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The matrix-valued functional integrals, generated by solutions of the Dirac equation are
considered. These integrals are defined on the one-dimensional continuous path x : |s,t| - R
and take values in the space of complex d x d matrices. Matrix-valued integrals are widely
used in relativistic quantum mechanics for investigation of particle in electromagnetic field.
Namely integrals are applied to represent the fundamental solution of the Cauchy problem
for the Dirac equation. The method of approximate evaluation of matrix-valued integrals
is proposed. This method is based on the expansion of functional in a series. Terms of a
series have the form of a product of linear functionals with increasing total power. Taking a
finite number of terms in the series and evaluating functional integrals of a product of linear
functionals we obtain approximate value of the matrix-valued functional integral. Proposed
method can be used for a wide class of integrals because the series converges for a large class
of functionals. Application of the suggested method in the case of small and large parameters
included in the integral is considered.
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nomials, approximation of integrals.

1. Introduction

One approach to approximate evaluation of functional integrals is approximation
of the original integrand functional by functional polynomials. Another approach to
evaluation of functional integrals is construction of approximate formulas that are
exact for the class of functional polynomials given degree [1-3]. There are different
types of functional integrals because there are different spaces, measures and ways
to define the functional integrals. Functional polynomials and formulas with given
degree of accuracy are widely used to approximate evaluation of integrals with respect
to Gaussian measure. We propose to use the functional polynomials to approximate
evaluation of matrix-valued integrals, generated by solutions of Dirac equation. These
integrals are widely used in relativistic quantum mechanics for investigation of particle
in electromagnetic field [4,5]. The method of evaluation of matrix-valued integrals is
based on the expansion of functional in a series. Terms of a series have the form of a
product of linear functionals with increasing total power. In case of Gaussian integrals
the series of integrals of the product of linear functionals converges for a narrow class
of functionals. In case of matrix-valued integrals the series converges for a wide class
of functionals.

2. Approximation of Matrix-Valued Integrals

Following [4,5] matrix-valued functional integral is defined on space of functions
x(7),s < 7 < t, satisfying a Lipschitz condition with the order of 1, that is for any
s<a<b<it, |x(b) —xz(a)] < M|b— a|. Integral is defined by
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if this limit exists for any partition of segment [s,¢] by dots s = t) < t; < ... <
t, =t. Here z; = x(t;), Xt,_,,t,)(T) — characteristic function of segment [t; 1,%;],
S(t; —tj_1,x; — xj—1) — transition function which is the fundamental solution of
equation

oS(t,x)  0S(t,x)
5 = g, +bBS(t, x),

where a,b — real parameters, «, f — anticommuting values (operators or matrices),
that is a4 Ba = 0. We suppose that a? = 82 = E, E — identity matrix or operator.

In this work we consider approximation of functional integrals of the cylindrical
functionals having the form

Fla()) = F /fl(T)dx(T),...,/fd(T)d:c(T) ,

where functions f;(7),1 < j < d, are Riemann integrable on s, t].
To approximate functional integral we use the expansion of functional F' in a series

F(z()=F /fl(T)dx(T), . ,/fd(T)dx(T) =

- i Fu,.....au /tfl(r)dx(T) /fd(T)dx(T)

ai,...,aqg=0

Then we evaluate functional integrals of a product of linear functionals. In this
work we do not give detailed calculations. We present only the final result.
Proposition 1. Let functions f;(7),1 < j < d, are Riemann integrable on [s, t].

Let function F(ug,...,uq) is expanded in a series >,  F
ay,...,aq=0

aq aq
1,-aqUl Uy and

o0
series Y. |Fay,. alllu1]® - - - |ug|* converges for u; = acj, ¢j > f; |fi(m)|dr, 1 <
al,...,ad:O

< d. Then

/ / fi(r)da(r / fa(m)da(r) | du(z) = Z Fuyoay X

X (fa)A /(A) / H 9k (k) H exp{(Tm, — ka+1)<71)kbﬁ}d7'1 ... draa? (1)
p S k=1 k=0

and series converges in the above equality.
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In next section we consider the application of formula (1) to calculate some func-

tional integrals.

3. Integrals Containing Small and Large Parameters

Formula (1) can be used to evaluate a wide class of integrals. In some cases the
proposed formula is very effective for approximation of functional integrals. Let us
suppose that |f;(7)| < C,1 < j < d. Then expression

t
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is estimated by
atCA Al exp(—bBt)|| exp (2t — 5)|1b5]) H

y Ad2 1 ’ A+3
where H = <) if A— even and H = < > if A — odd.
2(1b3|| 2(|63]]
From this estimate it follows that the proposed method of approximation of inte-

grals is effective for small a and for large b.
¢
As example we consider approximation of integral [ exp { S )\(T)dm(T)} du(x).

Using the expansion (1) we obtain that

/ j T)dz(7) p du(z) =~

i:al / (@) / HMTk Hexp{(fmk Tingen) (1) 0B} - drg 0™ =
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Fort=2,s=1,A=1,a= <(1) _Ol),B: <(1) é),bzlandsmallazo.l exact
. . (1431 1.177

value of the integral is (1.177 1.667)'
Approximate values for n = 0 and n = 1, respectively, are G%g %ézg),

1.426 1.175
(1.175 1.661>'
Fort=2,s=1,A=1,a= (0

. . (10414 11507
value of the integral is (11507 12715)'

1 01) 8= (? (1)), a =1 and large b = 10 exact
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Approximate values for n = 0 and n = 1, respectively, are G%gﬁ ﬂgﬁ),

9912 11014
(11014 12115)-

4. Conclusion

The method of approximate evaluation of matrix-valued integrals is presented.
The method relies on approximation of the functional under the integral sign by func-
tional polynomials and evaluation of the integral of polynomials. As a result we get
approximation of functional integral by Riemann integrals on a finite interval.
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Paccmarpuarorcst MaTpuaHO3HAYHBIE (DYHKITHOHAIBHBIE MHTETPAJIBI, TOPOXKIEHHDBIE DeITie-
HueM ypaBHeHust Jlupaka. DTU HHTErPAJIbI OLPEIEISIOTCsT HA OJITHOMEPHBIX HEIIPEPBIBHBIX IIy-
X % : |8, t| = R n npuHMMaoT 3HaYEHUsT B IPOCTPAHCTBE KOMIUIEKCHBIX d X d MaTpun,. Mar-
PUYHO3HAYHBIE MHTErPAJIbl MIXNPOKO KCIIOJIB3YIOTCS B PEJISITUBUCTCKONW KBAHTOBOW MEXaHUKE
JIJIsT U3y UEeHUsT TaCTUIl B JJIEKTPOMATHATHOM TI0JIe. A MMEHHO, MHTErPAJIbl TPUMEHSTIOTCS JIJTsT
TOTO, YTOOBI IPEJICTABUTEL PYHIAMEHTAJIBHOE pelteHune 3aaadu Ko st ypasaerus: Jupa-
ka. [Ipemyioken MeTo MPUOIUKEHHOTO BBIYUCIEHUST MATPUIHOSHAYHBIX (OYHKIIMOHATBHBIX
MHTErPAJIOB. DTOT METO/T OCHOBAH HA PA3JIOXKEHNN (DYHKITMOHAJIA B Psif. UJIEHBI PSIa UMEIOT
BH/I [IPOU3BEJIEHNUS JINHEHHBIX (DYyHKIMOHAJIOB C BO3PACTAOIIEH CyMMAapHOii crereHb0. B3sis
KOHEYHOE YHCJIO UJIEHOB PsJIa W BBIYUCIUB (DYHKIIMOHATbHBIE HHTEIPAJIBI OT MTPOU3BEICHUST
JIMHEHHBIX (DYHKITMOHAIOB, MBI MTOJIYyYaeM MPUOINKEHHOE 3HAUEHUE JIJIsT MATPUIHOZHATHOTO
GbYHKIIMOHAIBLHOIO MHTErpasa. YKa3aHHLIA MeTOJ MOKET ObITh UCIOJIBL30BAH JIJI ITHPOKOTO
KJIACCA MHTErPAJIOB, TAK KaK PsiJI CXOAUTCH st OOJIBIIOro Kiracca pyHKIMoHaIoB. Paccmorpe-
HO IPUMEHEHNE TIPE/IJIO?KEHHOT'0 METO/Ia B CJIyYIae MAJILIX U OOJBINNX TapaMETPOB, BXOIAIINAX
B MHTErPAaJL.

KuroueBnie ciioBa: (OyHKIIMOHAIbHBIE HHTETPAJIbI, MATPUIHO3HATHBIE HHTETPAJIbI, (DY HK-
IMOHAJbHBIE OJNHOMBI, alllIPOKCUMAIIAS UHTErPAJIOB.





