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The goal of this article is to develop a robust and accurate numerical method for solving
hyperbolic conservation laws in three dimensions.

The basic equations are the three-dimensional Euler equations describing the motion of an
inviscid gas.

The mathematical description of the model is represented by the system of equations of con-
tinuity, motion and energy (three dimensional nonstationary partial differential equations).
We used the equation for adiabatic motion in this article.

The numerical method for solution of the gas-dynamical equations in strict divergent form
has been used in this work. The three-dimensional numerical code for perfect non-stationary
gas-dynamical flows simulation in cylindrical coordinates is constructed. This code is based
on the explicit quasimonotonic, first-order TVD scheme. This scheme admit introduction
of the limits on the anti-diffusion flows, which enhances the approximation order (to third
order in the spatial coordinates) with minimal numerical dissipation and preservation of the
monotonicity of the scheme.

In order to ensure numerical stability, the time step is restricted by a well-known Courant-
Friedrich-Lewy stability condition.

The proposed scheme is comparable to the high order over the classical TVD schemes. Our
scheme has the added advantage of simplicity and computational efficiency. The numerical
tests which were fulfiled by the author in additional researches, validated the robustness and
effectiveness of the proposed scheme.
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1. Introduction

The theoretical foundations of high-resolution TVD schemes for homogeneous
scalar conservation laws and linear systems of conservation laws have been firmly
established through the work of Harten [1], Sweby [2], and Roe [3–5]. These TVD
schemes seek to prevent an increase in the total variation of the numerical solution,
and are successfully implemented in the form of flux-limiters or slope limiters for
scalar conservation laws and systems. However, their application to conservation laws
in strict divergent form written in cylindrical coordinates is still not fully developed
and can be improved. In this work we construct the three-dimensional numerical code
for simulation of a perfect non-stationary gas-dynamical flows. This code is based on
the explicit quasimonotonic TVD-scheme. We use strictly divergent form laws of con-
servation in cylindrical coordinates. This work is continuation and development of the
author work [6] where study is limited to the calculation of two-dimensional free flows.

2. Basic Equations of Gas Dynamics

The basic equations of gas dynamics govern the motion of a perfect non-stationary,
inviscid gas-dynamical flows by conserving mass, momentum and energy (three di-
mensional nonstationary partial differential equations). They are simplifications of
the more general Navier–Stokes equations which include the effects of viscosity on the
flow (Landau and Lifshitz, 1979 [7]).
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2.1. Basic Equations

Using the divergence form, we have the following macroscopic equations:

𝜕𝑡𝜌 = −𝜕𝚥(𝜌𝑣𝚥) (1)

for the conservation of mass of flow. This expression is often known at the continuity
equation;

𝜕𝑡(𝜌𝑣
𝑖) = −𝜕𝑗(𝜌𝑣𝑖𝑣𝑗 + P 𝑔𝑖𝑗) (2)

for the conservation of momentum;

𝜕𝑡

(︂
𝜌
𝑣⃗2

2
+ 𝜌𝜀

)︂
= −𝜕𝑗

(︂
𝑣𝑗
(︁
𝜌
𝑣⃗2

2
+ 𝜌 𝜀+ P

)︁)︂
(3)

for the conservation of total energy.
Here 𝜌 (𝑟⃗, 𝑡) denotes the fluid density, 𝑣⃗ (𝑟⃗, 𝑡) — the bulk flow velocity, P(𝑟⃗, 𝑡) —

the thermal pressure, 𝜀 = 𝜀(P, 𝜌) — the internal energy per unit mass (specific internal
energy), 𝑔𝑖𝑗 — the metric tensor, 𝑟⃗ — the radius vector, and 𝑡 — the time. In order
to close this system of equations (1)–(3) and fully describe the fluid with this model,
we need a fourth equation, an equation of state.

In condition of local equilibrium, the scalar pressure P can be expressed as a
function of two other thermodynamic variables through an equation P = P(𝜌, 𝜀). An
equation of state is necessary, and we assume the perfect gas equation, P = (𝛾− 1)𝜀𝜌,
where 𝛾 is the usual ratio of heat capacities (the index of adiabatic).

2.2. Equations on a Cartesian Coordinate System

In three space dimensions the equations of gas dynamics describing the motion
of an inviscid gas may be written in the following compact dimensionless differential
vector form of the conservation law in an inertial Cartesian coordinate system:

𝜕𝑡q+ 𝜕𝑥F+ 𝜕𝑦G+ 𝜕𝑧H = 0 , (4)

where q is the vector of conserved variables (the state vector), and F, G, H are the
flux vectors in the corresponding coordinate directions given by

q =

⎛⎜⎜⎜⎜⎝
𝜌

𝜌u

𝜌v

𝜌w

𝜌𝐸

⎞⎟⎟⎟⎟⎠ , F =

⎛⎜⎜⎜⎜⎝
𝜌u

𝐹2

𝜌u𝜐

𝜌uw

𝜌uℎ

⎞⎟⎟⎟⎟⎠ , G =

⎛⎜⎜⎜⎜⎝
𝜌v

𝜌uv

𝐺3

𝜌vw

𝜌vℎ

⎞⎟⎟⎟⎟⎠ , H =

⎛⎜⎜⎜⎜⎝
𝜌w

𝜌uw

𝜌𝜐w

𝐻4

𝜌wℎ

⎞⎟⎟⎟⎟⎠ , (5)

and 𝑣⃗ = {u, v,w}, u, v, w, are the components of velocity along the 𝑥, 𝑦 and 𝑧
directions,

𝐸 =
𝑣⃗ 2

2
+ 𝜀 , ℎ =

𝑣⃗ 2

2
+ 𝜀+

P

𝜌
, 𝜀 =

P

(𝛾 − 1)𝜌
,

𝐹2 = 𝜌u2 + P , 𝐺3 = 𝜌v2 + P , 𝐻4 = 𝜌w2 + P .

Equations (4) are nonlinear hyperbolic partial differential equations for the unknown
q and must be solved with suitable boundary conditions. Even though in (5) F, G,
H are expressed as functions of the primitive variables 𝜌, u, v, w, P they can also be
expressed as functions of the conserved variables q.

Hyperbolicity of system equations (4) requires that the matrixes 𝜕F/𝜕q, 𝜕G/𝜕q,
𝜕H/𝜕q have real eigenvalues and be diagonalizable.
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2.3. Governing Equations in Cylindrical Coordinates

The governing equations can be re-expressed in any coordinate system. For many
engineering applications involving non-rectangular general geometries, a non-orthogonal
body-fitted coordinate system (𝜉, 𝜂, 𝜍, 𝜏) is desirable, which is formally related to the
physical coordinate system (𝑥, 𝑦, 𝑧, 𝑡) as follows:

𝜏 = 𝜏(𝑡), 𝜉 = 𝜉(𝑥, 𝑦, 𝑧, 𝑡), 𝜂 = 𝜂(𝑥, 𝑦, 𝑧, 𝑡), 𝜍 = 𝜍(𝑥, 𝑦, 𝑧, 𝑡). (6)

In equations (6) 𝜏 is the time, and 𝜉, 𝜂, 𝜍 are the three curvilinear coordinate directions.

Making use of certain mathematical manipulations, the Cartesian derivatives can
be are replaced by the curvilinear counterparts, and the gas-dynamical equations can
be recast in the so called “strong conservation form”. The details of the manipula-
tions can be found in [8], for example. The transformed equations written in strong
conservation form in the generalized curvilinear coordinate system read:

𝜕𝜏 q̂+ 𝜕𝜉F̂+ 𝜕𝜂Ĝ+ 𝜕𝜍Ĥ = 0,

where

q̂ =
q

𝒥
, F̂ =

1

𝒥
(𝜉𝑡 q+ 𝜉𝑥F+ 𝜉𝑦G+ 𝜉𝑧H),

Ĝ =
1

𝒥
(𝜂𝑡 q+ 𝜂𝑥F+ 𝜂𝑦G+ 𝜂𝑧H), Ĥ =

1

𝒥
(𝜍𝑡 q+ 𝜍𝑥F+ 𝜍𝑦G+ 𝜍𝑧H),

(7)

𝒥 is the Jacobian of the transformation given by:

𝒥 =
𝐷(𝜉, 𝜂, 𝜍)

𝐷(𝑥, 𝑦, 𝑧)
=

⃒⃒⃒⃒
⃒⃒𝜉𝑥 𝜉𝑦 𝜉𝑧
𝜂𝑥 𝜂𝑦 𝜂𝑧
𝜍𝑥 𝜍𝑦 𝜍𝑧

⃒⃒⃒⃒
⃒⃒ . (8)

In an inertial frame in cylindrical coordinates (𝑟, 𝜗, 𝑧) the Jacobian of the trans-
formation (8) is 𝒥 = 𝑟−1, and equations of gas dynamics (4) also can be written in
the strict divergent form of hyperbolic conservation laws. The system is:

𝜕𝑡q̂+ 𝜕𝑟F̂+ 𝜕𝜗Ĝ+ 𝜕𝑧Ĥ = 0 . (9)

The expressions (7) in this case take the following form:

q̂ = 𝑟 ·

⎛⎜⎜⎜⎜⎝
𝜌

𝜌u

𝜌v

𝜌𝑤

𝜌𝐸

⎞⎟⎟⎟⎟⎠ , F̂ = 𝑟 ·

⎛⎜⎜⎜⎜⎝
𝜌𝑣𝑟

𝜌𝑣𝑟u + P𝑎12
𝜌𝑣𝑟v + P𝑎13

𝜌 𝑣𝑟𝑤

𝜌 𝑣𝑟 ℎ

⎞⎟⎟⎟⎟⎠ ,

Ĝ =

⎛⎜⎜⎜⎜⎝
𝜌𝑣𝜗

𝜌𝑣𝜗u + P𝑏12
𝜌𝑣𝜗v + P𝑏13

𝜌𝑣𝜗𝑤

𝜌 𝑣𝜗 ℎ

⎞⎟⎟⎟⎟⎠ , Ĥ = 𝑟 ·

⎛⎜⎜⎜⎜⎝
𝜌𝑤

𝜌𝑤u

𝜌𝑤v

𝜌𝑤2 + P

𝜌𝑤 ℎ

⎞⎟⎟⎟⎟⎠ ,

where we used the the local density 𝜌 = 𝜌(𝑟, 𝜗, 𝑧, 𝑡), the local velocity 𝑣⃗ = 𝑣⃗ (𝑟, 𝜗, 𝑧, 𝑡) =
(𝑣𝑟, 𝑣𝜗, 𝑤), 𝑎12 = cos𝜗, 𝑎13 = sin𝜗, 𝑏12 = − sin𝜗, 𝑏13 = cos𝜗, u = 𝑣𝑟𝑎12 + 𝑣𝜗𝑏12, v =
𝑣𝑟𝑎13+𝑣𝜗𝑏13, w are the Cartesian components of velocity, the pressure P = P(𝑟, 𝜗, 𝑧, 𝑡),
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and

𝐸 =
𝑣⃗ 2

2
+ 𝜀 , P = (𝛾 − 1) 𝜀 𝜌 , ℎ =

𝑣⃗ 2

2
+

P

𝜌
+ 𝜀 ,

as before.

3. Numerical Code

In this section, we construct the three-dimensional numerical code for perfect non-
stationary gas-dynamical flows simulation on the Eulerian cylindrical grid. This code
is based on the explicit quasimonotonic TVD-scheme. Our approach applies to the Roe
method [3–5]. This an explicit finite-difference scheme is first order of approximation.

3.1. Numerical Approach

In cylindrical coordinates this scheme is represented as follows. Consider the sys-
tem of equations (9), which here we rewrite in finite-difference form

Δq̂𝑖,𝑗,𝑘

𝜏
+
F̂𝑖+1/2,𝑗,𝑘 − F̂𝑖−1/2,𝑗,𝑘

Δ𝑟
+
Ĝ𝑖,𝑗+1/2,𝑘 − Ĝ𝑖,𝑗−1/2,𝑘

Δ𝜗
+
Ĥ𝑖,𝑗,𝑘+1/2 − Ĥ𝑖,𝑗,𝑘−1/2

Δ𝑧
= 0 ,

where Δq̂𝑖,𝑗,𝑘 = q̂𝑛+1
𝑖,𝑗,𝑘− q̂𝑖,𝑗,𝑘 and q̂𝑛+1

𝑖,𝑗,𝑘 = 𝑞⃗(𝑟𝑖, 𝜗𝑗 , 𝑧𝑘, 𝑡𝑛+1) is the solution at the time

step 𝑛+1 (𝑛 is the time level); 𝜏 , Δ𝑟, Δ𝜗, Δ𝑧 are the steps of the grid. The numerical
fluxes after using the definition of Jacobian Matrices,

𝒜 =
𝜕F̂

𝜕q̂
, ℬ =

𝜕Ĝ

𝜕q̂
, 𝒞 = 𝜕Ĥ

𝜕q̂
,

are calculated as

F̂𝑖+1/2,𝑗,𝑘 =
F̂𝑖,𝑗,𝑘 + F̂𝑖+1,𝑗,𝑘

2
− 1

2

∑︁
𝑚

|𝜆𝑚𝒜(q̂*)|△𝑠𝑚𝑖+1/2,𝑗,𝑘r
𝑚
𝒜(q̂

*) ,

Λ𝒜 = diag{𝑣𝑟 − 𝑐 , 𝑣𝑟 , 𝑣𝑟 , 𝑣𝑟 , 𝑣𝑟 + 𝑐} ,

Δ𝑠1,5𝑖+1/2,𝑗,𝑘 =
1

2𝑐*2

(︁
(𝑟𝑖+1P𝑖+1,𝑗,𝑘 − 𝑟𝑖P𝑖,𝑗,𝑘)∓ 𝑞*𝑐*(𝜐𝑟 𝑖+1,𝑗,𝑘 − 𝜐𝑟 𝑖,𝑗,𝑘)

)︁
,

Δ𝑠2𝑖+1/2,𝑗,𝑘 =
1

2𝑐*
𝑞*(𝜐𝜗 𝑖+1,𝑗,𝑘 − 𝜐𝜗 𝑖,𝑗,𝑘) ,

Δ𝑠3𝑖+1/2,𝑗,𝑘 =
1

2𝑐*
𝑞*(𝑤𝑖+1,𝑗,𝑘 − 𝑤𝑖,𝑗,𝑘) ,

Δ𝑠4𝑖+1/2,𝑗,𝑘 =
1

2𝑐*2

(︁
𝑐*2(𝑞𝑖+1,𝑗,𝑘 − 𝑞𝑖,𝑗,𝑘)− (𝑟𝑖+1P𝑖+1,𝑗,𝑘 − 𝑟𝑖P𝑖,𝑗,𝑘)

)︁
;

the matrix of the corresponding right eigenvectors takes the form:

ℛ𝐴 =

⎛⎜⎜⎜⎜⎝
1 0 0 2 1

u* − 𝑐*𝑎12 2𝑐*𝑏12 0 2u* u* + 𝑐*𝑎12
v* − 𝑐*𝑎13 2𝑐*𝑏13 0 2v* v* + 𝑐*𝑎13

𝑤* 0 2𝑐* 2𝑤* 𝑤*

ℎ* − 𝑐*𝑣*𝑟 2𝑐*𝑣*𝜗 2𝑐*𝑤* 𝑣⃗*2 ℎ* + 𝑐*𝑣*𝑟

⎞⎟⎟⎟⎟⎠ ,

where
𝑐 =

√︀
𝛾P/𝜌
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is the adiabatic speed of sound, 𝑞 ≡ 𝑟𝜌, and in which 𝑞*, 𝑣⃗ *, ℎ*, and 𝑐* are called the
Roe average.

They can be obtained from

𝑞* =
√
𝑞𝑖+1,𝑗,𝑘 𝑞𝑖,𝑗,𝑘 ,

𝑣⃗ * =

√
𝑞𝑖+1,𝑗,𝑘 𝑣⃗𝑖+1,𝑗,𝑘 +

√
𝑞𝑖,𝑗,𝑘 𝑣⃗𝑖,𝑗,𝑘

√
𝑞𝑖+1,𝑗,𝑘 +

√
𝑞𝑖,𝑗,𝑘

,

ℎ* =

√
𝑞𝑖+1,𝑗,𝑘 ℎ𝑖+1,𝑗,𝑘 +

√
𝑞𝑖,𝑗,𝑘 ℎ𝑖,𝑗,𝑘

√
𝑞𝑖+1,𝑗,𝑘 +

√
𝑞𝑖,𝑗,𝑘

,

𝑐* =

√︃√
𝑞𝑖,𝑗,𝑘 𝑐2𝑖,𝑗,𝑘 +

√
𝑞𝑖+1,𝑗,𝑘 𝑐2𝑖+1,𝑗,𝑘√

𝑞𝑖,𝑗,𝑘 +
√
𝑞𝑖+1,𝑗,𝑘

+
𝜇

2

√
𝑞𝑖,𝑗,𝑘 𝑞𝑖+1,𝑗,𝑘

(
√
𝑞𝑖,𝑗,𝑘 +

√
𝑞𝑖+1,𝑗,𝑘)2

(𝑣⃗𝑖+1,𝑗,𝑘 − 𝑣⃗𝑖,𝑗,𝑘)2 .

Similar expressions can be written down for Ĝ𝑖,𝑗+1/2,𝑘 and for Ĥ𝑖,𝑗,𝑘+1/2.
Note that the first order scheme is highly diffusive. This diffusive property is not

desirable since it spreads out the original discontinuity and flattens out the peaks in
the solution. Therefore usually an explicit finite-difference scheme with flux correction
in Chakravarthy–Osher [9–12] form is used. This scheme is first order of approxima-
tion in time and third order of approximation in space and is oscillation-free near
discontinuities.

3.2. Stability and Boundary Conditions

A characteristic feature of explicit difference schemes is the limits on the time
step 𝜏 , which is governed by the stability criteria. In order to ensure numerical sta-
bility, the time step is restricted by a well-known Courant–Friedrich–Lewy stability
condition [13], which can be written as

𝜏 = 𝜎 min
𝚤,𝑚

{︂
Δ𝑟

|𝜆𝑚𝚤 |

}︂
· 4

5− 𝜙+ (1 + 𝜙)𝛽
. (10)

where 0 < 𝜎 6 1 is the Courant number, and Δ𝑟 is the minimum grid spacing; 𝜙 and
𝛽 is free parametres, and last should satisfy to the condition 1 < 𝛽 6 𝛽max, here

𝛽max =
3− 𝜙
1− 𝜙

.

If 𝜙 = 1/3 the scheme there is the third order of approximation [9, 12]. With known
grid spacing and flow conditions, the time step is evaluated using Eq. (10).

The boundary conditions used usually, are divided into two different types: the
land boundary and the open boundary. For the land boundary, the velocity normal
to the land is set to zero to represent no flux through the boundary. At the open
boundary, it is necessary to solve a boundary Riemann problem [14].

4. Conclusions

The numerical method for solution of the gas-dynamical equations in strict di-
vergent form has been used, in this paper. The three-dimensional numerical code
for perfect non-stationary gas-dynamical flows simulation in cylindrical coordinates is
constructed. This code is based on the explicit quasimonotonic TVD-scheme. The
theory of numerical schemes for homogeneous scalar conservation laws is well estab-
lished. Total Variation Diminishing (TVD) schemes have proved to be particularly
successful at capturing shock waves and discontinuous solutions.
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The investigated TVD scheme produce satisfactory results for the selected relevant
test cases (see, for example, [15,16]). An adapted one-step third order scheme gives a
very good accuracy of the solution in smooth regions and in the proximity of the shock.
This motivates the use of TVD-like schemes for inhomogeneous problems, however,
although care needs to be taken in the inclusion of the source terms.
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Модификация 3D численного кода для газодинамических

течений в цилиндрических координатах
Е. А. Филистов

Кафедра физики
Московский государственный строительный университет

Ярославское шоссе, д. 26, Москва, Россия, 129337

Цель этой статьи состоит в том, чтобы построить надёжный и точный численный код
для решения трёхмерных газодинамических уравнений.

Математическое описание модели представлено системой уравнений непрерывности,
движения и энергии. В работе использовано уравнение адиабатического потока невяз-
кого газа.

Для расчёта нестационарных течений идеального газа применён эффективный эко-
номичный метод с использованием полностью консервативной разностной схемы строго
дивергентных газодинамических уравнений в эйлеровых переменных в цилиндрических
координатах. На основе явной квазимонотонной TVD-схемы первого порядка аппрокси-
мации построен 3D-численный код для моделирования газового потока. Схема допускает
введение ограничителей антидиффузионных потоков, повышающих порядок аппрокси-
мации (до 3-го порядка по пространственным координатам), с минимальной численной
диссипацией, и сохраняющих свойство монотонности.

Числовая устойчивость обеспечивается ограничением временно́го шага известным усло-
вием Куранта–Фридрихса–Леви.

Представленная схема отвечает высокому порядку классических схем TVD и обладает
дополнительнным преимуществом простоты и вычислительной эффективности. Число-
вые тесты, выполненные автором, показали надежность и эффективность предложенной
схемы.

Ключевые слова: газовая динамика, численное моделирование.




