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Abstract. The article describes a method for calculating interpolation coefficients of expansion using Chebyshev
polynomials. The method is valid when the desired function is bounded and has a finite number of maxima and
minima in a finite domain of interpolation. The essence of the method is that the interpolated desired function
can be represented as an expansion in Chebyshev polynomials; then the expansion coefficients are determined
using the collocation method by reducing the problem to solving a well-conditioned system of linear algebraic
equations for the required coefficients. Using the well-known useful properties of Chebyshev polynomials can
significantly simplify the solution of the problem of function interpolation. A technique using the Clenshaw
algorithm for summing the series and determining the expansion coefficients of the interpolated function, based
on the discrete orthogonality of Chebyshev polynomials of the 1st kind, is outlined.
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1. Introduction

The construction of efficient numerical methods for solving differential and integral equations is
an important element in solving applied problems in various fields, such as aerospace engineering,
meteorology, physical oceanography, mechanical engineering, and nuclear energy. Taking this
into account, we will consider and analyze the efficiency of some spectral algorithms for function
interpolation, which are often used when solving equations of mathematical physics.

Spectral methods are a class of methods used in applied mathematics for the numerical solution of
certain differential and integral equations, sometimes using the fast Fourier transform [1-4]. The
idea is to present the desired solution u(x) in the form of a finite sum of “basis functions” ¢, (x) with
subsequent choice of the coefficients in the sum that satisfy the specified equations.

N
u(x) & un(x) = D ap@p(). (1
n=0
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Substituting this expression into equation

Lu(x) = f(x),

where L is the operator of the differential or integral equation, results in the appearance of the so
called residual function

R(x; ag, ay, ..., an) = Lun(x) — f(x). 2)

The residual function R(x; ay, a;, ..., ay) is identically equal to zero, when up(x) is an exact solution.
Therefore, the main goal of an algorithm for solving the problem studied is to minimize the residual
function by choosing the appropriate spectral coefficients a,, n = 0,1, ...,N.

In the Galerkin-Petrov method, the solution is expanded in one basis, the coordinate functions,
and the orthogonality of the residual is required to another basis, the projection functions.

The choice of trial basis functions ¢, (x) in Eq. (1) and the testing functions, the basis for minimizing
the residual (2), is the key feature that distinguishes spectral methods from the finite difference and
finite element methods. In the latter two methods, the trial/testing functions are local functions
with finite carriers. On the contrary, spectral methods use globally smooth functions as trial/testing
functions. The simplest basis functions are power functions — the monomials ¢,,(x) = x" such that

un(x) = ag + a;x + a,x% + ... + ayxN.

The most frequently used trial/testing functions are trigonometric functions or orthogonal
polynomials (usually, eigenfunctions of singular Sturm-Liouville problems), which comprise

Fourier spectral method Pe(x) = etk
Chebyshev spectral method Pr(x) = T (x),
Legendre spectral method or(x) = Li(x),
Laguerre spectral method @r(x) = Li(x),
Hermit spectral method or(x) = Hi(x).

Here Tj(x), Li(x), Li(x) and Hy(x) are Chebyshev, Legendre, Laguerre and Hermit polynomials of
the k-th power, respectively.

It is exactly the choice of the testing functions for calculating the residual that determines the
name of the methods for solving equations:

- Galerkin method. The main feature of the method is the coincidence of the trial basis and the
testing one.

- Petrov-Galerkin method. The trial basis and the testing one are different.

- Collocation method. For the grid points chosen in advance (collocation) from the search domain
it is required that the residual function is zero.

2. \Variants of the colocation method for interpolation of functions

Let us study the collocation method for solving the interpolation problem, based on the representation
of the approximating function in the form of a finite sum (1) of its expansion in the Chebyshev
polynomials of the first kind. In this case, the Chebyshev functions of the first kind ¢, (x) = T,,(x) are
considered as the orthogonal basis.

The approach to solving the problem of approximating f(x) based on the collocation method
consists in choosing not only the finite-dimensional space of possible solutions (usually, polynomials
up to a certain power), but also the number and position of grid points in the solution’s search domain
(called collocation points). Then it is necessary to choose such coefficients a,,, n = 0,1, ..., N of the
expansion of the solution in the basis polynomials, which provide (2) to be exactly satisfied at the
collocation points.
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N
R(x;a9,ay,...,an) = Z a,T,(x;)) — f(x))=0, i=0,..,N. 3

n=0
The expansion coefficients a,, n = 0,1,..,N are conventionally found from the solution of
system (3), for the unambiguous solvability of which it is necessary that the Chebyshev matrix
determinant should be nonzero: det[Tj(x;)] # 0, j,k = 0, ..., n. The choice of different grid points not
coincident with each other guarantees the nondegeneracy of the determinant and, thus, uniqueness
of the solution of (3) upon such a choice [3].
In the matrix form, the system of equations (3) can be written as

Ta=f,

where the elements Tj(xy) of the k-th row of matrix T are Chebyshev polynomials of the first kind of
the j-th degree, a” = (ay, a;, ..., ay) is the vector of interpolation parameters, f7 = (fy, fi, ..., fy) T is
the vector of values of the interpolated function at the grid points (xg, X1, ..., Xn)-

Using the properties of the discrete orthogonality of the polynomials T,(x) on the Chebyshev-
Lobatto grid allows constructing an efficient algorithm for finding the interpolation coefficients.
Let us transform the system of residual equations (3) so that the SLAE matrix would be almost
orthogonal. For this purpose, multiply the first and the last equation in (3) by the factor 14/2to
obtain an equivalent “modified” system with the new matrix T (instead of T) and vector f instead of
f- The new system’s advantage is that its matrix is “almost orthogonal”, and multiplying it from the
left by the transposed matrix 77 we obtain the diagonal matrix:

n 0 O 0
n
- 0 0
2
TIT = 0 0 n 0
2
|0 0 O .. n]

The multiplication of the modified system (3) from the left by the transposed matrix T leads to
a simple matrix equation with a diagonal matrix that determines the desired expansion coefficients

TTTa = T7F, @)

where f = (fo/\2, f1s s Fne1s fn/V/2). In the right-hand side of Eq. (4), vector g = T f is obtained.
In this notation, the coefficients of function f(x) expansion in Chebyshev polynomials of the first
kind are easily written explicitly as

ag = go/n,
a; =2g,/n,

1az = 2g,/n, ®)
a, = g,/n.

Thus, relations (5) unambiguously determine the expansion coefficients of the approximating

polynomial uy(x) = 22]:0 a, T,(x).



Lovetskiy K.P. et al., Clenshaw algorithm in the interpolation problem by the Chebyshev ... 205

The described approach to the solution of interpolation problem allows stable solution of both the
problem of reconstructing the approximating polynomial expansion coefficients and the problem
of calculating the interpolant values at an arbitrary point in the domain of definition of the desired
function. However, the speed of executing these operations still leaves much to be desired, even
though the use of the Gauss-Lobatto grid eliminates the need to solve a system of linear algebraic
equations (3) with completely filled matrix. The problem turned out to reduce to multiplying the
matrix T7 by the vector f and dividing the components of the resulting vector by the appropriate
elements of the diagonal matrix TTT.

The use of various modifications of the Clenshaw algorithm can significantly speed up the solution
of the interpolation problem.

3. Clenshaw algorithm - increasing the efficiency of calculating the Chebyshev series at
an arbitrary point in the approximation interval

Having the coefficients of the polynomial expansion of the desired function makes it possible to
calculate the values of the interpolating polynomial at arbitrary points of the approximation interval
x € [—1,1] directly as

un(x) = agTo(x) + 1 T1(x) + a; (%) + ... + anyT(x). (6)

However, calculating the sum using Eq. (6) is not optimal [5]. Efficient and stable summation of
this series is possible based on the Clenshaw algorithm using the recurrent three-term relation.

Tn(x) = ZxTn—l(x) - Tn—z(x)'

This approach allows calculating the value of the next polynomial in the summable series from the
values of a pair of previous polynomials using simple multiplication and addition operations. First, it
is just necessary to calculate

To(x)=1, Ti(x)=x.

and to launch the iteration process [5]. Detailed information on the algorithm and stability of the
summation process is presented in the paper by Fox and Parker [6].

Clenshaw’s algorithm generalizes not only to various types of Chebyshev polynomials; it applies to
any class of functions that can be defined by a three-term recurrence relation. Clenshaw’s algorithm
calculates the weighted sum of a finite series of functions ¢ (x):

n
S(x) = D axpi(x),
k=0
where ¢ (x), k = 0,1, ...,nis a sequence of functions satisfying three-term relations

Pr11(X) = o ()P (X) + Br(X)Pr—1(x),

with pre-known coefficients a;(x) and B (x).

The algorithm is most efficient when ¢ (x) are functions hard to calculate directly, whereas the
calculation of coefficients a(x) and B, (x) is relatively simple. In the most widespread applications,
ai(x) is independent of k and S, (x) is a constant depending on neither x, nor k. In our case (6),
ai(x) = 2x and Bi(x) = —1.

To execute the series summation for a given sequence of coefficients aty, ay, ..., @, it is first necessary
to calculate the values by (x) of the auxiliary sequence using the “inverse” recurrence relation
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bpi1(X) = byya(x) =0,

b() = g + @by 1 (1) + Bt (Dbsa ). @

It is important to note that to construct the sequence bi(x), k = n,...,1 no calculation (and
knowledge) of ¢, (x) values is necessary. After determining the coefficients b,(x) and b;(x) only
two simplest values of ¢y(x) and ¢,(x) are enough to obtain the desired sum

S(x) = agpo(x) + @1(x)b1(x) + B1(X)@o(x)by(x).

Let us consider in more detail the Clenshaw summation method for fast and stable calculation
of the sum of series (6) — the recursive method for calculating a linear combination of Chebyshev
polynomials.

u,(x) = ag + a1 T1(x) + a, L(x) + ... + a, T, (x).
Let us take into account that the coefficients in the recurrence relation for the Chebyshev

polynomials are a(x) = 2x and $(x) = —1 and the initial polynomials are Ty(x) = 1, Ti(x) = x.
Then the “reverse” recurrent sequence for calculating coefficients by (x) has the form

br(x) = ag + 2xbry1(x) — bgsa(x), k=nn-1,..1,
with zero “initial” coefficients
bpy1(x) = byyr(x) = 0.

Now we calculate the value of the desired sum using the “reverse” recurrence relation

n n
Up(X) = ag + ) arTie(x) = D (b — 2xbyyy + biey ) Te(x) =
k=1 k=1

= g + byx + by(2xTy(x) — Ty(x)) — 2xb, T[,(x) + D, bi(Tie(x) — 2x Ty (%) + T2 ().
k=3

The last term turns into zero and the ultimate value of the sum of series u,(x) is determined by the
formula
up(x) = ag + xby(x) — by(x). (8
Example 1. A program in pseudocode implementing the summation according to the Clenshaw
algorithm.

The simplest (using no Clenshaw algorithm) program for calculating the sum of series (6) at a fixed
point x € [—1,1] can be presented directly as

Sum := a[0] + x * a[l]

t = x; t1 :=1; c 1= 2 % X
for k := 2 to n do
begin

t2 = t1; t1 := t;

t = c *x tl - t2;

Sum := Sum + t * a[k]
end
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On completion of the program operation, the variable Sum contains the desired S(x) value. The
program uses 2n + 1 multiplications and 2n — 1 additions.

Following Clenshaw and using the auxiliary “reverse” recurrence formula (7), we transform the
calculation program so that the number of multiplications reduces (practically by two times) to n + 2
and the number of additions remains to be 2n + 1.

The subroutine pseudocode is
Sum := a[n]; bl := 0; c := 2 * Xx;
for k := n - 1 downto 0 do
begin

b2 := bl; bl := Sum;

Sum := a[k] + ¢ x bl - b2
end;

Sum := 0.5 * (Sum - b2)

Instead of the above “beautiful” version of the pseudocode, it is possible to use an alternative

version with even fewer operations, namely, n + 1 multiplications and 2n additions

Sum := a[n]; bl := 0; c := 2 * Xx;
for k := n - 1 downto 1 do
begin
b2 := bl; bl := Sum;
Sum := a[k] + ¢ * bl - b2
end;

Sum := a[0@] + x * bl - b2

4. Expanding the scope of application of the Clenshaw method (calculation of
interpolant expansion coefficients)

The calculation of expansion coefficients {cy, c;, ..., ¢,,} reduces to a solution of the system (4) of linear
algebraic equations. The mostlaborious stage is the operation of multiplying the vectors of transposed
Chebyshev matrix TT by vector f = (fo/\/z, S1seee fn_l,fn/\/E)T. It turns out that the structure of
the Chebyshev matrix T allows efficient use of the Clenshaw algorithm for substantial reduction
of the number of operations compared to the conventional algorithm of multiplying a matrix by
a vector.

Let us present the modification of the Clenshaw algorithm simplifying the procedure of multiplying
the transposed Chebyshev matrix by the right-hand side vector T f when using the Gauss-Lobatto
grid.

Too Ton Top - Ton||lo Co
Ty Ty Ty - Tin h G
Tf _ —
T'f= Lo Ty DT, - DLullh]|T|e
L Tn,O Tn,l Tn,z Tn,n E -fn - | Cpy |

To get the value of a particular j-th component of the vector of coefficients, it is necessary to
multiply the j-th row of matrix T by the vector f.
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G(x) = D) fili(x) = /oT(x0) + ATx1) + LT(x) + oo + i Ti(xp).
k=0

To simplify the calculation of the desired sum, the product of the row of Chebyshev transposed
matrix by the vector on the right-hand side, we use the representation of a Chebyshev polynomial of
the first kind of the j-th order in the trigonometric form:

Ti(cos ©) = cos(j6)

xy = cos(kn/n), k=0,1,..,n

Each j-th row of the transposed Chebyshev matrix contains the values of a Chebyshev polynomial
of the j-th order at the Gauss-Lobatto grid points x; = cos(kn/n), k = 0,1, ..., n.
Let us execute the change of variables

yy=jn/n, j=0,1,..,n

Ti(xx) = cos(kyj).

This change allows using the identity Tj(x) = cos(j(kz/n)) = cos(k(jz/n)) = Ty(x;) for a transition
to the conventional Clenshaw scheme of calculating the product of the transposed (symmetric)
Chebyshev matrix by the vector of the right-hand side. That is, the product of coefficients fi,k =
0,1,...,n by the corresponding values of the polynomial of the j-th order Tj(x,) at the grid points x;,
k =0,1,..., n for calculating the interpolant expansion coefficient ¢;(x) can be replaced with a product
of the same coefficients by the corresponding values of the polynomials of the k-th order Ty (x;) at one
point x; of the grid with the number corresponding to that of the calculated interpolant expansion
coefficient.

n
G = 2 KT = foTO-y) + AT - y) + T2 y) + o + [ Ti(n - y).
k=0
Denoting
0= jr/n,

we arrive at a formula for calculating the j-th expansion coefficient of the desired interpolant in the
reduced form:

n n
G =, fili(xx) = ), ficos(k®), j=0,1,...n.
k=0 k=0

To calculate each expansion coefficient ¢, j = 0,1, ..., n using the Clenshaw scheme, two approaches
are possible.

In the first of them, it is possible to use the three-term recurrence relation expressing cosines of
multiple angles cos nx through two cosines of preceding multiplicities cos((n — 1)x), cos((n — 2)x)
and the value of cos(x):

n .
Cj = Z fk COS(k@), 0= %, J =0,1,..,n.
k=0

The second approach leads to using the variant of Clenshaw scheme (7)-(8) already studied above.

n
G = Z fT(xi),  j=0,1,..,n.
k=0
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It is known that the coefficients of the three-term recurrence relation for the Chebyshev polynomials
of the first kind are
a(n,x) = a(x) =2x, Ln,x)=px)=-1,

T,(x) = 2xT_1(x) — T—5(x)

and the polynomials of the 1-st and the 2-nd order have the form
To(x)=1, Ti(x)=x.

Having summed over the specified coefficients ¢y, ¢;, ¢5, ..., ¢,,, We calculate the values b, (x) using the
“reverse” recurrence formula:
bn+1(x) = bn+2(x) =0,

br(x) = ¢ + 2xby 1 (%) — bryo(x), k=nn-1,.,1.

Then
Cx = bk — 2xbk+1(x) + bk+2(x), k=nn-1,..,1.

Now we substitute these coefficients into the series sum formula

n
Pn(x) = Z ek Ti(x) = ¢o + byx — b,.
k=0
To get rid of using the value of argument in the ultimate formula for the sum of the truncated
Chebyshev series, it is possible to continue the loop process by one additional step and to calculate
the zeroth coefficient of the reverse sequence by the formula

bo =Cy + bel - bZ!
. . by —co+b
which allows calculating the product b, x = %,
Substituting the calculated value of b; x into the sum expression, we get an alternative variant of

the formula for the sum of products of indexed coefficients by the Chebyshev polynomials of the first
kind of the appropriate degree:

bO_C0+b2

1
5 —b,= E[Co"‘bo—bzl

Pu(X) =co+bix—by=cy +
The ultimate value of the desired sum depends only on the coefficient ¢, of the series sought for
and two coefficients b, b, obtained as a result of running the reverse recurrence sequence.

5. Conclusions

Clenshaw described an algorithm that allows calculating the final sum of the Fourier series in terms of
sines and cosines. Clenshaw’s algorithm is a recursive method for summing a linear combination of
Chebyshev polynomials [5, 6]. The method was published by Charles William Clenshaw in 1955. This
is a generalization of Horner’s method for summing a linear combination of monomials. Although
this method is named after William George Horner, it has been known for along time - Horner himself
attributed it to Joseph-Louis Lagrange. But the method was described and used many hundreds of
years ago by Chinese and Persian mathematicians. After the advent of computers, this algorithm
became fundamental for efficient calculations with polynomials.
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The use of many well-known useful properties of Chebyshev polynomials can significantly improve
the software implementation of the function interpolation algorithm based on the Clenshaw method.
In future, the authors intend to use the outlined interpolation technique for a stable implementation
of algorithms for calculating definite integrals, derivatives of functions using matrices of spectral
Chebyshev differentiation and finding antiderivative functions using integration matrices.

For example, to calculate definite integrals, it may be useful to calculate the sums of modified
series of Fourier type — only even or only odd terms of the series.

With the rapid development of modern technology, many types of interpolation methods have been
proposed, including piecewise constant, linear, polynomial and spline interpolation methods [2, 7, 8].
Among them, interpolation based on Chebyshev polynomials is of great interest, which has been
shown to be one of the important methods in the literature [9-15], since this type of interpolation
polynomials eliminates the problem of the Runge phenomenon [16, 17].

Function approximation based on Chebyshev polynomial interpolation and discrete cosine
transform is discussed in many papers [1, 2, 18-20]. In these methods, the points of a non-uniform
grid corresponding to the roots or extremals of the Chebyshev polynomials are first obtained, and
then the approximation coefficients are calculated at these points using collocation methods. The
results showed that the use of Chebyshev polynomials provides almost optimal accuracy for solving
problems of interpolation, differentiation, and integration of smooth functions.
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Anroputm KneHwoy B 3agaye MHTepnonsumm metogom YebbilueBCKOM
KOJII0OKaL UM

K. I1. JloBenjkuii, A. A. TioTIOHHUK, [ly HamcumenTy Bucente ®ennkce XKose,
Tefimetipa Boa MopTe CeIMUITOH

Poccutickuil ynusepcumem opyxc6ul Hapodos, ya. Mukayxo-Maxaas, 0. 6, Mockea, 117198, Poccuiickas ®edepayus

AHHoTauus. B cTaTbe omKcaH MeTO/l BBIYKCIEHNA HHTEPIIONAINOHHBIX K03(DPHUIINEeHTOB Pa3IoKeHHU 110 I0-
nuHOoMaM YebbineBa. MeToz cCripaBeJIUB, KOTAA MCKOMOe QYHKIINS OrpaHUYeHa U UMeeT KOHeTHOe K CII0
MaKCHMyMOB 1 MUHUMYMOB B KOHEYHOU 00J1aCTH MHTEPIOINPoBaHuA. CyTh METO/Ia COCTOUT B TOM, UTO UH-
TeprosupyeMast ICKoMast GyHKIINSA MOXKeT OBITh [Ipe/ICTaBIeHa B BU/ie Pa3IOKeHUs 10 TIoanHoMaM YebsbIeBa;
3aTeM K03(PPUIIMEHTHI Pa3IoKeHNUs Ollpe/leIaI0TCA 110 MeTOAy KOJUIOKAIlui CBeZleHHMeM 3a/laul K PelleHHIo
XOpOLIO 06YCI0BIEHHOI CUCTEMBI IMHEHHBIX alrebpandecKux ypaBHEHUH OTHOCUTENBHO HCKOMBIX K09ddu-
I[eHTOB. VICII0Ib30BaHMe U3BECTHBIX [T0JIE3HBIX CBOIMCTB IOIMHOMOB YeObllleBa [T03BOJISET 3HAYUTETbHO
YIPOCTUTH pellleHHe 3a/ja4yl UHTepHoaanuy GyHKIuii. M3noxeHa MeTOAMKa UCIIOIb30BaHUA anropuTMa Kien-
IIOY AJIS1 CYMMMPOBAHUSA PSA/IOB U OIIpe/iesleHNs KO3hOUITEeHTOB Pa3IoKeH!sI MHTEPIIOANPYeMoi GyHKIIH,
OCHOBaHHas Ha JUCKPETHOH OPTOrOHAJIBHOCTH IOJMHOMOB YebbIieBa 1-ro poja.

KntoueBble cnoBa: MHTepHoIAnus GYHKUUN MeTogoM YeObINIeBCKON KOJIOKAIUU, aaroputM KieHmoy
YCKOPEHUS BBIYUCIEHUH



