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Model of Hydrogen Atom Quantum Measurements on Rigged

Hilbert Spaces
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The measurement procedure makes the isolated (closed) quantum system to be the open
one. The operators of observables of rather simple explicit form are converted into pseudo-
differential operators of more complex form. The author has proposed the method of es-
tablishing consistency between the theoretical data of conventional quantum mechanics of
(isolated) quantum objects and experimental data on the measured values of the observ-
ables of corresponding open quantum objects. In this paper, the proposed correspondence is
used for the construction of rigged Hilbert spaces, in which the operators of measured the
observables of hydrogen-like atom admit spectral decomposition.
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1. Introduction

Let us recall the basic structures of quantum measurement model in Kuryshkin-
Wodkiewicz and Kuryshkin-Weil representations.

The configuration space of an isolated physical object (for example, the Kepler
problem - a hydrogen atom) 𝑄 = R3, the phase space 𝑇 *𝑄 = R3 ⊕ R3. Classical
observables 𝐴 (𝑞, 𝑝) are distributions on the phase space [1–3] of the object (system).
According to the Weyl rule of quantization [4–7] quantum observables 𝑂𝑊 (𝐴) are
self-adjoint (unbounded) operators in rigged Hilbert space Φ ⊂ 𝐻 = 𝐿2 (𝑄) ⊂ Φ*.

The results of Shewell-Kuryshkin [8–10] on a one-to-one correspondence of quan-
tization rules and quantum distribution functions (QDFs) puts the Weil rule into
correspondence with Wigner QDF, so that

⟨𝐴⟩𝜓 = (𝑂𝑊 (𝐴)𝜓,𝜓) =

∫︁
𝐴 (𝑞, 𝑝)𝑊𝜓 (𝑞, 𝑝) 𝑑𝑞𝑑𝑝 (1)

or, more generally,

⟨𝐴⟩𝜌 = 𝑇𝑟 (𝑂𝑊 (𝐴) 𝜌) =

∫︁
𝐴 (𝑞, 𝑝)𝑊𝜌 (𝑞, 𝑝) 𝑑𝑞𝑑𝑝. (2)

In [11–13] on the basis of statistical correspondence, formulated by Blokhintsev
and Terletsky, is developed the model of quantum mechanics with nonnegative QDF.
Kuryshkin quantization rule to each 𝐴 (𝑞, 𝑝) and some function 𝜑 ∈ 𝐻 = 𝐿2 (𝑄) or
density matrix 𝜌 assigns the operator an explicit form of which is convenient to write
with the help of auxiliary functions. Namely, to each function 𝜑 (𝑞) ∈ 𝐿2 (𝑄), we

assign its Fourier image 𝜑 (𝑝) ∈ 𝐿2 (𝑄) and an auxiliary function

Φ (𝑞, 𝑝) =
exp

{︀
𝑖
~(𝑞, 𝑝)

}︀
(2𝜋~)3/2

𝜑 (𝑞)𝜑* (𝑝)
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on the phase space. To each mixed state 𝜌 =
∑︀
𝑘

𝑐𝑘 |𝜑𝑘⟩ ⟨𝜑𝑘| we assign an auxiliary

function

Φ (𝑞, 𝑝) =
exp

{︀
𝑖
~
}︀

(2𝜋~)3/2
∑︁
𝑘

𝜑𝑘 (𝑞)𝜑
*
𝑘 (𝑝).

Then the rule for constructing operators of quantum mechanics with nonnegative
QDF can be summarized as follows: the classical function 𝐴 (𝑞, 𝑝) corresponds to
a linear operator 𝑂 (𝐴), whose action on an arbitrary function 𝜓 (𝑞)admitting the
Fourier transform is defined by the equation:

𝑂𝜑,𝜌 (𝐴)𝜓 (𝑞) = (2𝜋~)−3
∫︁

Φ𝜑,𝜌 (𝜉 − 𝑞, 𝜂 − 𝑝)𝐴 (𝜉, 𝜂) 𝑒
𝑖
~((𝑞−𝑞

′)𝑝)𝜓 (𝑞′) 𝑑𝜉𝑑𝜂𝑑𝑝𝑑𝑞.

(3)
The mean values of the operators (3) represented as

⟨𝐴⟩𝜑𝜓 = (𝑂𝜑 (𝐴)𝜓,𝜓) =

∫︁
𝐴 (𝑞, 𝑝)𝐹𝜑𝜓 (𝑞, 𝑝) 𝑑𝑞𝑑𝑝, (4)

where

𝐹𝜑 (𝑞, 𝑝) = (2𝜋~)−3

⃒⃒⃒⃒∫︁
𝜑* (𝑞 − 𝜉)𝜓 (𝜉) 𝑒−

𝑖
~ (𝜉,𝑝)𝑑𝜉

⃒⃒⃒⃒2
or, more generally,

⟨𝐴⟩𝜌𝜌1 = 𝑇𝑟 (𝑂𝜌 (𝐴) 𝜌1) =

∫︁
𝐴 (𝑞, 𝑝)𝐹 𝜌𝜌1 (𝑞, 𝑝) 𝑑𝑞𝑑𝑝, (5)

where

𝐹 𝜌𝜌1 (𝑞, 𝑝) = (2𝜋~)−3
∑︁
𝑘

𝑐𝑘
∑︁
𝑗

𝑐𝑗

⃒⃒⃒⃒∫︁
𝜑*𝑘 (𝑞 − 𝜉)𝜓𝑗 (𝜉) 𝑒

− 𝑖
~ (𝜉,𝑝)𝑑𝜉

⃒⃒⃒⃒2
and

𝜌1 =
∑︁
𝑗

𝑐𝑗 |𝜓𝑗⟩ ⟨𝜓𝑗 | .

In [14–16] shown that the relation (5) may be written in an equivalent manner in
the form proposed by Wodkiewicz [17,18]. Namely

⟨𝐴⟩𝜌𝜌1 =

∫︁
𝐴 (𝑞, 𝑝)𝑃 𝜌𝜌1 (𝑞, 𝑝) 𝑑𝑞𝑑𝑝, (6)

where QDF of Wodkiewicz 𝑃 𝜌𝜌1 (𝑞, 𝑝) is given by convolution of two Wigner functions

𝑃 𝜌𝜌1 (𝑞, 𝑝) = (𝑊𝜌 *𝑊𝜌1) (𝑞, 𝑝) . (7)

One of them is QDF of a mixed state 𝜌1 of a quantum object, the other is QDF of a
mixed state 𝜌 of the quantum filter instrument.

For pure state relations (6) and (7) retain the same form. These formulations
allowed [19] to prove that the operator of the measured observable 𝑂𝜌 (𝐴) is given by
the Weyl quantization rule for the ”measured” classical observable 𝑂𝑊 (𝐴𝜌), where
𝐴𝜌 (𝑞, 𝑝) = (𝐴 *𝑊𝜌) (𝑞, 𝑝) and 𝑊𝜌 (𝑞, 𝑝) are Wigner’s QDFs.

Theorem 1. Quantization rule of Kuryshkin-Weil (3) to each of slowly increas-
ing generalized functions 𝐴 (𝑞, 𝑝) associates Weyl operator 𝑂𝑊 (𝐴 *𝑊𝜌), where 𝑊𝜌 is
QDF Wigner of density matrix 𝜌 =

∑︀
𝑘

𝑐𝑘 |𝜑𝑘⟩ ⟨𝜑𝑘| of the quantum filter.
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2. Kuryshkin-Wodkiewicz construction in Kuryshkin-Weil
representation

This theorem makes it possible to build a rigged Hilbert space (RHS), provides
spectral decomposition of the operator having mixed, discrete and continuous spec-
trum. In [20–22] and [23–25] conducted theoretical and mathematical studies of the
structure of the RHS needed to describe the quantum system with the Hamiltonian
𝐻̂ = 𝑂𝑊 (𝐻) and the Schrödinger equation 𝑖~ 𝜕

𝜕𝑡𝜓 (𝑡) = 𝐻𝜓 (𝑡). Further, in [26] stated
that the operator 𝑂𝑊 (𝐴𝜌) satisfies the Schrödinger–Heisenberg equation,

𝑑𝑂𝜌 (𝐴)

𝑑𝑡
=

{︂(︁
𝐿̂+
𝑝 , 𝐿̂

−
𝑞

)︁
− 𝑍𝑒2

(︁
𝐿̂+
|𝑞|

)︁−3 (︁
𝐿̂+
𝑞 , 𝐿̂

−
𝑝

)︁}︂
𝑂𝜌 (𝐴) (8)

that coincides with the Dirac equation

𝑑𝑂𝜌 (𝐴)

𝑑𝑡
=

1

𝑖~
[𝑂𝜌 (𝐴) , 𝑂𝑊 (𝐻)] (9)

on those operators for whom the latter relation is uniquely determined.
Let us recall briefly the arguments of [24] on the need to use the RHS to model

quantum systems in order to justify in a similar manner the need for the RHS to
model quantum measurements.

To find the eigenfunctions (classical and generalized) of the operator 𝑂𝜌 (𝐻) first
by von Neumann for bounded operators (with a discrete spectrum) in a Hilbert space,
then by Gelfand and Vilenkin for unbounded operators (with mixed spectrum) in
a rigged Hilbert space was justified spectral decomposition of essentially self-adjoint
operators.

In addition to eigenfunctions of the operator’s 𝑂𝜌 (𝐻) the interpretation of the
theory of quantum measurements needed in “observed average measured observable
𝐻 (using quantum filter of measuring apparatus in the state 𝜌) in the state 𝜓”

⟨𝜓,𝑂𝜌 (𝐻)𝜓⟩ or 𝑇𝑟 (𝑂𝜌 (𝐻) 𝜌1) (10)

in the state 𝜌1 =
∑︀
𝑗

𝑐𝑗 |𝜓𝑗⟩ ⟨𝜓𝑗 |, and the dispersion of the measured values 𝐻 in the

state 𝜌1 =
∑︀
𝑗

𝑐𝑗 |𝜓𝑗⟩ ⟨𝜓𝑗 |.

From (10), (11) we see that we need such vectors 𝜓 ∈ 𝐿2 (𝑄) and their combination
in mixed states which belong to the domains of𝑂𝜌 (𝐻) and of𝑂𝜌

(︀
𝐻2

)︀
. It is possible by

formal reasoning of the solution of the equation (8) or (9) in the form of the operator
exponential, power series expansion of Taylor, to show that the state 𝜓 ∈ 𝐿2 (𝑄)
on which these solutions are well defined, belongs to the domain of degrees of the
measured observable 𝜓 ∈ 𝐷 (𝑂𝜌 (𝐻

𝑛)).
Thus, the quantum mechanics of the measured values 𝑂𝜌 (𝐻) is not functioning

either in 𝐻 = 𝐿2 (𝑄)and in 𝐷 (𝑂𝜌 (𝐻)), but is functioning in the dense subspace Φ of
infinitely differentiable functions on the configuration space 𝑄, decreasing at infinity
faster than any polynomial. By analogy with [20–25] let us postulate on the subspace
Φ ⊂ 𝐻 = 𝐿2 (𝑄) a countable system of norms.

3. Rigged Hilbert space with the system of norms, generated
by operators of the measured observable of hydrogen-like atom

Let us consider the operators of the measured observables 𝑂𝜌 (𝑞⃗), 𝑂𝜌 (𝑝) 𝑂𝜌 (𝐻)
and their degrees, which depend on the original quantum object (a hydrogen atom),
on the state 𝜌 of the quantum filter and maybe some other parameters of original
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Hilbert space Φ ⊂ 𝐻 = 𝐿2 (𝑄). Let us recall the marginal probability densities given
by the integrals [27]

𝛼0 (𝑞⃗) =

∫︁
Φ (𝑞⃗, 𝑝)𝑑𝑝

and

𝛽0 (𝑞⃗) =

∫︁
Φ (𝑞⃗, 𝑝)𝑑𝑞⃗.

With their help, in [27] are built:

– operators 𝑂𝜌 (𝐴 (𝑞⃗)) =
∫︀
𝛼0

(︁
𝜉
)︁
𝐴
(︁
𝑞⃗ + 𝜉

)︁
𝑑𝜉, in particular, the operators

𝑂𝜌

⎛⎝ 3∏︁
𝑗=1

𝑞𝑛𝑗𝑗

⎞⎠ =

3∏︁
𝑗=1

⎧⎨⎩
𝑛𝑗∑︁
𝑘𝑗=0

𝐶𝑘𝑗𝑛𝑗

⟨
𝑞𝑘𝑗𝑗

⟩
0
𝑞𝑛𝑗−𝑘𝑗𝑗

⎫⎬⎭, (𝐴1)

where ⟨𝐴 (𝑞⃗)⟩0 =
∫︀
𝛼0 (𝑞⃗)𝐴 (𝑞⃗) 𝑑𝑞⃗,

– operators 𝑂𝜌 (𝐴 (𝑝)) =
∫︀
𝛽0 (𝜂⃗)𝐴

(︁
𝜂⃗ − 𝑖~∇⃗

)︁
𝑑𝜂⃗, in particular, the operators

𝑂𝜌

⎛⎝ 3∏︁
𝑗=1

𝑝𝑛𝑗𝑗

⎞⎠ =

3∏︁
𝑗=1

⎧⎨⎩
𝑛𝑗∑︁
𝑘𝑗=0

𝐶𝑘𝑗𝑛𝑗

⟨
𝑝𝑘𝑗𝑗

⟩
0

(︂
−𝑖~ 𝜕

𝜕𝑞𝑗

)︂𝑛𝑗−𝑘𝑗
𝑗

⎫⎬⎭, (𝐴2)

where ⟨𝐴 (𝑝)⟩0 =
∫︀
𝛽0 (𝑝)𝐴 (𝑝) 𝑑𝑝.

For building an explicit form of the operator 𝑂𝜌 (𝐻) one need more specific infor-
mation on the construction, in particular in [28] is proposed a method of constructing
the operators 𝑂𝜌 (𝐻) of a hydrogen atom with the Hamiltonian function 𝐻 (𝑞⃗, 𝑝) =
𝑝2

2𝜇 −
𝑍𝑒2

|𝑞| via the basis of Sturmian functions of the hydrogen atom. The results of cal-

culation with a mixed states 𝜌 =
∑︀
𝑘

𝑐𝑘 |𝜑𝑘⟩ ⟨𝜑𝑘| and 𝜑𝑘 (𝑞⃗) = 𝑆𝑡𝑛𝑙

(︁
𝑞/𝑏𝑛𝑙

)︁
𝑌𝑙𝑚 (𝜗, 𝜑),

𝑘 = (𝑛, 𝑙,𝑚) give

𝑂𝜌

(︂
𝑝2

2𝜇

)︂
= 𝑂𝑊

(︂
𝑝2

2𝜇

)︂
+

~2

2𝜇

∑︁
𝑘

𝑐𝑘
𝑏2𝑘

(𝐴3)

and

𝑂𝜌

(︂
−𝑍𝑒

2

|𝑞⃗|

)︂
= 𝑂𝑊

(︂
−𝑍𝑒

2

|𝑞⃗|

)︂
+

∑︁
𝑘

𝑐𝑘𝑉𝑘 (𝑞, cos 𝜃; 𝑏𝑘) . (𝐴4)

A notion of an abstract rigged Hilbert space and its classic implementation are
given in [29,30]. It’s Hilbert space𝐻 = 𝐿2 (𝑄) and a subset 𝑆 of infinitely differentiable
functions 𝜓 ∈ 𝐻 that decrease at infinity faster than any polynomial, so that the
quantities ‖𝜓‖𝑛,𝑙 are limited for each function 𝜓 ∈ 𝑆:

‖𝜓‖𝑛,𝑙 = max
𝑞∈𝑄

⃒⃒⃒⃒
⃒(︁1 + |𝑞⃗|2

)︁𝑛 𝜕𝑙1+𝑙2+𝑙3𝜓

𝜕𝑞𝑙11 𝜕𝑞
𝑙2
2 𝜕𝑞

𝑙3
3

(𝑞⃗)

⃒⃒⃒⃒
⃒ . (11)

The values ‖𝜓‖𝑛,𝑙 define a countable system of norms in the space 𝑆 (Schwartz

space). Three continuously embedded spaces

𝑆 ⊂ 𝐻 = 𝐿2 (𝑄) ⊂ 𝑆′, 𝑆 ⊂ 𝐻 = 𝐿2 (𝑄) ⊂ 𝑆*, (12)
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where 𝑆′ (𝑆*) is a space conjugate (anti conjugate) to 𝑆, i.e. the space of linear (antilin-
ear) functionals continuous in the topology defined by the system (11) of norms‖𝜓‖𝑛,𝑙
define a rigged Hilbert space.

In [23–25] is built a system of norms ‖𝜓‖𝑛,𝑙,𝑚, generated by observable operators
of an isolated quantum system

‖𝜓‖𝑛,𝑙,𝑚 =

∫︁ ⃒⃒
𝑂𝑊 (𝑝𝑛)𝑂𝑊

(︀
𝑞𝑙
)︀
𝑂𝑊 (𝐻𝑚)𝜓 (𝑞)

⃒⃒
𝑑𝑞. (13)

In this case, the space Φ of infinitely differentiable rapidly decreasing functions
continuously (with respect to all norms‖𝜓‖𝑛,𝑙,𝑚) embedded in 𝐻 = 𝐿2 (𝑄), invariant

with respect to the Schrödinger equation in the Heisenberg representation 𝑖~𝑑𝑂𝑊 (𝐴)
𝑑𝑡 =

[𝑂𝑊 (𝐴) , 𝑂𝑊 (𝐻)].
For the model of quantum measurements, i.e., for quantum mechanics with non-

negative QDF, the system of norms (13) takes the form

‖𝜓‖𝜌𝑛,𝑙,𝑚 =

∫︁ ⃒⃒
𝑂𝜌

(︀
𝑝 2𝑛

)︀
𝑂𝜌

(︀
𝑞⃗ 2𝑙

)︀
𝑂𝜌 (𝐻

𝑚)𝜓 (𝑞⃗ )
⃒⃒
𝑑𝑞⃗. (14)

The space Φ𝜌 of infinitely differentiable rapidly decreasing functions continuously
(with respect to all norms ‖𝜓‖𝜌𝑛,𝑙,𝑚) embedded in𝐻 = 𝐿2 (𝑄), is invariant with respect

to the Schrödinger equation in the Heisenberg representation of the form (8) and (9).
The system of norms (14) by virtue of (A1)–(A4) is equivalent to the system of

norms

‖𝜓‖𝜌𝑛,𝑙,𝑚 =

∫︁ ⃒⃒⃒(︀
1 + |𝑞⃗ 2|

)︀𝑛
(1 + Δ)

𝑙
𝑂𝜌 (𝐻

𝑚)𝜓(𝑞⃗ )
⃒⃒⃒
𝑑𝑞⃗.

Thus, the construction of nuclear rigged Hilbert spaces is modified for the model
of quantum measurements. It should be noted that the explicit form of the operators
𝑂𝜌 (𝐻

𝑚), the moments of measured energy, is properly described in [31], but wrongly
described in [32].

4. Conclusion

One of the important problems in the description of quantum-mechanical systems
is to describe the characteristics of the measurement results, for example, spectral
data of systems. After all the measured characteristics of quantum objects tell us the
properties of these objects The author has proposed the method of establishing con-
sistency between the theoretical data of conventional quantum mechanics of (isolated)
quantum objects and experimental data on the measured values of the observables
of corresponding open quantum objects. The measurement procedure makes the iso-
lated (closed) quantum system to be the open one The operators of observables of
rather simple explicit form are converted into pseudo-differential operators of more
complex form. In this paper, the proposed correspondence is used for the construc-
tion of rigged Hilbert spaces, in which the operators of measured the observables of
hydrogen-like atom admit spectral decomposition. Thus, the applicability of stable
numerical method of investigation of discrete spectra of the measured quantum ob-
servables is proved.
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УДК 519.62; 530.145; 519.614
Модель квантовых измерений водородоподобного атома в

оснащенном гильбертовом пространстве
А. В. Зорин

Российский университет дружбы народов
ул. Миклухо-Маклая, д. 6, Москва, Россия, 117198

Процедура измерения превращает изолированную (замкнутую) квантовую систему в
открытую. При этом операторы наблюдаемых достаточно простого явного вида преоб-
разуются в псевдо-дифференциальные операторы более сложного вида. Ранее автором
был предложен метод установления соответствия между теоретическими данными об-
щепринятой квантовой механики (изолированных) квантовых объектов и эксперимен-
тальными данными об измеренных значениях наблюдаемых соответствующих открытых
квантовых объектов. В настоящей работе предложенное соответствие использовано для
построения оснащенного гильбертова пространства, в котором операторы измеренных
наблюдаемых водородоподобного атома допускают спектральное разложение.

Ключевые слова: оператор измеренной квантовой наблюдаемой, оснащенное гиль-
бертово пространство, спектральное разложение неограниченных самосопряженных опе-
раторов.
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