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The measurement procedure makes the isolated (closed) quantum system to be the open
one. The operators of observables of rather simple explicit form are converted into pseudo-
differential operators of more complex form. The author has proposed the method of es-
tablishing consistency between the theoretical data of conventional quantum mechanics of
(isolated) quantum objects and experimental data on the measured values of the observ-
ables of corresponding open quantum objects. In this paper, the proposed correspondence is
used for the construction of rigged Hilbert spaces, in which the operators of measured the
observables of hydrogen-like atom admit spectral decomposition.
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1. Introduction

Let us recall the basic structures of quantum measurement model in Kuryshkin-
Wodkiewicz and Kuryshkin-Weil representations.

The configuration space of an isolated physical object (for example, the Kepler
problem - a hydrogen atom) @Q = R3, the phase space T*Q = R3 @ R3. Classical
observables A (¢, p) are distributions on the phase space [1-3] of the object (system).
According to the Weyl rule of quantization [4-7] quantum observables Oy (A) are
self-adjoint (unbounded) operators in rigged Hilbert space ® C H = Lo (Q) C ®*.

The results of Shewell-Kuryshkin [8-10] on a one-to-one correspondence of quan-
tization rules and quantum distribution functions (QDZFs) puts the Weil rule into
correspondence with Wigner QDF, so that

<m¢=«m4mww0=/A@mm%@mmwp 1)

or, more generally,

(4), =Tr Ow (A)p) = [ A(a.p)W, (0.p) dad. @)

In [11-13] on the basis of statistical correspondence, formulated by Blokhintsev
and Terletsky, is developed the model of quantum mechanics with nonnegative QDF.
Kuryshkin quantization rule to each A (q,p) and some function ¢ € H = Ly (Q) or
density matrix p assigns the operator an explicit form of which is convenient to write
with the help of auxiliary functions. Namely, to each function ¢ (q) € L2 (Q), we

assign its Fourier image ¢ (p) € Ly (Q) and an auxiliary function

exp{+(¢.p)}
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on the phase space. To each mixed state p = > ¢k |¢r) (dr| we assign an auxiliary
k

function

®(q,p) = eXp{ }Zcb

Then the rule for constructing operators of quantum mechanics with nonnegative
QDF can be summarized as follows: the classical function A (q,p) corresponds to
a linear operator O (A), whose action on an arbitrary function v (¢)admitting the
Fourier transform is defined by the equation:

O, (A) ¢ (q) = (27h) / By, (& —qn—p) A& n) et ((P)y (¢/) dedndpdg.

(3)
The mean values of the operators (3) represented as
()5 = s (A)6.0) = [ Ala.p)F{ (a.p) dadp ()
where
. 2
Fola.p) = 2t | [ 67 (g - O v (@) e Herag
or, more generally,
(A)9, =Tr (0, (A) p1) = /A(q,p)Fﬁl (¢, p) dqdp, (5)
where
B (ap) = @) Y a e | [ dila- 0w ©c
k J
and

pr= ¢ [v5) (W5l
J
In [14-16] shown that the relation (5) may be written in an equivalent manner in
the form proposed by Wodkiewicz [17,18]. Namely

(A = / A(q,p)Py; (¢, p) dgdp, (6)
where QDF of Wodkiewicz P ) (g, p) is given by convolution of two Wigner functions

Pppl (qap):(W,ﬂ*Wpl) (Qap)- (7)

One of them is QDF of a mixed state p; of a quantum object, the other is QDF of a
mixed state p of the quantum filter instrument.

For pure state relations (6) and (7) retain the same form. These formulations
allowed [19] to prove that the operator of the measured observable O, (A) is given by
the Weyl quantization rule for the "measured” classical observable Oy (A4,), where
A, (q,p) = (AxW,) (q,p) and W, (q,p) are Wigner’s QDFs.

Theorem 1. Quantization rule of Kuryshkin-Weil (3) to each of slowly increas-
ing generalized functions A (q,p) associates Weyl operator Ow (A W,), where W, is
QDF Wigner of density matriz p =Y cx |¢r) (¢r| of the quantum filter.

k
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2. Kuryshkin-Wodkiewicz construction in Kuryshkin-Weil
representation

This theorem makes it possible to build a rigged Hilbert space (RHS), provides
spectral decomposition of the operator having mixed, discrete and continuous spec-
trum. In [20-22] and [23-25] conducted theoretical and mathematical studies of the
structure of the RHS needed to describe the quantum system with the Hamiltonian
H = Ow (H) and the Schrédinger equation ih-21 (t) = Hep (t). Further, in [26] stated
that the operator Oy (A,) satisfies the Schrodinger—Heisenberg equation,

dOp(A) _ [ (34 7 2(7+) P (74 7-
cﬁ_{<Lﬁ,L§> ~ Ze (Lm) (Lq,Lﬁ> 0, (A) (8)
that coincides with the Dirac equation
dO,(A) 1

on those operators for whom the latter relation is uniquely determined.

Let us recall briefly the arguments of [24] on the need to use the RHS to model
quantum systems in order to justify in a similar manner the need for the RHS to
model quantum measurements.

To find the eigenfunctions (classical and generalized) of the operator O, (H) first
by von Neumann for bounded operators (with a discrete spectrum) in a Hilbert space,
then by Gelfand and Vilenkin for unbounded operators (with mixed spectrum) in
a rigged Hilbert space was justified spectral decomposition of essentially self-adjoint
operators.

In addition to eigenfunctions of the operator’s O, (H) the interpretation of the
theory of quantum measurements needed in “observed average measured observable
H (using quantum filter of measuring apparatus in the state p) in the state ¢”

(¢, 0p (H) ) or Tr (O, (H) p1) (10)

in the state p1 = > ¢;[v¥;) (¥;], and the dispersion of the measured values H in the
J

state p; = ZC]‘ ’¢j> W’j"
J

From (10), (11) we see that we need such vectors ¢ € Ly (Q) and their combination
in mixed states which belong to the domains of O, (H) and of O, (H?). It is possible by
formal reasoning of the solution of the equation (8) or (9) in the form of the operator
exponential, power series expansion of Taylor, to show that the state ¢ € Ly (Q)
on which these solutions are well defined, belongs to the domain of degrees of the
measured observable ¢ € D (O, (H™)).

Thus, the quantum mechanics of the measured values O, (H) is not functioning
either in H = Ly (Q)and in D (O, (H)), but is functioning in the dense subspace ® of
infinitely differentiable functions on the configuration space ), decreasing at infinity
faster than any polynomial. By analogy with [20-25] let us postulate on the subspace
® C H = Ly (Q) a countable system of norms.

3. Rigged Hilbert space with the system of norms, generated
by operators of the measured observable of hydrogen-like atom

Let us consider the operators of the measured observables O, (¢), O, (p) O, (H)
and their degrees, which depend on the original quantum object (a hydrogen atom),
on the state p of the quantum filter and maybe some other parameters of original
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Hilbert space ® C H = Lo (Q). Let us recall the marginal probability densities given
by the integrals [27]

aua—/¢@m@

and

(@ = [ ®(@nda
With their help, in [27] are built:

— operators O, (A (7)) = [ ao (g)A ((j'+ 5) d€, in particular, the operators

f[q;}j H ZCkJ<kJ> nj—ki \ (A1)

=1 |\ kj=0

where (A (7))o = [ a0 (9)A () dg,
— operators O, (A (p)) = [ Bo (7)A (ﬁ— zhﬁ) drf, in particular, the operators

3

3 nj—kj
1;[1p§‘j =1] ZC’”< J>0< m;b) , (A2)

j=1 | kj=0

where (A (p)), = [ Bo (P)A (P) dp.

For building an explicit form of the operator O, (H) one need more specific infor-
mation on the construction, in particular in [28] is proposed a method of constructing
the operators O, (H) of a hydrogen atom with the Hamiltonian function H (q,p) =

P Ze?
2p g

culation with a mixed states p = 3" cx [én) (dx| and ¢y () = Sty (%m) Yim (9, 9),
k

k= (n,1,m) give
W) iTy

via the basis of Sturmian functions of the hydrogen atom. The results of cal-

and

0, (—Z|;2> = Ow ( Z‘qfl ) +chvk g, cos0; by) . (A4)

A notion of an abstract rigged Hilbert space and its classic implementation are
given in [29,30]. It’s Hilbert space H = Lo (@) and a subset S of infinitely differentiable
functions 1 € H that decrease at infinity faster than any polynomial, so that the
quantities ||¢[],, ; are limited for each function ¢ € S:

n 811“2“3w
1+ 13°) ——— (@] (11)
( ) dqi gy dq

191, = max

The values ||¢[,,, define a countable system of norms in the space S (Schwartz
space). Three continuously embedded spaces

SCH=Ly(Q)CS, SCH=Ly(Q)CS* (12)
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where S’ (5*) is a space conjugate (anti conjugate) to S, i.e. the space of linear (antilin-
ear) functionals continuous in the topology defined by the system (11) of norms||¢|[,, ,
define a rigged Hilbert space.

In [23-25] is built a system of norms |[¢], ; ., generated by observable operators

of an isolated quantum system

1900 = [ 10w ™) Ow (d') O (™) 6 (0o (13)

In this case, the space ® of infinitely differentiable rapidly decreasing functions
continuously (with respect to all norms||)|| embedded in H = Ly (Q), invariant

dOw (4) _
h =

n,l,m)

with respect to the Schrédinger equation in the Heisenberg representation ¢
[Ow (4),Ow (H)].

For the model of quantum measurements, i.e., for quantum mechanics with non-
negative QDF, the system of norms (13) takes the form

901 = [ 10, 72" 0, (@) O, (™) 4 (@) (14

The space ®” of infinitely differentiable rapidly decreasing functions continuously
(with respect to all norms [|2||” ; ) embedded in H = Lo (Q), is invariant with respect

n,l,m
to the Schrédinger equation in the Heisenberg representation of the form (8) and (9).

The system of norms (14) by virtue of (Al)—(A4) is equivalent to the system of
norms

1915 1.m = / (L 172)" (1 + A)' 0, (H™) (7)) da

Thus, the construction of nuclear rigged Hilbert spaces is modified for the model
of quantum measurements. It should be noted that the explicit form of the operators
O, (H™), the moments of measured energy, is properly described in [31], but wrongly
described in [32].

4. Conclusion

One of the important problems in the description of quantum-mechanical systems
is to describe the characteristics of the measurement results, for example, spectral
data of systems. After all the measured characteristics of quantum objects tell us the
properties of these objects The author has proposed the method of establishing con-
sistency between the theoretical data of conventional quantum mechanics of (isolated)
quantum objects and experimental data on the measured values of the observables
of corresponding open quantum objects. The measurement procedure makes the iso-
lated (closed) quantum system to be the open one The operators of observables of
rather simple explicit form are converted into pseudo-differential operators of more
complex form. In this paper, the proposed correspondence is used for the construc-
tion of rigged Hilbert spaces, in which the operators of measured the observables of
hydrogen-like atom admit spectral decomposition. Thus, the applicability of stable
numerical method of investigation of discrete spectra of the measured quantum ob-
servables is proved.
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VIK 519.62; 530.145; 519.614
Mopaenb KBAaHTOBBIX U3MEPEHU BOJIOPOI0OMNOJ00HOTO aToMa B
OCHAIIEeHHOM T'MJIbOEePTOBOM NPOCTPAHCTBE

A. B. 3opun

Poccutickutl ynusepcumem dpyoicbvl 1apodos
ya. Muxayzro-Maxaas, 0. 6, Mocksa, Poccus, 117198

[porneypa n3MepeHnst TPEBPAINAET U30JMPOBAHHYIO (3AMKHYTYI0) KBAHTOBYIO CHCTEMY B
OoTKPBITYIO. IIpu 9TOM OmepaTopbl HAOJIIOMAEMBIX JOCTATOYHO ITPOCTOTO SIBHOT'O BHU/Ia IIPE0D-
pasyrorcst B rceBao-audpepeHImaabHble onepaTopbl 60Jiee CJIOXKHOIO Bua. Panee aBTopom
OBLI NIPEIJIOXKEH METOJ YCTAHOBJIEHUSI COOTBETCTBUS MEXKJIy TEOPETUYECKUMU JIAHHBIMUA O0-
HIENPUHSATON KBAHTOBOM MEXaHUKN (M30JIMPOBAHHBIX) KBAHTOBBIX OOBEKTOB U IKCIIEPUMEH-
TaJIbHBIMHA JAHHBIMHA 06 U3MEPEHHDBIX SHAYCHUAX Ha6IIIO,I[aeMbIX COOTBETCTBYIOIUX OTKPBITHIX
KBAHTOBBIX 00bEKTOB. B HacTosmeil pabore mpeIIoyKeHHOe COOTBETCTBUAE UCIIOJIB30BAHO JIJIsT
ITOCTPOEHUSI OCHAIIEHHOI'O T'MJILOEPTOBa MPOCTPAHCTBA, B KOTOPOM ONEPATOPHI M3MEPEHHBIX
HaOJTI0IaeMbIX BOJIOPOJIOIIOI00HOIO aToMa JOIMyCKAIOT CIIEKTPAJIbHOE Pa3JIOXKeHHe.

KurogeBblie cjioBa: orepaTop M3MepPeHHOM KBAHTOBON HAOJIIOIaeMO#, OCHAIIIEHHOE THTh-

6epTOBO MPOCTPAHCTBO, CIIEKTPATHLHOE PA3JIOKEHNE HEOTPAHNIEHHBIX CAMOCOIPSI?KEHHDBIX OIIe-
paTopOB.
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