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A high order finite difference scheme for the Schrodinger equation with the degenerate
potential U(z) = 2®", r € N, which describes phase transitions in quantum systems, have
been constructed. The eigenvalues are found for some values of r.
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1. Introduction

We consider the one-dimensional Schrédinger equation
u’ + (A —q(z))u =0, (1)
+oo

with the limiting conditions for eigenstates / u?(x)dz < co. The aim of this paper

— 00
is the calculation of the eigenvalues A,, (n = 0,1,...) of the equation (1) when the
potential function ¢(z) is of the type:

qlz) =2, r=1,2,....

From the practical viewpoint, it is especially interesting to solve the Schrédinger equa-
tion with this potential. The reasons for the interest in the potential of this form are
the following. First, in many cases, the relativistic Dirac and Klein-Gordon-Fock equa-
tions can be presented in such a form after separating the variables. The second reason
is more significant from the viewpoint of physical applications. Potentials of the form
22" correspond to the critical situation where all coefficients in the polynomial Ps,.(z),
except the highest one, turn to zero. This situation implies degeneracy and is usually

considered when studying phase transitions in critical systems [1].

2. The Higher Order Method
We rewrite the equation (1) in the form

' = —f(z)u,

u(x) -0, x— +oo,
where f(z) =\ —q(z).

Received 28%2 November, 2009.



Numerical Solutions for the Schrédinger Equation with a Degenerate . . . 59

We will construct a 2m  (m > 1) order method for the equation (2). If differenti-
ating the equation (2), we can find that
uF N = (= ) N+ Agp_qu+ Bopqu!, k> 2,

3
u®®) = (= f)*u + Agpu + Boptl, ®)

where coefficients A,, and B,, are depends from f(z) and it’s derivatives. In (4) we
are present the coefficients A,, and B,, from n = 3 through 8.

=—f', B3=0,
Ay=—f", By=-2f",
As=Aff' =", Bs=-3f",
Ag =Tff" +4f =, Bs=6ff —4f", (4)
= —Of2f 4 11ff" +15f'f" — fV, By =13ff"+10f% —5f1V,
As = =22/ = 8f [ +16f [TV + 26" + 15" — [V,
Bg = —12f2f + 24f f" +48f"f" —6fV.

Using Taylor expansion and (3), we obtain

Ui+1 +u;—1 = 2a1u,- + 2b1u; + O(h2m+2),

)
Uj41 — Uj—1 = ZCLQUi + 2b2u§ + O(h2m_1), ( )
where,
al—CS(fZ, +ZA2k 2]{}'7 Z 2]€"
m—1 hgk 1 m—1 h2k—1
Agpoy i, by = su(fi, Bok1 7y,
a2 Z 2k—1 (2k ) , b2 Sn(f h) + ~ 2k—1 (2k _ 1)'
sin/fh F>0 (6)
\/7 K
I A C LI RN f=o.
cs(f, h) sn(f, h)
cosh/|flh, f <0, sinh /[f[R ;
—_—, <0
£

If to eliminate u; from (5), then we obtain 2m-th order integration formula

(bg — b1)uir1 — 2(arbg — agby)u; + (ba + by)u;—1 =0,
’LL():UN:O, iZl,...,N—l.

The main disadvantage of the method is that we have used the derivatives of
the potential function ¢(z). If the potential function is more complicated, we can
approximate derivatives of the potential without decreasing the order of the method.
For example, if m = 4, we will use optimal cubic spline [2].

Def. The cubic spline interpolation S(z), with boundary conditions

6381 fze,1 — 1522 fz2 0 + 281 fz2 3 — 28 fz2.4

82My + 339M; = —5f6’ + 12
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6381fia},N—1 - 1522ffm,N—2
12 +

339Mpy_1 + 82My = —5fn +

281 fzx,N—3 — 28 fz2,N—4
+ 12 ’

are called optimal cubic spline for f(x), where M; = S"(x;), m; = S5'(x;),

Theorem 1. Let S be an optimal cubic spline interpolation for f(x). Then

5m
"= m,; ! Ko i =0(1)N
fi + T30 +O(Rh”), i=0(1)N,
fI = M; + M M, +0(h%), i=1(1)N -1
. = i — s 1 = — s
i 12 360
02My  575*My — 285% M,
[ = M, O(h®
0 T 360 + O,
82My  BT6*My_o — 2864 My _5
1/ — M 6
N Nt T 360 + O,
f(":mgzi—m—i—O(h‘*) i=1(1)N -1
: T 12R2 ’ ’
106%*my + 6*me 4
6// = Mzy,0 + 1272 + O(h ),
1064mN71 + 547’)7‘]\],2
N = mze N + oT% + O(h*),

IV = Mz,; +O(h*), i=1(1)N —1,

7

54 M,

(]TV = MEQ:,O + 2 + O(h4)) f]IVV = MEw,N + T + O(h4)’
54 i (54M7,
fiv - hT + O(hQ)a i=0(1)N, fiVI - h4 + O(hZ)’ i =0(1)N,

where the difference operators 62 f; and 6*f; are defined by
8 fi = fixn —2fi+ fisr, i=1(1)N -1,
8 fo =26%f1 = 8° fa, 6% fn =26%fn_1 — 6% fn 2,
5 fi = fira —Afi1 +6fi —4fii1 + fica, i=2(1)N —2,
5 fo=36fo — 20" f3, & f1=26"fo — 6% fs,

52 f;
Sfn =36 o — 26 fn_s, Ofno1 =20 fn_o— N3, feei= T{
3. Numerical Results

For the purpose of numerical computation, we take the domain of integration to be
[-L, L]. The value of L depends from r and decreasing, while the power r increasing.

4.17 | 3.65 | 2.50 | 2.25 | 2.11 | 1.89




61

T eIqeL

Numerical Solutions for the Schrédinger Equation with a Degenerate . . .

L€LEB6GB0O8EC 988
TP6099LL6ETES
9€884GR8GCIR €L
Vav1gev.L89vEL
G0€5056788°989
0C6TETIRIT 079
¢c06¥ES8TSY 464
0VEETIB6T8 TGS
TCLGE96LL9°60G
T9T1CLCSTS6°89T
69TLST6069 68V
L8TTI8GTTI6 T6€
9490L€ECCTEI GSE
66€8L686.8°0¢€
6SLTISVCILI L8T
¥¢¢5960L2€0°95¢
89T998L066°4¢C
6697T76ET7LSL6T
8CEI98CGTR0LT
9V0ST098VL GV T
L669669€TT ¢Cl
CSGTLTIPSG8 00T
¥e10L0S2CT 18
VIECI6L9LT €9
€E86V.LC68E LY
06€L06867S €€
Vr0CSLLY LS TC
9766TO0TCTS CT
G0E0S8TIETG
VI888EVICY T

TCE6TESTTS 08L
CV86LE6TTL GEL
VIEEESTIV0 269
¥086£98087°679
12€020.2S0°809
0TeP6C69.L°L9¢
GL8VLTIBEVI 8CS
9€6564T069°06¥
6.8GC66C06°CST
00TTPE8LGE 8TV
T9V6CTVCTIT0¥8E
19.20€L006°0G¢€
T64¥060S70°6T€
000T9ST179¥°88C
€979€0508T°64¢
CEB8RLLIITT TET
162L997865¥0¢
VCLIGVLEGE 6LT
T67868TETG GST
GEG00980TT EET
€L9G688V8TCIT
6869CLV8LLC6
TCVLI1CTV6' VL
9TGCISTTIELBG
VE€9LEGOSTS VY
8ILETLV68V TE
66.L52€9199°0C
€CTT600€68'TT
9G9GTV698€°G
TG8VTILEIE'T

IVSGCTCCLTL 8G9
6CVEE607E6 189
696T9IV9IT00°98¢
¢666.L.00€6°09¢
LGPEP600€L°9TS
TPEeEGS6CTIT €8T
€88LG2¢5066 057
Pr099€EGLY 61
G6LTCG9088°88¢E
E€VEC6750CC 69€
8¥1¢8000TG 0€E
69¢10¢0%9.L°¢0¢€
Ve1ve1Lac00°9.Le
0€€G86V1VC 04¢
G6¢V.LGC109°9Ce
LB8CTTSSE08 TOC
8G6LT68TLT 6LT
70G6€L06€9LGT
GTGCV6GCIC LET
€L9GT6TGV6'LTT
€¢V59499998°66
GGL0L8CYTOE8
GRGTETC8EV LI
TTLLG0EC6T €S
SIvya19Cve 0y
9CTCLIVILE'8C
06599608881°61
TCOC8TEPST TT
¢6¢59.L8L60°G
900LEVBR6T T

€9€L70T1CCT 61¢
88EGVEEVSE 16V
69¢92S5€LI0 IV
00CTCEV69E"LEY
TOEVSTIV69C 1TV
8E€€G0999.LL"G8E
6.9€T89006°09€
0LL7SGTCG99€€
887€900¢T0°CTE
TG20796180°06¢
00GGTSGSY8L L9C
8VL86LTEIT 9VC
8670¢9¢CET GCC
¢0r067€L00°50¢
T9€ETEB6CS0G G8T
SVVVLYvIv.L 99T
CceO0T6TTL 8V
9GTTTESRCS TET
2L80TTO80CT GTT
9,G8CSGERTVS 66
CC6SVCITT8 T8
8GL9LGC6E0°TL
96766796.L1°84
0S6V0LLCTE 9V
TG08868L6YGE
¢16L900608°G¢
G0L6L80ETE LT
¢LL69Y6VVC 0T
6€TVVL8GGLY
8ETT0C8SCT T

LTCVI91296°C9€
¢6E886TI99TVE
GGLTT0S889°9¢¢E
LEIJETC8TEDN 60€
6T1C8VCCITL 16T
IVTISTIVCL VLT
T¥0€60€080°85C
G9G0VE0LBL TVC
L€60900¢48°4¢C
LVTETLYERE 01T
9€€CLLT060°G6T
0T768€618¢ 08T
69V¢6€L898°GIT
98GLTEBTIRTSGT
69G9CLEELT SET
GLVL0899TT GCT
PIT8GEVIOV CTT
92¢68Lc68ST°00T
069LGLET6E"88
8EIVIVELCT LL
G90LT8CLEE 99
¥¢G800€661°99
G8TVI1CS6S 97
809G980€T9°LE
¥LE657966C 6T
TCCre9TvIL TC
67€969TGE6 VT
609G¥80€L0°6
GTTL86G8EE Y
LESVCO8TIT'T

0LE8BT66LT 66T
18G98€2¢6CC 061
GL8T999¢8E 18T
€E96TTLCVI CLT
0€29€V0cT0 79T
189220967 GCT
9LGCTCT060° LY T
ETT6LVTG08'8ET
987.L890¢79°0€T
0T006€9709°¢CT
6V8ELT6969 TTT
LT8ELOECET6 90T
¥09990988¢ 66
680899086.L°16
6VLCIIVLGT T8
618700CELT LL
982916€2¢5¢ 0L
L986970€07°€9
TGS0VTCreEL 9G
9916¥4¢94¢° 04
CLE0SSTIR6EY
0.¢0T00€C6°LE
60TLLESGS60°CE
9EBTTLY8CS 9T
C8T6CLESET'TT
88T09¢8TIC 9T
ETTSSVLYPITT
6L€6L69957°L
8600€L966L°€E
¥06029€090°T

AN IO O~ =AM OO 00D
A A A A A A A A AN ANANANANANNANNAN

L=

9=

G=1

p=14

=L

g="

gllo~cam<twor~owooa S

sonpeausaSio paje[noared Qg ISIIg




62 Batgerel B., Zhanlav T.

To calculate the eigenvalues, we have used 8 order formula (m = 4) and shooting
method. We need to know the value of u;.

Taking advantage of the fact that the problem has explicit symmetry with respect
to the transformation x — —z, we first seek all even solutions of Eq.(1) that satisfy

u(0) =1, 4/(0)=0.

We can calculate u; by using the formula

ur = cs(A, h) + Z At @]
k=r+1

For the odd solutions satisfying the conditions
uw(0) =0, 4/(0)=1,
we have calculated u; by the formula

h2k 1

U1 ()\ h)—|— Z ng 1W
k=r+2

Table 1 shows first 30 calculated eigenvalues. The results coincide with [3].
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VIIK 519.6
YucisieHHbIE pelneHnsd AJisi ypaBHEHUS H_Ipe,Lu/IHrepa C
BBIPO>KJIEHHBIM MOJMHOMHBIM HNOTEHIIMAJIOM YETHON CTEINeHM’

B. Barrapaa!, T. XKannas’
! Kapedpa ecmecmeermv nayx
Hapranckul mernoso2uneckuy, wHCTUMYMm
Monzoaveruti 2ocydapemeennvili YyHUBEPCUMEM HAYKY U mexnoaozuli, Monzoaus
¥ Kagpedpa npuraadnoti mamemamuru
Mamemamuueckuti daxysomem
Monzoaveruti 2ocydapemeennoi yrusepcumem, Moweoaua

ITocTpoeHa KOHEYHO-PA3HOCTHAS CXeMa BBICOKOI'O HOpsifKa Jjist ypaHeHust IIIpéaunarepa c
BBIPOKICHHBIM TToTeHtmatoM U(x) = 227, r € N, KoTopas onuchiBaer (ha3oBbie MePeXOIbl B
KBAHTOBBIX crucTeMax. J[Jist HEKOTOPBIX 3HAYEHUI 1 HANIeHbI COOCTBEHHDBIE 3HAYECHUSI.

Kumrouessle ciioBa: ypasuenue [1Ipéaunrepa, KoHeUHO-PA3HOCTHAST CXEMA, COOCTBEHHbBIE
3HAYEHMS, METOJT CTPEIBLObI, OITUMAJIBLHBIN CILIAMH.





