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NuayKTuBHOE MOJenpoBaHne 0O0bEKTOB U SABJIEHUIA METOI0M
rpynnoBOro y4éra apryMeHTOB: HEJIOCTAaTK! U CIIOCOObI
nx yCrpaHeHusd
M. FO. [dbpa4ykoB

Kagedpa neaunetinozo anaisuda u onmuMu3auu
Poccutickuti ynusepcumem dpyotchvl Hapodos
ya. Muxayro-Maxaas, 0. 6, Mocksa, Poccus, 117198

IIpencraBaensbl opurnHaIbHBIE PE3YJILTATHI UCCICIOBAHUSA 3P DEKTUBHOIO BBIUUCIUTEIHLHOTO
MEeTOJIa — METO/a IPYIIIOBOIO yUIETa apryMeHTOB. BBIABIIEHBI U CHCTEMATH3UPOBAHBI KJIIOUEBbIE
HEJIOCTATKU Ha KaXXIOU 3HAUUMOII IpoIeype KIACCHIECKOTO aIlOPATMA, & TaKKe IIPeICTaBIle-
HBI CITOCOOBI MX YCTPAHEHUs, B TOM YHCJIE aBTOPCKUE MOAUdUKAIU. B 9acTHOCTH, IPEIJI0KEHO
HCIIOJIb30BAHNE JNCIEPCHH U € oneHku (kpurepuii Puriepa) B KA4eCTBE OIEHKHA TOYHOCTH I10-
JIYIEHHOI'O Pe3yJIbTaTa, JOIIOJHUTEILHOTO «BHYTPEHHEr0» KPUTEPUs OIEHKU aJeKBATHOCTU MO-
JIeJIA B PA3JIMIHBIX T€CTaX MPU (DUKCAIIAN UCXOJHBIX JAHHBIX W N3MEHEHNN XapAKTEPUCTUK AJITO-
pUTMA, & TaK?Ke OIPE/IeJIEHNs ONTUMAIBHOM CIIOKHOCTH Mojiesn. [Ijist perenust mpobieMbl CXO-
JUMOCTH KJIACCHYIECKOT'O &JITOPUTMA OBLIIO IIPEJIOZKEHO UCIIOIb30BaHIE METO0B JUCIEPCHOHHO-
10, GaKTOPHOTO U KOPPEJISAIIMOHHOTO aHAJIM30B JJIsl UCKJTIOYEHUsI HEMH(MOPMATHBHBIX IPU3HAKOB,
MOAU(MDUKAIINN KPUTEPHUS OCTAHOBKYU ajroputMa. [IpeokeHo ncrnonbp30BanHue perysisipusnpyio-
X (YHKIMOHAJIOB JIJIs Pa3pelleHusi MpobaeMbl MYyJIbTUKOJJIMHEAPHOCTH BXOIHBIX ITPU3HAKOB
¥ TOBBIIMIEHUS YCTONYINBOCTH MMOIYIEHHON Mojiesin u Ap. PazpaboTan KOMIIEKC TPOTPpaMM KOM-
IILIOTEPHOI'O MOJICJIMPOBAHNS, PEATUIYIONINH MOTUMUIMPOBAHHDIN 3D DEKTUBHBIN aJITOPUTM Me-
TO/Ia TPYIIIOBOrO YYETA apIyMEHTOB C PACCMOTPEHHBIMU ABTOPCKUMHU MOJIM(PUKAIIUAMU, & TAKKeE
MEeTOJIAMU IUCIEPCUOHHOTO aHAIN3a, KOPPEIIIINOHHOTO aHAIN3a, (DAKTOPHOTO AHAIN3A, JJTEMEH-
TBHI PErPECCHOHHOrO aHajm3a u Jap. IIpoBenéuuble nccaeqoBaHusa U IOJIyUE€HHDbIE IPAKTUYECKHE
Pe3yIbTATBI MOTYT CTATh OCHOBOM st pa3pabOTKU C MPUMEHEHWEM COBPEMEHHBIX TEXHOJIOTUH
Machine Learning u Data Science aBromMaTu3npoBaHHO# CHCTEMBI KOMIBIOTEPHOTO MOJECTIHPOBA-
HU#l, NHTEJUIEKTYaJIbHOIO aHAJIN3a U OOPAOOTKYU JAHHBIX.

KuroueBrbie cjioBa: MaTeMaTHYecKOe MOJIEIMPOBaHUe, HHIYKTHUBHOE MOJIEIMPOBAHUE,
MeTOJI I'PYIIIOBOro yuéra aprymeHToB, addexkrupnbiii ansropurm MI'VA| anekBaTHasi Mojeb,
KOMIIJIEKC TTPOTPAMM

1. Bsenenne

MaremaTndeckoe MOJe/IMPOBaHHE CTAJIO HEOTbEMIIEMOIl YaCThIO IOCTPOEHNUS U UCCIIe-
JoBaHusl (DYHKINOHMPOBAHUS CJIOXKHBIX CHCTEM. B yciioBusx HemosHOTH HHGOpMAIHUN
AKTHUBHO HCIOJIb3YIOTCS METOIB! HHIYKTHBHOI'O MOZEJIMPOBAHUSI, IIO3BOJISIONINE IIOCIIE-
JIOBATEJbHO CTPOUTH MOJIEJIM BO3PACTAIOIIEH CIO0KHOCTU HEIOCPEJCTBEHHO II0 BBIOODKE
JIAHHBIX 0€3 IIPUBJIEYEHNUSI IONOJHUTEIHHO allpHOpHOil nH(pOpMAaIuy B GUKCHPOBAHHOM
Kj1acce QyHKIUII, NpegHa3HAYeHHbIe JJIsi DYHKIIMOHAIBHOI'O OIICAHUS BXOJI0-BbIXOIHBIX
XapaKTePUCTHK CHCTEM.

Cpenn MHIYKTUBHBIX METOIOB MAaTE€MATHYECKOIO MOJEJINPOBAHUS BBIIEJAETCS -
(DEKTUBHBIN BBIYUCIUTEIBHBI METOJ — METOJ IPYNIOBOro y4éra aprymentos (MI'VA)
[1-3]. Ero ocHOBOII SIBIIAIIOTCS QATOPUTM MACCOBOIl CesleKIun (IPUHIMUIT CaMOOPTaHi3a-
Uy Mojiesieit), Teopema lejienst 0 HemoJHOTe, TPUHIMII COXPAaHEHUsI CBODOJBI BBIOODA
I'aGopa (2, 3]. MI'VA oraocurcst K MeTosam anasmsa ganubix (Data Science), ycumentao
IIpDUMeHsIeTCsl JJIsl PelleHus 3a/1a49 MOJEINPOBaHUs, IPOIHO3UPOBAHUS, PACIO3HABAHUS
06pa3oB u 1p. Ero aaropuTmsl Mo3BOJISIOT HAXOAUTH B3aNMO3aBUCHMOCTH U 3aKOHOMED-
HOCTH, 0OHAPY?KUBATH HOBbIE 3HAHNUSI, HESIBHO OTPAXKEHHBIE B IAHHBIX, 1 IIPEJICTABIIATD X
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B BHUJIE aJIeKBATHOI MaTeMaTHIECKON MOJEIN ONTUMAJILHON CJI0KHOCTH, IIPEICTABJIEHHO
B siBHOM (DyHKImoHaabHOM Bujie [1-3]. [IpoBepka cooTBeTCTBHSI MaTEMATUIECKONH MOJIE-
JIN UCXOJTHBIM JIAHHBIM, TO €CTh €€ aJeKBATHOCTD, OIEHUBAETCS TOYHOCTBHIO ITPOTHO3a U
CJIO’KHOCTBIO CTPYKTYPBI, & TAKZKe COTJIACOBAHHOCTHIO OOHAPYKEHHBIX 3HAHUN Pe3yJIbTa-
TaM HCCJIEIOBAHUSI.

Opnako KJaccmdeckuit MHOTOpsAHbIN anroputM MI'WA He simén He0CTATKOB, KO-
TOpbLIE MOT'YT HE II03BOJIUTH KOPPEKTHO DEIIUTh HOCTaBJIEHHYIO 3ajady. Hekoropnie u3
HAX MOTYT OBITH YCTPAHEHBI 3a CUET MPUBEICHHBIX B CTATHE paHee MPEIJIOKEHHBIX HC-
CJIEIOBATENIIME HAy9IHO ODOCHOBAHHBIX PEIEHUil, a TaKKe aBTOPCKUX MOIUMUKAIIIA,
UCIIOJIb30BAHNE KOTOPBIX MOXKET BapbUPOBATLCS IPU PEIICHUU PA3JIMIHBIX KJIACCOB 3a-
nag [1-3]. Ha kaxoit 3naunmoii nporeaype MI'WA wuccienosaresn mnpejjiarajim cBou
ujien, cosnanast MoIUUIIITPOBAHHbBIE AJITOPUTMBI JJIs PEIIEHH OT/IeIbHBIX 3813, O/THA-
KO UX CHHTE3a HE IPOBOIUJIOCH.

MI'VA orrOCHTCSI K MeTOJaM BhlUucanTeIbHON MaTemaruku [4]. ITpu ero peasusanun
BBITIOJIHSIETCS OOJIBITOE KOJUIECTBO OMEPAIWiil: PEIleHne CUCTeM JIMHEHHDBIX yPABHEHU,
BBIUHCJIEHNE [ICEBIOO0PATHBIX MATPUIl, PelIeHNe 33/1a9 YUCJIEHHONH ONTUMU3AIUN U JP.
[TosTomy ero mpumMenenue 6€3 TPOTPAMMHON pean3anny HeBO3MOXKHO. JI1060it aaroputm
MI'VA nomxken momyckaTb 3(D(MEKTUBHYIO MPOrPAMMHYI0 PEATU3AIU0, B TOM YHCJE C
IPUMEHEHNEM COBPEMEHHBIX KOMIIBIOTEPHBIX TEXHOJIOTHI: OpraHU3allly NapaJsiieIbHbIX
BBIMUCJIEHNN, UCIOJIB30BAHUEM JOCTYIIHBIX BBIYUCIUTEILHBIX PECYPCOB U IIP.

2. OOmmit Kiacc 3a/1a49 MHYKTUBHOTO MO/I€JIMPOBAHMS

Pacemorpum kitace 3a/1a9 WHIYKTHBHOTO MOJEJIMPOBAHUsI, KOTOPbIE TAK WU HHAYE
CBOJIATCS K BBIOOPY ONTHMAJIHHOM 110 33JaHHOMY KPUTEPUIO MOJIETIU U3 MHOXKECTBA IeHe-
pUpYEeMBIX MOje el is ciiydas 00beKTa ¢ OaHUM BbIXOmoM. llycts mMmeercss n mabito-
JIEHUIl 3a 1OoBejieHneM OObEeKTa WM SBJIEHHs, T.€. 33JlaHa BBIOOPKA MCXOJHBIX JTAHHBIX
D = (Xvy), conepxamas uadOpManmo 06 U3MEHEHUH N BXOIHBIX IPU3HAKOB X [m X n)
U OJHOTO BBIXOAHOrO y[m X 1]. VHIyKTUBHBINA [IPOIECC PEIIeHus 3aJa49u OIIPE/IeJICHUS
CTPYKTYPBI U MapaMeTPOB aJ€KBATHOI MOIEIN COCTOUT B HCIIOJIB30BAHUM JAHHBIX OI-
HOIT yacTu BBIOOpKU (0Oydarolnas BBIOOPKA) JJIs CO3JAHUsI MOCTEIEHHO YCJIOXKHSIEMBIX
Mogiesieit u cesekiu (orbopa) HanboJiee aJIeKBATHBIX U3 HUX C MPUMEHEHWEM PUHIIH-
12 BHEIITHETO JOMOJIHEHIST, BRIPAYKAIOIIETOCH B BUJIE OIMOKY MOJIEJIEN € UCTIOIh30BaAHIEM
JIAHHBIX M3 JPyroii yactu (KOHTpOJIbHAs BHIOOPKa). B obimem cirydae 3ajada mocTpoe-
HUsT 8JIEKBATHON MOJEJIN CBOJANUTCS K (DOPMHPOBAHUIO IO BBHIDOPKE IKCIIEPUMEHTATBLHBIX
JTAHHDBIX HEKOTOPOTO MHOXKecTBa P Mozmesieit pa3intdnoil CTpyKTYPBIL:

g =(X,0y), feod

U MOUCKY ONTHMAJIFHON MOJEJ U3 3TOro MHOXKecTBa. [Ipobiiema MHOKECTBEHHOCTH Ma-
TEeMATHIECKUX MOJeJIeH, NCIIOIb3YyEeMBbIX JIJIsT OIMUCAHUS OObEKTA WU SBJIEHUS, C TOUKU
3peHust OOIUX U YaCTHBIX Iejiell mccieoBaHus pelaeTcs KakK 3aJada JUCKPETHOH orl-
TUMU3BAIUH 110 YCJIOBHIO MUHUMYyMa 3a/IaHHOTO BHeEITHero Kpurepus cejekimu CR(-):

f* = argmin CR(y, (X, ©y)),
fed

Ijle OlEHKa HapaMeTpoB ©; s kaxaoi f € @ ecTb pelieHue 3aJadi HEHPEPBIBHOM
orrrumuzanuu [5):

©f = argmin QR(y, X, Oy),
OcRs
e CR(:) # QR(-) — byHKIMOHAI «KadecTBa» PENIeHUsT 3aJadd [apaMeTPUIecKOil
HJIeHTHQUKAIINA MOJEJN B IIPOIECCe CTPYKTYPHOH HIAEHTH(MDUKAIMN, Sf — CIOKHOCTD
Mogenn f.
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Ornpeiesienne MpOU3BOJILHOIO MHOrOpsiiHOTO ajropurma MI'VA | kax u Boobire Jiro6oii
UTEPAITNOHHON MIPOIIEIYPhI, IPEIII0IaraeT YKa3aHHe:

— MATPHIIBI JIjI HAYAJIBHOTO TMPUOJINKEHHUSI;
— olepaTopa IepexoJia K CJIeIyIOeil nTepalun;
— [IpaBUJIA OCTAHOBKU AJITOPUTMA.

3. Kiuaccuueckmnii anropurm MI'VA

C y4éroM 3TOro pacCMOTPHM KJIACCHYEeCKUI MHOTOps b ajgroputM MI'VA u ero
HEKOTOPBIE aBTOPCKUE MOTUMPUKAIINAMN.

1. Marpuma s HAJIaJIbHOrO IPUOINKEHNsT aJTOPUTMa — HCXOIHAsT BRIOOPKa W3 M

U3MEpEHUii 1 BXOJHBIX IIPU3HAKOB U BBIXOJHOIO npusHaka: D = (Xy), rue y[m x 1],

X = (x1,22,...,2yn), x;/m x 1], j = (1, ..., n).
2. O6muit By oneparopa mnepexojia K CIeAyIomeMy psijly aaropurMa (ATepanum) ecTb
HEKOTOPbI QyHKIMOHAT ¢ : (3, %), THe T;,&; — HPOU3BOJIbHAA Iapa pelle-

HUM TIpeabIAyInero psama. B dukcupoBaHHOM Kjacce (byHKIUI 3amaéTcs DyHKIIAA
g = f(zi,z;), Ha3bIBaEeMast wacmuowm onucaruem. C €€ IOMOIIBIO MOPOKIAIOTCS
MOJIEIN Ha KayKJIOM Psife aJropuTMa. Ecin JocTOBepHbIe 3HAHWS O CBOMCTBAX WUC-
cyreryeMoro o0beKTa (SIBJIEHUsI) OTCYTCTBYIOT, TO 1EJIeCO00PAa3HO MCIIOIb30BATh MO~
JIMTHOMUAJIbHBIE (DYHKITHH, TaK KAK UMU MOXKHO ITPEICTABUTH JIIOOYIO HEITPEPLIBHYIO
bYHKIHIO ¢ JOCTATOYHON TOYHOCTHIO. Ha npakTuke 0OBIMHO UCIOIB3YIOT JIMHEHHO-
KBaJIpaTUIHbIe (DYHKIINN, 3aBUCSIINE SIBHO OT JIBYX IMEPEMEHHBIX, HAITPUMED:

N 2 2
Y = ap + a1x; + a2%; + A3Tix; + a4T; + asTy,

€CJIU B KauecTBe KJiacca MYHKINH BIOpan pyHKINOHAJILHBIH psif Bosbreppa, Takxke
HasbIBaeMblil mosmroMoM Kosmvoroposa—Ta6opa [1]:

n

n n
Yy =wo+ Z(wlxl) + Z (wijxiz;) + Z (Wijrrizjxg) + . ...
=1

ij=1 ij,k=1

Or1eHKY HEM3BECTHDLIX IAPAMETPOB MOJIEIEH TPOU3BOISAT, HAIIPUMED, METOIOM HaW-
MEHBIINX KBaJIPaTOB:

m

QR(-) = (#(-) — y:)> — min.

i=1

3. Ausroputm ocranasBimBaerca npu BeimogHenun kputepuas OCTAHOB: CRgiq >
CRg, rne CR — BHemHuuii KpuTepuii KadecTsa Mojenn, () — HoMmep psajia. Brermamit
KpPUTEPHUil XapaKTepu3yeT <«KadecTBO» MOJEU, & TaKXKe MCIOJIb3YeTcsl JJist 0TOO-
pa «JIydmuxy» Mojeseil Ha ciaerytonuil psan ajgropurma. CTOUT OTMETHTD, 9TO JIJIst
HCIOJIb30BAHUS JIIOOOTO BHEIITHETO KPUTEPHS HEOOXOIUMO Pa3bUTh UCXOIHY IO BBIOOD-
Ky D nHa mHenepecexarormuecst o0y4aioniyo 1 u KOHTposbHyIo S Boibopku. [IpuBeném
IPUMEPBI XOPOIIIO 3aPEKOMEHIOBABIINX e0si BHEIMHUX KpuTepues [1-3]:

— xpumepuli peeyaaprocmy — HUINIECKUI CMBIC KPUTEPHUS COCTOUT B TOM,
YTO OH OPHEHTHUPOBAH Ha BBIOOD MOJIEsH, KOoTOpasi Oyjaer Hambosee TOYHOI
HA MHOYXKECTBE OOBEKTOB, KOTOPBIX €I HeT B BBHIODOPKE, HO OHU TOSBSATCS B
OmKaiiem Oy TyInem:

mr ms
AT, 8) = (yi — v+ _(yf —)* = min,
i=1 =1
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e Y — 3HaueHHs BLIXOJIHON BESMYMHBI MOJIENH, KO3hMUIMEHTH KOTOPOit
OBLTH OTIPeIeJIeHbl 0 JAHHBIM OOy4aromeil BLIOOPKH; Yy — 3HAUECHUS BbI-
XO/THON BEJIUIWHBI MOJEIN, KOI(PDUIIMEHTHI KOTOPOH OBLIH OIpeeeHbl 10
JIAHHBIM KOHTPOJIBHOU BBIOODKH; ¥; — 3HAUEHUs BBIXOMHOU BEJIHMYUHBI MOJE-
JIM Ha MCXOJHBIX JAHHBIX; M7 — KOJUYECTBO OOBEKTOB (CTPOK) B 00yJaronei
BBIOODKE; Mg — KOJIUIECTBO 00BHEKTOB B KOHTPOJIBLHON BHIOOPKE;

— Kpumepull HeCMEWEHHOCTNU (MUHUMYMA CMEWEHUS) TIO3BOJISIET BBIOPATH MO-
JleJIb, HauMeHee YYBCTBUTEIbHYIO K M3MEHEHHIO MHOYKECTBA ONBITHBIX TOYEK,
[I0 KOTOPBIM OHA MOJIyYeHA. DTOT KPUTEPHUil TpeOyeT MaKCUMAJIbLHOIO COBIIA-
JIeHUsT BBIXOHOTO IIapaMeTpa JIBYX MOJesell, Moy IeHHbIX Ha JaHHBIX 00yda-
foIeil 1 KOHTPOJIBLHOMN BBHIOOPOK:

> (P —ul)?
(T, S) = = F——— — min;

m

2. (%7)

=1

— KOMOUHUPOBAHHBLT Kpumeputl, B 9aCTHOM CJIydae, MPeJICTaB/sieT coboil 00b-
e/MHEeHMe TIoKazaresneil onenku mecmenénnoctu 2, (T, S) u cpeaHekBajpa-
tanoit ommubku A?(T,S) obenx mMoseseit, TOCTPOEHHBIX Ha BhIGOpKax 1 1
S, — IOCTpPOEHHE OIHOIO «OOODIIEHHOIO» KPUTEPUSI:

nKOM6 (1_ )*W3NI(T7S)+,LL*A2(T,S) —>min,

rje n — koadbdurmenT Beca (IKCIEPTHAsI OINEHKA), PEJICTABJISIONHNA 00b-
eIMHEHNE IBYX KPUTEPUEB. DTOT TOIXOM UMEET CYIIECTBEHHOE IOIYIIEHUE O
«KBaJU(UIMPOBAHHOM» SKCIIEpTE U MPo0eMy KOMIIEHCUPOBAHUS OIHUX II0-
KazareJseil 3a CYET JPYTHUX.

Paccmorpum nojipoGHee polie 1y phbl, BBITIOJIHSIEMbIE HA IEPBOM M TPOU3BOJILHOM () +
1) psimax Kiaccudeckoro MHOropsijHoro ajropurma MI'VA.

Ilepswiti pad. I3 BXOTHBIX BEKTOPOB-apPTYMEHTOB I1, . . . , Ty, BRIOUPAIOTCS BCEBO3MOK-
Hble [Iapbl T; # T'; U COCTABJIAIOTCS YaCTHbIE ONUcaHus, T.e. byHkimn suaa y; = f(z;, x;),
l=1,2,. C’TZL, U METOJIAMU DPErpecCHOHHOrO aHasmsa [6, 7], Haupumep, METOIOM Hau-
MEHBIITIX KBa,,ZLpaTOB Ha 00yJaroIeil BIDOPKE HAXOMAATCH OIEHKN HEM3BECTHBIX ITAPaMeT-
poB a1, a9, a3, ... Ilo 3aganHoMy BHEITHEMY KPHUTEPUIO HA KOHTpOJIbHOI/I BBIOOpPKE OTOH-
patorcs ¢ * C2, rie g € (0,1] (ce060da ewbopa), myamux moneneit gi, k=1,2,...,qxC2.
Boinostastercst psij, cesekimit. Boixomusl atux ¢ * C2 Mojesell NCIoIb3yIoTes B KadecTse
apryMeHToB i (hOPMUPOBAHUS MOJeei cjaemyoomero psama. Jlaree HaxonuTcs MUHU-
masbaoe C'RL . cpemn Beex ¢ * C'2 3madenmit BHEITHEr0 KPUTEPHs HA MEPBOM PsiJie.

IIpoussorvroiti Q+1 pad. I3 BeKTOPOB-apTryMeHTOB gj,?, k=1,2,...,p upeapiaymuero
Q-ro psifia GOPMHUPYIOTCS BCEBO3MOXKHBIE YACTHBIE OIMCAHUS:

y? = frinzg), 1=1,2,...,02 =59 i#j

Ha o6yuaroreit BEIOOpKe HAXOSITCS OIEHKYM HEM3BECTHRIX ITapaMeTPOB. 3aTeM I10 3Ha-
YEHUIO BHEITHENO KPUTEPHUIO OTONPAIOTCA S «JIyUIINX» MOJEJIEH U3 IOy YeHHBIX YACTHBIX

1
ommcanuit ;91 1 =1,2,. ,CS, HAXOJUTCS MUHAMAJIbHOe 3Hadenne C RO [Iposeps-

min

. 1
erca kpurepuit OCTAHOB: CRgIl > CRSHH, IIPU BBIMOJJHEHUU KOTOPOT'O UTEPAITUOH-
HbIIT (MHOrODSIIHBII) TIPOIECC OCTAHABJINBAETCs, HHAYE — [IEPEXO0J] K CIIEJYIONEMY DsiJLy.
B ciyuae ocTaHOBKE B Ka4ecTBE ONTUMAJIBHON IIPUHUMAETCST MOJIEIb, COOTBETCTBYOIIAST

snauenmio CRY. na IpeabLIyIneM (Q-M psife.

min
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4. HengocraTky KJIaCCMYECKOTO AJITOPUTMA M CIIOCOOBI MX
yCTpaHeHUusd

B pamkax mamHO# paboThIl 0600ITEHBI 3HAYNMBIE HAYIHO 0OOCHOBAHHBIE PEITEHUS UC-
ceoBaTe el u mIpeyIoyKeHbl ABTOPCKUE MOAUMUKAIINY OOIIET0 KJIACCUIECKOTO aJITOPHUT-
ma MI'VA s ycrpaHeHus: BBISBICHHBIX HEJOCTATKOB.

IIpobiemy pazbuenusi MCXOMHBIX MAHHBIX HA OOYYAIOINIYI0 W KOHTPOJBHYIO BBIOOD-
KU UCCJIEJIOBATEN TPEJIaraloT Pa3peniaTh Pa3HbIMHU CIIOCOOAME B 3aBUCUMOCTH OT I1e-
JIN UCCJIe/IOBAHUS, & TaKKe 3HAHUI O CBOMCTBAX MOJIEJIUPYEMBIX SIBJICHUN U OOBLEKTOB.
Hanpuwmep, B [1] 66110 IOKa3aHO, YTO IPH MCIOJIB30BAHUN KPUTEPUsI MUHUMYMAa CMeIe-
HUSL Pa3jesIeHIe UCXOIHBIX JIAHHBIX Testecoobpasno nponssoauth 50% ma 50% misa oby-
Jaolleil ¥ KOHTPOJIbHON BbIOOpKH. cciemoBareisiMi MpeyIOXKEHBI COOTBETCTBYIOIIIE
METOJIUKHU 110 Pa3bUeHuI0 0OOBEKTOB JIJIsi CTAIIMOHAPHBIX U JMHAMUIECKUX HPOIECCOB, a
TaK»Ke IPHU PereHny 3a1a49 MPOTHO3UPOBaHUs U JAp. ABTOPOM Mpejiaraercsi UCIOJIb30-
BaTh HPOIEILYPY KPOCC-BaJIMIAIMN (CKOJIB3SIIIEr0 KOHTPOJIs), KOTOpas 3aKJII0YaeTcs B
cieaytoreM. UKCUpyeTcss HEKOTOPOe MHOXKECTBO pa30neHmil NCXOaHO# BRIOOPKY Ha JBE
IOABBIOOPKH: 00y IAOIILYIO U KOHTPOJIBHYTO. JL71 KaxK10r0 pa3dbreHns BBITOJTHIETCS aIr0-
purMm MI'VA: remepupyercst MOJIEIb, OIPEIEISIOTCS TapaMeTPhI ¢ ITOMOIIBIO 00y Jaroreit
BBIOOPKU, BBITHUC/ISETC 3HAYMEHUE BHEITHEIO KPUTEPUs C UCIOJb30BAHUEM JAHHBIX KOH-
TPOJILHON BBIOOPKHU. B KawecTBe BBIXOMHONW MOIEIN BBIOMPAETCS Ta MOIEb, Y KOTOPOt
3HaYEHNE BHEIIHEIO0 KPUTEPHUS CPEM BHIOPAHHOIO MHOXKECTBA Pa3bMeHUil MUHIMAJIBHO.
BosmokHO HaI0KEHIE HEKOTOPBIX YCIOBUM HA MHOYXKECTBO pa3dueHuil, HaIpuMep, IToObI
KaXK bl 00bEKT XOTs ObI OJIMH Pa3 IOoMaJjl B 00YJIaIOIy0 U KOHTPOJIbHYIO BHIOOPKU MIPU
pasymuHbIX pas3duenusik. C HCIIOIB30BAHNEM METOIUKU CKOJIB3SINEr0 KOHTPOJIS MOXKHO
BBECTHU JIOIOJIHUTEIHHYIO OICHKY IOy YeHHON MOIENIH IIYyTEM BBIMHUCJIEHUs] CPEIHErO I10
BCEeM 3HAYEHUEM BHEITHETO KPUTEPHUs HA BCEX pa30MeHUsIX.

B knaccuaeckom muOTOpsiiHOM asiropurMe MIYA Bo3MOXKHO yXyIieHne o0y CcI0BIIeH-
HOCTH CHCTEM YPaBHEHUI C POCTOM YHCJa PAIOB cejeknuu. VcciieoBaTesn npearaioT
JUIsT pa3peliennsi JTAHHOM IPODBJIEeMbI TPOU3BECTH HOPMAJIM3AINIO WJIA CTAHIAPTUIAIUIO
UCXOJIHOI BBIOOPKU Pa3IUIHbIMU criocobamu. Hampumep, HOpMaIu3anus mpearnoiaraeT
3aMeHY HOMWHAJIbHBIX IMPU3HAKOB TAaK, 9TOOBI KAXK/IBI M3 HUX JIEXKAJ B JTUAMNA30HE OT
0 mo 1. CranmapTusamys ke [M0J[pa3yMeBaeT TaKylo IIPe100paboOTKy JTAHHBIX, ITOCJE KO-
TOpO#l KaXKIbIil MPU3HAK MMEET HYJIeBOE CPeHee U eIUHUIHOE CPETHEKBAJIPATUIECKOe
OTKJIOHEHUE.

ABTOpOM IIpe/IaraeTcst UCIOJAB30BATh JIUCIIEPCUIO U €€ oreHKy (kpurepuii Purnepa)
B KAQUECTBE TOYHOCTH TIOJIyY€HHOTO PE3y/IbTaTa, JOMOJHUTEILHOTO 6HYympentezo (T.e. Ha
BCeX OOBEKTaX MCXOJHON BLIOOPKH) KPUTEPHUs ONEHKHU aJeKBATHOCTH MO (COOTBET-
CTBHE MATEMaTHYECKOH MO UCXOIHBIM JIAHHBIM) B PA3JUYHBIX TecTaxX Ipu (puKcammn
UCXOJHBIX JIAHHBIX U U3MEHEHUU XaPAKTEPUCTUK aJTOPUTMAa, HAIPUMED YaCTHOTO OIH-
CaHUsl, BHEITHEIO0 Kputepusi, cBOOObI Bbibopa u np. Takxke kpurepuit Ourrepa MoOXKeT
OBITH UCIIOJIB30BaH I OIPEIE/IEHNsT ONTUMAIBHON CI0KHOCTU CTPYKTYPBI MOJIEJIN.

Nrepanmonubie aaropuTMbl He TAPAHTUPYIOT HMOCTPOEHUS AJCKBATHON MOIE/IN, TaK
KaK OHM 0a3MPYIOTCS Ha HEMOJHBIX MPOIEIyPaX HEPAPXUIECKOTO YCIOKHEHUT MOJIEIEH.
BosmoxkHa 10TEeps 3HAYNMBIX IIPU3HAKOB, €CJU OHU OBLIA HCKJIIOYEHBI B IIEPBOM HJIH
MIOCJICIYIONMINX PA/IaX CEJCKIUU. DTy MpobseMy 1esiecoodpa3Ho pemarh 3a CIéT:

— pacImMpenns 1mopora 0T6opa MOJAENEH-IIPETEHIECHTOB B CICAYIOMMil Psijl alIropur-
Ma ¢ yIETOM BO3MOYKHOCTEH COBPEMEHHBIX MEPCOHAIBHBIX KOMIIBIOTEPOB U ODIIEro
IIPOrPAMMHOTO 00€eCIIeTeHNST;

— IIOJIHOTO WJIM HAIIPABJIEHHOI'O I1epebopa MOJIeJef-IPETEH/IEHTOB ¢ YIE€TOM OTPaHU-
YeHHl HA KOJMYECTBO MCXOAHBIX (IIPOMEKYTOUHBIX) [IPU3HAKOB, & TAKIKE BO3MOXK-
HOCTEHl TEePCOHAJBLHOTO KOMIIBIOTEPA, ODIEro MpOrPaMMHOIO OOECIIeYeHMs, A3bIKA
IPOTPAMMUPOBAHUS U JIP.;

— BKJIIOYEHUsI HAYaJbHBIX IIPU3HAKOB B 11epebop Ha BCEX Psiax CEJIeKIINN;

— perreHus 33/a9M ONTUMAJIBLHOTO KOJUYIECTBA MOJEJIEH-TIPETEHICHTOB, MPOITYyCKAe-
MBIX B CJICIYIONIUN PsiJI AJITOPUTMA,;
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— orbopa Mojiesn Ha psjie (), ecitu €€ 3P PEKTUBHOCTD 110 KPUTEPHUIO 0TOOPA, YJIy YIITUT-
ca na @ + 1 psage — peasmzanus 0OpATHON CBA3M.

B xnaccuueckom asgropurme MI'VA cyimecTByeT BO3MOXKHOCTD BKJIIOUEHUsST HEMHMOP-
MAaTHBHBIX IPU3HAKOB B MCXOIHYIO BEIOOPKY W UCKOMYIO MOJENb. [l ycTpaHeHnst 9TOro
HeJI0CTaTKa HeOOXOIMMO:

— PpeIuTh 3377y ONTUMHUIAINH CJIOKHOCTH MOJIEIeH-TTPETEeHIEHTOB;

— HCIIOJIb30BATh METOIBI JUCIIEPCUOHHOIO aHAJIN3a TOCJIe 3aBePIINeHUs POIEyPhI IO~
MCKa ONTUMAJIbHOMW MOJIEN I OIEHKH BKJIaJa B OOIYIO JUCIIEPCUIO KaKJIOTO IIa-
paMeTpa MOy IeHHONH MOIeIN.

Heobx01M0 OTMETHTD, YTO IIPHU KBAJAPATHIHOM YaCTHOM OIUCAHUH, T.€. Y(T;, T;) =
ag+a1z; +asx; + agx? + a4$?, €CJIN YCJIOZKHEHUE MOJEJICH ITPONCXOUT 110 €IMHOMY IIpa-
BUJLY, IIOKA3AHHOMY BBIIIE, TPOUCXOIUT SKCIIOHEHITNAIBHBI POCT CTEIeHH. DTOro HeI0-
CTaTKa MOXKHO M30exKaTb, €CJIN:

— BapbUpOBaTh B PA3HOM COYETAHUN JIMHEHHbIE, OMINHEHHBIE M KBAIPATUIHLIE YACT-
Hble OIMCAHUS B COCEIHUX PSIIaX CEeJIEeKIIIN;

— M3MEHHUTH OIEPATOP IePEXOa K CIIELYIONEMY sy aJropurMa ¢ : 7y (z;, x;), Hampu-
MEp, JIJIt BTOPOTO PAJIa aJITOPUTMA: Zkiqy = Yki+Yqu = Q0+ AkTr +A1T] +CqT g+ Ay Ty
IPU 9aCTHOM OIUCAHUH BUAA Y (i, £j) = ap + a12; + asx;;

— pemuTh 33739y KOMOMHATOPHON ONTUMHU3AIMN CTPYKTYPHl YACTHBIX OMMCAHMUIN.

[Ipobsiemy cxomumoctu ajropurma MI'VA MOXKHO pemuTh 3a CYET MOMpUKAIINIL
kpurepus OCTAHOB, manpumep, onpeie/inTs OrpaHUYIeHNsT Ha KOJMIECTBO PSIJIOB Ce-

JIEKIIAA Q1 ax, OCTAHABJIUBATE PAOOTY aJrOPUTMA B TOT MOMEHT, KaK C’]%f]i;[rl1 —C’Rfﬁin < €.
Moudukarus kpurepuss OCTAHOB rak:ke M03BOJIMT PENINTD 331249y IEPEYCI0KHEHUST
BBIXOTHON MOJIEJIN.

IloBbICHTD YCTORYUBOCTD KJIACCMYECKOrO AJIIOPUTMAa BO3MOXKHO 338 CYET IIPUMEHEHUS
TEOPUHU PEryJigpU3allii, & UMEHHO HCIOJIH30BATH Pa3IUIHbIE METOIbI PEryJIspU3aIluu
JJIST KaXKJI0M MOJIETU-TIPETEHIEHTa Ha KaXKI0M Psijie CeJIEKITUU, HallpuMep, (PYHKITMOHAJIBI
peryisipusarun Ly wim Lo, myTém mobasiieHnst «mrpadHOro» ciaraeMoro Buja » | |a;| u

T

3" (a;)? cOOTBETCTBEHHO MPH BLIYUCIICHAN HEM3BECTHBIX TTApPaMeTPOB a;.

2

IIpescraBuTh MOJIENb B IBHOM (DYHKIIMOHAJIBHOM BHJIE MOXKHO 33 CUYET PaspabOTKU
aJITOPUTMa «OOPATHOrO XOZa», KOTOPLIl BO3BpAIAET UCKOMYIO (DYHKITUIO, 3aBUCIIILYIO
OT 3HAYUMBIX MCXOJHBIX BXOJHBIX IpusHakos, suga y(X); X = (x1,...,x,). 13 peme-
HI, OTOOPAHHBIX BO BCEX MPEIBIAYINUX PAMIAX CEJEKINH, OTOPAChIBAIOTCS BCE, KOTOPHIE
HE HUCIIOJb3YIOTCS It 00Pa30BaHUs €IMHCTBEHHOIO PENIEHNs U3 TOCIEIHErO PsAia ajro-
puTMA.

5. 3akJiroudyeHue

BoisiBieHBI 1 cHCTEMATU3UPOBAHBI KJIIOUEBbIE HEIOCTATKY KJIACCHIECKOTO aJITOPUTMA
METO/Ia TPYIIIOBOr0 y4IéTa apryMeHTOB. B pamMkax JaHHOH paboThl 00OOIEHBI 3HAUNMbIE
HayIHO ODOCHOBAHHBIE PEIIEHUsI MUCCACAOBATENCH W TPEIJIOKEHbl aBTOPCKUE MOIudU-
Kalun KJjaccudeckoro ajaroputma MI'WA 1jist yeTpaHeHNs BBISIBJIEHHBIX HEIOCTATKOB.
ABTopoM pazpaboTaH KOMILIEKC IIPOIPAMM, PEAJU3YIONIUil MOAMMUIINPOBAHHbII 3¢ dheK-
tuBHBI agropurm MI'WA ¢ paccMoTpeHHBIME MOIUMUKAIIUIMEA, 8 TaK¥KEe HCIOJIB3YIO-
MUA METOJBI JIUCIEPCUOHHOTO AHAJN3a, KOPPEJISIINOHHOTO aHaJm3a, (paKTOPHOrO aHa-
JIN3a, JIEMEHThI PErPECCHOHHOTO aHAIN3a U Jp. /IS BbIIEJICHNS 3HAYNMBIX TPU3HAKOB,
OOHAPYKEHMsI 3HAYMMbIX KOPPEJISIIUii, TOBBIIIEHNs JOCTOBEPHOCTH MPOTHO3a u JIp. [8].
[IpoBeaénnble UCCAETOBAHUS U IOy Y€HHBIE IPAKTUIECKHIE PE3YIbTATHI SIBJISIIOTCS aKTy-
AJIbHBIMU U MOTYT CTATh OCHOBOH JjIsi pa3pabOTKM aBTOMATU3UPOBAHHON CHCTEMBI KOM-
MBIOTEPHOTO MOJIEJIMPOBAHUS O0BEKTOB UM SABJIEHUH, WHTEJIEKTYaJbHOTO aHAIu3a U 00-
paboTKU [TaHHBIX, MMOJYIEHUST HOBOM KavdeCTBEHHON MHMOPMAINN M CHHTE3a CJIOXKHBIX
CUCTEM.
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Inductive Modeling of Objects and Phenomena by the Group
Method of Data Handling: the Shortcomings and Ways of Their
Elimination
M. Y. Dyachkov

Department of Nonlinear Analysis and Optimization
Peoples’ Friendship University of Russia (RUDN University)
6, Miklukho-Maklaya St., Moscow, Russian Federation, 117198

Original results of a research of an efficient computing method — group method of data han-
dling are presented. Key shortcomings on each significant procedure of a classical algorithm are
revealed and systematized, and also ways of their elimination, including author’s modifications
are presented. In particular, the use of dispersion and an assessment of dispersion (Fischer’s
criterion) is proposed as an assessment of accuracy of the received result, additional “internal”
criterion for evaluation of adequacy of model in various tests during the fixing of input data
and changing of characteristics of an algorithm, and determining the optimal complexity of the
model. To solve the convergence problem of the classical algorithm, it was proposed to use
the methods of dispersion, factor and correlation analysis to eliminate non-informative features,
modify the criterion for stopping the algorithm. The use of regularizing functionals is suggested
to solve the problem of multicollinearity of input characteristics and increase the stability of the
obtained model, etc. A complex of computer modeling programs was developed, realizing an ef-
ficient modified algorithm of GMDH with the considered modifications and also methods of a
dispersion analysis, correlation analysis, component analysis, elements of the regression analy-
sis and others. The conducted researches and the received practical results can become a basis
for development with use of Machine Learning and Data Science technologies of the automatic
system of computer modeling, the intellectual analysis and the data processing.

Key words and phrases: mathematical modelling, inductive modeling, group method of
data handling, efficient algorithm of GMDH, adequate model, complex of programs
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JlokanbHasa YuupaBJjisdeMOCTb B 3aJla4e CO CMeHO (1)&3OBOI‘O
IPOCTPAaHCTBA
N. C. Makcumosna, B. H. Po3oBa

Kagedpa Heaunetinozo aHau3a U ONMUMU3AUUL
Poccutickuti yrnusepcumem dpyotcbv, Hapodos
ya. Muxayzro-Maxaas, 0. 6, Mocksa, Poccus, 117198

B nmannoit pabore mcciaemyercs 3amada yIPaB/ISEMOCTH CO CMEHOH (pa30BOrO IPOCTPAHCTBA.
B macrosiee Bpemsa pacTéT MHTepecC K 33/1a49aM yIPABJIIEMOCTH C IE€PEMEHHOM CTPYKTYPOil 1o
MIPUYUHE PACIIUPEHUS 30HBI UX NMPaKTU4YecKoro npumenenns. [1o1obHbIe 3a/1a41 BOSHUKAIOT KaK
B usmKe, B OMOJIOTHH, TaK U B 9KOHOMUKE. VTaK, Ha 33 JaHHBIX OTPE3KAX BPEMEHN PACCMATPUBA-
eTcd 33/1a9a IIepeBoia O0bEKTa U3 33JAHHOI0 MHOYXKECTBA OHOI0 IIPOCTPAHCTBA B 3aJAHHOE MHO-
2KECTBO JIPYTOr0 IPOCTPAHCTBA Yepe3 TOYKY HysIb. Pa30Bble IPOCTPAHCTBA MOT'YT UMETh PA3HbIE
pa3mepHOCTH. BO3MOXKeH mepexo/r Kak U3 TPOCTPAHCTBA OOJIbINeil pA3MEPHOCTH B IPOCTPAHCTBO
MEHBIIIel pa3MEepPHOCTH, TaK U HA0O0pOT. IBHrKeHIMe 00beKTa ONUCHIBAETCS ABYMs HEJINHEWHDI-
Mu cucreMaMu TudHEPEHITNATBHBIX YPABHEHU, TIPU 9TOM YIIPABJISIONIEe BO3IEHCTBIE TIEPBOIt
CHUCTEMbI UMEEeT CIEIUAJILHBIN BUJI, OOYCIOBIEHHDBII HEKOTOPBIMU (DUINIECKUMU MTPUJIOKEHUS-
mu. Ilepexon obbekTa M3 OIHOrO IMPOCTPAHCTBA B JIPYyroe 3aJa€TCs HEKOTOPBIM OTOOPaXKeHU-
eMm. /Ia 3aga4m, B KOTOPOil HeJIMHENHAsI CUCTEMa B IIEPBOM IIPOCTPAHCTBE SABJISETCS JIOKAJIBHO
HYyJIb-YTIPABJIIEMON, a IpaBas 9acTb AUMdEPEHITHATHHOrO BKIIOUEHHSI BO BTOPOM IIPOCTPAHCTBE
SIBJISIETCSI BOTHYTBIM OTOOPAaXKEHUEM, IMOJIYUYEHbI JOCTATOYHbBIE YCIOBUS YIIPABJISIEMOCTH. 3aj1a-
4a HUCCJELYeTCd C IIOMOIIBIO allllapaTa TEOPHUHU YIIPABJIAEMOCTH, BBIIYKJIOI'O aHAJIA3a U TEOPUN
MHOT'O3HAYHBIX OTOOpakenwii. [IpuHrMas BO BHMMaHUE IPHUKJIAIHON XapaKTeP IOCTABJIEHHON
3a/1a9M, MOJIydeHHbIE B JAHHOM paboTe pe3ybTaThl MPEJCTABJISIOT KAK TEOPETUYECKUN, TaK U
IpaKTUYeCKUl mHTepecC.

KuroueBrblie ciioBa: yopaBiasgeMOCTb, JIOKAJIbHAS YIIPABISIEMOCTh, CMEHa (Hha30BOrO IIPO-
CTPAHCTBA, MHOXKECTBO JIOCTUKUMOCTH, MHOTO3HAYHOE OTOOpaXKeHne, OmopHas OyHKITIST

1. IlocranoBKa 3aga4um

B dazosbix npocrpancreax X = R"™, ) = R™ nepemeHubix & = (Z1,...,%,),

y = (Y1, ..., Ym) JABUZKEHHE OOBEKTA ONUCHLIBAETCS CJIEIYIONIMMA HEeJUHEHHBIMEI CUCTe-
Mamu quddepeHnnaabHbIX YPABHEHUIA:

&= f(z)+ B(t)u, u(t)eU, =z(t)eX, tel0,7], (1)

y@t) = gt,y(t),v(t), v@)eV, ylt)ed, telrT] (2)

rae f(z) € CH(R™), £(0) =0, %(O) # 0, B(t) — marpuna pasmepa n X 1 BUja:

B(t) = B1pi1(t) + Bawa(t).

Yupasiisifoniee Bo3/eHCTBIE UMeeT CHENUAIbHYI0 CTPYKTYPY, KOTOpas 00yCJIOBIIeHA
dbusnveckumu npusokennsmu. Tak, HAIIPUMeEp, IPU HEKOTOPBIX KOHKPETHBIX (DyHKIIUIX
©1(t) 1 @a(t) momOOHBIE yIPABIAIONINE BO3AEHCTBIS BOSHUKAIOT B 33/[a9aX KOCMIYECKOM
Hauranuu [1].

Oyukuun () n @a(t) UMeoT HenpepbIBHBIE TPOU3BOJHBIE BIUIOTH J0 (n — 1)-ro
LOPsI/IKA BKJIIOYUTEIBHO B OKPECTHOCTH HEKOTOPOii Touku t = t* € [0, 7|, Takxke ¢1(t) u
2 (t) SABIAIOTCS YETHBIMU.

Mowmentsl Bpemenu 7 u T’ 3a1anbl. JIOIyCTUMBIMU YUDPABIEHUSIME SIBJISIIOTCS BCEBO3-
moxkuble Gyuknun u(-) € U = {u(t) € R"u(-) € Lo[0,7]; u(t) € & C R"}, 0 € intQ,
v(-) € Loo([7,T],R™), mist koropsix u(t) € U npu n.B. t € [0,7] u v(t) € V npu m.s.
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t € [r,T]. Pemenusivu cucrem (1) u (2) upu ¢t € [0,7] u t € [1,T] saBusiorcs abcosor-
HO HelpepbiBHble (bYHKINH, yI0BIeTBOpsiiomue modru seogy na [0, 7] u [7,T] cucremam
(1) u (2) coorsercrBenno. Pynkunu f(z), g(t,y,v) TakoBBl, YTO perrenne 3a1a4u Komm
qist cucreM (1) m (2) cymiecTByer u eJIMHCTBEHHO.

B X s3amaHo HekoTopoe HauasgbHOe MHOKecTBO My. Ha orpeske Bpemenu [0, 7] 06b-
eKT JBUXKETCs 110 3aK0oHy (1), B MOMEHT BpeMeHU 7 OH IOIAJaeT B TOUKY HOJIb U JaJee
IIPOUCXOUT MEPEXOJT B MIPOCTPAHCTBO ), 3aJlaHHbI!l oTOOpazkenueM ¢q : X — ), U J1aJib-
Hejilllee JIBIZKEHUE OCYIIECTBIIAeTCst B IpocTpancTse ) 1o 3akony (2). Haxowmern, B mpo-
cTpaHcTBe ) 3aJIaHO KOHEYHOE BBIILYKJIoe MHOXKecTBO M7 Takoe, uro q(x(7)) ¢ M (ecin
q(z(7)) € My, 1o 3a1aua pemieHa).

Ba/atda 3aK/II09aeTCsl B TOM, 9TOObI HAWTH YCJIOBUS, IIPU KOTOPLIX OOBEKT, ONUCHIBA-
emblit cucremamu (1) u (2), 6yzner ynpasnsiembim u3 Mo B M.

B coorBercrBun ¢ [2| o6bekT, ommceiBaemblii cuctemamu (1) m (2), HasbBaercs
yupasisieMbiM u3 My B My, ecin CymeCTBYIOT Takue JOIYCTHMbIE yIpasieHus u(-) u
v(+), ITO COOTBETCTBYIOIIHE MM DPEIICHHs CHCTEM YJOBIETBOPSIOT IPAHUIHBIM yCIOBUSM
2(0) € Mo, (1) = 0 m y(7) = q(z(7)), y(T') € M.

PaccMorpuM cireyrommuil oxXo 1 K HCCJIEI0BAHIIO OCTABICHHON 3a/1a4n: IyCTh 1IPU
BBIIIOJTHEHUH HEKOTOPBIX YCIOBHIT OOBEKT, ONUCHIBAEMBIIT cucreMoii (1), ABIIseTcst JIOKaIb-
HO YIPAaBJISeMbIM B Hy/Ib Ha oTpe3ke Bpement [0, 7|. Ecian MuoxectBo My comep:Kutcs B
OKPECTHOCTH JIOKAJIbHO( YIIPaBJIsIeMOCTH HJIM UMEET C Heil HellyCToe IepecedeHre, Ipu-
aém 0 ¢ My, TO 110 OIIpeIe/IeHUIO JIOKAJIBHON yIIPABJISEMOCTH Mbl IMEEM BO3MOXKHOCTD U3
MHO)KecTBa M) HOIACTD B HYJIb B HEKOTOPLI MOMEHT Bpemenn 7. Jlasee B MOMEHT Bpe-
MEHU T OCYIIECTBJIEM IEPEXOJT B IPOCTPAHCTBO ), HCIOJIB3ysd OoToOpakeHue q : X — Y.
[Mosyuaem Touky q(x(7)) = q(0) = y(7), KOoTOpast ABJSETCA HATAJLHON TOUKOMN JIJIst JIBU-
JKEHHUs 00BEKTa, OIICHIBAEMOrO CHCTEMOI (2), B mpocTpancrse ). BoiucsiBaeM MHOXKe-
crBo jpocrukumoctu K(T) miust cucrems (2) us Toukn y(7) Ha orpeske Bpemenu [7,7T].
PaccmarpuBaem nepecedenue mosrydeHHoro Muoxkectsa jgocrukumoctu K(7T) ¢ koned-
HbIM MHOKecTBOM M. B ciydae, ecim mepecedenme He IIycTO, OOBEKT, OIHICHIBAEMBIi
cucremamu (1) u (2), sBIseTcs ynpasisieMbIM Ha orpe3ke Bpemenu [0, 7] u3 MHO)KeECTBa
My upocrpanctBa X B My npocrpancta ). Terepb paccMOTpUM JIaHHBIN 110J1X0J1, B KOH-
KPETHOM CJIydae, IIPU 9TOM Pa300bEM MOCTABICHHYIO 3a/ady Ha JIBe 033 /1a4n:

1) noKaybHAST YIPABIAEMOCTb B HOJIb B IIPOCTPAHCTBE X';
2) yupasisiemocTb u3 Toukn y(7) = ¢(0) na muoxkecTBo M B npocTpaHcrse V.

2. JlokaspHas ynmpaBJiieMOCTb B HOJIb B MMPOCTpPaHCTBe X

B sannoM nyHKTE IpUBEIEM YCIIOBUS JIOKAJIBHON HYJIb-YIIPABISIEMOCTH I HeJTUHEH-
HOH CHCTeMBI CHeNUaJIbHOIO BUIA.

B mpocrpancTtBe X paccMOTpUM yIIPaBIAIEMYIO CUCTEMY:
&= f(z) + B(t)u, (3)

re
of
o
u(-) € U ={u(t) e R"|u(-) € L]0, 7]; u(t) e QR CR"}, 0€int), te]0,7],

B(t) — marpuna pasmepa n X r CHENUATbLHOTO BHJIA:

B(t) = B1pi(t) + Bawal(t).

f@) e CYR™M), f(0)=0, (0) #0, zeR",
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Dynkimn () 1 p2(t) UMEIOT HenpepbIBHbIE TPOU3BOJHBIE BILIOTH 10 (n — 1)-ro
LOPsI/IKA BKJIIOYUTEIHHO B OKPECTHOCTH HEKOTOPOii Touku t = t* € [0, 7|, Takxke ¢1(t) u
2 (t) ABIAAIOTCS YETHBIMU.

Bagada: HaiiTu ycsi0Bus JIOKAJIbHON HyJsb-ylpasisiemocT cucremsl (3) na [0,7] u
BBIPA3WUTh UX 4Yepe3 deMenTsl MaTpun, A, By n Ba, Tae

i

So(0) #0.

O6oznaunm uepes S:(0) OTKPBITHI Mmap pajuyca € ¢ IeHTpoM B Touke 0.

Onpenenenne 1 (cm. [3]). YupasiseMmslit 00beKT, OmHCHIBaeMblii cucreMoil (3),
Ha3BIBAETCsI JIOKAJIBHO HyJIb-yIPABIAEMbIM Ha OTpe3ke BpeMmenu [0, 7], eciau CyliecTBy-
er € > 0 Takoe, 4To s 11060 TOUKH To € S:(0) 0ODbEKT ABIAETCA YIPABISIEMBIM HA
orpeske [0, 7] 13 HAYAIBHOIO OJIOXKEHNUS () HA KOHEYHOe MHOXKecTBO M = 0. D10 03HAa-
Jaet, 4To Jyist J06oit Touku g € S:(0) cymecrByer jonycrumoe yupasienne u(t), Takoe,
YTO COOTBETCTBYIOIIEE ITOMY YIIPABJICHHIO perterne 2 (1) cucTeMsl (3) HepeiaéT u3 TOIKn
xo B HyJb Ha oTpe3ke Bpemenu [0, 7.

Teopema 1. ITycmv swvinoanenv, 6ce npednoaooscenus na f(x), B(t) u u(t) u na
ompesxe [0, 7] cywecmeyem mouxka t*, 6 xomopot pane mampuys L(t) pasen n, 2de

L(t) = (B(t), AB(t) — B'(t), A2B(t) — 2AB'(t) + B"(t),. ..,
CO LA"TIB(t) = CL JAMTIBI(t) 4+ ...+ (—1)" e LA B Y (1)),

Tozda cucmema (3) rokanvo Hyab-ynpasasema na ompeske [0, T].

CdopmymupyeM ciaeayronme yTBEP:KIeHMsI, HeOOXOAUMbIE JIsT JI0KA3aTeThCTBA TEO-
PEMBI.

JIlemma 1. Pacemompum cucmemy
& = Az + B(t)u. (4)

Cucmema (4) noanocmoro ynpasasema wa [0, 7], ecau na ompesxe [0, 7] cywecmeyem
mowka t*, 6 komopot pane mampuyw, L(t) pasen n, 2de

L(t) = (B(t), AB(t) — B'(t), A2B(t) — 2AB'(t) + B"(t), .. .,
CO L A"IB(t) = CL_ AP 2B/(t) 4+ ...+ (—1)" e A B (1)),

Jlemma 2 (cMm. [4]). ITyemv cucmema (4) noanocmvio ynpasasema, U NYCmMo
€1,...,6n — MOWKU MG 0CcAT Koopdunam. Tozda cywecmeyiom & > 0, duddepernyupy-
emvie Pynryuu ut(t), ||ut(t)| < e u oxpecmmuocmv nyas Ss(0) maxue, wmo Ve; € Ss5(0)
byrryuu ut(t) nepecodam cucmemy (4) us e; 6 Hoav.

Omnpenenenne 2. Paccmorpum cucremy
&= f(t,z,u). (5)

Cucrema (5) HA3BIBAETCsI OJTHOCTBIO yIIPaBJisieMoit Ha orpeske [0, 7|, ecyn st J06bIX
TOUEK Zg, 1 € R™ Haiigéres gomycrumoe yupasienue u(t), nepesogsimee cucreMmy (5) u3
COCTOSTHUSI T( B MOMEHT BpeMmenu ¢t = () B cocTosinue 1 B MOMEHT Bpemenu t = 7. Cucrema
(5) Ha3BIBAETCS TOJHOCTHIO HyJIb-yIpaBisieMoii npu x1 = 0.
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HokasarenbctBo (Teopembr 1). Crenas 3aMeHy IEePEMEHHBIX T = —t B CHCTEMAaX
(3) u (4), monyunm jaBuzkeHne obbekTa B o6parHoMm Bpemenu. Tora

&= —f(x) = (Bip1(t) + Baga(t))u, (6)

i =—Az — (Bip1(t) + Bapa(t)) u, (7)

_of
rie A= a—x(O)

3BeCTHO, 9TO JIJIsA JAHHOI cucTeMbl (3) TIPU CIETAHHbBIX TPE/IIOIOKEHUAX CyTIECTBY-
er £ > 0, Takoe, 9o npu ||u|| < € Bce TpaekTopun cucrembl (6) ¢ HAYATBHBIM YCJIOBHEM
x(0) = 0 npomoskaemsl Ha [0, 1].

eficTBUTEIBHO, PACCMOTPUM MHOXKECTBO

Qs = {(z, wlllzll <6, lull <0}

Yunresas, uro f(z) € C1(R™), umeem 1o HelpepbIBHOCTH Ha MHOXKeCTBE ()5

max = M;s < 0.

z€Qs

X

Ouenum x(t). ITockonbKy (t) sIBIseTCS pelleHreM CHCTeMbI (3), TO OHO UMeeT BUJ:

t

z(t) = z(0) +/f(x)dt+ /B(t)udt.

0

Hanee, ucnonw3yst popmyiy Teitstopa n ONEHKY, TOJIYyIEHHYIO BBIIIE, NMEEM:
t t t t
|mw</wmwﬂjﬁmmw</mmw+/mww<
0 0 0 0

t t
< /M||x||dt+ /M||u||dt,
0 0

rae M = max{Ms, M;}.
IIyctsb t = 1, Tora nmeeMm

1
lo®ll < [ Mizijde + e
0

Ilo stemme I'poHyoJIIa TIPU COOTBETCTBYIONIEM BBIOODE € TOJIyYaeM
1
z(t)|| < Meelo Mt < MeeM < 6.

Taxmm obpazom, permennst x(t, 0,0, u) cucremst (6) onpesesensr na orpeske [0, 1] ms
JIOIYCTUMBIX ympasieHnii u: |ul| < e.

ITo ycioBuio Teopemst 1 mostydaeM, 910 j1eMMa, 1 BbIosHeHa i cucreMa (7) MOIHOCTHIO
ynpasisiema #a orpeske [0, 7]. Torma, o semme 2 s cucremsr (7) cymecrsyor € > 0
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u ui(t), [[u'(t)|| < e, nepesogsmue cucremy u3 Hysisa Ha €;, |e;| < 0(¢), npunaexanue
ocsim KoopauHat. Kpome Toro, uf(t) MoykHO BEIGpaTh mudbepeRnupyeMbIMi.
Paccmorpum ynpasienue u(t,€) = &ul(t) + ... + &u(t), e € € R, ||| =
max |&;| < 1. Torga ||lul| < e, Tak xak |[u'(t)|| < e. [logcrasum ynpasaenue u(t,€) B
7

cucremy (6). Iomyaum cucremy

= —f(z) — (Bip1(t) + Bawa(t))u(t, §), (8)

¢ HauanabHbIM yesosueM z(0) = 0, perrenne koropoit umeer sug x(t, ) = x(t,0,0,u(t, §)).
Bamerum, uro u(t,0) = 0 u z(¢,0) = 0 u mosy4ennoe perrenue z(t, §) onpeeneno ua [0, 1].

IMokazkem, aTo 06passl z(1,£) MOKPHIBAIOT HEKOTOPYIO OKPECTHOCTH HAYAJA KOOD-
munar npu ||£]] < 1, re. x(1,§) = z¢ ara mob6oit Toukn zg € S5(0). st ypasHemus
z(1,&) = o BOCIOIB3yeMCsl TEOPEMOli O HesIBHOH (DyHKIWH.

Pacemorpum marpurty Z(t,€) = 0xz(t, §) /0. Tlokaxkewm, uro marpurna Z(1,§) sBiasger-
Csl HEBBIPOXK ICHHOIA.

N3 teopun muddepeHNuaNbHBIX YPABHEHNH, TMEEM

oz (t,
2O - (a6~ (Biga(t) + Baga)u(r, ),
9 0x(t,§)  Of(x(t,§))| Ox du(t,§)
T.e. ou(t.£)
2 = —AZ = (Bion(t) + Baa(0) =5
rae ? = (ul,...,u").
[Iycrs Z(t,€) — Marpuna, croabIiaMu KOTOPOIil SIBJISIIOTCS 21, . . . , 2y, TOTJA
Zj = —Azj — (Bipi(t) + Baa (1)) w?,  j=T,n.
Suementsl zj(1) = e; M3 CBONCTB ynpabieHus u’/, U e; JMHEHO HE3ABUCHMBI 110

yeaosuio. Torma det Z(1,£) # 0. Urak, mo TeopeMe 0 HesiBHOI (DyHKIMU MMeeM, 9TO
ecian ||€|| < 1, To KOHIBI TpaekTOpHK cucTeMbl (6) TTOKPBIBAIOT HEKOTOPYIO OKPECTHOCTD
uyssi. Takum obpazom, cucrema (3) siBJIsieTCst JIOKAJIBHO HYJIb-yIIpaBisgemoii Ha [0, 7], aro
U JIOKAa3bIBAET TEOPEMY. O

Taxum 00pa3oM, IPU BBIIOJHEHHN YCIOBUIl TeopeMbl 1 OOBEKT, OIMHUCHIBAEMBIN CH-
cremoit (3), MoKaabHO Hyab-ymnpasisieM Ha [0, 7]. Ecam muoxkectso My comepkurcst B
OKPECTHOCTH JIOKAJILHOI YIPABJISEMOCTH WJIM UMEET C Hell HeIlyCTOe IepecevdeHne, TOrIa
[PV BBIIOJIHEHUN YCJIOBHIl TeOpeMbl 1 U B CHILY JIOKAJILHOM yIpaBiIsieMOCTH CUCTEMBI (3)
00beKT momamaeT n3 MHOXKecTBa My B Hysmb. Vcmoms3yss orobpaxkernue q : X — ), ocy-
IIECTBUM II€PEXOJ B IIPOCTPAHCTBO ) U MPHUCTYIMM K DEIIEHUIO BTOPOii 3a/1a4H.

3. VYmpasisieMoCTh U3 TOYKH y(T) HA MHOX>KecTBO M, B
npocTpaHcTBe )

IIycts B mpocTpancrse ) nBmkeHne 00bEKTa OMUCHLIBACTCH CJICIYIOIICH HEeJINMHEHHOM
cucremoit muddepeHnuaIbHbIX YPABHEHUN:

y(t) = g(ty(t),0(t), w(t) eV, y(t)ey, te[rT] (9)
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O6oznaunm gepe3 Q(R™) COBOKYIHOCTH BCEX HEILYCTBIX BBIIYKJIBIX KOMIIAKTHBIX I10/1-
MHOX)KecTB TpocrpancTea R™. Ilycrs 3agano muoxecrso V€ Q(R™). Homycrumbivm
YIPaBJICHUSIMU SIBJISIIOTCS BCeBO3MOXKHBIE DYHKIMA v(+) € Loo([7,T],R™), 1u1st KOTOPBIX
v(t) € Vopuws. t € [1,T]. Pemmenusimu cucremst (9) npu t € [, T| sBasiorcst abCOTIOTHO
HenpepbiBHbIE (DYHKIMHU, YI0BJIETBOpsitone nouru Beoay Ha [1,T] cucreme (9). Ilycrs
dyukmus ¢(t,y,v) TakoBa, uro pertenue 3aaaqu Kormm st cucremser (9) cymecrByer u
€IMHCTBEHHO.

Ucnonb3yst orobpazkenue ¢, Mbl noayummu touky ¢(z(7)) = ¢(0) = y(7), xoropas
SIBJISETCH HAYAJIbLHON TOYKON mpu JBUKeHHu obObekta B mpocrpanctBe ). Takxke B Y
3a/1aH0 KoHeuHoe MHOXKecTBO M7 € Q(R™), Takoe, uro q(z(7)) ¢ M.

B ¢dazosom npocrpancrse ) = R B TOuKe y Jyisi HeJIHEHHON cucrembl (9) paccMoT-
puM mHOKecTBO ¢(t,y, V), KOTOpOoe cocTouT u3 Beex BEKTOPOoB ¢(t,y,v), The v UpUHAJ-
sexxut muoxkectBy V. Eciu y(t) siBiasiercss Hekoropoit TpaekTopueil cucrembr (9), coor-
BETCTBYIOIIEH JIOMyCTUMOMY yIpaBjieHuto v(t), To npu nouru Beex t € 7,7 BBIIOTHEHO

BKJIIOUCHHE
y(t) € g(t,y(t), V). (10)
Takum obpazom, nosrydaeM JuddepeHnnaabHOoe BKIIOYEHE
yEglty,V). (11)

ITox pemenuem nuddepentmaabHOro Brtodenus (11) monuMaercst abCOTIOTHO HEIPe-
peiBHas bysKIws y(t), onpeesénnas Ha uaTepBaJe 7,1, yIoBIeTBOPSIONIAs BKIIOUe-
ruio (11) mpu nourn Beex t € [1,T].

Urak, npu JOBOJIBHO OOIIMX HPEIIOIoKeHusX cucreMa (9) skBupasieHTHA udde-
pemnnuaabHOMy BKJodennio (11), t.e. st smoboro pemtenus y(-) Bkmodenus (11) 6ymer
CYIIECTBOBATH JIOIYCTHMOE yupasjeHue v(-), Takoe, 9ro dbyHKIus y(-) OyIeT sSBISATHCS
TpaekTopueil cucreMs! (9) ¢ 9TUM ynpasieHueM v(-).

Hanee ¢ yuéToM BceX CJIEJIAHHBIX 3aMEYaHUN BMECTO HEJUHEWHON CUCTEMBI aud-
dbepennnanpabx ypasHenuii (9) 6yeM paccMaTpuBarh cieyroriee uddepeHpaibHoe
srirouenue (11). Beeaém obosnauenue g(t,y, V) = G(t,y). Teneps B pazoBom npocrpan-
ctBe )V = R™ nBmxkenne 00bekTa OyIeT ONMUCHIBATHCH MU PEPEHITNATHHBIM BKIIOUCHIEM

vy e G(ty), telrnT], (12)

riae G(t,y) — MHOro3HaYHOE OTOOpaKEHUeE.

Yepes K(T') 0603HaIMM MHOXKECTBO JOCTUXKUMOCTH Jisi HeJMHEHHOi cucrembl (9)
u3 Touku y(7) B Moment Bpemenu 1. IIpeosioxkum, 94T0 MHOrO3HAYHOE OTOOparKeHUe
G(t,y) sBisteTcst BOrHYTHIM 110 y Ha MHOXKecTBe Joctmxkumocta K (1) n K (T') kommakT-
Ho. Vcnonb3ysi pe3ysibraThl, NOJIyYeHHble B [2], u3 Boruyroctu orobpaxenust G(t,y) 1o
y Ha MHOXKecTBe noctmxkumoctu K (T) ciieiyer BBITYKJIOCTH MHOYKECTBA JOCTUKIMO-
cru K(T'). Torga ays yupasiasiemoctn Henuueitnoit cucrems! (9) JOCTATOYHO, ITOOBI
repecevdeHre MHOXKECTBA JIOCTHXKUMOCTH U KOHEYHOIO MHOXKECTBA ObLIO HEIyCTO, T.e.
K(T) N M; # @. TakxKe, UCIOJB3ysl CBOMCTBA ONOPHBIX (DYHKIUIA, JaHHOE YCJIOBHE
YIPaBIsieMOCTH MOXKHO Tpeobpaszosars K Buny ¢(K(T),v) + ¢(My,—v) > 0, ans mo-
6oro ¢ € R™ (cm. [3]).

Takum 06pa3oM, yCJIOBUsSI YIIPABISEMOCTH JJis TOCTABJIEHHOM 3a/1a491 U3 MHOXKECTBA
My npocrpancrsa X' B MHOXKecTBO M; npocrpancrsa ) mist cucreM (1) u (2) MoxHO
chOpMyYIMPOBATEH B BHUJIE CJIEJLYIONIEH TEOPEMBI.

Teopema 2. ITycmsb 6vinoanenv, 6ce cOeAGHHDBIE NPEONOAONCERUA U HA OTNPESKE 6Pe-
menu [0, 7] cywecmeyem maxas mouka t*, 6 xwomopol pane mampuuve L(t) pasen n,
2de
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L(t) = (B(t), AB(t) - B'(t), AB(t) - 2AB'(t) + B"(1), ...,

OO AMTIB() — €L AMT2BI () 4.+ (—1)n+lcg:11AOB<n—1>(t)).
Toz0a dasa ynpasasemocmu 0bsexma, d6UINCENUE KOMOPO2O ONUCHIEALTNCA CUCTIEMAMU
(1) u (2), na ompesxe spemeru [0,T] docmamouno 6vinosHenus cAdyOWeE20 COOMHOULE-
wus (K (T), ) + c(My,—) > 0, das arboz0 1p € R™.

ITpumep 1. Paccmorpum npumep, UIIOCTPUPYIONINI M3JI02KEHHBIN BBIIIE TOIXO K
HCCJIEIOBAHUIO BOIIPOCA YIIPABJISIEMOCTH O0bEKTA, JIBUKEHIE KOTOPOrO 33/aETCs JBYMS
b depeHITnaATbHBIMIA CHCTEMaMU Ha MOCJIEI0BATEIFHBIX MHTEPBAJIAX BPEMEHN B PA3HBIX
$az0BBIX TTPOCTPAHCTBAX.

Janb! 1Ba daszosbix npocrpancTa X = R? n Y = R3. JIpumKenue o6beKTa B IIEPBOM
IIPOCTPAHCTBE OIKUCLIBACTCS CJEIYIOINIeH cucteMoil nuddepeHnnaabHbIX YPaBHEHUI:

Fa(t) = 22 + 21 + (2 cos s, (13)

{abl(t) = 22 + x5 + (cost + tsint)uy,
t€[0,1], u(-) € U = {u(t) € R*|u(-) € Loo[0,1];u(t) € Q C R?}, 0 € intq.
Taxke B mpoctpancTe X = R? 3a1am0 orobpaxenue q : X — Y, Takoe, aro ¢(0,0) =
(0,0,0).
Jlpurkenne obbeKTa B mpocTpaHcTBe ) = R3 ommcelBaeTcs cremylomeil cHCTeMOi
i hepeHITNATBHBIX YPABHEHMIA:

U1(t) = y2,
Ya2(t) = y3 + va, (14)
ys(t) = 0.

t e [1,5], V= {’U e R3: v1 =0, |’U2| < 1l,ug = O}

B npocrpanctee Y = R? 3amano komeanoe muoxectso My = {y € R3 : (y; — 6)2 +
(y2 —4)* < 4,y3 = 0}.

Bagada: nccIe0BaTh, sIBISIETCs N 00BbEKT, onuchiBaeMblil cuctemamu (13) u (14),
YUPABIIAEMEIM U3 TOUKH 0 mpoctpancTsa X = R? ma muoxkectso M mmpocTpancTsa ) =
R>.

Peutenne. Bosbmém B KadecTBe TOUKM t* Touky ¢t = /4. Torma panr MaTpuiist

. (w> (V2 0 0 0
4 0 —vV2 0 V2
paBeH JABYM u 10 Teopeme 1 cucrema (13) siBisieTcsi JIOKAJIbHO HyJIb-YIIPaBJISEMOil Ha
orpeske [0, 1].

Teneps, ucnosb3yst orobpazkenue q(x1, x2) = (Y1, Y2, ys), Takoe, aro ¢(0,0) = (0,0,0),
nepeiiéM B mpoctpancTso YV = R3. HagaabHBIM MHOYKECTBOM IPH JIBIKEHHN O0bEKTa B
npocrpanctse ) Oyzaer Touka yo = (0,0,0).

MuozxkecrBo mocruzkumoctu K (t) nust cucremst (14) — 910 MHOXKECTBO, OrpaHUYIeH-
Hoe mByms mapabomavm (yo + 4)2 < 4y; + 32 u (y2 — 4)? < —4y; + 32. [lepecedenne
JIAHHOTO MHOYKECTBA JIOCTUKUMOCTH U KOHEIHOTO MHOXKECTBa M1 HEIyCTO, CJIEI0BATE -

HO, cucreMma (14) sBiseTcs yHpaBiiseMoil U3 TOYKH Yy Ha MHOXKecTBO M; Ha OTpe3ke
Bpement [1, 5].
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Takum 06pa3oM, moJIydaeM, 9To 0ObeKT, onucbiBaeMblit cucremamu (13) u (14), sBiis-
eTca ynpasisgeMbiM n3 Toukn () mpocrpancTsa X = R? ma mMuoxkecTBo M IIPOCTPAHCTBA,
Y = R? na orpeske spement |1, 5].
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Local Controllability in the Problem with Phase Space Change
I. S. Maksimova, V. N. Rozova
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This work researches the problem of controllability with phase space change. Nowadays the
interest to the controllability problems with variable structure is on the rise due to the continuous
widening of their practical application space. The tasks of this sort are appearing in physics,
biology as well as in economics. The problem of transfer of object from the constrain set of one
space to the constrain set of different space through the null point at the given lengths of time
is examined. The spaces may be of the different dimensionality. The transfer is possible both
from the space of higher dimensionality to the space of lower dimensionality and vice versa. The
movement of the object is described by two nonlinear systems of differential equations, while
the control action of the first system has a special form, due to some physical applications. The
transfer of the object from one space to another is given by certain mapping. For the problem
in which the nonlinear system in the initial space is locally null-controlled and the right part
of differential inclusion in the second space is the concave mapping the sufficient controllability
conditions were achieved. The problem is researched using the controllability theory apparatus,
convex analysis and multiple-valued mapping theory. Taking into the account the practical value
of the given problem the results achieved are of both theoretical and practical significance.

Key words and phrases: controllability, local controllability, phase space change, set of
attainability, multiple-valued mapping, function of support
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NHaTerpanpbHble cBoOiicTBa 000OIIEHHBIX MOTEHIINAJIOB
tumna Beccesss n Tuna Pucca

X. Asnmvmoxamman, H. X. Agbpxananinb

Kagedpa neaunetinozo anaisuda u onmumMu3auu
Poccutickutl ynusepcumem dpyostcbvl 1apodos
ya. Muxayxo-Maxaas, 0. 6, Mocksa, Poccus, 117198

B pabore msyuarorcss WHTErpajibHble CBOMCTBa CBEPTOK (DYHKIWHI C siApamMu, 0OOOIIAIONAMEI
knaccuyeckue siapa Beccens—Maknonanbna Go(z), x € R", 0 < a < n. JlokasbHOe nIOBeIeHNE
anep Beccensi—-MaknoHanbga B OKPECTHOCTH Hadajla KOODAMHAT XaPAKTEPU3YETCs HAJIIMIHEM
ocoberHOCTH cTenennoro Tumna |z|*~". dnpa 0606mEnRBIX ToTeHIMANOB Beccenss—Pucca moryT
NMeThb HeCTelleHHble OCODEHHOCTH B OKPECTHOCTH Hadaja KoopauHatT. Vx moBenenue Ha Oecko-
HEYHOCTHU CBA3aHO JIUIIHb C YCJIOBUEM UHTEIPUPYEMOCTH, TaK YTO B PACCMOTPEHUE BKJIIOYEHBI 1
sApa ¢ KOMIIAKTHBIM HOCUTEJeM. B crarhe mojiydeHa KOHKPeTH3alus OOIMX KPUTEPUEB BJIO-
2KEHHSI IIOTEHIINAJIOB B II€PECTAHOBOYHO-MHBAPUAHTHBIE IIPOCTPAHCTBA B CJIydae, Korjaa 6a30Boe
IIPOCTPAHCTBO JJIsI IOTEHIUAJIOB €CTh BeCOBOe IpocTpancTBo Jlopenma. Ilosydens: siBHbBIE Omu-
CaHUsI OITHMAJIBHOTO IIEPECTAHOBOTHO-MHBAPUAHTHOIO IIPOCTPAHCTBA JJIsI TAKOTO BJIOYKEHUSI.

KumaroueBble cisioBa: mnorennmaJibl Tuna Pucca, npocrpancrsa Jlopenna, yObiBaorue
[IEPECTAHOBKHY, IIEPECTAHOBOYHO-UHBAPUAHTHBIE TTPOCTPAHCTBA, ONTUMAJIBHBIE BJIOYKEHUS

1. Bsenenue

B nmammoit crarbe mMbl m3ydaeM oboOmieHus sjgep beccengs—Maknonanbia. B otim-
Ype OT KJIACCUYECKOI'O CJIydasi B HUX JIOILYCKAIOTCs HeCTelleHHbIe OCOOEHHOCTH AJIEp B
OKPECTHOCTH Hadaja KoopauHat. Vx moBenenne na O€CKOHETHOCTH CBSI3aHO JIUIID C YCJIO0-
BHEM HHTEIPUPYEMOCTH, TAK YTO B PACCMOTPEHHE BKJIIOYEHBI U sI/Ipa C KOMIIAKTHBIM
HOCHTEJIEM. B CBA3M ¢ 3TUM IOPOXKIEHHBIE UMU IPOCTPAHCTBA OOOOIEHHBIX TOTEHITU-
ajioB beccesst OTHOCATCH K TaK HA3BIBAEMBIM ITPOCTPAHCTBAM OOODIIEHHON TJIAIKOCTH.
OrneHkY CBEPTOK, BOZHUKAIONIUX [IPY OMUCAHUU ITPOCTPAHCTBA [TOTEHIIUAJIOB UCCJIE0Ba~
ubl O’Heitom [1].

O6mmue KpuTepun BJIOXKEHU OOODOIIEHHBIX IMOTeHIna 0B beccenst m Pucca B pas-
JINYHBbIE ITIEPECTAHOBOYHO WHBAPUAHTHBIE ITPOCTPAHCTBA WCCJIEIOBAINCHL B paboTax
M.JI. Tompnmana [2]. IloctanoBku 3agad 00 ONTUMAJBLHBIX BJIOKEHUSIX IIPOCTPAHCTB
0OOOIIEHHON TJIAJKOCTH W PsJl BAa’KHBIX PE3YJILTATOB B ITOM HAIIPABJICHUU COIAEPIKAT-
cst B paborax 0. B. Herpycosa [3,4], M. JI. Toabamana u ap. [5,6].

2. BcnomoraresbHble onipeesieHus. lloTennuanel Tuna Beccesnsa
u tuna Pucca

Bcroy B 910it pabore E = E(R™) ecTb epecTaHOBOYHO HHBAPHAHTHOE IPOCTPAHCTBO
(kparko: ITUII), E' = E'(R™) — acconuuposanuoe ITUII.

Bsojum rakxke npocrpanctsa E = E(Ry), B/ = E'(R,) — ux upeacrasnenns JIok-
ceMmbOypra, T.e. takue I[TUII, aro

Ille =17z lglle = llg™llz

rae f* — yObIBalomas mepectaHoBka (MYHKIHH f, T.e. HEOTPUIATEIbHAs yObIBAIOIIAs
HelnpepbiBHas crpasa dyukius Ha Ry = (0,00), KoTopasi paBHousMepuma ¢ f.

Crarbsa nocrynuia B pefaknuio 15 urons 2017 r.
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[pocrpancrso norenrmanos HE = HE(R™): onpesesnseM Kak MHOKECTBO CBEPTOK
s/Iep TMOTEHINAIOB ¢ (PYHKINAME n3 0230BOTO IIPOCTPAHCTBA

HE{(R") =u=Gxf: feBR")},
rjie F/ — nepecTtaHOBOYHO-MHBAPUAHTHOE IIPOCTPAHCTBO, & AP0 G — CIeNuaJIbHOTO BUJIA,
lullpg =t {l|fllz: feER"), G*f=u},
(daxrop-ropma). fapo npescrasienns G HA30BEM JIOYCTUMBIM, €CJIH
G € Li(R") + E'(R™).

3nech cBéprKa GG * [ onpejessieTcs Kak HHTErPaJI

(G f)(x) = (2m) % / Gz — ) f(y) dy.
Rn

3ameuanue 1. B ciayvae JOMyCTUMBIX siiep MBI MOXKEM JIJIsT TIOTEHITHAJIOB U € Hg
OTIPEJIESIUTD YOBIBAIOIINE TIEPECTAHOBKU U*.

ITycTs § — mosioxkuTesibHast uamepuMasi Gyakius (Bec), A(s) = f 5(t) dt
0

ok 1 *

5 (1) = A A (r)d(r)dr, teR,.

S—_

B wacrrocTH, korma § = 1,

N =

t
(@) = fr(r)ydr, teRy.
/

Onpepenenne 1. Oynkuus ¢ : (0, R) — Ry npunasgexur kiaaccy Im, (R), econ:

1) ® — yb6biBaromas u HenpepbiBaas Ha (0, R) dbyHKIuS;
2) cymiecTByeT mocrosinHas ¢ € Ry rakasi, 9ro

/ B(p)p" dp < c®(r), € (0,R),
0

1

o(r) = ® ((V)> € Ty (T), f,(t;7) = min {(t), o(7)}.

Oupenenenne 2. Ilycrs ¢ € Im,, (c0).

Cuuraem, uto G € Sgr(®), ecin G(z) =2 &(|z]), 0 < p = |z| < R.

Cuuraem, uro G € Sr(P; X), rae X(R™) IINII, ecau upu Br = {z € R" : |z| < R},
R € R, crpaBenuBo npeicTaBiieHue

G(z) = G(z) + GR(2),
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e GY(z) = G(z)xBg(2); Gh(z) = G(x)x%R(a:), G%(z) = ®(|z|), upu |z| < R,
GL € X(R™).

Ounpenesnienne 3. Ilycte @ € Im, (o), fo(t;:) € E'(Ry), t € Ry, G € Soo(P).
Torma morermmuars v € HE (R™) masbBaiores 0G0GIERABIME TIOTEHIHATAME Prcca.

Omnpenesnenne 4. Iycrs ® € Im,,(R). Horenmuams v € HE (R™) nazpsatorcs 0606-
MEHHBIME TTOTEHIMAIaMYU Beccets, ecm

G € Sp(®; L1 N E), /de;éo

rne R e Ry.

Omnpenenenue 5. Iycrs oneparop Rey, 7 @ Eo(0,T) — X(0,T), T € (0,00] ompe-
JeJIEH TI0 (bOopMyJIe:

Rey 7 lg](t) = / (t:r)g(r)dr, g € Fo(0,T).

Onpepenenune 6. IIpocrpancrsamu Jlopenna A?(u) u I'(u), tne 6 m u > 0 — u3me-
puMble DYHKINH, HA3BIBAIOTCS IPOCTPAHCTBA N3MEPUMBIX (DYHKIUIT ¢ KOHEIHOI HOPMOIi.

1
Hu(t)dt) 1< q< oo
1 fllAauy = (ff (Hu(®) ) 7=
€ss SUPye(0,00) 1/ (Hult)},  g=o00
1
9 u(t)dt ) 1< q < oc;
£l = (f ) 1< 00
€SS SUP; ¢ (0,00) {f5 " (Hu(®)}, g =o0.
B wactrocTH Kormma 6 = 1,
- 1
OO AR 1< q< oo
e = (J Fo0u0at) §< o0

€8s SUPye(0,00) {/ 7 (u®)},  g=0o0

ACCOI_II/II/IpOBaHHbIMI/I K IIpOCTpaHCTBaM ﬂopeHua ABJIAIOTCHA IIPOCTPAHCTBA

o) t —
F W) 9 q - OO,
Al(u) = e ’Zq,“((;) , 1 < g < oo

1 1 _
A (ess SUDg < st u(s)) ’ q= L.
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3. MHNuterpasbHbIE CBOICTBA MOTEHIINAJIOB
yers | Rl g, ¢ = sup { | Repoclols : 9 € s llgllp < 1} Torma

IReg.c[g7]ll < | Rep.oc 5 2lloll 53 Vg € E(RY).

Bajata — ommcarb onrumaibnoe ITNIT Xo(R™) masa sioxenus H, w(R™) € X(R™),

1. e. Takoe [TUIT Xo(R™), aro

1) HE, () (R") C Xo(R");

2) ecau ITNIT X (R™) Takoe, 9TO €CTh BIIOXKEHUE qu(u) (R™) ¢ X(R"), ro Xo(R™) C
X (R™).

Teopema 1 (cm. [6]). Jas nomenyuanros muna Pucca saootcenue qu(u) (R™) C

X(R") axsusanenmmo ozparuennocmu onepamopa Reg oo+ A4(u)(Ry) — X (Ry).

Teopema 2 (cMm. [6]). B cayuae o0606wénnvir nomenyuanros Becceas eaodtcenue
H/(\;q(u)(R”) C X(R™) cnpasedauso mozda u moavko mozda, k0204 GuINOANEHVL CACOY-
owue 0684 YCA08UM:

1) onepamop Rey oo : Al(u)(Ry) = X(Ry) ozparuven;
2) enpasedauso eaoorcerue A(u)(R™) N Loo(R™) C X (R™).

Teopema 3 (cm. [6]). IIpu T = oo das nomenyuanros muna Pucca, T =
Vo (R/2)™ € Ry das nomenyuanos muna Becceas umeem mecmo IK6USAACHIMHOCTIL

H{o(u)(R") € Log(R") & ¢ € [A7()]'(0, 7).

4. OcHoBHasl 4acTh
Bameuanue 2. Mbl OyjgeM uCHoOIb30BaTH pe3ysbrar u3 paborsl [7]. VmenHo, mpu
l<p<g<oo
Hf”l—‘q(w) < CHfHAp(V) -~

T T 4 ' 7 t v v(t) /
A= T ) wwar| - : dt .
s /<x+t> w(t) /(t—i—x) V)Y <
0 0

Jlemma 1. || Rel o [9°]ll 1 vy = 1 Rep 0097l o vy =

]

- T/ o\ g TtV v(t)
A= vt)de |- : dt .
20 /<x+t) V() /(t+w) V() =
0 0

HokazarenbcrBo. 13 3amevanus 2 monyunm ¢ — p', p — p/, w =v
IReg 009" lrw (1) < €l Reg 00lg" |l avr vy <

< T\ g T/t \? v(t)
A=s : . : .
Zlipo) /<m+t) v(t)dt /<t+x> A0k dt < 00
0 0
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*k

Beernma || Reg,colg*]lIrw (1) 2 | Reg 009"l 4 (o) (Rejinlg®] = Rej, o lg*]) =
= | Reg,colg"Nlrw (1) = [ Rew 009711 ar (1)
IIpu sTom:

1

Iy

IReg.00lg™ M lpw () = /(Reroo[g*])” v(t)dt | =l Reg o [g" ]l Lo )
0

’

| Reg,olg™]ll vy = / (Re?, o [g"])? v () dt
0

= (0 < Retp,oo L,= Resﬂ,oo = Res*@,oo) = /(Re%oo[g*])p/y(t) de =
0

= HRG%OO[Q*]HLP’(u)a

1ReS o [g"]l1 o () = 1 Reg 00l ]| o ) & A < 0.

1 1
Teopema 4. I[lycmv 1 <p < oo, —+— =1, a dynxyuu u, v, w, V u U onpedeaenv.
p p
caedyrouum 06pasom
S

_ P u(t)e? (1)

U(s) :/u(t) dt, wv(t) = U V(t

0

SN~—

Il
O\ﬁ
<
—~
-y
o,

:\

thrp/’lV(t) i T’p/v(T)dT
i

w(t) = = .
V() +t? [r=Po(r)dr

Kpome mozo, nycmnv

1
, 7

< Tl oz \? LTt N v(t)
e ([ GR) o) () v ) e
0 0

It S ’
C = sup /Q,L()V(t)dt /(p)dt < 0.
>0 Ur'(t) 20 g7 )
0 r

Tozda onmumanvroe ITHII dasn eroorcerus qu(u)(R”) C X(R"™) umeem sxsusa-

aenmmnyro wopmy | fll g,y = 1 rew)-

Jloka3aTesibcTBO. YUUTHIBas ONPEJEICHNE ACCOIMMUPOBAHHBIX MTPOCTPAHCTB ISt
npocrpancTs JIopenna, Mbl MOXKeM IIPeJICTaBUTh HOpMY onepaTopa Rey oo:
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1/
P
. N . o P U(t)
IRepelg hart = I Repeels T, (e / (Rl T
UT’ (t)
[Ipumensiss pe3yabrar JeMMbl 1, oIy IuM
o L
. () |\
IRepcl N ey = | [ RSl Ty
@ - (tUp ((;)) / e, U”' (t)
=[[Reg o9l /i) ZNReo0[07I /iy =
Ly (Up’m) L (UP <t>>
v oo | 0o p’ ﬁ
ot )\ 7 u(t)
/( s ) / /f“”( Ny T
0 0

W3 onpenenennn Gynknum f, MBI MOXKeM IPEJICTaBUTL HOpPMy oreparopa Re, o B

’
r P e
mpoctpanctse ['P qu’i((t)) B BUJIE CYMMBI:

IR nld My o) = / (1) / g'(r)dr + / o ar| ) =
UP" (t) 0

[ |# [orar tp”f somg*(r)df ]

P’ u(t)
)

Ho y nac || Reg.oolg™)as(uy = | Repoclo’]

Nrak, || Reg oo [g%]l|ar(uy = J1 + Jo, rae

/ 5
oo t p P

n={ [ e [l G@a) cn=| [|[enemar| Tl

MBI XOTHM OIIEHUTH ciaraemoe Jo caaraemMbiM Ji. VI3 yObiBanust PyHKIUU g* MOy IUM
st Jq:

1
P’ -7
o] t P

Jy > / o(t)g* / dr t;pu((: dt| = / [o(t)g* ()] Zp“((;) dt | =5,

0 0

-

Jo < al,
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rje o — IOCTOsIHHAsI, He 3aBHCsIIast oT PYHKIM ¢ u ¢g*, Ttakas, aro Jo < aS. Hocra-
TOYHO, 9TOOBI OIPEIEJICHHAS CJIEIYIONUM 00pa3omM mocTosHuasd C' ObLIa KOHETHA!

1
T 7 o]

p/ P p p
C =sup /t u(t)v(t) dt /U(t)dt < 00.
0

U? (t) 20 4 )
T
DTa MOCTOSTHHAS U €CTh KOHCTaHTa C' M3 yCJIOBUSI TEOPEMBI.
3mech MBI IpUMEHUIU OOOOIIEHHOE HEPABEHCTBO XapAu i (DYHKIMH OIHOI Imepe-
MeHHOH, npuseénnoe B kuure B.I. Masbu [8, Tnasa 1].
Nrak, mbr momyuman, aro J; > S u Jo < S, mosromy MoxKHO mmcarh Jo < CJ7.
OTHU OLEHKHU JAIOT, YTO

H Resﬂ,oo[g*]”F (t?’ u(t)) =S+ = Jla

ur’ (t)

0o t 17 v
. N . tP u(t
M%mMF“my—/¢@/Mth8&
uP (1) 0 0 _
fo%e) t / ’ i o L/
)l ' u(t) p 17 ult)
) 1 wl - o dt| =
/ t / g T () / Clg Uv'(t)
0 0

00 t2p (t)gpp()dt ol )
b/ Uy (t) e (M)

)

Dopmyia
11l 2o (r,) = sup /f*g* dt; g € Lo(Ry); [[Rep,oo[9"]ll grr,) <1
0

Jaér, aro HopMa B ontuMasHoM HITT Xo (R, ) sBasiercs accomumposanHoii K Hopme (1),
e 1, 2 1l gy - T2 000) = £ u(E)? (507 ().

Ocraoch 3aMeTUTh, YTO MOYKHO OIIMCATH S9KBUBAJICHTHYIO HOPMY ACCOIMUPOBAHHOTO
IIPOCTPAHCTBA B cieytommeM sBuje (cM. |7]):

1
o] D

oo tPHP =1 gV (t) [ 7P u(r)dr

Hf”[rp’(v)}/ = / oo : )

5 V() 4+t [ r=Po(r)dr

e
t

_ [ ) ()
V(t) —O/U(T) dr = O/Up,(’I')dT.
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Varém Teniepb 0603HAUEHUE

LY () [ rPu(r)dr
t

w(t) = = .
V(t)+t? [ r7Po(r)dr

Orcroma ciemayer, 9To ||f||pp(w) = ||f||XO(R+).
Wrak, TeopeMa T0Ka3aHa. 0

T
Bameuanue 3. Yciosue / ©(p)dp < cp(r)r, upusenénnoe B padore [9], rapanTu-
0

pyer sxBuBasenTHOCTH Rel' [9%] = Rey 0 [97]-

Mps1 He HaKJIAIBIBAEM 9TO TpeOOBaHME, 3AMEHUB €r0 YCJIOBUEM HA BECOBbLIE (DYHKIIUN:

~ Vi z \" (T t \" v(t) ’
A= .
i\ Gr) o) ([(5) vme) (<
0 0

HpI/I €r'0 BBIIIOJIHEHUHU II0JIYy9Ia€M 3KBUBAJIECHTHOCTH HOPM

IReg,c0lg"llIrw vy = 1 Regp,00lg Ml () = 1REG 009" 1o (1) = [1REg,00[g7 1l 27 1

* * _ *
Hocnenmee pasercTBo onmpaercs Ha cootrHomenne Rey, . [9%](t) = Rey oo[97](2)-
Dopmysia B IpaBoil 4acTU HEOTPUIIATENIbHA, yOMBAIOIAs ¥ HENPEpPbIBHAS, T.€. OHA

COBITAJIAET CO CBOEIT yOBIBAIOIIEH ITepecTaHOBKOIA.

1

2.

5. 3akJirwodyeHue

B pabote mostyueHsI CiieyIonue OCHOBHBIE PE3YIbTATHI.

. PaccmoTpensbl ob1ue ¢BOMCTBa ITOTEHIINAJIOB, ITIOCTPOEHHBIX Ha 0a3e BeCOBBIX IIPO-
crpancTB JlopeHIia ¢ o0IUME BECAMHU.

YCTaHOBJICHBI 9KBUBAJICHTHBIE OMMCAHUS KOHYCOB yOBLIBAIONIUX IIEPECTAHOBOK JIJIsT
IIOTEHIINAJIOB, ITOCTPOEHHBIX Ha 0a3e BeCOBBIX HMPOCTpaHcTB JlopeHiia ¢ obmuMu Be-
CaMM.

ITomyvensr kKpuTepun BIOXKEHUI TPOCTPAHCTBA, MOTEHITUAJIOB B IEPECTAHOBOYHO MH-
BapUaHTHBIE ITPOCTPAHCTBA U JAHBI ONMUCAHUS ONTUMAJbHBIX IE€PECTAHOBOYHO WH-
BapUAHTHBIX MPOCTPAHCTB JIJIsI TAKUX BJIOKeHUi. [IpuBeqeHa KOHKPETU3AIUS STUX
BJIOXKEHUIT B CIydae 0A30BBIX BECOBBIX IPOCTPAaHCTB JIopeHra.
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In the paper we study integral properties of convolutions of functions with kernels generalizing
the classical Bessel-Macdonald kernels Go(z), © € R", 0 < a < n. The local behavior of Bessel-
Macdonald kernels in the neighborhood of the origin are characterized by the singularity of
power type |xz|*”". The kernels of generalized Bessel-Riesz potentials may have non-power
singularities in the neighborhood of the origin. Their behavior at the infinity is restricted only
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O630p cucTeMm TapaJjjieJIbHOII 0O0pabOTKM 3asiBOK
A. B. Top6ynosa*, 1. C. 3apanos*’, K. E. Camyitnos*, D. C. Conun*'

* Kagedpa npuraadnoti un@opmamury u meopul 6epoamHocmet
Poccutickuti ynusepcumem dpyotchvl Hapodos
ya. Muxayzro-Maxaas, 0. 6, Mocksa, Poccus, 117198
T Unemumym npobaem ungopmamuru
Dedepanvrvili uccaedosamenveruts yenmp «HUngpopmamura u ynpasaenues PAH
ya. Basunosa, 0. 44, xop. 2, Mockea, Poccus, 119333

Januast paboTa sIBJIsIETCSI TIEPBOM B CEPUU U3 JBYX CTATEM, MOCBSIIEHHBIX 0030Py CHCTEM Mac-
coBoro obciykuanus Buna «fork-join» (B 3amaHol KiaccnUKAIMM) UM CUCTEMAM C PACIIIEN-
JICHHEM 3aIIPOCOB. YKa3aHHAs CHCTEMa SIBJISIETCS €CTECTBEHHON MOJEBIO JJIsi MHOTUX IPYTHX
peabHBIX CHCTEM. B cTaTbe ommcaHbl OCOOEHHOCTH MTOCTPOEHUSI 9TONH MOJETN U POJCTBEHHBIX
eif cucreM, OCHOBHBIE WX XapakTepucTuku. OTaespbHOe BHUMAHUE YIEISIETCS METOIAM AHAIH3A
BPEMEHU OTKJIMKA CUCTeMBI. I[0CKOJIbKY TOYHOE BhIpaXKeHUE JJIsi CPEJHErO BPEMEHH OTKJINKA M3~
BECTHO TOJIBKO JJIsI CJIydasi IBYX IPHOOPOB, B CTAThbe IPHUBEIEHO IOIPOOHOE OIUCAHUE ITOIXOIA
K TIOJTY<I€HUIO TOYHOTO BBIPAYKEHUSI 9TON XapakTepucTuku. st ciydast, KOrga Iucao mpudoopoB
GoJIbIIIe NBYX, PA3IMYHBIMUA METO/IAMHU ITOJIYY€HbI AIIIPOKCUMAIMI CPEIHEr0 BPEMEHU OTKJINKA,
9TO OOBSICHSIETCS CJIOXKHOCTBIO UCCJIEOBAHNN M3-32 CYIIECTBYIOIIEH 3aBIHCUMOCTHI MEXK 1y Odepe-
JSIMHU TIOJI3AIIPOCOB B CUJTY OOIIMMX MOMEHTOB IIOCTYILIEHUsI. B paboTe mpeicTaB/IeHO HECKOIBKO
METO/IOB IPUOJINKEHHOI'O aHAJIN3A: PA3JIMYHbIE BADUAHTHI SMIIMPUIECKON AlllIPOKCHMAIINH, T.€.
METOJIbI, YTOUHSIONINE TOIYyIeHHBIE XapPAKTEPUCTUKU OJIaromapsi UCIOIb30BAHUIO PE3YIbTATOB
UMUTAIMOHHOIO MOJIEJIMPOBAHNS]; WHTEPIOJISIIUSL C IIOMOIIBIO MIPEJIEJIbHBIX 3HAYEHUN 3arpy3Ku
CHCTEMBI B CJIydasgX C OTJIUYHBIMA OT SKCIOHEHIIMAJIBLHOIO DPACIPEIeTEHUSIMHU JJIsT BXOISIIETO
TMIOTOKA M BPEMEHU OOC/TYKUBAHUSI.

KumroueBble cjioBa: crucreMa MacCOBOIO OOCIIy?KMBaHMs, PACIIEIIEHUE 3asiBOK, [1apaJl-
JiesIbHOE OOCTyKUBaHUE 3asBOK, MapaJjieabHas 00paboTKa, BpeMsi OTKINKA

1. Bsenenue

HazBanwue uccieayemoii cucTeMbl ¢ TapasiebHON 00pabOTKOI 3aIIpoCcoOB WU C pac-
MIEIJIEHUEM 3aIPOCOB HE MMEET YTBEPAUBINETOCH B PYCCKOM SI3BIKE TEPMUHOJJOTHTIECKO-
ro aHAJIOTa, B AHIVIOA3BITHON 2Ke JinTepaType ucrnoib3yerca Tepmul «fork-join queueing
system» [1-3|. aTepec K yka3aHHON cucTeMe 0ObsICHIIETCSI TEM, UTO OHA, SIBJISIETCSI €CTe-
CTBEHHOI MOJIEJIBIO JIJIsT MHOTUX JIPYTUX peasibHbIX CUCTeM. B KadecTBe TPUMEPOB MOXKHO
mpuBecTu chepy OOCTYKUBAHNS, METUITNHCKIE TTPUIOKEHNUsI, TTPOU3BOICTBEHHBIE CUCTE-
MBI, CHCTEeMBbI ODJIAYHBIX BbluucseHnit u ap. [4]. Ecaun ke rosopurh 06 uHMOpMAIIOH-
HBIX TEXHOJIOTHUSX, TO IPEXKJEe BCEro CTOUT YIIOMSHYTH PaCIIpee/IEHHbIE BBIYUC/ICHUSI,
TEXHOJIOTUsT KOTOPBIX OKAa3aJ1a 3HAYUTE/ILHOE BJIUSHUAE W Ha KOHIEIIINIO OOJIAYHBIX BbI-
YUCJIEHUN, & TAKZKe MapasiIeIbHbIEe BBIUUCICHUs, HAITPUMED 00pabOTKY MaKeTOB JAHHBIX,
Tejie(POHHBIX BBI30BOB U Jp. OHAKO, HECMOTpPsI Ha IIUPOKHI CIIEKTDP 3aJad, KOTOpPbIE
peIrarTcs ¢ MOMOIIBIO CUCTEM MAaCCOBOTO OOC/IYKUBAHUSA C MapaIeabHON 00paboTKOM
3aIIPOCOB, U UX MOIMYJISAPHOCTH Cpefu 3apyOe:KHLIX aBTOPOB, B HAIllell CTpaHe JTaHHas
CHCTEMa UCCIIeI0BAJIACh 3HAUYNTEJILHO MeHblie [4-9]. CraTbs opraHu3oBaHa CJIe/Ly OIIIM
obpa3oM: B pasjiesie 2 OMUCHIBAIOTCS OCOOEHHOCTHU MTOCTPOEHUS CHCTEMBI C PACIIEIIeHN-
eM 3aIPOCOB U POJICTBEHHBIX eff cucTeM, B pasfese 3 MOIPOOHO OMUCAH METOJ TOIHOTO
aHAJIM3a CPEIHEr0 BPEMEHM OTKJINKA IS CJIydas PACIIEIIEHUs Ha JIBa I0/3aIpoca, B
pazzene 4 mpenCcTaBIEHBI JIBA METO/Ia AITPOKCUMAITIN CPEHEr0 BPEeMEHM OTKJINKA, B

Crarbs nocrynuia B pefakuuio 22 uionsd 2017 r.

VccoenoBaHue BBINOJHEHO INpu (DUHAHCOBOH mmozuep:kke MwunobpHaykun Poccum (corsamenue
Ne 02.A03.21.0008) u npu dbunancopoit nomaepkke PODU B pamkax HaydHbIX IpoekToB Ne 15-07-03051,
15-07-03608.
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3aKJII0YeHUN KPATKO MOABEIeHBl UTOI'M U AHOHCHUPOBAHO COJepXKaHue BTOPOH yacTu pa-
OOTHI.

2. Cucrembl IIapaJijieJIbHOIro 06CJ'[y}KI/IBaHI/IH 3adBOK

O6mas uiest dynkunornposanust cucreMbl fork-join (puc. 1) 3akiouaercs B ciemy-
IOIEeM: Ha BXOJ IIOCTYIIAeT HMOTOK 3asiBOK (3anpocoB) T1,7Th, ..., B MOMEHT [OCTYILICHUS

B TOuKe «paciierienusi» (anri. fork point) 3asska T;, i = 1,00 pasgensiercsa na K poj-

; def ; def i def
CTBeHHBIX 3asBOK (moxzampocoB): ST} = STy,STy = STs,..., ST} = STk, xaxgas

U3 KOTOPBIX OTIPABJSIETCA B OYepe/ib Ha OOC/Iy:KHMBaHUE K MPUOOpaM WU CepBEpaM C
HOMepaMmu 1,2, ..., K coorBercTBeHHO. [Ipemmomaraercsi, 9T0 3ampochl UMEIOT OIHY U Ty
Ke CTPYKTYPY U KaXKIbIil cepBep MpeHa3HavueH JIJI BBITOJHEHNS KOHKPETHBIX 3aJad:
nozzanpoc STy MoxKeT 00CayKUBAThCS TOJMbKO Ha k-M cepsepe, k = 1, K. O6paboran-
HBIE TIOI3AITPOCH TTOMAIAI0T B Oydep CHHXPOHU3AINH, TIe JOKUATAI0TCS POICTBEHHBIX UM
[IO/I3AITPOCOB. B MOMEHT MOCTYILIEHUS MTOCJIEHEr0 POJACTBEHHOTO MOI3aIIPOCa OJJHOIO U3
3aIPOCOB ITPOUCXOINT UX CHHXPOHU3AINS, T.e. OObeINHEHNE, TIOC/Ie Ier0 00paboOTaHHBIH
3aIpoC MOKUIAET CUCTEMY. 3J1eCh U Jajiee OyAeM CINTATh,9T0 CUHXPOHU3AIINS TPOUCXO-

JIAT MI'HOBEHHO.
. ST;|ST} ——> ST,2 ST{——»
.. |ST;|ST;|ST; @—» ST —»

Jlucnieruep 3amaq . . . (join point)
(fork point)
- ... ST @—» STRSTRST—»

Bydep cunxponunsaunn

Puc. 1. Cucrema maccoBoro obciayxkuBanusi Tuna fork-join

Crout OTMETHTD, YTO OIMUCAHHYIO MOJIEJIb PACCMATPHUBAIOT U KaK CETh MaCCOBOTO 00-
ciyxkuBanust (CeMO): mocie paciierieHnsi moa3anpochl OJJHOBPEMEHHO TIOCTYIIAI0T Ha
BXOJI, BETBEIi, KOTOPBIE IIPEJICTABIAIOT CODOH OHOKAHAJIBHBIE CUCTEMBI MACCOBOTO 00CJIY-
xkupanusi (CMO) ¢ ouepensivu. O(HAKO JAHHBII MOIXO0/] IIPE/IIOJIATAET JaIbHeAIHi e
pexoz K paceMmoTperuto HeapucuMbix CMO, 9T0 SBJISETCs YIIPOIIAIONIAM JOIYIIEHUEM B
CUJTy CYUIECTBYIOIIEH 3aBUCUMOCTU MEXKJIy OUEPE/IsIMU IIOA3AIPOCOB BCJIEACTBUAE ODIUX
MOMEHTOB TOCTYILIeHUs. TeM He MeHee TAaKWX CJIOXKHOCTEH He BO3ZHUKAET JJIs CJIydas,
KOI/Ia KaXK/[asl IOJICHCTeMa COCTOUT U3 GECKOHEYHOro uuncia npubopos [6, 7).

Awnammz SPM (splitting and matching queueing system) cucmemvs Macco6ozo 06cAy-
orcusanus B [10] stBiIsieTcst OHON U3 caMbIX paHHUX paboT Ha 3Ty TeMmy. B Heii paccmar-
PUBAIOTCH aBUAIACCAXKHUPBI U UX 0arak, KOTOpble IPUOBIBAIOT BMECTE HA CAMOJIETE B
a3pOIIOPT, HO PA3JEJIEHbI JIO TeX II0P, IIOKa [1acCa’KUPbI HE I0JIyYaT CBOU BEIU B 30HE
BbIIaun Oarazka. B 9Toil crarbe aHaqu3upyercs cucrema ¢ aByMs Bersamu D|M |1, T.e. ¢
JETEePMUHUPOBAHHBIM BXOJIAINM IOTOKOM U 9KCIIOHEHIIMAJIbHBIM BPeMeHeM OOCIIyKIBa-
HUS HA KaXKJIOM U3 CEPBEPOB.

SM (split-merge queueing system) cucmema sABJsieTCst OMHUM U3 BapuanToB fork-join
CHCTEMbI MaccoBOro obciyzkupanus (puc. 2). E€ ormune 3aKk/r04aeTcst B TOM, 9TO Ha
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cBODOOJIHBIE CEPBEPBI HE IMOCTYIIUT HU OJUH IIO3AIIPOC CJIEIYIOIIEro 3a1poca 10 TOrO MO-
MEeHTa, [0Ka He O0C/IyzKaTcsl Bce MOJA3aIpPOChl TeKyIero 3anpoca [11], T.e. mpoucxomur
OJIOKMPOBKA KarKJIOr0 OCBOOOIMBIIIErOCS cepBepa JI0 OKOHYaHUsI 00pabOTKU BCeX 3aJad
3a1poca.

STZ -

»
(B :
y

A 4

Ty | T3 | T,

\J

Jucnietuep 3ama4 . . (merge)
(split)

Bbybep cunxponuzanuu

Puc. 2. Cucrema maccoBoro o6ciy>>kuBauust Tuna split-merge

FF (fission-fusion queueing system) cucmema — 310 emg ojHa pasHOBUIHOCTD fork-
join cucremsrt (puc. 3). Ecou gonycturs, uro Bee nogzanpocet STh, STy, . .., STk ABAsAOT-

¢ UIAEHTUIHbIME U HepazimanMbiMu: STy, = ST,k = 1, K, To 3a1poc MOXKeT MOKUHYTb
cucreMy mocjie obpaboTKu Jo0bIx K IM0A3ampocoB, MHAYE T'OBOPS, IMOI3AMPOCH MOTYT
[IPUHAJJIE’KATh pa3HbIM 3ampocam [11].

ST|ST @—» ST
ST|ST @—» ST

\J

Jlucneruep 3anau
(Fission point)

Fusion
point

- |ST |ST|ST

(@)

Puc. 3. Cucrema maccoBoro obciay>kuBanusa tumna fission-fusion

bydep cunxponuzanun

Modeav nesasucumwvix cepsepos (independent server model, ISM) npencrasisier co-
60if MHOTOKaHAJIBHYIO CHCTEMY MAacCCOBOTO 0obOciykuBanus. Jljs obc/ryKuBaHUs TOCTY-
MUBIIIEr0 3aIpoca Tpebyercs CiydailHoe YHCJI0 CepBEpPOB, He INPEBBINMAoNee UX obIee
KOJIMYIECTBO, IPUIEM OOCIIYKUBAHNE OUEPETHOTO 3aIMPOCa HE MOMKET HAYATHCS 10 TeX
TI0P, MOKA IUCJI0 CBODOIHBIX CEPBEPOB HE CTAHET IT0 KpaiiHeil Mepe paBHO YUCILY CEPBEPOB,
TpebyeMbIX I o0cayKuBanus. B yacrnocru, B pabore [12] paccmarpuBaemast cucrema
COCTOUT U3 OJHOPOJHBIX CEPBEPOB, BpeMeHa, OOCTY KIUBAHUST SIBJISTIOTCS HE3aBUCUMBIME 1
UMEIOT YKCIIOHEHIMAJIbLHOE pacipeesienrne. BXOmAmuii TOTOK sIBJISETCS IIyaCCOHOBCKIIM,
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a Y1CJIO CePBEPOB, TPpeOyeMbIX 11t 00pabOTKH! 3aIpoca, OIpeesseTcs HEKOTOPOil Bepo-
SITHOCTBIO. 3anpockl 06csryKuBatoTes B opsijike nocrymienns (First Come First Served,
FCFS) u MOryr mOKHHYTH CHCTEMY TOJIBKO IIOCJIE OCBODOXKJIEHHS BCEX 3aTPEOOBAHHBIX
cepBepoB. [lockosbKy Bpemena 06C/TyKUBaHUs Ha OTIEIbLHBIX CEPBEpax sIBJIAIOTCA HE3a-
BHCHMBIMH, TO CEPBEP, 3aKOHYUBIINN OOC/Iy?KUBAHUE 3aIIPOCa, CTAHOBUTCS JOCTYIIHBIM
st Apyrux 3aaa4d. Takum o0paszoM, BpeMst 00CIyKUBAHUS 3aIIPOCA SIBJISETCI MAKCHMY-
MOM CJIYYIATHOT'O YHCJIA IKCIOHEHIINAIBLHO PACIPENEIEHHBIX CIyJaiHbix Beaudu. JLms
MOJIeJIM OBLIM IIOJIyYeHbl TaKUe XapaKTEePUCTHKH, KaK DacIpeesieHre BpeMeHH 00CJy-
JKUBAHUS, PACIPEIC/ICHAE TUCIIa 3aHATHIX CEPBEPOB, a TAKXKE JIOCTATOUHBIE YCIOBUS JIJIsT
CYIIECTBOBAHUS CTAIMOHAPHOIO PACIIPEIEICHUSI.

B cayuae wmodeau epynnosozo obcayorcusarus (team service model, TSM), tak xe
Kak u B caydae ISM cucremsr, fyist 06paboTKn 3amad Tpedyercss HAJIMYINE HECKOJIbKUAX
CcBOOOMIHBIX CEPBEPOB OJHOBPEMEHHO, HO IIPU 9TOM CEPBEPHI HAUYMHAIOT OOC/IyKHBaHUE
9TUX 33/1a9 U OCBODOXKIAIOTCS OJHOBpeMeHHO [13,14].

Tak»xe cymecrByer Takoit BapuanT fork-join cmcrembl, KOrma MOCTYTAOIIHE HA BXOJT
B CHCTEMY HECKOJIbBKO MOTOKOB 3aIlPOCOB HEJIATCS Ha IOA3AIIPOCHI U OTIPABJISIOTCS Ha
o0cCIy?KMBaHNe Ha CepPBEPHI B COOTBETCTBHU C 3aJ@HHON MaTpUIlE!l BEpOATHOCTEMH, T.e.
3aIPOCHI MOCTYMAT Kak K HE3aBUCHMBIX TOTOKOB, 3aTE€M JEJSTCS HA 9aCTU, KOTOPHIE
pacupenesdaioTcda MO0 cepBepaM B COOTBETCTBUU C HEKOTOPOU cTpaTrermeit (nom/ITI/IKOﬁ)7
KOTOpasi u onpejiessiercss Mmarpureii [15, 16].

IlepBoie pesynbraTh ucciegoBanus fork-join cucreMbr MaccoBOro 00CIyKUBaHUsT ObI-
JIN TIOJIYYEHbl JJIsl CJIydasl pacllellienns 3asBKKU Ha ABa mnomazamnpoca ST4, ST, ¢ myacco-
HOBCKUM BXOJISITITUM IIOTOKOM U 9KCIOHEHIINAIbLHBIM BpEMEHEM OOC/IYKUBAHUSA HA 000X
cepepax [17]. Ognako HECMOTpPst HA MAPKOBOCTH HpeiIosoxkennii ananus fork-join cu-
CTEeM MaCCOBOr0 OOCITIYyKUBAHUS JaKe s ciydas K = 2 3aTpyHUTESICH IO CJISY FOIIIM
IPUYWHAM: TIPOIIECCHI MOCTYILJIEHUS IIOI3aIIPOCOB Ha CEPBEPBI KOPPEJIUPYIOT; MOIEE OIIH-
ChIBaeTCd NBYMepHOU Ienbio MapkoBa ¢ OECKOHEUHBIM YHCJIOM COCTOSTHUH JIJIs KazKJI0i
pPa3MEepHOCTH.

B cuny ykazamubix BbIle (haKTOPOB TOYHOIO PEIEHUs JJjid PaCIpele/IeHns ThuCIa
moyzampocoB STy, k = 1, K B fork-join cucreme He 6bLIO HaiimeHo. Ho mpu sToMm st
CJIydast IIyacCOHOBCKOT'O BXOZISIIEr0 TOTOKA U SKCIIOHEHITUAJIBHBIX BPEMEH 00CITy XKUBAHUST
MOZKHO MOJIYYUTH sIBHBIE BbIPAXKEHUs JIjIsi MAPTUHAJBHBIX BEPOATHOCTEN [4].

IIpubsimkennoe ke perienue s paclpeIesIeHus] YNCIIa [I0I3aIPOCOB B CIydae Ode-
pe/ieit HeOrPAHUYIEHHDBIX PA3MEPOB MOXKET OBITh ITOJIYYEHO JIJIsl JOCTATOIHO OOJILIION EM-
KOCTHU HAKOIIUTEJIsI — TAKOil, ITO BEPOATHOCTH [TOTEPHU 3AIIPOCOB B CBA3U C ITON OOJIBIION
€MKOCTBIO OyJieT npeHebpeKuMO MaJia, U B JAHHOM CJiydae OyayT NPUMEHHMbI UTePaIi-
OHHbBIE INCJIEHHBIE METO/IbI PEIeHUs] CUCTEM JIMHEHHBIX ypaBHEHUN OOIBINON pa3MepHO-
cru [18].

BosbmunacTBO aBTOPOB B cBOMX paboTax MCCIEIYIOT OJIUH M3 OCHOBHBIX ITOKa3aTeJIei
KadecTBa (DYHKITMOHUPOBAHUS IOJOOHBIX CUCTEM MACCOBOTO OOC/IY?KUBAHUS — BPEMs OT-
KUK Wi max = max(&y, ..., k), oue { — cilydaiiHas BeJUIHHA BPEMEHH IPEObIBAHMIS
nozzanpoca ST B cucreme JI0 ero nonaganus B 0ydep cunxponnsamuu, k = 1, K. Crour
Cpa3y OTMETHUTD, IYTO TOUHOE BBIPAXKEHUE [IJIsI CPEIHEr0 BPEMEHU OTKJINKA ObLIO TOJIyYe-
HO TOJIbKO Jitst fork-join cucremsl ¢ asyms BerBsamu M|M|1 (K = 2) B [1] ¢ nomorpio
pesysnbraroB paborer [17]. st caygas K > 2 ¢ TMOMONIBIO PA3JIAYHBIX METOJOB ObLIN
[IOJIyY€HbI AlllIPOKCUMAIINN CPEIHEr0 BPEMEHU OTKJIMKA.

3. Amnanus cucremsbl ¢ AByms BeTBamu M|M|1

Mogens mermm MapkoBa ¢ HenmpepbIBHBIM BpemeHeM isi fork-join cucrembr ¢ aBy-
mst BerBsiMu M |M |1 u HakonuTesieM HeOrpaHUYIEHHON EMKOCTH paccMmarpusaercs B [17].
Dror ananus 6b11 pacmupen i Berseit M|G|2 B [19]. dns usyuenus cranpoHapHOro u
HECTAIIMOHAPHOTO PEKMMOB OCHOBHOM Kpaesoii 3aja4un (auddepeniuaibHoe ypaBHeHTe
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BMecTe ¢ HabOPOM JIONOJIHUTEIbHBIX OrpaHudeHuii) B padore [19] ucnosb3oBasiuch me-
TOJBI UCCJIeA0BaHUS (PYHKIINI KOMILIEKCHON MMEPEMEHHOM, IPeICTaBICHHbIE, HAIIPUMED,
B [20]. B xozme mocsenyromero obcykaennst 6osee MOIPOGHO OCTAHOBHMCS Ha aHAJH3e
craTbl [17], IOCKOJIbKY OHa BEJET K TOYHOMY perneHuto 3ajaqu st fork-join cucremsr ¢
nByMmst Bersamu M |M|1.

Wrak, paccmorpum fork-join cucremy, momajiasi B KOTOPYIO 3aIpOC PACIIEILISETCS
na K = 2 mopzampoca, BXOAANINN HMOTOK SIBJSIETCS IIyaCCOHOBCKUM C MHTEHCUBHOCTHIO
A = 1, a uHTEeHCUBHOCTH OOCJIyKHUBAaHUs HA JBYX CEpBEPAX YIOBJIETBOPSIOT yCJIOBUIO:
1 < p1 < o, rapaHTUPYSI, YTO CO BPEMEHEM CHCTEMa He IIEPEIOJIHUTCH, T.€. YUCJIO IO-
3ampoCcoB He ycTpeMuTcs K OeckoneunocTtu. [loBegenne cucreMbl ONMUCHIBACTCS HEIpPe-
PBIBHBIM MapKoBcKuM mporeccom X (1) = {x1(t), xz2(t), t > 0}, rue x(t) — unciao nosu-
3ampocoB k-ro Tuma, COOTBETCTBEHHO k = 1,2. YKa3aHHbIE COCTOSIHUSI MHTEPIIPETHUPY-
forest caenyomuM obpasom: ecam X (t) = {(4,7),4,j = 0} B HEKOTOPBIII MOMEHT Bpe-
MEHH t, TO B CHCTEME HAXOJUTCS ¢ 3asBOK 1-To Tumna, T.e. STi, U j 3asBOK 2-TO THIIA,
T.e. ST, a p; ; — CTalOHapHas BePOATHOCTb yKa3aHHOro cocrogumd. /lamee sammchr-
BaeTCs CUCTEMa YPaBHEHUI PABHOBECHS B TEPMUHAX JIBONHON IMPOM3BOISINEH (DYyHKITII

P(z,w) =32, 3% pijztw! [17,21,22]:
Q(z,w)P(z,w) = N(z,w), |z|,|w| <1,

e
Q(z,w) = 14 prpgzw — pw — poz — 2w,

N(z,w) = poz(w — 1)P(z,0) + prw(z — 1) P(0, w).

Ananm3 npousBojsieit (DYHKINN [TO3BOJISIET IOJIYy9INTh BbIpaxkenust i P(z,0) u
P(0,w), KoTOpBIE IS CAMMETPUIHOIO CJIyYasl (1] = flo = [t PABHBI MEXKJy COOOIi:

(p—1)°2
W=

Tak»Ke ¢ MOMOIIBIO IPEOOPA3OBAHNUIT IPOM3BOALAIICH DYHKINK B TPAHUIHBIX TOYKAX:
P(z,0) u P(0,w), B [17] 611 IOy Y€HBI ACUMITOTHYICCKIE BHIPAYKEHU JIJIsl CTAIMOHAD-
HBIX BEPOATHOCTEH COCTOAHMIL p; o ¥ Po j IPH % — 00, j —» 0O COOTBETCTBEHHO. JTO emié
pa3 CBHIETENILCTBYET O TOM, UTO JAHHAs 3ajada Tpebyer Gojiee COBEPIIEHHBIX MaTeMa-
THYIECKUX METOJO0B PEIICHNSL.

P(z,0) = P(0,2) = (1)

HUcnonb3yst pesysbrarsl ananu3a B [17], cpejuee BpeMst oTinKa st fork-join cucre-
MBI C JIByMsI CAMMETPHYHBIMU BeTBAMU BbiBoauTCst B [Ipuaoxkenun B B [1]. UaTencus-
HOCTD ITyaCCOHOBCKOI'O BXOJISINErO ITOTOKA MMEET 3HAUYeHUe A\, UHTEHCUBHOCTH OOCIIYKU-
BaHNs Ha JBYX CEpBEPAX PAHBL [, T.€. (] = fo = (i, IPUIEM A < [, TAK, ITO HATPY3KA
Ha KaKJIblil U3 CepBEPOB p = A/ MEHbIIE eJIUHUIBL:

P 12—p
E [WZ,max] = {HQ - g} E [Wl,max] = TE [Wl,max] 3
riie Hy = 1,5, E [W1 max] = (1 — A) ™ — cpesnee Bpems orkiuka jis CMO M|M|1 22—
24].

BeiBon E [W2 max| OCHOBaH Ha HAO/IIOJEHNN, YTO Ta BEJINYNHA €CTh CyMMa BPEMeHH
npebbiBanust B cucreme M|M|1, me. Wi max, ¥ BPeMeHHU, IPOBEJIEHHOIO IOJ[B3AIPOCOM
B cucTeMe Tocjie OOC/TY>KMBaHUsI HA CEPBEPe B OXKUJAHUU BTOPOTO, W JIO yXOJ/ia U3 Heé
(Bpemst cuuxpormzaiun) St E [Wa max] = E [Wi max| + E[S].

Coruacao dopmyne Jlurria, N = 2AE[S], rme N — 9710 cpejiHee 4uCIO HO3a1PO-
COB, KOTOPBIE O0C/IYKUJIMCH Ha IPUOOPE 1 KLy T CBOIO 1apy [22-24]. Yepes qx 0603HauUM
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BEPOSITHOCTH TOTO, UTO YHCJIO MOI3AIPOCOB BO BTOPOI OYEpPEIN IIPEBBINIAET UUCIO TOJ-
3ampoCcoB B HepBOil odepenu uHa k. Bimaromaps cummerpun qr = q—g, k = 1 un, Takum
o0 oo

1

obpazom, N =2 > kqy, cnenosarensuo E[S| = X > kqx.
k=1 k=1

U3 ypaBHenuii, npecTaBaeHHbIX B [1], MOKHO mOTyqnTS:

qr = Zpi,(r (2)
i=k

Torpa qr = qr4+1 + Pr,0, TA€ Pk,o — 3TO BEPOATHOCTL TOIO, YTO B IIEPBOI odepen
HAXOJUTCs k TOJ3a1pocoB, a BO BTOPoil — Houb. asee ¢ yuérom dopmysbt (1) moxkem

3allnucaThb:
1 _ )3/2
P(Z, 0) == P(07 Z) : Zp’t OZ pz)l/Q (3)

3arem mojcTaB/sieM B (DOPMYJTY /ISl BPEMEHU CUHXPOHUBAINY BLIPAYKEHUE JJIA Gk U3
(2) u MeHsieM MOPSIJIOK CYyMMUPOBAHUSL:

1S & 1S : 1 (i 4 1)i
E[S]:szzpi,ozXZP@OZIC:XZTPLO- (4)
k=1 =k i=1 k=1 i=1
IloTrom BBIMHCISEM 3HAYEHUS IEPBON M BTOPOU MPOU3BOJIHON Ipr z = 1 OT BhIpaxKe-

Hus i ipousBoasiieit pyukiyu P(z,0), noaydeHroM B (3) U OT BbIpasKeHHsl, KOTOPOe
3aIIACHLIBACTCS UCXOAS U3 OIPEIeICHHS 3TON (DYHKINMT:

1 X d2P(2) 3p° = —

Tenepb MOXKEM IMOJICTABATH MOJIydeHHbIe (hOpMYIIbI B (4):

pP+2p  p\ _ pd—p)
E 2)\ lelO+ZszO 2)\<(p)+2>8)\(1—,0)7 (5)

dP(z)
dz

CJIeI0BaTEeJIbHO, CpeaHee BpeMd OTKJINKa OIIpeae/IAeTCA CACAYIOIMUM BbIDaKCHUEM:

12-p 1 12—
8 u—X 8

E [Womax] = E [Wi.max] + E[S] = LB Wi max] -

4. AHHpOKCI/IMal[I/ISI BpeMeHH OTKJIMKa
4.1. Dmnupudeckass dpopMyJsia anmpOKCUMAIUN

Opua u3 crrocobOB AIIPOKCUMAITMN BpeMeHn OTKJnKa misa fork-join cucrembr ¢ K
serBsimu M |M |1l u OXMHAKOBBIMEM MHTEHCUBHOCTSIMU OOCJIy’KMBaHUsl HA cepBepax ObLI
upeiozked B [1]. Vaest npe/jiokeHHOro MeTo/ia alnpoKCUMAIUK HOsBIIACH U3 HaOJIIO-
JIeHUd 32 MOBEJIEHNEM BPEMEHH OTKJIMKA IIPU ITPOBEJIEHUH YHUCJIECHHBIX IKCIIEPUMEHTOB.

Bepx#ioio rpaHuity g8 cpeHErO BpeMEHU OTKJIMKA MOXKHO TOJIYYUTh, CJIeJIaB JIOIy-
IIEHIe O HE3aBUCUMOCTH CJIYyYalHDbIX BEJIMYIUH BPEMEH NTPEeObIBAHUS [TOI3AIIPOCOB B CUCTE-
Me, WJIH, 9TO ToxKe camoe, paccmorpers CeMO, cocrosimnyio n3 K He3aBUCUMBIX I1apaJi-
aeabHo dyHkumonupyomux cucrem M |M|1. Jannoe mpe/iosoxKeHue oATBEPK IAeTCs
npuBeéHEBIM B [1] j10Ka3aTebecTBOM TOro (akTa, YTO CJAydYaiiHble BEJIMYUHBI BPEMEH
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npedbIBAHUs TIOJ3AIIPOCOB B CUCTEME SIBJISIIOTCS IIOJIOZKUTEIHHO acCOIMpoBaHHbIMU. [To
onpeiesieHnto 25| nBe ciydaiiHble BeTUYUHBI { U 1) SBJSIOTCS TOJOXKUTEIbHO aCCOIIH-
posanneivu, ecin E[f(€)g(n)] = E[f ()] Elg(n)], T.e. KoBapuarms 00bIX map HeyObIBa-
formux GYHKIWA f U ¢ SIB/IsI€TCS HEOTPHUIATEIBLHOM, & OIHO M3 CBOMCTB MOJIOXKHUTEIHLHO
ACCOIMUPOBAHHBIX CIIyYalHbIX BeJIUIHH &1, o, . .. {x 3aKI09aeTCst B TOM, 9TO [25]

K
P<max §i>x><1—HP(fi<x).
i=1

1<i<K

Hwxkusis rpanuna st cpegHero BpeMeH! OTKJINKa [TOJIy9aeTCs, eC/In «IIpeHebpedb»
ovepensamu (T.e. JJIst 3HAYEHUIl p OIM3KUX K HYJIIO): B 9TOM CJIydae BpeMsl OTKJIHKa Oy-
JIeT SBJIATHCA MaKCUMyMoM K HE3aBHCHMBIX OJMHAKOBO PACIIPEICIEHHBIX CJIydYailHbIX
BeJINYKH (H.0.P.C.B.) CO cpeaHuM 1/p.

Takum obpazom, umeeM:

Hy(1/p) < E Wk max] < Hx E[W],

K
rae Hg = ) 1/i — 970 gacTHdHAast CyMMa TapMOHIYECKOrO Dsifia. Bepxusis u HIDKHsAS
=1
IPAHUIIBI PACTYT C OJIHOM U TOH 2Ke CKOPOCThIO H i, MHBIMH CJIOBaMH, J1JIsl GOJIBIITHX 3HAe-
unit K rpannnst nmetor nopsok O(In K). Iosromy, suas snadenue E [W ax], MokeMm
sanucarhb: E [Wgk max] & Sk (p)E [Wamax), tie Sk (p) — 910 K03bDdunuenr macmrabu-
poBanus, pacrymuii co ckopoctbio O(In K). CiieioBaTesibHO, allpOKCAMAIMsT BPEMEHI
OTKJIIKA MOKET OLITH IpeCcTaBiIeHa B ciaeayiomeM suze: Sk = a(p)+[(p)Hg . Ilockoms-
Ky 110 oupeseseHuio So(p) = 1, T0, OACTABUB 9TO 3HAYEHHE B IIPEbLLyIee BbIpasKeHNe,
nostyuanm, 4to 3(p) = (1 — a(p))/Ha, Takum o6paszom,

11—«
Siclp) = alp)+ b, K >

ITocpeicTBOM MMUTAIIMOHHOTO MOjiesiupoBanus B [1] onpesensiercs 3nadenue a(p) ~
4p/11. OKOHYATETIHHO UMEEM

Hi 4 Hg\ 112—p 1
E Wi ~ |26 2 (1 2 He) J1220 10 e oy
Wi {Hﬁn( H)”] SR ©

[Mostyuennoe npubIrzKeHne, UCXO/sl U3 YNCAEHHOIO aHAJIN3a, IPOBEJEHHOIO aBTOpPa-
MH, IMEET [TOIPENTHOCTD ANIPOKCHMAINH, He IPEBBIAIONLYIo 5% s 3nadenuii 2 < K <
32.

B crarse (26| uccienyercss amamormanas fork-join cucrema ¢ K Bersamm M|M|1.
[Tosyuennast almpoOKCHMAIHs ABJISETCS CPEJIHUM apu(MEeTHIECKIM BepXHel U HUXKHei
OIEHOK. B KadecTBe BepXHeil OIEHKH HCIOJIb3YeTCsl BUIOU3MEHEHHOE BBIDAasKEHUE JIJIst
BEpXHell OIEHKH U3 BBIMIEYIOMSIHY TOi paboTs! [1|. Hurkmsst onenka mosrydaercst npu ama-
JIM3€ SKBUBAJICHTHOI BeJIMYMHBI BPDEMEHH OTKJIMKA, HO JIJIS CUCTEMBI C HelapaJlIesIbHOI
opranusanueii ouepeau [27]. Urak,

Y He + EK v V<ew }<HK<1+” )
- K P B K,max| X =
I = k(k—p) p
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,Z[anee BbIYUCJIAETCA CpeHee apI/I(bMeTI/I‘IeCKOe IIOJIYIE€HHBIX OII€CHOK, B DPeE3yJjbTaTe
9ero mMeeM:

1 1 1
E Wi ~ HK+2(1’:p) ;kp‘f’(l—Qp);kM .

4.2. I/IHTepHO.TIS{HI/IH C IIOMOIIBIO IIpede/IbHbIX 3HaAYCHUN 3arpy3kKm CUucCcTeMbl

B [28] npemiozken apyroit MeTo | annpoKCUMAIMKE BPEMEHH OTKJIMKA — KOMOUHAIIUS
METOJIOB MHTEPIIOJISIIUK BBICOKON U caaboii Bxoaubix Harpy3ok (heavy and light traffic
interpolation approximations). YKasaHHble TEXHUKH B OTJIMYAE OT ONUCAHHOIO BBIIIE Me-
TOJIA He UCIOJIb3YIOT Pe3yJIbTaThl MMUTAIIMOHHOTO MOJIEJINPOBAHUS, OJIHAKO UX IIPUMEHe-
Hre MOYXKeT OBIThL pacimupeHo u mo anaan3a fork-join cucrem He TOJBKO € IKCIIOHEHIIN-
aJIbHBIM BpEMEHEM OOC/Iy KMBAHUS UJIU C IIyACCOHOBCKUM BXOISIIIM IIOTOKOM.

It paccMarpuBaeMoil 33/1a9M HAWUTH peNleHne B aHAJUTUYECKOM BHUJEe OYEHb 3a-
TPYIHUTEIHHO, OJIHAKO BO3MOXKHO IMOJIYUYUTh ACUMIITOTHIECKUE (DOPMYJIBI JIJIT NCKOMBIX
xapakTepucTuk. MHTeprnosnsmust craboit 3arpy3Koil CHCTEMbI SIBJISIETCsSI PE3YIbTATOM €€
paboThl B pexkuMe CaabOf HATPY3KH, T.€. KOTIa WHTEHCHBHOCTH BXOJSIIEr0 MOTOKa A
OdYeHb MaJia. B 9ToM ciiydae 1esrecoobpa3Ho o0paTuThCs K pas3jioKeHuio B ps Taitaopa
XapaKTePUCTHK IIPOU3BOIUTEILHOCTH CHCTEMBI (B 4aCTHOCTH, (DYHKIIUH PACIIPE/ICJICHIST
BPEMEHU OTKJINKA — KakK (DYHKIUU OT A — B OKPECTHOCTH HYJIsi), C HOMOIIBIO KOTOPOTO
MOXKHO OIPEJIEINTh HEM3BECTHBIE BEJIMIMHBI B IIPE/ICTABICHUN UCCIEIyeMOil (DYHKINN B
BH/JIE ITOJIMHOMA, OT A TIOPsIAKa 1. PaccMaTpuBaroTCst TOJIBKO IMOJIMHOMBI HYJIEBOU U TIEPBOit
crenenn. Kcim ke roBopuTh 06 MHTEPIOJSIIMKA C ITOMOIIBIO BBICOKOI 3arpy3Ku, TO IS
fork-join cucrembr pedsb UAET 006 aHAJM3€E TAKOTO PEXKUMA, B KOTOPOM 3HAYEHUE A OYEHD
OJIM3KO K 3HAYEHUIO [4. KJII0UeBbIM IapaMeTpOM P WHTEPIIOJISIIIU C TIOMOIIBI0 METO/Ia
BBICOKOIl HAI'DY3KHU SIBJISIETCsI TApaMeTp 3, JBa KPaHUX 3HAYEHUs] KOTOPOTO WHTEPIIpe-
TUPYIOTCA KaK JIBa MPEIeIbHBIX ciaydas: ecau 3 = 0, TO 9TO 0O3HAYAET, ITO BXOMIATIAI
MTOTOK sIBJISIETCS JIeTEPMUHUPOBAHHBIM, ecyir 3 = 1, TO BpeMs 00CIyKUBAHUSA — JIeTEePMU-
HupoBaHHOe, a BeTBu fork-join cucrems! siBisttorcst K nesaBucumbiMu D|GI|1 u GI|D|1
CMO, cooTBeTCTBEHHO.

Taxkum obpasom, H6aromapst NCCIEIOBAHUIO MTOBEIeHUs (DYHKIINY BPEMEHN OTKJINKA B
IPAHUYHBIX 3HAYEHHUAX 3arPY3KU CHCTEMbBI yIAETCHA, B OTJIUYNE OT METOJA, OIHCAHHOIO
B [1], He mpuberasi K YUCIEHHBIM SKCIIEPUMEHTAM JIJIsl ONPEJIeJIeHNsT KOHCTAHT B MHTEP-
MOJIAIIMOHHOM (bOpMYyJIe, ONPEIE/IUTh UX TOYHbIE BHIPAYKEHUs B 3aMKHYTO# (hopme.

Host coyaas fork-join cucrembr ¢ K Bersivu M |M |1 anmpokcumarust BpEMEHH OT-
KJIMKA, UMeeT BU/I:

A
E [WK,maX] ~ |:HK + (VK - HK) ,u:| N 0 < Hy K = 27 (8)

g (e £ ()5

B ciyuae pacrpe/ieseHns DpJiaHra BTOPOTO MOPSIIKA Il BXOJSIIETO OTOKA ¢ (DYHK-
mweit pactpesenerns A(x) = 1 — (1 +2\x)e™ 2 2 > 0 u 1719 BpeMeHn o6CTyKUBAHHST
¢ dynkimeit pacupenenenus B(x) =1 — (1 + 2ux)e 24 2 > 0:

V A 1
E[WK,max]%[FK‘i‘(K_FK)]A, 0<)\<,U,, K:2,3,..., (9)
plp—
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rIe

1 & (K : r m)!
Fg=— —1)rt — K=23,...
2 () S () g k=2

r=1 m=0

Takke B pabote [28] 1y1si TOro, 4TOGBI MOJYIUTh OLEHKY CPEJIHEr0 BPEMEHHU OTKJIMKA,
B CJIy9asix C JAPYTUMA PACIPEIETCHUAMHA JIJIsT BXOJSIIETO TOTOKA U BPEMEHU OOCITy K-
BaHMsl, METOJ, MHTEPIOJISINN BBICOKOH HAIPY3KH ObLI MOAUMUIMPOBaH, U AHAJN3UPOBa-
JIICh TPU 3HAUEHUsl Kito4eBoil kocranTbl 3 = 0,1/2,1, 9ro npuseso K KBaJpaTUIHOL
MHTEPIIONATIE, 6JIATOJAPSA KOTOPOI, B COYETAHAN C METOJIOM HU3KOH HAPY3KH, OBLIH MO-
JIy9eHbl (DOPMYJIbI AIMIPOKCUMAIINN CPEIHEr0 BPEMEHH OTKJIMKA JJIs CJIELYIOINX HEMap-
KOBCKHUX CJIyYIaeB:
— pacmpejiesieHue DPJIaHra BTOPOro MOPSJIKA, It BXOJSINETO MTOTOKA ¢ (DYHKITUEH pac-
npenenenns A(z) =1 — (14 2X\x)e™22 x> 0 u sKcIOHeHTHAILHOE BpeMst 06CITy-
KuBaHus ¢ QyHKImei pacupeesnenns B(x) =1 —e x> 0:

2 5 1 A 1
E Wk wmax] ~ |H SVk—ZHxk—— 2| ——, 0<A<pu, K=23...;
Wk max] |:K+<3K 5 Hy 12> ]M—)\ <

— IyacCOHOBCKHMIl BXopsmuii morok ¢ dyHkimeil pacupenenenns A(zr) = 1 — e‘”,
x > 0 u pacupesesieHre DPJaHra BTOPOTO MOPsiJIKa BPEMEHN 00CIy )KUBAHUs ¢ PyHK-
nueit pacupenenenust B(z) =1 — (1 + 2uz)e 242, z > 0:

1 Hg 2 Al 1
E Wk max| = | F FEEEET Vi — F —|— 0<A<ypu, K=23,...,
Vi mas] [”(6 2 3K K)u]u—A .

a TakKe JJIs THIEPIKCIIOHEHITHAIBHOTO BXOSIIETO [TOTOKA W IKCIOHEHIMAIBLHOIO Bpe-
MeHU OOCJIy>KUBaHUS, IIyaCCOHOBCKOI'O BXOSINEr0 IHOTOKA U TUIIEPIKCIOHEHITUAIHLHOTO
BpeMeHU O0C/IyKUBaHUSA, (POPMYJIBI [IJIsT KOTOPBIX B CHJIY X TPOMO3IKOCTU MIPUBOINTH
He OyaeM.

5. 3akJirouyeHnue

B crarpe paccMoTpenbl 0COOEHHOCTH MTOCTPOCHUS CUCTEM MACCOBOTO OOC/IY2KMBAHMS
¢ pacrierieHueM 3amnpocoB. lIpeicraBien MeTOs TOYHOTO aHAJN3a CPETHErO BPEMEHH
orkimka (K = 2), a Takke ero annpokcuMaiyu. Bo BTopoii yactu paborsbl OyayT pac-
CMOTPEHBI JIPYTHe MOAXObI K MPUOIMKEHHOMY aHAJN3Y BPEMEHHM OTKJINKA: MATPUIHO-
FEOMETPUYECKHI METOJ, aHAJN3 C IOMOIILIO MOPSIIKOBBIX CTATUCTUK JIJId PA3IUIHBIX
THUIIOB PACIIPE/IEJICHIsT BpEMEHN TPEObIBAHNUSI ITO/I3AIIPOCOB B CUCTEME.
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This paper is the first in a series of two articles devoted to the review of “fork-join” (in
the western classification) queuing systems or systems with the splitting of incoming queries.
This system is a natural model for many other real systems. The article describes the fork-join
queueing model construction and main characteristics of this model. Special attention is paid to
methods of analysis of the response time of the system. Since the exact expression for the mean
response time is known only for the case of two servers, the article gives a detailed description
of the approach to obtaining an accurate expression of this characteristic. For the case when
the number of servers is more than two, approximations of the mean response time are obtained
by different methods, which is explained by the complexity of the studies due to the existing
dependence between the queues of subqueries due to common arrival moments. The paper
presents several methods of approximate analysis: various variants of empirical approximation,
i.e. methods that refine the obtained characteristics by using the results of simulation modeling;
interpolation methods using system load limit values in cases when the incoming flow and service
time distributions are not exponential.

Key words and phrases: queuing system, splitting of requests, parallel service of requests,
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The multidimensional models of the population dynamics are considered in the paper. These
models are the generalizations of the Lotka—Volterra model in case of interaction of the finite
number of populations. The deterministic description of the models is given by the systems
of the ordinary nonlinear differential equations presented in the paper in the form of the
multidimensional vector differential equations. The qualitative properties of the specified models
are sufficiently well studied by means of Lyapunov methods. However, the probabilistic factors
influencing on the behavior of models are not taken into account at the deterministic description
of models. The new approaches to the modeling and stability analysis are of theoretical and
applied interest in the nondeterministic case.

In this paper, the methods for design of multidimensional nondeterministic models of
interaction of populations are considered. The first method is connected with the transition
from the vector nonlinear ordinary differential equation to the corresponding vector differential
inclusions, fuzzy and stochastic differential equations. On the basis of the reduction principle,
which makes it possible to reduce the problem of the stability of solutions of a differential
inclusion to the problem of stability of solutions of other types of equations, stability conditions
for the constructed models are obtained. The second method is connected with the technique of
design of the self-consistent stochastic models. The scheme of interaction is received on the basis
of this technique. This scheme includes a symbolical record of possible interactions between the
system elements. The structure of the multidimensional stochastic Lotka—Volterra models is
described, and the transition to the corresponding Fokker—Planck vector equations is carried
out by means of the system state operators and the system state change operator. The rules for
the transition to the multidimensional stochastic differential equation in the Langevin form are
formulated. The execution of the numerical experiment with the application of the developed
program complex for solving the systems of the stochastic differential equations is possible for
the models which are the concretizations of the studied general models. The described approach
to the modeling of the stochastic systems can be applied in the problems of comparing of the
qualitative properties of the models in deterministic and stochastic cases. The obtained results
are aimed at the development of the methods for the analysis of nondeterministic nonlinear
models.

Key words and phrases: model of population dynamics, stability, differential
inclusions, stochastic model, principle of the reduction
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1. Introduction

The stability research of the models of the population dynamics is an important
problem. Some directions of the solution of the specified problem are presented in the
works [1-7]. The questions of existence and stability of the solutions of the models
described by the differential equations of various types were considered in [8-12] and in
other works.

Lyapunov functions method is one of the widely used methods of the stability
research [10,11]. The stability of the solutions of classical and generalized models of the
population dynamics by Lyapunov function method was considered in [1]. The systemic
approach is described in [2,6-9] which allows us to consider properties of stability of the
models described by the differential equations of various types from the unified point of
view. The specified approach is based on the transition from the deterministic description
of the model to stochastic description and on the principle of reduction of the stability
problem of solutions of differential inclusion to the stability problem of other types of
the equations. The approach allows us to study the stability properties of solutions of
differential inclusions, the fuzzy and stochastic differential equations from the unified
point of view.

In this work we consider a nonlinear multidimensional model of the dynamics of the
populations interaction. The determined description of model is given by system of the
ordinary nonlinear differential equations. The transition from the specified model to the
corresponding nondeterministic models given by means of finite-dimensional differential
inclusions, the fuzzy and stochastic differential equations is performed. The stability
analysis is performed on the basis of the reduction principle in this work.

It is known [5, 13-15] that in the deterministic description of the model the
probabilistic factors affecting the behavior of the model are not taken into account. In
this connection, an important problem is construction and study of adequate stochastic
models, as well as a comparative analysis of the properties of deterministic and
corresponding stochastic models.

The technique of design of the self-consistent stochastic models [14] allows us to
take into account stochastics in the structure of the model without adding additive
stochastic terms. In this work the structure of the multidimensional stochastic Lotka—
Volterra models is described, and the transition to the corresponding Fokker—Planck
vector equations is carried out by means of the system state operators and the system
state change operator. The rules for the transition to the multidimensional stochastic
differential equation in the Langevin form are formulated. It is shown that the
used approach to construct multidimensional stochastic models can find application
in problems of comparing the qualitative properties of the generalized Lotka—Volterra
models.

2. Deterministic Models

We consider the model described by the system of differential equations of the form [1,
3]

n
Ty = T4 ai_g pijxj |, t=1,...,n, (1)
Jj=1

where z; is density of i-th population in moment ¢, 2, = dz;/d¢t, a; and p;; are growth
coefficients of i-th population in the absence of others, constants p;; at i # j characterize
the influence of interaction between populations on the rate of growth, P = (p;;),
1,7 = 1,...,n, is interaction matrix.

The model (1) is the classical Lotka—Volterra model for the n-dimensional case.
This model describes the dynamics of the biological community under the following
conditions:
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1) the relative growth rate of each population does not depend on the intrapopulation
structure;

2) this rate depends linearly on the number of populations in the community. These
conditions, characteristic of the Lotka—Volterra equation, represent a simplified
hypothesis about the nature of the interactions between populations in the community.
This hypothesis, known as the principle of pair interactions, suggests the additivity

of each population contribution to the relative growth rate, which is reasonably well

founded biologically. However, the linear nature of this contribution is much worse in
the processes occurring in biological communities, and can be taken into account in
approximating the equilibrium state in some neighborhood [1]. In this connection, the
study of the model (1) can be considered as an important stage preceding the study of
the models that are generalizations of the model (1).
A generalization of the model (1) is a model of the following form:

di=mi lai— Y piifilzy) |, i=1,....n, (2)
=1
3 i\ Lg .
where f;(R' — R') € C', f;(0) =0, % >0 with 2; > 0.
X

The stability conditions for solutions of the model (1), (2) on the basis of the Lyapunov
functions method are obtained in [1]. The stability conditions on the basis of the divergent
method are obtained in [3] for indicated models. The transition is possible from the
deterministic model (1), (2) to different types of the corresponding nondeterministic
models.

3. Design of Nondeterministic n-dimensional Lotka—Volterra
Models and Stability Analysis Based on the Reduction Principle

The nonlinear model (1) is presented in the form of the vector equation

&= f(x), (3)
where z = ($1,$27-~-7l‘n)7 f(fE) = (f17f27---7fn) = (1151((11 — P11y — ... —p1nl‘n),---7
Tp(@p — Pr1®1 — ... — Punn)), © € R, R} — n-fold Cartesian product of the set R

on itself, R, = [0,00), f : R} — R}

For the model (3) the coeflicients a; and p;j, 4, 7 = 1,...,n, can take different
values from the corresponding intervals [o,,u,] and [vij,,7ij,] taking into account
the ecological meaning accordingly. The transition from the model (3) to the finite-
dimensional differential inclusion is the following

1 €x1 (a1 —P11T1 — - — Din®n) -y &n € Tp (A — Pp1®1 — - — Ppun®n) . (4)
The model (4) in the vector form is presented as follows:
i € F(z), (5)
where
F(x) = {f(x)|a; € Ai,pij € Cyj}, Ai = [y, iy, Cij = [y, Vige) » F 2 R — 2ftt

The introduced sets A; and C;; define the sets of values of the corresponding
parameters a; and p;;.
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Subsets {Ai}o = {ai|pa,(a;) = a} and {Ci;}a = {pijlpc,, (pij) = o} represent
the narrower sets that we obtain when we take into account the additional conditions
a € (0,1], that affect the interaction of the components and, consequently, the stability of
the model (3). Then equation (3) can be replaced by a fuzzy finite-dimensional differential
equation

&= F(z), (6)

where F': Z7 — P(R!}), P(RY) is the set of all fuzzy subsets of R’}.

The differential inclusion corresponding to the equation (6) has the form ¢ € F,(¢),
where a € (0, 1], Fa () = {(2(t))]a; € {A;}as iy € {Cij}a}.

The following stability conditions of the differential inclusion (5) and the fuzzy
equation (6) we formulate by means of the principle of reduction [7,8] and by means
of the transition from model (1) to models (5) and (6):

1) if there is a Lyapunov function V for the closed set M C R! regarding the
inclusion (5), such that the inequality D,V (x) < 0 Va € B(M,r) is satisfied, where
D,V (z) = sup DV (z) is upper derivative of Lyapunov function, set B(M,r) is r-
neighborhood of the set M, then the set M is stable in small regarding this inclusion;

2) if the inequality DV (z) < —w(e(z, M)) Vx € B(M,r) is satisfied, where function
w: B(M,r) — R is the continuous and positive function in R’ \ M, then the set M
is asymptotically stable in small regarding the inclusion (5);

3) if there is a Lyapunov function V regarding the equation (6) for the closed set
M C P(RY), where P(R") is the set of all fuzzy subsets of R}, such that the
inequality D4V, (xz) < 0 Vo € B(M,,r) is satisfied at o € (0,1], then the set M
a-stable regarding this equation;

4) if the inequality D V,(z) < —wq(e(x,M,)) Ve € B(M,,r) is satisfied, where
we : (0,7) — R is the continuous and positive function, then the set M is a-
asymptotically stable regarding the equation (6).

In this work we consider the generalization of the model (3) to the stochastic case,
namely, the transition is carried out from the equation (3) to the corresponding stochastic
differential equation

&= S(x), (7)

where S(z) is the stochastic function. By means of the principle of reduction we formulate
the stability conditions of the fuzzy equation (6) and the stochastic equations (7).

It is shown that if the trivial solution of a fuzzy equation (6) is a-stable
(asymptotically a-stable) for every a € (0,1], then the trivial solution of the
corresponding stochastic equation (7) is stable on probability (asymptotically stable
on probability). In addition, the conditions of almost surely stability and stability on
average we give by the aid of the principle of reduction. The comparative analysis of the
qualitative properties of the deterministic and stochastic models is given on the basis of
the obtained sufficient stability conditions.

System (2) is represented as a nonlinear vector equation

& = g(x),
where
g9(x) = (91,92, -, 9n) = (w1(a1 —p11fi(x1) — ... = Pinfu(Tn)), ...
L ,xn(an —pnlfl(fl) — ... —pnnfn(mn)»a
g: R} — RY.

We consider the transition from this vector equation to the nondeterministic models
described by differential inclusion, fuzzy and stochastic differential equations. This
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transition is similar to the transition from the vector equation (3) to the models (5)—(7).
The stability conditions of the indicated differential inclusion, fuzzy differential equation
and stochastic differential equation are obtained using the reduction principle.

4. Design of the Self-Consistent n-dimensional Lotka—Volterra
Stochastic Models

The synthesis of some models of population dynamics on the basis of the method of
construction of self-consistent stochastic models [14] is implemented in [5,6]. According to
the main idea of the method it is possible for the system under consideration to describe
the scheme of interaction in the form of symbolic representation of all possible interaction
between the system elements. The operators of the system state and the operator of
change of the system state are used for this purpose. Then we give the intensities of
transitions and master equation, for which we can obtain an approximate Fokker—Planck
equation by the aids of formal series expansion. It is not difficult to transit from the
Fokker—Planck equation to the equivalent stochastic differential equation in Langevin
form:

dz(t) = a(t, z(t))dt + b(t, z(t))dW, (8)

where x(t) € R™ is the vector of the system state, a(t,x(t)) is the vector of demolition,

b(t,x(t)) is the diffusion matrix. In addition, in equation (8) W € R™ is the standard
n-dimensional Wiener process.

In practice, the stochastic differential equation can be written immediately after the
representation of the interaction scheme. It is connected with the fact that for the
obtained coefficients of the Fokker—Planck equation it is necessary to know only the
intensities of transitions and operators of state changes.

We present the scheme of interaction elements for the system (1) in the form:
X 25 2X;,

pij (9)
XZ'—FXJ' —)Xj,

where ,j = 1,...,n. Thus, the scheme (9) describes the system of n species in which
individuals can interact n(n + 1) various ways.

The first row of the scheme of interaction corresponds to natural reproduction
i-th species in the absence of other factors. The second row corresponds to intraspecific
competition at ¢ = j, corresponds to interspecific competition at i # j.

The operator of state change is presented in the form:

R={Ry,l=1,...,n, k=0,...,n},

where
i-th
=~
R 0,..., 1 ,...,0), I=1,....,n, k=0,
), =1,...,0), I=1,....,n, k=1,...,n.
~—
i-th
The state of the system can be described by means of vector = (z1,...,2,). The

following relations are given for intensities of transitions from the state x to the state
 + R in the unit of the time:

s1.k(T) = PikT1TE,
where l=1,...,n, k=0,...,n, and let zx, =1 if k = 0.
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Let us present Fokker—Planck equation corresponding to the model in the form:

n

0P, 1) = = 3 0u, [Al) Pl 0)] + 5 S 00,0y, [By(@)P(a, )]

i=1 ij=1
where

Ai(z) = ZRijSij(ﬂf) = DioTi — sz‘jﬂfil’j,

j=1 j=1

Bz‘j(l") = Z Rij (Rij)T Sz’j(l') = Piox; + Zpijl“z'l“j, and Bij =0, # J.
j=0

j=1

We have the following relations for the coefficients of stochastic equation (8) and
coefficients of Fokker—Planck equation:

a(x) = A(z),
b(z) = B(z)B(x)T.

The obtaining of analytical solution for the constructed self-consistent stochastic
Lotka—Volterra model is difficult, however, for special cases of the general n-dimensional
model, it is possible to conduct a numerical experiment using the developed software
package for the solution systems of stochastic differential equations [16,17]. In the
future, it is planned to conduct a numerical analysis to obtain numerical solutions for
the obtained models, as well as to reveal the influence of stochastics on the behavior of
the system.

The investigation of the obtained stochastic differential equation in Langevin form
allows us to study the influence of stochastics on the behavior of the considered system.
This approach to the construction and analysis of nonlinear models can serve to the
solving of problems aimed at the comparative analysis of deterministic and stochastic
models.

Note that the technique of design of the self-consistent stochastic models can be
applied to the system (2), but for this it is necessary to specify the form of the functions
fj(z;) taking into account the physical sense. In the problems of constructing of self-
consistent stochastic models that generalize models (1) and (2), the consideration of
two-dimensional, three-dimensional and four-dimensional models is of prime interest,
and it becomes necessary to compare stability properties in deterministic and stochastic
cases.

5. Conclusions

The principle of reduction allowed us to obtain the conditions of stability of the
multidimensional model of the population dynamics with the transition to the differential
inclusion, fuzzy and stochastic differential equations. The specified transition takes into
account the changing parameters of the model and allows us to perform a comparative
analysis of the properties of the models based on the principle of reduction. The stability
conditions can be used to study the population dynamics models. The application of self-
consistent stochastic models construction method for Lotka—Volterra multidimensional
systems allows us to estimate the impact of the introduction of stochastics onto the
behavior of these systems.The obtained results are aimed at further development of
methods of design and stability analysis of stochastic models.
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IlocTpoenne n aHa/In3 yCTOMYMBOCTU HEAETEPMUHUPOBAHHBIX
MHOTOMEPHBIX MojieJieil AMHAMUKU TOILYJISIIAi

A. B. Jemugosa*, O. B. JIpy>xununa’®, O. H. Macuna’

* Kagpedpa npuraadnoli unGopmamury u meopuu eepoamuocmet
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ya. Basuaosa, d. 40, Mockea, Poccus, 119338
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ya. Kommynapos, 0. 28, e. Eaey, Poccus, 399770

Paccmorpenbl MHOTOMEPHBIE MOJIE/TH TTOMYJISIIUOHHON JIMTHAMUKH, SIBJISIONIAECS: OOOOIIEHUSIMU
mogenu Jlorku—Bosbreppa Ha cirydail B3anMoIeficTBUsT KOHEIHOTO Yucjaa nonyadanuit. Jlerepmu-
HUCTHYECKOE OIUCAHUE MOJIesIeil JaéTcst cucTeMaMy OOBIKHOBEHHBIX HEJTMHEMHBIX JirddepeHiu-
aJbHBIX YPaBHEHUI, IPEJICTABJIEHHBIMU B paboTe B BHUJE MHOI'OMEPHBIX BEKTOPHBIX Juddepen-
MUaJbHBIX ypaBHeHuit. KauecTBeHHbIE CBOMCTBA YKA3aHHBIX MOJEJIEl JJOCTATOYHO XOPOIIO U3Y-
YEHBI ¢ TIOMOIIBIO MeTo10B JIsamyHoBa. OaHAKO IIPU JETEPMUHUCTUYIECKOM OIMUCAHUYI MOJIEIEH He
VAUTBIBAIOTCS BEPOSITHOCTHBIE (DaKTOPHI, BIAULAIONINE HA IOBEJIEHUE MoJieseil. B HexerepMuHu-
CTHUYECKOM CJIydae HOBBIE IIO/IXOAbI K MOJIEJIMPOBAHUIO U aHAJIU3Y YCTOHYUBOCTU IIPEACTABJISIOT
TeOpeTUYeCKUil 1 MPUKJIAJIHOI UHTEpEC.

B nacrosieit pabore paccCMOTPEHBI CITOCOOBI ITOCTPOEHKUSI MHOTOMEPHBIX HEIEeTEPMUHUPOBAH-
HBIX MoOjeseil B3auMomeicTBust nomy isamnuil. [lepBoiit cmocod cBsizaH € MEpPexoaoM OT BEKTOP-
HOT'O HEJTMHEWHOrO OOBIKHOBEHHOTO /(b DEPEHITHATLHOIO YPABHEHHUS K COOTBETCTBYIOIIUM BEK-
TOPHBIM TudepEeHITNATBHBIM BKJIIOYEHUIM, HEIETKAM U CTOXaCTUIECKAM I PepeHInaATbHBIM
ypaBHeHusiM. Ha OCHOBe NpUHIUITA PEIYKIMH, ITO3BOJISIIOIIET0 CBECTH 33129y 00 YCTORIMBOCTH
pettennit quddepeHnajIbHOTO BKIYEHUs K 33/1a4e 00 YCTOMYIUBOCTH PeIleHuil JIPYTUuX TUIIOB
YPaBHEHUI, MTOJIYUYEeHbI YCIOBUS YCTONYNBOCTH JIJIsI TIOCTPOEHHBIX MoJeseii. Bropoit criocob cBsi-
3aH C METOJUKOM IMOCTPOEHUsI CAMOCOTJIACOBAHHBIX CTOXAacCTHIeCKUX Mozeseii. Ha ocHose sToit
METO/IUKH TIOJIydeHa CXeMa B3aMMOJIEHCTBHUsI, KOTOPAasi BKJIIOYAET B C€0s1 CUMBOJIMYIECKYIO 3AIHCH
BO3MOXKHBIX B3aUMOJEHCTBUI MeKIy sjieMeHTaMu cucreMbl. C IMOMOIIBIO OIEPATOPOB COCTOSI-
HUS CUCTEMBI U OIlepaTopa M3MEHEHUs COCTOSHUS CHCTEMBI OMCaHa CTPYKTYpPa MHOT'OMEPHBIX
croxacTudeckux mojesieit JIorku—BoJsibreppa, u OCyIeCTBIIEH ITepeXo/] K COOTBETCTBYIOIINM BEK-
TopHbIM ypaHeHusiM Pokkepa—Ilnanka. ChopMyanpoBaHbI IIpaBu/ia IEPEX0oa K MHOIOMEPHO-
My cToxacTudecKkoMmy puddepeHnuaabHoMy ypaBHenuio B ¢gopme Jlamxkepena. st momeneit,
ABJIAIONIUXCH KOHKDPETU3AIUAMHI U3y4aeMbIX OOIIUX MOJesell, BOSMOXKHO IPOBEJIEHNE YUCJIeH-
HOI'O 9KCIIEPUMEHTa C IIPUMEHEHHEM pPaspabOTAHHOIO MPOrPAMMHOIO KOMILIEKCA IS PEITeHUSs
CHUCTEM CTOXACTHUYECKUX audpepeHnnaabubix ypaBHennii. ONuCaHHbIN MOIXO0M], K MOJETUPOBa-
HUIO CTOXACTUYECKUX CUCTEM MOXKET HAWTU IPUMEHEHUE B 33/1aYaX CPaBHEHUsI KAUeCTBEHHBIX
CBOMCTB MOJIesiell B JIETEPMUHUPOBAHHOM M CTOXACTUIECKOM ciaydasx. [lomydennbie pe3ysibTaTsl
HalIpaBJIEHBbl Ha Pa3BUTHUE METOOB aHAJIN3a HeJeTepPMUHUPOBAHHBIX HEJIMHENHBIX MomeJIei.

KimoueBnlie cJIoOBa: MOJeJb TIOMYJIAITAOHHOMI JUHAMUKH, YCTONYMBOCTD,
nuddepeHaIbHbIe BKIIOYEHNsI, CTOXaCTHYeCKas MOJIE/Ib, IPUHIUI PeyKIIUH
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IVC Calculation Problem for Josephson Junction Stacks.
On Asymptotic Construction near the Breakpoint

S. I. Serdyukova

Laboratory of Information Technologies
Joint Institute for Nuclear Research
6 Joliot-Curie str., Dubna, Moscow region, 141980, Russian Federation

Solving the system of n essentially nonlinear differential equations for different I we obtain the
current-voltage characteristics (IVC) for a system of n Josephson junctions (JJ) as a hysteresis
loop. When the current I approaches on the back way the breakpoint I the voltage V(1)
falls sharply to zero. In addition, in numerical modelling (non-periodic boundary conditions
(NPBC)) IVC multiple branching is observed near I,. It is interesting to study this phenomenon
analytically developing asymptotic methods. There had been developed simple “asymptotic”
formulas suitable for calculation of all IVC points except near to I. A numerical-analytical
method allowing to shorten IVC calculation time essentially was proposed. This method showed
good results in IVC multiple branching calculation in particular. All calculations were performed
using the REDUCE system. We succeeded first to calculate analytically all points of IVC. An
approximate solution at the breakpoint region (periodic boundary conditions (PBC)) has been
developed using the Bogolyubov—Krylov method.

Key words and phrases: Josephson junctions, superconduction, high temperature,
current-voltage characteristics, breakpoint, multiple branching, cross—scheme of the second or-
der accuracy, asymptotic formulas developing, the Levinson method, the Bogolyubov-Krylov
method, the REDUCE system

1. Introduction

The definition of the singular points of the current voltage characteristics together
with the estimation of the width of their influence region provide adequate input for
physical experiments aiming at studying the finite JJ stacks [1-3].

The mathematical problem of IVC calculation for the stack of n Josephson junction [4]
asks for the solution of the following essentially nonlinear system:

@l:ZAl,l’(I_Sin(gol’)_/B()bl’)a lzlv"'vn' (1>
I'=1

Here ¢; is derivative of ¢; of ¢, t C [0, Tiax]-

Solving the Cauchy problem for different I: I = Iy + kAT < Inax (right way) and
I = I.x — kAT we obtain IVC of n Josephson junctions as hysteresis loop. The points
(I,V(I)), with I corresponding to the right way, form the right branch of the loop. And
the points (I, V(I)), with I corresponding to the back way, form the back branch of the
loop. V(I) is the total voltage of the stack.

For I = Iy the system (1) is solved with zero initial data. For each next I : [ = I},
found ¢;(Ix, Tmax)s €11k, Tmax) are used as initial data.

The coefficients A;;» of the system (1) are elements of the matrix A. In the case of
PBC A is symmetric square matrix of order n:

Received 25" July, 2017.
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14+ 2« -« 0 0 —
—Q 1+ 2« —Q 0 - 0
0 - 14+2a0 -« 0
.« .. Y .« e .« . Y e (2)
0 e 0 —a 14+2a —«
—o 0 0 —a 1+ 2a
And in the case of NPBC A is symmetric square tridiagonal matrix of order n:
l+a(l+v) -« 0 . 0 0
—Q 1+ 2« —Q 0 o 0
0 —Q 1+20 —« 0
“ e Y .« e .« Y “ .. (3)
0 0 —a 142« -
0 0 .. 0 —o 1+a(l+7)

The dynamics of phase differences ¢;(¢) had been simulated [4] by solving the equation
system (1) using the fourth order Runge-Kutta method. The aim was to shorten the
time of IVC calculation, and it was achieved. First the number of the system equations
was reduced to one in the case of PBC and halved in the case of NPBC. The longtime
“asymptotics” formulas were developed. The mixed numerical-analytical method was
suggested: all points of IVC are calculated using the asymptotics except points of the
little arc of the back branch of the loop calculated numerically [5]. And Fig. 5 shows
that the Runge-Kutta method of the fourth order accuracy can be replaced by the
simplest explicit cross—scheme of the second order accuracy. This shortens the time of
IVC calculation complimentarily.

2. On Long-Time “Asymptotics” Construction

In the case of PBC IVC calculation for a stack of n intrinsic Josephson junctions is
reduced to solving a unique equation [5]

ij(t) = =pi(t) —sin(n(t)) + 1.

Solving this equation with given initial data n(0) = dy, 7(0) = ds is equivalent to
solving the following integral equation

t

- 1
n(t) =& + W(l —e Pt +wt — 3 /(1 — e A=) sin(n(s))ds. (4)
0
The simple iteration method starting from zero gives on the second step
in(wt + A t
m = w4 Ao 4 S ATarcte(B/w)) o8 oy, (5)

/B + w2

where w =1/8, A=dy + (d2 —w)/B, ¥ = —cos(A)/(wp).

And the total voltage of the stack of n Josephson junctions is calculated as

nn(L Tinax) — N1, Trin)
Tmax - Tmin .

V(I,n)=
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In Fig. 1, Fig. 2, Fig. 3 the solid curve is the IVC back branch calculated using the
Runge-Kutta method. In Fig. 1 the pictures of the back way of the hysteresis loop for 9
Josephson junctions are shown. The circles refer to “asymptotic” (using (5)) calculations
respectively. Here we put Ty = 50, Tinax = 1000, = 5 = 0.2, AI = 0.05, the step in
the Runge-Kutta method h = 0.1.

8 T T T T T T e m 8 T T T T T T o —

‘mb.txt"Ho—

V()

4 . . . . . . . I ; . . . . . . . I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 10 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Figure 1. IVC back branch, n = 9. PBC. Figure 2. IVC back branch, n =9. PBC.
The circles were calculated using (5) The circles refer to he mixed
numerical-analytical calculation

In Fig. 2 the circles refer to calculation performed by the following mixed analytical—
numerical method. The right branch of the hysteresis loop and the back branch on
the interval 0.4 < I < 1.45 were computed using (5). The rest ones were computed
numerically. The REDUCE system [6] was used in all calculations performed.

We proved [7] that in the case of NPBC with v = 1 the problem of hysteresis loop
calculation reduces to solving the following system of ns integral equations:

§Q(QZ — 1) — W2l—-1 (

Poj—1 = woy—1t + & (20— 1) + B

1 —exp(—fA-1t)) —

Q\»—'

t
/ (1 —exp (—BAg—1(t — 9))) Z dym,21-18in(p )ds, (6)
0

m=1

where

m = de,2k—1¢2k‘—la l= 1727 <oy NS

k=1
and wo;_1 = So_11 / 6. )\l are elgenvalues of A matrix, the corresponding eigenvectors
1 1
are By = [d11,...,dn]", Z di,;. And ns is integer part of n—2|— ns = n—2|—

The system (6) was solved usmg simple iterations starting at zero. The results
obtained on the second step are regarded as long-time “asymptotics” of the system (6)
solution.

We constructed “asymptotics” following to [8]. In the introduction N. Levinson
declared: “A method is given for showing that formal “approximate solutions” of non-
linear differential equations are in fact the leading terms in an asymptotic representation
of actual solutions”.

The Fig. 3, Fig. 4 confirm this declaration. At the same time these pictures show
efficiency of the suggested mixed numerical-analytical method. This time Al = 0.001.
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Fig. 3 refers to numerical calculation: all points of IVC were calculated using the Runge—
Kutta method. Fig. 4 refers to calculation performed by the mixed numerical-analytical
method: the right branch of IVC and the part of the back branch (1.45 > I > 0.4) were
calculated analytically (using the long-time “asymptotics” of (6) system solution). The
rest points (0.4 > I > 0.2) were calculated numerically using the Runge-Kutta method.

‘mbb8.txt'+e—

026 028 03 032 034 036 038 04 026 028 03 032 034 036 038 04

Figure 3. Multiple branching of IVC Figure 4. Multiple branching of IVC
back branch, n = 8. NPBC. All points of back branch, n = 8. NPBC. All points of
IVC were calculated using the IVC were calculated using
Runge-Kutta method “asymptotics” formulas except points of
the interval on the picture calculated
using the Runge—Kutta method

: — “Kb.txt
mbeB.txt' o “abkk3.txt'Ho—

- 1 1 L 1 1 1 - - - — - — -
0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.2 0.4 0.6 0.8 1 12 14 1.6

Figure 5. Multiple branching of IVC Figure 6. IVC back branch, n =9. PBC.
back branch, n = 8. NPBC. All points of In difference with Fig. 1 two circles

IVC were calculated using (I =0.3, I =0.25) were calculated by (7),
“asymptotics” formulas except points of obtained by Bogolyubov-Krylov
the interval on the picture calculated method

using simplest cross—scheme of the
second order accuracy

The Fig. 5 is similar to Fig. 4, but here the simplest explicit cross—scheme of the
second order accuracy instead of the fourth order accuracy Runge-Kutta method was
used. Remark that in both cases At = 0.1 was chosen.
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3. The Bogolyubov—Krylov Method Employment

For studying multiple branching in current-voltage characteristics analytically we
dream to prolong “asymptotics” till w = 1, I = 0.2. This moment we succeeded only
to calculate analytically the whole hysteresis loop in the case of PBC. We developed
approximate solution for the equation

ij(t) = =Bn(t) —sin(n(t)) + I

with given initial data n(0) = di, 7(0) = da, in the case of small 3, I, using the
Bogolyubov—Krylov method [9]. We consider 8 = 0.2, 0.2 < I < 0.4. Let 19 = arcsin([),
I= Sin(WO),

sinr) 1 = cos(n0)(n — o) — ") () — )2 — <)

New variable ¢ = 1 — 19 satisfying equation

sin cos
(m) 2, coslm) s

¢ = —fB¢p —cos(no)yp + 5 G 7

which can be rewritten as

3 2
. . 2 [%2) . .
¢+ By + w? <s0—6—tg(no)2> =0, ¢+w’e=7Pf(p @),

w? = cos(ng) = (1 — I?)'/%. This equation has solution ¢ = acos(¢)), ¢ = —awsin(1)),
¥ = wt + ¥, where a and v are determined by the first approximation equations

da 153 dvy . a®
—=—-=a, T =W - — .
dt 277 dt 16

Following step by step to [9], we obtain

2

a=apexp(—pFt/2), Y =w(t+ fé—oﬂ(exp(—ﬁt) —1)+9,

1 =10 + ag exp(—Bt/2) cos (w <t + ag(exp(lggt) - 1)> + 19) : (7)

ao and ¢ are determined by given initial data:
dy = no + apcos(V), dy = —apB/2 — apw(l — al/16)sin(¥). (8)

Let z = agcos(¥), y = agsin(¥), a2 = 22 + y?, the first equation of (5) gives z =
d1 — mg, and y is determined of the third order polynomial equation

dy + B(d1 —10)/2 + wy(1 = ((dy — no)* + y*)/16) = 0.

This equation has at least one real root. When z, y are found, ag = /22 + 32 and
¥ = arcsin(y/ag). By such a way we could correct Fig. 1. In Fig. 6 the back branches of
the hysteresis loop for the case of PBC are presented.

The solid curve is the same as in Fig. 1. The circles on the solid curve were
found analytically using mixed analytical method: all points of the hysteresis loop were
calculated using (5) — except two points (I = 0.3,0.25) calculated using (7).
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Brorunciaenne BAX mig cucreM m>k03edCOHOBCKUX IHEPEXOI0B.
O mocTpoeHnu aCMMIITOTUKU BOJIN3U TOYKH MU3JIOMAa

C. U. CeparokoBa

Jlabopamopus urn@OPpMAYUUOHHBLT METHOA02UT
065edunénroill urncmumym AEPHLLL UCCAEA08AHUL
ya. 2Koauvo-Kropu, 0. 6, ybrna, Mockosckas obaacmo, Poccus, 141980

Pemas cucremy n cymecTBeHHO HETUHEHHBIX AuMOEPEHITNATBHBIX YPABHEHUH, MBI IOy IaeM
BOJIbT-aMIlepHy10 xapakrepuctuky (BAX) mus cucrembr n mxozedconoBckux nepexonos (JJ)
B BHJIe METIN THCTepe3uca. Ha obpaTHOM MyTH MpH MOIXO/]E K TOYKE M3JI0Ma [, HAIPSKEHUe
V(I) pe3ko crnamaer K Hya0. Kpome TOro, mpu Yuc/IEHHOM MOEJIUPOBAHUN (CIIydail Hermepuo-
JIMIECKHUX TPAHUYHBIX ycsiouit) BAX B 0OKpecTHOCTH TOUKM M3J10Ma HAOIIONAETCS MHOXKECTBEH-
Hoe BerBjienne BAX BOmm3u touku [,. MHTEpEcHO mccaenoBaTh TO SIBJEHUE AHAJIUTUYECKU,
pa3BUBasl ACUMIITOTHYECKHE METOJbI. YJAJIOCh IMOCTPOUTH IMPOCTBHIE «ACHMIITOTHYECKHE» HOop-
MYJIbI, TIPUTO/IHBIE JJTIsT BBIYUCTEHUsT BceX ToYek BAX, kpome O6u3kux K Ip. Bbul mpeamoyken
YHUCJIEHHO AHAJUTUYECKUI METOJ, MO3BOJIUBIINIA CYIIECTBEHHO COKPATUTH BPEMsI BBIUUCJICHUS
BAX. DTor Meroz mokasaj XOpOIIre pe3yJbTaTbl B YACTHOCTH IIPY BBIYHUCJIEHHUN MHOXKECTBEH-
weix BerBjaeHnit BAX. Cucrema REDUCE wucnosib3oBasachk BO BCEX NMPOBEIEHHBIX PACUYETaX.
Buepsbie yamoch BBIMUCIUTD aHAJUTUIECKN BCE TOUKH NETIN rucrepesnca. [Ipubankennoe pe-
[IEHWE B OKPECTHOCTU TOYKH M3JI0Ma, (CIydail IepHOIuIeCKNX TPAHUIHBIX yCIOBHIi) TIOCTPOEHO
o Metony BorosmoboBa—Kproiiosa.

KurogeBble  cjoBa: J»K03e(PCOHOBCKHME  II€PEXO/bI, CBEPXIPOBOJIUMOCTb,  BBICOKHUE
TeMIIepaTyPbl, BOJbT-aMIIEPHBIE XapPAaKTEPUCTUKHU, TOYKA U3JI0Ma, MHOXKECTBEHHbBIE BETBJICHHUS,
CXe€Ma-KPEeCT BTOPOTO MOPSIIKA TOTHOCTH, BHIBOJ AaCHMITOTHYECKUX (hopMmyst, meTon JleBuHcoHa,
Mero, Boromobosa—Kpruiosa, cucrema REDUCE
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Kocmosornueckue moaesu ¢ Bpainenuem tumna VIII mo Besauknu
C NCTOYHUKAMU-2KUJTKOCTSIMU

. M. dAduuiieBckuii

Kagedpa svicuwets mamemamury
Hepmcrutdi 2ocydapemeernovili HayuonasvHbl uccaedosamenvekul yrusepcumem (IITHAY)
ya. Byxupesa, 0. 15, 2. Ilepmw, Poccus, 614990

B pamkax ob1ieit TeOpun OTHOCUTEIHHOCTH ITOCTPOEHBI KOCMOJIOTHYECKUE MOJENH C PACIINpe-
HHEM U BparieHueM ¢ Merpukoir tuna VIII mo Beauku B npucyTcTBUM B IIEPBOM ClIydae IOJIS
U3JIy4eHUsI, & BO BTOPOM — HJI€AJIbHOMN »KUJIKOCTH C IIbLJIEBUHBIM yPaBHEHHEM COCTOsIHUS. Bpa-
IIAIOIIASICA TEMHAs SHEPTUs MOJIEJINPYETCsI AHU30TPOIIHON MIeaaIbHON KUIKOCTBIO. PaccMoTpe-
HBbI CTATUYECKHE U JUHAMUYECKHNE KOCMOJIOTUYECKUE PEKUMBI, IIPH 3TOM yPABHEHUS COCTOSIHUS
MaTepUaJIbHBIX IIapaMeTPOB B IIEPBOM CJIydae BBOJATCH OTYACTU KaK WCXOJHbIE JIAHHBIE JIJIs
QHU30TPOIIHOM >KUJKOCTH, & BO BTOPOM — JIJISI UJEAJILHOM U30TPOIHON KUIKOCTH, MOJIEJIUPY-
foreit 6aproHHy0 Marepuio. MeTomoM aHaim3a 3aMKHYTBIX BPEMEHUIIOIOOHBIX JIMHUN TTOJTY-
Y€HbI OTPAHUYIEHNUsI, KOTOPble TPpeOyeTcsl HAJOKUATDH Ha IMapaMeTPbl METPUKU, 0OECIEINBAIOIITE
IIPUYMHHOCTE. BBISICHEHBI yCJIOBHS, IPU KOTOPBIX H3HAYAJIHLHO AHM30TPOIIHAS TEMHAs SHEPIuUs
SHEPreTHYECKN JOMUHHDPYET, & TaKKe KOIJa UMEET MeCTO OCIIUIIMPYIONIAI KOCMOJIOTHYIECKUHN
pexknm. Ilokazano, 4T0 MOJIEIN TP PACCMOTPEHHH PACIINPEHN OT IIJIAHKOBCKUX MAaCIITabOB /10
COBPEMEHHOTI'0 pa3Mepa HabiionaemMoil BeeenHoi maloT yI0BI€TBOPUTEIBLHYIO BEJIUUNHY IIOPSI-
Ka YIJIOBOI CKOpOCTH €€ BparreHus. lloaydenubie penennst MOTYT OBITh TPUMEHEHbBI K U3y T€HUIO
3bdeKTOB, UMEIOIIIX MEeCTO B COBPEMEHHYIO 3II0XY, & TaK?Ke BO BPeMs HHMJIAIMOHHOMN CTaIuu.

KuroueBbie cjioBa: KOCMOJIOTMYECKOE PACIIHPEHUE, MHIIEBUIHOE yYPABHEHUE COCTOSI-
HUsI, aHn30Tponust Becenennoit, yckopernoe paciinpenue, merpuka VIII tuma Beanku

1. Bsenenue

O6parnenne K aHH30TPOIHON KOCMOJIOTUKM OOYCJIOBJIEHO HabJIIOaTeIbHBIMU daKTa-
mu [1-3]. B HbiHenmHO©0O 310Xy BeesienHas pacimmpsiercsi ¢ yCKOPEeHneM, IPUIUHOM KOTOo-
POro sIBJISIETCsI, CKOpee Beero, TéMHast sHeprus. B paborax [4-6] aBropamu 6buin mosyde-
HBI PE3YJIbTATHI JJIsI METPUKNA PACCMATPUBAEMOrO THIIA, HO C JAPYTHMU MAaTE€PUATHHBIMU
HCTOYHMKAMU, a B paborax |7,8] — B apyrux merpukax. B janHOil pabore B paMKax 06-
el TeOpUU OTHOCUTEJIHLHOCTH IOCTPOEHA KOCMOJIOTHYECKasl MOJEIb C PACHINPEHUEM U
BpamenneM ¢ meTpukoil Tuna VIII no Beaaku Buga

ds® = 1a9°09°, (1)

IJI€ N)op — SJIEMEHTHI JIOpeHIeBoil marpunsl, «, 5 = {0,1,2,3}, 9% — oproHOpMupoBaH-
Hble 1-bopMbI, BBIpaKaroIecs depe3 MacmTabHblil hakTop R caeayiomuM obpa3om:

90 = dt — Rvae?, 94 =dt — RKae?,

upu stom v4 = {0,0,d}, A ={1,2,3}.
Basucubie 1-dopMbl e HMeIoT ciieLy ol Bu:

e! = ch(y) cos(z)dx — sin(z)dy, e* = ch(y)sin(z)dz + cos(z)dy, ¢* = sh(y)dx +dz. (2)

Crarbs nocrynuia B pegakuuio 27 ampesns 2017 r.
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NcrounnkamMy rpaBUTAINN SIBJSIIOTCS aHU30TPOIHAS KUJIKOCTD, YHCTOE U3JIyUeHUE,
a TakKe HJieasbHasi M30TPOIHAS KUJKOCTh. JIjist Merpuku (1) urmercst KocMOJIOTHIecKoe
pelieHne ypaBHEeHUN DHWHIITEHHA

1
Rap = 5Naplt = Tap- (3)

2. KocmoJsiornueckasi MoaeJIb C aHI/IBOTpOHHOﬁ KNJAKOCTDBIO 1N
YUCTBbIM M3JIy4YeHuemM

Bosbmém napamerpst Merpuku K4 B camom obmieM Buge K4 = {a,b, c}, upu srom
TEH30D SHEPTUU-UMITYIbCA AHU30TPOIIHOM XKUJKOCTH B TETPAIHOM IPEICTABICHIH HMEET
BUT

1
T3 = (p+ p) wiur + (0 — p)Xixk + (7 — p)&Ek — P (4)
rjie BekTophl anmzorpornnu X = {0,0,1,0}, & = {0,0,0,1} u u' = § — 4-ckopocTb
COILy TCTBYIOIIE aHU30TPOIHON >KUJIKOCTH.
TeH30p SHEPIUU-UMITYJIHCA IUCTOTO U3JTy ICHUSA
2
T3 = wkaks  (w > 0), (5)

IPUIEM TeTPaJIHbIe KOMIIOHEHTBI BOJHOBOTO BeKTOpa muaiyuenus k, = {ko,0,0,ks}, T e.
ko = k3. Pegynbrupyromuit TeH30p SHEPIUU-UMITY/IbCA, HaéTcsd POPMYIIOit

1 2
Top =T33 + T3, (6)
B wurore u3 (3) jaust merpuku (1) mosydnm cucremy ypaBHEHHI

—(a* +2a2(—b% + ) + (0% + c2)? — 3c2d? + 4a?b? ((d? — 3¢®)R? + 2d°RR))

4a?b*c? R?
=p+t ’LUk‘g, (7)
3at + 2a%(—b% + ) — (0® + 2)? + Ad? — 4a2b*(¢® — d?)(R? + 2RR)
4a2b%c2 R? = 8
—(a* = 3b* — 2b%c% + ¢! + 2a%(b? + ¢2) — *d? + 4a?V? ((c* — d?)(R? + 2RR))
4a2b%c2 R? =0 ()

—(a* + b* = 202c* — 3¢t — 2a2(b* + ) + Ad* + 4a?b*((* — 3d?)R? + QCQRR)) B
4a?b?c? R?

=n+wks, (10)

d(c?/a?b? + 4R? — ARR)

SR = wk?, (11)
d(a®> —b*)R
e S 0. (12)

[Tocaeauee ypasuenne u3 cucremsl (7)—(12) orkpbIBaer jiBa BOZMOXKHBIX KOCMOJIOTH-
YeCKUX CIEHAPHUST: CTATUIECKUN, ecu MaciTabHbIi (hakTop HE 3aBUCUT OT BPEMEHU, U
JUHAMAYECKUN, Korja a = b.
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2.1. Crarmdueckoe peHieHuEe ¢ U3JIyI€eHUEM

Ecim dR/dt = 0, T.e. R = const, To u3 cucrembl ypasuenuii (9)—(12) cieayer, uro
MaTepHaJbHbIE TAPAMETPBI PABHBI CJICLYIOIIUM 3HAUCHUSIM:

—a* +2a%b% — 2c2(a® + b?) — b* — ¢t — 2c3d + 3c2d?

= 13
p 4a?b2c?R? ’ (13)
3a* + 2a%(c* — b?) — (b? + *)? + 2d?
p= : 2)2 2( 2 : ’ (14)
4a?b*c*R
> —at +3b* — ¢t + 262 + 2d® — 2a2(V? + 02)’ (15)
4a?b?c? R?
_—at+2a%0* + 2% (a® + b*) — b + 3¢t — 2¢3d — P d? (16)
= 4a?b?c? R? ’
s cd
wko = Somp e (17)

JanHoe pelreHre MOKHO UCIIOJIB30BATh JIJIsT HCCJIEIOBAHNST KOCMOJIOTHTIECKIX 3P dPeK-
TOB, 0DYCJIOBJIEHHBIX TOJILKO BpaleHueM BcemeHHOil.
2.2. Hecraruieckoe peilieHue

Ecim a = b, To u3 cucrembl ypasaenuii (9)—(12) ciemyer, uro o = p, a TakkKe

—c2(4a? +  + 2cd — 3d?) + 4a*(3¢% — 2cd — d2)R? + 8a*(c — d)dRR

p= 4a*c?R? ’ (18)
(c —d)*(c? + 4a*(R? — RR))
T+ p= 2042 R2 ) (19)
—c(2a2 + (¢ — d)(c+ 2d)) + 4a*(c — d)(R? — RR)
prp= ( 2a4ZR2 ‘ (20)

g HaC IPeACTaBJIAIOT MHTEPEC MOJEH C BPAIlleHHeM U YCKOPEHHEM, ITO3TOMY pac-
CMOTPHUM HAIy YKUJIKOCTh B KAUECTBE BaKyyMOIOIOOHON Cpeabl BIOJb OmHON ocu. B
cllydae TAKOT'O YPaBHECHHUS COCTOSHUA p = —p MOJIydaeTcd ClIeAylolnee ypaBHCHHE:

R? - RR=1L, (21)
rae L = ¢(2a%+ (c—d)(c+2d)) /4(c—d)a*. Ono mmeer ciieytonue BO3MOKHbIE PEMICHNUS:
R = Rysh(Ht), Ry=+VL/H, ecmL >0,

R = Roch(Ht), Ry=+V—-L/H, ecmu L <0,
R= Roth, ecsim L = 0.

Ilocrosinnasi uarerpupoBanus H xapaktepusdyer Temir pasmyBanusd. [Ipu L > 0 mo-
JIydaeTcs CJIeAYIOIINI BHUJI 9BOJIONNY IapaMeTPOB MaTePHUN:

—c2(4a® + ¢ + 2cd — 3d?) + 4a*(3¢* — 2¢d — d?) H? RE ch?(Ht) N

P= 4a*c2 R2 sh® (Ht)
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8a*(c — d)dH?R3 sh®(Ht)

(22
4a*c? R2 sh®(Ht) (22)
A(4a® 4 2 + 2cd — 3d?) — 4a*(3¢® — 2¢d — d?)H?R% ch?(Ht)
p= d _
4a*c? RZsh”(Ht)
_ 8a’(c — d)dH*R3 sh®(Ht) (23)
4a*c2R2sh*(Ht)
d(c® + 4a*H?R?)
g = A0 H Ro) (24)
2weat Ry sh™(Ht)
(4a® 4 3¢® — 2cd — d?) — 4a*(c? + 2¢d — 3d*)H?RZ ch®(Ht) N
m =
4a*c? R3 sh? (Ht)
8a*(d — ¢)cH?R% sh®(Ht) (25)

4a*c? R2 sh®(Ht)

YT0OBI IIIOTHOCTH SHEPTHH OBLIA TOJJOXKUTEIBHONW, TpeOyeTcsl BBITIOJHEHUE YCJI0-
Bus ¢> > d?. Jlerko ybemurbes, uro npu t — oo: p — 3(c? — d*)H?/c?, kg — 0,
p— 3(c?2 —d*)H?/c?, m — 3(d? — 2)H?/c?, T.e. Ha GOMBIINX BpeMeHaX aHM30TPOITHAS
JKUJKOCTb SHEpreTHYecKU JOMUHUPYET, a €€ JaBJIeHNne aCUMITOTHYECKU U30TPOIU3UPY-
erca. B ciayugae L < 0 uMeeT MECTO Takoe »Ke aCUMIITOTHYECKOE IIOBEICHNe MATEPUHN.

Takxke paMKaxX HCIOJbL30BAaHHUA ypaBHEHHUsI COCTOSHHA p = —p upu L > 0 umeer
MecTo ocoboe permenne R = /Lt, TOrma 9BOIONUST MATEPHATLHBIX TAPAMETPOB AETCsT
CJICIYIOIUMH COOTHOIICHUSAMMU:

—c2(4a® + % + 2cd — 3d?) + 4a*(3¢? — 2cd — d?)L

= 26
P da*c? Lt? ’ (26)
_ A(4a® + A + 2cd — 3d?) — 4a* (3¢ — 2¢d — d*)L (27)
b= da*c? Lt? ’
d(c* + 4a*L)

g2 == " 2
0 2wea Lt? (28)
o c?(4a® + 3c* — 2cd — d?) — 4a*(c? + 2cd — 3d2)L' (29)

4a*c? Lt?
B ciayuae ypasuenusi cocrostaust m = —p u3 (18)—(20) mosygaercs cieyroree ypas-
HeHUe: .

RR — R? = ¢?/4a*. (30)

Ero obmee pemenne R = Meft 4+ 2=t /(16 M H?a*) BBIGOPOM KOHCTAHTBI MHTE-
rpuposanus M = c/4Ha? = Ry/2 upusomurcs k sugy R = Roch(Ht), T.e. sBisercs
HECHHTY/ISPHBIM HE3aBUCHMO OT KodbdurmenTos MeTpuku. Ero acmMmrormaeckoe mo-
BeJleHNEe aHAJOTHYHO CJIy9alo, OXBaTblBaeMOMYy ypasHeHusMu (26)-(29), T.e. u B 5TOM
CITydIae TIOJIOKATE TLHOCTD TIIOTHOCTH SHEPTUN 00ecTieanBaeTes yeaoBueM ¢ > d2, a mas-
JICHUSI P ¥ T CTPEMSTCS K ODIIEMY IIPeJIeILy.

OmnpejesnM, SBISETCS U MOJEIb C METPHUKOi, oupezesseMoil yciosusamu (1)—(2),
IPUYUHHON, METOIOM, IIPE/IIO’KeHHBIM B pabote [9]. JIjist 9TOro npesoioKum cymecTBo-
BaHME 3aMKHYTBIX BPEMEHHIIOIO0HBIX KPUBBIX, TOI/A Ha KayKJIO# M3 KOTOPBIX Haiiércs
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TO4YKa, yjoBJIeTBopsonias yciaosuio dt/dS = 0, Trorma kak VFV, > 0 B cury Bpeme-
HumopobuocTu. YTobbl YA0BJIETBOPUTHL 3TUM JIBYM YCJIOBHUSIM, KBaJpaTUIHas (PopMa U3
KOMITOHEHT KacaTeJbHOI0 BEKTOpa, C MATPHUIlEeH KOI(D(DUIINEHTOB U3 MPOCTPAHCTBEHHBIX
KOMITOHEHT METPUYIECKOTO TEH30Pa, JOJIKHA, OBITH MOJOXKUTEILHO OIpeaesieHa. Marpuia
dOPMBI UMEEeT BUI;

—(1/2)(a® = 2 + d* + (a* 4 ¢ — d?) ch(2y)) R? 0 (d? — c*)R? sh(y)
0 —a’R? 0
(d*® — c?)R? sh(y) 0 (d* — *)R?

Bus 3Toif MATpPHIBI, B CHIy ycaoBus c¢? — d? > () IPU BBIIOJHEHHH HEPaBeHCTBA
a? > ¢ — d? Takos, uro ¢ momompIo KpuTepuss CHILBECTpA JIETKO YOSIUTLCS B HEMOJIO-
JKUTEJIBHOM OMpeIeIEHHOCTH COOTBETCTBYIONIEH KBaapaTuanoil (popmbl. Takum o6pazom,
MBI IIPHIILJIN K IIPOTUBOPEUHUIO C TUIIOTE30{ O CYIECTBOBAHIH 3aMKHYTHIX BPEMEHUII0100-
HBIX JINHUH, CJIEIOBATEILHO, PACCMOTPEHHBIE B PAOOTE TUHAMUIECKNAE MOIC/IH SIBJISIIOTCS
PUITHHBIMHY.

3. Kocmosiorngyeckasi Moziesib C I3OTPONHOU M AHU3OTPOITHOM
KUTKOCTIAMU

B pannoM cilydyae HCTOYHUKAME IPABUTAIUMHA SBJISIOTCI AHU30TPOIHAS KUIKOCTH, KO-
TOpast OIUCHIBAET BPAIIAIOIIYIOCS TEMHYIO SHEPTHIO, U UIeAIbHAS XKUJIKOCTb C YPABHEH-
€M COCTOSTHUS ITIBLJIN, OIHUCHIBatoast bapuonuyio marepuio. Kosdbdurumentsr K 4 MeTpu-
ku (1) B3arsl B Buzne K4 = {a,b,b}. Ternsop sueprun-umiryica aHI30TPOIHOMN YKIIKOCTH
B TETPAJHOM IIPEICTABICHUN UMEET BH]]

1
Tz’(k) = (p+ p) ugug + (7 — p)&i&k — Pk, (31)
rjie p, ™ — JIABJIEHUS aHU30TPOITHON YKUJKOCTU B TPEX HAIPABJIEHUSIX, OMPEJIEIIeMbIX
TeTpaJIoil, p — INIOTHOCTH SHEprum ujeaabHoii kujakocru, £ = {0,0,0,1} — BekTOp

aHu3oTponuu, u'dy — 4-CKOPOCTDb COILyTCTBYIOIIEH aHU30TPOIHO YKHUIKOCTH.
Ten3op sHEPrUN-UMITYIHCA UIAJHHON IbLIEBUTHON KUJIKOCTA UMEeT BUJI:

Ve - (32)

(3

rje, coorBeTcTBeHHO, v = {vg,0,0,v3} u p — 4-CKOPOCTHb ¥ IJIOTHOCTH MIEATHHON M30-
TPOOHOM KUJAKOCTH.
B uTore TeH30p HEPTHUU-UMITYIHCA TMEET BT

Ty =T + T = (p+ p) wsu + (7 — p)Eiby — piar, + pvivy,. (33)

U3 (3) must merpuku (1) moaydum cucreMy ypaBHeHUi DiHIITEHA:

2(3d? — ¢ — 4a?) + 4a*(3¢2 — d?)R? — 8a*d*RR

1A R? =t o
2 2\(.2 4(R2 R
(d2 — ) (c 4241(1;}%(;3 + 2RR)) . (35)
c*(4a® + 3¢* — d?) +4tii(3}£ — )R? — 8a'’RR =7+ pv3, (36)
d(c2 +4a’(R? — RR)) = [VoUs3. (37)

2a4cR?
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3.1. Hecrarudyeckue pelieHUs

B manHOM citydae UMCIIO HEM3BECTHBIX MPEBBINIAET YNCIO ypaBHeHUil. 36aBiasemcst
OT 3TOi TTPOOJIEMBI HAJIOYXKEHUEM CJIEIYIONINX yCJIOBHIA:

vg=Sv3, S>1, p=k/a*R* k>0. (38)

U3 cucremsr ypasrenuii (34)—(37) upu ycmobusix (38) cieyer ciesyroniee ypaBHeHUE
JJIs OTIpesiesIeHnsT MacITabHOTO (bakTopa:

2d(cS — d)RR + (3¢* — d* — 2¢dS)R? = *(4a*(1 + k) + 2¢dS + ¢* — 3d?) /4a*.  (39)

Ecmu ¢S = d, To maiigyrcs takue ¢ u d, 4yro perienue ypasHenus (39) maércs coor-
HOIIIEHUEM

R = Ryt, (40)

rJe

2 2 2
RO_C\/4a (1+ k) + 2¢dS + 2 — 3d ()

(3¢? — d? — 2cdS)4a*

DBOJIIOIHS TAPAMETPOB MaTepUu JAETCst yCIoBHeM (39) U CIIeyIOMUMI yPaBHEHUsI-
MU:

(d? — 2)(c? + 4a*R2)

p= ) (42)
4a*c? R%t?

v3 = const, (43)

2 412
_d(c" +4a RO)7 (44)

2Sv3a*cR3t?
_ 4a*(3d*S — 2S — 2cd)R§ + *(2¢d + d*S — 4a®S — 3¢*S)4a (45)

= 4a*c?R3t? '

PaccMOTpHM CHTyaImio, Korjia BMecTo yeaosus (38) Bumonnsiercs = o R2, a > 0.
B srom ciyuae Bmecro (34)—(37) caemyer, 4ro

R?> - RR=1L, (46)
acSv? c?
L= 35— 4
2d 4a4 (47)

Pemenne ypasnennsi (47) naérca unrerpanom [dR/vL+ DR? = [dt, tne D —
nocrosiHHasi. PaccMOTpUM, Kak MeHsIeTCsl pelleHne ypaHeHusi (47) B 3aBUCHMOCTH OT
suakoB D u L. Ormerum, uto L u D He MOTyT OBITH OJHOBPEMEHHO OTPHUIATEIbHBIMUA.

Ecm L >0, D >0, To R = Rysh(Ht), tne H =D, Ry=+/L/D.

*(3d? — 4a® — ¢* — 2¢dS) + 4a*(3¢® — d?> — 2¢DS)H?R? ch?(Ht) N
10 =

4a*c? R2 sh®(Ht)
4 _ H2R2 h2 H
+8a (cS al)al2 fos ( t)’ (48)
4a*c?R§sh”(Ht)
(d* — 2)(c? + 4a* RZH?(ch’ (Ht) + 2sh*(Ht))
p= ; (49)

4a*c2 R% sh?(Ht)
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__ A(2cd + 40?5 + 3¢2S — d5) + 4a' (35 — ¢S — 2cd) H? RS ch?(Ht) N
4a*c2SR? sh’(Ht)
8a*(d — ¢S)dH?R3 sh*(Ht)
_|_
4a*c2R3 sh* (Ht)

(50)

nput — oo p— 3(c2—d*)H?/c?, ko — 0, p— 3(d>—c*)H?/c?, m— 3(d*>—c*)H?/c?,
p — 0, T.e. aHU30TPONHAs YKUJIKOCTh B PACCMATPUBAEMOM CJIydae BaKyyMOIOJ0OHA 1
ACHMIITOTHYECKH N30TPOIN3UPYETCH.

Eciu ke L < 0, D > 0, o R = Rych(Ht), tne H =+/D, Ry =+/—L/D.

A (3d? — 4a? — ¢ — 2¢dS) + 4a*(3c? — d? — 2¢DS)H? R3 sh? (Ht) N
p =

4a*c2 R2 ch?(Ht)

4 _ 212 1,2
n 8a*(e¢S — d)dH fo ch (Ht)’ (51)

4a*c? R3 ch*(Ht)
(d? = *)(c? + 4a* REH? (sh® (Ht) + 2 ch®(Ht)) (52)

P= 4a*c2R2 ch®(Ht) ’
4a*(3d>S — 2S — 2cd) H? R3 sh®(Ht) + 8a*c(d — ¢S)H?R3 ch®(Ht)
= 0 0 +
4a*c2 R2 sh?(Ht)

c?(—2cd + 4aS + 3c2S — d%8) (53)

4a*c2 R2 sh? (Ht)

AcuMrroTuyeckoe MmoBeJieHue IJIOTHOCTEN U JaBJICHUI OCTAHETCS TAaKUM Ke, KaK U B
OpeAbIIyIeM CcIydae, CTOUT JINIh OTMETUTh, UTO MMEHHO 3Ta MOJEJb ITO3BOJIAET KOpP-
PEKTHO MOJIEJIMPOBATH [IPEJIEJIbHBIN IePexXo/| B CUJLy cooTHoIIeHust (47).

Ecm L =0, D > 0, To R = Roe™®, rne H = v/D. B pgannom ciaydae s mapaMer-
POB MaTEpPHU TaKyKe BLINOJIHSIIOTCA COOTHOIIeHUst, anajgorndnee (51)—(53) mpu 3amene
runepboInIecKX (PyHKINH SKCIIOHEHTOA.

B ciayuae L >0, D <0 R = Rysin(Ht), tne H =+/—D, Ry =+/—L/D. Ilpu srom

A(3d? — 4a® — ¢ — 2¢dS) + 4a*(3¢? — d* — 2¢DS)H?R3 cos?(Ht)
p= -

4a4C2R3 sin2(Ht>
_ 8a*(cS — d)dH*Rjsin® (Ht) (54)
4a’c? RE sin®(Ht) ’
(@ = )@ + 4a*R3H (1 - 3sin® (H1)) (55)
b= 4a462R(2) sin? (Ht) ’
= *(—2cd + 4a°S + 3¢*S — d*S) + 4a*(3d*S — S — 2cd) H* Ry cos” (Ht)
— 4a*c2 R2 sin®(Ht)
_ 8a'c(d — cS)H? R sin®(Ht) (56)

4a*c?R2 sin® (Ht) ’
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_ o
RZsin?(Ht)’

T. €. 9Ta KOCMOJIOTUYECKasl MOJIEJIb SIBJISETCS OCIUJIIIUPYIONIed.

KauecTBenHOE paccMoTpeHne epBoit cTaun HHQJIATNYT TPU pacimupernn BeegerHoit

OT IJIAHKOBCKOTO MacIITaba 10 COBPEMEHHOro pa3Mepa Habmogaemoit Beemenmoit 1028cm,

Kak u B pabore [10], 7aér B HacCTOsIIIIEE BPEMSsI YIVIOBYIO CKOPOCTH BDAIIEHNUSI, DABHYIO 110

mopsaxy 1071 pas/rox, aro cosmasmaer ¢ omenkamm [11,12]. TlapameTpsb TémHO# 9HEp-

ruu — pacmupenue ¥, yckopenne A u mapaMeTp BPAIEHUs W — JAI0TCs CJIeLYIOIIMEI
dopmyTamu:

I (57)

¥ =3R/R, (58)
A= R/cR, (59)
w = d/2a*R. (60)

ITomumo cuTyaruii, pacCMOTPEHHBIX BBIIIE, BO3MOYKEH €ITE U CJIyIail 0cO00TO perreHnst
upu ycaosuu L > 0, ¢ TOYHOCTBIO J0 3HadeHus Ry omucwiBaonmiicss dopmystoii (40).
DBoJIIOIH IOTHOCTEH M JABJICHUIT TaKO# MOJEIN UMeeT BIJI, aHAJOrnIHbIi (42)—(45).

3.2. Crarudeckoe peIlieHue

Haxkownern, ormerum ocoboe perenne ypashenusi (46), cOOTBETCTBYIOIIEE CUTYAIN
L =0, a umenro R = const. /Ijis1 TaHHOTO CTATUYECKOTO PENTeHUs UMEIOT MECTO CJIeITy-
FOINMe 3HAYEHMS IJIOTHOCTE 1 JaBmeHnit, obragaronume (GU3nIeCKIM CMBICJIOM TTPHU BCEX

d ¢ [(cS — \/c2(S% + 3) + 4a2)/3; (¢S + \/c2(S? + 3) + 4a2)/3]:

3d? — 4a? — % — 2¢dS

p= Py : (61)
(& — )
p - 4a4R2 9 (62)
—2¢d + 4a%S + 3¢%2S — d*S
= 40t SR? ’ (63)
o

Bo Beex cityuasx janHast cTaTHIecKas MoJesb sBJIAeTCs IPUMUHHOM, ecam a? > ¢2—d>
npu yciaosuu |c| > |d|.

4. 3akJiro4deHue

B paccMOTpeHHBIX KOCMOJIOTHYECKUX MOJEISIX C JIByMs THIAMU UCTOYHUKOB Haiijie-
HbI CTallHOHApHbIE W HecTalnoHapHble pemteHus. OOHaPYKEHbI YCJIOBUsI, IIPH KOTOPBIX
MOJIETTA TPUYNHHBI, & TAKYKE CTAHOBSITCS aCUMITOTHIECKN NU30TPOHBIMU. Mojenn mpe-
CKa3bIBAIOT COIVIACYIOIIUICS C dKCIEePUMEHTaMHU IOPAJ0K YIVIOBOII CKOPOCTU BPAaIlCHUS
Bceenennoit B cOBpeMeHHYIO 3TIOXY.
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Rotating Cosmological Bianchi Type VIII Models
with Fluid Sources

D. M. Yanishevskiy

Department of Higher Mathematics
Perm State University
15, Bukireva St., Perm, 614990, Russian Federation

Within the general theory of relativity the Bianchi type VIII cosmological models with rotation
and expansion have been built. The first case includes a field of radiation, the second one —
a perfect fluid with dust-like equation of state. Perfect anisotropic fluid imitates the rotating
dark energy. Static and dynamic cosmological modes have been observed, at the same time
the equations of state are partly postulated in the first case for the anisotropic fluid and in
the second case — for the perfect isotropic fluid, that imitates baryon matter. The analysis
of absence of closed time-like curves has been done, so the models have been proved to be
casual when the metric parameters satisfy the found conditions. Also the conditions, when the
anisotropic fluid’s equation of state becomes vacuum-like, the energy of the fluid dominates
and it becomes asymptotically isotropic, have been cleared out. Specialities of the oscillating
mode have been observed. The order of present angular velocity value, calculated within the
cosmological models, has been found to be quite satisfactory when expanding from the Plank



Aunmesckuit /1. M. Kocmonoruyueckue mozenu ¢ spariennem tuna VIII mo. .. 389

scale to the present size of observed part of the Universe. The found solutions may be used for
effects taking place nowadays and also during the inflationary stage.

Key words and phrases: cosmological expansion, dust-like equation of state, anisotropy
of the Universe, accelerated expansion, type VIII Bianchi metric
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Two Approaches to Interpretation of Hubble Diagram
A. E. Pavlov
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Russian State Agrarian University — Moscow Timiryazev Agricultural Academy
49 Timiryazevskaya St., Moscow, 127550, Russian Federation

Supernovae of type la are used as standard candles in modern cosmology, they serve to test
cosmological models. Interpretation of the Hubble diagram based on the standard cosmological
model led cosmologists to conclusion that the Universe is filled mostly with cosmic dust and
mysterious dark energy.

In this paper we present exact solutions of the Friedmann equation in standard cosmology
and conformal cosmology. The theoretical curves interpolating the Hubble diagram for the
latest supernova data are expressed in an analytical form. The functions belong to the class
of meromorphic Weierstrass functions. Both approaches describe the modern Hubble diagram
with the same accuracy. Physical interpretation from the standpoint of conformal cosmology
is preferable, since supernova data are described without using a A-term. In the standard
cosmology, the Hubble diagram is described by some characteristics: a Hubble parameter H (t),
a deceleration ¢(t), and a jerk j(¢). As calculations show, the deceleration parameter ¢ changes
its sign during the evolution of the Universe, the j-parameter remains constant. In the modern
era, the Universe expands with acceleration, and in the past its acceleration was negative. The
change in the sign of acceleration, without a clear physical reason, puzzles cosmologists.

It seems obvious to us that to study objects dislocated from us at distances of billions of
light years, we should not use the coordinate time customary for work in laboratories, but
the conformal time. In conformal coordinates, the behavior of photons is described as in the
Minkowski space. The time intervals dt and d» are different, they are related by the scale factor:
dt = adn. The conformal luminosity distance is longer than the standard luminosity distance,
which is manifested when observing distant stellar objects. As a result, the effective magnitude
value — the redshift relationship, on which the Hubble diagram is constructed, will be different.
Using the conformal Friedmann equation, we introduce the conformal parameters H(n), q(n),
j(n). All parameters remain positive during the evolution of the Universe. The scale factor
grows with deceleration. The Universe does not experience a jerk.

Key words and phrases: supernovae of type la, Friedmann equation, Weierstrass
functions, Hubble diagram, cosmological parameters, A-term

1. Introduction

A type la supernova occurs when a white dwarf in a double star system accumulates
a mass by accretion that sufficient to overcome the Chandrasekhar limit. The nature
of explosion of such a supernova depends on its prehistory insignificantly. Redshifts
z > 0.1 are large enough to ignore peculiar motions of light sources. Supernovae type
Ia, sufficiently bright stars whose absolute luminosity is known with good accuracy,
they serve as standard candles for testing cosmological models. Two collaborations
The Supernova Cosmology Project and High-z Supernova Search Team compared
the results of observations of supernovae with theoretical predictions for luminosity
distances as redshift functions. Interpretation of the Hubble diagram on the basis of
a standard cosmological model with adjustable cosmological parameters led cosmologists
to conclusion that the Universe is filled mainly with dust and, so-called, dark energy
— a substance with an equation of state not found in Nature [1-3]. Phenomenological
approach has not led to an understanding of the state of matter from which the Universe
consists.

Conformal cosmological model [4], based on conformal Dirac’s variables [5], allows
to explain data on supernovae without A-term [6-9]. We show that solutions of

Received 25t April, 2017.
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the differential Friedmann equation belong to the class of Weierstrass meromorphic
functions [10]. Therefore, it is natural to use them to compare predictions of these
two approaches [11-13]. In conclusion, we show that the difference between distance
modulus is interpolated by means of the Chebyshev polynomial of the fourth order with
a sufficient degree of accuracy.

2. Friedmann equation in classical cosmology

In the standard cosmological model the Friedmann equation

N 2
a 8rG k
(&) -5%-4 1)
a 3 a
is used for fitting SNe Ia data. It ties a scale of the Universe a(t) with density of matter p.
Here GG is Newton’s constant, k is a sign of curvature of a space, a dot denotes a derivative

with respect to coordinate time ¢. In generic case, the equation (1) is represented in the
following form

1 [(dz\?
1372 <dt) = Hg [QA + chrvfl'_2 + QMLU_3 + Qradaj_4 + Qrigidx_G] ’ (2)

where the variable x is given as a ratio of a scale a(t) to a modern one ag = 1:

a1 g

X - )
ag 1+ 2

2 is a redshift of spectral lines (observed variable), Hy = h-10° m/s/Mpc, h = 0.7240.08 —
Hubble constant. In the right hand of the Friedmann equation (2) €; are partial densities
of, correspondingly, A-term, curvature of the space, dust-like matter, radiation, stiff-state
matter. For distant sources with z > 1 the interpretation of the cosmological redshift as
a Doppler shift is not valid [14]. An equation of continuity

. 36
p= —;(p +p),

with an equation of state of matter p = wp, which connects the density p and the pressure
p, yields the dependence of the density on the scale factor. So,

— for interstellar dust p = 0: p ~ a~3;

— for radiation p = p/3: p ~ a4

— for contribution from A-term p = —p: p ~ A;

— for stiff state of matter p = p: p ~ a=5.

The data of modern astronomical observations are fitted using cosmological

parameters [2]: Q = 0.72, Oy = 0.28. A solution of the Friedmann equation (2) with

such parameters is presented in analytical form

a(t) = ag \/@ {sh (2@}1@)” e . (4)

The second derivative of the scale factor is

b= Hiao [QQA (;L) — Oy (C;O)Q] . (5)
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Hence, in the modern era the Universe expands with acceleration, since 225 > Qu;
in the past, its acceleration was negative d < 0. This change of the sign of acceleration
without a clear physical cause is noted by cosmologists. From the solution (4), taking
into account the relation between the scale factor and the redshift (3), it follows age —

redshift relationship
2 Qp 1
Hot = Arsh — | . 6
=3 (\/QM (1-1-,2)3/2) (6)

The age to of the modern Universe in the coordinate time can be obtained by setting
z=0in (6)

(7)

If we know the redshift z of a certain galaxy, how do we find the coordinate distance
r to it? Since for the rays of light the spacetime interval is zero

ds* = —c2dt? + a*(t)dr? = 0,

we have the relation between intervals of space and time cdt = —a(t)dr, and, using the
notation introduced above (3) x = a/ao,
dt de 1
—agr = — = - . 8
aor C/:c C/Id$/dt ®

Substituting now the Friedmann equation (2) into (8)

%:H()\/QM/$+QALE2, (9)

we get an integral

Hor = (10)

1
c / dx
VO Vit + dasz’
1/(1+2)
where we denote the ratio of partial densities as 4az = Q1 /4. The integral is calculated
using the inverse Weierstrass p-function [12] and one obtains coordinate distance —
redshift relationship

c [1 — V14 O/ (1 + 2)°

Ho’f':*

. (11)

\/QAp 2(1+2)? I\/QAp 2

o {U—VH+QMMM

The resulting formula is expressed in terms of the Weierstrass gp-function [10],
satisfying the differential equation

Vi?}=ﬂmm—amwwwmmw—@k (12)
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where p(wa) = €q, ' (wa) = 0, @ = 1,2,3 — three roots of a cubic polynomial on the
right-hand side of the differential equation (12)

1 /0w O\ /3
61:8<QA> (1+V3), ez——<QA) , €3

Invariants of the Weierstrass function are the following

Om \ 2
g2 =0, 93:a§:<49/\>;

the discriminant of a cubic polynomial is negative: A = g3 —27g3 < 0.

In astronomy, the method of determining distances to ultra-distant objects is based
on measuring their luminosity. The radiation power L of an object (a star or a galaxy) is
called its absolute luminosity. The flux density /, i.e., the radiation power per unit area,
is called its wvisible luminosity. In Euclidean geometry they are connected by the formula

_ L
 4nd?’

where d is the distance from us to the radiation object. In the second century BC the
Greek astronomer Hipparchus classified the stars visible to the naked eye into six classes
according to their brightness. The brightest stars were assigned the first magnitude,
and barely visible — the sixth magnitude. According to Norman Pogson in 1856 it was
decided that the luminosity of the objects of the first stellar magnitude is a hundred
times greater than the luminosity of the objects of the sixth stellar magnitude [14], i.e

é <§§M) (1—12V3).

(13)

0 =10,-100"™/5, L =Ly-100"M/5, (14)

where £y and Ly are some relevant luminosities. With the creation of photomultipliers at
the beginning of the XX-th century, the factors ¢y and Ly were fixed. We express from
(14) the apparent stellar magnitude m and the absolute stellar magnitude of the object
M using the decimal logarithms

5. ! 5 L
m = lgg M = _§lgL0 (15)

Then we express from (15) the distance modulus (m — M) through the distance d to
the radiation object, using (13)

i 5 f Lo _5 2 LQ . 5 gO
m—M=— 1 (L €>—2lg(47rd €0>—5lgd—|— lg( L0>

For performing calculations, the factors ¢y and Lg in (14) are chosen in such a way
that the distance d is measured in megaparsecs

m — M = 5lgd(Mpc) + M, (16)

where M = 25.

In the Friedman—Robertson—Walker cosmology, by analogy with the formula for the
distance d in Euclidean geometry (13), we determine a luminosity distance dy, to a star
object
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In standard cosmology, the luminosity distance d,(z)sc is related to the coordinate
distance r [2]:
dr(z)sc = (1+ z)aor. (18)

Here it was taken into account that the area of the sphere around the luminous
object passing through the Earth increases, the frequency of photons decreases during
their motion. Substituting the formula for the coordinate distance (11) into (18), we get
an analytical expression for luminosity distance

c(1+z) 1 (1—\/1+QM/QA) 1 1—\/1+QM/QA(1+2)3
dp(2)sc = ——== | ¢ —p 5
Hyv/Qn 2 2(1+ 2)
Modern observational cosmology is based on the Hubble diagram. Effective stellar
magnitude — redshift relationship

m(z) — M = 5lgldr(2)sc] + M, (19)

is used to test cosmological theories (dy, in megaparsecs) [2]. Here m(z) is the apparent
magnitude, M is its absolute magnitude, and M = 25 is a constant.

3. Friedmann equation in conformal cosmology

Interpretation of the Hubble diagram, based on a conformal cosmological model with
parameters {digiqg = 0.755, {hy = 0.245, yields the same qualitative approximation as the
standard cosmological model with parameters Q4 = 0.72, Qy = 0.28 [9]. A parameter
Quigia corresponds to a stiff state of matter, when the energy density is equal to the
pressure p = p [15,16] that is happened under a nucleosynthesis regime in stars. We
write out conformal Friedmann equation [4] with using meaningful conformal partial
parameters, discarding insignificant contributions

(5) = () foasn ()" o (2] &

The right-hand side of the equation (20) includes the densities of the state of matter
p(a) in accordance with their conformal weights; in the left, the prime denotes the
derivative with respect to the conformal time. After introducing the dimensionless
variable x = a/ag, the conformal Friedmann equation (20) takes the form

(\/Qi;%fm? (iﬁf 4P — gy = A — e1) (2 — e2)( — €3), (21)

where one root in the cubic polynomial on the right-hand side (21) is real, while the
other ones are complex conjugated

e = o[Qrigia 1 +1V/3 ey = 3/ Qrigia o5 = 3/ igia 1 — Z\/g'
Oum 2 ’ On Oum 2

The invariants of the cubic polynomial are as following:

4Qrigid

= 0 =
g2 y 93 Ot
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where H, is a conformal Hubble constant. The conformal Hubble parameter is related
to the usual parameter as H = (a/ag)H. Then we introduce a new variable u by the rule

do(w),

r=plu) = -2 (22)

The Weierstrass (-function satisfies the quasi-periodicity conditions [10]

((u+2w) = ((u) + 2¢(w), ((u+2w) = ((u) +2¢(w"),

where w and w’ are semi-periods of the function p(u).
The conformal Friedmann equation (21) is integrated and we obtain the conformal
age — redshift relationship in explicit form

n= \/Q%ZHO <C [p‘l (1iz>] —¢ [p‘l(l)]> : (23)

The equation written out in integral form is known in cosmology as the Hubble law.
An explicit formula for conformal age of the Universe 7y can be obtained by putting in
(23) z=0:

2¢c

No = m (( [@_1(0)] —¢ [@_1(1)]) . (24)

The interval of the coordinate conformal distance is equal to the interval of the
conformal time dr = dn, so we can represent (23) as the conformal distance — redshift
relationship.

In conformal coordinates, the behavior of photons is exactly the same as in the
Minkowski space. The time intervals between the emission of two photons and between
their absorption are the same. The time interval dt = —adr, used in standard cosmology,
and the time interval dn = —dr, used in conformal cosmology, are different. The
conformal luminosity distance dr(z)cc is related to the standard luminosity distance

dr(z)sc [9]

dr(z)cc = (1 +2)dr(z)sc = (1+2)°r(2),
where 7(z) is a coordinate distance. For photons dr/dn = —1, so we get an explicit
dependence: luminosity distance — redshift relationship

dr(z)cc = 2\6/(;2—;;)02 (C [@_1 <1 i 2)} - [@_1(1)}) . (25)

The effective magnitude — redshift relationship in the conformal cosmology has the
form

m(z) — M = 5lg[d.(z)cc] + M. (26)

4. Comparative analysis

According to the conformal cosmological model, the conformal quantities are physical
observables. Pearson’s criterion x? was applied in [9] for statistical fitting of results on
supernovae la [2]. The contribution from the component corresponding to the rigid state
of matter prigiq in the conformal model replaced the contribution from the A-term in the
standard model. In the rigid state of matter, its energy density is equal to the pressure.
As a result of the analysis, the conclusion was drawn: the best fitting of the conformal
model was not inferior to the best fitting of the standard model [9].

The curves for the two models, according to (26) and (19), are shown in Fig. 1.
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m-M
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Figure 1. Curves: effective stellar magnitude — redshift for cosmological models
considered

The difference between the curves: effective magnitude value — redshift
A(m(z) — M) = blg[dL(z)cc] — SlgldL(z)sc] (27)

— predictions of models (26) and (19), is demonstrated in Fig. 2. A slight difference
between the curves, within the error of observations, is manifested in the early and late
stages of the evolution of the Universe [12].

A(m-M)

0.25F
0.20
0.15
0.10
0.05
0.00

0.0 0.5 1.0 15 z

Figure 2. Difference between curves: effective magnitude — redshift for the two
models

The function (27) has a complex form, but it is easy interpolated, with a sufficient
degree of accuracy, Chebyshev polynomials of the first kind, the least deviating from zero
on the interval [—1; 1]

A(m— M) = % + a1 Ty (z) + axTo(x) + asTs(x) + asT(x).

Here you have utilized a variable —1 < z < 1: © = (20/17)z — 1, and the coefficients
of the expansion have the form: ag/2 = 0.0703, a; = 0.0513, az = 0.0513, a3 = —0.0123,
as = 0.0015. Chebyshev polynomials [17,18]:

To=1, Ti(z)==2, To(zx)=22>—-1, T3(z)=42® -3z, Ty(z)=8z" —82%+ 1.
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In the standard cosmology, the following characteristics are introduced to describe
the Hubble diagram: Hubble parameter, a deceleration and a jerk [2]

Ht) = + (Z) = Hop[ " 4, (28)

)= (2) (4) 7= 2o et (29

Qum + QACL3

i =+ (Z) (Z) Tl (30)

As we see, the deceleration parameter g (29) changes its sign during the evolution of
the Universe at the inflection point

j-parameter remains constant.
We define analogous parameters for the conformal cosmology

o =+ (%), (31)

aon=—(2) () (32)
i =+(2)(4) (33)

We calculate the conformal parameters using the conformal Friedmann equation (20).

Hubble parameter
H
H(n) = CTQO\/ Qrigia + Qma® > 0;

(Qigia — (Qm/2)a’
aln) = < Qrigia + Qua® >0

deceleration parameter

changes from 1 to (Qyigia — 2m/2); hence, the scale factor grows with deceleration; the
jerk parameter

. 3 rigia
im=g—"6-—3>0
() Qrigia + Qua®
changes from 3 to 3€Qigiq. Dimensionless parameters ¢(n) and j(n) remain positive during
the evolution. The Universe does not undergo, during its evolution, the so-called jerk —

artifact of approach of the standard cosmological model.

5. Conclusions

We present exact solutions of the Friedmann equation in standard cosmology and
conformal cosmology. The theoretical curves interpolating the Hubble diagram for the
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latest supernova data are expressed in an analytical form. The functions belong to
the class of meromorphic Weierstrass functions. Both approaches describe the modern
Hubble diagram with the same accuracy. We introduce conformal parameters describing
the Hubble diagram. All parameters remain positive during the evolution of the Universe.
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JIBa moaxonsa K MHTepHIpeTanun JuarpaMmMbl Xab0Ja
A. E. ITaBios

Kagedpa conpomusserus mMamepuanos u 0emaneti MauuH
Poccutickuii 2ocydapcmeennoiti aepapruti yrnusepcumem — MCXA um. K. A. Tumupasesa
Tumupazescxan ya., 0. 49, Mockea, Poccus, 127550

CsepxHOBBIE THIIA la MCIOIB3YIOTCSA KAK CTAHIAPTHBIE CBEYN B COBPEMEHHOM KOCMOJIOTHH, CJTY-
2KaT JJIs IPOBEPKHU KOCMOJIOTHYeCKuX Mojesneil. Vlnreprperarus nuarpaMmbl Xab06s1a Ha OCHOBE
CTAHJAPTHOM KOCMOJIOTMYECKOM MOJE/M MPUBea KOCMOJIOIOB K 3aKJIIOUEHHUIO, 9T0 Bceemennast
3aII0JTHEHA B OCHOBHOM KOCMMYECKOU IIBIJIBIO M 3araJIOYHON TEMHOU SHEPTHEeii.

B macrosmieit pabore mpescTaBieHb TOYHBIE pelieHus ypaBHenusi OpuamMana B CTaAHIAPT-
HOI KocMoJtoruu 1 KoHMOPMHON KocMmostoruu. TeopeTutieckne KpUBble, HHTEPIIOIUPYIOIINE THa-
rpamMmy Xab06J1a /ISl IOC/IeTHAX JIAHHBIX II0 CBEPXHOBBIM, BHIPAXKAIOTC B AHAJIUTHIECKOM BHJIE.
OyHKIMN TPUHAIIEXKAT KJaaccy MepomopdHbx ¢yHkmmit Betteprrrpacca. Oba moaxoma onu-
CBIBAIOT COBPEMEHHYIO JuarpaMmy XabbJia ¢ OJUHAKOBOW TOYHOCTBIO. Pusmdeckasi HHTEPIIPe-
TalUs C MO3UIMUN KOH(POPMHON KOCMOJIOTUM TTPEIIIOUTUTEIHHEE, TOCKOJIBKY JTaHHBIE MO CBEPX-
HOBBIM ONUCBHIBAIOTCs O€3 mcrnosib3oBanus A-wrena. B crangapTHOI KOCMOJOTHY M1 OTTUCAHUS
JuarpaMMbl Xa00s1a BBEJIEHBI XapaKTEPUCTUKA: napameTpbl Xabbma H(t), samenenus q(t) n
tosruka j(t). Kak mokaseiBaor pacdyérsl, napaMeTp 3aMe/JIeHNsI ¢ MEHsieT CBOIl 3HaK B TeYeHHE
sBoIonu Bceenennoit, j-mapamerp ocTaércst MoCTosiHHBIM. B coBpemennyio snoxy Bcesennas
PACIIUPSETCST C YCKOPEHUWEM, a B IIPOILIOM €€ YCKOPeHMe ObLIO OTPHUIATeIbHBbIM. V3Mmenenwme
3HaKa YCKOPEHU:A, 0e3 sICHOM (DU3MIECKOI MPUIUHBI, 033/IaTNBACT KOCMOJIOTOB.

Ham mpescraBisiercss O9eBUIHBIM, UTO JJIS MCCJIEIOBAHUS OOBEKTOB, HAXOISIIUXCI OT HAC
Ha PACCTOSHUAX MUJINAPIOB CBETOBBIX JIET, CJIEYET IIOJIb30BATLCS HE KOODAWHATHBLIM BpeMe-
HeM, IIPUBBIYHBIM JJIsi pabOThI B Ja00OpaTOpusx, a KOH(POPMHBIM BpeMmeHeM. B KOHMOPMHBIX
KOODJIMHATAX MMOBeIeHNe (DOTOHOB OMHUCHIBACTCA KaK B mpocTpancTBe MunkoBckoro. MlurepBasib
BpeMenu dt u dn OTIMYAIOTCS, UX CBA3BIBaET MacmTabHbiil hakTop: dt = adn. Koudopmuoe do-
TOMETPUIECKOE PACCTOSHUE JTTUHHEE CTAHIAPTHOTO (POTOMETPUIECKOTO PACCTOSIHUST, ITO TIPOSIB-
JISIeTCs TIpU HAOJIIOEHNN 38 YIAJEHHBIMU 3BE3THBIMEU O0ObeKTaMu. B pe3ynbraTe COOTHONEHNUS:
sbdexTuBHAS 3BE3MHAA BEJIMINHA — KPACHOE CMeEIIeHNe, Ha KOTOPBIX CTPOUTCS JuarpamMmma Xao-
OJ1a, 6yayT pasubiMu. Vcnonbs3ys KoHdpopMHOe ypaBHeHne Ppuamana, B pabore BBOIASITCS KOH-
dopmubie mapamerpst H (1), q(n), j(n). Bee napameTpbl 0cTaloTCsI ONOKUTEIBHBIMYA B T€YEHUE
spoJiont Beestennoit. MacimTabHbIil pakTop pacTér ¢ 3aMenyienneM. BeesleHHas He HCIIBITHIBA-
eT TOJTIKA.

KuroueBslie ciyioBa: cBepxHoBble THIA la, ypaBaHeHne Ppuamana, pyukimu BeitepriTpacca,
nuarpaMMa Xab6J1a, KOCMOJIOTMYECKHUe IapaMeTphl, A-ujieH
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ye,ﬂI/IHéHHaﬂ IIPAaBOIIOJIAPU30BaHHAsA JJIEKTPOMArdHuTHasd BOJITHA

B pe.]'[ﬂTI/IBI/ICTCKOI';I IJjiasme
B. I. Jopodeenko*, B. B. Kpacosunxkuii*, B. A. Typukos’
¥ Omdes KuHemuveckur ypasHerul

Hremumym npuxaadnotc mamemamuru um. M.B. Keadvwa PAH
Muyccexan na., 0. 4, Mockea, Poccus, 125047

T Kagpedpa npuraadnot dusuru
Poccutickutl ynusepcumem dpyotcbvi 1apodos
ya. Muxayxro-Maxaas, 0. 6, Mockea, Poccus, 117198

B pabore nipoBeieHo uccie0BaHRe CBONCTB HEJTMHEHHON JIa36PHOM BOJIHBI, PACIIPOCTPAHSIIO-
melics B HArpeToil mia3Me BJ0JIb CUJIBHOT'O BHENTHETO MArHUTHOTO HOJIS B YCJIOBUAX 3JIEKTPOHHO-
[IUKJIOTPOHHOTO pe3oHanca. CUulbHast HEJIMHEHHOCTh TAKOTO MPOIecca 00yCIOBIEHa, PEIITUBUCT-
CKUM /JIBU2KEHUEM 3JIEKTPOHOB U PE30HAHCHBIM BO3paCcTaHUEM ITIOHIEPOMOTOPHOU CHJIBL, JIEHCTBY-
foleil Ha 3JIEKTPOHBI CO CTOPOHBI BOJIHBI. V3 THApOIMHAMHYECKUX YPAaBHEHWI M ypaBHEHU
MakcBesia moydeHa CUCTeMa YPaBHEHUI, OIMCHIBAIONIAS OTHOAIOINLYI0 UMITYJIHCA ITPABOIIOJIS-
pu30BaHHOIT Jla3epHO# BoHBI. [locpencTBOM 9UC/IEHHOTO HHTETPUPOBAHUS ITON CUCTEMBI YPaB-
HEHUIl HalJIeHbI COJTUTOHHBIE DENIeHUs IS CJIydasi XOJIOHON IJIa3Mbl. TaKue penieHusi UMeeT
BH/I COJIMTOHOB OTMOAIONINX, COJEPIKAIINX BHYTpH cebs mra3MenHble Kosiebanus. [lomyydeno ana-
JIUTUYECKOE BBIpaXKeHUe JIjIsi MHTerpaJia IJIOTHOCTH SHEPrUu B XOJIOMHOHN 1ra3me. [ljs marpe-
TOU IJIa3Mbl U3 YMCJIECHHBIX PE3YJIbTATOB CJIeJyeT, YTO B yCJIOBUAX IHUKJIOTPOHHOI'O PE30HAHCA
COJITMTOHHOE PEIeHNe CTAHOBUTCS HEYCTOMYUBBIM. [Ipr 9TOM MIOTHOCTH SHEPrUM MEPECTAET CO-
XPaHATHCS, HO BBIIIOJIHAETCA 3aKOH COXPAaHEHUS IIJIOTHOCTHU IPOJOJIBHOT'O UMITYJIBCA 3JIEKTPOHOB.
CrnenaH BBIBOJ, O TOM, YTO HEJUHEHHOE HACBHIIEHNE aMILIUTY/IbI TOJIsT BOSHUKAET B PE3Y/ILTATE
pasmesieHust 3apsiIOB IJIa3MBbI IO JAEHCTBUEM JABJIEHUS dJEKTPOMATHUTHOTO m3jydenud. [lpwu
9TOM JUCKPETHBIN HAOOp 3HAYEHUN HECYIEil YACTOThI JJI COJTUTOHA OrUOATOIIEN OIMPeIe/IsIeTCs
OTHOIIIEHNEM YaCTOThI HEJIMHEHHBIX ITPOJIOJIbHBIX KOJIEOaHUIT 3JIEKTPOHA B I10JIE€ JIEKTPOMATHUT-
HO# BOJIHBI K JIECHI'MIOPOBCKOI 9aCTOTE IJIa3Mbl. B ciryyae mra3Mbl MaJIoi IJIOTHOCTU HAUI€HHBIN
YUCJIEHHBIM MHTEI'PUPOBAHUEM JIMCKPETHBIN CIIEKTD YacTOT IEePEXOJAUT B HEIIPEPBIBHBIN.

KiiroueBble cjioBa: MarHUTOAKTHUBHAS IIa3Ma, IIpaBoOIIoJApU30BaHHad BOJIHA, PEJIATUA-
BHUCTCKHE 3JICKTPOHBI, cba3013aﬂ " rpymnioBasi CKOpOCTH, COJINMTOHHBbIEC PCIICHUA

1. Bsenenne

NsBectHO [1-3], 94TO 9J1eKTPOH MOXKET ObITH YCKOPEH JI0 BBICOKUX SHEPIHil B 9JIEKTPO-
MATrHUTHOM IIOJI€ ILJIOCKOM BOJIHDBI, paCHpOCTpaHHIOH.[efICH BJOJIb BHEITHEI'O MAar'HUTHOI'O
TOJIST CO CKOPOCTBIO CBETA. XapaKTEePHON 0COGEHHOCTBIO 3TOr0 CI1ocoba YCKOPEHUs sIBJIsI-
€TCsl POCT IHEPTUU YACTHUIIBI TIOMEPEK MATHUTHOTO MOJIsI C MOCTIE Iy ToNIel mepecTpoitKoii
IIOIIEPEYHOr0 JIBUKEHUS IJIEKTPOHA B IIPOJIOJILHOE TI0J, JeiicTBueM cuJibl JlopeHra.

B paGore [4] 6bLI0 TOKA3aHO, YTO CYIIECTBYIOT 3JIEKTPOMAIHUTHBIE MMITYJIbChI, PAC-
IPOCTPAHSIONIUECS] B XOJOIHOM TIa3Me BJIOJIb CUJIBLHOIO MATHUTHOTO MOJIsSI B YCJIOBUSIX
TUKJIOTPOHHOT'O PE30HaHCa, NMEIINue BUJ COJIUTOHOB CO «BCTPOECHHBIMN» JICHI'MIOPDOB-
ckuMu KostebanusiMu. I1pu 9ToM HACHIINIEHNe aMILIUTYIbI ITOJIsT BOSHUKAET M3-3a pasiesie-
HUS 3aPsJI0B TJIA3MbI IO JIEACTBUEM JIABJICHUS U3JIyIeHUs, & JTUCKPETHBIA HAGOP YacTOT
onpenaesdaeTcd OTHOINEHUEM 1aCTOThI HeJMHENHBIX KO.He6aHI/H71 IIJIa3MBbI K J'[eHI‘MIOpOBCKOfI
YaCTOTE.

Pacnpocrpanenue yemHEHHON MOHHO-AKYCTUIECKONW BOJHBI OOJIBITION aMIUTUTYIbI B
3aMarHUYeHHOll 11a3Me paccMorpero B pabore [5]. IIpobiema pemena 6e3 yuéra Heii-
TPaJbHOCTH ILJIA3MBI B IIpejesiaX UMITYJbCa, a IOTEHIUAJ OINPEIeNsICs yPaBHEHUEM

Crarbsa nocrynuia B pefgaknuio 8 mions 2017 r.
PaBora Beimosnnena npu dunancosoii nogaep:kke Munobpuayku Poccun (Cornamenue Ne 02.a03.21.0008.
rocsananue 3.2223.2017/4.6).
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I[Tyaccona. Haitnenn! perenusi B hopMe CBEPX3BYKOBBIX U MOYTH 3BYKOBBIX YEJMHEHHBIX
BOJIH, PaCIIPOCTPAHAIONINXCA OTHOCUTE/IbHO MAaroiuTHOI'O IIOJIA. Hl\lHyﬂbC nmMeeT HECKOJIb-
KO IINKOB U CYIIECTBYET JJIsT JUCKPETHOrO Habopa mapaMeTpoB BOJHBI. AMIUITUTYIa U da-
CTOTa YEJMHEHHOI BOJIHBI ONIPEIeNIeHbl Kak QyHKIMA qrcsia Maxa, Olnpeesisioniero yros
pacrpocTpaneHud OTHOCUTEJIbHO MarHuTHOT'O IIOJIA. ,HI/IHa,MI/IKa COJINTOHOB B 9JIECKTPOHHO-
MOHHOM IIJIa3Me aHAJUTHYECKU U YUCIEHHO UCCeoBana B pabore [6].

2. OcHoBHbIE ypaBHEHUS

PaccMoTpuM 371eKTPOMArHUTHYIO BOJIHY, PACIIPOCTPAHSIONIYIOCS B ILIa3M€ BJIOJIb
BHEIITHEI'O MArHUTHOI'O 0Jisi Bg, HampaBaeHHOro BJI0Ib ocH 2 (cM. puc. 1):

By =(0,0,By), k=1(0,0,k), E=(E;,E,E.), B= (B, By,0).

-y

Puc. 1. Teomerpusi 3J1eKTPOMArHUTHOI BOJIHBI

Ilosnsa E u B onuceiaiorcsa ypaBuenusmu Makcsesuia:

1 02 02 4me
S5 a0 Ao Aac = T NUg, 1
<c2 ot? 8,22) c (1)
1 02 0? 4me
<8t B a> Ay ==y, @
OF, OE,
5 4re(n —ng), wr + 4menv, = 0, (3)
rie A — BeKTOp-TIOTEHNHUAN, 7 — IJIOTHOCTb 3JIEKTPOHOB, 1y — ILJIOTHOCTH HEBO3MY-

MEHHON TLTA3MBI, U, — THAPOJIMHAMHUIECKAs CKOPOCTD 3JIeKTPOHOB. VIOHBI cunTaeM Hero-
JBUKHBIMMA.

JIBurkeHne 37eKTPOHOB OyIeM ONMCHIBATH PEISTUBUCTCKUMH THIPOINHAMAIECKUMI
YPaBHEHUSAMU

0 0 1

(at - ”%z) et [Ew e owBo - UZBy)] ’ W
0 0 1

<8t + vzﬁz) Py =e [Ey + - (0:Bs — vao)] ) (5)

0 0 1 T 0n
<6t +'Uzaz> Pz =€ |:EZ + E (’UIBy — ’Ume):| — E%;, (6)



Hopodeenko B.T., Kpacosunkuii B.B., Typukos B. A. Yenunéunas . . . 403

on 0
— + —(nv,) =0 (7)
ot 0z ’
rJie p = M7V — PEJIATUBUCTCKHI UMITYJIbC JIEKTPOHOB, 1’ — 3JIEKTPOHHAS TeMIepaTypa.
Bamerum, 4To B coryiacuu ¢ paboToii [7], Maccy 3JeKTpoHa M B yPABHEHUSAX JIBUZKEHUS

(4)—(6) cnexyer 3ameHuTH 3PDEKTUBHOI TENIOBOII Maccoii My, KOTOpasi Olpe/Ie/IsieTCst

COOTHOIIIEHHUEM:
. Kg (mc2/T)
M= (me2/T)

e Ko(z) n K3(z) — dyakuun MakoHasbia.

3. IllomepeyHoe U MPOAOJIbHOE JIBU>KEHUS MJIA3MbI

Beeném nonepeunsie Z(t,z),y(t,z) u upomoiabHyto Z(t,z) KOODAMHATHI CMEIIEHUSs
3JIEKTPOHA OT II0JIOXKEHUs] PABHOBECHUS C HOMOLILIO COOTHOIICHHMIA:

g_|_ 2 e Q+ 2 - é_|_ 2 5 — (8)
ot " e2) T N\ T %az )Y T \or T )7 T

YpasHenusi (8) MOKHO DPACCMATPHBATH KAk OIpPEJEIeHHe KOODJMHAT CMEIeHUs
z(t, z), y(t, 2), 2(t, z), KoTOpBIE (DYHKIMOHAJIBLHO HE CBSI3aHBI C IIONEPEUHBIME KOOD/[IHA~
TaAMH T,y CHCTEMBI OTCYETa. 3aMETUM, YTO HEHYJIEBOE [IOIEPEYHOE CMEICHIE JIEKTPOHA
cJlejlyeT W3 HAJMYUSI Y HEro HEHYJIEBOI MOIEPEYHOil CKOPOCTH W HE HPHUBOJIUT K IOSB-
JIEHUIO 3aBUCUMOCTH (DYHKIIMI 1OJIsI OT MONEPEYHBbIX KOODJIUHAT, €CJIU BCE JIEKTPOHBI B
HOIEPEYHOIl IJIOCKOCTH JIBUXKYTCsI CUHXPOHHO. [TOCKOJIbKY KOMIIOHEHTBI TIOJIsi ¥ THJIPO-
JIMHAMUYECKHUX TIEPEMEHHBIX HE 3aBUCST OT IIONEPEUHBIX KOOPMHAT, IIPSIMOE HHTEIPUPO-
BaHue ypasHenuii (1)—(4) ¢ yuérom coorHommenuit (8) NpUBOAUT K 3aKOHY COXPAHEHHUsI
HONIEPETHOr0 MUMILYJIbCA:

e
p1+ EAL + mrwpry =0, (9)
rjae wp = eBy/mpc 1 BBeJEHBI KOMILJIEKCHBIE BEJIMIUHbL:
pL:px+ipy7 AL:Ax+iAy, T’J_:.f?—l—ig.

MpbI mpeiosiaraenM, 9To B OTCYTCTBUE MOJIsl UMILYJIBC U IIOIEPETHOE CMEIEHNe DJIEK-
TPOHa paBHBI Hy0. 113 ypaBHeHwuit (3) Ist IPOJOJIBHOTO IIOJISI U yPABHEHUS HEIPEPbIB-
soctr (7) mosydaeM:

1o} 0
<8t + vzaz> E, = —4mengv,.

y‘II/ITbIBaH, qTo vV, = ( + UZ>, nHTerpaJl NocjaeJHero ypapHeHnsd MOXKHO 3alln-

ot 0z
E, = —4mengz. (10)

CaTb B BHUJE:

4. HeaunHeiliHblili MUKJIOTPOHHBINI PEe30HAHC

ITocse mepexoma Kk Ge3pasmepubiM mepementbiM u3 (1), (2) u (4)—(5) momywaem cie-
AYIOILYIO CUCTEMY YPaBHEHUM:

(8 p@) :_i§+A

249 11
8T+'yaZ vy (11)
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O p 0N e L(deoAn dEoAN  gno O (0
(3T+73Z)p_ M§+2<d7 8Z+d7'82> QnaZ(nofy>’ (12)

0?2 0?2 n d
RA A P (13)
or2 072 ng dr
IJIe BBEJEHBI CAEIYIONe 0003HATEHUST:
wB, . .. WB . v e el
g:i(l’—f—ly), g:iza p:’yia Aziz(Am'i_Ay)? E= - )
c c c mrc Mrwpe
T w? 4re? B
T = wpt, Z:wizv O = 27 N_%v wg: i noa WB:e 07 (14)
C mrcC wWp mr mrc

v =/1+p? + [i€ + A]2.

Bynem nckarb pemenue cucremsl ypasaenuii (11)-(13) B Buze Gerymiero nMirysibca
orubaromieil MPaBoIOIAPU30BAHHON BOIHBIL:

A= A(z/))exp[iCI)(T, Z)L §= 5(¢) exp[i‘b(ﬂ Z)]’ ¢= C(w)a p= p(d})’ (15)

e ®(7,7Z) — dasa BoaHBI, KOTOpasi BHIOMPAETCST TAKUM 00Pa30M, YTOObI BeJIMYNHA =
OCTaBaJIACh BEIECTBEHHON, a aMILTUTYIa 3aBUCEJIa OT aBTOMOJIEIbHON IMepeMeHHOi 1) =
T—Z/u.

YHacToTa 1 BOJTHOBOE YUCJIO OIPEIEJISIIOTCS PABEHCTBAMMU:

o0 0P
w=—, K=——
or’ 07’
TaK 9YTO BBIIIOJIHAETCA CJIe,HyIOH_Iee COOTHOIIIEeHHUE:
Oow Ok
— + — =0. 16
9z " or (16)

B sTom ciayuae
0P n D -1
Kk=—7"g, —=[(1—— )
07" nyp Yu

a Gespasmepuble ypasaennst (11)—(13) mMoxkHO 3ammcarb B BHIe:

1 Im (A
vy =
=/ = —Re(A) ¢ =2 (18)
- L - L

(1—p>p’=—u4+1

= (w0 — o m(A’ o(A/ *_@(7_%),
- v =(( Q)Re(A)+Im(A"))+ Re(A'A™) 77_ } , (19)
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rJie MTPUXOM 0003HAUEHa TPOU3BOIHAs 110 ). Tak KaK w U K TaKyKe 3aBUCIT TOJBKO OT
¥, To ypaBuenue (16) umeer mHTErpa: W — KU = §) = const.

Ypasuenue (17) siBisieTcss HeJIMHERHBIM 0000IIEHNEM YCJIOBHSI IUKJIOTPOHHOIO PE30-
HaHca. 3amernm, uro cucrema (17)—(20) He TpebyeT MeTIEHHOCTH U3MEHEHHsT AMILIATY/IbI
BOJIHBI U OocTaércsi cupaseinBoii npu |A’| ~ |wA|. IIpogosnbHoe cMerienne 3J1eKTPOHOB
¢(¥) u upomosbHOe 2ekTpHdeckoe noie F = —p((y) He 3aBUCAT OT IMKJIOTPOHHOM
daser P, Kak 3TO UMEET MECTO W B JIMHEHHON TEOPUU, UTO SIBJIAETCS CJIEJICTBHEM IIPEI-
nosiozkerns (15) 0 MUPKy/ISAPHON TTOJAPU3AIMN BOJIHBL. 3aMETUM TaKzKe, 9TO TpeboBaHme
w=w(®), kK = k(1)) IPUBOAUT K CJIEIYIONIEMY BBIPAXKEHUIO JIJIsI IINKJIOTPOHHOIT (ba3br P:

Q
o= /w(¢)d¢ +27

T.e. Hamma cucreMa MaTeMATHYIECKNA KBUBAJIEHTHA YpaBHEHUAM, IIOJTyIaeMbIM U3 UC-
XOJHBIX C IIOMOIIBLIO IIOJCTaHOBKU:

15.2) = e (152) 1)

Opnmaxo mozcranoBka (21) He comepKuT (DU3NIECKU OCMBICJIEHHOIO Pa3JieIeHus Ha
nonepednsle (IUKJIOTPOHHBIE) U HPOZOJIbHBIE (IIA3MEHHBIE) KOICOAHMS.
B orcyrcrBue Temnosoro pazdpoca © = 0 coxpamseTcst HHTerpaJl IIOTHOCTU SHEPTUH:

1, 1 1\ 5, 92\ .,
=y —((1-= ~)A
w 'y+2uc+2u(< u2>w +o | AP

+ (1 - ;2) (iw (AA* — A'A*) + [A/]*) = 1. (22)

B ciyuae KoHedHOro TemmoBoro pasdopoca © > 0 MIOTHOCTH SHEPIUU IEPECTAET CO-
XPaHATbCA, OJHAKO, BBOJA IIOTCHIIUAJ

P

o= [ctwiav,

MO2KHO 3aIliCaThb 3aKOH COXPaHEHUA IIJIOTHOCTU IMPOJOJBHOI'O UMITYJIbCa:

C] 1 1
Pt ——— 1— = ) (w=0)? - A +
2u Yu—p  2uu U

+ <1 - u12> |A)? 4 i(w — Q)(AA* — A’A*)) =P (23)

BaMeTM, OHAKO, UTO WHTErPAJI MPOJOJIBLHOrO UMILYJIbca (23) TpebyeT BBEJIeHUs J10-
[OJTHUTEJIBHON TIEPEMEHHON (¢, W MO3TOMY, B OTJIMYHE OT MHTerpaja sHeprun (22), He
IPUBOJUT K PEAJbHOMY OIPDAHUIEHHUIO TPACKTOPHUU JIBUKEHUSI.

[TosryanTs aHajnTHUECKHE pelleHusi cucreMbl ypasHenuit (17)—(20) B obiem ciaydae
BECbMa, CJIO?KHO. B CBA3M ¢ 3TUM GbLIO MPOBEAECHO YUCJICHHOE MHTEIPUPOBAHUE STON CH-
CTeMbI B IMUPOKOI 00JIACTH M3MEHEHHUsI apaMeTpoB. Pe3yabraThl PACYETOB MOKA3AJIN,
YTO JIJIsl XOJIOJHOI IJIa3Mbl CYIIECTBYIOT COJIUTOHBI orubatorieil (puc. 2) ¢ JUCKPeTHBIM
CIIEKTPOM HECYIIEH 9acTOThl. B HArPeTOil 11a3Me oIy YeHHbIE PENIEHUs] HE Y/I0BJIETBOPSI-
JIM COJIMTOHHBIM MPAHUYIHBIM YCJIOBHAM Ipu ) — +00 (puc. 3). OTcioma MOXKHO ¢jieaTh
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BBIBOJL O TOM, YTO IIpU KOHEYHBIX TeMIIEepaTypaX IIJIa3Mbl aBTOPE30OHaHCHbBIE COJIMTOHDI

orubaroreit GOPMUPOBATHCST HE MOTYT.

Re(A(y))

04

Im(A(y))

0.2
0.1
0.0
-0.1
-02

1.5
10
0.5
0.0
-05
-1.0
-1.5

02
01

M~
VY

30 40 50 60 70 B0 90 100
Re({ ()

30 40 50 60 70 80 90 100

0.3
0.2

0.0
s VY
30 40 50 60 70 80 90 100
Re(=(w))

0.8
0.6
04
0.2

0.0

30 40 50 60 70 80 90 100

Puc. 2. ConmuToHHOe pellleHne B XOJIOAHOMN IjIa3me,
w=0,0846, u = 0,754, 2 = —0,387, © =0

Re(A(y))

.

-01
-02

15
1.0
05

I

Re(¢{y))

-0.5
-1.0
-15

N

Im(A{y))

R | B

Re(=(y))

04

0.2

20 40 80

Puc. 3. DiaeKTpoMarHuTHbINI UMIYJIbC B HArPETOIl IJja3me,
n=0,0846, u = 0,754, 2 = 0,387, © = 0,1

5.

3akJIroyeHue

B paGore nosydena cucrema ypasaenuii (17)—(20) jayis orubaromieit HeJinHeRHOM pa-
BOIIOJIIPU30BAHHON JIA3€PHOI BOJIHBI B HATPETON I1a3Me. AHaJIN3 YUCJIEHHBIX PEIeHU
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9TOII CUCTEMBI II0KA3aJI, YTO B YCJAOBUAX 3JIEKTPOHHO-IIUKJIOTPOHHOI'O PE30OHAHCA B XOJIOI-
HOH IJ1a3Me TaKasi BOJTHA MOXKET IePEXOUTh B COMUTOH orudbarorreit. IIpu srom nmpomosn-
HbBIE TTA3MEHHbIE KOJIEOAHUS TEeJIMKOM 3alepPThl BHYTPHU COJIUTOHA. TaKue pereHus: Bo3-
HUKAIOT U3-3a CUJIbHOI HeJIMHEHHOCTHU, CBA3AHHON C PEJIATUBUCTCKUAM JIBUKCHUEM 3JICK-
TPOHOB U PE30HAHCHBIM BO3PACTAHMEM IIOHIEPOMOTOPHON CHJIBL. JHMCIEHHOE WHTETPUPO-
BaHUeE 14 IIJIa3Mbl C KOHEUHOH! TeMIlepaTypoil II0Ka3aJ10, YTO B YCJIOBUAX IUKJIOTPOHHO-
r'0 PE30HAHCA YCTOWYNBBIX COJIMTOHHBIX PelleHuil He cyIiecTByeT. [locTpoeno anaaurute-
CKO€ BbIpazKeHue JJIsl UHTerpaJia IIPOJ0JAbHOI0 UMITYJIbCA 3JIEKTPOHOB B HAIPDETOI I11a3Me.
CrenaH BBIBOJ, O TOM, UTO HEJIMHEWHOE HACHINEHNE aMILIATYIbI U3/TyI€HUs CBI3aHO C BO3-
Oy2KJIeHreM MPOJIOJIbHBIX KOJIEOAHUN IIJIa3MbI IO, JefiCTBUEM IIOHIEPOMOTOPHOI cuiibl. B
9TOM CJIydae JUCKPETHBII HAOOP 3HAUCHUIT HECYINel 9acTOThI COTUTOHA Oorubaromneil 3a-
BHUCHUT OT OTHOINIEHUSI YACTOTHI HEJUHEHHBIX TPOIOJIbHBIX KOJeOaHM K JIEHTMIOPOBCKOIT
4aCTOTE IJIa3MBbI.
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In this paper of the nonlinear laser wave propagation in the hot plasma along the strong exter-
nal magnetic field under the electron cyclotron resonance conditions is investigated. The strong
nonlinearity of such a process is caused by the relativistic electron movement and resonance
wave ponderomotive force acting on the electrons. The system of equations for the envelope
right hand polarized laser pulse is derived using the hydrodynamics and Maxwell’s equations.
The numerical integration of this system for the cold plasma case discovered the soliton solu-
tions. This kind of solutions take a form of the envelope solitons containing inside them the
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plasma oscillations. The analytical expression for the energy density integral in a cold plasma is
derived. It follows from the numerical results that for a hot plasma under cyclotron resonance
conditions the soliton solution becomes unstable. In this case the energy density conservation
breaks down, but electron momentum density conserves. It is concluded that the nonlinear sat-
uration of the field amplitude is due to the plasma charge separation under electromagnetic
radiation pressure. In this case the discrete set of the envelope soliton carrier frequency is de-
termined by the ratio of the frequency of the nonlinear longitudinal electron oscillations to the
Langmuir frequency of plasma. For the low density plasma the discrete frequency spectrum
obtained by the numerical integration transforms to the continuous one.

Key words and phrases: magnetoactive plasma, right hand polarized wave, relativistic
electrons, phase and group velocities, soliton solutions
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IlocTpoenne nmHTErpupoBaHHON MHMOPMAIIMOHHO CHUCTEMBI,
obbenuHsIONIeil 6a3bl JJaHHBIX KOMIIAHUI, 00eCIie YnBaIoNInX
rpy30IIepPEBO3KM

A. C. ITaukpatoB, A. Maspu

Kagedpa un@opmauuoHHvix mexHono2ut
Poccutickuti ynusepcumem dpyotcovl 1apodos
ya. Murayxo-Maxaas, 0. 6, Mocksa, Poccus, 117198

B craTbe paccmorpena 3ajgada obbequHEHWSI B €IUHOE IIejI0€ MHMOPMAIINH, COAEpPKaIleics
B 6a3ax JAHHBIX PA3JUIHBIX KOMITAHUHN, 00ECIIETNBAIONINX IEPEBO3KY Ipy30B. lIpeamonaraercs,
YTO 9TU KOMIIAHHUH SIBJIAIOTCA HE3ABUCUMBIME U KarKJasl U3 HUX IIO/IEPKUBAET COOCTBEHHYIO Oa-
3y JAHHBIX O CBOEM pabodeM MepcoHase, KJIMEHTaX, KOJUIEeCTBE U MTapaMeTpaX TPAHCIIOPTHBIX
CPEJICTB, MPEJOCTABISEMBIX YCIyrax U 3aKa3aX. B craTbe MOAEMMPYIOTCS TPU TAKHE HE3ABUCH-
MbIe 6a3bl TAHHBIX (MCTOYHUKY MH(MOPMAIMN) U ONUCHIBAETCS CXeMa IMOCTPOEHUsI Ha WX OCHO-
B€ WHTErPUPOBAHHON (0ObHEINHEHHOI) CUCTEMBI, IPEJHA3HAYEHHON, B YACTHOCTH, [ YIA0OCTBA
KJINEHTOB IIPU IIOMCKE IIE€PEBO3YUKOB, OOJIAJAIOMNX TPAHCHOPTHBIMUA CPEJICTBAMU C HYKHBIMU
napamerpaMu (rabapuraMu U rpy30H0IbEMHOCTBIO). JlJisl peneHnst NaHHOM 3a/a9m peJiara-
€TCsI MCMOJIb30BaTh KOMOMHUPOBAHHBIN MOIXO, COUETAIONUI MTPENMYIIIeCTBA TEXHOJIOT U MeIr-
aTopoB n xpanwmuuil. IIpenmnosaraercss, 9To BCe UCTOYHUKU MMEIOT CXOJIHbIE KOHIIENTYAJIbHDLIE
CXeMBI, HO 00JIa/TAI0T CBOMMU OCOOEHHOCTSMU. B 4acTHOCTH, MOTYT OBITH pa3Hble HAUMEHOBAHUS
TabuI ¥ aTpuOyTOB HA PA3HBIX UCTOYHUKAX W PA3HOE DACIPEE/IEHHEe aTPUOYTOB MO DPeJis-
[IMOHHBIM TabaunaM. Bo3MoKHO Tak:Ke OTCYTCTBHE HEKOTOPBIX aTPUOYyTOB HA OTHEJIBLHBIX HC-
TounnKax. CTposiTCst TabJIUIIBI COOTBETCTBUS M MEIUATOD, TPAHCIUPYIONINN MOTE30BATEILCKIE
3ampochl Ha UCTOYHUKU. [Ipu aTOM m1s1 naeHTHUKAINY HYKHBIX NCTOYHUKOB TTOIACPKUBACTCS
BCIIOMOT'aTeJIbHOE XPaHUJINIIEe HeOOJIBIIOoro 00bEéMa, cojeprkaliee NHMOPMAIIAIO O IapaMeTpax
TPAHCIIOPTHBIX CPEJCTB, KOTOPBIMU PACIIOATAeT KaXKIBIH M3 MCTOYHUKOB. llomb3oBaTesb WH-
TErPUPOBAHHON CUCTEMBI BBOJUT JIaHHBIE O Bece W rabapuTax CBOETrO I'Py3a, Jiajee C MOMOIIBHIO
nHGOPMAINY XPAHWINIIA CUCTEMA OIPeesseT IOAXOISIINe KOMIAHUU-IPDY30II€ePEBO3UNKHY, KO-
TOPBIM TPAHCIUPYETCS TOIB30BATENbCKHIA 3ampoc. [locsie 06beinHeHns BCEX OTBETOB, IIPUIIIE]I-
[IIUX OT UCTOYHUKOB, KJIMEHT IIOJTyIaeT UCIEPIIBIBAIONLYI0 HHPOPMAITIIO CO CIIMCKOM ITOIXOIATINAX
KOMTIIQHUM, 1eHaX U UHBIX YCJIOBUSX UCIIOJTHEHUS 3aKa3a.

KuaroueBsbie cioBa: 6a3a manubix, CYB/I, uaTerparus nadopManmm, MyIbTHOA30BbIE
CHUCTEMBbI, MEINATOD, XPAHUJINIIE, 3AIIPOC, TAOJIHUIA COOTBETCTBHSI, IPY30II€PEBO3KU

1. Bsenenne

B nenoBoit wian suuanoit cdepe 9acTo MNPUXOAUTCS PAOOTATH C JAHHBIMU U3 PA3HBIX
UCTOYHUKOB, KAXKIBII M3 KOTOPBIX COJIEPYKUT CXOTHYIO IO CMBICJTY nH(MOpMaIuio. B sroit
CUTYyallu! aKTyaJbHOIl fABJsSeTCA 33/1a4a 00beJUHEHNE B €JINHOE IIeJI0€ ITOH N3HAIATIHLHO
paspo3HeHHoit naopmarmu [1,2].

IIpo6iema wmaTErpanuu wHGOPMAIME U3 PA3IUIHBIX U HE3ABUCUMBIX MCTOYHUKOB,
B YACTHOCTU O0be/IMHEHNE B €JMHOE IeJI0e PA3HOPOJHBIX 0a3 jaHHbIX (6e3 ymepba ux
HE3aBUCUMOCTH ), SIBJISIETCSI JIOCTATOYHO OOIMIUPHOl. Pa3imIHbIM €€ acreKkTaM MOCBSIIEHO
60JIbITIOE KOJIMIECTBO pabOT HAa HMPOTSKEHUU HECKOJBKUX JecaTKOB JieT. Cpean poccuii-
CKuX IyOJIMKaImii mo mpobjemMaM uHTerpanuu (Kak B IIaHe pa3paboTKh OOIUX MOJI-
XOJIOB, TaK U B KOHKDETHO! peaJn3alui B PA3JIMIHBIX [IPEIMETHBIX 00JIACTSX) MOXKHO
na3BaThb paborer /. B. Topmmuua, JI. Yepusaka, C.B. KupcanoBa u psmga apyrux aBTo-
pos [3-9]. B nacrosmeil pabore paccMaTpUBalOTCs BOIPOCHI, CBS3aHHBIE ¢ WHTErPaIeii
JIAHHBIX B KOHKPETHOI IIpeiMeTHOi 0biacT. ABTOpaMu ObLIN PACCMOTPEHBI 389K, BbI-
[IOJTHIEMbIE JIMCIIeTIepaMy KOMIIaHUi rpy30mepeBo3oK. COBpeMEHHbBIE TEMITbl PA3BUTHUS
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9TOr0 OM3Heca yKa3bIBAIOT Ha HEOOXOINMOCTh AKTUBHOI'O BHEIPEHHS HOBBIX METO/IOB Pa-
60TBI, COOTBETCTBYIOIUX BO3POCIIUM IMOTPEOHOCTAM moTpeburesneil. B sroit curyarun
Bce 0OJIbITIee YHCJIO PYKOBOIUTEIEH TPEATPUATHI IPY30IIePEeBO30K 33 [yMbIBAeTC 00 aB-
TOMAaTHU3AINHN CBOeil KOMITaHUU U 3DPEKTUBHOM BHEIPEHUN CIIEIUAIU3UPOBAHHOIO IIPO-
TPaMMHOTO KOMILJIEKCA, KOTOPBIH ITO3BOJIMI HANOOJIEE TIOJTHOIIEHHO MCIIOJIb30BATh BCE €r0
PYHKITAN.

CoBpeMeHHbBIT yPOBeHDb pa3BUTHS TEXHUKU TpebyeT oT (pupM — paspaboTINKOB IIPO-
rPaMMHOrO obecIleueHnsl JNaJibHeHInell JTeleHTpaaIn3aluy, MPUOINKeHsI K MecTaM pe-
aJIN3alid KOHKPETHBIX YCayr. B wacTHOCTH, 9TO Kacaercs rpysomnepeBo3ok. C apyroii
CTOPOHBI, KOHEYHBIN MOTPEOUTENb XOUET TMOJYINTh €IUHYI0 HH(MOPMAIMOHHYIO CHCTEMY,
KOTOpasl IO3BOJINJIa ObI HAMTU Ty KOMIIAHUIO, KOTOPas €ro YCTPOHUT II0 BCEM WM OOJIhb-
MIITHCTBY TPeOOBaHMUIA.

B manHOI1 cTarhe perraercd 3aa4da [IOCTPOEHNIS HHTEIPUPOBAHHON MH(MOPMAITOHHON
CUCTEMBI, KOTOpasi 00bequmHsIeT 6a3bl JAHHBIX KOMIIAHW, 00€CIeInBAIONINX IPy30IIepe-
BO3KH.

2. Ormucanue npeamMeTHOIT obJlacTu

Kazxprit 6osbimoit 6usnec, cdepa IeaTebHOCTA KOTOPOTO TECHO CBA3AHHA C 0O0JIb-
IIIMU JeHbraMu, 6y1b TO IIPOU3BOJICTBO, ONTOBAs WJIM ITUPOKA PO3HUYHAS CETh, CTPOUT
CBOIl Ou3HeC Ha TPABUIBLHO cHOPMUPOBAHHON rpy3oiepeBo3ke. BoBpemst mocTaBICHHBIHI
rpy3 MOIEPKUBAET B CTAOMIBHOCTH BECh Ipollecc Ouzmeca. Kcm Ha mpom3BoiCTBO He
OyZeT BOBpeMs JIOCTaBJIEH XOTh OJMH KOMIIOHEHT, TO BCE MOYKET OCTAHOBUTBCS, & BJla-
nestert morepruT yobiTKU. CIIPOC HA TPY30BbIe ABTOMOOMJIbHBIE TIEPEBO3KHU OIPEIEISIeTCS
JIUHAMUKON M CTPYKTYpOil m3MeHeHus 00bEMOB IIPOM3BOJICTBA. B Haleil crpame OKOJIO
80% obmiero 0obEMa TPy30B IIEPEBO3UTCs ABTOMOOHILHBIM TpaHcoproM. Co3tanue uH-
bOPMAIMOHHBIX CHCTEM TPedyeT JIeTAJIbHBIX 3HAHUN O PaboTe aBTOMATH3UPYEMOI e/
METHOI 00/1acTH

OcHoBubIe (DYHKIUN TPY30IEPEBO30K:

1) Jilerko u GBICTPO MPUHSTH 3aKa3;
2) oKazaHMe KaueCTBEHHO pabOTHI 110 IEPEBO3Ke IPY3a;
3) opraHm3oBaTh OGBICTPYIO MOIPY3KY U Pa3rpPy3Ky.

OcHoBHoi1 3a/1a4€li ABIIETC TPOEKTUPOBAHNE 0A3bl JAHHBIX U IIOCTPOCHUE IIPOrDAM-
MBI, KOTOpast obecrievunia Obl B3aNMOIEHCTBHE C Hell B peyKUME [TUAJIOTA, [JTsl JUCTIETIEPOB
B KOMIIAHUU I'PY30II€PEBO30K.

B npencraBiieHHO# paboTe pacCMaTPUBAIOTCS 3aJaYHU, BBITOIHIEMbIE TUCIIETIEePAMU
KOMITAHUU Trpy3o1epeBo3ok. lIpencrasiennas B pabore nudopMalnoHHas cucremMa odec-
[eYnBaeT: XpaHeHrne MH(MOPMAIUN O KJIUEHTAX, BOAUTEIAX, I'Py3€e, aBTOMOOMISX, IaTe
3aKa3a U MaplIpyTe.

B BJI MoryT XpaHUTbCS CBEICHUS:

) 06 OT/IesIeHUsIX KOMIIAHUN (€CJIM OHM €CThb): HOMEpP OTJIEJIeHHUsI, aJpec OTJIECJICHUsI, HO-
Mep TejiedoHa oTaesnenns, Homep dakca, PVIO HavaabHUKA;

) O MalIMHaX: rOC. HOMep, rabapuThl, TOHHAK;

) o Bopmressix: HoMmep Jimunblii, PVIO BomuTessi, ajpec BojuTe s, HOMED TeedOHA
)

)

[

w N

BOJIATEJIS;
o kyimentax: MO kiauenTa, HoMep TesiedOHa KJIMEHTA, aJpec KJIMEHTa,

0 3aKa3ax: HOMEp 3aKa3a, THII 3aKa3a, rabapuThl Ipy3a, TOHHAXK I'Py3a, JaTa 3aKa3a,
MIYHKT OTIPABJIEHUS, IIyHKT HA3HATECHIUSI.

Huxe, va puc. 1 npegcrapieH OquH U3 BAPUAHTOB KOHIENITYAJIbHON CXeMbl Oa3bl JTaH-
HBIX «]'py30omepeBo3Ku».

(SN

3. Ilpenjaraemasi cxema penieHUs

Bynem mnpenmonararb, 9TO CyIIECTBYET HECKOJILKO HE3ABHCHMBIX KOMITAHUH-
I'PY30I1€PEBO3YNKOB (MCTOYHIKOB HH(MOPMAIK), U paboTa KazKI0ii U3 HUX MOJJIePKIBa-
eTcst cCOOCTBEHHOI KOMIILIOTEPHOIT crucTeMoii ¢ ucmoab3oBanneM HekoTopoit CYB /L. Jlanee
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B paboTe OyeT OCYIIEeCTBIIEHO CO3/[aHne MyJIbTHOa30B0il (nHTerpupoBanHoii) [1,2| cucre-
MBI, PACIIOJIOKEHHON MOBEPX 0a3 JAHHBIX MCTOYHUKOB C IEJbI0 YI6Ta U PACIPEIETICHUST
MIPOIIECCOB T'PY30IEPEBO30K, yI0OCTBA JJIsi KOHETHOIO MOJIH30BATEIA.

1

w Homep Teaedomni @
Homep zakaza

OTAeTeHHA
Homep dakca

Otnencane
I N @ 3aKa3
ammans 1
.\
I'I}‘Ill\"l‘
OTNPABIEHHSA

omep Tenedons
KAMEHTS

1
padoTaeT na MaliHHa EMOHTA

BOAMTEb
raéapuTul
MAWHHBI

®UO ponuTens @
MapKa

Iabaputei rpysa

KJIHEHT

NYHKT
HAHAYEHHs

omep Tenedon
BOAHTE/1H

Homep ansnbiii

Puc. 1. KonnenryanbHasi cxema 6a3bl JaHHBIX «I'py3omepeBo3Ku»

Cy1iecTByIOT TpU OCHOBHBIE TEXHOJIOIMU HHTerpanuu nHdopmMarmu [2]:

. cDe,ZLepaTI/IBHI)Ie 0as3nl JAaHHBIX — UCTOYHUKU HE3aBUCUMbI, HO MOT'yT COO6HLa,TbCH MeXK-

ny coboit mutst oomena nadopmanueit. PemeparuBubie 6236l JAHHBIX OBIBAIOT P dHeK-
TUBHBIMH [IPY HAJIMYAN MAJIOr0 YUCJIa UCTOUYHUKOB, B IIPOTUBHOM CJIYYA€ BOZHUKAET
HEOOXOIMMOCTD TOJIJIEPXKAHUST OOJIBIIIONO KOJUIECTBA CBSI3€H MEXKTY MCTOTHUKAMU
(st 9KCIOpTa-UMIIOpTa MHMOPMAIIHN ).

XpaHuuIia JaHHBIX — JIAHHBIE OT UCTOYHUKOB Ha MEPUOIMIECKOIl OCHOBE 3arpyKa-
I0TCsI B IIEHTPAJIN30BAHHOE XPAHUJIUIIE, BOZMOXKHO, C IPEABAPUTEHHON 06paboTKOi
C TIeJIbIO TIPUBEJIEHNST UX B COOTBETCTBUE CO CTPYKTYPOii XpaHuuina. B xpanuiuriax
CyIeCTByeT TpobiieMa MEPUOINTIECKON 3arpy3Ku OOJIBITIOTO 00bEMa MHPOPMAIINN C
COOTBETCTBYIONIMMHA TPeOOBaHUSME K PecypcaM CHCTEMBI, KpOMe TOoro, mHdgopma-
I¥isl, TIOJIyYeHHAsI OT XPAHWJIUINA, MOXKeT ObITh HECKOJIBKO ycTapeBIleil (He BIIOJIHE
AKTYaJIbHOIN ).

MenuaTopbl — IPOrpaMMHBIE KOMIIOHEHTBI, IPUHAMAIONINE 3aIPOChl OT II0JIb30Ba-
TeJIell U 3aTeM HAIPABJISIIOIINE UX K COOTBETCTBYIOIIUM UCTOYHUKAM, BO3MOXKHO, C
[IPEeBAPUTEBHON TPAHCISIIIUEN; IOy YEHHBIE OTBETHI OT UCTOYHUKOB ITPUBOIATCS B
COOTBETCTBHE CO CTPYKTYPOI MeIuaTropa, 00beIUHAIOTCS U BBIIAIOTCS IOJIb30BaTe-
sro. B Memuaropax HeT Takux mpo0JieM, Kak B XPaHUJIMINAX, HO KOHKPETHBIE 3aIPO-
ChI K HUM KCIIOJIHSIIOTCS MeJJIeHHee, YeM K xpaHuuily. Kpome Toro, B MeauaTropax
HEOOXOAMMO MOAIEPKUBATh MEXAHU3M UASHTUMOUKAIMA HEOOXOINMBIX UCTOIHUKOB.

,ZLIISI IIOTEHIINAJIBHOI'O KJIMEHTa IaCTO ObIBaeT BaXkKHO IIOJIYYIUTH BCE€ BO3MO2KHBIE Bapu-

aHTBI, YJOBJIETBOPSIONINE ero 3ampocy. s 3Toro ciesyer OTIpPaBUTH 3alIPOC B Pa3HbIE
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KOMIIAHUH, COOTBETCTBYIOIINE TpeOoBaHUIM KiaueHTa. IIpu sToMm 1iist onTuMu3anuu mpo-
Imecca IIOMCKa BaXKHO 3allpallliBaTh TOJIBKO T€ NCTOYHHUKN, KOTOPbIE 3aBEJIOMO COOTBET-
CTBYIOT 3TUM TPeOOBAHUSIM U HE 3alIPAIINBATE IPyTHe NCTOYHUKHA. Jj1s1 9T0i 1esin Hanbo-
Jiee ONTHUMAaJIbHBIM BapUAHTOM IIPEJCTaBJdAeTCs MeJuaTop CO BCIIOMOraTeJ bHBIM XPaHU-
JgumeM. MeamaTop MpuHAMAET 3aIpOC OT TOJIb30BATE U IEPEAIPECYET €ro TEM UCTOY-
HUKAM, TJIe MOXKET HAXOIUThCA HyKHas mHopMarmsd. /i onpemenmeHns: TOro, K KaKuM
UCTOYHUKAM CJIeyeT OOPAIaThCs, IPU MEeIUATOPE CO3IAETCS «MHUHU-XPAHUIUIIES, IIe-
PUOAMYECKN 3aKAYUBAIOIIEE OT UCTOYHUKOB MHMOPMAIINIO O KOJMIECTBE U IMapaMeTpax
TPaAHCIIOPTHBIX CPEJICTB, KOTOPLIMHU pacliojiaraeT KaxKJaasd KOMIAHUA-UCTOYHUK.

4. OnmucaHme TECTOBOI MOJeJjn

Apropamu 6b1TH paccMoTpensl Tpu ucrtounuka: Merl, Uer2, Ucer3, Ha KOTOpBIX Xpa-
HUTCS CJIEAYIONas NH(MOPMAIUS B PEJISAIINOHHBIX TAOIUIAX.

Ucrl: O6 ornenennsx komnanun: Homep ormesrenusi, Axpec oraenenust, Temxedon
otnenennst, Pakc ormenenus; O mammuaax: ['ocHomep, Mapxka; O mapkax: ID, Ha3zsa-
une, ['abapurbl Mmarmmabl, Tonnaxk mammunb, [lena 3a km; O Bogurenax: Homep audHbIii,
®UO, Homep kouTakTHOrO Testedona, JInanbe qanuoie; O xkauenrax: ID, @M O kiauenTa,
Homep konTakTHOTO Tesmecbona, Anpec kimenta; O 3akasax: Homep 3akasza, [abapursr
rpy3a, Tonnax rpysa, /lara 3akasza, [IlyakT ornpasienus, [IlyHKT HasHaveHnsd.

Ucr2: O xommanun: Ampec, Tenedon; O6 aBromobuisx: l'ocHomep, I'abapurs Mma-
mmHbl, TonHaxk Mamuabl, [lena 3a vac; O modépax: Homep muunstit, PNO modépa,
Anpec modépa, Homep tenedona modépa; O kanenrax: ID kamenrta, Homep Tenedo-
na kmmenrta, PO kimenta; O6 oprepax (3akazax): Homep opaepa, T'abapursr rpysa,
Tounaxx rpy3sa, Hara opraepa, Ilyakr orupasienus, [IyHKT Ha3HAYEHUS.

Ucr3: O bunnanax: Homep duamnasa, Anpec dpuanasia, Homep tenedona duiu-
ana; O6 aBro: Mapka, I'ocHomep aBto, I'abaputsr, Tonnaxk, Ilena momauu, Ilena 3a
qac; O Boamrengax: Homep Boa. Ilpas, ®UMO Bomurens, Homep rTemedona BomuTes;
O zakazumkax: 1D zakasumka, PO 3akazumka, Homep remedona sakazuuka, Amgpec
zakaszumka; O 3akazax: Homep 3akaza, ['abapurer rpysa, Tonmax rpysa, [lara 3akasa,
[TIyakT ornpaBnenus, [IyHKT HazHAUYeHHS.

Crpykrypa MeauaTopa (BUPTyaJbHast) COCTABIIAETCS TOJIBKO U3 CJIELYIOMUX aTpuby-
ToB (Hanbosiee CyIECTBEHHBIMU JIjisi KOHEYHOTO [I0JIb30BATEs ):

06 ornenenusix kommanuu: Homep ornenenusi, Anpec ornenenusi, Homep Tenedona
ornenenusi, Homep darca; O mammuax: l'ocHomep, Mapxka, I'abaputsr, Tornax, Ilena
3a kM, llena 3a gac, llena nogaun; O Boauresnsax: Homep smuansiii, @110, Homep Teedo-
na; O kinenrax: MO, Homep Tenedona; O 3akazax: Homep 3akaza, ['abapursr rpysa,
Tounaxk rpy3sa, Hara 3akaza, I[Iyakt ornpasienusi, [[yHkT HazHadeHus.

Hexkoropsie mosist moryT cosepxkath 3uaderne NULL.

Opaumu u3 Haubojiee CyIIECTBEHHBIX TPeOOBAHWI B KJAMEHTCKOM 3aKa3€ sIBJIAIOTCS
TeXHUIECKNE XaPAKTEPUCTUKN MAINUHBI, B 9aCTHOCTHU, rabapUThl U I'PY30IM0IbEMHOCTD.
B cBsA3u ¢ 3TUM TpesCcTaBIISIETCH 11€1eCO00Pa3HBIM, YTOOBI IO TOJYYEHUH 3aKa3a OT
KJIMEHTa MeINaTOp TMePEeHAIpaB/sai ero He BCeM KOMIAHHUSM, a TOJHKO Te€M, KOTOpbhIe
PACIIOJIATAIOT MAIIHHAMEU B HY>KHOM KOJMYECTBE U C HYKHBIMHU Xapakrepucrtukamu. C
9TON MEIbI0 TPEJJIaraeTCsi YCTPOUTH BCIIOMOTATEILHOE XPAHUJIUINE TIPH MEINaToOpe, CO-
JepxKaiiiee MHOOPMAITUIO 00 UMEIOIIUXCST MAIMHAX W WX XapaKTePUCTUKAX Y KaxKIoi
13 KOMIaHuR-ucTouHuKoB. OHO mpejcTasiisieT coboit Tabuuiy «AsroHallcrounukaxs ¢
kosjorkamu: 1D Ucrounuka, locHomep mammunbr, Tabapurel, I'pysonogbéMuocTs (TOH-
HaxK). [T0CKOJIbKY OOHOBJIEHHsSI MAIIMHHOTO NMapKa B KOMIIAHUAX IIPOUCXOUT HE 9acTo,
MIPEICTABISIOTCS IBa BAPUAHTa OOHOBJIEHUsT BCIIOMOTATEIbHOTO XPAHU/INIIA!

1) KaxK/asi KOMIIAHUS TIPU OOHOBJIEHUH CBOErO aBTONapka WHMOPMUPYET 06 9TOM aJIMU-

HUCTPATOPA WHTEIPUPOBAHHON CUCTEMBI;

2) TOJJIEPKUBACTCS CIIETUATBLHOE TIPUJIOZKEHIE, KOTOPOE TIPU KaXKIOM TAKOM OOHOBJICHUH

ABTOMATHYECKH UX IIEPEHOCUT Ha XPAHUJIMINE IpU MeauaTope [2].
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Jlst TpaHCIAIMN 3allPOCOB HA MUCTOYHUK MEJIUATOD IMOJJIEPKUBAET TaOJIUILy COOT-
BercTBus ¢ 12 Konmorkamu (cMm. Tabu. 1): Memuarop.Tabmuna, Memuarop. Arpubyr, Me-
muarop.Tumn, Vcrl.Tabmuma, Ucrl.Arpubyt, Ucrl. Tun, Uct2.Tabauna, Ucr2. ArpubyT,
Wcr2. Tun, Ucr3. Tabmuua, Mcrd. Arpubyr, Mcr.3. Tun. B mensax skoHoMun Mecra IpuBe-
IEM €€ COKPAITEHHBIN BapUaHT ¢ 8 KOJOHKAMHU — 0€3 TUIIOB aTpudyTOB.

ITpu MemaTope Tak>Ke TMOJJIepKUBaeTCst Tabsmia «Sources» (cM. Tabir. 2), comeprxka-
asi HANMEHOBAHUSI U CETEBBIE a/IpeCa NCTOYHUKOB.

Tabauma 2
Tabauma «Sources»

IdSource Source Agpec B
Name ceTu

DB1

DB2

DB3

Crucok 3apocoB B HHTEIPUPOBAHHON CUCTEME, ITPEJIAraeMblii 1/ KOHEIHOT'O I0JIb-
30BaTeIs:

1. Beimarorcss HOMepa TemedOHa OTAETEHUH W UX aIpeca, MAPKU W MOJE]N MAIIIWH,
TIIeHA.

2. BBonsTcs rabapuThl 1 TOHHAXK Ipy3a. Boimatorcs TesiedboHHbIE HOMEpa, HOMepa (hak-
COB W aJIpeca OTIEeJIeHU, TUIIBI MAaIlnH, MeHbl. Kcean KaneHTa yCTpanBaiT yCIOBUAS
KaKOi-I100 13 KOMITAHWI, OH MOYKET C Hell CBI3aThCsI U ¢IesiaTh 3akas3. Croa »Ke BO3-
MOKHO BCTPOUTH JIOTIOJTHUTEIbHOE MTPUIO2KEHHE, TTO3BOJISIONIEE 110 38 JAHHBIM Ty HK-
TaM OTHPABJICHNs ¥ HA3HAYEHUsI BBIYUC/ISTH PACCTOSTHIE MEXKy HUMU (Kak, HAIPU-
Mep, Ha caiiTe www.avtodispetcher. ru) U IpearojaracMyIo IeHy 3aKa3a (B ciy4dae,
KOIJIa [IeHA 3aBsi3aHa C PACCTOSTHUEM ).

3. Beoggarca ®UO u HoMmep Tesredona kimenta. Bormaéres Bee madopmanus o 3aKa3ax,
CIETAHHBIX KJINEHTOM.

IIpu mocrymiennn 3ampoca MeIUATOPY CHAYA A IIPOUCXOIAT (POPMUPOBAHIE BCIIOMO-
raTeJbHOrO 3aIpoca XPAHUINILY, BBISBIIAIONIETO, KaKie KOMITAHUN-UCTOYHUKU PACIIOJIa-
raroT MAaIlTHHAMHI, COOTBETCTBYOIIMHI TPpeOOBAHUAM, YKa3aHHBIM B 3ampoce. Jlagee stor
3aIpoC MMEePEHANPABISIETCS BhISBIEHHBIM HCTOYHUKAM.

Pacevorpum st mpuMepa BTOPoii 3am1poc U3 CIUCKa Kak HanboJstee MOy IsspHbIil. Ero
SQL-K0 MOXKeT BBITJISIJIETh CJIELYIONIUM 00Pa30oM:

SELECT Otpenenue. [Homep ornmenenusi], Ormenenue. [Ampec oThemenwus],
Otzmenenue . [Homep Temeboma otmemenus], Orxmenenme. [Homep daxcal,
Mamwua.Mapka, Mamwza.labapute, Mammza.ToHHaxX,

MamwuHza. [llera 3a xM], Mamwnza. [llema 3a wac], Mamwnza. [llema momauu]

FROM Otnenenue, Mamwua

WHERE MamwHa. [TabapuTs Mamusb] >=[TabapuTs rpysal
AND Mamwna. [Tommax mamwmss]>=[TomHax rpysa]

AND Otpenenme. [Homep oTzmenenus]=Mamuna. [HoMep oTmemenus]

T'a6apuTs rpysa n ToHHaXK Ipy3a BBOISTCS MOJIb30BaTeeM B (popMy-uHTEpdEc mpu
3armycke 3arpoca. OnuireM TeXHOJIOIMIO ero UCIIOJTHEHHUS.

Ha nepBom sTane, ncxoas us npeioxkenuss WHERE ucxoiHoro 3armpoca, hopMupyercst
BCIIOMOTATEIBHBIN 3a11pOC, aapecoBanublil Tabymie «AsroHallcrounnkaxs XpaHUIHINA.
OTcenBaroTCsI ICTOYHUKH, KOTOPhIE HE PACIIONIATAIOT MAITMHAMHY C HYKHBIMH XapaKTepH-
CTUKAMU:

SELECT ID_lcTouHuKa

FROM ABToHallcTouHmKax

WHERE ABToHallcTounukax.labaputs>=[Tabaputh rpysal
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AND ABToHallcTounukax.[pysonombémMuocTs>=[TorHax rpys3al

PesynbraThl 3alChIBAIOTCS BO BPEMEHHYIO TabIuIly «SourcesQuerys.

Ha Bropowm sTame mpoucxoauT obpaleHne ¢ NCXOIHBIM 3aIIPOCOM K KaXKJIOMY U3 Hail-
JIEHHBIX Ha IIEPBOM Talle UCTOYHUKAM (110 UX CETEBBIM aJipecaM ), YKa3aHHBIM B TabJIUIe
«SourcesQuery» ). ITpu sTom Jyist Kazk10ro ucroganka SQL-Ko/1 BCXOIHOro 3a1rpoca ¢ 1mo-
MOIIBIO TAOIUIIBI COOTBETCTBUS TPE0OPA3yeTCs K BUIY, KOTOPBIH JAHHBIN HCTOYHUK OyIeT
CItocobeH BOCIIPUHSATH. B cilydae OTCyTCTBHS Ha MCTOYHUKE KAKOTO-TUO0 M3 aTpudyTOB,
yKazaHHBIX B Ipejjiokennu SELECT mCXOMHOIO KOJia, B Ipeodpa3oBaHHOi dopMyIie, all-
pecoBaHHOIT 3TOMY MCTOYHHUKY, OH He yKasbiBaeTcs. K mpumepy, i ncrouanuka Verl
IpeoObpPa30BaHHBIN KO, OyIeT BBITVISIETh CJAETYIONIAM 00Pa3oM:

SELECT Otmenenue. [HomMep oTmemenusl],
Otgmenenue. [Anpec oTmenenus], Ormenenue. [Tenmedpor oTmemenus],
Otzenenue . [Parc oTgmenenus], Mapxa.Hassamwe,
Mapxka. [Tabapurh Mamwss] , Mapka.[TomEax Mamwms] ,
Mapka. [lera 3a xM]
FROM Otmenerme, Mammra, Mapka
WHERE Mapka. [TabapuTs Mammus] >=[TabapuTh rpysal
AND Mapxa. [Tounax mamwmus]>=[Tonmax rpysal
AND Otpenenue. [Homep oTzmenenus]=Mamwuua.[HoMep oTmememus]

IIpenmonaraercs, uro npu ucnosauenuu 3roro SQL-kona Ha ucTounMKe Oy/IeT yITEHA
cBa3b Tabsun «Mamunay u «Mapkay u npemroxenne WHERE nonosiauTcst yeiaoBuem
Mamwura . Mapka=Mapxka. ID.

Ha Tpernem stame megmaTop mosydaer Bce OTBETHI OT UCTOYHUKOB U IMIPOU3BOIUT UX
obpaTHOe Tpeobpa3oBaHue K CTPYKTYpe MeauaTopa. Ilocse 3Toro Kaxblit OTBET JI0MOJI-
HSIeTCsl HEOOXOJIMMBIME TI0JIsiME ¢ nH(bOpMaIeil 06 UCTOYHUKAX (IPy30MepeBo3unKax),
BCE OTBETHI OObEINHSIOTCS U BBIJAIOTCS MOJIH30BATEIIIO.

5. 3akJirwodyeHue

B xome pemrennst moctaBieHHOM 331291 ObLIA TOCTPOEHA NHTETPUPOBAHHAA HHMOPMa-
[MOHHAST CUCTEMA,, 00 bEINHSIONAs OA3bI JAHHBIX KOMIAHUI-rpy301repeBo3ankoB. CMoe-
JINPOBAHBI TPU UCTOYHUKA JIAHHBIX. BhIieieHbl HHMOPMAIIMOHHBIE O0'bEKTHI 0A3bI TAHHBIX
u ompejiesieHbl ux arpudbyTel. Pazpaborana jiorudeckasi CTPYKTypa MeIUATOPA, TaOJIUIIBI
COOTBETCTBUIl U CTPYKTypPa BCIOMOTraTeLHOr0 XpaHuauiina. Omucan X0 UCIOTHEeHUS O/T-
HOI'O M3 THUIOBBIX IOJB30BATEIbCKUX 3AIIPOCOB K MHTErpupoBaHHON cucreme. [Ipumene-
Hue paszpaboTaHHON MHTETPUPOBAHHON CHCTEMBI TIO3BOJUT KOMIIAHUIM MPUBJICYH HOBBIX
KJINEHTOB, COKPATUTD U3JAEPXKKH ITPOU3BOICTBA U YBEJUUATD MPUOLITH 38 CIET COKPAIIIEe-
HUS JUIATEIBHOCTH O(DOPMIICHUS 3aKa3a M YMEHBIIEHUS 3aTPaT Ha IIPUBJIEICHUE KOMIIE-
TEHTHOTO IIEPCOHAJIA.
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Building an Integrated Information System that Merge
the Databases of Companies Providing Cargo Carriers

A. S. Pankratov, A. Mazri

Information Technologies Department
Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

The task of integrating information contained in databases of various companies that provide
cargo carriers is considered in the article. It is assumed that these companies are independent
and each of them maintains its own database about its employees, customers, number and pa-
rameters of carries, services and orders. The article simulates three such independent databases
(information sources) and describes a scheme for constructing an integrated system based on
them, in particular, for the convenience of customers when searching for carriers with the neces-
sary parameters (dimensions and load-carrying capacity). To solve this problem, it is proposed
to use an approach combining the advantages of mediator and data repository technologies. It
is assumed that all sources have similar conceptual schemes, but they have their own specific
characteristics. In particular, there may be different names of tables and attributes in differ-
ent sources and different distribution of attributes throw tables. Certain attributes may also
be absent at some sources. We construct correspondence tables and a mediator that translate
user queries to the sources. To identify the necessary sources, a small auxiliary repository is
maintained that contains information about the parameters of the carriers that each source has.
The user of the integrated system enters data on the weight and dimensions of his cargo, then,
using the information of the repository, the system determines the appropriate trucking compa-
nies to which the user request is broadcast. After combining all the answers that came from the
sources, the client receives full information with a list of suitable companies, prices and other
conditions for the execution of the order.

Key words and phrases: database, DBMS, information integration, multi-base systems,
mediator, storage, query, correspondence table, cargo transportation
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[IPABUJIA O®OPMJIEHUSA CTATEN

Penxonnerns xxypuasa «Becrauk Poccuiickoro yausepcurera qpy2K0bI HAPOIOB», Ce-
pust «Maremaruka. Undopmaruka. Pusnka» MPOCUT aBTOPOB NMPUIEPIKUBATHCI CJIEITY-
FOIUX TIPABUJ IIPHU IIPEICTABIEHUN CTATHU B YKypHAJI.

1. CraTbu npeCcTaBIsiOTCs Ha PYCCKOM WJIA QHTJIMHCKOM SI3BIKE.

2. Ob6béMm craTbu He HoJKeH npesbimaTh 0,75 aBT. med. JI.

3. ABTOp mpejicTaBISeT B PEJIAKINIO 9JIEKTPOHHYIO BEPCUIO PYKONUCH, HAOPAHHYIO B
cucreme INTEX (ucnosnb3yercst Bepeusi WTEX 2¢, jyist Habopa hboOpMys1 HCIIOIB3YeTCsT MaK-
poraker AMS-IATEX). K 9/1eKTpOHHOMY BapHaHTy NPHJIAraeTCsl OTIICYaTAHHBIN Ha Oy-
Mare sk3eMIIsap mim daitin B popmare Postscript mnmn PDF. [Insa kaxmoit ctatbn yKa-
seiBatorcs kogpl YK u MSC (PACS).

4. Hazpanue, annoTarusi, KJIOYEBbIE CI0Ba, (PaMUJINNA U UHUINAIB aBTOPOB, HA3BA~
HUE OPTaHU3alliM, TJie PabOTAIOT ABTOPbI, MPEIOCTABIISIOTCS HA PYCCKOM U AHTVIMHACKOM
SI3BIKAX.

5. Annorarus (or 150 10 250 €JI0B) J0JIZKHA ONUCHIBATH OCHOBHBIE TI€JI UCCIIEI0BA~
HUST; 00bICHATH, KaK ObLIO IIPOBEIEHO MCCIeTOBAHMEe, 0€3 METOAOJOTMIECKUX JIeTasIel;
CyMMUPOBATh HANOOJIEE BaXKHbIE PE3Y/IbTATHI U UX 3HAYEHUE; ObITH HAIIMCAHA KadeCTBEH-
HBIM PYCCKUM /aHIVIMACKUM sI3bIKOM. B aHHOTAIMU HE JIOIyCKAIOTCSI CChLIKH Ha IUTHPO-
BAHHYIO JINTEPATYPY, abOpeBUATYPHI U TPOMO3JIKNAE (POPMYJIBL.

6. Texcr cTarby MOYKEH BKJIIOYATH BBEIEHUE, 3aKJIOUEHNE, CIHUCOK HMCIOJb30BAH-
HBIX MCTOYHHUKOB (He MeHee 5). [rybuHa pasbuBKHU TEKCTa HE JOJZKHA HPEBBINATH TPEX
ypOBHE#l (pas3/iesibl, IyHKTHI U MOJIIYHKTHI).

7. Pucynku nmpuHUMAIOTCA B 3JIEKTPOHHOM BHje. KaKIblii pUCyHOK JOIKEH OBIThH
noMemiéH B orenbublii daiti. [Ipurnmaembie dopmarst daitios: 1) Bekropusie: PDF,
EPS, TgX; 2) pacrposbie: PNG, TIFF, GIF (Bosmoxna nukancymnsinust 8 EPS).

8. Pasmep pucyHka BMecTe C MOIIINUCHIO He JIoJKeH TpeBbimarh 14x19 cm. Pazpere-
HIE PAcTPOBOTO PUCYHKA JIOJ2KHO HaXOoJAuThbcda B mpegeaax 300—-600 dpi.

9. Pucynku mo/iKHBI ObITh 4€pHO-Oesibie. BO3MOXKHOCTH MCIOIB30BAHNS ITOJLY TOHO-
BhIX U ororpaduuecKux H300parkKeHnii MOXKeT OBITh PaccMOTpeHa OTAe/bHO. MOHBI
JIOJIZKHBI OBITH TOJBKO MTpuxoBaHHBE. CeTouHble (DOHBI U MTOJTYTOHA HE JIOMYCKAIOTCH.

10. Cmucok sureparypbl mojarorasiauBaercs B cucreme BIBTEX u mpejcraBiseTcs B
JIByX OT/IesIbHBIX haiiiax — mo TpeboBanusm ['OCT 7.1-84 (cMmeniaHHBI CIIUCOK UCTOY-
HUKOB Ha PYCCKOM U JIDYTHUX sI3bIKax) U 1o crangapty Harvard (mosiHOCTBIO HAa MHOCTpaH-
HOM $13bIKe (AHJIT., (ppaHIl., HEM., UCIL); JJIsi HCTOYHUKOB HA PYCCKOM sI3bIKE TPeOyeTcst
HIepeBOJI HA AaHITHACKUIT s3bIK ). CCBIIKM HA HEOIIyOJIMKOBAHHBIE PAOOTHI HE JIOIYCKAIOTCS.

11. Pyxomuch noyrKHa OBITH TIIATEIFHO BhiBepeHa. HeobxomMo yka3aTh TOTHBIE CBe-
nenns 00 aBTopax: PaMUINIO, UMsl, OTIECTBO MOJTHOCTHIO, YIEHYIO CTEIIeHb, YI6HOE 3Ba~
HU€, JOJIZKHOCTD C YKa3aHUEM IO/Ipa3e/IeHis U OPraH3aIlui, IIOYTOBBIA U 3JIEKTPOHHBII
ajpec Mecta paboThl aBTOPOB u Tesiedonbl. Ilocte moaroToBKY pefakiueii K Habopy pas-
MEYEHHBI! U UCIIPABJIEHHBIN ABTOPOM TE€KCT CTATHU U UCIPABICHHA SJICKTPOHHAS BEPCUST
BO3BpAIAIOTCS B pegakimio. KoppekTypa Jijist IpocMOTpa BBICBLIaeTC 1o e-mail.

12. Bosspainenne craTtbu aBTOPYy Ha J0PAbOOTKY HE O3HAYAET, YTO OHA, IPUHIATA K
onybsimkoBanuo. JlopaboTaHHBINI BAPUAHT CTATHU PEIKOJIETHS PACCMATPUBAET BHOBb.
B ciygae oTKIOHEHUSI CTaThU PEIKOJLIETHSI OCTABJISIET 3a COOOI MpaBO HE BO3BPAIATH
aBTOPY OJIH €€ IKIEMILISIP.

13. Bce crarbu, mianupyembie K IIyOJMKAIMN B XKYPHAJIE, TPOXOIAAT 00I3aTEIHHYIO
MIPOIEIYPY PEIEH3UPOBAHUS JIBYMs PEIIEH3EHTAMU, SBJISIONTUMEICS SKCIEPTaMU B JTAHHON
obstactu. OJIMH U3 PEIEH3EHTOB MOXKET ObITh BBIODAH U3 COCTaBA PEJKOJIIernd (BHY TPEH-
Hee pereH3upoBanue). B o6s3aTeIbHOM MOPsIJIKE CTAThsl HAIIPABJISIETCS] HE3ABUCHMOMY
sKciepTy (Ha BHeIIHee pereH3upoBaHue). IIpore/ypa perneH3upoBaHusl sIBJISIETCS aHO-
HUMHOI Ji/TsT aBTOPOB. [10 pe3ysbraTaM pereH3npoBaHns CTAThsT MOYKET OBITh OTKJIOHEHA,
HAIIPABJIEHa aBTOPY Ha J0PabOTKY WM MPUHATA K medard. 1peboBaHust K PEIECH3UIM:



OIIEHKa CyIIecTBa paboThbl U BO3MOXKHOCTU €€ IyOJIMKaIuu B »KypHAaJie; KOHKPETHOe I1e-
pedncyienne omubOK B METOIOJOIMU U MHCTPYMEHTApUU (€CJIU OHU €CTh); TPEeJJIOKEHUsI
110 TI0pabOTKe TEKCTA.

14. HpI/I NIOJIYIeHUHU ITOJIO2KUTEJIBHOT'O 3aKJ/JII09EeHNA PEEeH3CHTa MaTepuaJibl IIOMeIa-
IOTCA B «IOPTdEIby PeIaKIuu s JajibHelinero omyoaukoBanus. [Ipu moaydennn ot-
PHUIATEIHHOTO 3aKJIIOUEHUsT OJIHOIO U3 PEIEH3E€HTOB CTAThs PACCMATPUBAETCS Ha 3aCeIa-
HUHI PeJaKIMOHHON KOJUIETHH, KOTOpasl IPUHUMAET pelleHrne 00 OTKJIOHEHIN CTATbU MJIN
(0] HeO6XO,ZLI/H\IOCTI/I noJIyIeHud ‘ZLOHO.HHI/ITQ.HI)HOﬁ pereHsnn He3aBUCUMOIr'O dKCIIepTa.

KonTakTHBII ajpec st permennst TEXHIIECKUX BOTIPOCOB o IPEIOCTABIIS-
eMbIiM MaTepuajiaM B KypHaa Becrauk PYJ/IH. Cepus «Maremaruka. Wu-
dopmaruka. Pusmkar: Poccusi, Mockpa, yi. Opmkonukuiaze, 1.3, KomH. 313;
e-mail: vestnik-miph@sci.pfu.edu.ru.

Apec gt mepermeku: 117198, Poccust, Mocksa, yia. Mukiayxo-Maknasi, 1.6, da-
KyJbTeT (DU3NKO-MATEMATHIECKUX W €CTeCTBEHHBIX Hayk, mpodeccopy CeBacTbsHO-

By JI. A.




d. ClII-1 PI'VII «TIOYTA POCCHI»

ABOHEMEHT wa xypnan 18235

B ECTH H K PY paH (MHIEKC W3TaHHA)
Cepua «MaTemaTmka. Konnuectso
"H¢DPM3THK3. ¢H3HKa» KOMILIEKTOE:

Ha 20 roj no mecsam
1 213 4|5 6 7 &1 9 |10]11| 12

Kyaa

(IMOYTOERIH HHIEKC) (ampec)

Komy

{(PAMMIHA, HHHIHATILL)

JOCTABOYHASA KAPTOUYKA

wa xypra 18235
[B |mecro|murep (MHJIEKC H3TaHHA)
BECTHUK PYAOH
Cepusa «MatemaTtuka. UHdbopmaTuka. @usukar
Cron-|  [OJINHCKH py0. _ Kom. [ Komugectso
MOCTE | nepeanpecoskn py6. ko, | KOMILICKTOB;

Ha 20 rojl 110 MeCALLAM
1 2 3 4 5 6 7 ] 9 1011 12

Kyna

(MOMTOREIH HHEKC) {aapec)

Komy

(hanMuTHs, HHALHATEL)




