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B pabore paccmarpuBaeTcss MOJEb IIEPEHOCA HE(MTSIHOrO ISITHA 110 IMOBEPXHOCTU BOJIHI,
6asupyromasics Ha KBa3UJIUHENHOM yPaBHEHUU KOHBEKIUU-TU(MDY3UH, COCTABIEHHOM OTHO-
CUTEJILHO TOJIIIUHBI [IsiTHA. J[JIs pellleHus 1oC/IeIHErO UCIIOIb3YeTC sl METO] KOHEUYHBIX Pa3HO-
creii. /IBymepHas 3amada CBOJUTCS K OJHOMEPHON C IMTOMOIIBIO METO/Ia MEPEMEHHBIX HAITPaB-
snenwnit. {715 OMHOMEPHOTO CIydasi pACCMATPUBAIOTCS TPAIUITUOHHBIE PA3HOCTHBIE AMMTPOKCH-
Mally¥, a TaKKe PA3HOCTHBIE CXEMBbI, KOTOPbIE MOXKHO IIOJIyYUTh C IIOMOIIBIO METO/a ABTOMA~
TUYIECKON MeHEPAITMU PA3HOCTHBIX CXEM, OCHOBAHHOTO HA METO/JAaX KOMITLIOTEPHOM arebphl.
st creHepupOBAHHBIX CXEM OIICHMBAETCS MOPSIOK AMMPOKCHMAIINH U CXEMHAasl BI3KOCTb.
JlJ1st sIBHBIX CXE€M PaCcCMaTPUBAETCS BOIPOC 00 YCIOBHUSAX YCTOWYUBOCTH.

B caydae oTcyTcTBUsST KOHBEKITMU MTPOBOIUTCS UMC/IEHHOE CPABHEHUE aBTOMOJIEILHOTO Pe-
IIEHUs KBAa3WJIMHEHHOTO YPaBHEHMSI TEIIONPOBOIHOCTU C TPAJUIMOHHON HESBHOM DPA3HOCT-
HOIi CXeMBI M OJHOI HEsIBHOI CXeMOii, CreHepupoBaHHON aBroMarndecku. CpaBHeHMe I10Ka3a-
JIO, IYTO CTEHEPUPOBAHHAS HESIBHAS CXEMA TIO3BOJISIET MOJIYIUTh OTHOCUTEIHHYTO TIOTPEITHOCTD
PeIlleHUsI MEHBIILYIO, YeM JJIsi TPAJUIIMOHHON CXEMBI.

B cooTBeTcTBUE C MOJIyYEHHON HESBHOMW CXEMOIT TTPOBOIUTCS PACUET U3MEHEHUS TOJIIUHBI
MATHA PY YCJIOBUU HAJIHMYUS UCHApeHnsT HeTU ¢ TOBEPXHOCTH iATHA. [Ipu 9TOM 6BLIH OTIpO-
6GOBaHbBI JBE PA3JIUYIHBbIE MOE/N UCIIAPEHNUs], O/IHA M3 KOTOPBIX IPEIIOJIAraeT, 9TO UCIAPEHUe
HedTH PEryJIUPYETCS B OCHOBHOM NPUTPAHUYHBIM BO3MIYITHBIM CJIOEM, & BTOPasi UCXOJUT U3
MIPENOJIOKEHNsI, UTO UCIapeHne HedTH HOCUT B OOJIbIEH cTemeHn auddy3nOHHBIN XapaK-
Tep. Pacuérbl nmoka3asny, 9To BHIOOp MOJIEJIM UCHAPEHUsI CYIIECTBEHHO BJIMSIET HA M3MEHEHUS
TOJIIUHBI TISITHA U CYMMAaPHOTO 00bEMa HE(TH C TEUeHNEM BPEMEHH.

KiroueBble ciioBa: KBa3WIMHEHHOE ypaBHEHWE KOHBEKIMU-auddy3un, MeTor KOHed-
HBIX Pa3HOCTel, reHepalusi pa3HOCTHBIX cxeM, 6asuc ['pébHepa, ucnapenue HedTH.

1. Bsenenue

st MomeIMmpoBaHus SBOJIIONNY HeTSHOrO IIATHA Ha IIOBEPXHOCTH BOIOEMa, OOBIU-
HO WCIIOJIb3YeTCsT KBa3WIMHEHOe ypaBHeHne KOHBeKInu-a1uddy3nn

Oh oh Oh 0 Oh 0 Oh
= v —u— — ( Dh?2=— — [Dh*=)) - 1

rae h = h(x,y,t) — ToauMHA OATHA B MOMEHT ¢ B TO4Ke (Z,y), v U Yy — CKOPOCTH
npeiida narua, D = g(pw — poit)/(Poil - Cf), g, Cf — KOHCTAHTBL, Py U Poii — IIOTHOCTH
BOJBI U HepTEnpOIyKTa, f — (DYHKIUS, HO3BOJIAIONAS yINTHIBATL HAJIMYIHE IIPOEC-
coB sectpykiuu HedpTu (Mcnapenue, smyabruposanue u mp.) [1]. 3mecy Gyger yunTbi-
BATHCs TOJILKO MCIAPEHHE, M0TOMY moJjaraeM f = —ke,(t)h, tae key(t) — ckopoctb
ucnapenust [2|. Vcrnonb3yst MeTo| paciienieHus o IPOCTPAHCTBEHHBIM [IEDEMEHHBIM,
HIPUXOIUM K CEPUU OJHOMEPHBIX 3aJad BUIA

oh  Oh 9 (. ,0h
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JomnoyiauB ypasHenue (2) rpaHUIHBIMEI U HAYAJIbHBIMU YCJIOBUSMU, Pelerue Oyiem
UCKATh METOJIOM KOHeuHbIX pasHocteil. Beegém B [0,1] x [0,7] paBHOMEPHYIO CETKY.
Sagagum mar mo BpeMenu At, MO MPOCTPAHCTBY AX, KOJUYECTBO y3JIOB MO I 060-
guadnM N, mo t — T. O6o3uatum h' = h(iAz,nAt), i = 0,N, n = 0,7, NAz = [,
TAt = T'. OrmeTnm, 9TO OGBIMHO /IS AITPOKCHMAINN KOHBEKTUBHOIO 4JIEHA yPaB-
HeHust (2) MCHOJIB3YIOTCS NEHTPAJIbHBbIE PA3HOCTH HJIM PA3HOCTH IIPOTHUB IIOTOKa [3].
B ciydae Haqm4us CUIBHOTO KOHBEKTUBHOIO TEYEHUsI UCIIOJNB3YIOTCS AllIPOKCUMATIAN
3-ro, 4-ro nopsizka [2,4]. duddy3noHHbI wieH 00bITHO ANIPOKCUMUPYIOT CO BTOPBIM
MOPSIIKOM 110 (hOpMYyJIe

(a§+1/2h§+1 - (a§+1/2 + a§71/2> hi + ah)

rne a = h27 a?—;—ll/2 = (ai'fjrl + afl)/Qv a’i‘c:l/Q = (a‘fl + afil)/2’ a=h? [275] B cayuae,

korma k =n+1, kK =n+1 (n+ 1 — HOBBIl BpeMEHHOI CJI0§1), JJIsT OCYIIECTBICHUS
pPacdéToB HEOOXOIUMO I0JIb30BATHCS UTEPALMOHHLIMI METOIAM.

2. T'eHeparnus pa3sHOCTHBIX CXe€M MeTO/IaMU KOMMObIOTEPHOI
aJIreophl

ITpumenum K (2) MeTOR aBTOMATHYCCKON IeHEPAIUN PA3HOCTHBIX CXEM, IIPEIJIO-
JKEHHBIN B [6] n peanmsoBamnustii B Buge makera LDA must Maple [7]. s sroro mpe-
obpasyem (2) K BUILY

oh oh D [d*w
- =) @)
ot Or 3 \Ox

rie w = h3, f = 0 (ucnapenns ner). Cormacuo [6] mpeo6pasyem (4) K mHTerpasbHO-
My 3aKOHY COXpaHEeHHs. B 3aBHCHMOCTH OT IPUMEHsIEMBIX (POPMYJI YHCIIEHHOIO WH-
TErpUpOBaHUS MEHAETC KOHQPUIYPAIHsT Y3JI0B 110 &, HOJIyIalOTCsI SIBHBIE CXeMBbI (IIPH
HUZKHHX [PSIMOYTOJIbHUKAX ), HEsIBHBIE (IIPU BEPXHUX MIPSIMOYTOJIBHUKAX ), CXeMbI THIIA
Kpanka-Hukoscona (npu dhopmyse tpamerwmit). Hanpumep, MOXKHO HOIy<IHTD Hess-
HYIO CXeMy BH/A:

hitt — by hitt =it n D (hif)? = 2(hi )2 + (7 H)? (5)
_— — m m m = ) _
At Az 3 (Ax)? ’

IIpU JIPYTOM 2Ke CITIOCODe MHTErPUPOBAHMS

MR B (g +hE) W — by D () = 20 ()
At 2Ax 3 (Ax)? )
Bameuanue. B cxeme (5) umeercsi HEJIMHERHOCTD HAa HEU3BECTHOM CJIOE, TIOITOMY
HEOOXO/IMMO TT0JIB30BATHCA UTEPAIMOHHBIM MeToioM. JIj1st pacuéToB B JaHHON pabore
ucnosb3oBasica Metosr Heiorona. B kadecTBe HAYAIBHOTO IPUOINKEHIST BRIONPAJIOCH
pelreHne Ha IPeIbLIYIIEM CJIOE.

IIpu yBesmyeHnr KOJIMYIECTBA TOYEK, 3a/eHCTBOBAHHBIX B (hOPMYJIaX IUCIEHHOTO
UHTErPUPOBAHUSA TIOJyUAIOTCA 6oJiee CJIOXKHBIE, & TaKyKe MHOTOCJIONHBIE CXeMbl, Ha-
npumMep cxema Pudapscona [3] misi KBasuwinHeRHOTO Cirydast.

Taxzke cornacuo [6] it reHepanuy pa3HOCTHBIX CXeM Mbl MOYKEM COCTABUTH BXOI-
nyo st LDA cucreMy JMHEHHBIX Pa3sHOCTHBIX MOJTMHOMOB TaK: IEPBBIH TOJIMHOM
noJtygaeM, JUCKpeTu3ys (4) Ha ceTKe; oCTajbHbIE OJTMHOMBI [IOJIYYaeM, YUCIAEHHO H-
Terpupyst coornomtenus [ hydt = h(z,t2) — h(z,t1), [wedr = w(za,t) — w(z,t),
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[ wazdr = wy (22, t) —wy(z1,t). Honoxkum xo = (i+2)- A, to = (n+1)- At, nyist unre-
rpuposarus | hydt ncnonesyem npasuio Jlaxca (kax B [6]). Kom6uanpys st [ w,dz,
[ wepdz dopmyty cpesnnx u Tpamenmii, MOXKHO HOJIYYUTh 8 PA3IMIHBIX cxeM (3 u3
HUX OfmHaKoBbI). Hanpuwmep,

n+1 n n n n n n n
20y —hity —hits v - hi'ys — hita L pm. Witq — 2wk + wj

2AL T 2Az (2Ax)2 ’

2(%?41 + h?rzl — (hiyq + his +his) _
VIVAN

_ hi g — b LD Wl g+ wl — (Wi y + w?_m)‘

Ananms mosyYeHHbIX JAHHBIM CIOCOOOM IIIECTH CXeM ¢ moMmoInsio nakera FDA [§]
MOKa3aJI, 9TO Bee OHM MMeIOT Topsaok ammpokenvarmm O(At, (Azx)?), a Taxxe 06-
JAJIAI0T OJ[MHAKOBOM CXeMHOIl BA3KOCTBIO, onpesensemoit wienom ((Ax)? - hy,)/2At.
C momompio makera LDA MOXKHO mosrydaTh pa3iudHble PA3HOCTHBIE CXEMBI U ISt
ypaBuenusi (1) HenocpescTBenHo. BBejisl MPOMEKyTOUHBIN BPEMEHHOI CJIOi 1 cocTa-
BUB CHUCTEMY JINHEIHBIX PA3HOCTHBIX HOJUHOMOB TI0 AHAJIOTUHU C T€M, KaK 9TO JeJIaI0Ch
B [6] must mostyuennst nByximarosoii cxembl Jlakca—Berapodda, MOKHO IOJYIUTH CXe-
My pacHielIeHns.

3. YucaeHnHoe CpaBH€eHHE€ KOHE€YHO-Pa3HOCTHbIX METOIJ0B

Corutacro [5] ypasuenue (2) npu v = 0 mMeeT TOYHOE peEIeHNe B

(2-cve-t—x)/D, ecmxz<ct

h x,t) = ,
auto(%, ) 0, ecsim x > c-t

(6)

rae h(z,0) = 0, h(0,t) = ho - Vt, ho = \/2 - c2/D, ¢ = const > 0.
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Puc. 1. (a) Yucnennoe pemienne no cxeme (5) u tounoe peruenne (6) npu t = 2At
(6) OTHOCHUTENIbHASI OTPELIHOCTD
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. o ahauto
Uckaoanm n3 pacaéTHOM 00J1aCTH TOYKH Pa3phIBa “or BBIOpaB ¢ Tak 410 ¢+ 1 -
s

At > N - Az, a umenno nosoxkuM ¢ = 600, T'= 300, At = 1 (mun), N =300, Az =1
(M), poir = 827 (kr/m3). Ilpuseném pacuérsl o nestsroit cxeme (5) npu v = 0 (puc. 1).
A rakxke, 3ameHuB B (5) KyOMUYECKYyIO AIIPOKCHMAIMIO Auddy3UOHHOrO djieHa Ha
crangapTayio (3) npu k' = n, IpoBeJIEM pacuéThbl IPU TeX Ke ImapaMerpax (puc. 2).
[Tosryaensbie rpaduKy MOKA3BIBAIOT, ITO 00€ CXeMbI XOPOIITO AMMTPOKCUMHUPYIOT TOTHOE
pelleHne Ha TOM y9YacTKe, TJe OHO HempepbiBHO. OTHOCHTEIbHAST TOrPemHOCTh E =||
h—hauto || / || hauto || OBICTPO yOBIBaET ¢ yBesmdyeHneM ¢, IPUIEM IIPU UCIIOJIb30BAHUH
(5) ona ybbIBaeT ObICTpEE.
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Puc. 2. (a) YucseHHoe peuieHne, Mojgy4YeHHOE [IPU UCHOJb30Bauuu (3), U TO4HOE
pemenue (6) nipu ¢t = 2At. (6) OTHOCUTENbHAS OTPEIIHOCTD

Sameuyanue 1 (06 ycroitunBoctn). Ha ocHoBe 4ncIeHHOrO 9KCIIEPIMEHTA MOXK-
HO CZIeJIaTh BBIBO, 4TO (5) ycroiiuusa. K TakoMy »Ke BBIBOLY MOXKHO HPHIITH, IpUMe-
HUB K (5) MeTO/] 3aMOPOKEHHBIX K0d(durmeHToB. Yuc/IeHHbIE SKCIIEPIMEHTHI C SIBHOI
cxeMoif, aHaIornaHoi (5), MOKA3aJIM, ITO IPU YCIOBUSIX, YKa3aHHBIX B 5] 1uist ciydast
CTaHIAPTHOH anmpokcuMarun Juddy3noHHOro 4jleHa, OHa YCTOMYHBA.

4. CpaBHeHI/Ie Pa3JINIHbIX MO,Z[eﬂeﬁ HcCIIapeHusd He(bTﬂHOI‘O
IIs&ITHa

OcymectBuM pacdér 1o (5) u3MeHeHuii TOMIUHBI HeDTAHOTO MITHA B OJHOMEPHOM
cilydae B IIPEJIIIOJIOKEHIH, YTO IPUCYTCTBYeT ucnapenue. s sroro nobasum K (5)
aien k%A | Tlns nepecuéra po(t) 6ynem nomssosarbest dopmysiamu us [4]. st
pacuéra k., upumenum 2 meroauku: 1) u3 9], OCHOBAHHYIO HA IIPEIOJOXKEHUN UTO
BeTep CyIIECTBEHHO BJIMsIeT Ha Hcrapenue Hedru; 2) u3 [1], orpunatorgyio 3To npej-
[I0JIO’KEHNEe Ha OCHOBe HPOBeIEHHOI aBTopoM [1] cepun sxcnepumenTos. Pesynbrars
pacyY€ToB IIPEJICTABIEHBI HA PUC. 3.

5. 3akJjroudyeHue

Jist ancsienHoro pemenust ypapaernit (1), (2) ObLI0 MOy YeHO HECKOJIBKO PA3HOCT-
HBIX cxeM ¢ momoibio nakera LDA. CpaBHerne ¢ aBTOMOJIEILHBIM PEIlIeHNeM ITOKa3a-
JIO JIyHIILyI0 TOYHOCTB CXeMbl (5) 110 CPABHEHUIO ¢ CTAHIAAPTHOI cXeMoii 6e3 nreparuii.
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Puc. 3. a) Iamenenus: cymmapHoro oobéma 6) MI3MeHeHMs! TOJIIIMHBI

Pacuérer Tommunbl HedTH ¢ yIETOM HCIApPEHUS MOKA3AJH, ITO BBHIOOD MOJIEIN MUCIIA-
penus 1) wiam 2) CyImecTBEHHO BJIMsieT Ha W3MEHEHUs! TOJIIUHBI IIATHA U CyMMapHOTO
00béMa HeTH ¢ TeIeHnEM BPEMEHHU.
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Mathematical and Computational Oil Spills Modelling

A.V. Trepacheva, Ph. B. Burtyka

Computer Center of Southern Federal University
build. 2, 200/1, Stachki av., Rostov-on-Don, Russia, 344090

The model of oil spill evolution on the water surface based on quasi-linear convection-
diffusion equation is considered. To solve the latter the method of finite differences is used.
Two-dimensional problem is reduced to one-dimensional by alternating direction method.
For one-dimensional case traditional difference approximations are briefly discussed. And
also difference schemes obtained by computer algebra based method of automatic generation
of difference schemes are considered. For generated schemes the order of approximation and
linear numerical dissipation are estimated. For explicit schemes stability conditions are briefly
discussed.

In the absence of convection a numerical comparison of traditional implicit difference
scheme and one implicit scheme generated automatically with similarity solution of quasi-
linear diffusion equation is carried out. This comparison shows that generated implicit scheme
allows to obtain the relative error less than for traditional scheme.

Using obtained implicit scheme evaluation of oil slick thickness changes in the presence of
oil evaporation is done. Two different models were used to estimate oil evaporation rate. The
first one is based on hypothesis that oil evaporation is regulated by air boundary layer. The
second assumes that oil evaporation is regulated by oil diffusion. Calculations show that the
choice of model essentially influences on oil slick thickness and oil total volume changes in
time.

Key words and phrases: quasilinear advection-diffusion equation, finite difference
method, Grorbner basis, difference schemes generation, oil spills, oil evaporation.





