Discrete €& Continuous Models
@ & Applied Computational Science 2022, 30 (4) 357-363
L/

ISSN 2658-7149 (online), 2658-4670 (print) RttP://journals.rudn.ru/miph

Research article
UDC 519.872:519.217
PACS 07.05.Tp, 02.60.Pn, 02.70.Bf
DOI: 10.22363/2658-4670-2022-30-4-357-363

Profile thickness synthesis of thin-film waveguide
Luneburg lens

Konstantin P. Lovetskiy!,

Anton L. Sevastianov?, Alexander V. Zorin'

! Peoples’ Friendship University of Russia (RUDN University),
6, Miklukho-Maklaya St., Moscow, 117198, Russian Federation
2 Higher School of Economics (HSE University),

11, Pokrovsky Bulvar, Moscow, 109028, Russian Federation

(received: November 1, 2022; revised: December 12, 2022; accepted: December 19, 2022)

Abstract. In the work the link between the focusing inhomogeneity of the effective
refractive index of waveguide Luneburg lens and the irregularity of the waveguide layer
thickness generating this inhomogeneity is demonstrated. For the dispersion relation
of irregular thin-film waveguide in the model of adiabatic waveguide modes the
problem of mathematical synthesis and computer-aided design of the waveguide layer
thickness profile for the Luneburg thin-film generalized waveguide lens with a given
focal length is being solved. The calculations are carried out in normalized (in a special
way) coordinates to adapt the used relations to computer calculations. The obtained
solution is compared with the same solution within the cross-section’s method. The
performance of the algorithm implemented in Delphi, was demonstrated by plotting
the dispersion curves and plotting a family of dispersion curves, demonstrating
a critical convergence. As an additional result, the thickness profiles of additional
(irregular in thickness) waveguide layer, forming a thin film generalized waveguide
Luneburg lens were synthesized. This result generalizes Southwell’s results.

Key words and phrases: Luneburg waveguide lens, effective refractive index
inhomogeneity, section method, waveguide adiabatic mode model

1. Model of adiabatic waveguide modes

Using the example of a thin film generalized waveguide Luneburg (TGWL)
lens (see figure 1), which performs a two-dimensional Fourier transform with
a finite aperture, the application of the adiabatic mode model is demonstrated.
The inverse problem of synthesizing a thin film generalized waveguide Luneb-
urg (TGWL) lens is solved within the framework of the model of adiabatic
waveguide modes.
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Figure 1. Cross section of the TGWL under consideration

Solutions of the Maxwell’s equations for adiabatic waveguide modes are
sought in the form [1]:

{E(a:, Y, z,t)} _ {f}(x, Y, z,t)} exp{iwt —ip(y, z) }

H(z,y,z,t) H(z,y, 2 t) B(y, 2)

)

where

B,(002) = 1 (32). s.wa = (52).

0 z

By, 2) = \/B,(y: 2)? + B.(y, =)

In a multilayer waveguide, in the zeroth approximation, the equations for
the leading components of the electromagnetic field of adiabatic waveguide
modes take the form [2-5]:

2E° . . - d2HP
di’l; + (€lu - BQ)ES = 07 =

dz?

+ (&i— ) A = 0.

The expressions for the remaining four components of the electromagnetic
field take the form:
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. . . . . . 2 .
In subdomains (waveguide layers) with constant refractive indices n3 = €;u;,

solutions from the fundamental system of solutions are written as linear com-
binations of exponentials. Substituting them all into the boundary equations,
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after reducing similar terms, we obtain homogeneous linear equations for in-
definite amplitude coefficients A, B, A}E, Bj?, AF, Bff, A,, B.. This system
with a matrix admits non-trivial solutions under the condition [1]:

det M(B(r)) = 0.

The solution of given nonlinear PDE of the first order with respect to h(r)
synthesizes the proper profile of Luneburg TGWL.

2. Mathematical synthesis of a thin film generalized
waveguide Luneburg lens

In the works of Southwell [6, 7] the thickness profile of Luneburg TGWL with
parameters ng = 1.47, n, = 1.565, n; = 2.10, n, = 1.0, d = 1.0665u, A = 0.5u
was synthesized by the cross-section method in which precise boundary
conditions for the Maxwell’s equations are replaced by their approximations —
projections on the horizontal plane [1|. The supporter of irregularity region of
TGWL in the method of comparison waveguides automatically coincides with
the supporter of nlu(r) = B;(r)/B; inhomogeneity of the two-dimensional
TGWL of Luneburg: supp h = suppn = supp p.

The method of adiabatic waveguide modes does not require the matching of
these two supporters. However, the fact that the irregularity of TGWL forces
to focus a family of curves locally orthogonal to the focused wave front of the
waveguide mode, that the region of waveguide irregularity does not exceed
the circle Q(F') of the radius F: supp h C Q(F'). Following this reasoning, we
seek the thickness profile of the irregular waveguide layer h(r) in a circle of
radius F.

The equation [1] of the synthesis of the thickness profile of the irregular
waveguide layer of Luneburg TGWL depends on the trajectories of the rays
(parallel at the entrance to the irregularity region) and on their velocities
derived from the equations for the rays that pass through the region of
inhomogeneity. From ODE systems for (y, z)7(s) rays’ equations

d dy\ 98 d dz\ 98
(00 ) = 5w 1 (s0aF) = S

dy A_laﬁB_lﬁﬁ

using substitution — =V, A = ——, B = ——, we obtain the equivalent
dz B0z B oy

system of ODEs other realization:
dy av
==V, —=(1+V?)(B-AV). 1
Doy, =1+ V(B-AV) 1)

The Cauchy problem for the system (1) with the initial conditions

Y(20) = Yo, V(29) =0, (2)
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we solve by the Runge-Kutta—Fehlberg method of the 6th order with auto-
matically step selection [8] resulting in the family of “data” yJF (2]), VJF (z1) at
the family of points, automatically generated while solving the problem (1),
(2) for any beforehand defined focal distance F.

Data from the files yf (zi), VJF (zi) allow calculating the components

of the vector field of the phase delay B = (ﬁz, ﬁy)T of AWM, for which
B(y,z) = /B2 + % according to the formulas

BEWVED o BED
(1+v2() (1+ V()"

B,(2]) = (3)

The result of the calculations allows to complement the previously generated

data file to y; (zk) VJF(zk) Bf(zi), BZF(zjk) Now we have at our disposal
all the necessary data for the formulation of the problem of mathematical

synthesis hf'(r). The matrix M (3¥) depends on the following variables

Mgy Mgy Ty My {Zi,'yi,_ V;f};ﬁl“f(yi:, Zi),vf(yi, =),
M(BF) = M| e Wk 70 XF W 2 (0hs 20), Bgyk,zb L@
oh Oh
BF(ykak) hF(zk,yk) 8_y< k,yk) I (kayk) F

For the matrix M (x; zi, yi; ... F) at each point of «phase-ray mesh»
{2, yl}* the condition det M (; 27, y7; ..., ') = 0 must be fulfilled.

The approximation hf,(r) of the function h¥(r), which defines the thickness
profile of the irregular waveguide layer, are sought in the form:

hE (2,y) = ZKeXp{ y—yc)2;;2(z—zc>2}7 (5)

which allows calculating the explicit form of derivatives (see figure 2).

Figure 2. Plot of the approximate solution h%(z,y) of the thickness profile of the irregular
waveguide layer of Luneburg TGWL
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The search for the unknown coefficients (K, C;) to construct an approxi-
mate solution h(r) in (5) carried out by minimizing the objective function

Ohi(z,y) Ohi(2,y)
oy = 0z

2

Farg(Ki7Ci) = Z ) (6)

J .J
1Y%

by the Nelder-Mead method [9, 10].

det M (hﬁ(z, Y),

3. Conclusion

The paper discusses the problems of numerical implementation of the cross-
section method to calculate an evolution of the mode in a smooth transition
from one planar regular open waveguide to another. In the class of multi-layer
thin-film dielectric waveguides the problem on eigenvalues and eigen guided
modes can be reduced (by expansion in the fundamental system of solutions
in separate layers) to solving a system of linear algebraic equations for the
coefficients of expansion in the fundamental system of solutions. The condition
of non-triviality of the resulting solution in this case is the condition for the
vanishing of the determinant of the corresponding system of linear algebraic
equations.

The paper describes the classical and generalized Luneburg lens in bulk and
waveguide implementation. Then the link between the focusing inhomogeneity
of the effective refractive index of waveguide Luneburg lens and the irregularity
of the waveguide layer thickness generating this inhomogeneity demonstrated.
For the dispersion relation of irregular thin-film waveguide in the model of
AWM the problem of mathematical synthesis and computer-aided design of
the waveguide layer thickness profile for Luneburg TGWL with a given focal
length is being solved.
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Cunre3 ToONIMUHBI TPOPUIIA TOHKOILJIEHOYHOMN
BOJTHOBO/THOU JInH3bI JItoHeOepra

K. II. Jlosenkunii', A. JI. Cepacteanos?, A. B. opun!

U Poccutickuts yrusepcumem opyoc6o, napodos,
ya. Mukayzo-Maxaas, 0. 6, Mockea, 117198, Poccus
2 Bricwasa wxoaa aK0HOMUKU,
THoxposckuti 6yaveap, d. 11, Mockea, 109028, Poccus

Aunoramusi. B pabore mokazaHa cBA3b MKy (POKYCHPYIOIIEl HEOIHOPOIHO-
CThI0 3P (HEKTUBHOIO MTOKA3aTes MIPEJIOMJIEHUsT BOJTHOBOIHOW JIMH3B! JIroHEOEpTA
Y HEPABHOMEPHOCTHIO TOJIIUHBI BOJTHOBOIHOTO CJIOSI, TTOPOXKIAIONIEH 9Ty HEOIHO-
ponHocTb. [l 3aKOHA JUCIIEPCUN HEPEryJIsipHOIO TOHKOILIEHOYHOI'O BOJIHOBOJA
B MOe/n ainabaTHuIeCKUX MOJI, BOJTHOBOA PeIlaeTcs 3a/lada MaTeMaTHuIeCKOIO CHH-
Te3a U KOMITBIOTEPHOTO MTPOEKTUPOBAHUS ITPOQUIST TOJIIAHBI BOJTHOBOIHOIO CJIOSI
JIJIsI TOHKOTIJIEHOYHO# 0600IMEHHO BOJIHOBOMHOMN JuH3bI JIfoHebepra ¢ 3amaHHbIM (ho-
KYCHBIM pacCcTOsiHuEM. PacuéTbl BEJyTCs B HOPMUPOBAHHBIX CIIEIUAJIbHBIM 00pa3oM
KOOpJIMHATAX I aJallTAIliH UCIIOJIH3yEeMbIX COOTHOIIEHWI K KOMITBIOTEPHBIM pacdé-
TaM. [losydyennoe perrerHne CpaBHUBAETCS C TAKUM YK€ PEIIEHHeM B PaMKaX METOIa
cedennit. PaborocmocobrocTs ajropurMma, peaaunsoBanaoro B Delphi, 6bita nmpogemon-
CTPUPOBAHA IyTEM MTOCTPOEHNUS JIUCIIEPCUOHHBIX KPUBBIX U CEMENCTBA JUCIIEPCUOHHBIX
KPHUBBIX, TOKA3BIBAIOIINX KPUTUIECKYIO CXOAUMOCTh. B KadecTBe MOMOTHUTEIHHOTO
pe3yJsibTara ObLIM CHHTE3UPOBAHBI IPOMUIIA TOJIIUHBI JOIOJHATEILHOIO HEPEryJIap-
HOTO II0 TOJIIIHE BOJTHOBOJHOTO CJIOs, 0OPa3yIOIIEro TOHKOILIEHOUHY O OO0OIIEHHY O
BOJTHOBOHYO JiuH3y JItoHEGEpTa. DTOT pe3yabrar 0bo0IaeT pe3yabrarsl CayTBesa.

KurrouyeBbie cjioBa: BOHOBOIHAA JinH3a JIoHEOEpTa, HEOMHOPOIHOCTE P hEeKTUB-
HOTO TIOKA3aTesis IPEJIOMJICHUS, METOJ CEYeHUil, MOJEJb aInabaTUuIeCKuX MOJI
BOJIHOBOJIA,



