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A nonstandard, implicit finite difference scheme for reaction-diffusion equation was con-
structed. This scheme is an extension of the method of Mickens. Conditions of positivity
and boundedness are established.
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1. Introduction

As is known, [1,2], a large class of important phenomena in the natural and engi-
neering sciences can be represented by a system of nonlinear reaction-diffusion PDEs
in one-space dimension:

Ou; 0%u; .

8; :DZ-W;—Ffi(ul,uz,...,un)ui, 1=1,2,...,n, (1)
where D; are nonnegative diffusion coefficients, and the f; are rational functions of
(uy,ug,...,uy,). We restrict the discussion to systems modeled by (1) for which the

u;(x,t) represent density variables. Consequently,
wi(z,0) 20 = wu(x,t) >0,

which is a positivity condition on the dependent variables.
We will consider the system of equations (1) along with the initial condition

ui(x,0) = @;(x) 20, xe€(0,1), (2)

and either Dirichlet boundary conditions

ui(0,1) = wi(t), wi(l,t) =V;(t), (3)
or Neumann boundary conditions
ou; Ou;
7(07 t) = _wi(t)) (lu t) = ﬂi(t)v (4)

ox ox

where w;(t) > 0, ¥;(t) > 0 are given functions.
We will use the following notations:

t—ty=kr, k=0,1,..., x—>xpn=mh, m=0,1,..., N,

where 7 and h are, respectively, the time and space step-sizes; and the discrete ap-
proximations to the dependent variables are

wi (T, tr) = [wiF, i=1,2,...,n.

m?
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2. The Nonstandard Finite Difference Schemes

In this article we consider a nonstandard finite difference schemes of the form
k+1 k
Yilm = — Yilm
Wi —Wn — p, (1= )yl + ol ) +

+dpi(y)[yilk, — (d— Dpiy) + () [, (5)

where o € [0,1] and d > 1 are parameters and p;(y) and ¢;(y) are, respectively, the
collection of functions obtained from the positive and negative coefficient terms in f;.
Note that p;(y) and ¢;(y) are evaluated at t; and z,, i.e., in detail

pZ(y) =Di ([yl]ﬁm [yQ]ﬁw R [yn]ﬁl) )
ql(y) =i ([yl]fnv [yZ]ﬁw R [yn]m) .

The functions p;(y) and ¢;(y) also have the important property

Note that the schemes (5) are implicit in general and we rewrite them as follows:
—amyilmy F emlyiln = bnlyili = F (i) (6)

where

-
am:bm:U’}/Dia ’}/:ﬁ,
cm =1+207D; +7((d - V)pi(y) + ¢(y)),

F ([yilh,) = (1= 0)vD; ([yiln—1 + Wilia) + (L4 drpi(y) — 2(1 = 0)vD;) [yilr,.

(7)
The discrete initial conditions are
[i)%, = @i (x), m=0,1,...,N. (8)
The discrete boundary conditions corresponding to (3), (4) are
[wils = wi (te), [l =0s (t), k=0,1,..., (9)
and k k k k
[wilt — [w:]"s — —w; (1), iln 1 — vy — 9 (ty) (10)

2h 2h

respectively. The equations (6) together with (8), (9) or (8), (10) must be form a
closed system.

We first consider the discrete Dirichlet boundary condition (9). Since [y;]E** and

[y:]%! are known via the condition (9), we can transfer these quantities from equation

(6) for m =1 and m = N —1 to the right hand side respectively. As a result we obtain
alyli ™ = olyls ™ = F (lwlt)
— Ayl emlyidnt = bnlydnth = F (i), m=2,... . N-2, (11)
—analylS Fevawly = F (lwsls—1) »

where

F ([yil}) = arwi (trgr) + (1 — o)y Dy (wi (t) + [wil5) +



52 Zhanlav T., Batgerel B.

+ (1 +drpi(y) — 2(1 — o)y Dy) [wilf, (12)

F ([yily_1) = bv—10 (tegr) + (1 — 0)yDi (9 (t) + [ilX_2) +
+ (L4 drpi(y) — 2(1 — 0)vDy) [yilh 1.

Now we proceed to the discrete Neumann boundary condition (10). As in [3,4]
the discrete boundary conditions (10) are incorporated by introducing the auxiliary
points x_1 = x0 — h and xn41 = xn + h. By using the difference equation (6) at

= 0 and first relation in (10), we can eliminate the unknown [y;]* ;. And, of course,
the unknown [y;]%; 41 can be eliminated in a similar way. As a result, we obtain

colyilg ™ = 2bolyil it = F ([wil5) »
- a’m[yl]m+ 1t Cm[?/t]k+1 —bm [yl]ﬁj—i}l =F ([yZ]l:n) ;o m=1,...,N—1, (13)
—2an_1[ylN FenlwlT = F (wily)

where

F ([yilg) = 20y Di (owi(tregr) + (1 — 0)wi (t)) + 2(1 — o)y Ds [yl i+
+ (L+drpi(y) — 2(1 — o)yDi) [wils,  (14)

F ([yil) = 2hyD; (09; (trg1) + (1 = 0)9; (1)) + 2(1 = o)y Dilyl {1+
+ (14 drpi(y) —2(1 — o)D) [yl
We are ready to show that

Theorem 1. The positivity condition holds under condition
<— 2 i=1...,n (15)

Proof. The systems of equations (11) and (13) can be rewritten as a matrix from

A [Z/i]k+1 =F ([yz]k) .

It is easy to see that the tri-diagonal matrix A is a strictly diagonally dominant and
monotone type. Moreover, from (7),(12) and (14), it follows that

F(ly)* >0,
under the assumptions [y;]¥, > 0 and (15). The Theorem 1 has proved. O
Now we consider a boundedness property of the solution to (1), (2) and (3)—(4).
Theorem 2. Assume that
(i) 0<[y)k, <M, m=0,1,...,N,
i) the condition (1.21) holds,

©
(idd) (14 drpi(y) — 2(1 — 0)vD;) (M — [yi],) = M7 (pi(y) — a:(y)) ,
m=1,2,...  N—-1.

Then
0< [y)sH' <M forall m=0,1,...,N.
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Proof. Theorem 1 is valid under assumptions (i) and (i), i.e., [y;]%F* > 0 for all
m=0,1,..., N. Moreover, we have [5]

F ([y;)®
max|y;] 5 < M7
m T'm
where
Tm = Cm — Qm — by

It is easy to seen that the condition (éi7) is sufficient for

T'm

< M.

It means that [y;]¥F! < M for all m = 0,1,..., N, which completes the proof of
Theorem 2. O

Remark. The positivity condition (15) is valid for any time and space step sizes

7, h for implicit scheme (5) with o = 1.

3. Applications

We consider some particular cases of problem (1), (2) and (3).
The Nagumo equation. Now, we consider the reaction-diffusion equation

ut:Dum+(a—Bu2)u, 0<z<L, t>0

with D >0, >0, 8>0 and

«
0<u(x,t) <4 /= .
(z,t) 3
The difference scheme is
gkl _ gk 2
o —m — p ((1 — o)y gyggn) + doy), — ((d —Da+ 8 (y5) ) YL,

The positivity and boundedness of the solutions is satisfied if the condition

< 1+ (d—2)ta

1—

(1—o)y 5D

holds.

Finally, we consider a set of PDEs:

ou 0%u
87151 = DIGT; + [f (u1) — u2]w,
(9UQ (92’[1,2 (16)
o DZW + [u1 — g (u2)] uz,

where

f(u)=a (CL1 +biuy — U%) o g(u2) = ag + bausy,

and a, ay, az, by, by are nonnegative parameters. This system is a model for the
description of the patchy distributions of microscopic aquatic organisms and was con-
structed by Mimura and Mirray.

The finite difference scheme for this set of equations is
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yfn—i_l - ?JZ% _ k k+1 kY, k
f - Dl (1 - O—)yix,m + O—yiz,m + da (al + blym) Ym—
2
—[(@=a(ar+bigh) +a (k)" + ol b
k+1 k
w —w
e T v

— [(d— Dyk +as + bgw’fn] whtL,
The positivity condition becomes

1

v(1—-0) < 2D D = min(Dy, D»).

One can check that the sufficient boundedness requirement (i) with M = 1 is fulfilled
if

atbg g (17)
b1

From (17), we can see that the parameter d > 1 plays as a control parameter. So, by
choosing the value of d in suitable way, one can satisfy boundedness requirement for
solution of (17).

a>0, ax>1, by>20, a1+b <1, d=
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YK 519.6
HecranmapTabie KOHEYHO-PAa3HOCTHBIE CXEMBbI JIJis YPaBHEHUA

peakiuu-andysnn

T. XKannas*, B. Barrapaaf

* Kagpedpa npuxaadnoti mamemamury
Mamemamuneckut garysvmem
Monzonvckuti 2ocydapecmeertnitl yrusepcumem, Mowneorus

' Kagpedpa ecrmecmeermox nayk
Japranckutl merHos02uMeckuy, WHCMUMYm,
Monzoaveruti 20cydapcmeernvill YHUBEPCUMEM HAYKU U MexHoao2ull, Monzoaus

[TocTpoena HecTangapTHAsI, HesIBHASI KOHEYHO-PA3HOCTHASI CXeMa, JIJIsl yPABHEHUS PEAKIIUN—
muddysun. dta cxeMa ABJsieTcs: 0bobIIeHneM MeToga Mukenca. YCTaHOBJIEHBI YCJIOBUS IO~
JIOYKATEJIBHOCTA U OIPAHUYEHHOCTHU PEIEHUS.

KuroueBbie cjioBa: ypaBHEHUsT peaKIuu-Tudy3un, HeCTaHIapTHAsT KOHEIHO-Pa3HOCT-
Hasl CXeMa, IOJIOYKUTEJHbHOCTb U OPraHUndeHHOCTD.





