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This article is devoted to the study of the uniqueness of solutions of linear integral equations
of the first kind with two independent variables in which the operator generated by the kernel,
is not compact operator.

The relevance of the problem is due to the needs in development of new approaches for
the regularization and uniqueness of the solution of linear integral equations of the first kind
with two independent variables. For approximate solutions of such tasks, stable to small
variations of the initial data, we use the solutions derived by the method of regularization
and belonging to the class of incorrectly formulated tasks. One of the classes of such ill-posed
problems are integral equations of the first kind with two independent variables.

The aim of the work is to prove the theorems of uniqueness for solving linear integral
equations of the first kind with two independent variables.

In the paper a theorem of the uniqueness of the solution of integral equations of the first
kind with two independent variables is proved. To obtain the results formulated in the article
the methods of functional analysis and method of nonnegative quadratic forms are used. The
obtained results are new. The reliability of the result is set by prooves and illustrated by
examples. The work has a theoretical character.

The obtained theoretical results can be used in various fields of science and technology.
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and uniqueness.

1. Introduction

Various issues concerning integral equations of the first kind were studied in [1-8].
More specifically, fundamental results for Fredholm integral equations of the first kind
were obtained in [6], where regularizing operators in the sense of M.M.Lavrent’ev vere
constructed for solutions of linear Fredholm integral equations of the first kind. For
linear Volterra integral equations of the first and third kinds with smooth kernels, the
existence of a multiparameter family of solutions was proved in [7]. The regularization
and uniqueness of solutions to systems of nonlinear Volterra integral equations of the
first kind were investigated in [4,5]. In this paper, while analizing the following integral
equation

b T t x
K(t,z,y)u(t,y)dy + [ Q(t, x, s)u(s,z)ds + C(t,x,s,y)u(s, y)dyds =
/ / I

toa

= f(t,2), (t,a) eG={(t,x) eR* 1 tu <t < T, a<z<b}, (1)

where
A(t,x,y), t0<t<T7a<y<$<b,
K(t,z,y) = (2)
B(t)$>y)a togth,agxéyéb,
M(t,x,s), to < s<t<T, a<xz<b,
Qt,x,s) = (3)
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where A(t,z,y), B(t,z,y), M(t,x,s), N(t,z,s),C(t, z,s,y) are given continuous func-
tions, respectively on the domains

Gy ={(t,z,y) : to <t <T, a<y<z<b};
Go={(t,z,y) :to <t <T, a <z <y< b}
Gy ={(t,z,5) 1 1o <s <t <T, a<z<b}
Gy={(t,z,8) 1 tg<t<s<T, a<xz<b}

Gs ={(t,z,s,y) 1 to <t <s<T, a<z<b}.

u(t,x) and f(t,z) are the unknown and given functions respectively, (¢,z) € G.

2. Uniqueness of Solutions of Integral Equations
Using A(t,x,y), B(t,z,y), M(t,z,s) and N(t,z, s) we define the following functions

P(t,x,y) = A(t,2,y) + B(t,y,x), (t, 2, y) € Gy;
(4)
H(t,z,s) = M(t,z,s) + N(s,z,t),(t,x,s) € Gs.

Assume that the following conditions are satisfied:

(i)-
P(t,b,a) € Clto,T], P(t,b,a) >0 forall te [ty T],
P,(s,y,a) € C(G), P,(s,y,a) <0 forall (s,y)cG,
Pl(s,b,z) € C(G), P.(s,b,z) >0 forall (s,z)€@qG,

Pl (s,y,2) € C(G1), Pl(s,y,2) <0 forall (s,y,2)€ G,
H(T,y,to) € Cla,b], H(T,y,tg) >0 forall y € la,b,
Hl(s,y,t0) € C(G), H.(s,y,to) <0 forall (s,y)€ G,
H.(T,y,7) € C(G), H.(T,y,7)>0 forall (y,7)€@qG,

H! (s,y,7) € C(G3), H!.(s,y,7) <0 forall (s,y,7)€ G3;

(i),

C(T,b,tg,a) >0, CiL(s,b,ty,a)€ Clto,T], Ci(s,b,to,a) <0 forall s € [ty,T],
C.(T,b,7,a) € C[ty,T), CL(T,b,7,a) >0 forall 7€ [to,T],
Cy(T,y,to,a) € Cla,b], Cy(T,y,to,a) <0 forall y & la,b]
C.(T,b,tg, z) € Cla,b], C.(T,b,tg,2) >0 forall zE€ [a,b,
Ce,(s,y,t0,a) € C(G), Cg,(s,y,to,a) 20 forall (s,y)€aq,

C;'/y(Ta Yy, T, tU) € C(G)7 Cﬂl—/y(Tv Y, T, tU) <0 forall (y7 7—) €G,

C’.(s,b,to,2) € C(G), CI(s,b,tg,z) for all (s, z) € G,
(

<0

C! (T,b,1,2) € C(G), CI(T,b,7,2) >0 forall (1,2)€@G,
>0
<0

Cg;y(svy77-7 (1) € C<G3)7 C;'/;y(sayaTa CL) for all (Svva) € G37
Cll(s,b,7,2) € C(Gs), CIl.(s,b,T,2) for all (s,z,7) € Gs,
C;I;y(‘S)yath Z) € C(Gl)a C,/zléy(‘S)y)th Z) >0 for all (Saya Z) € Gla
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c (T,y,7,z) € C(Gy), CY (T,y,7,2) <0 forall (7,y,2)¢€ Gy,

T2y T2y
C’Q/Sy(s,y,ﬂ z) € C(Gy), Cg/sy(s,y,ﬂ z) =20 forall (s,y,7,2)€ Gy,
C (s,b,7,a) € C(Gs), CZ(s,b,7,a) <0 for all
(s,7) € Gs ={(s,7) 1 to < T7T<s<T},
C7,(T,y,to, 2) € C(Gs), C7 (T, yvthz) <0
(y,2) €Ge={(y,2) ra<z<y<

(iii). For almost all (s,y, T, z) € G5 the quadratic form

for all

b}

1 / 2_
Gt o D aa

— H, (8 Y, tO)OCQ 20(8 Y, to, CL)OélOKQ - (S - tO) [H.:_/S(S, Y, T)Oé% + 20‘:—(37 Y, T, (1)0(30(1] -
—(y—a) [2CL(s, y, to, z)azas + Pl (s, y, 2)ai] —2(s — to)(y — a)CL. (s, y, 7, 2)azou}

L(S7y7 T, z,01, 02, Qs3, 044) =

is nonnegative, i.e. L(s,y,T,z, a1, a0, a3,a4) =0 for all a1, a0, 304 € R;
(iv). If for almost all (s,y,T,2) € G5 L(s,y,T, 2z, a1, a2, a3, ay) = 0, then it follow
that a; =0, or ap =0, or ag =0, or ay =0

Theorem. Let conditions (i)—(iv) be satisfied. Then the solution of the equation
(1) is unique in Lo(Q).

Proof. Taking into account (2) and (3) from (1) we have

T b

/A(t,x,y)u(t,y)dy—l—/B(t,x,y)u(t,y)dy—i—/M(t,x,s)u(s,x)d:c-l—

+/N(t,x,s)u(s,a:)ds+//C(t,x,s,y)u(s,y)dyds:f(t,a:), (t,z) e G. (5)

Taking the multiplication of both sides of the equation (5) with u(¢, s), integrating the
results on G, we obtain

/b/T/yA(S y, 2)u(s, z)u(s, y)dzdsdy+/b/T/bB (s,y,2 ,2)u(s,y)dzdsdy+

a to a a to y
b T s
+///M s,y, T)u(T, y)u(s, y)desdy+///N s, y, T)u(T, y)u(s,y)drdsdy+
a t() to a t() S
b T s vy b T
[ [ [ [etur oty = [ [ emus i ©
a to to a a t()

Using the Dirichlet formula and taking into account (4) from (6), we have

b T s

/T/b/yp (s,y, 2)u(s, z)u(s, y)dzdyds+///H s, y, T)u(T, y)u(s,y)drdsdy+

to a a a to to



24 Bulletin of PFUR. Series Mathematics. Information Sciences. Physics. No 3, 2013. Pp.21-29

////CSZJ,TZ (1, z)u(s, y)dszdsdy—//fsy (s,y)dsdy. (7)

atotoa

Integrating by parts and using the Dirichlet formula we obtain
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/u(s,l/)dl/) dyds+
v 2
/u(s,u)du) dydzds =

where Py (s,b,y) = [P.(s, b, 2)]|.=y. Similarly integrating by parts and using the Dirich-
let formula we have

///H (s,y, T)u(T,y)u(s,y)drdsdy = — ///H S, Y, T (/ (&, y)dg)

a to to a to to
s 2
1 0
x dru(s, y)dsdy = / / Hs,y,t0) | o ( / u(@y)d&) dsdy+
a to t()
b T T s 2
+1///H’(s 2 /u(f )d¢ dsdrdy =
2 .% 85 ay T y_
a to T T

S

(T, v, to) (iu(&yd&) dy—//H’sy,to (/u(@y)d&)stdw

to

l\')\»—l



Kadenova Z. A. Uniqueness of Solutions for One Class of Linear Equations. .. 25

2

+;/b/TH§(T,y, s) (/Tu(f,y)dg) dsdy—

a to s

_ ;/b/T/HgS(S,y,T) (/Su(gvy)dg)Qdesdy, (9)

T

where H.(T,y,s) = (H.(T,y,T))|r=s-
Further we use the following formula

OVl = (CV)). — (Clw), — (CLv) + Clv,

Then integrating by parts and using the Dirichlet formula, we have

_ /b /T / /y C(S,y,T,Z)af;Z ( / /y u(g,y)dydg) dzdru(s, y)dsdy =
/b/TC(s,y,to,a) (/s/yu(f,z/)dudg) u(s, y)dsdy+

toa

+/b/T/TCL(s,y,T,a) (/s/yu(g,u)dud§> u(s, y)dsdrdy+
+/b/T/bC;(s,y,to,z) (/s/yu(f,u)dvdf) u(s,y)dydsdz+

a to z to =z

b T T b

+ / / / / C (s, 9,7, %) ( / /y u(g,u)dudg) u(s,y)dydsdrdz.  (10)

a to T =z

Further we apply the following formula
1
cw! = f(Cyz)’S’y —

1 1
b= (C2), — S (Ot 5(Clp? = Ct,

1
2
and using the Dirichlet formula we have

b T s y

////C(S’y”’Z)“(T,Z)U(s,y)dzdrdsdy:

[ltot()a
2

b T 2 T bos
_ %C’(T, b, to, a) (//u(g, u)dgdu) —;/C;(s,b,to,a) (//u(y,g)dudg> ds—

ato
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b y T 2
-3 / CL(T, y, o, a) ( |/ u(v,@duds) dy+

at()

—|—;/b/C’Sy (s,y,to,a) (/S/yu(f, V)dud§)2dsdy

toa

26

ato
b

—//TC(S,y,to,a) (ju(@y)d{) (/yu(s,y)dl/) dyds+

a to to a

T T b 2
+ ;/C;(T, b,s,a) (//u({,u)dudﬁ) ds—
- //C’” s,b,7,a) (jiu(f,v)dud&)iirds

—a/t[C” (T,y,s,to) (//u(f, dudf) dsdy+
a/tO/JC’;’;y $,Y,T,a) (// & v dl/d§) drdsdy—
b T s s
_ / / / C' (s, y, 7, a) ( / u(g,y)dg) ( / u(s,y)dy) drdsdy+
2
+;a/bCQ(T,b,t0, (tO/Ty/bug dudf) dy—
LT s b ?
2@/!0 s,b,t0,y) (!y/u(g, V)dl/d§> dsdy—
2
_ % a/bay " (T, y. to, 2) ( / /y u(é, u)dydg> dedy+
2
+;ZZ!C;’;y $,Y,to, 2 (to/z/ §,V)dud£) dydsdz—

/b/T/yC;(s,y,to,z) (/S u(§,y)d£) (iu(s,u)du) dzdsdy+

to
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//c" (T,b, 7 2) (/T/bu(ﬁ,u)dud§>2drdz

a to
T y
;///C;’Z'yTy,sz (//uﬁ, dl/df) dzdsdy—
a to a
b T s s b
—///C;’;gsbr,y (//u(f,y dl/df) drdsdy+
a to to

////Cg‘s/ﬁsy,fz (// & v dudg) dzdrdsdy—

at()t()a

/b/T/S/yCZZ(S,y,T,z) (/Su(g,y)dg) (/ (s,y)du) dzdrdsdy, (11)

a to to a T z

where C(T,b,s,a) = (CL(T,b,7,a))|r=s, C’;(T, b,to,y) = (CL(T,b,tg, 2))|s=y-

Taking into account (8), (9) and (10) from (7) we obtain

2

%C(T, b,t0,a) (/b/Tu(f,u)dfdy) +;/T{P(s,b,a) (/bu(s,y)dy) —

— C(s,b,tg,a) (// Vﬁdudf) + CL(T,b,s,a) (//u(f, dfdl/) } s+
—l—;/b{H(T,y,to) (iu(f,y)d&)QC (T y, to,a) (//u(u g)@dg) +
e[ fucs dydg)}

+;/b/T/S/y{L(s,y,r,z,/yu(s,y)du,to/ gydf/ &y)df,/y (s,v)dv) +

a z
2

b T 2
1 , ,
+ m |:Py(s7b’ y) (/’LL(S, V)dl/) + Hs(Tvyv 8) (/U(f,y)df) :| +

y s

s Yy 2
Ce,(s,9,t0,a) (//u(g, V)dl/df) -

toa

PR T
(s —to)(y —a)
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— CL(T,y,s,a) (// g,y)dud§> — Cy(s,b,to, y) (/s/bu(i,u)dvdrf) +

S a tO y
T b 2 .
+CU(T,b,s,y) ( / / u(f,v)dvd£> o Cley(s,y,7,a) ( / / u(€, v dydg) -
sy
s b 2 1 s Y
~cntshr | [ [uenane] |+t et eanton) | [ g -
Y s — o Y
T Y to z

T vy 2
- C,(T,y,s,2) (//u(§,y)dud§> +

s vy 2
+ CUY)(s,y,7,2) ( / / u(g,u)dudg) dzdrdsdy—
T s

4] e (// e dydg) des_//cf/
X (//yu(f,u)dudg) dzdy://f(s,y)u(s,y)dsdy. (12)

t() a ato

Let f(t, :Jc) =0 forall (¢,x)€ G.Then by virtue of conditions (i)-(iv), from (11)
we have ftz s,v)dv =0 for all (s,y) € G, or [’ u(§,y)d¢ =0 for all (s,y) € G. Here
u(t,z) = 0 for all (t,z) € G. The Theorem is proved. o

Example. We consider the equation (1) for a =t,o =0,b=T =1,
Alt,z,y) =a(l+t)(1 —z)(1+y),(t,z,y) € Gy,
B(t,z,y) = a(l+t)(1 —y)z, (t, z,y) € G,
M(t,z,s) =a(l+z)(1—-t)(1+s),(t, x,vy) € Gs,
N(t,z,s) = a(l+z)(1 - s)t, (t,z,y) € Gy.
C(t,z,y,s) =B, (t,z,s,9) € Gs.
where a, 8 € R,a > 0, > |].
In this case
P(t,z,y) =a(l+t)(1 —x)(1 + 2y), (t,z,y) € Gy,
H(t,z,s) = a(l+z)(1—1t)(1+2s),(t,z,s) € Gs,

1
L(s,y,7,2,a1, 00,3, 04) = Y {la(1 +t)af + a1 + z)as — 2Barag] +
+2as(1 + z)aj + 2ay(1 +t)ai}.

Then the conditions (i)-(iv) be satisfied.
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VIIK 517.968
EamHCcTBEHHOCTDh penieHnii AJisi OJHOr0 KJIacCa MHTETrpPaJIbHbIX
YPaBHEHUI IIepBOro poja C ABYyMsl HE3aBUCUMbIMU
nepeMeHHbIMU

3. A. KagenoBa

Murucmepcmeo obpasosarus u wayku Koipewdckot pecnybauruy
ya. K. Torviemanosa, 0.257, e. Buwxex, 720044, Kopewscraa pecnybruxa

JanHasa cTaTbs IOCBANEHA MCCJIEIOBAHUIO €IUHCTBEHHOCTH DEIICHUH JIMHEHHBIX WHTe-
I'paJIbHBIX YPAaBHEHUI IEPBOrO poAa € ABYyMdA HE3aBUCUMBIMU IIEPEMEHHBIMUA B KOTOPBIX OIle-
paTop, NOPOXKAEHHBIN AapaMH, He fABJIAETCA KOMIAKTHBIM OIIePATOPOM.

AKTyasbHOCTB IPOGJIEMBI 0OYCIIOBIEHA TIOTPEOHOCTSIMY B pa3pabOTKe HOBBIX ITOJIXOIOB JIJIsSt
peryndpu3alid U €JUHCTBEHHOCTH PELICHUs JIMHEHHBIX MHTEIPDAJIbHBIX YPABHEHUN IIEPBOrO
poZia C IBYMsI HE3aBHCHMBIMHU IepeMeHHbIMU. B KadecTBe HMPUOIMKEHHBIX PEIICHUI TaKUX
3aJa4, YCTOMYUBBIX K MaJIbIM U3MEHEHUAM HCXOJHBIX JAHHBIX, UCIOJb3YIOTCA PElIeHusd, 10~
JIydaeMble METOIOM PeTyJISPU3aIuN, KOTOPbIe IPUHAAJIEXKAT K KJIaCCy HEKOPPEKTHO ITOCTaB-
JieHHBbIX 3anad. OIUH U3 KJIaCCOB TAKUX HEKOPPEKTHBIX 3aJ/ia4 COCTABJISIIOT MHTErDaJIbHBIE
YPaBHEHHUs IIEPBOr0 POoJia C AByMs HE3aBUCUMBIMHU II€PEMEHHBIMU.

enpio paboThl ABIAETCS NOKA3ATEILCTBA TEOPEM E€IMHCTBEHHOCTH JIJIsI PEITEHUsT JIMHEH-
HBIX MHTETrPaJIbHBIX ypaBHEHHUI IIepBOrO pOJia C ABYMsA HE3aBUCUMBIMH IIeDEMEHHBIMU U JO-
Ka3aTeJbCTBO T€OPeM €JUHCTBEHHOCTH.

B pabote noxazana TeopeMa eIUHCTBEHHOCTH PEIIEHNS MHTEIPAJILHBIX YPaBHEHUT IEPBOTO
poZia ¢ ABYMs HE3aBUCUMBIMU IIepeMeHHBIMU. i1 nosrydenns: chopMyIMpOBaHHBIX aBTOPOM
3a/1a% UCIOJIB30BAHBI METOIBI (DYHKITMOHAIBHOTO AHAJIN3a U METOJ, HEOTPUIIATETHLHBIX KBAJI-
paTruanbix ¢opM. [losyuennbie pe3yabTaThl ABISIOTCS HOBBIMHU. J{OCTOBEPHOCTD PE3y/IbTaTa
YCTaHOBJIEHA JOKA3aTEeJIbCTBAMU U MJIJIIOCTPUPYETCS IIPUMEPaMu.

Pabora mHocuT Teopermteckuit xapakrep. [losydennble TeopeTdecKre pe3yaIbTATBEI MOTYT
OBLITH IPUMEHEHBI B PA3JINIHBIX 00IACTAX HAYKH M TEXHUKH.

KurogeBrble ciioBa: JIMHENWHBIH, HHTErPAJIbHbIE YPaBHEHUsA, IIEPBOTO POJA, JABYX Iepe-
MEHHBIX, pellleHHue, eJNHCTBEHHOCTb.





