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PaccmoTpeno nmoreHnuaIbHOe TeUEHNE XKUIKOCTH B IIOPUCTOM cpefie ¢ yaérom 3akoHa Jlap-
CH ¥ PA3JIMYHBIX BUMIOB KodddurmenTta monepevroit quddysun B Tpydbe paguyca a. Teuenne
[IPEIIOJIATA€TCs CTAIMOHAPHBIM U AKCHAJIBHO CUMMETPUYHBIM, IIPA 9TOM CYUTAETCS, YTO CHJIA
Hapcu siBistercst TUHEHHON (DYHKITUEN CKOPOCTU. YCTAHOBJIEHO, YTO CJIEJICTBUEM ITOTEHIIAA b~
HOCTH TEeYeHMs sABJIsIeTcss ToxecTBo 0°P/0rdz = 0°P/0z0r, tne OP/Or u OP/dz onpese-
JISIFOTCSL U3 ypaBHEHMI Dilyiepa Juist [ByX KOMIOHEHT ckopoctu: v, = 0P /0r n v, = 0P /9z,
rae ®(r,z) — moTeHmUa CKOPOCTH. DTO 3HAYUT, YTO CUCTEMA yPABHEHWI Diijiepa sBJIsSeT-
Cs BIIOJIHE COBMECTHOW M BIIOJIHE MHTETPUPYEMOIl U pellleHre 3aa9u CBOJIUTCS K PEIIeHUIO
YPaBHEHUsI HEIIPEPBIBHOCTU. Y pABHEHHUE HEIPEPBIBHOCTHY SIBJISIETCs JIMHEHHBIM JuddepeHIu-
aJbHBIM ypaBHEHMEM Jyisi noreHnuana P(r,z) u momyckaer pelieHne B pas3jeéHHBIX IIe€pe-
mennbix: @(r,z) = U(r)W(z). Ona U(z) nonydeno ypasHenue Beccesisi HysIeBOrO HODsJIKA.
Ero pemenne 3aBucur or aprymeHTta kr, rie IOCTOSHHAs k OIpPEIessieTcs PaiyCcoM TPYObI
a. dust W(z) nosy4eHo Tpu pa3iM4HBIX yDaBHEHHsS B 3aBHCHMOCTH OT BbIGOpa Ko durm-
enrta quddy3un B ypaBHEHUU HeNPEPLIBHOCTH. BO Bcex Cilydasix MOJIyYEHO TOYHOE PellleHue
¥ yCTAHOBJIEHO, UTO KOMIIOHEHTA CKOPOCTH U (T, 2) SKCIOHEHIMAILHO yOBIBAET TIPU BO3PAC-
TaHUH Z.

KurroueBbie ciioBa: IIoOTeHIIUaJIbHOE Te€YEeHHe, CTalluOHapHOe Te4YeHue, Iopucrasd cpela,

nucddysus, 3akon lapcn.
OcHoBHag cucTeMa ypaBHEHUI THIPOJIMHAMUKHY JIJTsT CTAIMOHAPHOIO TEUYEHUsT KU~

KOCTHU B IIOJI€ TAKECTH UMeeT BHJ
p(tV)o = —VP + pj - fp, (1)

divj = 0, (2)
re ¥ — CKOpPOCTh, p — IUIOTHOCTDL, P — ;maBjieHne, § — YCKOPEHUE CUJIbI TSIKEeCTH, a
fp — cuna Jlapcu, nmerormast BUI:

fp = —av. (3)

B (3) a — obparublii kKoadduiment nponuraemoct Jlapcu, KOTOPBIi canuTaercs
nocrosiabiM: o = 109K p 1. Brecs o usmepsiercs B exuannax CU, Kp — B Japcen [1].
B ypasrennsix (1)—(2) p = const, a P u ¥ 3aBUCAT OT PaJHUaIbHON I' ¥ IPOJOJILHOI Z
[VJIMHIPUYECKUX KOOPJMHAT U HE 3aBUCAT OT YIVIOBON KOODIMHATHL .

B ypasrennnu (2) BEKTOP IUIOTHOCTH TIOTOKA JKHUJKOCTH ] UMEET CJIE/LYIONTIE KOM-
[OHEHTHI B IUJIMHIPUYIECKUX KoopauHarax [2]: j, = p(v, — D(2)0,v,), j. = pv,. llpn
9TOM CUUTAEM, YTO B CUJIY aKCUAJIHLHON CHUMMETPUU TEYEHUsI CYNIECTBYIOT JIBE KOMIIO-
HeHTHI cKopocTu: U = (v, 0,0,).

Banumem cucremy ypassenuit (1)—(2) [3]:

ov, ov, 190P

Vp—— F+ UV = ———— — QUy, (4)

or * 0z p or

%4_ % — _laip_ + (5)
o T, T p Oz =TI

Crarpa noctynuiia B pefakuuio 27 mas 2013 1.
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ov, 1 v ov, 0%,
o + ;"UT-F o + D(z2) 52 (6)

21
3~ 7P

Ilpr moTeHMUAILHOM TEYCHUH U = Vo, 7 = (v, 0,v,) = (0®/0r,0,09/0z), rue
®(r, z) — MOTEHIHAI CKOPOCTH.
U3z (4) u (5) caenyer paBeHCTBO:

2 % + % + — g % + % + (7)
0z \""ar "%y T ) T o \Uar T %0, )

OTmeTuM, 9TO IS MOTEHIMAJLHOTO TedeHHs PABEHCTBO (7) BBINOIHSETCS TOXKIIE-
crBerno. Ilosromy cucrema ypasuenmit Ditrepa (4)—(5) siBIsieTcst BIIOJIHE HHTEIPU-
pyeMoil U IIpH 3aJIaHHBIX CKOPOCTSIX Ompejessier nasaenne P(r, z).

Bamnumem ypasaenue (6) s morennumana P(r, z):

(8)

827@+18£+82£—D() 83(1) +182¢)
or2  ror 022 i 02012 " r0z0r )’

Paccmorpum perierne ypaBaenust (8) B pa3/ieIéHHbIX IIeEpeMeHHbIX, Korya P(r, z) =
U(r)W(z). Torpa uz (8) mosydaem:

v’ 1U W,

w, (o’ 11U’
et =P (T ) ®)

e U'(r) =dU/dr, W, = dW/dz.

VYpasuenue (9) MOXKHO IIPEJICTABUTH B BUJIE

sz
L

U +7‘U 1— D(2)%= ’ cons (10)

U3 (10) momyuaem ypasuennst st U(r) u W(z) :
1
U"+-U'+k*U =0, (11)
r

W.. +k*D(2)W, — k*W = 0. (12)

[Tpu sTom (11) siBasieTcst ypaBHeHreM Beccelist HYJIEBOTO MOPSAIKA U UMEET PEIeHne
BHUJIQ

U(r) = =UpJo(kr), Uy = const. (13)

P
5, T 13 (13) momyuaem v, = U'(r)W(z) = UpkJ1(kr)W (z).

Dyukuust v, (T, 2) JOJIKHA YIOBIETBOPATH CJIELYIONIUM I'PAHIUYHBIM YCJIOBUAM Ha OCH
muinszapa (r = 0) u Ha ero rpanure (r = a) : v,.(0,2) = 0, v.(a, z) = 0. Ilepsblit HYJIb
dyukuu Jy (kr) coorsercrByer 3nadenuto r = 0, a Bropoit Hysib Ji(kr) — 3HaUeHUIO
ka = 3,83. OrpaHH4uBIINCD, STUMHU HYJISIMHU, HOJIYYaeM €IUHCTBEHHOE 3HAUEHUE I

k:k=3,83/a.
Urak, ¢ yaérom (13)

ITockombKy v, =

O(r,z) = =UgJo(kr)W (z). (14)

IMockonbky v, = 0P/0z > 0, To uz (14) caemyer, uro W(z) > 0, OW /0z < 0.
Paccmorpum ypasrenne (12) npu pasubix Bujgax D(z).
1. D(z) = Dy = const.
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U3 (12) caemyer ypaBHeHUe
W.. + k*DoW, — E*W = 0. (15)

VYo6biBatoree perenue ypasaenus (15) umeer Buj

k2D, k*D
W(z) = Woe %, Wy =const, o= ( 5 > + k2 + 5 0 (16)

npu Dy =0, a = k, Te.
W(z) =Woe ™, 0<2< o0 (17)

U3z (17) u (16) cnenyer, uro npu Dy # 0 W(z) ymeHblaercst ObicTpee, 9e€M IIpH
Dy = 0. OkoHYaTeIbHO, JIJIsi HOTEHIMAIA CKOPOCTHU OJIyIaeM BbIPAsKeHUE:

O(r,z) = —DoJo(kr)e™**, Py = const. (18)

—Qz

U3 (18) mosydaem KOMIIOHEHTBI cKopocTu: v, = PokJy (kr)e
2. D(2) = Dge**, Dy = const, ¢ = const.
U3 (12) mosyuaeM ypaBHeHHe

, U, = Ppadope™ YA,

W.. + E2Doe**W, — E*W = 0. (19)
B ypaBuenun (19) mepeitiéM K HOBOH (DYHKITMH OT HOBOI'O apryMeHTa:

_ KDy . KD

W(z)=¥(z), == , —— <z < oo. (20)
£ 3
Host ¥(x) uz (19) mosyuaem ypaBHeHUe:
1+2 R? k2
U —V - =0, R*=_. 21
e L (21)

Ypasuenue (21) siBisieTcst 0600IIEHHBIM YPABHEHIEM BBIPOXKIEHHOTO THIIEPIeOMeT-
PHYECKOTO THUIIA U C TOMOIIBIo mojcTanoBku ¥ (x) = ¢(z)y(x) cBoguTcs K KaHOHMIe-

ckoii dopme st byukun y(x) [4]:
wy"(z) + 7(x)y () + Ay(z) =0, (22)

rae 7(r) — MOJMHOM IEepBOi cTerneHn, A = const.

Cymecrsyer 4 tuna ypasHenuit (22) st pa3aundabix BujioB ¢(z), 7(x) n . I3 Hux
TOJIBKO OJIMH THII OIPEIENIsIeT BO3SMOXKHBI PEATbHBIN PEsKUM TE€UCHUST XKUIKOCTH.

—R

ITpu BuIGOpE Y(2) = 2~ "~ * ypaBHeHue (22) NPUBOIUTCS K BUILY:

2y () + (1 — 2R — z)y'(z) + (R — 1)y(z) = 0. (23)

Ypasuenue (23) umeer obinee pereHne, IpeICTaB/IsIoNee coboil CyMMy JIBYX JIU-
HEIHO HE3aBUCUMBIX BBIPOXKIEHHBIX THIIEPreOMETPUIeCKUX (DYHKITHI:

y($) = le(aaf}/?x)—i_Cle_fyf(a_’y—'— 172_771‘)7
rney=1—-2R, a=1—-R.
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Kpome Toro, ypasuenue (23) umeer HaGOp YaCTHBIX PENIeHUil B BUJE MOJTMHOMOB
Jlareppa

n

d
yn(z) = Lt () = anlefxd— (e7®z~™), 1=2R, B, = const, (24)
ajn

C COOTBETCTBYIOINM CIIEKTPOM COOCTBEHHBIX 3HaUYeHUit \, = R—1=n, R=n+1,
n=0,1,2..., oTKy/a ciemyer:

k k 3,83
R=-= 1 n=—, k="
£ ntl & n+1 a

(25)

Ormernm, 9o pemntenne (24) CyIecTByeT TOJBKO B TOM CJIydae, KOrua { IPUHAMAET
snadenns (25).
OxoHuaresbHO pernenne ypasaenust (19) sanuiercss TakuM 06pasoM:

W(z)=¥(2) =) en(@)ynlr) = Y o~ " Ve L (x). (26)

U3 (26) crenyer, uro W(z) — ybObiBatomas dyHkimsi, uro obecrieuansaer W, < 0.
IIpm 3TOM TIOTEHIMAJI CKOPOCTEH MMeeT BUI:

@(T? Z) = _UOJO(kT) Z Qpn(x)yn(x)a

n=0

rje  oupejessercst paeHcrsoM (20).

D
3. D(z) = 1+O£z’ Dy = const, & = const.
U3 (12) nomyuaem ypaBHeHne
k? Dy
W.. W, — k*W = 0. 27
+ 14+¢&2 (27)

B ypaBrennu (27) nepeitzém K HOBOi dyHKIMN 0T HOBOro aprymenta: W(z) = ¥(x),
x=1+¢&z 1<z <oo. Husa ¥(x) usz (27) nosydaem ypaBHEHUE:

RO,
& x &2

Ypasuenue (28) siisiercst ypaBHenneMm Beccessi MEEMOro aprymenTa. Ero y6bisa-
IOIINM PeIeHneM sABjseTca pyHkinnsa MakmoHaabaa

\I’H +

0. (28)

. 2
U(zx) = oz T K, <]§x> , V= %(1 —A), A= K fo.

Oxonuaresnsho, norennuan P (r, z) sanumercs Tak:

O(r, z) = —UpJo(kr)z 2 K, (fx) . (29)

U3 (29) mosygaeM BbIpazKeHHsI JJIsi KOMIIOHEHT CKOPOCTH:

. k
v =Upiz = K, (593) : (30)
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k k
A-1 — 1 1— K, 1 (zx +Ky+1 X
v, = UpJo(kr) Tf:c%KV <I§$> +J;TA (£ ) (g )k . (31)

2

Takum 06pazoM, [y BCEX PACCMOTPEHHBIX CJIYyYa€B TEUCHUS KUIKOCTHA yCTAHOB-
JIEHO, YITO IPOJIOIbHAS KOMIIOHEHTa CKOPOCTH ¥, SKCIIOHEHITNAJIbHO yOBIBAET C BO3pac-
TaHUEM Z.
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UDC 532.5.031
Investigation of Potential Flow of Fluid in Porous Medium
Taking Account of Darcy Law and Variable Diffusion
Coefficient

Yu. P. Rybakov, O. D. Sviridova, G.N. Shikin
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We have considered the potential flow of the fluid in the porous medium taking into account
Darcy low and different types of the diffusion coefficient in a tube with radius a. The flow is
supposed to be stationary and cylindrically-symmetric and the Darcy force is a linear function
of the velocity. We have established that a result of the potential flow is identity 9> P/0rdz =
0?P/9z0r, where P/0r and v, = O®/Jz are defined from Euler equation for two components
of the velocity: v, = 0®/0r and v, = 9®/dz, where ®(r, z) is velocity potential. It means
that Euler equation system is compatible and integrable, and the solution is reduced to the
solution of the continuity equation. Continuity equation is linear differential equation for
the potential ®(r, z) and one assumes solution in divided variable: ®(r, z) = U(r)W (z). For
U(z) we have Bessel equation of zero order. This solution depends on the choice of the
diffusion coefficient in the continuity equation. In all the occasions we have exact solution
and established that component of the velocity v, descreases like exponent with increase of z.

Key words and phrases: potential flow, stationary flow, porous medium, diffusion,
Darcy low.





