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B crarpe mpoBejieHO nccieqoBaHME 3aBUCUMOCTH DeIleHni ypaBHeHHil ['aMuiabroHa 15
TapMOHHUYECKOI'O OCIUJIJIITOPA OT IMKJINYEeCKOW YacTOThI M mMIenaHca. IIposenén umcien-
HBIIf aHAJINA3, & TaK»Ke ITOJIy9eHO aHAJIUTUYCCKOe pellleHne, IOATBEPZK Iarolee YUCIeHHbIe pe-
3yJIbTaTHI.

KuarodeBrle ciioBa: mMIenaHc, NUKIMYECKAas JACTOTA, OCIUILIATOD, TapaMeTPUIECKUT
PEe30HaHC.

1. Bsenenue

B [1] mokazaHo, 9TO HMEHHO MOJYJISIINS UMIIEIAHCA (& He IUKINIeCKO TacTOThI)
IPUBOJUT K PE3OHAHCY OCHUILIATOPA. B manHoil 2Ke paboTe 9T0 MOKA3AHO HEIOCpe/i-
CTBEHHBIM peltieHneM ypasaennii [ammibrona. Byjgem paccmarpusarh JByMepHbIA 1
OZIHOMEDHBII TAPMOHIYECKHIT OCIUILISITOD. Pelterne ypaBHenuii ocyIecTBIIseTcst BY-
MsT CLHOCOOAMI: IUCJICHHBIM (C IIOMOIIBIO OTKPBITOTO MTAKETa IPOIPAMM JIJIsl YHCIIEHHBIX
pacuéroB Scilab) u aHaIUTHYIECKUM.

2. IlocranoBKa 3aga4um

PaccmoTpum jarpamKuan rapMOHHYIECKOTO OCIAJIIATOPA CJIELYIONIETO BUAJIA:

1

L(z', 3" t) = 5

Kijx'z? + §Mijx’x] + Bijrtd?.
Matrpurnpr K I/I'Mij CHUMMeTPUYHBIE, MaTpuna J3;; — HPOU3BOJILHAA! .
Nmnenanc Z; Gyzer yjoBIeTBOPATH ypaBHEHUIO:

—1\kl
(M~ ZiZj = Ky (1)
JI71s1 OHOMEPHOTO CiIydasl JarpaHKWaH W TaMUJIBTOHHAH MOXKHO IIepelncaTh B

BUJIE:

Liw,i,t) = —%K(t):rQ + %m(t):i:2 + Bt

H(p.2.) = 5o (0= 28(0)° + 32°K ().

JJ1st yIporteHnst HCIoIb3yeM IIPOU3BOASILY 0 QYHKIUIO (IITPUXOBAHHDIE IEPEMEH-
HbIE — HOBBIE):

1
L(p,z,t)=px— §ﬂ(t)x2.

Crarbsa nocTynuiia B pegakiuio 1 uons 2009 r.
'Hazpanus BEIGPaHbI TAK, YTOOB! GBITH ITOXOKUMH Ha KO3(DMUIHEHT yIPyroCTH, MACCY B MArHUTHYIO
WHYKITHIO.
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Torna
or or or
= p=S m=n+Z 2
o op'’ P=%5z * ot (2)
C IOMOIIBIO TOTYIUBIIAXCS CUMILIEKTHYECKIX TPe0OPa30BAHMTIL:
/ ! d/B !
P =p—pB(t)x, K(t):K(t)—FE, =z,
HepeiiéM K HOBBIM KAHOHHYECKHUM IIepeMEeHHBIM:
dp  B(t) ( ﬁ%)) dp’
@ _ 2 (ka & _ g
at P (8) + mt) )" ) K'(t)z,
de _ p _ pO) ¥
dt — m(t) m(t)" dt  m(t)

Onpenenenne 1. /as 00HOMEPH020 OCUUALAMOPE UUKAUMECKAR “ACTNOMA
(usu npocmo wacmoma) ecmv w(t) & K(t)/m(t), umnedarc Z(t) o VE()m(t).

Ucnonb3ys HOBBIE 0003HAMEHMS, MOYKHO MIEPEIUCATDH ypaBHeHus ['aMuIbToHa B BU-
Jie (ITpuxu HaJ| IepeMEHHBIME OIyCKaeM ):

Pz,

dt
T w (3)
%t = Z(é;p(t)-

Paccmorpum sBa caydas mapaMeTpuUIecKoro BO3MYIIEHUS.
1. Umnenanc Z(t) = const = Zp, a MUKIMIECKAs 9aCTOTA TEPIUT MaJble BO3MYIIe-
Hus w(t) = wo + wi cos(2wpt) wi K wo.
2. Hukamyaeckast 9acToTa MOCTOsIHHA w(t) = const = wp, & UMIIEJAHC TEPIUT MAJIbIe
BosMytenus Z(t) = Zy + Zy cos(2wot).

3. UYwmciaeHHoe peliieHne

PacemoTpum Teneps Kaxk bt 3 cirydaes moapobree. JITst KarK1oro ciytast mpoBe-
€M YHCJIeHHOe pelrenne nosyuusineiicss cucrembl OJLY. Bee BbIUnCIIeHNST TTPOBOISITCS
[IpY TIOMOIIM TIAKeTa JJjIsl YMCJIEHHBIX pacdéroB Scilab.

3.1. Cuayyait TOCTOSHHOTO MMIIEJAaHCA

ypaBHeHI/IH TamubTona n HadaabHBIE ycaoBuA IIPUHUMAIOT BUI:

d

dit) = —(wo + w1 cos(2wot)) Zox(t),
d 2wot

dx _ wo + w1 COS( wo )p(t),

dt Zy

p(to) =po, x(to) =z, to=0.
Haiiném yucieHHOe pellieHre Mpu HAYaIbHBIX YCIOBUIX:
Po = 10, o = O, wo = 7'['/3, w1 = w0/1000, Zo = 4, Z1 = Z0/100.

[Mosyunm pemennst st uMmiysabca p(t) u koopauHaTel x(t). MI300pasum ero st Ha-
DJIsIHOCTH B BuJIe Tpaduka (puc. 1).

BoiBoa. Ilpu MOIyIAmmu 9acTOTHI, HO MOCTOSHHOM HMIIEIAHCE, HE ITPOUCXOUAT
apaMeTPUIECKOr0 PE30HAHCA.
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X(t) "3 = s s =
( EINRAANE AN RN AR
= _0 5I0 1;0 15I0 20:0 250 ©

Puc. 1. IsmeHeHue KoopauHaThl z(t) IPU MOLYJISILAN YACTOTHI

3.2. Cuyuait Moayasiniuu MMIIeJIaHCA

ypa.BHeHI/IH TamuiabTona IPUBOJATCA K BULY:

% = —(Zy + Z; cos(2wot) )wox(t),
dx wo

- = t
dt  Zo+ 721 cos(Qth)p( )

p(to) = po, x(to) =z0, to=0.

IIpoBeném perreHme TIpu TeX *Ke HAYAJIBHBIX YCJIOBUAX, UYTO U B MEPBOM CJIydae.
AmnajiorndabIM 00Pa30M IPEJICTABUM IOJYIEHHBIE Pe3yJIbTaThbl B rpadUdecKoM BUJIE

(puc. 2).

a T T T T
- , . : .
X(t) T ' '
() ________________ U :_ _______________ :_ _______________ g -
] : ' :
:
P b emeees b
4 ; ' :
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oA ; AT TR :
] ; :
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Puc. 2. Iamenenue koopauHatsl z(t) Ipu MOLYJISALAN UMIIELAaHCA

BriBoa. IIpu moayssinun umieianca Jaxke IpyU [MOCTOSHHON YacTOTe TPOUCXOIAT
rnapaMeTpuiecKuit pe3oHaHcC.

3.3. /IByMmepHbIil ciydaii

Cuy9ait JByMEpPHOTO OCIIIIISITOPA OTJINIACTCS OT OJHOMEPHOIO JIUIID YBEJIMICHN-
eM YnCJIa YPABHEHUH M BO3MOXKHOCTBIO MOJLYJISIIIUE YaCTOTHI M MMIIEJAHCA O OCIM
r um y pasabivu criocobamu. U3 (1) Bmaso, wto ecim cumrats Marpuns (M 1) u
K;; nuaronasibHBIMHI, TO U MaTPHIA UMIIEJIaHCca Z;; Oy/IeT INaroHaJbHOM. Y paBHEeHMs
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10 0 10 X

Puc. 3. IsmeHneHue KOOpAMHAT NIpU Puc. 4. IameHeHne KOOPAMHAT IIPU
MOJLyJIATM IACTOTDI (mBYy™MepHBIit MOZAYJIsAnMY uMnesasca (aByMepHBIR
cayaii) cay4gaii)

Tamubrona IIPUBOJATCA K BUIY:

dp, B dx . wz(t)
5 = W Z(t)alt), = Zz(t)px( ),
dp, dy _ wy(?)

LA O N Ay T U]

Yucaennoe penieHue ,HaéT aHaJIOTUIHBbIE OJJTHOMEPDHOMY CJIy9alO PE3YyJIbTaThl (pI/IC 3

u4).

4. AnaJmTmyeckKoe pelleHune

Pemmnm reneps (3) aHAINTHYECKH, HE yUUTHIBast YIEHBI BTOPOIO HOPSIIKA MAJIOCTH.
IIponuddbepenrmpyem nepBoe ypaBHEHHE CUCTEMBI TI0 ¢, B PE3Y/IHTATE MTOJIYIIM:

d?p dz

P (0 Z(0)a(t) - ()2 Wlt) — (20

dr _wl) )

a — zmP"

13 mepsoro ypasuenust (3): x(t) = fm%, a u3 Broporo 9 = %p(t).
HUckiouast u3 nepBoro ypasHeHns: (4) KOODJAMHATY, TIOJLY TUM:

Pp (SO 2O\ |
cr_ (e, 20 P $)p(t) = 0. 5
ar? (w(t)+Z(t)>dt+w()p() (5)

AnajgorudnsiM 06pa30M MO2KHO IIOJIY9UTH yYypaBHEHHE JIJIsI KOOPJIUHATDBI x(t)

dz  (Z'(t) )\ dz _
(70~ T @ om0 =o )

Byznewm pemars ypaBaenne (6) npu ciieayromieM IapaMeTpHIecKOM BO3MYIIEHUH.

w(t) =wo =const, Z(t)=Zy+ Z1cos(2wot), Z1 < Zp.
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YdaursiBast, 4TO:

—2Z 1wy sin(2wot)
Zo + Z7 cos(2wpt)

Z
= —2wOZ—1 sin2wot  T.K. | Z7 cos2wot| < | Zp|
0

IIOJIY9IUM YpPaBHEHHE:

d? Z
St sin(2wot)

4z do
a7

T + wiz(t) = 0.
Cuenaem 3ameny (t) = u(t)z(t), onucannyio B npuioxenuun ?7. Ilomyanm:

Z Z

P(t) = *20007; sin2wot, Q(t) =wg, u(t) =exp (Qw?)Z; cos 2w0t> ,
1 1 Z? Z

I(t) = Q(t) — ~P?(t) — =P'(z) = w§ — wj =% sin®(2wot) + 22 2L cos(2wot).
1 2 7 Zo

z? . .
82—% sin? (2wot) UMeeT BTOPOU MOPSIJIOK MaJIOCTH, TO UM MOXKHO

nperebpedn. [losromy mosmydaem:

Tak Kax cjraraeMoe w,

Z
I(t) = wi(1+ 221 cos 2wot).
Zo

Ucxomaoe ypaBHeHne mpeodpa30Baioch K BUILY:

2
dstgt) +wi(1 4+ hcos2wot)z(t) =0, h™=2- <1 (7)

DTO OIHOPOIHOE JINHEHHOE YPaBHEHHE 2-I'0 HOPs/IKa C IlepeMeHHbIMU KoddbduIimen-
TaMy. AHAJIOTHYIHOE OJHOPO/IHOE YPABHEHHUE C IIOCTOSHHBIMU Ko dumenramn nmeer
st 2" (t) + wiz(t) = 0 u pemenne: 2(t) = acos(wot) + bcos(wpt), osTOMY GysIeM
HCKATh peIleHne ypaBHeHus (7) ¢ IOMOIIBIO METO/a BAPUAIMN [OCTOSHHBIX B BHJIE:

z(t) = a(t) cos wot + b(t) sin wyt.
[MToxcrasum z(t) B ucxomuoe ypasaerue. Bropoii dieH nmpeobpasyercsi K BUILY:
W2 (1 + hcos(2wot))2(t) = a(t)wd coswot + b(t)w? sinwot +
+ hwia(t) cos(2wot) cos(wot) + hwib(t) cos(2wot).  (8)
[Tocsieiare Ba cjaraeMbIX B BbIpayKeHHH (8) MOXKHO yIPOCTUTH, OTOPOCHB CJia-

raemMble BTOPOI'O HOPSIIKa MAaJIOCTH.
B pesysibrare ypasuenue (7) npeobpasyercs K BUJLY:

(a” (t) + 2b' (t)wo — hwia(t)) coswot + (b (t) — 2woa’ (t) + hwib(t)) sin wet = 0.

PaBeHCTBO HyJIIO BO3MOXKHO TOJIBKO, €CJIM 008 COMHOMKHUTEJISI TIPH COS U Sin OHO-
BPEMEHHO 0OPATATCH B HOJIb, T.€. €CJIH BBIIOJIHSIETCH CHCTEMA
" / 2 _
a”(t) + 2b'(t)wo — hwia(t) =0, (©)
=0.

V' (t) — 2wod (t) + hwdb(t)

DT0 cucTeMa JUHEHHBIX OJJHOPO/IHBIX YPABHEHUH BTOPOI'O HOPSIIKA C TIOCTOTHHBIME
ko3 dunmentamu. Bynem nckaTth €€ pereHne B BUIE:

a(t) = ke, b(t) = koe.
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[Moxcrasus B (9) mosmydaem:
Nk + 20\kowo — hwiky = 0, (A2 — hwd)ky + 2 wokz =0,
=
)\zkg — 2X\kqwg + hwgkg =0. —2 wok1 + (AZ + hw%)kg =0.

Xa.pa.KTepI/ICTI/I‘IeCKOG YpaBHenue nMeeT BU/I:

A? — hw? 2 wq

o )\2+hw2:0:>/\4—h2w§+4w§/\2:0.
— 2w 2

Ono nMeeT 4 pa3IUIHBIX KOPHS — JIBA JHCTBUTEIBHBIX U JIBA KOMILIEKCHBIX:
rJe

Ag4 = HiwgB. 1o
34 = =0 B \/Vh?+4+2.

Wimem k1, ko nust Kazkmoro A, ¢ = 1,2,3,4

k 1 k 1
)\1 = wOA = (k’1> = < 2A > ) >‘2 = *wOA = <k1> = ( —2A ) ’
2 AZ1h 2 A2+h
k 1 k 1
/\3 = iWQA = (k’1> = ( 2%B ) s )\4 = —iwoA = (k’1> = (—21‘3) .
2 h—B2 2 h—B?

Takum 06pazom, pemenne cucreMbl (9) nmeer BuI:

[ALQ = +wpA, A VR 44— 2,

(L(t) — Clengt + C2e—ngt + C3eiwoBt + C4€_inBt,

24 2A
b(t) = <A2 n h) C1€w°At — <A2 — h) Cze_woAt +

2iB - 2iB ;
+ (s ) Caetn — (20) Cueminm

Bripazkasi 4epe3 TPUrOHOMETPUYECKHE U MHIepOomaecKue (DyHKIMUH, Oy THM:
a(t) = K; ch(woAt) + Ky sh(wgAt) + K3 cos(woBt) + K4 sin(wo Bt),

2A
b(t) = (M) (Kl ShwoAt + K2 Ch(.UQAt) +

2B ,
+ <Bg_h) (K3 sinwo Bt — K4 cos woBt).

5. 3akJ/IrouyeHue

Bruto mposejieHo uncsienHoe n aHATUTHYECKOe perenne cuctembl QLY st rap-
MOHHYECKOTO oCImsitopa. 1lebio paboThl ObIIO TOJIyYeHe Pe3yJIbTaToB crarbu |1]
mermocpeacTBeHHbIM perteaneM cucrembl QLY. TloBTopum emé pa3 OCHOBHON pe3yiib-
tat. IIpu MO0ysAuUY “acmomol, HO NOCMOAHHOM UMNEIGHCE HE NPOUCTOOUM NAPG-
MEMPUYECKO20 PE3OHANCA, 00HAKO NPU MOOYAAUUY UMNEdarca daxce npu nocmosHHol
wacmome npoucrodum napamempuieckuli peaonanc. JIByMepHbIi ciydail 1o ipobHO He
paccMaTpuBasics (Tak Kak OTJIMIAeTCst OT OJJHOMEPHOI'O JIUIIb YUCJIOM yPaBHeHuii), oJi-
HaKO YMCJEHHDbIE DEIeHUs JJIsi Hero Tak»Ke ObLIN MoJIydeHsl. Perenne, moJry<ueHHOE
AHAJIUTUYIECKH JJIsI CJTyIast MOLYJIANN UMITETAHCA, TIOATBEPXKIaeT TUCICeHHBIE PE3YIlhb-
TATBI.
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6. IIpunoxkenme. IIpeobpazoBanue amaeitaoro OY
BTOPOIO IOPSAKa K KAHOHUYECKOMY BULY

Pacemorpum npeoGpasoBanue ypashenus [2]:
y' +P(z)y + Q(z)y =0 (10)

Cremaem sameny y = u(x)z(z) = ¢y = du(v)z(z) + u(z)(z) = ¢’ =
u’(z)z(x) + 2u/(2)2'(z) + u(z)z" (x). Ypasuenue 10 upeobpasyercst K BUILY:

u(x)2"(x) + (P(z)u(z) + 2u'(x))2' (z) + (u"(x) + P(z)u'(z) + Q(x)u(z))z(z) = 0.

IMycrs P(xz)u(x) 4+ 2u'(x) = 0, orciona y3uaem u(x): 2du(z) = —P(x)u(z)dx =

u(z) = exp (-é / P(m)da:) .

Haiizist iepByto u BTOpYIO npom3BojiHbie OT u(x) ypaBHeHue 10, MOXKHO IPUBECTH
K BUIY:

() + <—iP2(x) P+ Q(m)) (2) = 0.

Q(z) — 1P*(z) — 3P'(z) + Q(z) = I(x) — uneapuanm ypasHeHuUs.
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A Study of Impedance, Frequency and Parametric Excitation
of Oscillators

M. N. Gevorkyan, D. S. Kulyabov, L. A. Sevastyanov

Telecommunication Systems Department
Peoples’ Friendship University of Russia
6, Miklukho—Maklaya str., Moscow, Russia, 117198

One dimensional and tow dimensional harmonic oscillators are described. According to
B. 1. Zeldovich article the definition of impedance is introduced. Exploration of small para-
metric oscillations of impedance and frequency is made. By numerical solution of lineal ODE
systems (for 1D and 2D case) it was shown, that impedance plays the key role in the para-
metric resonance phenomena.

Key words and phrases: harmonic oscillator, parametric resonance, impedance.





