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CoBpeMeHHbIE YCKOPUTEJIbHBIE CHUCTEMBI U JIETEKTOPBI COJEPXKAT MAIHUTHBIE CHCTEMBI
CJTO’KHOI reoMeTpuvIecKoi KoHdurypamuu. [IpoekTrupoBaHme n ONTUMU3AINAST MATHATHBIX CH-
cTeM TpeOyeT PeIreHusI HeJIMHEHHOW KpaeBoi 3aatun MarHuToctaruku. O61acTh, B KOTOPOit
pelraeTcs KpaeBasi 3a/1a9a, COCTOUT U3 JABYX IomobJiacTeil: 0b6sacTh BakyyMma 1 00JacTb dep-
pomarneruka. V3-3a CJI0KHOM reoMeTpUIecKoil KOH(MUTYPAIIMA MAaTrHUTHBIX CHCTEM T'DAHUIIA
pazzesia cpeli eppOMArHETHK /BAKyyM MOXKET sIBJISITbCS HEIVIAJKOM, TO €CTh COJepKaTh yr-
JIOBYIO TOYKY, B OKPECTHOCTH KOTODPOil IpaHuIia 00pa3oBaHa JBYMsl IVIQIKUMU KPUBBIMU, I16-
PECEKAIONUMUCS B YTJIOBOM TOYKE IO HEKOTOPBIM yriioM. Jls uHeHbIx auddepeHiimaib-
HBIX ypaBHEHWII M3BECTHO, YTO B TAKMX OOJIACTSIX PEILIEHMs] COOTBETCTBYIONIMX UM KPaeBbIX
3a/1a9 MOryT 00J1a/1aTh HEOTPAHMYEHHO PACTYIIMME IEPBBIMYU [IPOU3BOAHBIMIA B OKPECTHOCTH
YIJIOBOII TOYKMH.

B mekoTopbIx paborax paccMOTpeHO HesmHeHOe auddepeHnaibHoe YpaBHEHNE JTUBED-
PEHTHOrO THUIa B OOJIACTH C yIVIOM WM TOKa3aHa BO3MOXKHOCTL CYIIECTBOBAHUS PEIIEHUN ¢
HEOT'PAHWYEHHO PACTYIIMM MOJIYJIEM TPAINEHTa B OKPECTHOCTH yIVIOBOI Touku. B mannoit pa-
6oTe paccMaTpPUBAeTCs 00JACTD, COCTOAIIAA U3 ABYX mojobnacreil (beppoMarHeTnk /Bakyym )
pa3/IeJIEHHBIX IpaHuIlel ¢ yriioBoit Toukoit. B manHoit 061acT paccMaTpuBaeTCsi IOCTAHOBKA
3a7a" MarHUTOCTATHKU OTHOCHUTEHHO JIBYX CKAJISIPHBIX TMOTEHInaJI0B. HemnueitnocTs Kpa-
eBoil 3a/1aun cBsi3aHa ¢ DYHKIUEH MarHUTHON IIPOHUIAEMOCTH, KOTOPAasi 3aBUCUT OT MOJLYJISt
rpaJIieHTa PeIleHns KpaeBoil 3aaadu. B ciydae, Korga GyHKIMSA MArHUTHON MTPOHUIIAEMO-
CcTH TpHU OOJBIINX MOJISX YIAOBJIETBOPSET OMPEICIEHHBIM YCJIOBUSAM, B JTaHHOM paboTe mOKa-
3bIBAETCs TeOpeMa 00 OrPaHMYEHHOCTH MOJIYJIsi TPAJIMEHTa PEIIeHNs] B OKPECTHOCTH YIJIOBO
TOYKH.

KiioueBble cjioBa: MarHUTHBIE CHUCTEMBbI, MaTeMaTHU4IeCKOe MOIAEJINPOBAHUE, KpaeBad
3aa4a, JINIITUICCKUEC ypaBHCHUA, IIOBCICHUEC PDEIICHUA B yI‘.HOBOfI TOYKeE.

1. IlocranoBKa kpaeBoii 3aga4uu

CraBurcs 3aa9a MArHUTOCTATHKE O HAXOXK/ICHUY PACIIPEJIEIEHUsS] MATHUTHOTO T10-
JIsl B OKPECTHOCTH YIJIOBOit Touku hbeppomarteruka (puc. 1). 13 ypaBuennii Makcsesi-
JIa ¥ U3 COOTHOINEHUI Ha TPaHUIle pasfeia cpes (cauraeM, 9YTO TOKH OTCYTCTBYIOT B
paccMaTpuBaeMoii 061acTH) cieyer

divﬁ(p) =0, rotﬁ(p) =0, pe

ﬁ'(§1—§2>:0, ﬁX(ﬁl—ﬁg):o, pEF.

e {2 — obisracTh (peppoMarHeTuka U BakKyyMa, || — I'paHHIa pa3iaesa Cpej, g, ﬁ —
BEKTOPbI UHAYKIIUN U HaHpSI}KéHHOCTI/I MATr'HUTHOT'O II0JId COOTBETCTBEHHO. ZLJIH O6JIa—

ctu deppomMarHeTuka (o MOXKHO 3aIIUCATD g = ,uou(H)ﬁ, rne H = ‘ﬁ , w(H) —
MArHUTHAsg TPOHUIIAEMOCTb, ftg — MACHUTHAS TOCTOSHHAS; JJIsi 00JIACTH BaKyyMa
01:B = poH . U3-3a orcyrcrBus B obsactu ) = 5 Uy HCTOYHUKOB C TOKOM CJIE/LyeT

IIOTCHIUAJIbHOCTD I10JId, OTCIOda CIIpaBEIJIMBO IIpEACTaBJICHUE

ui(p), p €,
H(p) = ~Vu(p), p € 2, u(p) = uz(p), p € (2,

Crarpa noctynuia B pefgakuuio 30 nexadbps 2013 r.
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rie u(p) — craagpHbIil norernuas. Toraa mocTaHOBKa KpaeBoii 3a/1a4u IIPUMeT BH/L

div [ (|Vuz(p)]) Vua(p)] =0, p € Qo
Aul(p) = 07 D € le

ullF_ = u2‘1"+7 (1)
u(Vua(py) 22| = 9o
2 - = = ;
on r, on |p_

ul’rl = lIJl; u2|r‘2 = \1127

rie dbyuxuust p(H) yaoBreTBopsieT yCIoBHsIM:
1. u(H) € CM|0, +o0);
2. g H € [0,+00), u(H) > 1,
3. p(H) T2 1.
Paccmorpum dyukimio i H ), anamor dyakmun p(H), y KOTOpoii BTopoe U Tperbe
yCJIOBUSI 3aMeHeHbI Ha caenyiomee: i H' > Hy, p(H') = 1, tne Hy — mocraTodHo

BeJMKO. B fasbHeiinem GyeM mpeoiarath, 9To perienne Kpaesoii 3amaan (1) u €
C(QUT'UT, UTly), us sroro cienyer, aro 3Cy > 0Vp € QUTUT; UTy : |u(p)| < Co.

v i
I
Qz Q X
Q, -
r Fl
Puc. 1. 3agaua marauTocraTuku Puc. 2. Peunraemasi KpaeBas 3aa4da

2. OO0 ogHoll KpaeBoii 3aa4de

IIpexksie YeM MPHUCTYNUTH K OCHOBHBIM yTBEDPKJIEHUSIM JIAHHOI CTATbU, PACCMOT-
PHM BCIIOMOTaTeJIbHYIO 33/1a9y, KoTopast 1opobHo pa3obpana B [1]. Urak, paccmorpum
KpaeByio 3ajady (puc. 2)

div [¢Vu(p)] =0, p € ©

Ue_ = el @, peh
ou ou , rIe q= { ’ ’
P =@ g2, D€,
on|p on|p
N ,

U|F1 = ‘1’1; U|F2 = \IJQ

Q=01 UQ,, le{(r,cp)10<?"<7’o, |Q0‘<7T/4},
Qo ={(r,@) : 0 <r <ro, || <m/4},
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rme U; € CO(T,), i = 1,2 (puc. 2). BeeaéM moaspuyio cucreMy KoopanHar. Permenme
Oy/1eM HCKATh METO/IOM pa3/IeJIeHus iepeMeHHbIX: u ~ R(r)-®(p). B pesynbrare nmeem

"+ X\2® =0,r°R" +rR — \’R = 0.

Takum o6paszom, Jist R(r) B Crly OrpaHUYEHHOCTH B HyJI€ u(p), TIOJYIUM PEIleHne
R(r) ~ r*, a gas ®(p) — coberbennble YHKIME, KOTOPbIE PACIIAIAIOTCS HA JIBE IPYII-
0bl: 1) CHMMETpUYHBbIE OTHOCHTEIBHO ¢ = 0 1 2) aHTUCHUMMETPUYHBIE OTHOCHTEIHHO
@ = 0. B mepBom citydae cobcTBennble (PpyHKINNA TPUMYT BHUJ,

1y, [ cos(Ap), o] <m/4,
<I>,\ (90) - {a,\ COS ()\(77 — Sp))’ M > 7r/4'

S,HGCB IIOCTOdAHHAaA a ) OIIpeaesIdeTCd N3 COOTHOIEHU A Ha I'PaHuIle AJIsd HOpMaJIbHbIX

POU3BOIHBIX
. ™ . 3T
ay = — [ql sin ()\4>] /{qg sin ()\4>] ,

a JIsl OIpeie/ieHns COOCTBEHHBIX 3HAYEHUN A BOCIIOJIB3YeMCsl COOTHOIIEHUEeM Helpe-
PBIBHOCTH JIJIsi perienust u(r, ) Ha TPaHUIEe pasJiesa

o cOS </\%) sin ()\?Zr>

2 s ()\T) sin (A%) ‘

Takum obpazom, uan tg (A%) =0 wu torma A = 4n, wim A\ = +A; +4n, e \; —

HaNMEHBINNI KOPeHb YPaBHEHMS
n

L= (0] /-3 (09)] )

OcobennocTh B permenne Gy/eT BHOCHTD wiien paga 1@y, (o) mpu Ay < 1. Uz (2)
CJIeJIyeT, ITO
M=1Sq=q. (3)

9To0 03HAYAET, UTO €Ci §1 = ¢z, TO |Vu(p)| Gymer orpanmden.

3. lloBeneHue pernieHUs KpaeBoii 3a1a49u

Paccmorpum Kpaesyio 3aaady (1) ¢ dyHKIMel MArHUTHON IPOHUIIAEMOCTH i, 00-
JiacThb §) mokazaHa Ha pHUC. 1.

Caencrsue.
dJK >0 V6>0 0<p(p,Q)<d:|Vu(p)| <K,

riae p(p,Q)) — paccrosiHue MeXKJ[y TOYKaMu p u (), a [0J OrPaHMYEHHOCTHIO Ha [
MIOHMMAaeTCsl orpaHndeHHOCTh Ha 'y mHa I'_.

HdokazarenbcTBo. ByneM j0ka3piBaTh OT nporuBHOrO. [Ipesamnonoxum, 9410 3TO
HE TaK, TOTIA

VK >0 30>0 0<p(p,Q)<0:|Vulp)|=> K.
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Bosbmém K = max (Hop, 4Ch/7), 0 < g < 6, Torma s p : 0 < p (p, Q) < dg JOIKHO
BBLINIOJIHATBCS YCJIOBHE
[Vu(p)| = Ho = fa(H) = 1. (4)

Beesém mosisipHyIo cucreMy KoopAmHAT ¢ IeHTpoM B Touke Q. Ilycrs wu(r,¢) —
pellieHre Hallleii KpaeBoil 3aja4u, yIoBJjeTBopsitomniee ycaosuio (4), Torga ua 'y oHO
JOJIZKHO Y/IOBJIETBOPSTH YCIOBUSIM

ou
o0 (00, %)

: (5)

p=0—

ou
EP (00, %)

=0+
a B CHJIy HeIPepBIBHOCTH U (Jp, ) JOJIPKHO BBIITOJHATHCS
u(60790)|gp:0+ = U((SOvSO)‘@:o_ :u(6070) (6)

U3z (5) u (6) creayer, aro

ou ou ou
d— (00,0) = — (4 = — (6
aQO( 0, ) a(’p ( 0780) oo, 8 ( 07%0) —y
Takum 06pa3oM, TOJTOKUB
Vi) = ui Gog), =12, =] TE
7 = Uy ) ) 1=1,z = —_ =
v 0¥ \Ij27r27

T ={(00,) : 0 < p < 27},
oJIy4aeM B §p—OKPECTHOCTH TOYKH () KPAEBYIO 3a/1ady

Aul(p)zo 7p6917 AUQ(p):O 7p6927
Oup|  _ dw
on r, ~ On

(7)

5 u1|1"7 :u2|1“+7u|f:@a
r_

rae U e CW (T). Us (3) (a taxexe us [1]) noywaem, aro (7) ne umeer ocobenHocTeit,
| = a2 +b? < 4Cyy/7 = K, rie a1 u by — xoadpdurmentsr psiia

®ypoe ans bynxman u(p) #a rparume L. CrremoBaTe bHO, TOMYYHIN TPOTHBOPEYHE,
KOTOPOE U JIOKa3bIBaeT Hallle yTBEPK/ICHUE. O

re. lim [Vu(p)
p—=Q

Takum 00pa3zoM, U3 yTBEPKJICHHS CJIEYeT OrPAHUIEHHOCTH MATHUTHOTO TOJIS B
OKPECTHOCTH «yTJIOBOH TOYKW» NPH YCJIOBUH, 9TO (DYHKIMSA MATHUTHON ITPOHUIAEMO-
CTH YJ/IOBJIETBOPSIET YCJIOBUAM:

1) i(H) € C[0, +50);
2) 3dHy > 0VH' > Hy : u(H') = 1.

Ormerum unTepecHsiil haxt. JlomycTum, Mbl peniaeM KpaeByto 3aaady (1) ancien-
HBIMU METOJIAMU, ¥ IIyCTh PeIlleHne TOH 3ajaui uMeeT HeorpaHudeHHbIH |Vu|. D10
O3HAYAET, YTO B OKPECTHOCTU TOYKM () DyHKIMsS MArHuTHON niponutiaemoctu 4 (|Vul)
Oy/IeT CTPEMUTHCS K eJIMHUIE. A B CHJTY TOTO, 9TO 9UCJI0 (P B MAHTHCCE YUCIIA OIPa-
HUYEHO, [TOJIYIUTCsI, YTO B HEKOTOPOii MaJIoii oKpecTHOCTH TOUKM () dbyukiwms 1 (|Vu|)
Oyzer paBHa 1, T.e. Bo3HUKHET KpaeBas 3a/1a4a (1) ¢ dyHKImeii MarHuTHOMN IIpoHuTae-
moctu fi( H), koropast 1o Teopeme uMmeer orpaHndeHHbIi |Vu|, B pe3y/brare oy dnm
IPOTUBOPEIHE.

Cure1oBaTe/IbHO, «TEOPETHYECKI» [IPU YUCIEHHBIX PACIETAX HE MOYKET ObITh TI0JIY-
YEHO pellleHne ¢ HeOrpaHndeHHO pacTymuM |Vu|, Mbl OyJieM MoJIyvaTh perieHue Jipy-
roit Kpaesoil 3aja4n, a uMmenHo 3aga4n (1) ¢ fi(H), nMeromeit orpannaeHHslii |Vul.
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Ho pemenne 3anaun (1) ¢ p(H) B obimem ciydae He COBIAJIAET C PEIIEHUEM HMCXOJI-
noit 3agaun (1) ¢ p(H). Tosromy HEOOXOAMMO HCIOIB30BATH CIIEIUAJBHBIE METOIbI
JUIst perrieHnst Takoil 3agaan. OJMH U3 TAKUX METOJIOB PACCMOTpEeH B pabore [2| jjist
ypasuenus div [ (|Vu|) Vu] = 0 B obmactu ¢ yriaom.

Venexy 910t paboThl aBTOPHI 003aHBI TPOdECCOpy ‘ E.Il. 2KunkoBy ‘, CBETJION TTa-
MSITH KOTOPOTO OHA ITOCBSIIAETCS.
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The Boundary Value Problem for Elliptic Equation in the
Corner Domain
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Modern accelerator systems and detectors contain magnetic systems of complex geomet-
rical configuration. Design and optimization of the magnetic systems demand solving a
nonlinear boundary-value problem of magnetostatic. The region in which the boundary-
value problem is solved, consists of two sub-regions: a region of vacuum and a region of
ferromagnetic. In view of the complex geometrical configuration of magnetic systems, the
ferromagnetic/vacuum boundary can be nonsmooth, i.e. it contains a corner point near of
which the boundary is formed by two smooth curves crossed in a corner point at some angle.
For linear differential equations it is known that in such regions the solutions of the corre-
sponding boundary-value problems can possess unlimitedly growing first derivatives near of
the corner point.

Some works consider a nonlinear differential equation of divergent type in the region with
a corner and the opportunity of existence of solutions with unlimitedly growing module of
gradient near the corner point is shown. The present work analyzes the region consisting of
two sub-regions (ferromagnetic/vacuum) divided by a boundary with the corner point. In
this region one considers a formulation of the magnetostatics problem with respect to two
scalar potentials. Nonlinearity of the boundary-value problem is related to the function of
magnetic permeability which depends upon the module of gradient of the solution to the
boundary-value problem. In a case when the function of magnetic permeability at big fields
satisfies certain conditions, in this work a theorem of limitation of the module of gradient of
the solution near the corner point is proved.

Key words and phrases: magnet systems, mathematical modeling, boundary value
problem, elliptic equations, the behavior of solutions in the corner domain.





