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Abstract. Background. Metal foils heated by an electric current are commonly used as evaporation elements in ion
sources. Because the evaporation rate is highly sensitive to temperature, predicting the temperature distribution
accurately and efficiently is essential for choosing the foil geometry and operating conditions. Purpose. This
study develops a two-dimensional electric-thermal model of a wing-shaped thulium foil and evaluates numerical
strategies for repeated simulations. Methods. Owing to symmetry, only one quarter of the foil is included in the
computational domain. The current paths are determined by solving a Laplace problem with constant electrical
conductivity. The resulting field is then scaled to the prescribed total current and used to calculate the spatially
varying Joule heat source. The transient heat equation accounts for the temperature dependence of density,
heat capacity, thermal conductivity, and electrical resistivity, as well as radiative and evaporative heat losses
from both faces of the foil. The equation is discretized on a masked Cartesian grid and integrated using an
alternating-direction implicit scheme, with Picard iterations applied at each half-step. Results. At a current of
2.5A and a contact temperature of 78 K, the stationary maximum temperature is 829.803 K. All tested tridiagonal
solvers produce the same converged temperature field. The fastest partition solver, combined with a CUDA
task graph, completes the simulation in 36.3 s, giving a 24.1-fold speedup over the serial central-processing-unit
implementation. Conclusions. The model accounts for nonuniform electric heating and nonlinear heat losses in
the foil. Its graphics-processing-unit implementation is sufficiently efficient for repeated optimization of the foil
geometry and operating current.
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1. Introduction

Current-heated metallic foils are commonly used as evaporation elements in ion sources [1]. Their
operating temperature is set by the competition between Joule heating, conduction to the cooled
contacts, radiation, and evaporation. Because the evaporation rate is strongly temperature dependent,
even a moderate error in the predicted temperature field can lead to a large error in the estimated
material flux.

We consider a thulium foil with rectangular side wings. The wings enlarge the heated area but
also disturb the current paths, particularly at the abrupt changes in width. The resulting problem
is nonlinear: density, heat capacity, thermal conductivity, and electrical resistivity all vary with
temperature, while radiation and evaporation introduce additional temperature-dependent losses.

An earlier formulation ranked candidate geometries by the area lying within a specified temperature
interval [2]. For an evaporation source, the surface flux is a more direct performance measure. We
therefore compute the stationary temperature field and evaluate the local evaporation rate from
a vapor-pressure correlation and the Hertz-Knudsen formula [3-5].
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Figure 1. Geometry of the wing-shaped thulium foil in the (x, z) plane. The plate is symmetric about both the x- and z-axes: the
wide central region of full width 2W,,,,, = 2.5 mm and length 2/ = 14.0 mm narrows to the terminal contacts of width
2Win = 1.0mm, giving a total length 2L = 20.0 mm and a uniform thickness i = 0.10 mm. Due to the symmetry, the

computations are restricted to one quarter of the plate (x > 0, z > 0; shaded region) only, with the origin O at the centre

The optimization itself requires many solutions for different wing lengths and currents. This paper
addresses the direct problem that underlies those repeated evaluations. We discretize one quarter of
the symmetric foil on a masked Cartesian grid and use an alternating-direction implicit (ADI) scheme.
Each half-step produces independent tridiagonal systems along rows or columns, which we solve
in batches on a CUDA-capable GPU. The calculation returns the stationary field, the maximum foil
temperature, and the total evaporation flux; these quantities will serve as the objective and constraint
data in the subsequent optimization.

2. Mathematical model and direct heat-conduction problem

The model couples electric conduction to transient heat conduction in a thin thulium foil of prescribed
geometry. Radiation and evaporation enter the thermal balance as losses from the two broad faces of
the foil.

2.1. Rectangular wing-shaped foil

We use the one-parameter foil geometry introduced in Ref. [2]. The foil has total length 2L and
minimum width 2W,;,. Two symmetric rectangular wings increase the width to 2W,,,,, over a half-
length I, with 0 < I < L. The limits [ = 0 and [ = L give uniform rectangles of widths 2W,;, and 2W,,,,,

respectively.
The local half-width of the foil is defined as

Wiey = | W EISL
Wiine 1< 2| <L
The corresponding two-dimensional domain is
Q={(x,2): -L<z<L -Wz) <x<W(&)}.
All four geometrical parameters are fixed for a single direct calculation (see Figure 1).

2.2. Heat-conduction problem

For a prescribed shape W;(z) and current I, the temperature satisfies

oD (TS = V- (ATIVT) + o165 1, DI = Qss(D). )
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Here p,,, ¢, 4, and p, denote the mass density, specific heat capacity, thermal conductivity, and
electrical resistivity of thulium, and j is the in-plane current-density field.

The foil thickness h is small relative to its in-plane dimensions, so the temperature is taken to be
uniform through the thickness. We nevertheless retain both in-plane coordinates. A one-dimensional
approximation, j(z) = I/[2hW(z)], cannot resolve current crowding at the steps in foil width; the
current field is therefore obtained from a separate two-dimensional potential problem.

2.3. Electric-current distribution

The current distribution is computed once for each geometry, before thermal integration begins.
This auxiliary problem uses constant conductivity because only the geometry of the current paths is
required. The normalized potential ¢(x, z) satisfies

V-(o,Vd)=0, og,=1,

on the same quarter-domain mask as the heat problem.

Because the equation is homogeneous, o, does not affect the potential shape. Setting o, = 1 simply
fixes an auxiliary normalization; the field is later rescaled to I in Eq. (2). Temperature dependence
enters only through p.(T) in the Joule source.

In the quarter-domain calculation, z = 0 is the mid-plane of the full foil and is assigned ¢ = 0.5; the
right terminal at z = L is assigned ¢ = 0 for x < W;,..

All remaining free boundaries are insulating. This boundary-value problem can be effectively
solved by using the over-relaxation method [6, 7]. Numerically, fluxes through faces without an active
neighboring node are omitted.

The unscaled current-density field is

Jo=—0,V¢.
The total current carried by the computed quarter-domain field through the terminal section is
evaluated as

Wmin
#W=h/ (Go)aCe. D] dx.
0

The physical field used in the Joule source is then obtained by scaling j, to the prescribed total current I:

I/2

jlo,z L) = 1(1_/4)j°(x’ 2). 2)
0

The Joule source is then
4@, 2.T) = p(Dljx. z: L.
The loss term combines radiation with the energy carried by evaporated atoms. Surface fluxes from
the two broad faces are converted to a volumetric rate by dividing by the foil thickness:

2
Qloss(T) = E [@rad(T) + goevap(T)] .
The radiative heat flux from one surface [8] is written as

¢rad(T) = E0sp (T4 - Tgnv) s

where ¢ is the effective hemispherical emissivity, ogg is the Stefan-Boltzmann constant, and T, is the
effective radiation temperature of the chamber.
The heat flux carried away by evaporation from one surface is estimated as

AH,
qDevap(T) = F(T)N—:lb-

Here I'(T) is the evaporation flux, AH,, is the molar enthalpy of sublimation, and N, is Avogadro’s
constant. We use a constant reference value for AH,,.
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Table 1
Saturated vapor pressure and estimated evaporation flux of metallic thulium. The flux was calculated using the Hertz-Knudsen
relation with the evaporation coefficient taken equal to unity. The vapor-pressure relation is recommended for 298 K to 1400 K;
values below 298 K are shown only as a formal extrapolation.

T (K) P, (Pa) I’ (atom cm™2s71)

100 1.88 x 10711 3.82 x 10793
200 2.17 x 10750 3,12 x 10732
298  2.22x 10730 2.61 x 10712
300 4.16 x 10730 4.87 x 10712
400  5.30x 10720 5.37 X 1072
500  5.84x 10~ 5.30 x 10*
600  6.04 x 10710 5.00 x 108
678 1.21 x 1077 9.42 x 1010
700 4.35 %1077 3.33x 101!
778 2.25x107° 1.63 x 1013
800 5.94 x 107° 4.26 x 1013
900 2.69 x 1073 1.82 x 10%°
1000  5.61 x 1072 3.59 x 106

At steady state, Eq. (1) reduces to
V- (ATVT) + pTljCx, 251 DI* = Quoss(T) = 0.

The in-plane free boundaries are thermally insulated. Radiation and evaporation act through Q.,
not through those edge conditions.

2.4. Evaporation flux from the temperature field

Once the stationary temperature is known, the thulium flux follows directly from the local surface
temperature.
For solid thulium, the saturated vapor pressure is estimated using the CRC vapor-pressure relation [9]
12270

P
log,, (PL:) =13.888 — ——— —0.95641og, T, ~ 298K <T < 1400K. ®)

We calculate the equilibrium flux from the Hertz-Knudsen relation

Psat(T)

\Y; 27TmekBT ’

where kg is Boltzmann’s constant and my,, = 168.934 21 u is the atomic mass of thulium. We set the
evaporation coefficient to unity, so I'(T) is an equilibrium upper estimate.

Table 1 shows the strong temperature dependence. Values below 298 K are formal extrapolations of
Eq. (3).

For a prescribed wing length [ and electric current I, the total evaporation flux from one large
surface of the foil is defined as

I(T) =

o1 = / I (Ty(x,2)) dx dz.
Q

1
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Figure 2. Radiative and evaporative surface heat fluxes of the thulium foil versus temperature. Solid line: radiation,
Prad = €0sp(T* — Tény) with € = 0.10; dashed line: evaporation, @eyap = I'(T) AHgy,/N,, with I'(T) from the
Hertz-Knudsen relation. Below 1000 K radiation exceeds evaporation by more than three orders of magnitude and
dominates the surface energy balance

This definition refers to one face of the foil.
Since the numerical calculation is performed only in one quarter of the domain, the full one-side
evaporation flux is reconstructed as

o) =4 / (1/4)F(Tu(x,z)) dxdz. 4)
'Ql

The total from both faces is 2.

The number of atoms that ultimately reach the ionization region will be lower than this equilibrium
estimate. It also depends on source geometry, transport conductance, background pressure, and
deposition on surrounding surfaces.

2.5. Relative importance of radiation and evaporation

Figure 2 compares the two surface-loss channels. Below 1000 K the radiative flux ¢,,q = eogp(T* — Ta,)
exceeds the evaporative flux Pevap = I'(T)AHg,/Ny by at least three orders of magnitude and is
therefore the principal loss term. The approximate balance q; ~ coggT* gives Ty ¢4, In the
numerical model, T,,,, changes from 985K at ¢ = 0.05 to 700K at ¢ = 0.20, compared with 830K at
the baseline value € = 0.10. This relatively weak fourth-root dependence supports the use of a single
effective emissivity.

Although evaporation contributes little to cooling below 1000 K, we retain it because I'(T) is the
quantity needed in the subsequent optimization over wing length and operating current. In the regime
studied here it uses for diagnostic rather than for cooling.

2.6. Direct problem

For each prescribed pair (I,I), we compute the transient field T(x, 2, t) and its stationary limit T; ;(x, z).



A.S. Ayriyan et al. Heat-conduction simulation of a wing-like thulium foil for an ion source 413

The prescribed wing length is aligned with the computational grid:
= klAZ, kl =0, 1,...,Nz,

so that the wing edge coincides with a grid line. The current remains fixed during each run.
For the computed stationary temperature field, the following output quantities are evaluated:

Thax(lL, D) = max Ti;(x,2),
max( ) (.2)eQ, l,I( )

and the total evaporation rate of the surface (4). Optimization over [ and selection of a current subject
to a maximum- temperature constraint are left to an outer procedure and are not considered here.

3. Thermophysical coefficients used in the numerical calculations

The model requires p,,(T), AT), c,(T), and p,(T) over the operating range of the foil. Earlier
calculations used room-temperature constants [2]; here we construct temperature-dependent
functions from experimental and reference data over approximately 60 K to 800 K.

3.1. Mass density

We reconstructed the density from the linear-expansion data in the TPRC compilation [10], which for
thulium draws on the measurements of Singh, Khanduri and Tiang between 90 K and 300 K [11].
Taking
Pm(293K) = 9.33gcm™3,

as the reference density, the density at temperature T was calculated as

Pm(293K)

T) = ,
Pm(T) [1+ AL(T)/Lo )

where AL(T)/L, is measured relative to room temperature. We assume isotropic expansion, as no
crystallographic texture is specified for the polycrystalline foil. The resulting correction is small but
is retained in the calculations (Table 2).

Table 2
Mass density of metallic thulium reconstructed from thermal expansion data [10, 11].

T(K) AL/Ly(%) py(gem™)

60 —0.163 9.376

78 —0.153 9.373
100 —0.140 9.369
200 —0.083 9.353
293 0.000 9.330
400 0.142 9.290
500 0.266 9.256
600 0.386 9.223
700 0.505 9.190
778 0.599 9.164

800 0.625 9.157
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3.2. Thermal conductivity

Single-crystal thulium is anisotropic because of its hexagonal close-packed structure. Ho, Powell
and Liley report recommended conductivities parallel and perpendicular to the ¢ axis, together with
a polycrystalline value [12]. We use the latter for the foil.

The source values, originally in W cm ™' K1, were converted using 1 Wem ™1 K~! = 100 Wm™1 KL,
No additional Voigt-Reuss-Hill averaging was applied.

Because the recommended data end near room temperature, the code uses the following smooth
continuation rather than a piecewise-constant extension:

Tes
MT) =2, +A—=, 5
( ) 0 pe(Teff) ( )

where
Ay = —0.821188 775Wm™ 1K1, A =1.07573654 x 1077, p = 0.829022226.

The effective temperature is limited by

. PPo
T — T, Tmax s Tmax — s
eff = min(T, T7) 2 —b(l —p»
where p, and b are defined in the resistivity model below. The cap prevents an unphysical decrease
beyond the maximum of the fitted curve. This continuation is a modelling assumption introduced to
keep the nonlinear coefficient smooth.

3.3. Specific heat capacity

Below 360 K, the heat capacity is taken from the measurements of Jennings, Hill and Spedding [13],
which cover 15K to 360 K.
The original data are given as molar heat capacity C, ,,(T) in ] mol ' K~1. They were converted to
mass specific heat by
Cpm(T)
MTrn ’
The difference between c, and ¢y is small relative to other model uncertainties, so Eq. (1) uses c,(T).
Above 360K, we extend the table using the trend reported in the TPRC compilation [14]. This
continuation is less direct than the low-temperature measurements and is used only to cover the foil’s
operating range. A constant value ¢, = 160] kg ' K~! is retained for comparisons with the earlier
constant-coefficient model.

cp(T) = My, = 168.94gmol .

3.4. Electricalresistivity
Electrical resistivity directly controls the Joule source:

(.2, T) = p(Dlj(x, 2 L, DI

For 60 K to 300 K we use the polycrystalline measurements of Colvin, Legvold and Spedding [15]; these
data are more appropriate for a foil of unspecified texture than single-crystal values.

Above 300 K, we extrapolate from the approximately linear trend in the single-crystal measurements
of Edwards and Legvold [16], which provide p,(T), p,(T), and p.(T) up to room temperature.

The single-crystal data distinguish the basal-plane and c-axis directions. To obtain a scalar
polycrystalline estimate, the conductivity was averaged as

1

oi(T) = m,
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Table 3
Recommended thermal conductivity of metallic thulium from Ho, Powell and Liley [12]. Original values are given in Wcem™ K1

and converted here to W m™' K~1. The column kpoly was used in the numerical calculations.

T(®K) ke(Wm?K?) k, (Wm?'K?) kg, (WmIK?)

50 14.2 9.18 10.2
58 17.0 10.4 11.0
60 17.9 10.4 11.2
70 214 10.9 11.8
80 254 10.7 12.7
90 24.8 10.5 13.1
100 24.6 11.1 13.5
123.2 244 11.7 144
150 24.3 12.6 15.3
173.2 24.8 13.0 15.8
200 23.2 134 16.2
223.2 221 13.8 16.4
250 20.2 13.9 16.7
273.2 16.8 14.0 16.8
298.2 13.8 14.0 16.9
300 12.3 14.1 16.9
400 — — 16.9
500 — — 16.9
600 — — 16.9
700 — — 16.9
778 — — 16.9
800 — — 16.9
ooie(T) = 20,5(T) + o.(T)

3 )
and then inverted: 1
T)= ——.
Peit(T) D)
The values appear in Table 5; the code represents them by the smooth linear fit
Pe(T) = po + bT,

with
0o =166277421x107Qm,  b=1.73038489 x 10°QmEK.

The same differentiable fit is used in the Joule source and in Eq. (5).



416 Modeling and Simulation DCME&ACS. 2026, 34 (3), 408-429

Table 4

Specific heat capacity of metallic thulium used in the numerical calculations. Values below 360 K are based on the measurements

of Jennings, Hill and Spedding [13]; the high-temperature continuation is based on reference data [14].

T(K) Cpn(mol 'K ¢, 0g'K") ¢, (kg K™

60 24.22 0.143 143
70 24.51 0.145 145
75 24.67 0.146 146
78 24.77 0.147 147
80 24.83 0.147 147
90 25.12 0.149 149
100 25.25 0.150 150
150 2591 0.153 153
200 26.52 0.157 157
250 26.75 0.158 158
273.15 26.88 0.159 159
298.15 27.02 0.160 160
300 27.03 0.160 160
360 27.37 0.162 162
400 — 0.160-0.165 160-165
500 — 0.165 165
600 — 0.171 171
700 — 0.177 177
778 — 0.180 180
800 — 0.182 182

4. ADI finite-difference scheme on the quarter domain

Symmetry about the longitudinal and transverse axes reduces the calculation to the quarter-domain

O ={(,2) : 0<z2<L, 0<x<W@).
Zero normal heat flux is imposed at x = 0 and z = 0. At the terminal,
Ti,NZ =Ty 0<i<imp,

with T, = 78 K. The other in-plane boundaries are insulated.

A uniform Cartesian grid is introduced in the enclosing rectangle [0, Wy,.,] X [0, L]:

x; =idx, 1=0,...,N,,
z, = k4z, k=0,...,N,.
The grid is chosen so that

Wnin = LmindX, Winax = lmax4X, I = kAz.
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Table 5
Electrical resistivity of metallic thulium used in the numerical calculations. Values up to 300 K are based on polycrystalline
data [15]; values above 300 K are model extrapolations based on single-crystal data [16].

TX) p,(uQcm) 0. (Qm) Origin
60 26.5 2.65 x 1077 polycrystalline data
70 28.0 2.80 x 1077 polycrystalline data
78 29.5 2.95x 1077 polycrystalline data
80 30.0 3.00 x 1077 polycrystalline data
100 34.0 3.40 x 1077 polycrystalline data
120 37.5 3.75 x 1077 polycrystalline data
160 44.5 4.45 x 1077 polycrystalline data
200 52.0 5.20 x 10~/ polycrystalline data
240 59.0 5.90 x 107 polycrystalline data
280 65.5 6.55x 1077 polycrystalline data
300 69.0 6.90 X 1077 polycrystalline data / joining point
400 86.1 8.61x 1077 extrapolation
500 103.2 1.032 x 107° extrapolation
600 1204 1.204 x 107° extrapolation
700 1376 1.376 x 107° extrapolation
778 151.0 1.510 x 10~° extrapolation
800 154.7 1.547 x 107° extrapolation

We normally set i,,, = N,. Active rows contain

. . . Imawe 0<k<k,
i1=0,...,10nq(k), Where iy4q(k) =] ™% b
imin* kl <k < Nz

and the active part of a column is

k=0, ... keng(i), Where kyg()= {7V 0 SES imin
ki,  Tmin <1< imax
Before time integration, the current field is stored as
jox = Gz LDI
At a Picard iterate T, the thermal coefficients are
Cif(D) = (T )ep(Ti),
2 (T) = A(Tp),

and _ _ N
et i (T) = j21Pe(Ti k) — Quoss(Ti)-



418 Modeling and Simulation DCME&ACS. 2026, 34 (3), 408-429

Here AH
Qloss(le) €0gB (( k)4 Tgnv) + F( k) sub

We discretize diffusion in conservative flux form. At an active node (1, k), the contributions through
the vertical faces are

( - 14
P Nk (T = Tig), (+1LK) € Ql( ),
it1/2k = . W’
L0, (i+1,k ¢ Q
and
( 1/4
g (T = Tiag), (-LR e ",
i—1/2,k — /) .
L0, i-1k ¢ 9

Similarly, the fluxes through the horizontal faces are

. V4
7 Apry T — Tig) Gk +1) € @7,

Lk+1/2 — ,
0, G.k+1) ¢ Q¥
and
/
P Ay (T = Typr), (k=1 e Q! 4),
,k—=1/2 —
0, (k-1 ¢ 9(1/“)

When both neighboring nodes are active, face conductivities are arithmetic means:

AT + AT, k)

/1?+1/2,k 2
n AT + M)
/‘Li,k+1/2 2

If the neighboring node lies outside the foil, the corresponding flux is zero; no ghost temperature is
introduced. The corner (i.,;,, k;) requires no special condition.
The discrete operators are then written as

L;(cn)Ti L= Ff+1/2,k - Ff‘c—l/z,k,
, Ax?
and 8 N
L(")T = Fi,k+1/2 B Fi,k—1/2.
b Az?

Time integration uses a Peaceman-Rachford ADI scheme [17-19], with Picard iteration at each
half-step. The first half-step is implicit in x and explicit in 2:

n+1/2,(s+1) _ n
n+1/2,(s) ~ i,k n+1/2,(s) n+1/2,(s+1) n+1/2,(s)
Cik T—LX Ti +LeTih + e - ©)
For each fixed k, Eq. (6) gives a tridiagonal system along the active row i = s Tena(K):
+1/2,(s+1) +1/2,(s+1) +1/2,(s+1)
ATl VT T T = e @)
For ordinary active nodes,
/ln+1/2,(s) An+1/2,(s)
x _ i—1/2,k & = i+1/2,k
W= "2 0 T Tz
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2Cn+1/2 ,(s) An+1/2 ,() AH-H/Z’(S)

v _ i~1/2,k i+1/2,k
T A Ax? ’
and 2
ZCILI:- ’S n+1/2,(s)
rl?fk = At Ln lk + qeffl k- (8)

If a neighboring node in the x direction is absent, the corresponding coefficient a}; or c7, is set to zero.
In particular, at x = 0 the symmetry condition gives ag, = 0, while at the right end of an active row
Clengtirk = 0-

The row k = N, is not advanced by the x-sweep. It belongs to the current terminal for 0 <i <1,
and is fixed as

T{j;j“ =Ty 0<i<ipp.

The second half-step is implicit in z. The accepted intermediate field provides the explicit x

contribution, while Picard iteration updates the implicit coefficients:

LG+ _ pnt1/2
1, 1,k L 1, 1 1 1,
CZI‘: (s) 11 At/z — L;H— (S)Tn+ L(s+ )+Ln+l/2Tn+l/2 +qfel;;l’(<3). (9)
For each fixed i, Eq. (9) gives a tridiagonal system along the active column k = 0, ... , kepg(2):
n+1 (s+1) n+1 (s+1) n+1,(s+1) _
T Tie + Ui, T, + T =T (10)
For ordinary active nodes,
n+1,(s) n+1,(s)
& = — i,k—=1/2 & = — i,k+1/2
Lk — A2 Lk = A2
n+1,(s) n+1,(s) n+1,(s)
. _ ik Aig_1 + Aija1
ik At Az? ’
and
n+1,(s)
_ ik +1/2 1/2n+1/2 | n+1(s)
Ty ra P S PTEY? + -

Atz = 0, the symmetry condition gives af; = 0. For columns inside the side wing, i > in,, the active
segment ends at k = k;, and the upper face is insulated; therefore ¢, = 0. For columns inside the
central part, 0 < i < i, the active segment extends to k = N, where the Dirichlet condition is

imposed by replacing the last equation with
TR =To 0 <0< impn
Equivalently,
ain, =0, bin, =1, ¢y, =0, rin, = To-
The Picard iteration in each half-step is stopped when both an absolute and a relative update
criterion are satisfied,

(s+1) _ (s)
max |T; <e ,
(el [T = Ti2] < v
ax |15 & 70
G, k)e.Q 1/4
< Enl,rel- (11)
max (1, max |T (5+1)|
(i,ea®®
After each full step, stationarity is tested with the maximum temperature rate,
+1
Rl = max L i (12)
(i,k)e.Ql(W) At

The loop ends when R} < €., OF £, > tay. The default t,,,,, = DBL_MAX — 104t effectively disables
the time limit, so production runs normally stop on the rate criterion. The elapsed physical time then
estimates the foil’s approach time to steady operation.
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5. GPU implementation of the ADI solver

We implemented the ADI scheme in CUDA C for a single GPU. The row systems in Eq. (7) and the
column systems in Eq. (10) are independent within their respective half-steps. We compare several
ways of solving these systems and dispatching the associated kernels; all produce the same discrete
solution. Figure 3 summarizes the implementation.

5.1. Overall organization

All field arrays, including the two temperature layers, squared current density j7,, and the temperature-
dependent coefficients C;;, 4;; and g, are stored on the device in row-major order over the
enclosing rectangle, IDX(i, k) = k(N, + 1) + i. The auxiliary electric-current problem is linear and
is solved once on the host before the time loop; only the resulting field jiz’k is copied to the device.
The transient integration then runs entirely on the GPU. Host-device transfers during integration
are limited to the maximum temperature change and maximum temperature, and occur only when
a convergence test is evaluated.

Each time step is carried out by a small set of kernels: a coefficient kernel that evaluates C; ;, 4, and
qeft,ix from the current temperature estimate with one thread per node; the two sweep kernels that
assemble and solve the tridiagonal systems of the first and second half-steps; and reduction kernels
that return rates for the Picard test (11) and for the stationary-rate test (12). The two temperature
layers are kept in two device buffers that are exchanged by pointer swap after each accepted step, so
that no full-field copy is performed inside the time loop.

5.2. Mapping of the tridiagonal systems onto the device

Each tridiagonal system is assigned to one CUDA block, and the threads of that block cooperate
on that single system rather than each thread owning a complete system. This keeps the three
diagonals and the right-hand side of a given system in a contiguous span of device memory, so that
the parallel assembly and scatter phases issue coalesced accesses, and it allows the block to use
__syncthreads () to separate the assembly, the solve and the scatter phases. The block dimension
is fixed at 256 threads.

Because the quarter domain is L-shaped, the systems do not all have the same length. The rows
split into long rows in the wide central part (0 < k < k;, length i,,,, + 1) and short rows in the side
wing (k; < k < N, length i,,;, + 1); the columns split analogously into long columns in the central
part (0 < i < iy, length N, + 1) and short columns in the side wing (i, < i < iy, length k; + 1).
Each group is handled by a separate kernel launch, so that a launch processes a batch of equal-length
systems and the storage for that batch is sized to the exact system length rather than to the largest
system in the domain. For the grid used here (N, = 50, N, = 400, i,,,, = 50, i = 20, k; = 280)
the four batches contain 281, 119, 21 and 30 systems of length 51, 21, 401 and 281, respectively. For
a batch of Ny, systems of length n,,,, four device arrays of size Ny 1, hold the sub-, main- and
super-diagonals and the right-hand side; system s occupies the contiguous span starting at s n,,,, and
its solution overwrites the right-hand side in place.

5.3. Assembly, solve and scatter within a block

Within a block the work proceeds in three barrier-separated phases. In the assembly phase the threads
stride over the active nodes of the system, count = tid, tid + blockDim, ..., and each thread writes
the coefficients a, b, ¢ and the right-hand side r of its nodes according to Egs. (7)-(8) for the x-sweep
and the analogous relations for the z-sweep. The face conductivities are evaluated by arithmetic
averaging of the neighbouring nodal values, and a neighbour outside the quarter domain contributes
a zero flux, so that the corresponding off-diagonal coefficient vanishes. The symmetry conditions at
x = 0 and z = 0 enter as a vanishing lower diagonal at count = 0, and the end of each active segment
as a vanishing upper diagonal at count = n — 1; the Dirichlet terminal node (i, N,) with i < i, is
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assembled directly as a® = 0, b* = 1, ¢* = 0, r* = T, i.e. the last equation of the affected columns is
replaced rather than eliminated.

After a barrier the solve phase reduces each system to its solution, and after a second barrier the
scatter phase writes the computed line back into the two-dimensional temperature array, again with
the threads striding over the nodes of the system. The same kernel structure is used for both half-steps;
only the index running along the system (the row index i for the x-sweep, the column index k for
the z-sweep) and the direction of the implicit and explicit operators differ. The assembly and scatter
phases are identical across all variants considered below; the variants differ only in the algorithm that
implements the solve phase.

5.4. Tridiagonal-solve algorithms

We compared four solvers that differ in how elimination is distributed across the block [20]. Their
solutions agree to round-off.

(i) Serial Thomas sweep (baseline). Thread 0 executes the classical Thomas algorithm [21]: forward
elimination followed by backward substitution. A pivot smaller than 1073 marks the solution as
NaN. The guard was never triggered because the transient term 2C; ;/At makes these systems strongly
diagonally dominant. This implementation matches the serial CPU sweep bit-for-bit, but the device is
under-utilized during this phase because the other block threads remain idle.

(ii) Two-sided Thomas algorithm. This variant applies Thomas elimination simultaneously from
both ends of the system [22, 23]. The two elimination fronts advance towards a central index, after
which substitution proceeds outwards. Two threads per block carry out the sweeps, halving the length
of the inherently sequential dependency chain.

(iii) Austin-Berndt-Moulton partition method. Production runs use the memory-efficient
partitioning scheme of Austin, Berndt, and Moulton (ABM) [24]. A system of N rows is divided into Np
contiguous partitions, each of length Ny ~ N/N,. Each thread eliminates the interior unknowns of
one partition and expresses them in terms of two interface unknowns. These interface unknowns
form a reduced tridiagonal system of order 2N,. After this system is solved by thread 0 using the serial
Thomas algorithm, the threads recover the interior unknowns of their respective partitions in parallel.
The ABM method stores only the boundary-coupling coefficients rather than the full fill-in vectors,
requiring approximately 6 kB of shared memory in our kernels. The partition method is applied to
systems with N > 100. Smaller systems containing 21 and 51 unknowns, are solved using two-sided
elimination.

(iv) Vendor batched solver (cuSPARSE). For an external comparison, the batched solve was
delegated to the NVIDIA cuSPARSE library [25] routine cusparseDgtsv2StridedBatch, which
solves a batch of equal-length tridiagonal systems stored in the strided layout already used by the
assembly phase. This variant reuses the same assembly and scatter kernels and replaces only the
solve, so it measures the cost of a production-quality library solver on the identical data layout.

5.5. Kernel launch strategy

We also compared two launch strategies. In plain mode every kernel of a step — the coefficient kernel,
the four assembly/solve batches of each sweep, and the reductions — is launched individually through
the ordinary runtime API. Because a single step of the present problem issues of the order of a few
tens of very short kernels (each system is at most 401 unknowns long, so a kernel runs only for
microseconds), the fixed CPU-side cost of launching each kernel becomes comparable to the kernel’s
own execution time, and over the ~8 x 10* steps of a full run this launch overhead accumulates into
a noticeable fraction of the wall time.
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Figure 3. Structure of the GPU implementation of the ADI solver. The host solves the electric problem once; the transient loop runs
entirely on the device. Each ADI half-step launches one kernel per batch of equal-length tridiagonal systems (the
x-sweep is shown exploded on the right: 281 long rows of length 51 and 119 short rows of length 21; the z-sweep is
organized analogously into 21 long and 30 short columns). Every tridiagonal system is mapped to a single CUDA block,
whose threads cooperate in three barrier-separated phases - parallel assembly, the tridiagonal solve, and parallel scatter
of the solution. The solve phase is interchangeable: the baseline runs a serial Thomas sweep in thread 0, whereas the
production configuration distributes it across the threads of the block through the ABM partition method (Section 5)
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(a) Electric potential ¢(x, z) for the full left-to-right problem. The potential ~ (b) Distribution of the electric-current-density magnitude [j(x, z)| in the
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the symmetry plane used in the quarter-domain calculation concentrations near the width-transition corners

Figure 4. Electric properties of the full plate geometry: (a) electric potential and (b) magnitude of the electric current density

The second mode uses CUDA task graphs [26]. The kernel-call flow within one time step is represented
as a task graph and submitted as a single GPU operation. We construct the graph implicitly by
capturing the stream workflow with cudaStreamBeginCapture and cudaStreamEndCapture,
instantiate it with cudaGraphInstantiate, and execute it with cudaGraphLaunch. This approach
is particularly effective for short kernels, whose execution time can be comparable to their launch
latency, because it reduces the gaps between successive kernel launches [27]. Since At, the grid, and
the batch structure remain fixed, the same graph is used throughout a run. A shortened final step, if
needed to reach t,,,, exactly, is launched separately.

5.6. Time loop and stopping

The Picard iterations of each half-step reuse the coefficient and sweep kernels: the coefficients are
re-evaluated from the latest temperature estimate, the tridiagonal systems are re-assembled and re-
solved, and the maximum update is reduced on the device. To limit host-device synchronization, the
update norm is copied back and tested only on every third iteration and on the last allowed iteration.
After a full step the maximum temperature change is reduced on the device and divided by At to form
the stationary rate R} of Eq. (12). The time loop terminates when R} < ¢, or when the accumulated
physical time reaches the prescribed bound t,,,,; when the next step overshoot t,,,,, the step size is
reduced to At = t,,,, — t, for that final step in order to land exactly on f,,,,.

6. Numericalresults

We solved the coupled problem for a total current I = 2.5 A, with the cold contacts held at T, = 78 K,
the surrounding medium at T,,,, = 293K, and a surface emissivity ¢ = 0.10. The grid used N, = 50,
N, = 400 (grid_scale = 1), with the wing transition at k; = 280 and i,;;, = 20. The time step was
At = 1 x 10735, and each Picard update used at most 20 iterations per half-step with tolerances
Enl,abs = 107% and Enl,rel = 1071,

The potential decreases monotonically between the contacts (Figure 4a). As expected, the current
density is largest in the narrow end regions and shows additional crowding near the re-entrant corners
(Figure 4b). This nonuniform |[j|? field is used in the Joule source.

Starting from T, = 78K, the calculation reached the criterion Ry = max;; |T}} 1_ T /At < €rae
with g, = 1 X 1072 K s~ after 77 397 steps, or 77.397 s of simulated time. The maximum temperature
was 829.803 K. Figures 5a and 5b show the stationary field. The cold contacts keep the narrow ends
near 78 K, while the maximum lies in the broad central region. Changes in the field near the width
transitions reflect the redistribution of current there.
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symmetric thulium plate domain. The narrow end regions are T(x,2) in the full symmetric thulium plate domain. Local distortions
maintained close to the prescribed contact temperature Ty = 78 K, near the width-transition zones reflect current redistribution and the
whereas the central wide part reaches the highest temperature associated spatial variation of Joule heating

Figure 5. Stationary temperature distribution in the full symmetric thulium plate domain: a two-dimensional temperature map
and b three-dimensional representation of the temperature field. The temperature decreases toward the narrow
cold-contact regions, while the maximum occurs in the central part of the wider section

All tridiagonal solvers produced the same converged field and maximum temperature, allowing
their execution times to be compared directly.

7. Performance of the tridiagonal-solver strategies

We benchmarked the batched solvers on one NVIDIA V100 against a serial CPU implementation. Every
variant used N, = 50, N, = 400, k; = 280, and At = 1 X 1073 s, stopped at step 77 397, and produced
a bit-for-bit identical Tp,,, = 829.803 K. Wall-clock differences therefore arise from the solver and
launch strategy rather than from different stopping histories.

The tested configurations comprise the one-thread Thomas baseline, the two-sided Thomas
algorithm, the ABM partition solver, and cusparseDgtsv2StridedBatch. Each in-house solver
was measured with ordinary kernel launches and with CUDA task graphs. We also tested device
intrinsics in the partition sweep. Each configuration was run five times; Table 6 reports the mean and
standard deviation; Figure 6 and 7 show the same data graphically.

The serial CPU run took 876 s. ABM partitioning achieved 21-24x speedup (Figure 7), roughly twice
that of the serial and two-sided Thomas algorithms (11-12x), because the elimination work is shared
across the block. CUDA task graphs reduced runtime by about ten percent over the 77 397 time steps.
Explicit use of FMA intrinsics produced no speedup because nvcc enables contraction of eligible
multiply-add operations by default (-fmad=true). The fastest configuration, ABM partitioning with
a CUDA task graph, completed in 36.3 s (24.1X; Figure 6), about ten percent faster than cuSPARSE at
40.2's (21.8X).

The GPU computations were performed on an NVIDIA Tesla V100-SXM2 (16 GB) accelerator of the
“Govorun” supercomputer at the HybriLIT heterogeneous computing platform [28], using code built
with the CUDA 11.2 toolkit and GCC 9.5.0 as the host compiler (-arch=sm_70 -03). For comparison,
the CPU version was run on the same platform, on Intel Xeon Platinum 8268 processors (24 cores,
2.9 GHz, 192 GB DDR4) and built with the same compiler.

8. Discussion

The calculated temperature field reflects the combined effects of the nonuniform current distribution
and heat removal through the cold contacts. The maximum temperature occurs in the broad central
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Table 6
Wall-clock time (mean =+ standard deviation over five runs) and speedup relative to the single-thread CPU run for the
tridiagonal-solver strategies on an NVIDIA V100. All configurations converge at step 77 397 to Ty, = 829.803 K.

Configuration Wall time (s) Speedup
ABM partition, + task graph 36.3+£1.2 24.1x
ABM partition, + intrinsics + task graph 36.9+0.8 23.7%
cuSPARSE 40.2+3.3 21.8%
ABM partition, plain 40.7+ 1.0 21.5%x
ABM partition, + intrinsics 41.5+1.7 21.1X
Two-sided Thomas, + task graph 720+ 0.6 12.2x
Serial Thomas, + task graph 724+11 12.1x
Serial Thomas, plain 81.1+28 10.8x
Two-sided Thomas, plain 81.3+21 10.8x
CPU serial 876.0 1.0x

region, whereas the narrow end regions remain close to the prescribed contact temperature. The
local changes in the temperature field near the width transitions are associated with current crowding
at the re-entrant corners. This behaviour confirms the need for a two-dimensional electric model,
since the one-dimensional approximation cannot resolve these local variations in the current density.

The present results should be considered in the context of the model assumptions. The electric-
current distribution is calculated using constant conductivity and is subsequently scaled to the
prescribed total current, while the temperature dependence of the electrical resistivity is included in
the Joule heat source. In addition, a constant effective emissivity is used, and some thermophysical
properties are extrapolated beyond the available experimental ranges. The numerical results therefore
characterize the selected foil geometry and operating conditions rather than providing a universal
optimum.

The ADI discretization produces batches of independent tridiagonal systems. Mapping each system
to a CUDA block makes it possible to change the solution algorithm without modifying the assembly
procedure or data layout. For the grid considered here, ABM partitioning approximately doubled
the performance relative to the serial and two-sided Thomas algorithms. CUDA task graphs provided
a further improvement of about ten percent, whereas device intrinsics changed the execution time by
less than the run-to-run variation. The fastest configuration, ABM partitioning combined with a CUDA
task graph, completed the calculation in 36.3 s and achieved a 24.1x speedup over the single-thread
CPU implementation. It was also approximately ten percent faster than cuSPARSE.

Compared with the earlier formulation [2], which ranked candidate geometries according to the area
within a prescribed temperature interval, the present model provides the evaporation flux as a more
direct measure of ion-source performance. The computational efficiency of the GPU implementation
makes the direct solver suitable for repeated calculations in an optimization procedure in which the
foil geometry and operating current are varied. Future development of the model will couple the
electric field to the evolving temperature-dependent conductivity.

9. Conclusions

A two-dimensional electric-thermal model of a wing-shaped thulium foil was developed. The model
accounts for temperature-dependent material properties, nonuniform Joule heating, radiation, and
evaporation. The numerical results show that the proposed approach can determine the stationary
temperature field and provide the quantities needed to evaluate the foil performance. All tested
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tridiagonal solvers produced the same converged solution, while the GPU implementation substantially
reduced the computation time. The resulting solver can therefore be used for repeated calculations
when optimizing the foil geometry and operating current.
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MopenupoBaHue TeNJI0NPOBOJHOCTU B TY/IMeBOM (osibre KpblIJIOBUAHOM
¢ opmMbl N9 UCTOYHUKA UOHOB

A. C. Atipusnub?, 3. A, Atipau!, E. E. Jloner!, M. II. Benesa®

L 06Bedunénnbiil uncmumym adeprolx uccaedosanuil, ya. XKoauo-Kioku, 0. 6, 2. ly6ra, 141980, Poccuiickas dedepayus
2 Hayuonaavhas nayunas aabopamopus um. A. Aauxanana, ya. Bpamoves Aauxanan, 0. 2, 2. Epesan, 0036, Apmenus

3 ITenmp evivucaumensioix nayk RIKEN, Munamodsuma-munamu-mamu 7-1-26, pailon Tioo, 2. Kobe, npegexmypa Xézo,
650-0047, Anonus

AHHOTauus. Akmyanvrnocme. MeTaaindeckas (osibra, HarpepaeMas 3JeKTPUYeCKUM TOKOM, NIMPOKO IpUMe-
HAETCA B Ka4eCTBe UCIAapUTENbHBIX 31eMEHTOB NCTOYHMKOB NOHOB. IIOCKOIbKY CKOPOCTD UCITapEeHUs CUIBHO
3aBHCUT OT TeMIIePaTyPHl, TOYHOE U 3P deKTUBHOE OIIpefie/ieHre PacIipe/ieIeHNs TeMIepaTyphl Heooxoau-
Mo 11 BbIGOpa reoMeTpuu $Gosabru u pabouux ycuosuil. Ileav. PaspaboTaTh ABYMEPHYIO 3J€KTPOTEIIOBYIO
MO/ieJIb TYINeBOH (HOJIBIY KPbIOBUAHOK (GOPMBI U OIIeHUTH YHCIeHHBIE METOBI A1 MHOTOKPATHOTO IIPOBe-
ZeHus pacaéToB. Memodul. Biarogapsi CHMMeTpUY B PaC4ETHYIO 061aCTh BKIIOYAETCS TOJIBKO OJHA YeTBEPTH
donbru. TpaeKTOPUU 3J1eKTPHUUECKOTO TOKA OIIpe/e/ITI0TCS [T0CPe/ICTBOM pellleHusd 3aauu Jlamnaca npu 1mocro-
SIHHOM 3JIEKTPOTIPOBOJHOCTHU. IIoJIyuyeHHOe T10JIe HOPMUPYEeTCS Ha 3aJaHHBIN ITOJIHBIH TOK U UCIIOIb3yeTCs I
BBIYMCJIEHNS IPOCTPAHCTBEHHO-HEOJHOPOAHOTO NCTOYHUKA JKOyIeBa Teria. HecrannonapHoe ypaBHeHUe Tell-
JIOTIPOBOJHOCTU YYUTHIBAET TeMIIepaTypPHbIe 3aBUCMOCTH IVIOTHOCTH, TEIIOEMKOCTH, TeIIJIONIPOBOJHOCTH
U y[eJIbHOTO 3JIEKTPUYEeCKOT0 COIIPOTUBJIEHM, a TaKKe paJHallMOHHbIe U HCIIapuTeJbHble TeIlJIOBble IT0Te-
pu ¢ o6enx oBepXHOCTEH HOIBIU. YpaBHEHHE AUCKPETU3UPYETCS Ha JeKaPTOBOM CETKE C MACKON PacYETHOM
006J1aCTH ¥ UHTETPUPYETCsI METO/[OM ITePeMeHHbIX HallpaBeHN; Ha KaKOM IOJylIare IPUMeHsIeTCS MeTO/,
IIPOCTHIX UTepanuil. Pe3ysvmamut. IIpu Toke 2,5 A 1 TeMIlepaType KOHTAKTOB 78 K MakcuMasbHas TeMIlepaTypa
B CTallIOHAPHOM COCTOSIHUM cocTaBiseT 829,803 K. Bce rccieoBaHHbBIe METOBI pellleHUs TPEXAUaroHaJIbHBIX
CHCTeM JAIOT OJHO U TO e TeMIIepaTypHOe I10JIe [I0C/Ie HOCTINKEHHS CXOAMMOCTH. CaMblil GBICTPBII METOZ, pas-
GueHus B codeTaHuu ¢ rpadom 3agas CUDA BHIITOTHSIET pacyéT 3a 36,3 s, obeciieunBast yCKOpeHue B 24,1 pasa
II0 CPAaBHEHUIO C IIOCJIeIOBATEIbHON peannsalreil Ha IeHTPaJIbHOM IIpolLieccope. 3akaiouerue. PaspaboTaH-
Has MOJIeJIb yIYHUTBIBAeT HEOJHOPOJHBIH 2JIeKTPUYECKUI HarpeB 1 HeJIMHEelHble TeIUIOBbIe IIOTepU B (oJIbre.
Peanusanus Ha rpaduuecKoM IIpolieccope o61asaeT JOCTATOYHOM IPOU3BOAUTENbHOCTHIO [JIs1 IPOBEeHUS
MHOTOKPATHBIX PACYETOB IIPY ONTUMU3ALUY reoMeTpur Goibru ¥ pabouero Toka.

KnioyeBble cnoBa: HeJIMHEHHAs TEIJIONPOBOJHOCTE, [UKOY/IEB HArPEB, MeTO IIepPeMeHHbIX HallPaBIeHIH, MEeTOZ,
[IPOrOHKYU, MeTox pasbuenus, CUDA



