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In the present paper a concept of vector nodal finite element has been introduced, algo-
rithms of construction of the vector nodal basis functions with high approximate properties
from special functional spaces are presented. Examples of high-order interpolation of har-
monic, irrotational vector fields by the developed finite elements illustrate their approximate
advantage in comparison with the standard Lagrange elements.
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1. Introduction

The finite elements as independent objects may be used for solving elliptic problems
by different ways such as the finite element method, the volume and boundary integral
equation methods etc. The condition of calculated solutions accuracy is peculiarity
of some practical problems [1]. The known methods and approaches do not always
guarantee it. In this connection, special approaches are elaborated [2,3]. One of
possible ways to get over the complications is use of special high order approximations.
In the present paper we suggest a new class of finite elements for vector-functions
approximations with high accuracy.

According to the classical definition [4,5], a finite element is a triple (w,P,®), where
w € R™ (n=2,3) is a closed subset with a Lipschitzian boundary and with a nonempty
set of inner points often called as a cell or a finite element; P is an m-dimensional
space of functions defined on w (usually this is a space of polynomials); ® is a set of
linearly independent linear functionals F; : P — R',i = 1,...,m. In the nodal finite
elements F; () is the value of a function ¢ at the node x; € w. If for a set of functions
{N;}j=1,...,m € P for each j the system of linear algebraic equations

Fi(Nj):(Sij) ’i:l,...,m, (1)

is solvable, then any function ¢ € P can be represented in the form p(z) = > Fi(¢)N;(x).
=1

i=
System (1) is used for finding coefficients in the representation and N; (1 <i < m) is
called as basis or shape function. Accuracy of interpolation by means of basis func-
tions may be considered as local characteristic of a finite element. Obviously that the
interpolation is exact for functions from P.

It should be noted that the finite elements defined above are used for approximation
of scalar functions.

Introduce the notion of a vector nodal finite element.

Definition. Define a vector nodal finite element as a triple (w,P,¥), where w € R"”
is a cell in the classical definition; P is an n-m-dimensional space of vector-functions
n

defined on w. In the Cartesian coordinate system P = > iy Py, where Py is the
k=1

n-m-dimensional space of functions in the classical definition; ¥ is a set of linearly

independent linear maps F;: P - R"™, i =1,...,m.
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n
Let’s call the maps by vector-functionals in view of the fact that F; = Y i F; i(k),
k=1

where Fz.(k) P, - RY i=1,...,m, 1 <k < n. In the vector nodal finite elements
F;(u) is the value of a vector-function u at the node z; € w. If for a set of vector-
functions {Wy;},_, m € P for each j the system

-om;g=1,..,
F,»(Wk,j):ikéij, ]{:1,...,11, izl,...,m,

is solvable, then any vector-function u € P is represented in the form

u@) =33 P (w) Wi i(2).

k=1 i=1

We shall call the vector-functions {Wk,j}kzl,“.,n;jzl,...,m by vector nodal basis

functions. Each element of the vector-functions linear span is interpolated on w exactly.
Suppose the approximate solution u is found in the form of decomposition on the
vector basis functions Wy, ;(z) inside a cell

u(z) =Y igup(@) =Y > uk W),
k=1

k=11i=1

where uy ; is the value of k-th component of approximate solution at the node z; of
the cell.

Consider the problem of harmonic, irrotational and solenoidal fields approximation
of high order. For mathematical classification of the introduced finite elements, it is
convenient to use the corresponding functional spaces [6,7]

Z(Q) = {ue WHQ)":V-u=0, Vxu=0}

UQ) ={ueWj(Q)":V-u=0, VxucLyQ)"},

V(Q) ={ueW,(Q)":V-ucLyQ), Vxu=0}
where W4 (Q)™ is a space of vector-functions such that each component of these vector
functions belongs to the Sobolev space W, () [4,5]. Suppose also that each component

of the basis functions Wy, ;(z) is expressed by partial derivatives of scalar functions.
Further, consider a case, when n = 3. At n = 2 similar results are valid.

2. Algorithms of basis functions construction, characteristics
of accuracy

2.1. Harmonic fields
Let u € Z(£2). In such a case, we seek the solution in the form

3 m

u(:r) = Z Z uk7iZk7i(m).

k=11i=1

Here, Zy ;(z) is basis function from Z(€2).
Represent Zj, ; in the form

3m
ki
Zii(z) =Y a0 (@),
=1
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(k,1)

where a; " is unknown coefficient, g(l) is an index function, fy(; is harmonic function
from the set

My = {cn,k (;)ncos(k:go) *(cos D), o <;>nsm(kg0)P (cos ),
(n.K) = (0,0); (1,0), (1, 1) (2,0), (2,1), (2,2);. . }; @)

in the spherical coordinate system (r,1,¢) p is radius of the circumscribed sphere,
Cnk = (2n+1)(n—k)/(n+k)!, P¥ is the Legendre joined function. The functions from
My are calculated by recursion relations [8]. The unknown coefficients are obtained
as a result of solving the systems

(ki . .
Z )Vfg(l) (z5) = Wkdij;  fou) € Mz; zj€w, j=1,...,m;
k=123 i=1,....,m. (3)

Accuracy of approximations by the basis functions depends on degree of harmonic
polynomials, gradients of which are included in (3). To construct the index function
g(l), a special algorithm, elaborated by the authors, is described below.

2.2. Irrotational fields

As u(z) € V(Q), the solution is found in the form

u(IE) Z Z Uk, sz z

where
3m

ki
Vii(@) = 05 Vhy) ().
=1
Here, b;k’i) is unknown coefficient, g(j) is an index function, h =1,...,m, are
functions from the set

9()> J

MV = {xlfleQx];g? (klv k27 k3) = (07 07 0)7 (17 07 0)7 (07 17 0)7 (07 07 1)7
(2,0,0),(1,1,0),(0,2,0),(1,0,1),(0,1,1),(0,0,2);...}. (4)

The unknown coefficients are obtained as a result of solving the systems

3m
Db Vg () = 1kbis how € Mys xj€w, j=1.m;
=1
k=123 i=1,...,m (5

For construction of the index function g(1), the same algorithm is used. Accuracy
of approximations by the basis functions depends on degree of polynomials from My,
gradients of which are included in (5).
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2.3. Solenoidal fields

3
Let u e U(Q) and u(z) =V x A, where A = > i;A; is a vector potential. Then
1=1
the case of solenoidal fields is reduced to previous one in view of the formula

u() =V xA) =Y (VA xi) =Y ((Z Z(VAI),C,,-VM(Q;O x il> ,

=1 =1 k=11i=1

where (VA;)k; is the k-th component of the vector VA; at the node z; € w and
Vi5i(z) e V(Q), k=1,2,3,i=1,2,...,m. Accuracy of the approximations depends
on degree of polynomials, gradients of which are included in the representation for
Vi

2.4. Algorithm of index function generation

The algorithm is based on control of solvability of systems (3), (5) with the help
of calculation of matrix singular values by the SVD algorithm [9]. Assume that the
initial approximation is given as first numbers of functions from sets (2), (4): 2,...,ng,
2 <ng < 3m. Set ¢ =ng+ 1 and gmax = 30. The algorithm consists of three steps.

1) Form the matrix of the system and use the set of 3m elements

{2,...,n0,q,2,...,2}

as values of the function g. Here, number ¢ of the next function is located on a position
with number ny.

2) Find singular values by the SVD algorithm.

3) If there are 3m — ng + 1 zeros among of the matrix singular values, then set
q=q+1; if ¢ < ¢max, then go to step 1). If there are 3m — ng zeros among of the
matrix singular values and ng # 3m, then ng =ng+1, ¢ = ¢+ 1 and go to step 1). If
ng = 3m, then the required values set of g has been constructed.

2.5. Examples of vector nodal finite elements

Vector finite elements can include different types of cells w and can have different
location of nodes in the cells. Let us consider on 6 elements with basis functions from
the spaces Z(2), V(Q2), U(Q) as an example of three-dimensional vector nodal finite
elements. Information about type of the cell, number of nodes and their location, and
also about structure of the sets Mz and My is presented in Table 1 and in Figs. 1-3.

Table 1
Characteristics of elements
Type Z(%) V(Q),U(Q)
of cell m /N | D| Dpax | m/ N | D | Dnax
4 /12 2 3 4 /12 2 3
Tetrahedron | 10 / 30 | 4 5 10/30 | 3 5
26 /78 | 7 9 27 / 81 5 7
8 /24 3 5 15 / 45 3 6
Hexahedron | 20 / 60 | 6 8 23/69 | 5 7
26 /78 | 7 9 45 /135 | 5 9
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Figure 1. Cell in the form of a
tetrahedron: e - 4 nodes; o, 0 - 10
nodes; o,0,% - 26 nodes; ,0,%,x - 27

nodes

Figure 2. Cell in the form of a
hexahedron : e - 8 nodes; o, 0 - 20
nodes; ¢,0,% - 26 nodes

Figure 3. Cell in the form of a hexahedron : e - 15 nodes; o, 0 - 23 nodes; o,x -
45 nodes

In Table 1 m is the number of nodes, N is the number of vector functions from the
linear span, D is the maximal order of polynomials whose gradients are approximated
by the basis functions exactly, Dpyax is the maximal order of polynomials contained
in the basis functions. Note that the vector nodal finite elements from Z(2) have not
inner nodes.

Let us define the space P from Definition in more detail. By P(¢, N, Z) and
P(h,N, Z) we denote the sets of N vector-functions from Z(£2) defined on a tetrahe-
dron and on a hexahedron, respectively. Moreover, each element of linear spans of
the sets is approximated by the basis functions exactly. Similarly, for the sets from
V(Q), the notation P(¢t, N, V'), P(h, N, V) is introduced. Then, for the finite elements
in Table 1, we have

Ny
P(t,N,,Z) = {v - Zcing(i), ci €RY, fou) € Mz, g(i) € I]t\,l} ,

i=1
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No
P(h,Ny, Z) = {v — Zcing(i), ci €RY, fyi) € Mz, g(i) € I}@} ,

i=1

N3
P(t,Ng,V) = {V = ZCthg(i), c; € Rl, hg(i) € My, g(l) S JJtVS} ,
i=1
Ny
P(h, Ny, V) = {V = ZCthg(i), c; € Rl, hg(i) € My, g(z) S J]}\h} s
i=1
for Ny =12,30,78, Ny = 24,60, 78, N3 = 12,30,81, Ny = 45,69, 135. Here, the index
sets I, I}, ,J&,, J}, are the sets of values for corresponding functions g. Their
structure is given in Table 2 and Table 3.

Table 2
Structure of the index sets for harmonic finite elements
Set Elements of the set
I, 2,3,...13
I, 2,3, ...29,31,32
Ity 2,3, ...,78,82
VER 2,3, ...,19,21,22,23,
25,30,34
IéLO 2,3, ..., 56,58,62,66,67,73
Ik | 23, ..., 75:81,82,83,84
Table 3

Structure of the index sets for irrotational finite elements

Set Elements of the set

Jiy 2,3, ..., 10,12,15,17

Jt 2,3, ...,20,22,23,26, ..., 30,32,37,42,46
JE 2,3, ...,71,74,75,78,82,83,86,87,93,94,95,99
Ji% 2,3, ...,20,22,23,24,26, ..., 34,37,
...,40,42, ..., 48,58,64,67

Jélg 2,3, ..., 56,58,60,64, ...,69,71,73,75,76,94,96
J{l35 2,3, ...,56,58,..., 62,64, ..., 83,86, ..., 91,
93, ..., 116,118,119,122, ..., 126,130, ...,
137,139,143,145, ..., 148,152,177,179,181

3. Examples of interpolation by the vector nodal finite
elements

Consider three examples. Let § be a number of example. Also introduce the

notation (o)
550' — glgz}{ |Q — IU(Q)‘/Qmaxu
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where o defines the type of finite elements, Q is a vector-function under interpolation
on w, Qmax is its maximal value on the considered region, I,(Q) is the interpolant

3 m

J(Q ZZQ/@ zwkz

k=1i=1

where m is the number of nodes in the cell, Q) ; is the value of k-th component at
the node x;, Wy, ; is the vector basis function. Table 4 gives the basic notation. Here,
N;(x) denotes a usual Lagrange basis function [4,5].

Table 4
Notation
o Nodal finite elements Wy.i(z)
1 vector harmonic Zyj i(x)
2 vector irrotational Vi.i(x)
3 | scalar Lagrange’s elements | ipN;(z)

Example 1. The harmonic function interpolated on the unit cube [—1,1]® has the
following form:

H () <Z Z ¢k (cos(kep) + sin(kep)) P (cos 19))

n=0 k=0

i.e. it is the sum of harmonic functions gradients from the set Mz up to seventh
order. Note that H(") varies strongly in the considered region: 0.5211 < |[H(| <
0.11357E + 04. Then, we have Q(z) = H((2), Qumax = Huax = 0.11357F + 04.

Example 2. The harmonic magnetic field of two coaxial coils interpolated on the
region [40, 50]3:
1 J
B%(z) =V x — [ ——dQ,,
(@) 4 / jz—y[
Qs

where, |z — y| is the distance between points x and y. The coil region Qg is given by
the following set:

Qs ={x=(r¢,2):53<r<100; 0<p<2m; 60 < sign(z)z < 85},

J(z) = 7(116.348)i,, = € Qg. Here, Q(z) = B%(2), Qmax = Bo = 0.2909375E + 04.

Example 3. The sum of polynomials gradients up to seventh order interpolated
on the unit cube [—1,1]3:

7
PO(z) = > V(a{tah>ab®); |kl =k +ko+ks, k>0, i=123
|k|=1

Here, Q(z) = P (z), Qumax = Puax = 0.3637307E + 03.

Interpolation of the vector-functions from Examples 1- 3 has been performed by
the finite elements of different types. Comparison of the obtained results is shown in
Table 5.

It should be noted that H(M e Z((—1,1)3), BS € Z((40,50)%) and PV € V((—1,1)3).
As one would expect, for Examples 1,2, the best interpolations have been obtained by
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Table 5
Comparison of interpolations
o| m/N 54 5 5
8/24 1.0632E+4-00 | 1.3927E-03 | 4.4309E-01
1 20/60 2.1227E-03 | 2.5963E-04 | 6.8534E-01
26/78 1.5206E-15 | 8.6087E-06 | 3.1766E-01
15/45 1.1059E+4-00 | 1.3085E-03 | 2.1898E-01
2 23/69 1.1654E4-00 | 4.2181E-04 | 6.3755E-02
45/135 5.6569E-01 | 1.7243E-04 | 1.1083E-02
27/27 6.7378E-01 | 7.9872E-04 | 1.8074E-01
3 64/64 2.4368E-01 1.0137E-04 | 6.4156E-02
125/125 6.4104E-02 9.5325E-06 | 1.5832E-02

means of the harmonic element ( 0 =1, m = 26, N = 78). The same it is necessary
to tell concerning the irrotational nonharmonic element (o = 2, m = 45, N = 135) in
Example 3. Moreover, for these interpolations the smaller number of nodes is required
in two-four times, than the comparable in accuracy interpolations with the help of the
usual Lagrange one.

4. Conclusion

To obtain high-order approximations for vector fields, we have introduced a concept
of vector nodal finite element. In particular, the theoretical basis and the algorithms
for constructions of the new class of finite elements have been elaborated for harmonic,
irrotational and solenoidal fields. The new formulas for representation of approxima-
tions and special choice of basis functions from the corresponding functional spaces
provide high order in this approach.The numerical examples, presented in the paper,
show that harmonic and irrotational nonharmonic vector nodal finite elements for
vector-functions from corresponding classes give the best approximations with smaller
number of nodes than the Lagrange elements. This corresponds to the finite element
method theory because the space of vector-functions P in Definition has dimension
of n-m whereas in the Lagrange elements the space P is an m-dimensional space of
functions.

The basis functions of the suggested finite elements with computer accuracy satisfy
to homogeneous equations for intensity of magnetic field in air, ferromagnetic and
current regions. This property can essentially reduce computing work for solving the
magnetostatic problem in comparison, for example, with the standard hp-version of
the finite element method. To obtain algebraic systems of equations, the principles
of the discontinuous Galerkin schemes construction or the methods from [10] may be
used. Note that enough efficient algorithms for solvers are given in [11].
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VK 519.63, 519.651
BekTopHble y3/10Bble KOHEYHBIE 3JIEMEHTBHI BHICOKOTO MOPSAKA C
rapMOHUYECKNMU, O€3BUXPEBBIMU U COJIEHOUIAJIbHBIMU
0asucHbIMU (PYHKITUAMU

O. 1. FOagamtes, M. B. FOngamieBa

Jlabopamopua unPGOPMAUUOHHBLT METHON02UL
06Bedunénnviti uHcmumym A0epHuT uccaedosarul
ya. 2Koauvo-Kropu 9. 6, ybra, Mockosckan obaacmo, 141980, Poccus

B nacrosieit paboTte BBOIUTCS MOHSITHE BEKTOPHOI'O y3JI0BOI'O KOHEYHOTO dJIEMEHTA, ITPe/I-
CTaBJIEHBI AJTOPUTMBI TMOCTPOEHUST BEKTOPHBIX Y3JIOBBIX OA3MCHBIX (DYHKITUH C BBHICOKMMU
AIIIPOKCUMAIMOHHBIMYU CBOMCTBAMHU M3 CHEIUAJILHBIX DYHKIMOHAJIBLHBIX MPOCTpaHcTB. 1Ipn-
Mepbl UHTEPIIOJISIUN C BBICOKMM IOPSIKOM TOYHOCTH FApPMOHUYECKUX, OE3BUXPEBBIX HOJEH
C TIOMOIIBIO PAa3pabOTAHHBIX KOHEUHBIX 3JIEMEHTOB MJLTIOCTPUPYIOT UX AMMPOKCHMAIMOHHDLIE
NIPEerMyIIeCTBa 10 CPABHEHUIO CO CTaHIAPTHBIMH JIarPAHZKEBBIMH 3JIEMEHTaMU.

KiroueBbie ciioBa: BEKTOPHBIC Y3JIOBbBI€ KOHEYHBIC 3JIEMEHTBHI, TapMOHNYECKHE, oes-
BUXPEBbIE, COJIEHOUJaJIbHBIC 0Oa3uCHbIE beHKHI/II/I, NHTEPIIOJIAIIMOHHBIE MHOI'OYJI€HbI, aIlllIPOK-
CHMaIT1 BBICOKOI'O ITOPAIKA.





