB and to calculate Ti,i, according to the expression (2). There are one seed (S = 1) and
ten leechers (L = 10) in P2P network. The seed’s upload bandwidth wug is usually higher
than leecher’s upload bandwidth. We distinguish two types of leechers: ordinary leechers
and super leechers. The number of ordinary leechers is denoted as Lo.q and the number
of super leechers is denoted as Lyy,. A super leecher has the same upload bandwidth u
as a seed, and an ordinary leecher’s upload bandwidth u;_ is lower.

ord

Example 1. Each leecher has download bandwidth d = 2000 Kbps. Each ordinary
leecher has upload bandwidth w;,., = 200 Kbps. If we change the number of the ordinary
leechers Lo.q from 1 to 10, the value of the minimum distribution time T},;, increases.

In Figure 2 we present the dynamics of T},;, at three values of a seed’s upload bandwidth:
us = 1000 Kbps, us = 1500 Kbps, us; = 2000 Kbps.

We can see, the higher u, the less time is necessary to distribute the file.

Example 2. Here again the download bandwidth of an each leecher is d = 2000 Kbps.
A seed’s upload bandwidth is a constant us = 1500 Kbps.

Now we present in Figure 3 the same function, but now we change leecher’s upload
bandwidth, we have v;_ ., = 200 Kbps, v, ., = 600 Kbps, v;,,, = 1000 Kbps.

Here we can observe similar effect: the higher u;_ , the less time is necessary to distribute
the file.
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Figure 2. Twin = Tmin(Lord), us = const

Figure 3. Tiin = Tmin(Lord), Ui,,4 = const

Example 3. In this example each ordinary leecher has constant upload bandwidth
uy,., = 600 Kbps, and a seed has constant upload bandwidth us = 2000 Kbps. Again we
draw the plot for function 7Ty,;,, depending on a number of ordinary leechers L,,q. The
parameter of leecher’s download bandwidth is changed: d = 600 Kbps, d = 1600 Kbps,
d = 2600 Kbps. The plot is presented in Figure 4.

Here T},in = 4.63 hours is a constant at low download bandwidth d = 600 Kbps. In
other cases of d first the values of Ti,;, vary, then from the number of ordinary leechers 5
they coincide and increase.

The presented examples allow to conclude that our calculations for fluid-based model
is rather good for a description of a real P2P file distribution process in the Internet.

The study of the implications of theorem are made in [13]. In (1) we present the
fractional error between a chunk-based model and a fluid-based model. This error is
obtained for the minimum distribution time T},;, for a homogeneous system with peers
having infinite download capacity. It turns out, that for file size of 350 MB or more,
the percentage error between Tnin(f) and Tin(c) is less than 1%, even when there are
10,000 leechers in the network.

We can conclude from (1) that, for homogeneous systems, the error can be surely
neglected if N > log, L. This condition is also easily satisfied for typical file sizes of the
order of several GB. We suppose this is true for heterogeneous systems as well.
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Figure 4. Twin = Tmin(Lord), d = const

The fluid-based model is very accurate, even though the fluid-based model is not
as realistic as the chunk-based model. The fluid-based model has the advantage of
providing a simple, explicit expression for the minimum distribution time for general,
heterogeneous systems.

4. Conclusion

Today P2P file sharing is an important application in the Internet. The determination
of a minimum achievable time for distribution of a file to all leechers is a fundamental
problem in P2P file sharing network. Distribution of a file to all leechers means, that all
equal small pieces of the file, named chunks, are obtained by all leechers. The mentioned
fundamental problem becomes a complex optimal scheduling problem, when we consider
a model in which discrete chunks are kept and forwarded at the peers.

In this paper we consider a version of a fluid-based model for the problem of the
determination of the minimum achievable distribution time. We get an explicit expression
for this fundamental problem, using this fluid-based model. The result is simple, useful.
On the basis of the expression we construct three numerical examples, demonstrating
the behaviour of the minimum distribution time depending on the number of super
leechers with the high upload bandwidth and ordinary leechers with the ordinary upload
bandwidth.

As it was expected, with the growing number of ordinary leechers, the total bandwidth
available on the network for distribution is reduced, which leads to the increase of the
value of the minimum distribution time Ti,;,. As we can see from the plot in Figure 2,
this time depends on the upload bandwidth u,, and for super leechers with us = 2 Mbps
the minimum distribution time 7T,,;, is minimal.

From the plot in Figure 3 we can see the minimum distribution time Ty,;, also depends
on the upload bandwidth u;_,, and for ordinary leechers with u; _, = 1 Mbps the minimum
distribution time Ty, is minimal. Finally, from the plot in Figure 4 we see the minimum
distribution time Ti,;, depends on the download bandwidth d, and for leechers with
d = 2.6 Mbps the minimum distribution time T},;, is minimal. Note that, the values of
Tiin are the same for d = 1.6 Mbps and d = 2.6 Mbps starting with the value Loq = 5.

The obtained expression is rather close to the similar result for a more realistic chunk-
based model in the case of homogeneous system. The result of this paper has a very
high accuracy. The given fractional error demonstrates this fact. It turns out, that the
discussed fluid-based model is a rather good approximation to a real network.

The results of the paper can be developed in different directions. One direction is to
compare the minimum distribution time in the fluid-based model with the minimum
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distribution time in the chunk-based model for heterogeneous systems. Another direction
is a determination of the minimum distribution time for networks which limit the number
of simultaneous connections between participating peers.
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Ananmn3 BpeMeHU paclipocTpaHenust aitia
[Jisi ONHOPAHT'OBOW ceTu

E. B. Bo6pukosa, FO. B. Tlaiinamaka
Kagedpa npurradnoti ungpopmamuru u meopuu eepoamuocmer

Poccutickuti yrusepcumem 0Opysrchvl Hapodos
ya. Muxayxo-Maxaas, 0. 6, Mockea, Poccus, 117198

ITepemata maHHBIX O OJTHOPAHTOBBIM CeTaAM Wau P2P-ceTsaM 3aHMMAeT 3HAYUTENHHYIO JTOJTIO
Tpaduka B coBpemennoit cetu nreprer. HanbosbImeit monmyaspHOCTHIO MOMB3yeTcst 0OMeH daii-
samu 110 P2P-cersim. O6men draitmamu o P2P-cetn obagaer pssjoM IpermMynecTB TaKUMA, Kax,
HAIIPUMED, XOPOIasi MaCIITaOUPYEeMOCTh, BBICOKasl MPOIYCKHAs CIIOCOOHOCTD, MO CPABHEHUIO
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¢ TpagunuoHHbIM noaxonoM Kiment/Cepsep K nepenade aiisios. lannas pabora mocssie-
Ha M3YYEHWIO MUHUMAaJILHOIO BPEMEHU pacupocTpaHenusi daitia. Pedb uaér o MUHUMAIBHOM
BPEMEHU, KOTOpOe HEOOXOIUMO 3aTPATUTD JJId MOJIydeHus 1ejioro dailjia BCeMHU MOJIb30BaTe-
JISIMA CETH, KOTOPBIM HEOOXOIUM 3TOT (Paiij. DTOT IMapaMeTp UMEET MPsIMOe OTHOIIEHHUE K yIKe
YIOMSIHYTO# TIPOITYCKHOM CITOCOOHOCTU ceTu. [Ijisi ToJTydeHusi BhIPaXKeHUs JIjIsi MUHUMAJIBHOTO
BPEMEHU pacupocTpanenus daiiyia UCIOIb3yeTCs TaK Ha3bIlBaeMas XKUJIKOCTHasS Monesnb P2P-ceru.
Bripaxkenne omepupyer TaKUMHU MOHSITHUSIMU, KakK pasmep ¢ailjia, CKOPOCTh HepPeJadn CUJIOB,
CKOPOCTD TIE€PE/IaYN U CKOPOCTh 3arpy3ku JimdepoB. C MCIO/Ib30BAaHUEM YHMCIEHHBIX ITPUMEPOB
JJTsT MUHUMAJIBHOTO BPEMEHH paclpocTpaHeHus (aitja mokazana 3(pOEeKTUBHOCTL MTPUMEHEHU ST
JKUJIKOCTHOM MOJIesIn JjTst onmcanus (aitsiooomena mo P2P. PaccmarpuBaercs: moBesenue cu-
CTEMBI B CJIydae, KOT/Ia B CETH UMEIOTCS JIMYEPHI JIBYX TUIOB, KOTOPbIE OTJIUYAIOTCS JIPYT OT
IpyTra CKOPOCTHIO IE€PEIadn JTAHHBIX.

KiiroueBble cjioBa: OJHOPAHIOBAs CEThb, *KMIKOCTHAs MOJIEJb, JIAYEp, CHJ, IIUpP, BPEeMs
3arpys3ku daiina
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1 213 4|5 6 7 &1 9 |10]11| 12

Kyaa

(IMOYTOERIH HHIEKC) (ampec)

Komy

{(PAMMIHA, HHHIHATILL)

JOCTABOYHASA KAPTOUYKA

wa xypra 18235
[B |mecro|murep (MHJIEKC H3TaHHA)
BECTHUK PYAOH
Cepusa «MatemaTtuka. UHdbopmaTuka. @usukar
Cron-|  [OJINHCKH py0. _ Kom. [ Komugectso
MOCTE | nepeanpecoskn py6. ko, | KOMILICKTOB;

Ha 20 rojl 110 MeCALLAM
1 2 3 4 5 6 7 ] 9 1011 12

Kyna

(MOMTOREIH HHEKC) {aapec)

Komy

(hanMuTHs, HHALHATEL)




