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By a rigorous logical analysis we show that the Ehrenfest paradox related to the relativisti-
cally rotating disc is not a paradox of the Special Theory of Relativity as it is usually treated
in the literature because, as we proved rigorously, it does not follow from the principles of the
Special Theory of Relativity but — contrary to this — contradicts them. We also analyse
the logical status of the widely spread statement “moving clocks go slow” within the frame-
work of the Special Theory of Relativity. Using the methods of the symbolic logic we show
that this statement with correct interpretation of the meaning of the notion that the clock
goes slow is, strictly speaking, at least misleading. We discuss the obtained results.
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1. Introduction

Many problems in interpretation of the results of modern physics, which are dis-
cussed in the philosophy of physics, and which are particularly connected with modern
discoveries, came out to be only terminological, independent of the success or inade-
quacy of physics proper [1,2]. Sometimes monstrous forms and dimensions are acquired
by speculations related to the obscurity of terminology. Even simple problems turn
out to be practically unsolvable and often obtain a mystical quasi religious flavour due
to the ignorance or neglect of the logical methods.

In the present work, in the next Section, using rigorous methods of modern logic we
prove that the Ehrenfest paradox related to the relativistically rotating disc is not the
paradox of the Special Theory of Relativity (STR) because it, as we show, contradicts
the principles of the STR.

In Section 2 we show that the clarification of the meaning of the sentence “moving
clock goes slow” may lead to better elucidation of the proper results of the STR related
to the rates of moving clocks.

In the last Section we discuss the obtained results.

2. Ehrenfest Paradox and the STR

Born [3] defined the “relativistic rigid-body” as such a body whose every infinites-
imal element regarding Lorentz contraction behaves in the same way as would behave
an analogous element being at rest and free in the inertial frame, which moves with
the same velocity as the considered element, immersed in a continuum. Ehrenfest [4]
immediately noticed that this definition even in simplest cases is self-contradictory.
Namely for a rotating cylinder one would have (R is the radius of the cylinder when
stationary, R’ in rotation):

“(a) The circumference of the cylinder must show a contraction relative to the rest
state, 2mr R’ < 27 R since each element of the circumference moves in its own direction
with instantaneous speed QR.
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(b) If one considers an element of a radius, its instantaneous velocity is perpen-
dicular to its length; thus, an element of the radius cannot show a contraction with
respect to the rest state. Therefore R = R ...7

In this way (a) claiming that R’ < R, and (b) claiming that R" = R, contradict
each other.

The Ehrenfest paper marks the beginning of the problem which later became well
known as the Ehrenfest paradox. There is a widely spread confusion that (a) and (b)
follow from the first principles of the STR. Namely, analyzing geometry on relativisti-
cally rotating disc in his 1916 fundamental paper on general relativity [5] and a couple
of years later in his popular book [6] Einstein used the following two assumptions:

(i) A measuring-rod laid down along the periphery of the rotating disc is Lorentz
contracted because it is approximately in an inertial motion with a velocity along its
axis.

(7) Such a rod along radial direction is not contracted as it is approximately in
inertial motion, this time with velocity perpendicular to its axis.

When the lengths of these rods compared to the radius of the disc become infinites-
imally small, these relations become exact.

Einstein assumptions (i) and (4i) are very broadly perceived as almost identical to
(a) and (b). This fact is somewhat surprising because Eddington [7], long ago, clearly
stated the root of the Ehrenfest paradox and the logical error contained in the Born
model:

“Consider a wheel revolving rapidly. Each portion of the circumference is moving in
the direction of its length, and might be expected to undergo the Fitzgerald contraction
due to its velocity; each portion of a radius is moving transversely and would therefore
have no longitudinal contraction. It looks as though the rim of the wheel should
contract and the spokes remain the same length, when the wheel is set revolving.
The conclusion is absurd, for a revolving wheel has no tendency to buckle - which
would be the only way of reconciling these conditions. The point which the argument
has overlooked is that the result here appealed to apply to unconstrained bodies ...”
(Emphasized by us.)

To show rigorously by purely logical means that (a) and (b) are not logical conse-
quences of (i) and (7), although at first shallow sight they may seem equivalent, and
that opposite claims contain invalid argumentation, let us consider the problem in a
slightly broader context.

What is the dividing line between valid and invalid argumentation and conclusions?
There are two main approaches to this question [8,9]. In the first approach which may
be called the rule-based or syntactic one, we count a complicated argument as valid if it
can be broken down into simple steps which we immediately recognize as valid. If any
of these steps is invalid the whole argument is also invalid. Checking an argument by
this approach requires very detailed, step by step analysis. However, for our purpose
this approach is inadequate because (@) and (b) usually are not derived from anywhere
but simply stated by fiat as being consequences of the STR. On the other hand (7)
and (ii) have a well founded logical status in the framework of STR. They are well
established approximations valid exactly in the limit.

There is another approach to check validity of the argument and to see whether
some statements may be considered as logical consequences of given premises. This
is the semantic approach. In this approach a given statement is counted as a logical
consequence of a set of premises if every interpretation on a model, which makes the
premises true, makes the consequence true to. In the opposite case the argument
leading to such conclusion must be considered as invalid. This means that only one
counter-example or in other words an interpretation on one model which turns the
premises into true sentences and the conclusion or consequence into a false sentence
shows that the corresponding argumentation is false.

To find convenient models for such an approach we must find the case where we
can see easily and unequivocally how the disc behaves when it comes into rotation.
To this end, we may construct discs from measuring-rods arranged in such a way that
we know in advance their behavior during rotation. In this way, without any further
investigation, we can simply read of the behavior of the so constructed disc as a whole,
from the known behavior of measuring-rods - the constitutive elements of such a disc.
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Now, we have only two situations in which we know the behavior of measuring-rods
in rotation, and these correspond to Einstein assumptions (i) and (7).

To put in action the assumption (i) we construct a “star” disc. This consists
from rods arranged all along the radial direction, fixed in the centre, like playing cards
in a hand or a fan. Keeping in mind that measurement of geometric relations of
moving bodies in the framework of the STR is by definition, the measurement of their
simultaneous traces, we may obviously conclude that the “star” disc does not change
its shape during rotation; both radius and circumference and their ratio remain the
same when measured from the stationary frame.

To use the assumption (i) we construct the “ring” disc. This one consists from
short rods arranged circularly and say elastically connected so that when their ends
touch each other there is no force between them and when their ends separate an
attractive force arises.

Let us now return to our original problem. We consider (i) and (ii) as evident
consequences of the STR. On the “star” model, as well as on every our model, (i)
and (4) are fulfilled together because they do not depend in whatever way from the
behavior of discs during rotation but exclusively from the behavior of free rods in
inertial motion, and only from this. However on the star model (b) is fulfilled and (a)
is not. For the “ring” model we have the opposite situation - (a) is fulfilled while (b) is
not. (Of course, again, both (7) and (4) are fulfilled.) This shows that (a) and (b) are
not logical consequences of (i) and (i) and these two follow from the first principles
of the STR. This terminates the proof that (a) and (b) do not follow from the first
principles of the STR because they contradict (i) and (7), and due to this they are
in contradiction with the STR.

This result should put an end to the futile efforts to solve the Ehrenfest paradox
in the framework of the STR, as if it were an inherent contradiction of this theory.
These efforts have a goal which is absolutely unachievable because this paradox does
not fit to the framework in which its solution is hopelessly seek for, and due to this
are from the outset a lost case.

3. A Logical Analysis of the Statement “Moving
Clocks Go Slow”

In our analysis by a clock (stopwatch) we mean an oscillator which is characterized
by its period T and its reading, which roughly speaking counts the number of periodic
processes done by the oscillator and which we denote by n. To make the essence of
our logical argument as transparent and clear as possible we will first consider the
following completely classical case. Suppose that we have three stopwatches, denoted
by 0, 1 and 2, which are all located at the same place in a stationary closed box so
that we can not directly see how they work. Let the time-measuring mechanisms of
the stopwatches 0 and 1 start both to run at an accidental instant. Let at another
accidental instant the stopwatch 1 stops and at the same instant the stopwatch 2
starts to run and finally, at the third accidental instant, both stopwatches 0 and 2
stop running. If all the stopwatches run correctly i.e. with a same rate, we will, after
opening the box, find that their readings satisfy the obvious equality: ng = n1 + no.

In the case that this equality is not satisfied we would conclude purely on the
logical grounds that at least one of them has a different period. Since, we assumed
that during the described process the box was closed, we were not able to compare
directly the periods of the clocks.

If in a repeated series of such experiments we would always have
ng > n1 + nge we obviously could, without whatever further measurements, conclude
that either:

To <1y or Ty<1T5 or both. (1)

Now, with only slight changes of the above arrangement, which from the logical
point of view are irrelevant and almost trivial, we can apply the same reasoning and
obtain the same results for moving clocks in the framework of the STR. To this end,
let now our stopwatches 0, 1 and 2 are not closed in a box but are collinearly moving
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with corresponding constant speeds vy, viand ve. Let in a chosen inertial frame these
speeds satisfy the inequalities:

O<vg<vi<e —c<v<ug. (2)

With such a choice of speeds and the adequate initial positions each stopwatch will
encounter two other stopwatches once and only once. So, each stopwatch will have
two encounters with the other two remaining stopwatches. Let it’s time mechanism
starts to run at the moment of the first encounter and stops to run at the moment
of the second encounter. At the end of the experiment the stopwatches record the
corresponding time readings, which are numbers which we denote by: ng, n; and ns.
It is an experimentally confirmed fact, completely in accord with the STR, that these
time readings of the stopwatches satisfy the following relation:

ng >ni+ng. (3)

In classical physics it was assumed a priory that the equality must hold. As
stopwatches are classical systems in a sense that they have their characteristics in-
dependently of whatever observations and measurements, contrary to the quantum
mechanical systems which get at least some characteristics only in the act of measure-
ments, all stopwatches will have well defined periods independently of the fact whether
we can measure and directly compare them or not. Due to this by the same reason-
ing and intuition the inequality (3) would imply the same conclusion as in (1), when
all clocks were in a box at the same place.

Namely, the logical situation is the same. In both cases we have the same inequal-
ity. Also, in both cases we were unable to compare or perceive the periods T; directly.
Only the reasons for this impossibility were different. In the first case this was the
fact that the clocks during the experiment were closed in the box and so inaccessible
for direct observation, while in the second case the direct observation and compari-
son was impossible due to the movement of clocks. Also, the supposed outcome of
the first experiment is somewhat artificial, especially constructed as a model for cor-
responding logical conclusion, while the result of the second experiment is in fact in
such circumstances always present in nature. But for our logical conclusion which is
the same in both cases, the mentioned differences are obviously irrelevant. So, using
logical symbols, we can claim that the statement:

(Tl > To) V (T2 > To), (4)

is true.

The relation (4) is absolute and invariant in a sense that it is not dependent on
whatever convention. Also, it is theory independent. Various theories can not deny
the physical fact described by this relation but can only supply corresponding, possibly
different, explanations.

We will now use the obtained result to elucidate the logical status of the statement
“moving clocks go slow”.

Consider the inertial reference frame in which the stopwatch 1 is stationary and in
which the standard synchronization is applied. In this reference frame the stopwatch 0
is moving. It is a very well established fact that in the standard synchronization time
reading of the moving clock while it moves between the two fixed stationary points
is always smaller than the difference of corresponding readings of the clocks fixed in
these points. Now, this undeniable fact is used in almost all existing texts for the
conclusion that “moving clock goes slow” (see e.g. [10,11]). However, in any rational
interpretation of the meaning “go slow” this would imply that the period of the moving
clock is greater then the period of clocks which are stationary in the considered frame.
In our case this would mean that Ty > T;. Applying the same procedure to the clock
2 one would get in the same way Ty > T5.

This can be written as:
(To > Ty) N (To > Ts). (5)
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Applying the logical law =(p V q) <= (—p A —q), simple calculations give:
-l > 1) v (1> TO)} — [(T0 > T A (Ty > Tg)]. (6)

This relation shows that the statement “moving clock goes slow” is in contradic-
tion with the well established result of the STR because the relation (5) contradicts
the relation (4), which may be considered as an experimental fact. Our results simply
show that the fact that the time reading of moving clock which is always smaller than
the difference of corresponding readings of two fixed clocks, and this fact is symmet-
ric and incontestable, does not give the information about relative relation between
periods of moving and stationary clocks. This result is intuitively clear because in
Lorentz transformations only time readings, n — s in our notations, are present but
not corresponding T' — s.

The above analysis shows that the statement “moving clock goes slow” is mislead-
ing and if properly understood — contradicts the unequivocally established results of
the STR, (which are reflected in (3) and (4)), and which were confirmed experimen-
tally. In this way this statement may be regarded as an example of the misuse of
language contradicting the laws of logic, and as such may be an obstacle in correct
understanding and interpreting of the STR.

4. Discussion

We would like now to compare the results obtained for relativistically rotating disc
and for moving clocks.

Born model for the “relativistic rigid-body”, which is reflected in the Ehrenfest
paradox directly contradicts STR and is self-contradictory.

The statement “moving clocks go slow” if “goes slow” is understood in a most
rational way as “has a greater period”, also contradicts the results of the STR.

It may be considered as correct if and only if we identify “go slow” with the fact
that the reading of the moving clock while it moves between two fixed stationary
points is always smaller than the corresponding difference of time readings of clocks
in these points. However, understood in this way it obscures the real conclusion of the
STR about moving clocks.

But where does this famous conclusion that “moving clock goes slower” comes
from? It comes from the fact that always when the time interval which a moving
clock shows in its movement from one point in an inertial frame to the other point,
is compared with the difference of two local times in these points. From Lorentz
transformations follow that the last number must always be greater. But this relation
is symmetric and leads to a confusing statements of the type “from the point of
view of the observer”, or still worse “one observer sees so” and the other differently.
In fact, they only have in corresponding inertial frames, which may be thought as
physical laboratories, to perform analogous measurements with the same protocols
and it would be in contradiction with the principle of relativity if they would obtain
different results. In this sense the experiments with moving mesons only confirm
the principle of relativity. The experiments which transported the clocks around the
Earth, according to correct interpretation supplied, did not prove that moving clocks
go slow, but that in a set of at least three clocks moving with different velocities not
all of them can have equal rates.

To recapitulate: We have shown that the conclusion “moving clocks go slow” is
not a consequence of the Special Theory of Relativity, contrary to the almost unani-
mously held belief, still less — its important consequence. We have shown that it is a
consequence of the misinterpretation of the results of Lorentz transformations and the
STR itself, and also of the misuse of the ordinary language. We have further shown
that in order to speak cogently about the different rates of clocks, within the frame-
work of the STR, one must have at least three clocks moving with different speeds and
without acceleration. In such a situation, unequivocal conclusion of the STR is that
at least one of these clocks has a different rate than the others but one does not have
whatever physical mean to find which one, whether “moving” or this “at rest”. The
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order among their rates may be established by convention and only by convention,
choosing by a completely free choice whichever of them as “stationary”.

Let us mention at the very end that we intentionally avoided all technicalities and
formulas, and retained only physical and logical arguments, in order to help the reader
to see the physical situation in considered problems aright, the very essence of which is
simple, but which is greatly obscured with a heavy ballast of many misunderstandings,
both old and modern, but mainly the latter. In these, very often, sophisticated math-
ematical apparatus or ambiguity and uncertainty of terminology thoroughly obscure
underlining physical reality.
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YIK 530.12
Jlorndyeckuit aHa/n3 ABYX HINPOKO PACITPOCTPAHEHHBIX
OoNIMOOYHBIX WHTEPNPETAIii U3BECTHBIX PEe3yJIbTATOB
CIIeIIUAJIbHOI T€eOpUM OTHOCUTEJIbHOCTH

.M. HasugoBu4, JI. Hagnepa, C. CtankoBu4

Huemumym adeproir wayk «Bunuas
Cepbus, 11001, Beaepad, ya. Muxa I[lemposuua, 12-18

IIyTém cTpororo JIorm4eckoro aHaJn3a Mbl IIOKA3bIBAEM, YTO HApPaJIOKC DpeHdecra, OTHO-
cAmUiics K PeJISITUBUCTCKH BPAIAIONIEMYCS TVICKY, HE SIBJISIETCS HapaOKCOM CIIEITHaJIbHOMN
TEOPUN OTHOCUTEJIHHOCTH, KAK 9TO OOBITHO TPAKTYETCsS B InTepaTrype. Mbl CTPOro moKa3biBa-
€M, 4TO OH He CJelyeT U3 IIOCTYJIaTOB CIeNUaJbHOIl TEOPUH OTHOCUTEIBHOCTH, — HAIIPOTHB,
OH IIPOTHUBOPEYHUT MM. MBI TakkKe aHAJIU3UPYeM JIOTUYECKOE COJIepyKaHUe IMIUPOKO PACIPO-
CTPAHEHHOI'O YTBEPIXKJIEHUSI O TOM, YTO, COIVIACHO CIIEIIUAJIBbHON TEOPHUHM OTHOCUTEIBHOCTH,
«IBUZKYIIIFECS Yachl UAYT MeJJjieHHee». VICroap3yss MeTOIb CUMBOIMYIECKON JIOTUKY, MBI II0-
Ka3bIBaeM, UTO 3TO YTBEPIKJEHUE, €C/IN IPABUJIBHO MHTEPIPETUPOBATH €r0 COoZepKaHue, 10
KpaiiHeil Mepe, BBOIUT B 3a0JIyKEHUE.

KuroueBbie cjioBa: mapaiokc DpeHdecTa, crenuaabHas TeOprs OTHOCUTEILHOCTH, Ta-
PaJIOKC YacCOB.





