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Abstract. The article discusses a mathematical model and a finite-difference scheme for the heating process of
an infinite plate. The disadvantages of using the classical parabolic heat equation for this case and the rationale
for using the hyperbolic heat equation are given. The relationship between the hyperbolic thermal conductivity
equation and the theory of equations with the retarded argument (delay equation) is shown. The considered
mixed equation has 2 parts: parabolic and hyperbolic. Difference schemes use an integro-interpolation method to
reduce errors. The problem with a nonlinear thermal conductivity coefficient was chosen as the initial boundary-
value problem. The heat source in the parabolic part of the equation is equal to 0, and in the hyperbolic part
of the equation sharp heating begins. The initial boundary-value problem with boundary conditions of the
third kind in an infinite plate with nonlinear coefficients is formulated and numerically solved. An iterative
method for solving the problem is described. A visual graph of the solution results is presented. A theoretical
justification for the difference scheme is given. Also we consider the case of the nonlinear mixed equation of
the fourth order.

Key words and phrases: hyperbolic-parabolic equation, delay equations, initial boundary-value problem, finite
difference schemes, equations of the high order

1. Introduction

In the V.N. Khankhasaev’s paper [1-3], which is bound up with the problem of mathematical modeling
of the process of switching off the electric arc in the flue gas flow, various mathematical models bound
up with the hyperbolic equation of thermal conductivity (obtained by generalization of the Fourier
hypothesis [4]) were studied both analytically and numerically. In course of investigations bound up
with the transfer processes in the case of high-intensity influence of the gas, the earlier hypotheses
presuming the proportionality of the flow density to the vector of the potential gradient, which are
based on the known physics laws, lead to an infinite rate of distribution of the perturbations, what
contradicts to fundamental laws of nature.

The set known physics laws constructed on basis of the given theory includes the following laws:

q(x,y,z,t) = —Agrad T(x, y, z,t) - the Fourier law; 1 - thermal conductivity coefficient; g — heat
flow density; T - temperature;

q(x,y,z,t) = =D grad C(x, y, z, t) - the Fick law; D- diffusion coefficient; g - flow density of diffusion;
C - concentration;

q(x,y,z,t) = —K grad H(x, y, z,t) - the Darcy law; K - filtering coefficient; g - volume flow (or the
filtering rate); H - pressure.

All these laws are written in the general form as follows:

q(x,y,z,t) = —AgradU(x,y,z,t), i.e. the generalized law of transfer, where A is the transfer
coefficient; q is the flow density; U is the potential.
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The differential equation of transfer obtained from the given generalized law has the following
form in the one-dimensional case:
at T oxz’

It is sufficient to differentiate the fundamental solution of this equation with respect to variable ¢
and tend the time to zero to see that the rate of transfer of the potential at the initial time moment
equals to infinity. The approximation of solid medium used in above laws and presuming the absence
of its internal molecular structure implies that it is possible to undertake a limit transition in the
integral laws of conservation for this medium, when the volume tends to zero. Such a limit transition
allows one to obtain the equation of energy conservation in the differential form. Meanwhile, this
procedure - from the viewpoint of contemporary physics - is incorrect because the environment is
known to be composed of molecules. The environment has a discrete internal structure.

In order to avoid this paradox J.C. Maxwell [5], C. Cattaneo [6], P. Vernotte [7], who worked within
the frames of the theory of thermal conductivity, based his reasoning on the molecular-kinetic
conception, used the hypothesis of finiteness of duration of molecular collisions and proceeded from
a new conception of the molecules’ length of free path, obtained a new law of thermal conductivity.

There appeared an additional addend r% in the law, which took account of the discreteness of the

environment’s molecular structure and was responsible for the inertial character of heat. In this
addend, is the relaxation time, i.e. the time of reaching some thermodynamic equilibrium between
the heat flow and the temperature gradient. This generalized law of transfer may be written in the
following form:
r% +q=—-AgradU. 1)
In the process of solving the differential equation obtained from this law, observed was the first-
kind discontinuity of the potential, which distributes from the source. Therefore, law (1) describes
the appearance of waves in case of some high-intensity influence, which leads to some local system’s
non-equilibrium. These effects are most frequently observed when a body is impacted with short
energy impulses, in shock waves or under high temperature gradients. The local equilibrium, which
is obvious in cases of application of earlier physics laws, is valid for the time moments (intervals),
which are in excess of the relaxation time. Therefore, classical transfer theories are valid, when the
rate of processes is substantially smaller than the rate of distribution of perturbations in the medium
under scrutiny [8, 9].

2. Therelationship between the hyperbolic thermal conductivity equation and the
theory of equations with the retarded argument (delay equations)

To the end of inference of the transfer differential equation in the one-dimensional case we have
used the equation of thermal balance:

dg  oU
> 83 )
Having substituted (1) into (2), we obtain:
2 2
A o°U d%q aUu 3)

dx2 + Taxat =83

Now, change the order of differentiation for the second addend in (3)
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On account of (2) we obtain
o*U d (3U ou

5w (5) = e
Finally, we obtain the following:
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UL U_agU
o2 = dt g ox?’
Equation (4) belongs to the class of linear hyperbolic partial differential equations because it

contains the second derivative with respect to time. If internal sources of perturbations are taken
into account, then equation (2) assumes the following form:

)

oUu _dq

Hence equation (4) writes as follows:
2 2
o°U ( ‘[dF)GU_Ad U+F(U). 5)

o T\'Tgdu)ar Tgo T g

oF .
Here 37 may have any sign.

While turning back to equation (1), one can see that —A grad U represents an expansion of the flow
into the Tailor series with respect to the powers of 7, where taken are only the first two members of
the expansion. Hence if all the terms of the expansion are taken into account, then the series shall
have the following form:

dq 1282
q+fa_?+56—tg+...=—AgradU. (6)

Having gathered the terms of series, we can rewrite expression (6) in the following form:
q(t +7) = —AgradU. (7)
Having replaced the variables t + 7 = t! in (7), and, next, again transferring to variable t, we obtain:
q(t) = —Agrad U(t — 7). (8)

The physics sense of expression (8) implies that the transfer process in the locally non-homogeneous
media possesses inertial properties: the system reacts to the influence not at the same time moment
but with a delay equal to the relaxation time 7, i.e. the flow density retards from the gradient of
potential. From the technical viewpoint, expression (8), unlike that for (1), allows one to take account
of all the terms of the expansion with respect to 7. While continuing the above inference technique
with the use of (8), one can easily obtain the following equation with the retarded (with respect to
time) argument[10-12]:
U _ Ad*U(x,t—1)

ot g 0x2

Therefore, the linear hyperbolic thermal conductivity equation (5) represents the second, more
correct stage in the theory of mathematical modeling of heat transfer for the fast running processes
with high-intensity perturbations.

The investigation of thermal conductivity processes using the generalized Fourier law is most
relevant for rapidly occurring physical phenomena (for example, with nano- and fempto-second
laser pulses) in the study of high-intensity processes of heating bodies (plasma, laser processing of
materials, high-intensity heating of contact connections in electrical installations and etc.) [13, 14].

3. The nonlinear mixed equation of thermal conductivity

An unbounded plate is given in the form of an infinite strip, the size of which along the x axis is equal
to the segment [0, X], and the size along the y axis is equal to (—o0, o0). We consider the properties of
the plate along the y axis to be homogeneous and we will not mention y in the list of variables. The
initial temperature distribution in the plate is given by some function u(x, T;) = uy(x); at the plate
boundaries the temperature of the medium is constant. Heat exchange with the environment occurs
according to Newton’s law (boundary conditions of the third kind). The thermophysical characteristics
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cp» 4, p, a, ¢ are specified - specific heat capacity, thermal conductivity coefficient, specific density,
heat transfer coefficient and heat output coefficient. It is required to find the temperature distribution
over the thickness of the plate, i.e. by variable x, at any time ¢ € [T}, T,]. The differential equation
and boundary conditions will then be written as:

k(x, ug, + cp(x,t) - p(x, Huy = (AU, x, Huy)y + c(x, u + f(x, t). 9)

In the rectangular domain G = [0,X] X [T, T], T; < 0, T, > 0. Furthermore, V(x,t) € G, k(x,t) =0,
t < 0; k(x,t) > 0,t > 0; i.e. whent < 0 — the equation(1) is parabolic, and when t > 0 — the
equation(1) is hyperbolic. Let us formulate the problem with the following experimental data [15].

The initial boundary-value problem. Find the temperature field in an infinite plate homogeneous
in variable y with X = 7 and calculation time: T; = -5, T, = 20.

Initial condition and boundary conditions:

u(x, )|e=1, = up(x) = 10sin(x);

qO(t)!
X, t = 1

+auCuuen| {qm. (10)

Coefficients: k(x,t) = 0fort < 0, k(x,t) = 1fort > 0; c(x,t) = 0; A(u,x,t) = 0.5 u? + 2;
co(x,8) - p(x,t) = a(x,t) = 672; qo(t) = 5; qi.(t) = 10; ap(x, t) = 3.5; oz (x, t) = 3.5.

Heat sources f(x,t) change over time. In the parabolic part f(x,t) = f1(x,t) = 0 and in the
hyperbolic part f(x,t) = f2(x,t) = 100000 sin(x) sin(t).

In the quasi-linear scheme, the coefficients 1 are calculated from the temperatures Uj ; of the
previous time layer j, while in the essentially non-linear scheme, which is being implemented now:

A x, )au(x , 1)

Ui je1 — 2U 5+ Uy j ba T+ T)ui,j+1_ui,j _
T 4T o

k(lh,T1+jT) p) p

Uist,j+1 — Ui j41

= (l(ui+;,j+1’i'h’Tl+j.T), 1 h

l+2

. . Ujje1 — Ui—p,j+1 | 1
—A(ui_%’jﬂ,l-h,Tl+]~r)i_1T A
2

tiy1  pXiy1/2
+ce(i-h T+ Duyjn +f f f(x, t)dxdt.  (11)

Xi-1/2
The coefficient A is calculated as follows:

[/l(uiﬂ’j,(i + 1) . h, Tl + ] . T) +ﬂ.(ui’j,i . h, Tl +] . T)]

Alu 3

‘h,,T1+j'T)=

1
+2,j+
l_z,j 1

It is clear that the resulting system of equations is nonlinear, so to solve this system we will use
the simple iteration method. This method is as follows—at each time step we will determine the
temperature field until it stops changing with changes:

miax|ui,s+l — U

<e¢, (12)
maxits o1

where s is the iteration number, € is the calculation accuracy. When condition (12) is satisfied, then
U541 = U j41- The following can be considered as an initial approximation: u; s—¢ = u; j.

It can be seen that the system (11) is already linear with respect to u; s,;, which makes it possible to
use the sweep method and determine the unknown temperature field. But in this case the system is
solved until the temperature field ceases to differ [16]. In such a scheme, the volume of calculations
increases compared to a quasi-linear scheme, since at each time step it is necessary to solve the
system of difference equations by the sweep method not once, but s,,, times. However, the nonlinear
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scheme gives a smaller error in the numerical solution of the original problem (9), (10) than the
quasilinear one [17]. This is explained by the fact that the coefficients in the expressions for the
grid analogues of heat flows are calculated at the same time as the temperatures. To reduce the
error of a quasilinear scheme, the step size should be reduced, i.e., the number of time steps in the
considered interval should be increased. Therefore, in many cases it turns out to be more profitable,
even from the point of view of computer time costs, to use a nonlinear scheme and take larger time
steps, performing several iterations at each [18].

The fields of temperatures for the scrutinized process have been obtained at various time moments
(fig.1) in the environment of Mathcad-15 having a comfortable graphic interface. Similar to the
works[19, 20] the following theorems is proved:

Theorem 1. Let function c(x, t) < 0 is sufficiently large with respect to the modulus,

2a—|k,| >8> 0.

Hence for any function f € W;!(G) there exists a unique solution u(x, t) of the initial boundary-value
problem (9), (10) in space W,2(G).

Figure 1. The result of the program solution

Theorem 2. Under the conditions of Theorem 1 the difference scheme (11) is stable, and
interpolations uf(x, t) of solutions of this difference scheme converge weakly in W'(G) (when
h — 0,7 — 0) to the solution u(x, t) of initial boundary-value problem (9), (10) from space W;%(G).

4. The nonlinear mixed equation of the fourth order

In bounded domain D from R", consider the first boundary value problem for the fourth order
nonlinear mixed partial differential equation:

n+1
Lu= ZL”{Ai(x, U, Uy, .., Uy, Ku) = h(X), (13)
i=0
e = 7069 Llrry = 3 (o) = o
r 1 > 3y Ir/ry = i,j axi J rir, 2 ’

here: L* is an operator formally Lagrange conjugate to the operator L; L, — identity operator; L; = ai ;
X

i=1,...,n; L, — operator K of the form:
n n
Ku= Z ai,j(x)uxi,xj + Zbi(x)uxi + c(x)u
i,j=1 i=1
with sufficiently smooth coefficients, satisfying the inequality:
IKulr,,0) Z allulwipy, @ >0, mz2, rz2, (14)

for any functions u(x) from Cg the class of twice continuously differentiable functions vanishing on
the boundary I' of the domain D, I'; is the characteristic part of the boundary of I for the operator K,
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v = (v, ...,V,) is the vector of the internal normal to I':

Foz{xel“: (Zn:ai’jvivj>(x)=0}. (15)

i,j=1

As the operator K, we can take the linear hyperbolic-parabolic heat conduction operator described
above in (9).
Lemma 1. For any function u(x) from Cx we derive inequality (14) with parameters m = 2 and
r = 2 if the condition is met:
2a—|k 26> 0. (16)

Lemma 2. For any function u(x) from Ck, if condition (16) is met, the following inequality with
parameter m = 2 is deduced:

ou
> it
Kuleo) > % | 30 a7)

L)
Let us define the Banach spaces H, and Hy with standards: |lull;. = |Kullr,,p); [ulle = IKulL,,mo) +
[ully3(py, obtained by closing a set of functions from

ou ’ )
— =0].
ONlr/r,

From (14) it follows that these are indeed the norms and spaces H, and Hy are obviously separable.
With the help of the Clarkson’s inequalities is proved the next lemma.

Lemma 3. Spaces H, and Hy reflective.

From the embedding theorems for Sobolev spaces it follows that functions from the spaces H,
and Hy vanish on the entire boundary of I. Equality (15) means that on I the derivative along
the conormal is the tangent derivative to the boundary I" and on functions from Ck vanishes on I',
therefore inequality (17) actually means

CL=<UECK:

ou
=K > — )
= Wty > a5 [ S5]

After introducing a continuous trace operator based on inequality (17) of Lemma 2 on functions
from Cg and extending it by continuity to the spaces H, and Hy, we find that for functions from H,
and Hy the derivative with respect to the conormal vanishes in the space L,(I'/I).

Suppose that the functions f;(x), f,(x) admit continuation f(x) inside the region D from the space
W,2(D) n WA(D), where k = max(r, e). Then a collection of functions of the form u(x) = z(x) + f(x),
where z(x) from H, (Hy), forms the space H, (f)[Hu(f)]-

Definition 1. Function u(x) from H, (f)[Hu(f)] let’s call it a weak generalized solution to problem
(13) if the identity holds:

n+1 n+l

Z /Ai(x,u, Uyys oo s Uy, ), KWLy,  dD = Z(Ai(x,Liu),Liv) = (h,v),
i=0 /D

i=0
Yu(x)€Cr, j=0,n+1.

Definition 2. Function u(x) from H,(f)[Hy(f)] we call a strong generalized solution to problem
(13) if there is a sequence of functions z;(x) € Cy, such that

lim |lz; + f = ull @) = lim |L(z; + ) = hll_(e] = O,

where H_(D)[Hg(D)] are the negative spaces to H. (f)[Hx(f)], constructed with respect to the Hilbert
space L,(D).

Let us present a number of assumptions for various equations of the form (13), which essentially
mean conditions on the behavior of nonlinear functions 4;(x, §),i,j =0,n+1,§ € R,

1. Conditions of limitation and continuity: L : H,(f) - H_(D).
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The functions A;(x, §),i,j = 0,n + 1 satisfy the Caratheodory conditions, i.e. for almost all x
from D are continuous in the set of variables &, for all values & are measurable in x and satisfy the
inequalities:

n+l1
Ai(x,§) < ay (a(x) +y |§|Pij>,
j=0

where p; ; are selected indicators.
2. Condition for coercivity of the operator Lu. For any function u(x) from H, (f)[Hy(f)] the
following inequality holds:

n+1
D (A0, Liw), Liw) < asf|ull 7 — o, j = 0,n + 1,
i=0

n+l1

> (A4, L), L) < cn(ullf + g ) — et |
i=0

3. Condition for the definiteness of the variation of the operator Lu. For any functions u(x), v(x)
from H, (f)[Hy(f)] the following inequality holds:

(Lu — Lv,u —v) = agllu —v||'7,

(L — Ly, =) > ayg(lu = I+ e = vl )]
Similar to the work of Dubinsky Yu.A. the following theorem is proved:
Theorem 3: If assumptions 1) — 3) are met, then the first boundary value problem (13) for any
function h(x) € H_(D)[Hg(D)] is set correctly, the weak solution coincides with the strong one, i.e.
a mapping Lu = h(x) € H_(D)[Hg(D)] is a homeomorphism[21].

5. Conclusion

A program has been written to solve the mixed heat equation using the simple iteration method.
A calculation was carried out with similar boundary conditions. The results coincide with the results
of the first miscalculation.

There are other methods that have become widespread in practice for constructing an iterative
process for solving systems of nonlinear difference equations. For example, Newton’s method is
based on the linearization of equations and is usually used in the case when the dependences of the
coefficients on temperature are specified by analytical dependencies that can be differentiated. In
further work, this method will be used to solve essentially nonlinear equations of mixed type.

Along with numerous methods for solving inverse coefficient problems for linear and nonlinear
second order equations K(u) = h you can also use the one proposed by Yu.A. Dubinsky. approach
when this equation, which is generally unsolvable for an arbitrary right-hand side A, is associated
with some 4th order equation K* K(u) = K*h, which is always solvable. Then the equation K(u) = h
is solvable up to the kernel of the operator K*.

This construction can also be considered as a technique for describing the range of values of
the mixed heat operator corresponding to an ill-posed problem with overdetermination. The
presence of these additional boundary conditions, taking into account the release of some of them
on the characteristic surfaces of the operator K(u), is necessary for the numerical solution of the
well-posed Dirichlet problem for the equation K* K(u) = K*h, if the operator K* K implements
a homeomorphism.
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YucneHHoe pelieHne HeJIMHenHoro runep6ono-napabonnyeckoro
YPaBHEHUS TeNJI0ONPOBOJHOCTH

B. H. Xanxacaes"?, C. A. Baupos!

! Bocmouno-Cubupckuil 20cy0apcmeeHHbLil yHUSepCUument mexHoA02ull U ynpasaeHus,
ya. Knwouesckas, 0. 40B, cmp. 1, 2.Yaan-Y0s, 670013, Poccuiickas Pedepayus

2 Bypamckuil eocydapcmeennulil ynugepcumem umenu Jopocu Banzapoea,

ya. Cmonuna, 0. 24A, Yaau-yos, 670000, Poccuiickas edepayusn

AHHOTauus. B cTaTbe paccMaTpHUBaeTCs MaTeMaTHdecKas MOZieIb M KOHEYHO-Pa3sHOCTHAs cXeMa IIpoliecca
HarpeBa 0eCKOHEYHOH IIaCTHHBI. IIpUBOAITCS HEOCTATKY UCIIOIb30BAHUS KIACCUIeCKOT0 IapabosndecKo-
ro ypaBHEHUs TeIIONPOBOSHOCTH [JIsI AHHOTO CIydast 1 000CHOBAHUS [JIsl MCIIOIb30BAHUS CMEILIaHHOTO
ypaBHeHus. [TokaszaHa CBA3b TUIIepPOOINIECKOTO yPaBHEHNUS TEILTIONIPOBOAHOCTH C TeOpUell ypaBHEHNH ¢ 3amas-
JBIBAIOIINM apryMeHTOM (ypaBHEHUEM C 3alla3fiblBaHUeM). B cMelIaHHOM ypaBHEHUM IPUCYTCTBYIOT 2 YaCTH:
napabosindeckas ¥ runepbosudeckas. B pasHOCTHBIX cxeMax IPUMeHsIeTCss HHTerPO-UHTePIIOISIIIOHHBIH
MeTO/, /iIs1 YMeHbIIeH!s [OrPellHoCTel. B KadecTBe KpaeBoil 3afa4uu BbIOpaHa 3ajada C HeTHMHEHHBIM
K03(pbUIIMEHTOM TEIIONPOBOAHOCTU. FICTOYHUK TeIlla B ITapabondecKoi YacTU ypaBHeHUs paBeH 0,
a B rUIepbOIMYeCcKOl YacTH ypaBHEHUs HauMHAeTCsl Pe3Kuil HarpeB. IlocTaBleHa M YMCIEHHO pellleHa
HadaJIbHO-KpaeBas 3a/ada C KPaeBbIMU YCIOBUSIMU TPETHEr0O Poja B 6ECKOHEYHOMH IJIaCTHHE C IMHEHHBI-
MU U ¢ HeIMHeMHBIMU K03 dunrenTamu. ONKcaH UTePallOHHBIN MeTo/ A1 pelleHus 3afadu. [IpescTaBieH
HaIJSIAHBIHN rpadyK Pe3y/IbTaToB pelieHus. JlaHo TeopeTHdeckoe 060CHOBaHUE /s Pa3HOCTHO# cxeMbl. Takske
PacCMOTpeH CIydail HeIMHeHOTO CMeIIaHHOTO YpaBHeHNU YeTBEePTOrO IOPILKa.

KnioueBble cnoBa: rumnep6oso-napabonnieckoe ypaBHeHNe, ypaBHEHNU C 3aIla3/bIBAHIEM, HadaIbHO-KpaeBas
3a/]a4a, KOHEYHO-Pa3HOCTHbIE CXeMbl, YPABHEHUS BBICOKOTO IIOPALKA



