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In this work, a system of equations of one-dimensional thermoelasticity is presented, which
takes into account the nonlinear dependence between stresses and deformation. Different
problems are considered, which correspond to different external actions on the sample. The
numerical simulation of thermoelastic waves arising in a metallic sample under a variable
external pressure on the sample’s boundary is considered, when the maximum of the absolute
value of pressure changes in the interval of observation or violation of the linear Hooke’s Law.
The numerical investigation of the dynamics of these waves in two-layered structures is also
performed. It is shown that the nonlinear dependence of stresses on deformation strongly
affects the form dynamics of the thermoelastic wave.
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1. Introduction

The appearance of optical quantum generators, accelerators of intensive current
electron beams and powerful pulsed ion beams has provided a unique opportunity for
the study of the irradiation effect of concentrated energy streams on materials (c.f. [1]
and the references therein). This is one of the most promising trends of the beam tech-
nology from the viewpoint of modification of material properties [1–6] (microsolidity,
wear resistance, corrosion resistance, heat resistance, etc.), as the modification pro-
vides a way for changing purposely the element composition and the structural-phase
state of pre-surface layers by means of a pulsed thermal treatment. The interaction
of the charged particle beams with the surface of metals and alloys can cause elastic
stresses in the whole irradiated area. This phenomenon evidently plays an impor-
tant role in the process of the radiation treatment of the surface. When the charged
particles affect the surface of the solid, there are different causes leading to the for-
mation of elastic stresses [3]. One of these causes is the local overheating occurring
around charges particles trajectories, which leads to the generation of thermoelastic
stress [7], and this can exceed the mechanical material strength. The material tem-
perature changes not only because of heat supplied from external sources, but also
because of the deformation processes. Elastic and thermal waves are produced by de-
formation. These phenomena are usually studied in the framework of the theory of
thermoelasticity [8]. In previous papers we studied thermoelastic waves arising in ma-
terials under the action of pulsed ion beams in the frame of the system of equations of
thermoelasticity when the linear Hookes law is valid. In this paper, we shall study the
dynamics of the thermoelastic waves arising in materials under the action of different
factors for the case when dependence between stresses and deformation is nonlinear.

It is necessary to emphasized, that in the majority of practical cases thermal pro-
cesses happen under the influence of exterior factors during very short times and in
microsize areas, for example for our cases: 𝑡 ∼ 10−7 s, 𝑙 ∼ 10−5 m. It is complicatedly
or impossible to spend physical measurements at such sizes and times in the nature.
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In such cases researches resorts to numerical modelling which allows to study physical
processes in the extraordinary substance conditions.

2. Basic equations

The basic equations of thermoelasticity are defined by following algorithm:

1. Write down the free energy function of the deformed body 𝐹 (𝑇,𝑈𝑖𝑗). Here, 𝑇
is the temperature as measured from a reference temperature and 𝑈𝑖𝑗 are the
components of the strain tensor.

2. Through this function define the stress components 𝜎𝑖𝑗 and the entropy of the
deformed body 𝑆 by the formulas:

𝜎𝑖𝑗 =
𝜕𝐹

𝜕𝑈𝑖𝑗
; 𝑆 = −𝜕𝐹

𝜕𝑇
.

3. From the known entropy and stress components, set the equations of motion and
the equation of heat conduction as:

𝜌
𝜕2𝑢𝑖
𝜕𝑡2

=
𝜕𝜎𝑖𝑗
𝜕𝑥𝑗

; 𝑇
𝜕𝑆

𝜕𝑡
= ∇

(︁
𝜆∇𝑇

)︁
+𝐴(𝑟⃗, 𝑡),

where 𝜆(𝑇 ) is the coefficient of heat conduction of the solid body, 𝜌 — its density
and 𝐴 is a source function.

The free energy function of the deformed body has the form [?]:

𝐹 = 𝐹0(𝑇 )−𝐾𝛼(𝑇 − 𝑇0)𝑈𝑙𝑙 + 𝜇

(︂
𝑈𝑖𝑘 −

1

3
𝛿𝑖𝑘𝑈𝑙𝑙

)︂2

+
𝐾

2
𝑈2
𝑙𝑙, 𝑈𝑖𝑘 =

1

2

(︂
𝜕𝑢𝑖
𝜕𝑥𝑘

+
𝜕𝑢𝑘
𝜕𝑥𝑖

)︂
,

𝐾 =
𝐸

3(1− 2𝛿)
, 𝜇 =

𝐸

2(1 + 𝛿)
, −1 < 𝛿 <

1

2
,

where 𝛿 is Poisson’s ratio, 𝐾, 𝜇 are respectively the modulus of uniform compression
and shear, 𝐸 is Young’s modulus, 𝑢𝑖 is the 𝑖-th component of the displacement vector
𝑢⃗, 𝑈𝑖𝑗 is deformation tensor, 𝛼 = 3𝛼𝑡 is the coefficient of thermal volume expansion (
𝛼𝑡 is the coefficient of thermal linear expansion), 𝛿𝑖𝑘 are the Kronecker delta symbols
and 𝐹0 and 𝑇0 are respectively the free energy and the initial temperature of the body
in the undeformed state.

Following the above algorithm, one obtains the stress tensor components and the
entropy as:

𝜎𝑖𝑘 =
𝜕𝐹

𝜕𝑈𝑖𝑘
= −𝐾𝛼(𝑇 − 𝑇0)𝛿𝑖𝑘 + 2𝜇

(︂
𝑈𝑖𝑘 −

1

3
𝛿𝑖𝑘𝑈𝑙𝑙

)︂
+𝐾𝑈𝑙𝑙𝛿𝑖𝑘,

𝑆 = −𝜕𝐹
𝜕𝑇

= 𝑆0(𝑇 ) +𝐾𝛼𝑈𝑙𝑙,

where 𝑆0(𝑇 ) is the body entropy in the undeformed state. The obtained 𝜎𝑖𝑘 and 𝑆
leads to the next move and heat equations:

𝜌
𝜕2𝑢𝑖
𝜕𝑡2

=
𝜕𝜎𝑖𝑗
𝜕𝑥𝑗

= −𝐾𝛼 𝜕𝑇
𝜕𝑥𝑖

+
(︁
𝐾 +

𝜇

3

)︁ 𝜕2𝑢𝑙
𝜕𝑥𝑖𝜕𝑥𝑙

+ 𝜇
𝜕2𝑢𝑖
𝜕𝑥2𝑗

,

𝑇
𝜕𝑆

𝜕𝑡
= 𝑇

(︂
𝜕𝑆0

𝜕𝑇

𝜕𝑇

𝜕𝑡
+𝐾𝛼

𝜕𝑢𝑙𝑙
𝜕𝑡

)︂
= ∇(𝜆∇𝑇 ) +𝐴(𝑟⃗, 𝑡),

𝜕𝑆0

𝜕𝑇
=
𝐶𝑣

𝑇
.
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Here 𝐶𝑣 is the heat capacity per unit volume of the body under constant volume
(𝐶𝑣 = 𝜌𝑐𝑣, 𝑐𝑣 is the specific heat capacity).

Thus in the case of linear Hooke’s law, the system of equations of thermoelasticity
takes the form:

𝜌
𝜕2𝑢⃗

𝜕𝑡2
= −𝐾𝛼∇𝑇 +

(︁
𝐾 +

𝜇

3

)︁
∇div 𝑢⃗+ 𝜇∇2𝑢⃗, (1)

𝐶𝑣
𝜕𝑇

𝜕𝑡
+𝐾𝛼

𝜕

𝜕𝑡
div 𝑢⃗ = ∇(𝜆∇𝑇 ) +𝐴(𝑟⃗, 𝑡). (2)

In [9, 10] the system of equations (1)–(2) with proper initial and boundary condi-
tions was used for the numerical modeling of thermoelastic waves arising in materials
under the action of pulsed ion beams for the one dimensional case. The source function
𝐴(𝑟⃗, 𝑡) and initial and boundary conditions accompanying system (1)–(2) are defined
according to the statement of the physical problem under consideration.

But this system of equations is obtained within the frame of the linearized theory.
When this is not the case, the system of equations (1)–(2) cannot be used anymore
and must be replaced accordingly, in order to take into account the existing nonlin-
earities, for example the nonlinear dependence of stress on strain. In [11], a model of
thermo-magnetoelasticity is investigated, which involves the dependence of the spe-
cific heat on strain. The resulting equations were used to study the propagation of
nonlinear thermo-magnetoelastic waves in materials. A restriction of this model to
thermoelasticity is investigated in [12] to study the propagation of nonlinear thermoe-
lastic waves in a half-space. The phenomenon of shock wave formation was put in
evidence.

In the present paper, following the above-mentioned algorithm, we shall consider
a system of nonlinear equations of thermoelasticity, along the guidelines proposed
in [11], with different types of nonlinearities in the one-dimensional case. The free
energy function of the deformed body is taken in the form:

𝐹 = 𝐹0(𝑇 ) +
𝐸𝑢2𝑥
2

+
𝛼1

3
𝐸𝑢3𝑥 +

𝛼2

4
𝐸𝑢4𝑥 +

𝛼3

𝐸
5𝑢5𝑥 + · · · −

− 𝑢𝑥𝐸𝛼𝑇 (𝑇 − 𝑇0)(1 + 𝜏1𝑢𝑥/2 + 𝜏2𝑢
2
𝑥/3)− 𝐸𝛼2

𝑇 (𝑇 − 𝑇0)
2(𝛾1/2 + 𝛾2𝑢𝑥), (3)

where 𝛼1, 𝛼2, · · · , 𝜏1, 𝜏2, 𝛾1, 𝛾2 are dimensionless constants, 𝛼𝑇 is the coefficient of
linear thermal expansion. The application of the above-mentioned algorithm to this
free energy function leads to the following equations of motion and heat conduction:

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥

(︁
𝜌𝑣
)︁
= 0, (4)

𝜌

(︂
𝜕𝑣

𝜕𝑡
+ 𝑣

𝜕𝑣

𝜕𝑥

)︂
=
𝜕𝜎

𝜕𝑥
; 𝑢𝑥 =

𝜕𝑢

𝜕𝑥
, 𝑣 =

d𝑢

d𝑡
=
𝜕𝑢

𝜕𝑡
+ 𝑣

𝜕𝑢

𝜕𝑥
, (5)

𝜎 = 𝐸𝑢𝑥(1+𝛼1𝑢𝑥+𝛼2𝑢
2
𝑥+𝛼3𝑢

3
𝑥+· · · )−𝐸𝛼𝑇 (𝑇−𝑇0)(1+𝜏1𝑢𝑥+𝜏2𝑢2𝑥)−𝛾2𝐸𝛼2

𝑇 (𝑇−𝑇0)2,

[︁
𝜌𝑐𝑣 + 𝑇𝐸𝛼2

𝑇 (𝛾1 + 2𝛾2𝑢𝑥)
]︁𝑑𝑇
𝑑𝑡

+ 𝑇𝛼𝑇𝐸
[︁
1 + 𝜏1𝑢𝑥 + 𝜏2𝑢

2
𝑥 + 2𝛾2𝛼𝑇 (𝑇 − 𝑇0)

]︁d𝑢𝑥
d𝑡

=

=
𝜕

𝜕𝑥

(︁
𝜆̃
𝜕𝑇

𝜕𝑥

)︁
+𝐴(𝑥, 𝑡), 𝜆̃(𝑇 ) = 𝜆(𝑇 ) + [𝑝1𝑢𝑥 + 𝑝2𝑢

2
𝑥 + 𝑝3𝑢𝑥𝛼𝑇 (𝑇 − 𝑇0)]𝜆(𝑇0). (6)

Here 𝑝1, 𝑝2, 𝑝3 are dimensionless constants, 𝜆̃(𝑇 ), 𝜆(𝑇 ), 𝜆(𝑇0) are respectively the
thermal conduction of the material in the presence and in the absence of the deforma-
tion, and at room temperature 𝑇0. Equation (6) shows that the elastic deformation
contributes to the thermal conduction and heat capacity of the material. The de-
formation thus leads to a change in the material’s temperature. In the sequel, it is
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assumed that any function 𝑓(𝑢𝑥) depending only on the deformation 𝑢𝑥 in the above
equations may be expanded as:

𝑓(𝑢𝑥) = 𝐸𝑢𝑥(1 + 𝛼1𝑢𝑥 + 𝛼2𝑢
2
𝑥 + 𝛼3𝑢

3
𝑥 + · · ·+).

For large enough deformations, the material density may change essentially and to
take this into account, the continuity equation (4) is added to the system of equations.

If the sample is composed of different superposed material layers, then at the points
of contact with coordinates 𝑥𝑘, 𝑘 = 1, 2, · · · , 𝑛 (𝑛 is the number of contact surfaces)
the following coupling conditions must be satisfied:

[𝜎]𝑥=𝑥𝑘
= 0, [𝑇 ]𝑥=𝑥𝑘

= 0, [𝑢]𝑥=𝑥𝑘
= 0,

[︂
𝜆
𝜕𝑇

𝜕𝑥

]︂
𝑥=𝑥𝑘

= 0.

Here [𝑓 ]𝑥=𝑥𝑘
means the usual jump in the value of 𝑓 at the interface 𝑥 = 𝑥𝑘 passing

from one layer to the next. In order to avoid complications in the numerical satisfaction
of these conditions at the layer interfaces, we introduce a continuous function which
changes smoothly on the few nets points from one value to the other. For example if
Young’s modulus for one layer has the value 𝐸1 and in other layer has the value 𝐸2
then for Young’s modulus one can introduce the coordinate dependence:

𝐸(𝑥) =
𝐸1 + 𝐸2

2
+
𝐸2 − 𝐸1

2
tanh(𝜇(𝑥− 𝑥𝑘)), 𝜇≫ 1,

here tanh(𝑥) is hyperbolic tangent which changes from −1 to 1 when its argument 𝑥
changes from −∞ to ∞. The coefficient 𝜇 has no concrete value. Its value is chosen
in such a way that on the calculation grids the interval of passing from -1 to 1 of the
hyperbolic tangent has enough number of grid points. For example if the space step is
ℎ = 0.001 then may take 𝜇 = 200. In this case the mentioned interval contains more
than 10 points.

3. Initial and boundary conditions

To the system (4)–(5) we will add the following sets of initial and boundary con-
ditions:
1. 𝜌(𝑥, 0) = 𝜌0, 𝑢(𝑥, 0) = 0, 𝑣(𝑥, 0) = 0, 𝑇 (𝑥, 0) = 𝑇0, 𝐴(𝑥, 𝑡) = 0,

𝜎(0, 𝑡) = −𝑃 (𝑡), 𝜎(𝑙, 𝑡) = 0,
𝜕𝑇

𝜕𝑥

⃒⃒⃒
𝑥=0

= 0,
𝜕𝑇

𝜕𝑥

⃒⃒⃒
𝑥=𝑙

= 0.

2. 𝜌(𝑥, 0) = 𝜌0, 𝑢(𝑥, 0) = 0, 𝑣(𝑥, 0) = 0, 𝑇 (𝑥, 0) = 𝑇0, 𝐴(𝑥, 𝑡) = 0, 𝜎(0, 𝑡) = 0,

𝜎(𝑙, 𝑡) = 0, −𝜆̃(𝑇 )𝜕𝑇
𝜕𝑥

⃒⃒⃒
𝑥=0

= 𝑔(𝑡), 𝑔(𝑡) =
𝑔0

1 + exp[𝛼*(𝑡− 𝑡0)]
,

𝜕𝑇

𝜕𝑥

⃒⃒⃒
𝑥=𝑙

= 0.

3. 𝜌(𝑥, 0) = 𝜌0, 𝑢(𝑥, 0) = 0, 𝑣(𝑥, 0) = 0, 𝑇 (𝑥, 0) = 𝑇0, 𝐴(𝑥, 𝑡) = 0,

𝜎(0, 𝑡) = 0, 𝜎(𝑙, 𝑡) = 0, 𝑇 (0, 𝑡) = 𝑓1(𝑡),
𝜕𝑇

𝜕𝑥

⃒⃒⃒
𝑥=𝑙

= 0.

4. 𝜌(𝑥, 0) = 𝜌0, 𝑢(𝑥, 0) = 0, 𝑣(𝑥, 0) = 0, 𝑇 (𝑥, 0) = 𝑇0, 𝐴(𝑥, 𝑡) ̸= 0,

𝜎(0, 𝑡) = 0, 𝜎(𝑙, 𝑡) = 0,
𝜕𝑇

𝜕𝑥

⃒⃒⃒
𝑥=0

= 0,
𝜕𝑇

𝜕𝑥

⃒⃒⃒
𝑥=𝑙

= 0,

𝐴(𝑥, 𝑡) = 𝐴0𝑞(𝑥)𝑞(𝑡), 𝑞(𝑥) =
1

1 + exp[𝛼*(𝑥− 𝑥0)]
.
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Here 𝑙 is the thickness of the sample and 𝑔0, 𝛼, 𝑡0, 𝑥0 are constant parameters. In all
of these four problems the initial conditions are the same and mean that the sample
at the initial time moment was in an strain-free state and its temperature was 𝑇0.
Excluding the first problem, in all the other three problems the boundary conditions
for the stresses are the same and mean that the sample boundaries are stress free. In
the first problem, a variable in time pressure 𝑃 (𝑡) acts on the boundary 𝑥 = 0, while
the boundary 𝑥 = 𝑙 is stress free. The boundary conditions for the sample temperature
for the first and fourth problems mean that both boundaries are thermally insulated,
while for the second and third problems only the boundary 𝑥 = 𝑙 is thermally insulated.
At the other boundary 𝑥 = 0 there is a thermal flux of intensity 𝑔(𝑡) for the second
problem and the temperature varies with time according to a given law 𝑓1(𝑡) for the
third problem. In the first three problems there is no volume energy supply, while in
the fourth problem the sample is heated by a volume source with known intensity. In
the papers [9,10] such sources were used for the simulation of the thermoelastic waves
arising in metals under an action of pulsed ion beams. The choice of other initial
and boundary conditions to accompany the system equations (4)–(5) allows to treat a
number of other various problems, but we will confine our attention here only to the
above-mentioned four problems.

4. The original field equations in dimensionless variables

For the numerical simulation of thermoelastic waves it is convenient to transform
the initial field equations to dimensionless unknown functions and dimensionless in-
dependent variables according to the formulas:

𝑡 =
𝑡

𝑡0
, 𝑥̄ =

𝑥

𝑙
, 𝑢̄ =

𝑢

𝑙
, 𝑇 =

𝑇

𝑇0
, 𝜎̄ =

𝜎

𝜎0
, 𝐸̄ =

𝐸

𝜎0
, 𝜌 =

𝜌

𝜌0
,

𝑣 =
𝑣

𝑣0
, 𝑐𝑣(𝑇 ) =

𝑐𝑣(𝑇 )

𝑐𝑣(𝑇0)
,
¯̃
𝜆(𝑇 ) =

𝜆̃(𝑇 )

𝜆(𝑇0)
, 𝜆̄(𝑇 ) =

𝜆(𝑇 )

𝜆(𝑇0)
.

In order to preserve the form of the equations, one introduces the parameters

𝜎0 =
𝜌0𝑙

2

𝑡20
, 𝑣0 =

𝑙

𝑡0
.

With this, the equations in dimensionless form reduce to:

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥̄

(︁
𝜌𝑣
)︁
= 0, (7)

𝜌(𝜀)

(︂
𝜕𝑣

𝜕𝑡
+ 𝑣

𝜕𝑣

𝜕𝑥̄

)︂
=
𝜕𝜎̄

𝜕𝑥̄
; 𝜀 = 𝑢̄𝑥̄ =

𝜕𝑢̄

𝜕𝑥̄
, 𝑣 =

𝑑𝑢̄

𝑑𝑡
, (8)

𝜎̄ = 𝑓(𝜀)− 𝐸̄𝜀𝛼̄𝑇 (𝑇 − 1)(1 + 𝜏1𝜀+ 𝜏2𝜀
2)− 𝛾2𝐸̄𝛼̄

2
𝑇 (𝑇 − 1)2,

𝑓(𝜀) = 𝐸̄𝜀(1 + 𝛼1𝜀+ 𝛼2𝜀
2 + 𝛼3𝜀

3 + · · · ),

[︁
𝜌𝑐𝑣 + 𝑝*𝛼̄2

𝑇𝑇 (𝛾1 + 2𝛾2𝜀)
]︁d𝑇
d𝑡

+ 𝑇𝑝*𝛼̄𝑇

[︁
1 + 𝜏1𝜀+ 𝜏2𝜀

2 + 2𝛾2𝛼̄𝑇 (𝑇 − 1)
]︁d𝜀
d𝑡

=

= 𝑘0
𝜕

𝜕𝑥̄

(︁
¯̃
𝜆
𝜕𝑇

𝜕𝑥̄

)︁
+𝐴(𝑥̄, 𝑡),

¯̃
𝜆(𝑇 ) = 𝜆̄(𝑇 ) + 𝑝1𝜀+ 𝑝2𝜀

2 + 𝑝3𝜀𝛼̄𝑇 (𝑇 − 1). (9)

The constants 𝑘0, 𝛼̄𝑇 , 𝑝
* are defined by the formulas:

𝑘0 =
𝜆(𝑇0)𝑡0
𝜌0𝑐𝑣(𝑇0)𝑙2

, 𝛼̄𝑇 = 𝛼𝑇𝑇0, 𝑝* =
𝐸

𝜌0𝑐𝑣(𝑇0)𝑇0
.
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5. The initial and boundary conditions in dimensionless
variables

The original initial and boundary conditions in dimensionless variables take the
form:
1. 𝜌(𝑥, 0) = 1, 𝑢̄(𝑥̄, 0) = 0, 𝑣(𝑥̄, 0) = 0, 𝑇 (𝑥̄, 0) = 1, 𝐴(𝑥̄, 𝑡) = 0,

𝜎̄(0, 𝑡) = −𝑃 (𝑡), 𝜎̄(1, 𝑡) = 0,
𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=0

= 0,
𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=1

= 0.

2. 𝜌(𝑥, 0) = 1, 𝑢̄(𝑥̄, 0) = 0, 𝑣(𝑥̄, 0) = 0, 𝑇 (𝑥̄, 0) = 1, 𝐴(𝑥̄, 𝑡) = 0, 𝜎̄(0, 𝑡) = 0,

𝜎̄(1, 𝑡) = 0, −¯̃
𝜆(𝑇 )

𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=0

= 𝑔(𝑡), 𝑔(𝑡) =
𝑔0

1 + exp[𝛼̄*(𝑡− 𝑡0)]
,
𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=1

= 0.

3. 𝜌(𝑥, 0) = 1, 𝑢̄(𝑥̄, 0) = 0, 𝑣(𝑥̄, 0) = 0, 𝑇 (𝑥̄, 0) = 1, 𝐴(𝑥̄, 𝑡) = 0,

𝜎̄(0, 𝑡) = 0, 𝜎̄(1, 𝑡) = 0, 𝑇 (0, 𝑡) = 𝑓1(𝑡),
𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=1

= 0.

4. 𝜌(𝑥, 0) = 1, 𝑢̄(𝑥̄, 0) = 0, 𝑣(𝑥̄, 0) = 0, 𝑇 (𝑥̄, 0) = 1, 𝐴(𝑥̄, 𝑡) ̸= 0,

𝜎̄(0, 𝑡) = 0, 𝜎̄(1, 𝑡) = 0,
𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=0

= 0.
𝜕𝑇

𝜕𝑥̄

⃒⃒⃒
𝑥̄=1

= 0,

𝐴(𝑥̄, 𝑡) = 𝐴0𝑞(𝑥̄)𝑞(𝑡), 𝑞(𝑥̄) =
1

1 + exp[𝛼*(𝑥̄− 𝑥̄0)]
.

Here 𝛼* dimensionless parameter, while the dimensionless source 𝐴(𝑥̄, 𝑡) and energy
flux 𝑔0 are obtained from their original functions 𝐴(𝑥, 𝑡), 𝑔0 by the formulas:

𝐴(𝑥̄, 𝑡) =
𝐴(𝑥, 𝑡)𝑡0
𝑐𝑣(𝑇0)𝜌0𝑇0

, 𝑔0 =
𝑔0𝑙

𝜆(𝑇0)𝑇0
.

In what follows the bar will be omitted and all variables are meant as dimensionless.

6. The method of numerical solution

For the numerical simulation we will use the dynamical adaptation method [13,14].
The accuracy of the numerical solution of the partial differential equations strongly
depends on how good the distribution of the grid nodes is in agreement with the
character features of the solution.

The construction of optimal grids can be achieved by means of various adaptation
methods, to the development of which special attention is paid in the past few decades
[15,16]. The method of dynamic adaptation relies on the procedure of transition to any
arbitrary non-stationary system of coordinates. Such a procedure allows to formulate
the problem of construction and adaptation of a computational grid on the differential
level, so that in obtained mathematical model one part of the differential equations
describes the physical processes, while the other part describes the behavior of the
nodes in the physical grid [13,14]. The transition to an arbitrary system of coordinates
is carried out by means of an automatic transformation of coordinates, with the help
of the required solution.

Following [13, 14], we will perform the transition from the physical space Ω𝑥,𝑡 to
the computational space with arbitrary non-stationary system of coordinates Ω𝑞,𝜏 and
variable coordinates (𝑞, 𝜏). The mentioned transition may be performed by using a
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change of variables of general form 𝑥 = 𝑓(𝑞, 𝜏), 𝑡 = 𝜏 , for which there exists a unique
non-degenerate transformation 𝑞 = 𝜙(𝑥, 𝑡), 𝜏 = 𝑡.

The partial derivatives of the dependent variables for the transition from one sys-
tem to the other are calculated from the following expressions:

𝜕

𝜕𝑡
=

𝜕

𝜕𝜏
+
𝑄

Ψ

𝜕

𝜕𝑞
,

𝜕

𝜕𝑥
=

1

Ψ

𝜕

𝜕𝑞
, Ψ =

𝜕𝑥

𝜕𝑞
, 𝑄 = −𝜕𝑥

𝜕𝜏
, (10)

where Ψ is the Jacobian of the inverse transformation. Using these transformations,
the original system of equations in dimensionless form (7)–(9) may be rewritten in the
variables 𝑞 and 𝜏 in the conservative form:

𝜕

𝜕𝜏

(︁
𝜌Ψ
)︁
+

𝜕

𝜕𝑞

[︁
(𝑄+ 𝑣)𝜌

]︁
= 0, (11)

𝜕

𝜕𝜏

(︁
𝜌𝑣Ψ

)︁
+

𝜕

𝜕𝑞

[︁
(𝑄+ 𝑣)𝑣𝜌

]︁
=
𝜕𝜎

𝜕𝑞
, 𝜎 = 𝜎(𝜀, 𝑇 ), 𝜀 =

1

Ψ

𝜕𝑢

𝜕𝑞
, (12)

𝜕

𝜕𝜏

(︁
𝑢Ψ
)︁
+

𝜕

𝜕𝑞

[︁
(𝑄+ 𝑣)𝑢

]︁
= 𝑣, (13)

[𝜌𝑐𝑣 + 𝑝*𝛼̄2
𝑇𝑇 (𝛾1 + 2𝛾2𝜀)]

[︁ 𝜕
𝜕𝜏

(︁
Ψ𝑇
)︁
+

𝜕

𝜕𝑞

(︁
𝑄+ 𝑣

)︁
𝑇
]︁
+

+ 𝑇𝑝*𝛼̄𝑇 [1 + 𝜏1𝜀+ 𝜏2𝜀
2 + 2𝛾2𝛼̄𝑇 (𝑇 − 1)]

[︁
Ψ
𝜕𝜀

𝜕𝜏
+ (𝑄+ 𝑣)

𝜕𝜀

𝜕𝑞

]︁
=

= 𝑘0
𝜕

𝜕𝑞

(︁ 𝜆̃
Ψ

𝜕𝑇

𝜕𝑞

)︁
, (14)

𝜕Ψ

𝜕𝜏
+
𝜕𝑄

𝜕𝑞
= 0, 0 < 𝑞 < 1, 𝜏 > 0. (15)

To this system we add the initial and boundary conditions for the first problem:

𝜌(𝑞, 0) = 1, 𝑢(𝑞, 0) = 0, 𝑣(𝑞, 0) = 0, 𝑇 (𝑞, 0) = 1, (16)

𝜎(0, 𝜏) = −𝑃 (𝜏), 𝜎(1, 𝜏) = 0,
𝜕𝑇

𝜕𝑞

⃒⃒⃒
𝑞=0

= 0,
𝜕𝑇

𝜕𝑞

⃒⃒⃒
𝑞=1

= 0, (17)

The functions 𝜎(𝜀, 𝑇 ), 𝜌(𝜀) and 𝜆̃(𝑇 ) are the same functions which were introduced
before with a “bar”. Here the bar has been omitted.

Thus, after passing to an arbitrary non-stationary system of coordinates, the orig-
inal differential model transforms into an expanded differential model in which there
appears an additional equation of of the type (15). Its type, properties and the form
of the boundary conditions depend on the concrete form of function 𝑄. The function
𝑄 at this stage is left unspecified. Once it has been specified, the equation (12) will
be used for the construction of a grid that adapts to the solution. The ways accord-
ing to which function 𝑄 can be chosen are explained in [13,14] for different problems.
As seen, for the choice 𝑄 = −𝑣 the system (12)–(15) takes the form:

𝜕𝑣

𝜕𝜏
=
𝜕𝜎

𝜕𝑞
, 𝑣 =

𝜕𝑢

𝜕𝜏
, 𝜎 = 𝜎(𝜀, 𝑇 ), 𝜀 =

𝜕𝑢

𝜕𝑞
, (18)

[𝑐𝑣 +𝑝*𝛼̄2
𝑇𝑇 (𝛾1+2𝛾2𝜀)]

𝜕𝑇

𝜕𝜏
+𝑇𝑝*𝛼̄𝑇 [1+ 𝜏1𝜀+ 𝜏2𝜀

2+2𝛾2𝛼̄𝑇 (𝑇 −1)]
𝜕𝜀

𝜕𝜏
= 𝑘0

𝜕

𝜕𝑞

(︁
𝜆̃
𝜕𝑇

𝜕𝑞

)︁
, (19)

𝑢(𝑞, 0) = 0, 𝑣(𝑞, 0) = 0, 𝑇 (𝑞, 0) = 1, (20)
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𝜎(0, 𝜏) = −𝑃 (𝜏), 𝜎(1, 𝜏) = 0,
𝜕𝑇

𝜕𝑞

⃒⃒⃒
𝑞=0

= 0,
𝜕𝑇

𝜕𝑞

⃒⃒⃒
𝑞=1

= 0, (21)

Such a choice of transformation of coordinates corresponds to the Lagrangian mass
variable. The coordinate 𝑞 determines the position of the body in the undeformed
state and 𝑢 defines the displacements relative to this state.

As an application, the numerical simulation will be carried out for the iron sample
used in [9,10]. The model parameters 𝑐𝑣0, 𝜆(𝑇0), 𝜌0, 𝐸, 𝛼𝑇 are those of iron at room
temperature 𝑇0 = 300 𝐾.

𝑐𝑣(𝑇0) = 456 J/(kgK), 𝜆(𝑇0) = 78, 2 W/(mK), 𝜌0 = 7870 kg/m
3
,

𝐸 = 2.02 · 1011 Pa, 𝛼𝑇 = 3.6 · 10−5𝐾−1, 𝑡0 = 3 · 10−7 s, 𝑙 = 10−5 m.

For these values, the dimensionless parameters 𝑘0, 𝛼̄𝑇 , 𝑝
*, 𝐸̄ take on the values:

𝑘0 ≃ 6, 54 · 10−2, 𝛼̄𝑇 = 1.08 · 10−2, 𝑝* ≃ 187.6, 𝐸̄ ≃ 2.31 · 104.

The dimension scale for the stress is 𝜎0 = 8.744 · 106 Pa. Thereby all calculable
dimensionless constants are determined. There remains only to determine the values
of the remaining constants 𝛾1, 𝛾2, 𝜏1, 𝜏2, 𝑝1, 𝑝2, 𝑝3. The dimensionless functions 𝑓(𝜀),
𝑐𝑣(𝑇 ), 𝜆(𝑇 ), 𝑃 (𝑡) will be given using the experimental data for these relations. In order
to avoid the false numerical oscillations appearing during the numerical simulation,
we introduce artificial viscosity to the stress function 𝜎(𝜀, 𝑇 ). This is zero for positive
values of the velocity gradient and differ from zero otherwise:

𝜎(𝜀, 𝑇 ) → 𝜎(𝜀, 𝑇 ) +
1

2
𝛾
(︁𝜕𝑣
𝜕𝑞

−
⃒⃒⃒𝜕𝑣
𝜕𝑞

⃒⃒⃒)︁
.

7. Numerical scheme

For the numerical simulation of the original problem we shall use the method of
finite volumes [?, 17]. In the computational space Ω𝑞,𝜏 we introduce a computational
grid 𝜔Δ𝜏

ℎ in which for convenience we use nodes with integer and half-integer indices:

𝜔Δ𝜏
ℎ = {(𝑞𝑖, 𝜏 𝑗), (𝑞𝑖+1/2, 𝜏

𝑗); 𝑞𝑖+1 = 𝑞𝑖 +Δ𝑞,

𝑞𝑖+1/2 = 𝑞𝑖 +Δ𝑞/2, 𝑖 = 0, 1, · · · ,𝑚; 𝜏 𝑗+1 = 𝜏 𝑗 +Δ𝜏, 𝑓 𝑗𝑘 = 𝑓(𝑞𝑘, 𝑡
𝑗), 𝑗 = 0, 1, · · · , 𝑛}.

The values of the displacement and velocity will be taken relative to the integer cells,
while those of temperature, deformation and stresses are taken relative to the half-
integer cells. Explicit or implicit numerical schemes can be used. Here we use an
explicit scheme:

𝑣𝑗+1
0 − 𝑣𝑗0
Δ𝜏

=
9𝜎𝑗

1/2 − 𝜎𝑗
3/2 − 8𝜎𝑗

0

3Δ𝑞
; 𝑖 = 0, (22)

𝑣𝑗+1
𝑖 − 𝑣𝑗𝑖
Δ𝜏

=
𝜎𝑗
𝑖+1/2 − 𝜎𝑗

𝑖−1/2

Δ𝑞
; 𝑖 = 1, 2, · · · ,𝑚− 1, (23)

𝑣𝑗+1
𝑚 − 𝑣𝑗𝑚

Δ𝜏
= −

9𝜎𝑗
𝑚−1/2 − 𝜎𝑗

𝑚−3/2 − 8𝜎𝑗
𝑚

3Δ𝑞
; 𝑖 = 𝑚, 𝜎𝑗

𝑚 = 0, (24)

𝑢𝑗+1
𝑖 − 𝑢𝑗𝑖
Δ𝜏

=
𝑣𝑗+1
𝑖 + 𝑣𝑗𝑖

2
; 𝑖 = 0, 1, · · · ,𝑚 (25)
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𝐶𝑗
1/2

𝑇 𝑗+1
1/2 − 𝑇 𝑗

1/2

Δ𝜏
+ 𝐹 𝑗

1/2

𝜀𝑗+1
1/2 − 𝜀𝑗1/2

Δ𝜏
= 𝑘0

𝑊 𝑗
1 −𝑊 𝑗

0

Δ𝑞
; 𝑖 = 0, (26)

𝐶𝑗
𝑖+1/2

𝑇 𝑗+1
𝑖+1/2 − 𝑇 𝑗

𝑖+1/2

Δ𝜏
+ 𝐹 𝑗

𝑖+1/2

𝜀𝑗+1
𝑖+1/2 − 𝜀𝑗𝑖+1/2

Δ𝜏
=

= 𝑘0
𝑊 𝑗

𝑖+1 −𝑊 𝑗
𝑖

Δ𝑞
; 𝑖 = 1, 2, · · · ,𝑚− 2, (27)

𝐶𝑗
𝑚−1/2

𝑇 𝑗+1
𝑚−1/2 − 𝑇 𝑗

𝑚−1/2

Δ𝜏
+ 𝐹 𝑗

𝑚−1/2

𝜀𝑗+1
𝑚−1/2 − 𝜀𝑗𝑚−1/2

Δ𝜏
=

= 𝑘0
𝑊 𝑗

𝑚 −𝑊 𝑗
𝑚−1

Δ𝑞
; 𝑖 = 𝑚− 1, (28)

𝑊 𝑗
𝑖 = −𝜆̃𝑗𝑖

𝑇 𝑗
𝑖+1/2 − 𝑇 𝑗

𝑖−1/2

Δ𝑞
, 𝑖 = 1, 2, · · · ,𝑚− 1

𝑢0𝑖 = 0; 𝑣0𝑖 = 0; 𝑇 0
𝑖+1/2 = 1; 𝑖 = 0, 1, · · · ,𝑚− 1. (29)

𝜎𝑗
0 = −𝑃 𝑗 ; 𝜎𝑗

𝑚 = 0; 𝑊 𝑗(0) = 0; 𝑊 𝑗(𝑚) = 0; (30)

𝐶𝑗
𝑘 = 𝑐𝑗𝑣𝑘 + 𝑝*𝛼̄𝑇𝑇

𝑗
𝑘 (𝛾1 + 2𝛾2𝜀

𝑗
𝑘),

𝐹 𝑗
𝑘 = 𝑝*𝛼̄𝑇𝑇

𝑗
𝑘 [1 + 𝜏1𝜀

𝑗
𝑘 + 𝜏2𝜀

𝑗2
𝑘 + 2𝛾2𝛼̄𝑇 (𝑇

𝑗
𝑘 − 1)], 𝑘 = 𝑖+ 1/2.

𝜎𝑗
𝑖+1/2 = 𝜎(𝜀𝑗𝑖+1/2, 𝑇

𝑗
𝑖+1/2), 𝜀𝑗𝑖+1/2 =

𝑢𝑗𝑖+1 − 𝑢𝑗𝑖
Δ𝑞

.

To solve the system (22)–(28) with initial and boundary conditions (29)–(30), we first

solve the equations (22)–(25) relative to 𝑣𝑗+1
𝑖 , 𝑢𝑗+1

𝑖 and then from the known values

of 𝜀𝑗+1
𝑖+1/2 and 𝜀𝑗𝑖+1/2 we solve equations (26)–(28).

8. Discussion of the numerical results

Investigation of the mechanical waves arising in the sample under the action of
the variable pressure with time on the boundary 𝑥 = 0 will be carried out for the
uniform sample at first, then for the two-layered sample. The function expressing the
nonlinear dependence of stress on the deformation we will taken in the form:

𝑓(𝜀) = 𝜎*
(︁
1− 𝑒−

𝜀𝐸
𝜎*
)︁
.

As we see for 𝜀𝐸
𝜎* ≪ 1 the given dependence is that of the linear Hooke’s law

𝑓(𝜀) = 𝜀𝐸. Figure 1 shows the mentioned dependence for 𝜎* = 100.
For the first case we will investigate the stress waves without taking into account

the change in temperature, i.e. we assume 𝑇 = 𝑇0.
Now we consider the particular case when the time dependence of pressure on

the boundary is defined by Gauss’s formula and the maximum value of the pressure
lies, either in the region of validity of the linear Hooke’s law, or in the region of its
nonlinearity:

𝑃 (𝜏) = 𝑃0 exp[−(𝜏 − 𝜏0)
2/2𝜎2

𝜏 ].
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Figure 2 shows the given dependence for 𝜏0 = 0.01, 𝑃0 = 10, 𝜎𝜏 = 2 · 10−4 which
satisfies Hooke’s linear law.

0.00 0.01 0.02 0.03 0.04
0

20

40
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Figure 1. Nonlinear dependence of
stress on deformation 𝑓(𝜀) for

𝜎* = 100
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Figure 2. Time dependence of pressure
on the boundary 𝑥 = 0 for 𝜏0 = 0.01,

𝑃0 = 10, 𝜎𝜏 = 2 · 10−4, within the domain
of linearity of Hooke’s law

Figure 3 shows the profiles of the stress wave 𝜎(𝑥, 𝜏) at the different time moments
𝜏 = 𝜏𝑖, 𝑖 = 1, 2, · · · , 6 (𝜏1 = 0.011, 𝜏𝑖 = 𝜏1 + (𝑖− 1) · 0.002), which arise in the sample
under the action of an external variable pressure on the boundary 𝑥 = 0. As seen,
the localized stress wave arising in the sample moves from the boundary 𝑥 = 0 to the
boundary 𝑥 = 1 and getting this boundary the stress wave changes its polarity and
returns to the boundary 𝑥 = 0. At this stage, our numerical simulation confirms the
results of the wave equation solution.

As mentioned earlier, the amplitude of the external pressure was taken not very
large, in order not to violate the linear Hooke’s law. Now let us remove this restriction
and choose a large amplitude of the external pressure so as to work in the region of
nonlinear dependence of stress on deformation (𝑃0 = 90), and watch the dynamics
of the wave form at the same previous time moments. Fig. 4 shows the evolution
of the wave form at those time moments. As seen, the nonlinearity strongly distorts
the form of the wave: The amplitude of the wave decreases and its width increases.
The change of the wave form happens during some interval of time, beyond which no
further changes of the wave form are noticed.
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Figure 3. Profiles of the stress wave
𝜎(𝑥, 𝜏) at different time moments

𝜏 = 𝜏𝑖, 𝑖 = 1, 2, · · · , 6 (𝜏1 = 0.011, 𝜏𝑖 =
𝜏1 + (𝑖− 1) · 0.002, 𝑖 = 2, 3, · · · , 6)
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Figure 4. Profiles of the stress wave
𝜎(𝑥, 𝜏) at different time moments

𝜏 = 𝜏𝑖, 𝑖 = 1, 2, · · · , 6 (𝜏1 = 0.011, 𝜏𝑖 =
𝜏1 + (𝑖− 1) · 0.002, 𝑖 = 2, 3, · · · , 6) when
the linear Hooke’s law is violated
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Now we follow the evolution of the wave form arising in the sample under the
action of the same external pressure, when our sample is formed of two layers of the
same thickness, but with different Young’s moduli 𝐸1 = 2.31 · 104, 𝐸2 = 4.62 · 104.
Fig. 5 shows these profiles at the same previous times 𝜏𝑖, 𝑖 = 1, 2, · · · , 6.
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Figure 5. Profiles of the stress wave 𝜎(𝑥, 𝜏) at different time moments in a
two-layered sample for the case of linear Hooke’s law

It is thus seen that after the wave gets to the common boundary of the layers, a
part of the wave passes to the second layer and some part of the wave reflects back to
the boundary 𝑥 = 0.

9. Conclusions

In this paper, we carried out an investigation of the propagation of thermoelastic
waves within the frame of a nonlinear model. Using numerical modeling, the following
results were reached:
1. In the domain of validity of the linear Hooke’s law the form of a thermoelastic

wave almost does not vary with time.
2. Under violation of the linear Hooke’s law, there is an essential modification of the

waveform with time.
3. In two-layered samples, partial reflexion of the wave takes place at the contact

interface.
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УДК 519.633: 536.212
Численное моделирование термоупругих волн,

возникающих в материалах под действием различных
физических факторов

И. В. Амирханов*, И. Сархадов*, А. Ф. Галеб†,
Н. Х. Суейлам†

* Лаборатория информационных технологий
Объединённый институт ядерных исследований

ул. Жолио-Кюри, д.6, Дубна, Московская область, 141980, Россия
† Кафедра математики, Факультет науки

Каирский университет, Гиза, Египет, 12613

В настоящей работе предложена система уравнений термоупругости с учетом нели-
нейной зависимости между деформацией и напряжением в одномерном случае. К дан-
ной системе уравнений поставлены разные задачи путем различного выбора внешнего
воздействия на образец. Проведено численное моделирование термоупругих волн, возни-
кающих в образце под действием переменного внешнего давления, когда его максималь-
ная величина меняется в интервалах соблюдения линейного закона Гука до интервалов
нарушения искомого закона. Проведено также численное исследование динамики этих
волн в двухслойных структурах. Показано, что при высоких напряжениях, когда зави-
симость между деформацией и напряжением становится нелинейным, динамика формы
волны сильно отличается от случая линейного закона Гука.

Ключевые слова: термоупругость, численное моделирование, нелинейность, закон
Гука, деформация, напряжение.




