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In this paper we study an important question for the game theory of two players, about
essentiality of such games. The investigation is carried out in a particular case, in the class of
games with quadratic payoff functions on a rectangle. The essentiality in two players’ games
means that by joining the two players in union, both players can get positive additions to
guaranteed payoff. The essentiality of two players’ games has not always occurred. Thus,
the joining of the two players in union, in general, may be useful and sometimes (in case
of absence of essentiality) useless. In applications, for example in analysis of the economic
activities of firms or countries, the question of usefulness of the union acquires a lot of interest.

In the general game theory, the question of essentiality of games is given a little attention
at the moment.

Apparently, this is due to the difficulty of this problem in the general case. Note that
the games with quadratic payoff functions are frequently used in game theory for modeling
different kinds of processes being investigated, for example, in mathematical economics.
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1. Introduction

In game theory (see, for example [1-4]) a lot of attention is given to N person
cooperative game theory. In this paper we consider the two-player game from the
point of view of the usefulness of joining the players in a union, in which the choice of
strategies is made concertedly, with the aim of maximizing the payoff’s sum of both
players.

2. Problem formulation

We consider two-person game on the rectangle K = [p,q] X [r,s] (p < q, r < s).
The payoff function of the 1st player is

fz,y) = az® + by?, (1)

where (z,y) € K, a, b are arbitrary fixed non-zero numbers. The payoff function of
the 2nd player is

g(z,y) = ca® + dy?, (2)

where (z,y) € K, ¢, d are arbitrary fixed non-zero numbers. By selecting = € [p, q]
the first player strives to maximize his payoff f(x,y). By selecting y € [r,s] the
second player strives to maximize his payoff g(z,y). We will study the question of
usefulness of joining the two players in a union, in which the choice of strategies is
made concertedly, with the aim of maximizing the payoff’s sum of both players. As
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we know from game theory (see, for example, [1-4]) the first player can guarantee a
payoff

pr— 1 3

71 = maxmin f(z,y), (3)

if he selects a vector zg € X from the condition

M= ;réig f(zo0,y). (4)

Similarly, the second player can guarantee a payoff

72 = maxmig g(z,y), (5)

lf he Selects a vector Yo S Y fI'OHl the Condition
2 a:GlX ($, yO) ( )

Generally speaking, from physical point of view, payoffs f(x,y), g(x,y) can be
measured in different physical units. We shall assume that payoffs f(z,y), g(x,y) are
measured in the same units (in economic applications, for example, payoffs f(z,y),
g(x,y) are usually measured in monetary units). In this kind of assumption, the value
f(z,y) + g(x,y) have also a physical sense. If both players are joined together in a
union (coalition), then acting concertedly (i.e. choosing a pair (z,y) in [p,q] X [r, s]
concertedly), they can use the quantity

v = x&iféy(f(x’ y) +9(z,y)). (7)

It is easy to prove that (see (3), (5))

Y32+ 2. (8)
If
Y3 >+ 72, (9)
the joining of the players in a union (coalition) is advantageous to both players, since
the positive quantity
A=ry—(n+) (10)

can be distributed in the form of positive additions to guaranteed payoffs 1, 7. How
actually this distribution is reasonably to do, see, for example in [4].

3. Solution of the problem

In this paper we will study the relations (8), (9) for one class of two-person games
with quadratic payoff functions on the rectangle.

Let
f(xay):fl(m)+f2(y)v (11)
g(z,y) = g1(z) + g2(y), (12)

where
fi(z) = 0372’ fa(y) = 592, g1(z) = ch, 92(y) = d927 (13)

where a, b, ¢, d are arbitrary fixed non-zero numbers.

In what follows, let us agree to write max and max instead of operations m[ax] and
T Y TE|P,q

max_respectively. Similarly, we write min and min instead of the operations min
y€(r,s] z Yy z€[p,q]
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and m[in] respectively. The being investigated inequality (9) can be rewritten as
S e

max(f1(«) + g1(z)) +max(f2(y) + g2(y)) > max fi(e) + min fo(y)+

+ myaxgz(y) + min g, (x), (14)

i.e.

max(a + ¢)z* + max(b + d)y? > max az? + min cz? + max dy® + min by>. (15)
T Yy x x Yy Yy

We consider separately the inequalities

max (a4 ¢)z? > max ar® + min cz?, (16)
z€[p,q] z€[p,q] z€[p,q]

max (b+ d)y? > max dy® + min by (17)
yE[r,s] y€|[r,s] yE|[r,s]

Note that all the members of the inequality (16) can be directly calculated by using
the following formulas:
If >0 and 0 € [p,q|, then

ap® = aq®,  for |p|=lq|
max az? = { ag?, for |p| < |q| (18)
xr
ap?, for |p| > |ql,
min az? = 0. (19)
z€[p,q]

If « >0and 0 ¢ [p,q|, then

ap?, for <q<0
max ar? = p2 b=4 (20)
2€p,q] ag”,  for ¢>p>0,
2
aq”, for <qg<0
min az? = q2 b=4 (21)
z€[p,q] ap?, for g>p>0.
If « <0 and 0 € [p,q], then
max az’ = 0, (22)
z€[p,q]
ap? = ag?,  for |p| =g
min az? = { ag?, for |p| <|q] (23)
ap?, for |p| > [ql.
If « <0 and 0 ¢ [p,q], then
aq?, for <qg<0
max axr? = q2 b=1 (24)
€[p,q] ap®,  for ¢>p>0,
2
ap”, for <qg<0
min az? = p2 b=1 (25)
x€[p,q aq”, for ¢>p>0.
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Considering the different types of arrangement of non-zero numbers a, ¢ on the
real straight R!, we reach conclusion that: the equality in (16) can only be possible
on fulfilling the conditions: a > 0, ¢ < 0, a+c¢ > 0, and also on fulfilling the conditions
a<0,¢c>0,a+c<0. In all other cases in (16) strict inequality holds. We also
similarly arrive at the following conclusion for non-zero numbers b, d: the equality
in (17) can only be possible on fulfilling the conditions b < 0, d > 0, b+ d > 0, and
also on fulfilling the conditions: b > 0, d < 0, b+d < 0. In all other cases in (17) strict
inequality holds. Thus, the inequality (16) with non-zero numbers a, ¢ is accomplished
in the strict sense on fulfilling one of the conditions:

(1) a>0, ¢>0;
(2) a<0, <0
(3) a>0, ¢<0, a+c<O0;
(4) a<0, ¢>0, a+c>0.

Reasoning analogously, it can be established that inequality (17) is fulfilled in strict

sense on fulfillment of one of the conditions:
(1) b>0, d>0;

(2) b<0, d<O0;

(3) b<0, d>0, b+d<0;

(4) b>0, d<0, b+d>0.

The obtained facts, make it easily possible to obtain in the considered game, the
sufficient conditions of fulfillment of the strict inequality (15).

4. Conclusion

In our paper we have considered a general two-person game on the rectangle. We
have selected cases, when the joining of the two players in a coalition (union) is useful
from the point of view of increasing the guaranteed payoff. The obtained results are
of interest to the cooperative game theory. They can be used, for example, as an
illustrative material in reading the course of the game theory.
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VIK 517.9
O 1oJs1e3HOCTH KOooIepaliui B Urpax ABYX JIWIL C
KB/I[PATUYHBIMU (PYHKIUSAMI BBIUTPHIIITA HAa IMTPSIMOYTOJbHUKE

M. AbybGakap

Kagedpa mamemamuru ungpopmamury
Huametickuti yrusepcumem um. A60y Mymyru
10662 Huawmeti, Huzep

B crarpe ucciienyercs BarXkHBIN /11 TEOPUH UI'D JBYX UT'POKOB BOIIPOC O CYIIECTBEHHOCTHU
Takux urp. VccienoBanme mpoBOANTCSA B YACTHOM CJIydae, B KJIACCe UTD C KBAAPATUIHBI-
MH (DYHKIUSIMU BBIUTPBINIA Ha TPAMOyrojbHuKe. CyIlecTBEHHOCTh B UI'Pax JABYX UI'POKOB
O3HAYAET, UYTO IPHU OOBEIUHEHUN NBYX UTPOKOB B COI03 00a UIPOKA MOTYT IMOJIYYUTH ITOJIO-
JKUTeJIbHBIE I00ABKY K TapaHTUPOBAHHBIM BhIArPHIaM. CyIeCTBEHHOCTD UI'D JIBYX UIPOKOB
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nMeeT MECTO JIaJIeKO He Bceraa. TakuM obpaszom, obbeanHeHrne 000X UTPOKOB B COIO3, BOOD-
1€ TOBOPsI, MOYKET OKA3aThCsl MTOJIE3HBIM, a MHOTMA (B Cllydae OTCyTCTBUsI CyNIECTBEHHOCTH)
u Gecrosie3HbIM. B NPUIOXKEHUAX, HAIIPUMEP IMPU AHAJNA3€ IKOHOMHIECKOHN 1esATeJbHOCTH
dbupM MM rocyiapcTs, BOIIPOC O IIOJIE3HOCTH COI03a IpuobOpeTaeT GOJbIoil nHTEepec. B 00-
el TEOPUU UT'D BOIIPOCY O CYIIECTBEHHOCTH UI'D IIOKA YJIeJISeTCs MaJio BHUMaHusA. Buanumo,
3TO CBSI3aHO C TPYJAHOCTBIO 3TOM MpobJsieMbl B ob1eM ciry4dae. OTMeTHM, 9TO UTPBI ¢ KBaJpa-
THUYHbIMN (byHKI_[I/IHMI/I BBINTPBINIA 9aCTO HCIIOJIB3YIOTCA B TE€OPUU UTI'D IIPU MOIECJIMPOBaAHUN
Pa3JIMYHBIX IIPOLECCOB, UCCAEAYEMbIX, HAIIDUMED, B MATEMATUIECKOI 3KOHOMUKE.

Kuro4geBbie ciioBa: urpa JIByX UTI'DOKOB, KOOIIEPAIHUs, IIOJI€3HOCTh, CTPATET s, KBa Ipa-
TUYHBbIE (DYHKIUU BBIUTPHIIIA.
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