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B pabore paccmorpeno cranmonapuoe ypasuenue [IIpéquurepa ¢ aefCTBUTEIBHBIM DeIIie-
HUEM, 3aBUCSIIIM OT IIPOCTPAHCTBEHHBIX KoopamuaT. CraBuTcsa 3ajatia moJydenus nudde-
PEHIINAIBLHOIO COOTHOIIEHUsT I KBaJpaTa Takoi BOJIHOBOI (dyHKImu. [locpeacTBoM BbI-
WIEHEHUsT M3 TOXKIAeCTBa cobcrBenno ypauenus Ipémuurepa dopmynupyerca nuddepen-
[rajJbHOEe ypaBHEHUE NI PU3NUECKN HHTEPIPETUPYEMON BEJIUYUNHBI — IIJIOTHOCTU BEPOST-
HocTH (KBaJpara BOJIHOBOW dyHKIMM cTaruoHapHoro ypasaenust [lpénunrepa). B kauectse
IIpUMepa PACCMOTPEH OJHOMEPHBIH CIIydail, JOIIyCKAIONUi IIPOCTOe AHAJIUTHIECKOE PEIlIeHNe.
[Tokazano, YTO MOJTyIEHHOE PEIEHEe SIB/ISETCS KBAIPATOM PEITEHNsT COOTBETCTBYIOIIETO JIN-
HelHOro JuddepeHnnabHOIO0 YPpaBHEHNsI, KAK TO U JIOJPKHO OBLJIO ObITH 1O MTOCTPOEHUIO
HEJIMHEWHOTO AuddEPEHITHATLHOTO YPaBHEHUS JJIsl TIJIOTHOCTH BEPOSTHOCTU. B 1mociemHem
pazjeiie paboThbl pACCMOTPEH HECKOJIBKO 00Jiee OOINMil, He CTallMOHAPHBIN CIydail, — IOTeH-
1yaJ, CoAepKaIIuil B Ka4eCTBe CJIaraeMoro KOMIIOHEHT, 3aBUCAuil oT BpemeHu. I[loTennuainbt
TAKOT'O BUJIa BCTPEYAIOTCS B HECTAIMOHAPHOM Teopun Bo3MmyIenuii. [lokazaHo, 9T0 KOHCTAHTa
pU pa3/e/IeHIH TIEPEMEHHBIX OCTAETCs JIEWCTBUTEIBHON, U TeM CaMbIM s auddepenIm-
aJIbHOTO yPaBHEHHSI, COOTBETCTBYIOIIEr0 IIPOCTPAHCTBEHHBIM II€PEMEHHBIM, PACCMOTPEHHAS
cxeMa OCTa€TCs aHAJIOTUYIHON ONMCAHHOM BBIIIE JJISI CTAIIMOHAPHOT'O YPDABHEHUSI.

KuaroueBsie cioBa: ypasHenue llIpénuarepa, crallMOHapHBIH, IJIOTHOCTh BEPOATHOCTH,
JEeACTBUTEJIbHBIN, HeJIMHEIHBIN.

1. Bsenenne

ov - .
B ypasuenun lIpénmarepa: ha = HU, ¢ lavmubrormanom H = —h?/2mv2+U,

npu U = const(t) nepemennbie pazjessorcs. To ectb (T, t) MOXKHO TIPEJICTABATL B
Busie V(Z,t) = p(z)exp(—iEt/h). 3necb E — mosnas sueprust, a ¢(T) yIOBIETBO-
psieT crarmoHapHOMy ypaBHenuio IIpénuarepa: H @ = FEyp. Ilpu stom U cTtaHOBUT-
¢ TOTEeHIMAJIbHON sHeprueil. Hmke Mbr crpoum nuddepeHnnaibaoe ypaBHEHRE TS
IJIOTHOCTH BeposiTHOCTH: (T )2,

2. VYpaBHeHue nJis >

Bousnosast dynkuust W(Z,t) — 9T0 HOBBIH O0BEKT, KOTODbI BBOAUTCA B (DU3M-
Ky KBaHTOBOI Teopueil. OJHAKO MHTEPIPETAIMIO MOJIYYaeT HE CaM 3TOT OOBEKT, a
kBajpar ero momyns W(Z,t)W(z,t)* = |\Il(:Y:,t)|27 KOTOPBIIi MHTEPIPETUPYETCST KaK
[JIOTHOCTh BEPOATHOCTU. B cirydae cramuonapHoro ypasHenust [1Ipénunarepa nmeem:
(2, 1) = |o(@)]* = ¢(Z)2, nockomsky ¢(Z) byukius seiicrsurenbuas. [ToCKOIbKY,
KaK YIOMHMHAJIOCH Bbile, byHKIWs ¢(T) yI0BIETBOPSET yPABHEHHIO (ﬁ —E)p=0,a

HHTEPIIPETAINIO HOIydaeT ¢, IpeCTaBIgeT HHTePeC 3allicaTh ypaBHEeHHe [T ¢,
Ilepemnumiem crammonapHoe ypasuenue [1Ipéaunrepa B B

(R?*/2m)A + (E - U))p = 0.

Wnu, aro Toxke camoe:
(0240, + 02+ A)p =0, (1)
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snecs A =2m/h*(E —U).

UT06bI TOMYYUThL ypaBHEHHe I @2, mojeiicTByeM Ha (2 omeparopoM A + A.
ITomyuaem:

(A + A)p? = 2(0:0)° + 2(0y9)” + 2(8:90)* + 20(A + A)p — Ap®. (2)

IMockousbky cormacHo (1) (A+ A)p =0, o
(A + A)p® = 2(0090)* +2(0y9)* + 2(0:90)" + 20(A + A)p — Ap®.

YuaursiBast, 9TO
0:(9?) = 20050 — o0 = 0:(0%) /20,
JJI1 IPEIBLIYIIEero yPaBHEHUSI NMEEM

(A + A)p? = 1/20*((0:9%)% + (0,9°) + (0:9°)7) — Ag?,

NJIn

W (A 4 2A)W — ((9.) + (8,)* + (0.)?) =0, (3)

rne W = 2. Takum 06pa3oM, IJIOTHOCTD BEPOATHOCTH W OIMCHIBAETCA HEJTMHEHHBIM
nuddepeniuaabHbIM ypaBHeHHeM (3) B oTiimdne OT JuHeiHoro ypasHenust (1) mis .

3. O pemenunsix ypaBHenus ajasa W

Paccmorpum ypasrenue (3) B npocreiiineM, T.e. OJHOMepHOM ciydae, pu A = 0.
Nmeem 92W — (0, W)?/2W = 0. Cornacuo [1] ypasnenne suna y-z = (y,)*¢(z)/y
samenoit w(r) = xy, /y npusoaUTCs K ypasaenuto Beprymm zw!, = w + [£(z) — 1w?.
B namewm ciayuae (x) = 1/2.

VYpasuenne Bepuym v, = f(z)y + g(z)y® 2| zamenoit u(z) = y' ~ npusoaurcs
K JuHeiinoMy ypasrenuto suja u., = (1 — a)f(x)u+ (1 — a)g(z). Beoga

F(z) = (1-a) / f(z)dz,

ytt = C'eF/e_Fg(:c)dac.

B nmamem cayuae o = 2, f(x) = 1/x, a g(x) = —1/2z. B pesyabrare umeem W =
(Cix + C2)%, tne C u Cy — HEKOTOPbIE KOHCTAHTHI.

K sToMy pe3yabraTy MOKHO IIPUATH U JAPYTUM IIYTEM, €CJIA B YCJIOBUSIX MOCTAHOBKN
3aziaun (oqHOMEpHBIT ciryuail, A = () pemurs ypasaenue (1). [oxygaem: ¢ = Chz +
Cs), a mo-cKoMbKy W = 2, TO oIy 9eHHBIil BbIITe Pe3y/ILTAT CTAHOBUTCS OYeBU THBIM.

Mer pacemorpesn perieHne ypaBHeHusi (3) B 9aCTHOM CJIydae Jist WILIIOCTPAIIUH.
K Bompocy o ero perrenmstx MOXKHO TTOIOWTH ¢ OoJiee oOIux mo3unuii. B camom me-
Jie, BbIpaxkeHue (2) — 9T0 TOXKJIECTBO, BepHOe 1pH Jitoboit dpyHKImu . Ypasuenue (1)
CBOMMH DEIIeHUsIMU UMEEeT BIIOJIHE OlpeesieHHbie hbyHKImK ¢. [loaroMy, BeIYUTAs U3
rToxkecTBa (2) ypauenue (1), Mbl npeBpaiaeM ero B ypapuerue. [losyuennoe ypas-
menue — (3), OYEBUAHO, UMEET Te Ke PelleHus:, 9To u ypasuenue (1). B camom nesne,
ecan @ pemenue ypasHenusi (1), To Toxk1ecTBO (2) BEpHO, B YACTHOCTH, U [IPH TAKOM
¢. Uckmodast U3 TOXKIECTBA C TAKUM (¢ COOTHOIIEHNE, COOTBETCTBYIONIEE YPABHEHUIO
(1) MBI HOJTy9aeM OCTATOK TOXKJECTBA, C KOHKPETHBIM BUJOM (DYHKIMU . DTOT OCTa-
TOK 1 ecTb ypasHenue (3). IIpu 9T0M 3TOT KOHKpPETHBIH BUL (DYHKIIUH (0 OKA3bIBAETCS
perenneM kKak ypasrenus (1) Tak u ypashenus (2) u Ha0GOPOT.
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4. 3aBucdIuii OT BpeMeHH! IMOTEHINAaJ, JOILyCKAIOIIUi
pa3aejieHue nepeMeHHbIX

BosmoxkHO paccMoTperh HECKOBKO Oojtee obmnmit By, ypasHeHust [IIpémaunrepa,
BKJIFOUAIONINIM 3aBUCUMOCTD TTOTEHITHAIA OT BpeMeHHU. Takas CUTyaIlisl TUIUTHA, TS
HECTAIOHAPHOM Teopuu Bo3Myenuii [3]. Ilomyuaem

ihoy U (7, t) = [(B*/2m)A + U(F) + V()] ¥ (7, t). (4)
Ipencrasum V(7,t) B BUge ¥(7)p(t), Toraa nmeem

ihopp(F)e(t) = (W /2m)A + U(F) + V() (F)e(t) (5)

nJIn

[ih0, — V(O)I((Me(t) _ [(R?/2m)A + U ()] (F)e(t)) (6)
P(r)p(t) »(r)p(t) '

Boirocs u coxparmasa me 3aBucdiie OT ONepaTopoB (MYHKIMH, OKOHIATEIHHO TI0-
JydaeM

ih0, ~ V(Hle(t) _ [(2/2m)A + U@ _ -
o(t) P(7) '
3nech £ — HeKOTOpasi KOHCTAHTa, KaK 9T0 U CJIeIyeT U3 CXeMbl Pa3Je/IeHusl TepeMeH-
HBIX [4].
Takum obpa3om, MoSyIaeM JIBa COOTHOIIECHMUS:

[ihd, — V(D)]e(t) = Ep(t), (8a)
[(h?/2m) A + U (P (7) = E(7). (8b)
Pemas nepsoe u3 nux |5, nmeem:
hdo(t) _ E +V(t) = thd; In(e(t)) = E+ V(t). (9)
p(t)
OKoHYATEIBHO:

o(t) = (0) exp <[ / V(r)dr + Et] /m) . (10)

U3 sroro coorHomenus sicho, uro Im(E) = 0, B uporuBHOM citydae ¢(t) nprob-
peTaeT KCIOHEHIINAJIbLHOE MMOBEICHHIE, 9TO KaK B CJIydae PocTa, TaK U B CIydae yObl-
BaHUs 9KCIIOHEHTHI (pusndeckn HenpuemseMo. [1ockosbKy mnpu sroM ypasaerue (8b)
OKA3BIBACTCS TOXKIECTBEHHBLIM PACCMOTPEHHOMY HAMHI PAHEe CTAIMOHAPHOMY CJIydalo,
TO BBEJACHHAA BPEMEHHAS 3aBUCHMOCTD 3JI€Ch OKA3bIBACTCH He CyINIECTBEHHOI.

5. 3akJroueHue

IIpennpunaToe mocTpoeHnEe UMEJIO CBOEH TebI0 B SBHOU (hopMe, HA YPOBHE Jiu(d-
depeHnnuaIbHbBIX COOTHOMIEHUH, IPOIEMOHCTPUPOBATD IPUHITUIIHAJILHOE OTJIMIIE BOJI-
HOBO# (PYHKIINK OT KBaJpara €€ MOJyJisd — IUIOTHOCTH BepogTHocTu. C dusmaeckoit
TOYKU 3PEHUs IIPEJICTaBIIIeT HECOMHEHHBIN NHTEPEC PACCMOTPEHNUE B TIEPCIIEKTUBE 3a-
Jaau He cranuoHapHoit. C MaTeMaTnaecKoil XKe TOUKU 3PEHUS TPEITPHHATOE [TOCTPOE-
HUE PEJICTABJISIET UHTEPEC KaK CI0CcOo0 MOCTPOEHUS HeTMHEHHBIX T DePEHITNATBHBIX
YPaBHEHUIA, pelleHnsi KOTOPBIX TeM UJIU WHBIM 00Pa30M COOTHOCATCS C PEIIEHUEM JIH-
Heltnoit 3aga4u.
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On a Probability Density Equation
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The stationary Schrodinger equation depending on spatial coordinates has been considered.
The problem of obtaining a differential relationship for the wave function squared was posed.
By extracting Schrodinger’s equation itself from this relationship a differential equation for
a physically interpretable quantity, i.e. the probability density (wave function squared),
has been formulated. As an example the one-dimensional case admitting a simple analytic
solution was considered. The solution obtained is shown to be a solution squared of the
corresponding nonlinear differential equation for the probability density. In the final section a
more general non-stationary case was considered for the potential involving a time-dependent
term, such potentials are found in the non-stationary perturbation theory. The constant in
separating the variables remains real. Thus the procedure considered proves to be similar to
that presented above for the stationary equation.

Key words and phrases: Schrodinger equation, stationary, probability density, real,
nonlinear.
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