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B pabore paccmaTpuBaioTcs BOIPOCH IPUMEHEHUS METOa OObEMHBIX HHTETPAJIBHBIX yPaB-
HEeHW A1 pacaéra MarHuTHBIX cucteM. B makere nmporpamMm GFUN, mcmons3syromem nnre-
FPAJIbHYIO ITOCTAHOBKY 33149l MArHUTOCTATHUKHY, JJISI JUCKPETU3AINH YPABHEHUI HCIOIb3Y-
IOTCS METOJI, KOJIJIOKAIINI U KYCOYHO-TIOCTOSTHHAST AIIIPOKCUMAIAsl HEU3BECTHBIX B IIPEJIesIax
3jieMeHTa pa3duenus obmactu. OrpaHMIEeHHOCTh IPUMEHUMOCTH JAHHOTO TOIXOa CBIA3aHA, C
CHUHTYJIIDHOCTDIO $IIPpa MHTErPAJIbHBIX YPaBHEHU.

B nmanmoit pabore /i TUCKPETU3AIUN PACCMATPUBAETCH AJbTEPHATUBHBIN METOY KOJLIO-
KaIuil Moaxo I, B KOTOPOM TOUYKA HAOJIIO/IEHNsT 3aMEHSIeTCs] MHTEIPUPOBAHUEM II0 IJIEMEHTY
pasbueHnsi. DTO MO3BOJISET MCIIOIH30BATh IPUOJIMKEHUS JIJIsi HEM3BECTHBIX O0JIee BBICOKOIO
nopsiyika. B paMKax MeTosia KOHEYHBIX 3JIEMEHTOB PACCMAaTPHUBAIOTCH KYCOYHO-TIOCTOSTHHAS U
KYCOYHO-JIMHEHAs AIlllIPOKCUMAIINN HEM3BECTHBIX. [IpobieMa BbIMMCIEHNST MATPUIHBIX dJIe-
MEHTOB JIMCKPETU30BAHHBIX CHCTEM yPaBHEHUN CBOIUTCHA K BBIYMCJIEHUIO IMECTUKPATHBIX, B
o0ITIieM CJIydae CHHTY/ISIPHBIX MHTErPAJIOB O JIBYM DPA3JIMIHBIM dJIEMEHTAM Da30WeHus pac-
yérHoit obstacTu. [Iperararorcsi MeTOBI BEIYUCIIEHNsI MHTErPAJIOB 11006HOro Trma. O6Cy K-
JAIOTCS UTEPATUBHBIE METOJIBI PEIIeHNs] BO3HUKAIOIINX HEJTUHENHBIX JUCKPETU30BAHHBIX CH-
creMm ypaBHeHUi. J[aHHBIN MOIXOM MO3BOJISIET MOCTPOUTD JUCKPETU3AINN UCXOIHBIX 00BHEM-
HBIX MHTETrPAJIbHBIX YPABHEHUII MAarHUTOCTATHKH C 0OJiee BBICOKUM IIOPSIIKOM aIllIPOKCHMa-
nmu. llpennaraemMblit MeTOMN, UCHOJIB30BAJICH JIJIsI TPEXMEPHOI'O MOJETUPOBAHUS TUIIOJIBHOTO
MarHuTa.

B pabore npuBomuTCs CpaBHEHHE DPE3YJIbLTATOB MOJIEJUPOBAHUS JHUIIOJLHOIO MarHuTa C
HCIOJIb30BAHUEM PA3JIUYHBIX BAPUAHTOB JUCKPETU3AIUY UHTEIPAJIBHON IIOCTAHOBKY 331441
MAarHUTOCTATUKH.

Kuro4deBbie cjioBa: MarHUTOCTATHKA, METOJl OObEMHBIX HHTEI'DAJIBHBIX YyPABHEHUI, Me-
TOJT KOHEUHBIX JIEMEHTOB, MUCKPETU3AINS, HeJIMHEHHAS TPObIeMa, NTEPAIMOHHBIN TPOIIECC.

1. I/IHTeI‘pa.T[beIe IIOCTaHOBKUM 3aJladl MAarHUTOCTAaTUKMN

IIycrs H(a), B(a), M(a) ecrb HANPs2KEHHOCTh, WHIYKIUsSI U HAMATHUYEHHOCTD
MarHUTHOI'O TIOJIst B TOUYKe G. VIMeeT MecTo ciiefyroniee nHTErpajgbHOe ypaBHEHHE:

|z —a

ﬁ(a)—ﬁs(a)wL;TVa/ M(:E),Va; dvg, (1)
G

rne H® (@) — moJie 0T TOKOBBIX 06MOTOK, G — 06J1aCTh, 3anoaHeHHast (heppoMarHeTu-
koM. Bermumunnbr H, B, M cBs3aHbI CJIEAYIONIUMA HEJTUHEHHBIMUA COOTHOIITEHUSIMU:

T (a :ﬂ VI (a :@_ a
H(a) /,L(’B((_I)D ,UO’ M( ) 1o H( >> (2)

rje 1o — abCOJIOTHAST MArHUTHAST TPOHUIAEMOCTb BaKyyMa, ((r) — MarHuTHas IIpo-
HUIIA€MOCTb.

Crarpa noctynuia B pefgakuuio 30 nexadbps 2013 r.
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2. GFUN wmeton

N
IIycrs obmacts G pasbura Ha monobractu G = |J G;. Mepa nepeceuenns p(G; (1 G;) =
i=1
f zdvz

0,1 #j.a; = G}‘Tvi [Monoxum B(Z) B kKaxoM G TOCTOSHHBIM 1 paBHLIM By, To-
Gi
raa [1]:

N
A= A% + Y oo / M, Vot ds
= Am 777z —al

J

re B; u M; ynosnersopstior (2). Iyers

B= (BhBZ""’BN)Tv M(B) = (MOM(Bl)aNOM(B2)a~~-aﬂ0M(BN))T,

S = (poH% (@), poH (@), ... o H (an)) "

[An] -+ [Awn]
ITycrs marpuna [A] ects [A] = . st 106010 moCTOSTHHOTO
[An1] -+ [Ann]

BeKkTOpa M crpaBeIMBO COOTHOIIEHUE:

-V, - 1
AilM = — M, Vi—— z
4] 47 /< v ]m—a\)dv

J

YuaursiBas (2), cucremy (3) MOXKHO 3aIlMCATh B BHJE:
B = H* + ([A] + [E]) M(B), (4)

rie [E] — enmandnas marpuna pasmeproctu 3N x 3N|.

3. Metoa ycpenHeHus: 1O 3JIEMEHTY

Bapuanueit GFUN meroma 6ymer 3aMeHa TOUKN HabmoAeHust a; B (G; MHTErpUpo-
BarueM 1o G; [2]:

N
_ _ \Y - 1
; = = S a = _J . - _ s —
Hl/dva /H (a)dvz + g /dl)a T / (M], Va = C_L‘> dvz |, i=1,N. (5)
Gi Gi =g,

J

IIyctn

B = (B17327"'7BN)T7 M(B) = (MOM(BI)7M0M(BZ)7"'nqu(BN))Tv
T

75 = o / 5(@)dva, 1o / H5(@)dv, - ., o / AS(@)dv |
Gl G2 GN
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[An] - [A1n]

[A] = : .. :
[An1] -+ [Ann]

st mroboro mocTosiHHOTO BeKTOpa M CclipaBe InBO COOTHOIEHUE:

) v, |
,axij}‘zw_/cwa47r /(M Vo _a|>dvx . (6)
G G,

[Tycrs [C] — nuaronanbHas Mmarpuia pasmepa [3N x 3N] ¢ sjieMeHTaMu 110 IUArOHAIN
(c1,c1,¢1,¢2,C,C2, ..., N, CN, CN ), TAE ¢; = [ dv. YunrsBas (2), cucremy (5) MOXKHO
G

[C1B = H + ([A] + [C]) M(B). (7)

3alliCaTb B BUJIC:

4. Kyco‘lHo-.T[PIHeﬁHaﬂ alllTlpOKCUMalnud HAMAarHn4eHHOCTHA

HNurerpupoBanne 1o 3jieMEHTY O3BOJIsIET KCIIOJIb30BATH AIIIPOKCUMAIINIO HAaMAaI-
HUYEHHOCTHU, OTJIMYIHYIO OT IOCTOSIHHOM, HAaIpuMep, JuHeitHyo. Paccmorpum smHed-
HYO KOHETHO-3JIEMEHTHYIO AIITPOKCUMAITINIO HAMATHIIEHHOCTH B IIpeeax 00 bEMHOTO
asiemenTa. Ijist 3Toro 0y/ieM mpernosaraTth, 9To 00J1aCTh MOXKHO IPUOJIU3UTH 00bEe -

N

HenuneM terpasapos: G = |J S;.
i=1
[Torpebyem, 9T06BI TETPadAPLL {.S;} YIOBIETBOPSIIN CIIEYIONAM YCIOBUSIM:

1) Mepa mepecedenust S; ¢ S; paBHA HyJIIO DU { # j;

2) BepIIMHBI OJHOTO TETPA3Apa He MOTYT ObITh BHYTPEHHMMH TOYKAMHU I'DAHU UJIH
pebpa JIpyroro TeTpasjpa, T.e. €CIM JBA TETPaspa KAaCalOTCs, TO OHU KaCAIOTCH
UJIA TOJIBKO TI0 TI€JIOMY PeOpY, WM TOJIBKO 110 TeJI0H I'PaHU, UM TOJIBKO 1O OJHOMN
BepIIHHE.

IIycts Py, k = 1,.., L — mabop Beex BepmmH TeTpadapos {S; . O6oznaumm H(Py) =

Hy, M(Py) = My, B(Py) = By. Ilycts f1,(Z) — dbyHKIHA hOPMBI, aCCOMANPOBAHHAST

¢ BepiuHON Py:

Py — 1, ecmm k=1,
(1) = 0, ecank # 1.

DOyuxius fi () Ha KazxKI0M TeTpasjipe ecThb JauHeiiHas Gyuknus. Vcnoap3ys a1 060-
3HAYEHUd, UMeeM:

Z/fz(a f3(@) Hydvg = /fl (@)H5 (@)dva+

]1G

|
\:—‘
=
—
oo
N2

+Z/fz( ) /f]:v (MgaV _a|>dvx dva, i

i=lg
ITycre marpuna [C] ects Marpuia pasmeproctu [3L x 3L :
[Cu] - [Cin]
o= |
[Cna] - [Onw]
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rae [C;;] — amaronasbHasi MaTpUIa pa3MepHOCTH [3 X 3] BuIa
1 0 0
(Ci5] = /fi(a)fj(a)dva 010
0 0 1

ITycrs [A] ecrs marpuna pasmeprocru [3L X 3LJ:

[Au] - [Ain]
A=+ -~
[An1] -+ [Ann]
rie [A;j] — maTpmita pasmeprocTn [3 X 3], Takast, 9TO Jjid JFOO0TO MOCTOSHHOTO BEK-

Topa M crupageMBO COOTHOIIEHUE:
_ B Va
Aij]M = fi(a)dvaﬂ f](CE M Va| —a dvz | . 9)
G

A = = = \T S - = - = - = \\T
Iycts B = (By, Ba,...,Br)" , M(B) = (poM(B1), poM(Bo),. .., poM(BL)) ",

T
= ,UO/fl dva,~--7/~60/fL VHS (@)dv,
Yunreias (2), cucremy (8) MOXKHO 3aIHcaTh B BH/IE:
[C]B = H® + ([A] + [C]) M(B). (10)

5. HrepanmmoHHBIEe METOAbI pellleHnusl HeJIMHENHBIX 3a1a4

OcHOBHasl TPYJHOCTH PeATM3AIUYN KYCOUYHO-IIOCTOSIHHON (5) M KyCOYHO-JTMHERHOM
(8) muckperusanuii CBsI3aHA € BBIYUCJICHUEM OGOJIBIIONO YHUCJIA MIECTUKPATHBIX, B 00-
MIEM CJIydae CUHTYJISPHBIX WHTerpaoB. s yupomienus o0béMuble naTerpaas (6),
(9) cBOIMIMCH K MMOBEPXHOCTHBIM MHTErpajaM. B peryssipHoM ciiydae Jjisi UX BbIUUC-
JIEHUs UCIIOJIb30BAJINCH KyOaTypHble (DOPMYyJbl. B CHHTYJISIPHOM Cilydae C IOMOIIBIO
MEeTO/Ia OJIHOPOIHBIX (DYHKIHIA 13 [2] 9T MHTErpasIbl CBOIMIINCH K CYIIEPIIO3UIIUH PEry-
JIAPHBIX UHTErPaJIOB MEHbIIeil KDaTHOCTH, [l BBIYUCJICHUA KOTOPBIX TaKrKe UCIIOJIb-
30Ba/Ch KybaTypHble dpopmyinl. s pernenus IUCKPETU30BAHHLIX CHCTEM ypaBHE-
HUii (3) UCIIOJIB30BAJICS CJIEYIONIHIT UTEPAIMOHHBIN porecc [3:

B = H® + ([A]+[C)) M(By), By=0, k=1,2,... (11)

WrepanuoHHblii Ipolece 3aKaHIMBaJICs, KOTJla HeBsi3Ka ypaBHeHuii (3) craHoBHJIACH
MEeHbIIIe Hanepé| 3aJaHHoro dnciaa &. s cucrembl ypaBHeHui (5) HCIOIb30BAJICS
UTEPAIMOHHBIN IIPOIIECC:

[C)Bry1 = HY + ([A] + [C]) M(By), By=0, k=1,2,... (12)

Ob6pamenne marpurps! [C| He BBI3BIBAIO mpobseM, MOCKOIbKY [C] — aumaronasibHast
Marpuiia. Mrepanmonnstii nporecc (12) ncrosib30Basics TakKe Jisl PEIIeHNs] CUCTEMBbI
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ypasaenwuit (8). Oxuako B 9ToM citydae Marpuna [C] He sIBIsSIACH [UATOHAJIBHO MaT-

purnieii. JIjist penenust jmHeHOM cucrembl ypaBueruit [C|Z = § MCHOIB30BAJICT METOJ,
HETIOJTHOTO PA3JIOKEHUST XOJIEKOTO B COMETAHUU C METOJOM CONPAYKEHHBIX I'PaAeH-

ToB [4].
6. PesynbraThl MoaeIMpOBaHUS

PaccmoTpennbie OAXOMBI JTUCKPETU3AINN OOBEMHBIX WHTETPAIbHBIX yPABHEHUHI
UCIIOJIb30BAJIHCH JIJIsl MOJIEJTMPOBAHNUST JUIIOJIBLHOrO MaruuTa sKcrepumernta CBM (GSI,

Hapmrrrar).

Ha puc. 1 npuBeneno pazduenne MaruuTa Ha TeTpadaphl. B pacuérax yunThiBaIach
JUTIOJIbHAS CHMMETPHSI TI0JIsT, KOTOpasl TIO3BOJINIA COKPATUTD B 8 Pa3 UnC/I0 HEM3BECT-
HbIX. BochbMasi 9acTh MaraunTa pasbusaiack Ha 3959 TeTpasapos, 0bIIee YNCI0 BEPITUH

KOTOPBIX paBHsAI0CH 1112.
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Puc. 1. Pa3buenue maraura Ha Te€TPas3apbl

Ha puc. 2 npuseieno pacupeseienne KOMIOHEHTDI HOJsA By BIOJIb OCH MArHHUTA.
Pesymprarsl pacuéToB, HCIoIb3yoMue MeTo/, KoJutokanmii (3), 0603HadeHbl KPUBOIi 2.
Pesynprarsl, 6asupyomuecs Ha guckperusanusx (5) u (8), COOTBETCTBYIOT KPUBBIM 1

u 3.

Puc. 2. Pacnpenesienne By KOMIIOHEHTHI MOJIS BIOJIb OCH MarHuTa
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In this article, use of volume integral equations method for calculations of magnetic sys-
tems is considered. GFUN program package based on integral approach to magnetostatics
applies the method of collocations and piecewise constant approximations of unknown vari-
ables within the elements to discretization of equations. The limitation of this approach is
related to singularity of the integral equations kernel.

An alternative to collocation method, replacing observation point by integration over dis-
cretization elements, is considered in this article. This approach enables one to use higher
order approximations for unknown variables. In the context of the finite element method,
the piecewise constant and piecewise linear approximations of unknown variables are consid-
ered. The problem of computing matrix elements for discretized systems of equations can be
reduced to evaluation of sixth-order integrals, singular ones in the general case, over two dif-
ferent elements of the computational region. Possible methods are proposed for calculating
this kind of integrals. Iterative processes for solving the arising nonlinear systems of dis-
cretized equation are discussed. The proposed approach enables one to build discretizations
with higher precision of approximation for the initial volume integral equations of magneto-
statics. The proposed method was used for 3D modeling of a dipole magnet.

Comparison of results obtained for simulation of the dipole magnet using different versions
of integral magnetostatics problem discretization are given.

Key words and phrases: magnetostatics, volume integral equations method, the finite
element method, discretization, nonlinear problem, iterative process.





