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The article is devoted to the study of uniqueness and stability of solutions of linear integral
equations of the first kind with two independent variables.

The relevance of the problem is due to the needs in development of new approaches for
the regularization and uniqueness of the solution of linear integral equations of the first kind
with two independent variables. Integral and operator equations of the first kind with two
independent variables arise in theoretical and applied problems.Works of A.N. Tikhonov,
M.M. Lavrentyev and B.K. Ivanov, in which a new concept of correctness of setting such
targets is given, different from the classical, show tools for research of ill-posed problems,
which stimulated the interest to the integral equations that are of great practical importance.
At the present time the theory and applications of ill-posed problems have been rapidly
developing. One of the classes of such ill-posed problems are integral equations of the first kind
with two independent variables. As of approximate solutions of such problems, stable to small
variations of the initial data, we use the solutions derived by the method of regularization.

In this article we prove the theorem of uniqueness and obtain estimates of stability for such
equations in families of sets of correctnesses. For the tasks solution the methods of functional
analysis and method of nonnegative quadratic forms are used. The results of the work are
new.

Key words and phrases: linear, inteqral equations, first kind, two variables, solution,
uniqueness and stability.

1. Introduction

The integral equations of the first kind were studied in [1-8]. More specifically,
fundamental results for Fredholm integral equations of the first kind were obtained
in [6], where regularizing operators in the sense of M.M.Lavrent ev were constructed
for solutions of linear Fredholm inteqral equations of the first kind. For linear Volterra
integral equations of the first kind and third kinds with smooth kernels, the existence
of a multiparameter family of solution was proved in [7]. The regularization and
uniqueness of solutions to systems of nonlinear Volterra integral equations of the first
kind were investigated in [4,5]. In this work we shall study the problems of uniqueness
and stability of solution of the integral equation

Ku=f(t,z), (t,x) eG={(t,z) ER*:to <t < T, a<z < b}, (1)

where

x

t T b
Ku= /P(t,x,y)u(t,y)dy—i—/Q(t,x, s)u(s,a:)ds—i—//C’(t,x, s, y)u(s,y)dyds, (2)
a to to a
P(t,x,y) and Q(t,z, s) are given continuous functions, respectively on the domains
Gr={(t,z,s):to <t <T, a<y<z<b},
Go={(t,z,s):tg < s<t<T, a<x<b},

C(t,x,s,y), f(x) are given functions, u(¢,x) is an unknown function.
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2. Uniqueness and Stability of solutions of integral equations

Assume that the following conditions are satisfied:
(i). P(t,b,a) >0 forall telfty,T], P(tb,a)ec Clty,T],
P(t,y,a) <0 forall (t,y)e G, P,(ty,a)c C(G),
Pl(s,b,2) >0 forall (s,2)eG,
P/(s,b,z) € C(G), PL,(s,y,2) <0 forall (s,y,2) € G, PL(s,y,2) €C(G).

(D). Q(T,y,t0) 20 forall yefa,b], Q(T,y,t) € Cla,b],

le(sa yvtO) < 0 for all (S7y) € Ga le(sa yvtO) € C(G)a
Q. (T,y,7) >0 forall (y,7)e€Gaq,
Q;(Tvva) € C(G)? TS(S yaT> 0 for all (S,y,T) € G27 Q:,s(s):%T) € C(GZ)

(iii). At least one of the following conditions holds:
(a) P,(s,y,a) <0 for almost all (s,y) € G;

(b) Pz’(s b, z) > 0 for almost all (s, z) € G;

(¢) QL(s, y,to) < 0 for almost all (s,y) € G;

(d) Q.(T,y,7)> 0 for almost all (y,7) € G;

(e) P” y(8,y,2) <0 for almost all (s,y,2) € Gy;
(f) Ts(s y,7) < 0 for almost all (s,y,7) € Gs.

(iv). C(t,x,s,y) € La(G?) and

[C(t,.’t, Svy) + C(S,y,t,l’)] = Z)\i@i(tax)gpi(‘g?y)v

N | =

m<oo, \; =20,i=1,2,....m, (3)

where {¢;(t,x)} is an orthonormal sequence of eigenfunctions from Lo(G) and {\;} is
the sequence of corresponding nonzero eigenvalues of the Fredholm integral operator C
generated by the kernel % [C(t,x,s,y) + C(s,y,t,x)] with the elements {)\;} arranged
in decreasing order of their absolute values. If C(t,z,s,y) =0 forall (¢, x,s,y) €
G?, we assume that A\ = Ay = ... = \,,, = 0.

Theorem 1. Let conditions (i)—(iv) be satisfied. Then the solution of the equation
(1) is unique in Lo(Q).

Proof. Taking the multiplication of both sides of the equation (1) with u(t,z),
integrating the results on GG, we obtain

/T/b/yP (s,y, 2)u(s, z)u(s, y)dzdyds—l—///@(s y, T)u(T, y)u(s, y)drdyds+

to a a to a to

b T T b b T
-|-////C(s,y,T,z)u(T,z)u(s,y)dszdsdy://f(s,y)u(s,y)dey- (4)

atotoa ato

Integrating by parts and using the Dirichlet formula we obtain
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fjiPs% ,2)u(s, y)dzdyds = —

to a a
T by y
= —///P(S,y,z)aaz /u(s,y)du dzu(s,y)dyds =
to a a p
T b i y 27
= ;//P(S,y,a) 8y /u(s,u)dy dyds+
to a I s |
T b b i v 27
+;///P;(S,y,z) (5@/ /U(S,l/)dy dydzds =
to a =z I g |
T Y 27 |v=b ) )
= ;/ P(s,y,a) (/u(s,v)du s—//P’(s Y, a /u(s,y)dy dyds+
to a to a o
T b Y 27 |¥=0
+;//@@%@ /M&Ww dyds—
to a . —
T b b Y 2
_ ;///P;;(S,y, z) (/u(s,u)dy) dydzds =
to a =z M
z b 2 T b y 2
— ;/P(s,b,a) /u(s,l/)dy ds — ;//Pé(s,y, a) /u(s,l/)dl/ dyds+
to a {0 a 2
T b b 2
+;//Pé(s,b, z) /u(s,y)dy dzds—
to a p
Y 2
3 / / / Py (s,y,2 / (s,u)du) dzdyds. (5)
to a a

Similarly integrating by parts and using the Dirichlet formula analogically we have

/b / / sy Tulr, y)uls,y)drdsdy = / QT t0) (/ U(E,y)d5>2dy—

a tg to
T

_ %//le(&yﬁo) (/u(&y)dﬁ)stdy+ //Q (T,y,7) (/u(§,y)d§>2d7dy

to T

-1 /b /T / Q' (5,9.7) ( / u(s,y>d«s>2drdsdy. (6)

T
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Using the Dirichlet formula we have

b T b T
////Ctm s, y)u(s, y)u(t, r)dsdydtde =
a to a to
b T bt
= ////C (t,z,s,y)u(s, y)u(t, r)dsdydtdx+

C(t,z,s,y)u(s,y)u(t, x)dsdydtde =

[C(t,z,s,y) + C(s,y,t,z)] u(s,y)u(t, r)dsdydtdz. (7)

Taking into account (5), (6), (7) and (3) from (4) we obtain

;/TP(S,b,a) (/bu(s,l/)dl/) ds — //P'(s y,a (/ (37y)dy>2dyds+

a to a
2

+ ;/T/P;(s,b, 2) (/bu(s,y)du) dzds—
_ ;/T/b/sz”y(s,y,z) (/yu(s, u)du)zdzdyds+
2 b T s 2
[t )dg) dy-3 [ [ @t ( / u(@y)d&) dsdyt

a to to

b T T 2
//Q Ty,T)(/ufydf) drdy—

to

[N}

+
N =
—
i)
~
&

A
\

_|_

l\.')M—\

;/b/T/SQTSsy,T)( uﬁyd{) drdsdy+
+Z)\ (a/to/%sy)usydsdy) a/to/fsy u(s,y)dsdy. (8)

Let f(t,z) =0 for all (¢,x) € G. Then by virtue of conditions (i)—(iv), from (8)
we have u(t,x) = 0 for almost all (¢,2) € G. The theorem 1 is proved. o

Example 1. We consider the equation (1) for

P(t,x,y) = ao(t)Bo(x)[0(y) + n(y)], (& 2,y) € Gy,
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Q(ta €, 5) = OZl(t)ﬁl(J))[CYQ(S) + ’Y?(S)]’ (tv X, S) € G27

m

C(t,z,s,y) = Z[ci(t,m)ci(s,y) +d;(t,x) — di(s,y)], (t,z,s,y) € G?,

=1

where

ao(t)aal(t)70/1(t)aaQ(t%a,Q(t)a’y?(t)?’Yé(t) € C[tovT]’BO(J:)?/B(I)(w)a’VO(x)?
’}/6($),’}/1(I>7’}/1(.T),,81(I) € C[CL, b]vci(t7$)adi(tvm) € C(G)(Z = 1a27 "'7m)70/1(t) <0

and v4(t) + o4(t) = 0 for all t € [to,T],B)(z) < 0 for almost all = € [a,b], v{(x) +
yi(x) =0 forall =z € [a,b],v0(a)+ y1(a) > 0,a0(t) > 0 for almost all ¢ € [to,T],
B1(z) > 0 for almost all x € [a, b, v2(to) + aa(to) = 0.

In this case the conditions (i)-(iv) be satisfied.

The following condition is assumed to hold in what follows.

(v). The Fredholm operator C generated by the kernel § [C(t, z, s,y) + C(s, y,t,z)]
defined by (3) is positive, i.e. all the eigenvalues \; of % [C(t,z,s,y) + C(s,y,t, x)] are
positive (i =1,2,...,m, m = ).

The family of well-posedness depending on the parameter « is defined as

2
gC() )

T b
where cg > 0, € (0,00), and u™) = [ [wu(t,z)p,(t,z)dzdt, v =1,2,...,00

toa

)

M, = {u(t,x) € Ly(G) : i)\;o‘ u

Theorem 2. Let conditions (i)-(ii) and (v) be satisfied.

Then the solution u(t,z) of the equation (1) is unique in Lo(G). Moreover, on the
set K(M,) (where K(My) is the image of M, under the action of the operator K
defined by formula (2)), the inverse K~' of operator K is uniformly continuous with

!

N

the Hold t ——
e Holder exponen o

[ult, )|, < Sl DT, 0<a<o, (9)

where

1/2

u(t,z) € My, f(t,x) € K(Ma), lu(t, )|, = //|u (t, )2 dtda

at()

Proof. a) In this case, the orthonormal sequence of eigenfunctions {¢;(t,z)} is
complete in Ly(G). Therefore (8) implies the uniqueness of the solution to equation
(1) in Ly(G).

Let f(t,z) € K(M,). Then the equation (1) has a solution u(t,z) € M, and it

follows from (8) that S A, [u”|* < £t @)1, - lu(t,z)| 1, - On the other hand,
v=1

utt, )2, —Z‘“ P ) <
V
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1 o
|u(V)|2 1+« 1+«

< Z:l 2 Z;Aylu‘”’ﬁ . (10)

Combining the last two inequalities gives estimate (9). The theorem 2 is proved. g
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VHTEerpaJibHbIX YPAaBHEHUN I€PBOro po/ia ¢ AByMs
HEe3aBUCUMbIMU IIepEMEHHBIMU
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CraTbsl MOCBAIIEHA UCCAEIOBAHNAIO €AMHCTBEHHOCTH W YCTOWIMBOCTH PEIIEHUN JTMHEHHBIX
HHTErpaJibHbIX YPaBHEHUI IIepBOr0 PoAa C ABYMs HE3aBUCHUMBIMU IlepEeMEeHHbBIMU.

AKTyaabHOCTH TPOOIEMBI 06YCIOBIIEHA TTOTPEOHOCTIMHU B Pa3pabOTKE HOBBIX MTOIXO/IOB JIJTsT
peryJIsIpU3allii U e€IMHCTBEHHOCTU DeIeHUs] JUHEHHBIX MHTErPAJIbHBIX YPaBHEHUI IEePBOTO
poZia ¢ IByMsI HE3aBUCUMBIMU IIepeMEHHBIMU. IHTerpaabHble U OllepaTOpHbIE YPAaBHEHUS II€p-
BOTO POJia C ABYMSI HE3aBUCHUMBIMH IIEDEMEHHBIMI BO3HHKAIOT B TEOPETUYIECKUX W IIPUKJIA]-
HBbIX 3ajiadax. B paborax A.H. Tuxonosa, M.M. JlaspenrbeBa u B.K. llBanoBa, B KOTOpBIX
JaHO HOBOE NMOHATHE KOPPEKTHOCTU IOCTAaHOBKU TaKHX 3aJad, OTIUYHOE OT KJIACCUIECKOrOo,
TIOKa3aHO CPEJICTBO JJId UCCIIeOBaHNA HEKOPPEKTHBIX 3a/lad, YTO CTUMYJIMPOBAJIO MHTEPeC K
MHTETPAJLHBIM yPAaBHEHHUSIM, UMeIOmNM OOJIbINoe IIPUKJIAIHOe 3HadeHne. B Hacrosmiee Bpe-
Ms1 OYPHO PA3BUBAETCS TEOPUS U MPUIOKEHU HEKOPPEKTHBIX 3a1a4. OIMH U3 KJIACCOB TAKUX
HEKOPPEKTHBIX 3a/1a9 COCTaBJIAIOT HHTErpajbHble YPABHEHUA IIEPBOrO POJa C ABYyMs HE3aBHU-
CUMBIMU II€PEeMEHHBIMU.

B crarpe nokazano Teopema €IMHCTBEHHOCTU U IMOJIYY€HBI OIEHKU YCTOHYMBOCTH JJIsi Ta-
KHUX YPaBHEHU B cEMeMCTBaX MHOXKECTB KOPpPeKTHOCTe. [[1s1 perenns 3a1a4u UCIIOIb30Ba~
HBI MeTOIbI (DYHKIIMOHAIHLHOIO aHAJIN3a U METOJ HEOTPUIATEJLHBIX KBaJIPATUIHBIX (POPM.
[TosyenubIe PE3yABTATHI PAOOTHI SIBJISTIOTCS HOBBIMU.

KuroueBrble cjoBa: JUHENHBIN, HHTErpajJbHbIE YPABHEHUs, IIEPBOTO POIA, ABYX Iepe-
MEHHBIX, DeIlleHNe, eIMHCTBEHHOCTb U YCTOHYUBOCTb.





